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Abstract

We study a Plurality-Consensus process in which each of n anonymous agents of a communi-
cation network initially supports an opinion (a color chosen from a finite set [k]). Then, in every
(synchronous) round, each agent can revise his color according to the opinions currently held by a
random sample of his neighbors. It is assumed that the initial color configuration exhibits a suf-
ficiently large bias s towards a fixed plurality color, that is, the number of nodes supporting the
plurality color exceeds the number of nodes supporting any other color by s additional nodes. The
goal is having the process to converge to the stable configuration in which all nodes support the
initial plurality. We consider a basic model in which the network is a clique and the update rule
(called here the 3-majority dynamics) of the process is the following: each agent looks at the colors
of three random neighbors and then applies the majority rule (breaking ties uniformly).

We prove that the process converges in time O(min{k, (n/logn)*/3} logn) with high probability,
provided that s > cy/min{2k, (n/logn)/3} nlogn. We then prove that our upper bound above is
tight as long as k < (n/log n)l/ 4. This fact implies an exponential time-gap between the plurality-
consensus process and the median process studied by Doerr et al. in [ACM SPAA’11].

A natural question is whether looking at more (than three) random neighbors can significantly
speed up the process. We provide a negative answer to this question: In particular, we show that
samples of polylogarithmic size can speed up the process by a polylogarithmic factor only.
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1 Introduction

We consider a communication network in which each of n anonymous nodes supports an initial opinion
(a color chosen from a finite set [k]). In the Plurality Consensus problem, it is assumed that the initial
(color) configuration has a sufficiently large bias s towards a fixed color m € [k] - that is, the number
¢m of nodes supporting the plurality color (in short, the initial plurality size) exceeds the number ¢; of
nodes supporting any other color j by an additive value s - and the goal is to design an efficient fully-
distributed protocol that lets the network converge to the plurality consensus, i.e., to the monochromatic
configuration in which all nodes support the plurality color.

Reaching plurality consensus in a distributed system is a fundamental problem arising in several areas
such as Distributed Computing [7], [18], Communication Networks [I9], and Social Networks [0, 16l [T5].
Inspired by some recent works analyzing simple updating-rules (called dynamics) for this problem [II [7],
we study a discrete-time, synchronous process in which, in every round, each of the n anonymous nodes
revises his color according to a (small) random sample of neighbors. We consider one of the simplest
models, in which the network is a clique, and the updating rule, called here 3-majority dynamics, is the
following simple one: Each node samples at random three neighbors, and picks the majority color among
them (breaking ties uniformly at random). We remark that looking at less than three random neighbors
would yield a coloring process that may converge to a minority color with constant probability even for
k = 2 and large initial bias (i.e. s = O(n)).

In [7], a tight analysis of a 3-neighbor dynamics for the median problem on the clique was presented:
the goal there is to converge to a stable configuration where all nodes support a value which is a good
approximation of the median of the initial configuration. It turns out that, in the binary case (i.e k = 2),
the median problem is equivalent to plurality consensus and the 3-input dynamics for the median is
equivalent to the 3-majority dynamics: As a result, they obtain, for any bias s > c¢v/nlogn for some
constant ¢ > 0, an optimal bound ©(logn) on the convergence time of the 3-majority dynamics for the
binary case of the problem considered in this paper.

However, for any k > 3, it is easy to see that the two problems above differ significantly (in particular,
the median may be very different from the plurality) and thus, the two dynamics are different from each
other as well. Moreover, the analysis in [7] - strongly based on the properties of the median function -
cannot be adapted to bound the convergence time of the 3-majority dynamics. The role of parameter
k = k(n) in the convergence time of this dynamics is currently unknown and, more generally, the existence
of efficient dynamics reaching plurality consensus for k > 3 is left as an important open issue in [2] [7, B].

Our contribution. We present a new analysis of the 3-majority dynamics in the general case (i.e. for
any k € [n]). Our analysis shows that, with high probability (in short, w.h.p), the process converges
to plurality consensus within time O (min{k, (n/logn)'/3} logn), provided that the initial bias is s >

cy/min{2k, (n/logn)!/3} nlogn, for some constant ¢ > 0.

Our proof technique is accurate enough to get another interesting form of the above upper bound
that does not depend on k. Indeed, when the initial plurality size ¢, is larger than n/A(n) for any
function A(n) such that 3 < A(n) < v/n and s = /A(n)nlogn, then the process converges in time
O (A(n) logn) w.h.p., no matter how large k is. Hence, when ¢,, > n/polylog(n) and s > /n polylog(n),
the convergence time is polylogaritmic.

We then show that our upper bound is tight for a wide range of the input parameters. When
k < (n/logn)'/*, we prove a lower bound Q(klogn) on the convergence time of the 3-majority dynamics
starting from some configurations with bias s < (n/k)!~¢, for an arbitrarily small constant € > 0. Observe
that this range largely includes the initial bias required by our upper bound when k < (n/logn)'/%. So,
the linear-in-k dependence of the convergence time cannot be removed for a wide range of the parameter
k.

Our analysis also provides a clear picture of the 3-majority dynamic process. Informally speaking,
the larger the initial value of ¢, is (w.r.t. n), the smaller the required initial bias s and the faster the
convergence time are. On the other hand, our lower-bound argument shows, as a by-product, that the
initial plurality size ¢, needs Q(klogn) rounds just to increase from n/k + o(n/k) to 2n/k. Another
natural issue is to analyze the process under weaker assumptions on the initial bias. We show that
there are initial configurations with bias s = O(v/kn) for which the bias decreases in a single round with

1We say that a family of events {&n}n holds w.h.p. if a positive constant ¢ exists such that P (£,) > 1 — n~¢ for
sufficiently large n



constant probability. This implies that under initial imbalances of this magnitude, it seems unlikely that
one can prove upper bounds similar to ours above, at least with high probability.

We then prove a general negative result: Under the distributed model we consider, no dynamics with
at most 3 inputs (other than 3-majority) converges w.h.p. to plurality consensus starting from any initial
configuration with bias s = o(n). In other words, not only can we not design a 3-input dynamics that
achieves convergence to plurality consensus in o(k logn) rounds, but the 3-majority dynamics is the only
one that eventually achieves this goal at all, no matter how long the process takes. Rather interestingly,
by comparing the O(logn) bound for the median [7] to our negative results for the plurality on the same
distributed model, we get an exponential time-gap between the task of computing the median and the
one of computing plurality (this happens for instance when k = n®, for any constant 0 < a < 1/4).

A natural question suggested by our findings is whether (slightly) larger random samples of nodes’
neighborhoods might lead to significant improvements in convergence time to plurality consensus. We
provide a negative answer to this question. To this purpose, we consider h-plurality, i.e., the natural
generalization of the 3-majority dynamics in which every node, in each round, updates his color according
to the plurality of the colors supported by h randomly sampled neighbors. We prove a lower bound
Q (k/ h2) on the convergence time of the h-plurality dynamics, for integers k and h such that k/h =
O (nl/ 4_6), with e an arbitrarily-small positive constant. We emphasize that scalable and efficient
protocols must yield low communication complexity and small node congestion in every round. These
properties are guaranteed by the h-plurality dynamics only when h is small, say h = O(polylog(n)): In
this case, our lower bound implies that the resulting speed-up is only polylogarithmic with respect to
the 3-majority dynamics.

One motivation for adopting dynamics in reaching (simple) consensusd (such as the median dynamics
shown in [7]) lies in their provably-good self-stabilizing properties against dynamic adversary corruptions:
It turns out that the 3-majority dynamics has good self-stabilizing properties for the plurality consensus
problem. More formally, a T-bounded adversary knows the state of every node at the end of each
round and, based on this knowledge, he can corrupt the color of up to T" nodes in an arbitrary way,
just before the next round begins. In this case, the goal is to achieve an almost-stable phase where all
but at most O(T') nodes agree on the plurality value. This “almost-stability” phase must have poly(n)
length, with high probability. Our analysis implicitly shows that the 3-majority dynamics guarantees
the self-stabilization property for plurality consensus for any k and for T = o(s/k) if the initial bias is
5 > cy/min{2k, (n/logn)'/3} nlogn, for some constant ¢ > 0.

Related work. The plurality consensus problem arises in several applications such as distributed
database management, where data redundancy or replication and majority rules are used to manage
the presence of unknown faulty processors [7, [I8]. The goal here is to converge to the version of the
data supported by the plurality of the initial distributed copies (it is reasonable that a sufficiently strong
plurality of the nodes are not faulty and thus possess the correct data). Another application is distributed
item ranking, in which every node initially selects some item and the goal is to agree on the most popular
item according to the initial plurality opinion [I9]. Further applications of majority updating rules in
networks can be found in [I0] [I§].

The results most related to our contribution are those in [7] which have been already discussed above.
Several variants of binary majority consensus have been studied in different distributed models [2, [16].

As for the population model, where there is only one random node-pair interaction per round (so
the dynamics are strictly sequential), the binary case on the clique has been analyzed in [2] and their
generalization to the multivalued case (k > 3) does not converge to plurality even starting with a large
bias s = ©(n).

The polling rule (a somewhat sequential-interaction version of the 1-majority dynamics) has been
extensively studied on several classes of graphs (see [I§]).

More expensive and complex protocols have been considered in order to speed up the process. For
instance, in [I2], a protocol for the sequential-interaction model is presented that requires ©(logn)
memory per node and converges in time O(n”). Other protocols for the sequential-interaction model
have been analyzed in [5l [13] (with no time bound).

In [3, [8, [M9], the undecided-state protocol on the continuous-time population model is proved to
converge in O(nlogn) expected time only for & = O(1) and s = O(n): Even assuming such strong

2In the (simple) consensus problem the goal is to reach any stable monochromatic configuration (any color is accepted)
starting from any initial configuration.



restrictions, the bound does not hold in “high probability” and, moreover, their analysis, based on real-
valued differential-equations, do not work for the discrete-time parallel model considered in this paper.
The simple rule of the undecided-state [2, [19] is to “add” one extra state to somewhat account for the
“previous” opinion supported by an agent.

In a recent work [4] (appeared after the conference version of this paper), the undecided-state pro-
tocol has been analyzed on the discrete-time parallel model for any k& = O((n/logn)/3) and for initial
configurations ¢ = (¢1,...,cg) such that the (multiplicative) bias is ¢, /c; = (1). There, it is shown
that this dynamics has a convergence time which is w.h.p. linear in the monochromatic distance of the
initial configuration c. The monochromatic distance of a configuration ¢ = (cy,...,cx) is defined as

k 2
im1 \Cm
It turns out that there are initial configurations (in particular, those having “almost all” nodes supporting
only a polylogarithmic number of colors) from which the undecided-state protocol is exponentially faster
than the 3-majority. On the other hand, in addition to the above condition on the multiplicative bias,
we note that, the undecided-state protocol may fail to reach consensus when k = w(y/n).

Finally, protocols for specific network topologies and some “social-based” communities have been

studied in [II, 8 15 [19].

Roadmap. Section [2] formalizes the basic concepts and gives some preliminary results. Section [3] is
devoted to the proofs of the upper bounds on the convergence time of the 3-majority dynamics. In
Section [ the lower bounds for the studied dynamics are described. Section [H discusses some interesting
open questions such as the tightness of the initial bias.

2 Preliminaries

A (k-color) configuration (for short k-cd) is any k-tuple ¢ = (¢q, ..., ¢x) such that ¢;s are non negative
integers and ijl,...,k c; = n. In what follows, we will always assume wlog ¢y > ¢z > -+ > ¢;. So ¢ is
the plurality color and s(c) = ¢1 — co is the bias of c.

The 3-majority protocol works as follows:

At every round, every node picks three nodes uniformly at random (including itself and with
repetitions) and recolors itself according to the majority of the colors it sees. If it sees three
different colors, it chooses the first one.

Clearly, in the case of three different colors, choosing the second or the third one would not make any
difference. The same holds even if the choice would be uniformly at random among the three colors.
For any round ¢ and for any j € [k], let C](t) be the r.v. counting the number of nodes colored j at

round t and let C®*) = (C{t), e C,gt)) denote the random variable indicating the k-cd at time t of the
execution of the 3-majority protocol.
For every j € [k] let p1;(c) be the expected number of nodes with color j at the next round when the

current k-cd is c, i.e. uj(c) —F [Cj(t+1) ‘ ) — c]

Lemma 2.1 (Next expected coloring) For any k-cd ¢ and for every color j € [k], it holds that

1
pi(e) =c¢j |14 —5 | nej — > an
he (k]

Proof. According to the 3-majority protocol, a node i gets color j if it chooses three times color j, or if
it chooses two times j and one time a different color, or if it chooses the first time color j and then, the
second and third time, two different distinct colors. Hence if we name name Xz(tj) the indicator random



veriable of the event “Node ¢ gets color j at time t”, we have that

p (- 1100 - (2 ()" (452) () - (Bt 2 (2) (59))
- (_Jg) <n -l—c]n—zch)

O

Lemma 2.2 (Next expected bias) For any k-cd ¢ and for every color j € [k] with j # 1, it holds

that
(1-2)) g

_1

n
Proof. Observe that, when we assume ¢; > co > -++ > ¢, we can give the following upper bound on
the sum of squares in Lemma 2]

Zch—cl—i—Zch Cl“l‘CQZCh 2+ neo. (2)

helk]

j — iy > s(c) (1

From Lemma 211 it thus follows that, for any j # 1,

2 2
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c1 + co 1 2
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2
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n n
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where in the inequality we used (2)) and the fact that ¢; — ca > 0. O

3 Upper bounds for 3-majority

In this section, we provide the following upper bound on the convergence time of the 3-majority dynamics
which clarifies the roles played by the plurality color and by the initial bias.

Theorem 3.1 (the general upper bound) Let A be any value such that X\ < ¥/n and let ¢ be any
ingtial k-cd, with ¢c1 = n/X and s(c) = 24\/2Anlogn. Then the 3-majority protocol converges to the
plurality color in O (X logn) time w.h.p.

The next three corollaries of Theorem Bl address three relevant special cases. Corollary B.2]is obtained
by setting A = min {Qk, ¢/n/log n} and it provides a bound which does not assume any condition on

Cm-

Corollary 3.2 Let ¢ be any initial k-cd with

s(c) 222\/111111{2]{3, 3/ o }nlogn.
logn

Then, the 3-majority protocol converges to the plurality color in O (min{Qk, ¢/n/log n} log n) time

w.h.p.



Corollaries B3 and B4 are obtained by setting A = poly log(n) and A = ©(1), respectively. They provide
sufficient conditions for a polylogarithmic convergence time.

Corollary 3.3 Let ¢ be any initial k-cd with ¢ > n/log‘n and s(c) > 22¢/nlog™ n. Then, the

{41

3-majority protocol converges to the plurality color in O(log " n) time w.h.p.

Corollary 3.4 Let ¢ be any k-cd with ¢1 > n/B and s(c) = 22v/Bnlogn, for some constant B > 3
Then, the 3-majority protocol converges to the plurality color in O(logn) time w.h.p.

In order to prove Theorem B.Jl we need the following three technical lemmas that essentially char-
acterize three different phases of the process analysis. Each of them concerns a different range assumed
by the plurality ¢;. The first lemma considers configurations in which ¢; is under a suitable constant
fraction of n: in this case, it shows that the bias between the plurality size and the size of any other
color increases by a factor 1+ Q(c1/n) =14 Q(1/N).

Lemma 3.5 (from plurality to majority) Let ¢ be any k-cd with n/\ < ¢; < 2n/3 and s(c) >
ay/Anlogn where A < ¥/n and « is a sufficiently large constant. Then, for any other color j # 1 it holds

that
P (c{”” — Y > () (1 + ) ‘ ct) = c) >1- L (3)

Proof.  Conditional on any configuration c, from the Chernoff bound w.h.p. it holds that
C; < max {uj + a\/m, 1ogn} (4)
Cy = 1 — a/prlogn
Thus, if p1j + /s logn > logn, w.h.p. it holds thatf
C1—Cj =y — pj — ay/plogn — ay/pjlogn = — py — QQW. (5)
Otherwise, if p1; + QW < logn, then w.h.p. it holds that
Ci—Cj; =2 m —am—ﬂogn
> 1~ o/ 0B
> So/imlogn — 1y — o/ 108
> s = 5 — 20/ o ©

From Lemma 22 and the hypothesis ¢; < 2n/3 we get that

p =y = (e — )(1+%)

Thus, in (&) and (@) we get
M1 — [ — 200/ i1 logn (1 n ) —2a/2c1 logn
(1 36—1) —2a/2c¢1 logn

L4 c1 2a 2c110gn>

< (c1—¢j)
/q_%Q+%_Jyj

i)

> (o 1+4—)

3We are using the fact that Pr(A N B) >1— Pr(A°) — Pr (BY).



concluding the proof.

O
Once ¢; becomes larger than 2n/3 the negative occurrence of ¢; in () does not allow to directly show a
drift towards plurality. We thus consider another useful “drift” of the process: The sum of all the other

color sizes decreases exponentially w.h.p., as long as this sum is enough large to apply concentration
bounds. This result is formalized in the next lemma.

Lemma 3.6 (from majority to almost all) Let ¢ be any k-cd with 2n/3 < ¢; < n—w (logn). Then,
it holds that

+) 85~ | o) — o1
P> V< 5 dalCW=c|>1 :
i#1 i#1

Proof. Let us define ,u(_t)1 = ia uz(-t). By using (2] we have

(t+1)
Mg & ci Cj)2
I N G
n Ly, + n Z(n
i#£1 J
SR -2
- n v n n n

2 2
e () )
n n n n n n
2
) (- ()RR () 022 2)
n n nn n n\n n
Using the hypothesis ¢;/n > 2/3 (hence c2/n < 1/3) the last expression become

(®)

(-2)(-2E-D)<0-D-R)0-D-1E o

Now observe that, from the Chernoff bound, as long as u(ffl) € w(logn), w.h.p. it holds

I
ST <Y 4 T togn = pY (1 + %) — 1 (140 (1)), (8)

i#1 —1
Moreover, from Lemma 2] it follows that
M1 < 201. (9)
Thus, by replacing (@) and (@) in (&), we get that w.h.p. it holds

7 8
SO < gut o) < g 2o utY,
i#1 i#1
concluding the proof.

O
Finally, when the sum of all the minority colors is not larger than a polylogarithmic function, the

probability that they all disappear in one round is high. This is shown in the new, final lemma.
Lemma 3.7 (the last step) Let o > 0 and let ¢ be any k-cd with ¢1 = n —log®n. Then, it holds that

1 2a
P(Y ¢ =o0|c?=c > 2les (10)
n
i#1



Proof. As in the previous proof let p_; = 2#1 wi. Note that ¢; > n —log® n implies 2#1 ¢; < log®mn.
Thus, from Lemma 2] we have

IN
s
7N
—
3|8
\
/N
3|8
N—
()
N——

i1 j#1
<N |2+2) 2
n ' n
i#1 j#1
(3 log® n) 3log*n
S )G
, n n
i#1
Finally, (I0) follows from Markov’s inequality on the event “}". £1 C’Z-(Hl) > 17 and, since ), 21 C’Z-(Hl) is
a non-negative integer-valued r.v., this is equivalent as “Ziﬂ C’Z-(H_l) > 0.
O

Proof of Theorem B.I] From Lemma [3I we prove that, as long as the number of nodes with the
plurality color ¢; is smaller than a constant fraction of n, the bias between ¢; and cs increases by a factor
(1+A71), wh.p. (ii) In Lemma B8 we prove that, when the plurality color reaches a suitable constant
fraction of n, then the number of nodes with non-plurality colors decreases at exponential rate, w.h.p.
Finally, (iii) in Lemma [B7 we consider separately the last step of the protocol, where all colors but the
plurality one disappear w.h.p. O

Plurality consensus in an adversarial model. Let us consider a dynamic adversary that can change
the color of up to T nodes at the beginning of each round and assume T = o(s/\). Then, Theorem B.1]
still holds since the impact of such a T-bounded adversary is negligible in the growth of the bias s.
Indeed, from Lemma B35l w.h.p. it holds

s(c)
C§t+1) B C](_tJrl) > s(c) + o

Then, for any 7' = o(s/\), w.h.p. we have that

s(C s(C
oY — oY > s(e) + i—g —T>s(c)+ 0 (%)

For instance, from Corollary B2l when k < 2{/n/logn, the resilience of the 3-majority dynamics is
T = o(s/k).

4 Lower bounds

This section is organized in four subsections: in the first one, we prove a lower bound on the convergence
time of the 3-majority dynamics; in the second subsection, we show that 3-majority is essentially the
only 3-input dynamics that converges to plurality consensus; in the third subsection, we provide a lower
bound on the convergence time of the h-plurality dynamics for h > 3; finally, in the fourth subsection we
show that our assumption on the magnitude of the initial bias is in a sense (almost) tight if one wants
to prove the bounds of Section [3l with high probability.



4.1 Lower bound for 3-majority

In this section we show that if the 3-majority dynamics starts from a sufficiently balanced configuration
(i.e., at the beginning there are n/k & o(n/k) nodes of every color) then it will take Q(klogn) rounds
w.h.p. to reach one of the absorbing configurations where all nodes have the same color. In what follows,
all events and random variables thus concern the Markovian process yielded by the 3-majority dynamics.

In the next lemma we show that if there are at most n/k + b nodes of a specific color, where b is
smaller than n/k, then at the next round there are at most n/k + (1 + 3/k)b nodes of that color w.h.p.

Lemma 4.1 Let the number of colors k be such that k < (n/ 1ogn)1/4, let b be any number with
kyvnlogn < b < n/k, and let ¢ = (c1,...,c,) be a configuration. If ¢; = n/k + a for some color
j € [k] and for some a < b, then the number of nodes with color j at the next round are at most
n/k+ (1+3/k)b w.h.p.; more precisely, for any a < b and for any configuration ¢ such that ¢; = n/k+a

it holds that 5 )
(t+1) n t) _
P(Cj >E+<1+E)b}c()c><ﬁ'

Proof. For any configuration ¢ = (cq, ..., cx) with 2521 ¢; = n and any color j € [k], the expected value
of the number of nodes colored j at round ¢ + 1 conditional on {C(t) = c} is (see Lemma 270))

J
n n

k
(t+1) 1) _ | — G 1 2
E[Cj |C()—c}—cj 1+———2ch
=1

Observe that, since 2?21 ¢j = n, from Jensen inequality (see Lemmal[A2) it follows that (1/n?) Z?Zl >
t+1)

1/k. Hence, we can give an upper bound on the expectation of CJ(- that depends only on ¢; and not

on the whole configuration ¢ at round ¢, namely

c g
(t+1) t (t) J
E[Cj |c<>}<cj <1+ .

If we condition on the number of nodes of color j being ¢; = n/k + a in configuration c, for some a < b,
we get

k 1 1 2
B [0 e =] < (% +a) (1+u“):%+(”g)“+%

n 1 bh2 n 2
< - 1+ — — < - 1+—= 1|0,
k+(+k)b+n k+(+k)b

where in the last two inequalities we used that ¢ < b and b < n/ kH Since C](Hl) conditional on

{C(t) = c} can be written as a sum of n independent Bernoulli random variables, from the Chernoff
bound (see Lemma [AT]) we thus get that for every a < b it holds that

P (ngtﬂ) S0 (1 N §) b’ ) _ C) < e 20mm o L

k k n?’
where in the last inequality we used that b > k+/nlogn. O
Let us say that a configuration ¢ = (c1,...,¢;) € {0,1,...,n}* with Z?Zl ¢; = n is monochromatic

if there is an j € [k] such that ¢; = n. In the next theorem we show that if we start from a suffi-
ciently balanced configuration, then the 3-majority protocol takes Q(klogn) rounds w.h.p. to reach a
monochromatic configuration.

Theorem 4.2 Let 7 = inf{t € N : C® is monochromatic} be the random variable indicating the first
round such that the system is in a monochromatic configuration. If the initial number of colors is k <
(n/logn)*/* and the initial configuration is ¢ = (c1,...,c,) withmax{c; : j=1,... .k} < %+ (%)1_8
then T = Q(klogn) w.h.p.

4Notice that the inequality holds in particular for negative a as well



Idea of the proof. For a color j € [k] let us denote the difference C; — n/k as the positive unbalance.
In Lemma [£]] we proved that, as long as the positive unbalance of a color is smaller than n/k, this
will increase by a factor smaller than (1 + 3/k) at every round (w.h.p.). Hence, if a color starts with a
positive unbalance smaller than (n/k)'~¢, then it will take Q(klogn) rounds to reach an unbalance of
n/k w.h.p. By union bounding on all the colors, we can get the stated lower bound. O
Proof. Observe that if T' < cklogn, for a suitable positive constant ¢, then (1—3/k)7 (n/k)!~¢ is smaller

than n/k. Since in the initial configuration ¢ for any color j € [k] we have that ¢; < n/k+ (n/k)' ¢, for
T < cklogn it holds that

P (el =n o) <p (o> (142) (3)

Since ¢; < n/k + (n/k)' ", if we also have CJ(-T) > n/k+ (1+3/k)" (n/k)' "¢, then a round ¢ with
0 <t < T —1 must exist such that C’J(»t) <n/k+band C’§t+1) > n/k+ (1+ 3/k)b for some value b, with
kv/nlogn < b < n/k, thus

cO = c> , (11)

T
) S 3V (M oo
P(Cj >k+<1+k) (k) cO =c (12)
P<30 t<T—1:0"< kerand ol > % <1+%>b‘0(0)c) (13)
T-1

ZP< ch <l -t b and C{'7Y > % < %)bt
t=

where the inequality from (I2) to ([3) holds for some b with kv/nlogn < b < n/k, and the inequality
from (I3)) to (I4) holds for some by, ...,br_1 with ky/nlogn < by < n/k for every t =0,...,7 — 1. Now
observe that

QNP (t+1) o 1 3 0) _
P(Cj <24 and Cf E+(1+E)bt\c —¢

3
= P(C(-t)ZE—l—a and CtH) k—i—(l-}—E)bt’C(O):c)

cO = c) (14)

J

a<by
_ (t+1) S ® _ 0) _ tm_nr 0) _
ZP(Cj >+ <1+ ) [ =2 +aand O = c)-P(C’j —Z4a|Cc®=c)
a<b:

1 (t) n ‘ (0) 1
<= R =c) <=
Sz (bi P (C] " +a|C c) 3 (15)

where in the last line we used Lemma [Tl

By combining (), (I4]), and (I3) we get that, for every color j € [k], if the initial number of nodes
colored j is ¢; < n/k + (n/k:)kE at any round T < cklogn the probability that all nodes are colored j
is at most T'/n?. The probability that C(*) is monochromatic is thus at most (kT")/n? < n~? for some
positive constant a. ]

It may be worth noticing that what we actually prove in Theorem is that Q(klogn) rounds are
required in order to go from a configuration where the majority color has at most n/k + (n/k)!=¢ nodes
to a configuration where it has 2n/k colors.

4.2 A negative result for 3-input dynamics

In order to prove that dynamics that differ from the majority ones do not solve plurality consensus, we
first give some formal definitions of the dynamics we are considering.
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Definition 4.3 (D (k) protocols) An h-dynamics is a synchronous protocol where at each round every
node picks h random neighbors (including itself and with repetition) and recolors itself according to some
deterministic rule that depends only on the colors it sees. Let Dy(k) be the class of h-dynamics and
observe that a dynamics P € Dy, can be specified by a function

foo [k = [k,

such that f(x1,...,xp) € {x1,...,2n}. Where f(x1,...,xp) is the color chosen by a node that sees the
(ordered) sequence (x1,...,xp) of colors.

In the class D3(k), there is a subset M3 of equivalent protocols called 3-majority dynamics having two
key-properties described below: the clear-majority and the uniform one.

Definition 4.4 (clear-majority property) Let (z1,72,73) € [k]® be a triple of colors. We say that
(x1,22,23) has a clear majority if at least two of the three entries have the same value. A dynamics
P € Ds(k) has the clear-majority property if whenever its f sees a clear majority it returns the magjority
color.

Given any 3-input dynamics function f(z1, 22, 2:3), for any triple of distinct colors r, g,b € [k], let TI(r, g, b)
be the subset of permutations of the colors r, g, b and define the following “counters”:

0 = {(21, 22, 23) € I(r, g,b), s.t. f(z1,22,23) =71},
59 = |{(21722523) € H(Tagab)v s.t. f(21522523) = g}|a
0y = { (21,22, 23) € II(r, 9,b), s.t. f(z1,22,23) = b}|.

Observe that for any 3-inputs dynamics it must hold 64 + 9, 4 &, = 6.

Definition 4.5 (uniform property) A dynamics P € Ds(k) has the uniform property if, for any triple
of distinct colors r,g,b € [k], it holds that 6, = 64 = 0p (= 2).

Informally speaking, the clear-majority and the uniform properties provide a clean characterization of
those dynamics that are good solvers for plurality consensus. This fact is formalized in the next definitions
and in the final theorem.

Definition 4.6 (3-majority dynamics) A protocol P € Ds(k) belongs to the class M3 C Ds(k) of
3-majority dynamics if its function f(xy1,22,23) has the clear-majority and the uniform properties.

Definition 4.7 ((s,¢)-plurality consensus solver) We say that a protocol P is an (s,e)-solver (for
the plurality consensus problem) if for every initial s-biased configuration ¢, when running P, with prob-
ability at least 1 — € there is a round t by which all nodes gets the plurality color of c.

Let us observe that, by definition of hA-dynamics, any monochromatic configuration is an absorbing state
of the relative Markovian process. Moreover, the smaller s and e the better an (s,e)-solver is; in other
words, if a dynamics is an (s, e)-solver then it is also an (s’,&’)-solver for every s’ > s and ¢ > e. In
Section B we showed that any dynamics in M3 is a (©(y/min{2k, (n/logn)/3Inlogn), ©(1/n))-solver
in D3. We can now state the main result of this section.

Theorem 4.8 (properties of good solvers) Given a protocol P, the following hold:
(a) If P is an (n/4,1/4)-solver in Ds, then its f must have the clear-majority property.

(b) A constant n > 0 exists such that, if P is an (n-n,1/4)-solver, then its f must have the uniform
property.

The above theorem also provides the clear reason why some dynamics can solve consensus but cannot
solve plurality consensus in the non-binary case. A relevant example is the median dynamics studied
in [7: it has the clear-majority property but not the uniform one.

For readability sake, we split the proof of the above theorem in two technical lemmas: in the first
one, we show the first claim about clear majority while in the second lemma we show the second claim
about the uniform property.
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Lemma 4.9 (clear majority) If a protocol P € D3 is an (n/4,1/4)-solver, then it chooses the majority
color every time there is a triple with a clear magority.

Proof. For every triple of colors (z1, 22, 73) € [k]® that has a clear majority, let us define §(x1, 22, 73) to
be 1 if protocol P behaves like the majority protocol over triple (x1,z2,23) and 0 otherwise. Consider
an initial configuration with only two colors, say red (r) and blue (b), with ¢, red nodes and ¢, = n — ¢,
blue nodes. Let us define A, and Ay as follows

Ap =0(r,m,b) +8(r,b,r) +6(b,7,7),
Ay =0(b,b, )+ (b, r,b) + 0(r, b, b).

We can write the probability that a node chooses color red as

3 2 2
= (T) +(T) oA () oo
— % (2 + cp (er Ay — cyAy) +3¢7) . (16)

Observe that for a majority protocol we have that A, = A, = 3. In what follows we show that if this
is not the case then there are configurations where the majority color does not increase in expectation.
We distinguish two cases, case A, # A, and case A, = Ay,

Case A, # Ay: Suppose w.l.o.g. that A, < Ay, and observe that since they have integer values it means

A, < Ay — 1. Now we show that, if we start from a configuration where the red color has the majority
of nodes, the number of red nodes decreases in expectation. By using A, < Ay — 1 in (0] we get

cr

p(r) < " (cf +ep(er — ) Ap — crep + 3c127) . (17)

If the majority of nodes is red then ¢, — ¢ is positive, and since A, can be at most 3 from (7)) we get
Cr

p(r) < o (2 +2¢rcp) - (18)

Finally, if we put ¢, =n/2+ s and ¢;, = n/2 — s, for some positive s, in ([IJ)), we get that

p(r) < % (Z”2 +(n— S)S) < % (19)

Case A, = Ay: When A, = Ay, observe that if the protocol is not a majority protocol then it must be
A, = Ay < 2. Hence, if we start again from a configuration where ¢, > ¢, from (I6) we get that

Cr

e
p(r) < 3 (cf + 2¢p(er — ) + 305) = (20)

In both cases, for any protocol P that does not behave like a majority protocol on triples with a clear
majority, if we name X; the random variable indicating the number of red nodes at round ¢, from (I9))
and 20) we get that E [X;41 | X;] < Xi, hence X; is a supermartingale. Now let 7 be the random
variable indicating the first time the chain hits one of the two absorbing states, i.e.

T=inf{t e N : X; € {0,n}}.

Since P (7 < 00) = 1 and all X,’s have values bounded between 0 and n, from the martingale stopping
theorem] we get that E [X;] < E [Xj]. If we start from a configuration that is n/4-unbalanced in favor
of the red color, we have that Xy = n/2 + n/8, and if we call € is the probability that the process ends
up with all blue nodes we have that E [X;] = (1 — ¢)n. Hence it must be (1 —e)n < n/2+n/8 and the
probability to end up with all blue nodes is ¢ > 5/8 > 1/4. Thus the protocol is not a (n/4, 1/4)-solver.
O

Lemma 4.10 (uniform property) A constantn > 0 exists such that, if P is an (nn,1/4)-solver, then
its f must have the uniform property.

5See e.g. Chapter 17 in [I4] for a summary of martingales and related results
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Proof. Thanks to the previous lemma, we can assume that f has the clear-majority property but a triple
(r,g,b) exists such that d, < max{d,,ds}. Let us start the process with the following initial configuration
having only the above 3 colors and then show that the process w.h.p. will not converge to the plurality

color 7:
c=(¢r,cq,0) = (n/34+s,n/3,n/3—5s) wheres=0(y/nlogn).

We consider the “hardest” case where §,, = 1: the case §,, = 0 is simpler since in this case, no matter how
the other §’s are distributed, it is easy to see that the r.v. ¢, will decrease exponentially to 0 starting
from the above configuration.

- Case 6, =1, 0, = 3, and J§, = 2 (and color-symmetric cases). Starting from the above initial
configuration, we can compute the probability p(r) = P (X, = r |C = c¢) that a node gets the color 7.

cr\3 cr\2n—c¢.  CreyC
p(r) = (—) +3 (—) oy e
n n

(8 () (o) £ () (3-9).

After some easy calculations, we get

o) =g (1+0(3)):

As for p(g), by similar calculations, we obtain the following bound

-2 (1-0(2))

From the above two equations, we get the following bounds on the expectation of the r.v.’s X" and X9
counting the nodes colored with r and g, respectively (at the next round).

E[XT|C:C]<§TL+O(S) and

27
10 52
IIC=c|> —n—-0[=—).
E[X9|C=c] > 27n O(n)

By a standard application of Chernoff’s Bound, we can prove that, if s < nn for a sufficiently small
7 > 0, the initial value ¢, will w.h.p. decreases by a constant factor, going much below the new plurality
cg- Then, by applying iteratively the above reasoning we get that the process will not converge to r,
w.h.p.

- Case §, =1, §, =4, and &, =1 (and color-symmetric cases). In this case it is even simpler to show
that w.h.p., starting from the same initial configuration considered in the previous case, the process will
not converge to color r. (]

4.3 A lower bound for h-plurality

In Subsection 1] we have shown that the 3-majority protocol takes ©(klogn) rounds w.h.p. to converge
in the worst case. A natural question is whether by using the h-plurality protocol, with h slightly larger
than 3, it is possible to significantly speed-up the process. We prove that this is not the case.

Let us consider a set of n nodes, each node colored with one out of k colors. The h-plurality protocol
works as follows:

At every round, every node picks h nodes uniformly at random (including itself and with
repetitions) and recolors itself according to the plurality of the colors it sees (breaking ties
u.a.r.)

Let j € [k] be an arbitrary color, in the next lemma we prove that, if the number of j-colored nodes is
smaller than 2n/k and if k/h = O(n1=9)/4), then the probability that the number of j-nodes increases
by a factor (1 + h?/k) is exponentially small.
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Lemma 4.11 Let ¢ = (c1,...,cx) be a configuration and let j € [k] be a color such that (n/k) < ¢; <
2(n/k). If k/h = O(n1=)/4) then it holds that

h2
P <c§t+” > (1 + ?) ¢

Proof. Consider a specific node, say u € [n], let N; be the number of j-colored nodes picked by u during
the sampling stage of the ¢-th round and let Y be the indicator random variable of the event that node
u chooses color j at round ¢ + 1. We give an upper bound on the probability of the event Y = 1 by
conditioning it on N; =1 and N; > 2 (observe that if N; = 0 node v cannot choose j as its color at the
next round)

PY,=1)<P,=1|N;=1)P(N; =1)+P(N; >2). (21)
Now observe that

e P (Y, =1|N;(u) =1) < 1/h since it is exactly 1/h if all other sampled nodes have distinct colors
and it is 0 otherwise;

e P (N; =1) < hej/n since it can be bounded by the probability that at least one of the h samples
gives color j;

e P(N; >2)< (Z) c? /n? since it is the probability that a pair of sampled nodes exist with the same
color j.

Hence, in (2I) we have that

;i  h? &
PY=1)<-"2+—.-L.
( )< n + 2 n?

Thus, for the expected number of j-colored nodes at the next round we get

h? h? h?
t+1
B[cf*) et =c <Cj+%c?CJ‘<”W‘)<CJ<”?)’

where in the last inequality we used the hypothesis ¢; < 2(n/k). Since C;Hl) conditional on {C® = ¢}
is a sum of n independent Bernoulli random variables, from the Chernoff bound (Lemma [A] with
A =¢jh?/k), we finally get

2 2eh2 k)2
P (C;Hl) > ¢ (1 +2%) ‘ c = c) < exp (7(th /k) )

n
< exp (=Q(nf))
where in the last inequality we used ¢; > n/k and k/h = O(n(1=9)/4). O

By adopting a similar argument to that used for proving Theorem .2, we can get a lower bound Q(k/h?)
on the completion time of the h-plurality.

Theorem 4.12 Let C®) be the random wvariable indicating the configuration at round t according to
the h-plurality protocol and let 7 = inf{t € N : Cc® s monochromatic}. If the initial configuration
c=(c1,...,cx) is such that max{c; : j=1,...,k} <3n/(2k) then T = Q(k/h?) w.h.p.

Proof. Since in the initial configuration for any color j € [k] we have that ¢; < 3n/(2k), from LemmalLT]]
it follows that the number of nodes supporting the plurality color increases at a rate smaller than
(14 2h2/k) with probability exponentially close to 1. This easily implies a recursive relation of the form

C;Hl) < (1 + 2h2/k) Cj(-t) which, in turn, gives
2\ ¢ 2\ ¢
® < (1 2h° 0 « (1 207\ 3n
G s ( ) G s Ut )
Thus, for ¢t < k/h?1og(4/3), w.h.p. we have that

2t
(i 3n () ) 2
Glsg\Mt) <

concluding the proof. (]
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4.4 On the initial bias

In this section, we show that there are initial configurations with bias s = O(v/kn) for which the bias
decreases in a single round with constant probability. This shows that under initial imbalances of this
magnitude, it seems unlikely that one can prove bounds as those shown in Section [ at least with high
probability.

Lemma 4.13 Assumek > 4. For any value s < Vkn/6 of the initial bias, there are initial configurations
c such that, for any fized color j # 1 we have:

1
P (i) - <5l =c) > .

Proof. We consider an initial configuration ¢ in which we have k colors. Let z = (n — s)/k (we neglect
integer parts for the sake of the analysis). We let c§0> =z + s and c§-0) =z, for j # 1 and we further

assume that s < x. Considered any fixed j # 1, we next prove that Cfl) - C](l) < s with constant
probability.
The outline of the proof is as follows: We first show that E {Cfl) |CO) = c} -E {Cj(l) |ICO) =¢| <

s + 3xs/n, then we observe that with constant probablity E {C{l) |CO) = c} is not above its average.

Finally, we prove that CJ(-l) >E {C](-l) |CO) = c} +3xs/n with constant probability, whenever s < vkn/6,

which concludes the proof of the lemma.
To begin with, from Lemma 2], we easily get the following derivations:

2 2 2
E{C£1)|C(O)=c}=x+s+$—+ s+ s _x—i;s
n n

v and

2
W oo .| = r_r
E {CJ |C c} T+ el 0

where v = >, 27 = nz + xs + s%.
Next, from the definition of v we get

x? 2es+ s> x+s

E[C£1)|C(O):C}=$+S+;+ 5 (nw+x8+52)

n n
rs s s
=r4+s5+—+———(x+5)?
no n o on
2xs s 9 2xs
<r+s+—-——@+s) " <v+s+—,
noon n

where the third inequality follows by assuming s < z. Analogously we have:

2

E C§1)|C(O):c :erz——%(n:chszrsQ)
n
2
T EhS,, XS (22)
n n n

where to derive the last inequality we again use s < x. As a consequence we can write:

2xs  2a2s 3xs
<8 ;

n n

where the second inequality holds whenever x < n/2, which is our case.
For convenience sake, let us name for any j € [k]

i =E {Cj(l) |C(O) = c}
We note that

3
P (cf) -~V <s]c® =) >P(c{1><umc§” >uj+$|c<0>=c).
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Fact 1 The following holds:
P(C§1)<u1/\0j(- ;@4—%‘0(0 )
ZP(Cfl) <u1}C(O) :c)P (C;l) 2@4—%}0(0) :c).
Proof. We have:
P(C£1)<,u1 /\Cj(- u]—l—%‘c(o)—c)

3 3
:P(C£1)<u1‘0§1)>uj+$)P(C§l)>uj+$’0(0):c)

CRE ’
3 3
>P(C;1)>Mj+$ C(O):c)—P(C£1)<,u1‘C(O):c)P(CJ(-1)>uj+$‘c(0):c)
3
:P(C§1’>uj+$ c<0>=c)
(1) 0 _ (1), 4 5%
7(17P(Cl <u1‘c )c))P<Cj >+

cO = c) ,

where the fourth inequality follows from [0, Proposition 3, claim (-OD)]. In particular,
{Cfl) > ul} and {C(l) =+ 3903/71} are the events that the numbers of balls thrown
independently at random into two distinct bins both exceed some given thresholds. 0

cO = c>

3
=P (cV <ju|CO =c)P (c“’ i+

Fact 2 The following holds:
P(cf) <m|C¥=c)>

P

Proof. Set X =n — Cfl). Clearly, X is distributed as a binomial B(n,p), where p =1 — py,
with p; the probability that the generic node recolors itself with color 1. Clearly, p > 1/n as
long as the number of colors is not too large (in the order of n). Then we have:

1
P(Cf” < 1| CO :c) :P(X>E[X] |c© :c) >
where the second inequality follows from [I1, Theorem 1]. O
We finally apply Theorem [A3] to Cj(l) and we have:
(1) 3xs (0) 1 7% 1 771128%;; 1

where the second inequality follows from ([22)) and the third one holds since s < Vkn/6 and recalling
that x < n/k. Finally, from Fact [2 and ([23]), we get the claim. O
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5 Open Questions

A general open question on the plurality consensus problem is whether an efficient dynamics exists that
achieves plurality consensus in polylogarithmic time for any function k& = k(n). By efficient dynamics
for our adopted model, we mean any dynamics that requires small (i.e. O(logn)) memory, small random
samples, and small message size.

A more specific question about our simple distributed model is to explore the case in which the initial
bias s is smaller than the lower bound assumed in our analysis (i.e. s > cy/min{2k, (n/logn)/3} nlogn).
Notice that when k is polylogarithmic, we required a bias which is only a polylogarithmic factor larger
than the standard deviation Q(+/n): the latter is a lower bound for the initial bias to converge (w.h.p.) to
the plurality color. As for larger k, we did not derive any stronger bound on the required bias, however,
in Subsection [£4] we have shown some initial configurations with bias s = O(\/E) for which the initial
bias decreases in a single round with constant probability. This result implies that, when the initial bias
s is “slightly” smaller than “ours”, the process may be non-monotone w.r.t. the bias function s(¢). The
fact that s(t) is an increasing function played a key-role in the proof of our upper bound. So, under such
a weaker assumption, if any upper bound similar to ours might be proved then a much more complex
argument (departing from ours) seems to be necessary.

In this work, we were interested in deriving sufficient conditions under which the h-plurality dynamics
converges in polylogarithmic time. A further interesting open question is to derive conditions on the
parameters k, s, and h under which this dynamics converges very fast, i.e., in sublogarithmic time.
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A Useful Bounds

Lemma A.1 (Chernoff bounds) Let X = Y ! | X; where X;’s are independent Bernoulli random
variables and let p = E [X]. Then,

Jzu

1. Forany0 <6 <4, P(X>(1+6u)<e 7 ;

2. Forany 6 >4, P(X > (1 +0)u) < e™%;

3. Forany A>0,P (X >p+\) < =22/
Lemma A.2 (Jensen inequality) Let ¢ : R — R be a convex function and x1,...x, € R be k real
numbers, then

R 1o
¢ (E ;&) <z ; o).
In Section 4] we use the following “reverse”-Chernoff bound [I7, Theorem 2] 5]

Theorem A.3 (Reverse Chernoff bound) Let X be the sum of m independent Bernoulli variables
with probability p < 1/4 and let n = pm. Then, for any t > 0:

2¢2

1
P(Xfu>t)>ze_ "

6A number of pretty similar “folklore” results can be found in specialized mathematical forums, for example
http://cstheory.stackexchange.com/questions/14471/reverse-chernoff-bound.

18


http://cstheory.stackexchange.com/questions/14471/reverse-chernoff-bound

	1 Introduction
	2 Preliminaries
	3 Upper bounds for 3-majority
	4 Lower bounds
	4.1 Lower bound for 3-majority
	4.2 A negative result for 3-input dynamics
	4.3 A lower bound for h-plurality
	4.4 On the initial bias

	5  Open Questions
	A Useful Bounds

