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Abstract

We study in-network computation on general network topologies. Specifically, we are given
the description of a function, and a network with distinct nodes at which the operands of the
function are made available, and a designated sink where the computed value of the function
is to be consumed. We want to compute the function during the process of moving the data
towards the sink. Such settings have been studied in the literature, but mainly for symmet-
ric functions, e.g. average, parity etc., which have the specific property that the output is
invariant to permutation of the operands. To the best of our knowledge, we present the first
fully decentralised algorithms for arbitrary functions, which we model as those functions whose
computation schema is structured as a binary tree. We propose two algorithms, Fixed Random-
Compute and Flexible Random-Compute, for this problem, both of which use simple random
walks on the network as their basic primitive. Assuming a stochastic model for the generation
of streams of data at each source, we provide a lower and an upper bound on the rate at which
Fixed Random-Compute can compute the stream of associated function values. Note that the
lower bound on rate though computed for our algorithm serves as a general lower bound for the
function computation problem and to the best of our knowledge is first such lower bound for
asymmetric functions. We also provide upper bounds on the average time taken to compute the
function, characterising this time in terms of the fundamental parameters of the random walk
on the network: the hitting time in the case of Fixed Random-Compute, and the mixing time
in the case of Flexible Random-Compute.

Keywords: Function computation, random walks, coalescing random walks, stable rate

1 Introduction

Since most commercially available sensor nodes used in today’s sensor networks are capable of
performing small operations on the data, distributed function computation (also known as in-
network computation) algorithms seek to exploit the computation capability of these nodes to
increase the efficiency of communication and computation of function [22] 24] 19] over plain data
forwarding techniques [20], I7]. The in-network computation paradigm is based on the following
simple idea: instead of moving all the distinct data items generated at different nodes of the network
to the sink and computing the function of interest at the sink, we leverage the meetings of the data
items at intermediate nodes to compute partial functions which can then be combined at the sink.
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The idea is to reduce the load on the network and thereby increase the rate at which the data can
be read.

Clearly, the key question here is: is it always possible to combine any two data items that meet
at anode? In the simplest scenario, the answer is yes, and the class of functions for which the answer
is yes are known in the literature as “symmetric functions” and most of the existing literature on
in-network function computation mainly deals with such functions (see, e.g.,[I5]). In this paper,
our aim is to study the distributed computation of arbitrary functions where the sequence of
operations of the data is important to compute the final function value. Generalising from the
class of symmetric functions requires us to be able to specify the kinds of functions we handle and
typically functions are specified by a computation schema which describes the structure of allowable
combinations of operands and partial functions that make up the final function being computed. In
particular, we study a class of functions whose computation schema can be represented by a binary
tree. Another major contribution of our work is to distinguish between two modes of computing
intermediate values (partial functions) that make up a larger function contribution, the distinction
made on the basis of whether the node at which a specific intermediate value is computed is specified
in advance (we call it the “Fixed” scenario) or not (the “Flexible” scenario.)

The distributed computation of functions with computation schema modelled by a directed
graph has recently attracted some attention in the literature [32] 26, [34], but these works typically
take a centralised approach to the problem, centrally computing routings that realise the function
within the network. Our approach, based on random walks, is fundamentally decentralised. Such
a communication strategy is very useful when the network is changing constantly and the routing
information can become invalid frequently. Any node of the network in our algorithm does not need
global information (like the number of nodes or topology of the network) and the communication
depends only on the knowledge of the neighbourhood. In our algorithms, multiple data packets
move across the network leading to multiple random walks in the network. In order to compute
the function in the network, our algorithms combine these data packets in the order defined by the
computation schema of the function. This combination of packets leads to coalescence of random
walks which have been studied in [9] 21].

Our contributions

1. We describe two in-network computation scenarios: (a) the fized scenario under which each
internal node of the function schema is mapped to a specific network node that is tasked
with computing the subfunction corresponding to that internal node of the schema and (b)
the flexible scenario in which a subfunction computation takes place opportunistically at any
network node that happens to have the two relevant operands.

2. We propose simple, decentralised random walk-based algorithms, Fixed Random-Compute
and Flexible Random-Compute, to compute a function with a binary tree computation schema
in the fixed and flexible network scenarios respectively.

3. We present upper and lower bounds on the rate of computation for Fixed Random-Compute
in a setting where data is generated stochastically in rounds. In particular, the lower bound
presented is a general lower bound for the function computation problem and to the best
of our knowledge is the first of its kind for asymmetric functions. We also find the average
function computation time taken by these algorithms.

Related work As discussed earlier, most of the extant literature study the in-network compu-
tation of symmetric functions (see [15, 28] [12] [18]) where the sequence of computation does not



matter. Researchers have studied the computation time as well as the rate of computation of vari-
ous classes of symmetric functions for different network models. In particular, [I5] study the rate
of computation of classes of symmetric functions namely type-thereshold (example: maximum) and
type-sensitive (example: average) for collocated and random planar multihop networks. Following
the work of [I5], various authors studied these functions in various network settings; for example
[12] studied for noisy communication model, [23] for grid networks and [24] for random geometric
graphs. Further, Banerjee et. al. [4] study the rate of computation of divisible functions which
can be computed by a divide-and-conquer method on any subset of the source data. Another
variant studied in the literature is of \;-divisible functions which can be computed by performing
operations on at most A source data values at any time [22]. Note that all the work discussed
above only present upper bounds on the rate. However, Kamath et al. [I9] find a lower bound
for computing a symmetric function MAX in a pipelined setting different than ours, which requires
knowledge about network structure. To the best of our knowledge no lower bound result has been
presented for asymmetric functions so far.

In this work, we not only extend the function computation study to the class of arbitrary
functions but also present a general lower bound on the rate of function computation which is a
first lower bound presented for this class of problem. In particular, we present random walk-based
algorithms to compute arbitrary functions with binary tree schema. The communication strategy
in our setting is similar to that of gossip algorithms [0, 28, B1] where each node sends a data packet
to a randomly chosen neighbour in every time slot. In this setting, the time to compute the average
of data values is studied by [6] and separable functions of data are studied in [28]. Separable
functions are a class of functions which can be written as the sum of functions on the subsets of
source data values. Mosk-Aoyama and Shah [28] give an upper bound on the computation of such
functions which is directly proportional to the logarithm of the size of the network and inversely
proportional to the conductance of the network. The analysis and thereby the results of gossip
algorithms depends on the random walk properties which in turn depends on the transition matrix
of the random walk. Our results also depend on the random walk parameters like the spectral gap
of transition matrix, hitting time and mixing time.

Moreover, in our setting movement of different data operands in the network essentially leads
to multiple random walks on the network. These random walks combine with each other based
on the sequence defined by the computation schema resulting in the coalescence of random walks.
Properties of multiple random walks have been studied in the literature [2] 10, [13] 29]. Interaction
of multiple random walks has been studied by [10] where two random walks either annihilate each
other or combine when they meet and a bound on the cover time of such walks has been presented.
Coalescing random walks (two random walks combine when they meet) has been studied by [9] 21].
An upper bound on the time to coalesce n random walks each starting from different vertices in
the graph is given by [9]. Recently [2I] improved this bound on coalescence time for various kinds
of graphs. Our analysis of algorithms also involves multiple and coalescing random walks.

Paper organization In Section B we describe our in-network computation model, the data
generation model (Section [2]), the class of functions we deal with (Section 22]) and the two
in-network computation scenarios (Section 2.3]) that we propose: the fixed and the flexible. In
Section Bl we first define the routing scheme used by our algorithms and then we discuss our two
random walk-based algorithms for the two scenarios in Section and Section respectively. In
Section [, we define our performance metrics and discuss our main results with some examples.
In Section B we present the proofs of our theorems. In particular, we discuss the proof of the
rate analysis of Fixed Random-Compute algorithm in Section 5] and in Section we analyse



the average time taken by our algorithms in computing an asymmetric function in both fixed and
flexible models. We conclude in Section [6] and provide some directions for future work.

2 Modelling Assumptions and Computation Scenarios

In this section, we first describe our network, data generation and computation model. Then, we
define the particular function schema we work with and discuss the two in-network computing
scenarios, the “Fixed” and the “Flexible” where such functions can be computed.

2.1 Network and Computation Model

The network model The communication network is denoted by an undirected connected graph
G = (V, E), where V is the set of n nodes, V; C V with |V;| = K is the set of source nodes and FE is
the set of m edges. An edge e = (u,v) is present between nodes u,v € V' if they can communicate
with each other and we denote Nbd(u) := {v € V|(u,v) € E}. The nodes in the network follow a
slotted time model for communication and we assume that each node can send at most one data
packet to a single neighbour in any time slot. This is known as the transmitted gossip constraint in
the gossip literature [28]. Note that under this network model a node may receive multiple packets
in one time slot.

The model of computation in the network We need to compute a function fx defined as

fx = fx(z1,22,...,2K) in the given network. The operand x; is generated by a data generation
model at source node u; € Vi and we have the source set Vi = {u1,us,...,ux}. We need to
compute fx(z1,o,...,xrx) and make it available at a designated node of the network called the

sink us € V. We work within the paradigm of in-network computation [4] for computing fx,
i.e., nodes can compute intermediate functions called subfunctions of the data while relaying it in
the network. We elaborate this further when we discuss the two specific in-network computation
scenarios we work with.

The data generation model We consider the data generation process at each source node
u; € Vs as a stochastic arrival process in discrete time that is Bernoulli with parameter 8 and
independent of the arrivals taking place at all other nodes, i.e. at each time slot ¢ each node
generates a new data packet with probability 8 independent of all other nodes. We partition the
data generated into rounds: the /** data packet to be generated at source node u; € V; is said to be
part of round /. If we denote this data item as x;(I) then note that the function computed in round
Cis fr(z1(0),x2(0),...,xK(¢)). So, each data packet is identified by an identifier ¢ which denotes
their associated round. We will refer to this model of data generation as independent Bernoulli data
generation with parameter 5. We will use this data generation model for analysing our algorithms
and then in Section [6l we will also discuss two other data generation models and present our latency
results in their context.

2.2 The Binary Tree Function Schema

After defining our network model, model of computation and data generation model now we will
define the type of functions we work with i.e. particular class of asymmetric or arbitrary functions.
Recall, a function is symmetric if the output value does not depend on the permutation of input
values and sequence of intermediate operations does not matter. To generalise from the notion
of symmetric to asymmetric we need some language to describe function classes that allow only



specific argument combinations. We use the abstraction of a directed acyclic graph to capture the
partial combinations that are possible in a given function. We call this graph to be the computation
schema of the function. In this work, we study a class of functions whose computation schema is
a directed tree. An example is shown in Figure [

Our algorithms and results are presented for a binary tree computation schema, but this does
not, in fact, lead to any great loss in generality when it comes to the class of asymmetric functions.
In the function computation schema, any intermediate node representing unary operation can be
merged with its parent node as it requires only one operand. The unary operation can be performed
by the network node which performs the operation for its parent node. Thus a function computation
schema can have only binary and M-ary operations. Our results of binary tree schema can easily be
extended to arbitrary directed trees (like M-ary trees) and we discuss these extensions in Section [6l
With this in mind, we now formalise the notion of binary tree computation schema and present the
notation we will use in the subsequent sections.

Let fx := fx(x1,x2,...,2xK) be a function whose schema is described by a binary tree 7 with
L < K leaves as sources and height h where log K < h < K. For complete binary tree L = K,
where K = 2" for some value r and h = log K. So, let the root of the tree where finally fx is
computed be at level 0 and have id 7(0,0); note it is the only node at this level. In general, level 4
has at most 2¢ nodes with id set {7(3,0), 7 (i,1),..., 7T (i,2°—1)}. Let 6(4,5) be the value computed
at node with id 7 (7, 7). For level ¢ = h i.e. the leaf level, each node performs an identity function
on data so, 0(i,j) = xj41 for 0 < j < 2" and in general for level 0 < i < h and 0 < j < 2¢, node
with id 7 (4, j) computes the function 0(i,j) = 0(i +1,25) ® 0(i + 1,25 + 1), where @ is the binary
operation to be performed by node 7 (i, 7) specified by the function schema. Note that in case of a
non-complete binary tree such node 7 (7, j) can compute identity function as well if it corresponds
to a source node. Also, we have fx = 6(0,0).

Consider an example schema for function f; = x1x9 + x324 as shown in the Figure [h. Note
that it is a complete binary tree with height h = 2 and the source nodes are present at the leaf
level. The data packets x1,x9 are called the operands for the subfunction x129 and are obtained
by the identity functions on the respective nodes i.e. 6(2,0) = x; and 6(2,1) = x5. Also, the
nodes labelled 7(1,0),7(1,1),7(0,0) represent the specific operations that need to be performed
on the data. For example, node 7(1,0) performs the multiplication operation and represents the
subfunction 0(1,0) = 0(2,0) x 6(2,1) = x1z2 for the function 0(0,0) = f4 = x1x2 + x3x4. Next,
consider a non-complete binary tree schema for function f4 = (y1y2+y3)y4 as shown in the Figure[Ib
with height h = 3. In this case, apart from the leaf level source nodes are present at other levels
as well and they perform identity function like #(2,1) = y3 and 6(1,1) = y4. All other nodes
perform specific operation on data like node 7(0,0) combines the subfunctions (y1y2 + y3) and yq4
to compute function 0(0,0) = f1 = (y1y2 + y3)ya.

2.3 In-network Computation Scenarios

Now, for the given function schema i.e. the binary tree schema let us look at the two computation
scenarios by which we can compute such functions. These two scenarios differ based on whether
the node at which a specific intermediate value is to be computed is known in advance or not.

In-network computation scenario 1: The Fixed model In this model, any subfunction of
computation schema 7T can be performed only at a specific node in the network i.e. we are given
a mapping ¢ : T + V. We assume ¢ is a one-to-one mapping. The schema node id ¢~ *(u) is
hard-wired into u € V at the time of deployment of the network so that u knows the specific
operation which it has to perform along with the data identifiers of the operands that are the
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Figure 1: Computation schema for function (a) fy = z122 + x324 (b) fa = (y1y2 + y3)Y4.

(@) ) © @ ©

Figure 2: Example of Fixed Random-Compute algorithm for the function schema of Figure [[h: (a)
Communication network G with ¢ mapping (b) Movement of packets for first two time slots. Node
u does not perform any operation (c) Movement of packets in 3" time slot (d) in 4 and 5™ slot
(e) in last three slots.

arguments of that operation. Every node u that is in the codomain of ¢ maintains two queues; one
for storing the data operands of the operation specified by ¢! (u), we call it C¢(u), and another for
data transmission, namely Q;(u). Once packets of both data operands are received in C;(u), node
u performs the operation defined by ¢~!(u) and stores the generated data packet in @Q;(u). This
increases the data transmission queue size by one. Packets other than these operands are directly
stored in Q¢(u) for future transmissions.

Consider the schema of Figure [Ilh and the network of Figure 2h with a fixed mapping of nodes
in schema to the nodes of the network. Note, Vi = {x1,z2,23,24} is the source set for func-
tion f4 which is mapped to schema nodes 7(2,0),7(2,1),7(2,2),7 (2,3) respectively and nodes
7(1,0),7(1,1),7(0,0) of schema are mapped to nodes ¢,v,w of the network respectively. So,
network nodes ¢, v, w know the ids of their operands and the function they need to compute and
maintain both data operand queue and data transmission queue. On the other hand, network
node u (Figure 2b) is not mapped to any node in schema so it maintains only data transmission
queue and relays data x1, x5 rather than performing the operation specified by 7(1,0) on them (see
Figure k). The operation of 7(1,0) is performed by node t at the end of 5" time slot (Figure 2d).
Note that the network node w stores the operand x3z4 in its data operand queue till it receives the
other operand to perform the operation specified by 7(0,0) in Figures [2d, 2.
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Figure 3: Example of Flexible Random-Compute algorithm for the function schema of Figure [Th:
(a) Communication network G (b) Movement of packets for first two time slots. (¢) Movement of
packets for next four time slots.

In-network computation scenario 2: The Flexible model In the flexible network model,
every node in the network knows the entire schema 7 and can perform any operation within it. If
the operand data packets for any subfunction of 7 are available at any network node u € V' at any
time ¢ then it performs the required operation and creates the data packet for the corresponding
subfunction. Every node u at time ¢ in the network maintains a single queue @Q;(u) of data packets
which it has received (or generated) so far, and has not transmitted (or used for generating any
subfunction) yet. For a received packet, if the corresponding operand is available in the queue then
they are combined i.e. we perform coalescence of packets and the new packet is stored in the queue
for future transmission. On the other hand, if the corresponding operand for the received packet
is not present in the queue then the received packet is simply stored in the queue without any
coalescence.

Consider the schema T of Figure [[l and network G of Figure Bh. In this model, any node can
compute the subfunctions of schema provided it has both the data operands required for computing
the subfunction. See Figure Bb, where network node u receives data packets x1,z2 at the end of
two time slots and performs the operation of node 7(1,0) generating x1x5. Similarly, node v of the
network performs the operation of schema node 7(1,1) and w performs the operation of schema
node 7(0,0) in the network. All other nodes of the network relay the data packets.

3 Owur Algorithms

In this section, we first discuss the random walk-based routing primitive that we use and then we
describe our two algorithms for the two in-network computing scenarios discussed before.

3.1 Routing Scheme Used by Our Algorithms

The nodes in the network follow a slotted time model for communication and only one packet can
be transmitted over an edge in a slot. Our algorithms use a push communication model [28] where
at the start of any time step t, every node u € V selects a node v with probability

1 if Nbd
Plu,o] = { dege V< Mol (1)
0 otherwise




Algorithm 1 Fixed Random-Compute Algorithm run by node w at time step ¢

Require: Node u € V that knows the two operands and the operator involved in ¢~!(u) which is
anode of T. If $~!(u) is not defined then C;(u) is trivially assumed to be empty.

1. if Q¢(u) is non-empty then

2:  w picks v € Nbd(u) with probability P[u, v]

3:  Transmits a packet chosen uniformly at random from Q¢(u) to v
4: end if

5. if u receives a packet p in time step ¢ then

6:  if pis an operand for ¢~!(u) then

T: if 3¢ € C¢(u) such that p,q are combined at ¢~'(u) then

8: Combine p, q as per ¢~ *(u) and place the combination in Q1 (u)
9: else

10: Place p in Cy1(u)

11: end if

12:  else

13: Place p in Q+1(u)

14:  end if

15: end if

independent of other nodes and previous time step selections and sends it a randomly chosen data
packet from the queue @Q¢(u) (if it is not empty). Note that this corresponds to the data packets
performing simple random walk on the graph of the network. Next, we present the algorithms for
the two in-network computation scenarios.

3.2 Fixed Random-Compute Algorithm

In the fixed model, we use the algorithm Fixed Random-Compute to compute fx (see Algorithm [I).
In this algorithm, when a node which has a subfunction of 7 mapped to it receives a packet it
checks to see if the packet is one of the operands of that subfunction. If it is then the node checks
its operand queue to see if it has the other operand. If the other operand is available, it combines
the two as per the subfunction and moves the combination into its transmission queue. If not,
it stores the received packet in the operand queue. If the received packet is not relevant to the
subfunction mapped to this node, the node simply places it in its transmission queue for the onward
relay. In every time step, the node also chooses a packet uniformly at random and transmits it to
a neighbour chosen according to the probability distribution P[-,:]. An example run of the Fixed
Random-Compute algorithm is shown in Figure 2

3.3 Flexible Random-Compute Algorithm

We propose the algorithm Flexible Random-Compute for the flexible computation scenario (see
Algorithm [2)). This algorithm works by performing combinations allowed by 7 opportunistically:
when a node receives a new packet from a neighbour it checks its transmission queue to see if that
packet can be combined with any packet currently in the queue. If such a combination is possible,
it performs it and places the combined value in its transmission queue. As in the case of Fixed
Random-Compute here too in every time step the node also chooses a packet uniformly at random
and transmits it to a neighbour chosen according to the probability distribution P[-,:]. An example
run of the Flexible Random-Compute algorithm is shown in Figure Bl



Algorithm 2 Flexible Random-Compute Algorithm run by node u at time step ¢

Require: Node v € V' that knows the entire schema T .
if Q:(u) is non-empty then
u picks v € Nbd(u) with probability P[u, v]
Transmits a packet chosen uniformly at random from Q¢(u) to v
end if
if u receives a packet p in time step ¢ then
if 3¢ € Q¢(u) such that p, ¢ can be combined as per 7 then
Combine p, q as per T and place the combination in Q¢41(u)
else
Place p in Q¢41(u)
end if
. end if

— =
= o

4 Performance Metrics and Our Results

In this section, we define our performance metrics, state the main theorems reflecting analysis of
those metrics and then, we discuss the consequences of those theorems using examples based on
some common network topologies.

Typically in-network computation algorithms are analysed on two metrics: (a) the rate at which
the computation can be carried out given a model of regular data generation [28] 22] and (b) the
computation time or the delay in computing the function under the assumption that all operands
are available at their respective source nodes. These two correspond to notions of the throughput
and latency in the in-network computation setting.

For our rate analysis, we consider the independent Bernoulli data generation model with pa-
rameter [ as described in Section 2.1l Note that this data generation model is stochastic and we
use techniques from queuing theory to define the best possible function computation rate. The
condition for the system to continue processing the data in a regular fashion is known as stability
in the queueing literature [16] and is characterised by the fact that the expected size of each queue
is finite. A rate f that allows a given algorithm to achieve this condition is termed as the stable
rate of computation for it.

Formally, following Szpankowski [33], we formally define the stable rate of computation of any
in-network computation algorithm working under the independent Bernoulli data generation model
as follows:

Definition 1 (Stable rate of computation). For any in-network computation algorithm with the
data generation as independent Bernoulli process with parameter 5 at all source nodes and with |V|
dimensional vector Qf representing the state of the network at time t, the data rate B is said to be
stable if the following holds

tliglOIP) [||Qtﬁ||OO < :L'} = F(x), and lim F(z) =1,

T—00
where ||Qf||oo = max{Qf(u) cu €V} oand F(x) is the limiting distribution.

We have dropped superscript 5 from our data transmission queue representation where the
rate is understood. Now, we will present the bounds for such a stable rate for the Fixed Random-
Compute algorithm.



Table 1: Rate lower bounds of Fixed Random-Compute for various graphs

Graph A2 Using Theorem [II Using Exact Rate
Cycle 1—0(3)[25] __t .
" 2v3 n2(K —1) (n—1)(K —1)

Star Graph with sink at centre

1 1—e
and € as self loop probability at each node 0

‘ PP Y 2v/3(n — 1)I2(K — 1) (K1)

Star Graph with

1 1

sink at outer node 0
2v/3(n — D/2(K — 1) 2(n —1)(K — 1)

m-dimension

1 1 n

H ith n = 2™ L= gn 25
ypercube with n logn[ ] 2v3logn (K — 1) (n+2logn)(K —1)
C let h =1 n o
omplete grap n—1 2v3(n—1) (K — 1) 3(n—1)(K —-1)
Random Geometric
Graph (G(n, r)) 1—-Oe@3)BE ___logn -
23 n(K —1)

Theorem 1. Given a network G = (V, E) with source set Vs, C V' of |Vs| = K source nodes each
receiving independent Bernoulli arrivals with stable rate B and a function schema T to compute a
function fx with binary tree schema T on K sources, the stable rate 8 of Firzed Random-Compute

algorithm s given by:
1= (dmm>l/2 <s<s
2v3(K — 1) \ dmas
where g is the second largest eigenvalue of the transition matriz P of Fized Random-Compute, dpmin

and dyae are the minimum and mazimum degree of graph G, 0; = mMiny v icvusgv ZueU,ugU Plu, v]
is the mincut between node i and sink ugs and § := min;ecy §; is the min-mincut of G.

Regarding the stable rate for the flexible model, we do not have any bounds for this model for
now. We discuss it in Section [ as part of the future work.

Rate results: Discussion and examples In Table [I, we present two rate bounds for some
common network topologies. First we present the lower bounds obtained from Theorem [Il and then
we present the lower bounds obtained by calculating the exact values using elementary algebra
(see [14] for details). We note that for the complete graph the lower bound given by Theorem [I] is
tight up to small constants, but in the case of the cycle a direct calculation gives us a rate that is
higher by O(n).

Our next metric related to the delay or the latency is what we call the average function
computation time of an in-network computation algorithm. Now, under our regular data gen-
eration model with rate 8 let the computed value of function fx for the j** data round be
fx(g) = fr(x1(4),22(4),...,2x(j)) and let random variable Y;K(j) denote the position of the

4% round computed value fx(j) at the start of time slot ¢ given that the data packets perform

simple random walk on G. Then, the function computation time of ¢ data rounds TéK) is defined
as,
ng(K) = mtin{YJfK(j) =ug,V1<j </}
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So, this represents the earliest time by which the computed value of £ data rounds is available at
the sink. So, now we can define the average computation time as follows.

Definition 2 (Average function computation time). The average function computation time for
the network is defined as
¢
-
=g (K)
i) = éllglo ¢

where TJ{(K) 1s the the function computation time of the first £ rounds of data.
For Fixed Random-Compute we prove the following theorem:

Theorem 2 (Fixed model computation time). Given a network G = (V, E) of |V| = n nodes with
set Vs CV of |Vs| = K source nodes each receiving independent Bernoulli arrivals with stable rate
B and a function fx with binary tree schema T, for < 1/2, the average function computation
time of fx using Fixed Random-Compute is

_ 1 It
g < alog K G+ 720

where o > 1 is a constant, h is the height of the binary tree schema T, ¢(8) € [0,1] is a continuous
and increasing function of f with ¢(0) = 0 and ¢(8) — 1 as B — [* where §* is the critical rate

below which data rates are stable and above which they are unstable and tp; = ma}‘i/Em(Ty) is the
x,ye

worst-case hitting time of simple random walk on G.
For Flexible Random-Compute we have the following theorem:

Theorem 3 (Flexible model computation time). Given a network G = (V, E) of n nodes with a
source set Vs C'V of |Vi| = K source nodes each receiving independent Bernoulli arrivals with stable
rate B and a function fx with binary tree schema T, for B < 1/2, the average function computation
time of fx using Flexible Random-Compute is

_ . 1 htS . 9 n

Tix) < alog K (B + T—c(f) <log K + 7ylogn>>
where & > 1 is a constant, h is the height of the binary tree schema T, ¢(8) € [0,1] is a continuous
and increasing function of B with ¢(0) = 0 and ¢(B) — 1 as  — (% where $* is the critical rate
below which data rates are stable and above which they are unstable. Here, t&. is the mizing time
of simple random walk on G, v = Y, .\, (deg(v)?)/d*n where, deg(v) is the degree of any vertex

v €V and d = 2m/n is the average vertexr degree.

Computation time results: Discussion and examples Before comparing the two models,
let us look at an important parameter v in the flexible model latency result which represents the
variability in the vertex degree. Recall v = Y, . (deg(v)?)/d?n where, d is the average vertex
degree. For regular graphs like cycle v = 1 whereas for skewed graphs like star v = O(n). This
parameter affects the flexible model latency as we can see the star graph has a much lower latency
then the cycle graph (see Table [2]). This is because in the skewed graphs like star higher degree
nodes allow more coalescences which are critical for our analysis, whereas it is not so in the regular
graphs as all nodes are similar.

In Table Bl we compare the computation time of Fixed and Flexible Random-Compute for
various graphs given that 5 < g* i.e. ¢(8) < 1 where ¢(8) € [0,1] is a continuous and increasing
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Table 2: Comparison of the computation time of Fixed and Flexible Random-Compute for various
graphs for § < * i.e. ¢(8) < 1 (All bounds on the mixing and hitting times appear directly or
implicitly in [I].)

Graph Fixed Random-Compute Flexible Random-Compute
Cycle O(lOgK + hn? logK) O(lOgK +hn3@>
1 ) K 1 ) K g
Star with sink at centre O( ogﬁ + hnlog K) O( ogﬁ + hlog? K)
log K log K
Hypercube O < ogﬁ + hnlog K) 0] ( 8 + hnloglog nlog K)
log K log K
Rand. r—reg. O( ogﬁ + hnlog K) O( ogﬁ + hnlog K)
log K log K log K
Torus (d = 2) O( o8 +hnlognlogK) O( o8 +hn2%>
ogn
log K log K log K
Torus (d > 2) O( ogﬁ —|—hnlogK> O(Ogﬁ T I(Z)gn)
log K 1
Rand. geometric graph - O( ogﬁ + hn? 1(()) ggn >

function of 8. The given condition ensures that the queues at the nodes are finite and function
computation is carried in stable manner.

Consider Rand r- reg graph, in this case the performance of both the algorithms is same whereas
in the cycle graph Fixed Random-Compute is better than the Flexible Random-Compute but in the
star graph latter dominates the former. So, the upper bounds in the table do not clarify whether
Flexible Random-Compute is better from a computation time point of view or Fixed Random-
Compute. Let us now analyse two models based on their working. Under the fixed schema, two
operands that can be combined may meet at some node but may not be combined since the node
at which they meet is not the designated node where they are to be combined. This is a major
disadvantage that the flexible schema does not have: in the flexible schema the first time two
combinable operands meet they are combined. However, the fixed model counterbalances this
disadvantage with a significant advantage: since any node designated to combine two operands
knows which specific operands it is to combine, it can recognise and store the first of the operands
separately and wait for the second operand to arrive. The flexible model cannot do this and must
perform opportunistic combinations. It is an open problem to try and establish if the computation
time of Fixed Random-Compute is stochastically dominated by the computation time of Flexible
Random-Compute or vice-versa.

In next section, we will discuss the proofs of theorems discussed in this section.

5 Proofs

In this section, we present the detailed proofs of all the theorems. First, we prove the bounds
on the stable rate of computation for the fixed model. Then, we give an upper bound on the
average function computation time of the fixed and flexible model in terms of the basic random
walk primitives: the hitting time and the mixing time respectively.
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5.1 Rate Analysis

Szpankowski defines the stable data rate as the rate which ensures that the queues at all nodes in
V are bounded (see Section M]). Now, we discuss the proof of the theorem giving bounds for such
stable rate of computation for Fixed Random-Compute algorithm. We prove this theorem using
an existing rate result of [14] and [4].

Proof of Theorem [ First, we will prove a lower bound on the stable rate of the Fixed Random-
Compute . For this we will use the lower bound on the rate of data collection by an algorithm
similar to ours. In an earlier work [I4] authors propose an algorithm (called Random-Collect)
collecting data packets from source nodes to a designated node called sink. In their setting, there
is no combination of data packets and all the source data packets travel till they reach the sink.
Random-Collect algorithm is a generalised algorithm where data packets perform random walk on
the network and the specific type of random walk would depend on the transition probability of
moving from one node to another like the transition probability given by Eq. [ allows packets to
move in a simple random walk fashion. We will use the following simple random walk specific result
from [14] which proves a lower bound on the stable data rate in that paper.

Lemma 1 (Network throughput lower bound [14]). For a given graph G = (V, E) with |V]| =n
nodes, source set Vo C V \ {us} with |Vs| = s data sources, each generating data as independent
Bernoulli arrivals with stable data arrival rate 3, and a single sink, us, we have that

200 gy ®

where Ay is the second largest eigenvalue of transition matriz P of simple random walk on graph G,
Aimin and dpmaz are the minimum and mazximum degree of nodes of the graph G respectively. These
results hold for B < B*, where B* is the critical rate below which data rates are stable and above
which they are unstable.

Recall that the schema to compute the function fx on K sources is given by a binary tree 7 to
Fixed Random-Compute algorithm. Thus, there are K —1 coalescences of data packets taking place
while computing the function. Recall that in Fixed Random-Compute algorithm any coalescence,
say a of data packets x;,x;, can happen only at a particular node u in the network and this is
given by a mapping ¢ from 7T to the vertex set V of the network G. In this case, the node u acts
like a source to the data packets generated by the coalescence a which is used for the next level
coalescence. We restrict the coalescence a which happens at node u. This reduces the problem to
the collection x;, z; by node u. By Eq. 2] the rate of collection of x;, z; by u using Fixed Random-

1/2
Compute is 3;; > 12_\/%2 (%) . Note that while achieving the rate 3;;, Fixed Random-Compute

might be using some edge of G at its full capacity. There are (K — 1) such coalescences happening
in G at the same time thus the rate achieved by each of them without exceeding any edge capacity

1/2
is Bi; > e B <dm""> . Thus, the stable rate of Fixed Random-Compute is lower bounded

2\/3([{—1) dmaz /
1/2
1-) dmzn
by B 2 2\/§(K2—1) (dmaz) )

We now turn to the upper bound. Authors in [4] study the rate of function computation when
the function fx is a divisible function. A function fx is said to be divisible if for any partition of its
source data set, fx can be computed by computing a local operation on any set and aggregating the
result [4]. In other words, they study functions whose source data packets can be combined in any
order. In our case, source data packets of fx can be combined only by the order given by schema 7T .
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Thus, the rate achieved in [4] is an upper bound on the rate achieved by our algorithm. Authors in
[4] show that maximum stable rate for a divisible function is the min-mincut of the network graph
G. We define the equivalence of min-mincut for the transition matrix of our algorithm (transition
probability given by Eq. [ for G as follows: recall that ug is the sink node in G where the final
computed function is collected and let ¢ be any node in the network. Then, the mincut between
node 7 and sink wug is defined as:

i = min Z Plu, v].
UCV:ieUus¢U weU gl
Further, the min-mincut of G is defined as § := min;cy §;. Following the same proof technique

as that of Theorem 1 of [4] we get that the maximum stable rate 5 achieved by Fixed Random-
Compute algorithm is upper bounded by 9.
O

5.2 Computation Time Analysis

Next, we discuss the latency in function computation or the average time taken to compute the
function under the two given models: fixed and flexible. We start with the proof of theorem dealing
with the analysis of the computation time for the fixed model and then, present the proof of the
flexible model computation time theorem. In both proofs, we first find the expected maximum time
taken by ¢ data packets to appear at each source node and then, we find the expected time taken to
compute the function for such ¢ rounds of data generated. Since, all data rounds are independent
we find this time by analysing the single round computation time i.e. the time taken to compute
the function value for the it" data round comprising of |V;| = K data packets with round identifier
i. For the fixed model, we find the single round computation time by recursively reducing our
problem to the hitting event of data packets from two nodes onto a designated third node and then
we present an upper bound on the time taken for one such event using the techniques and queueing
delay analysis of [I4]. For the flexible model, single round computation time proof involves a major
modification of the proof of Cooper et. al.’s main theorem [9] and also uses techniques from [14] to
handle queueing delay.

Proof of Theorem[2. Given a graph G where each node in source set Vj receives independent
Bernoulli arrivals with stable rate 5. Each data round generated has a total of |Vs| = K data
packets and each round has its appearance and computation time in the network. Instead of in-
dividually finding such times for each round, we will proceed our analysis by finding the expected
maximum time by which ¢ rounds of data arrival have happened and then after this time, we find
the expected function computation time assuming all K¢ packets have appeared.

Let Tfpp be the appearance time of ¢ rounds of data arrival on each node using Fixed Random-
Compute algorithm for communication. Let f be a hypothetical node where we assume packets
reside before arriving at the network nodes, then, Vu € Vi and 1 < j < ¢, we have XS’ ;= f, where

th ;18 the random variable denoting the position of %" round data packet of node u at the start of
time slot ¢. If the j'* data item appears at node u at time ' then Xfw» = fforallt <t and Xz:j = U.

With this notation we can define appearance time as: Tfpp = mint{XfLJ» eV:1<j</tluecVs}
So, Tfpp is the earliest time when ¢ packets have appeared at each node. Now, we find the expected

appearance time of ¢ rounds.
Let A be the event that a source node u € Vi did not receive ¢ arrivals in time t,. Consider,
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ty, > 2¢ and 5 < 1/2. So, we have
¢ t . .
PlA] =) (E ° Z) B gy (3)
i=1

As, t, > 20, (gtjl.) < (é_é?‘_l))w 1 <i—1</also, as § < 1/2, so Eq. (3 can be written
as, P[A] < ¢(%)(1 — B)t». Now, let t, = wl for w > 1, so using the fact that (*p) < (%)’
previous equation can be rewritten as, P[A] < £(ew(1 — B)*)¢. So, we can easily find w such that
ew(l — B)¥ < 1/e. Note that the value of w will be only 5 dependent as w = % for some constant
b > 1. So, for a node u € Vi, P[t, > wl] < fe~‘. Since, all random walks of data packets from all
K nodes are independent of each other, considering worst-case analysis of all nodes we have,

P[Pu:t, > wl] < Kte™* (4)

Now, we need to find the expected value of the maximum appearance time of packets at K nodes
let it be £, = {t, : Ju t, > wl}. We have,

E [fu —logeK] < Z]P’ [fu —logeK > z]
i=1

< wZP [fu > w(logeK —I—j)]
j=1

<w Z K (log eK + j)e~ (g ek+)
j=1
< wlogeK

So, we get
E [fu] <logeK +wlogeK <wlogeK

So, we have the expected maximum appearance time of data packets at K source modes as at
most wlog eK where w = % for some constant b > 1. Now considering the worse-case analysis, the
maximum time it takes for complete [ rounds of data packets to appear at all K source nodes is,

app

i < llog eK% (5)

Note that after Téfpp time all nodes have ¢ arrivals. Let Tcomp(¢) be the expected function
computation time of ¢ data rounds given the data packets have arrived at all source nodes. Now,
we know because of the appearance time of rounds, random walks of data packets across the rounds
are independent, so we can write Tcomp(£) < {Tcomp(1).

Now, to find the single round function computation time Tcomp(1) we perform the following
analysis. Recall that the computation schema for function fx is given by a binary tree T with
height h where log K < h < K. If 7; is a complete subtree of binary tree 7 with its root at level
i, then let 77. be the coalescence time of 7;. We define the coalescence time with respect to three
vertices x,y,z € V as T(g4..) = max{T(%z), T(y’z)} where 7(q ) is the time taken for a random walk
starting from a to first hit b, so for T we have 71, = 7(4(1,0),6(1,1):6(0,0))-

In general, considering the worse case scenario we have

TT: = T(4(1,0),6(1,1):(0,0)) + Max{T7,_; o, 77;_; , }, where T;_1 and 7T;_1 1 are the two subtrees of
the root with height ¢ — 1. Applying the recursion again we get 77, , , = T(¢(2,0),6(2,1);:6(1,0)) T
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maX{T’]’i72,OO,T7272,01}7 and 7'7’2.71,1 = T(¢(272)7¢(273);¢(171)) + maX{T7272,10,T’7’1.72,11}. Observing that fOI'
any four random variables W, XY, Z, max{W + X, Y + Z} < max{W,Y } + max{X, Z} we get

TT: ST(6(1,0),6(1,1);6(0,0) T MAX{T(5(2,0),6(2,1):6(1,0)) > T(6(2,2),6(2,:3):0(1,1)) }

+ maX{T’Ti—Q,OO’ TTi—2,01> TTi—2,10> TTi—2,11 }

Therefore we get

7, < ZO<J2"12%X1 AT66.20).0(.2+1)06-1.9) - (6)

Note if we have a skewed binary tee schema with h = K — 1 then in the above equation
many variables of form 7. .y will not be defined whereas for the complete binary tree schema with
h = log K all such variables are present. Now, from the definition of coalescence time we know
that each coalescence consists of two hitting time events. So, for each coalescence of form 7, ..
let us denote two random variables T(1:(:7y;z) and T(2x7y;z) for the two hitting time events. Let set B

be defined as B := {7' (27624 1)si—1) P L ST <h0 <)< 20=1 — 1 and k = 1,2}. Note
that there are always 2(K — 1) random variables of form T(x 4:2) for k = 1,2 on the right hand

side of Eq. (B). Now, let the hitting time for the i*" out of 2(K — 1) hitting event in the Markov
chain associated with the simple random walk (with no delay) be 7'( 2) for node z,y,z € V. So,

we have E[r, (xyz)] < tpit where tpy = max E;(1y) is the worst-case hitting time of the simple
TS

random walk starting from any node of the graph. By Markov’s inequality P |7, (x yiz) = > Ethit] < %
Now, consider the probability of the random walk not hitting z in we times the worst-case hitting
time i.e. we consider w etp;; time and divide it into w slots (I = 1,2, - -, w) of ety each. By
the Markov property of random walks, we know that the random walks in each of these slots are
independent. Also, since we have used the worst case hitting time for bounding the probability of

one slot using Markov’s inequality, this bound will hold true for any starting vertex at the start of

any slot [. So, we have P [T(ix’y 2) > w ethlt] < Hl 1% 1 < L . Now, let 74 = max,cp T( ) then

P [Tmaz > w ety] < 2(K — 1)e~™. Now, we have

T,Y;%

E [Tz — 10g eK] <> P [Tinar — logeK > ]
i=1

[o¢]
< etnis D P [Tmaz > (log eK + j)eti]

j=1
o0

< ethit Z 2(K —1)e” logeK o —j
j=1

<ol

=T K (e -1)

So,

E [Tmaz] < logeK + 2ty < tpit log e K

K-1
K(e—1)
as both logeK > 0 and tp; > 0. So without any queueing delay, the expected time taken by the
data packets involved in 2(K — 1) coalescences (hitting events) to hit their designated nodes is
thit log e K. This analysis is done assuming there is only one packet in the queue of any node at any
time.
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Now, we analyse the delay caused due to more than one packets in the queue. Consider a
packet generated at node p € Vi, let us call it p after its generating node. Let X;l = X; denote the
position of packet p at time ¢, we drop the subscript denoting the round number as we are dealing
with one round function computation. Now consider for any node v € V,

P [Packet p is delayed at u at time ¢] =

Z P [Packet p is not picked at u at time ¢t N Qtﬁ(u) =w | Xlt, = u] P [X; = u] (7)
w>2

We know,
P {Packet p is not picked at u at time ¢ N Qf(u) =wl| X, = u] =

w_lp[QtB(u):wﬂX;:u]
w P[X;:u]

(8)
As, P[AN B] < P[A], we can write P [Qf(u) =wNX] = u] <P [Qtﬁ(u) = w] Using this result
in Eq. 8 we get

P {Packet p is not picked at u at time ¢ N Qf(u) =wl| X, = u] <

w—1F [Qtﬁ(u) :w} P [Qtﬁ(u) :w}
w  P[Xf=u] = P [X! = u]

Using Eq. @ in Eq. [ we get

P [Packet p is delayed at u at time ¢] < Z P [Qf(u) = w] =P { f(u) > 2] (10)

w>2
Now, we have

P [Packet p is delayed at time t] =

Z P [Packet p is delayed at u at time ¢ | X, = u] P [ X, = u] (11)
ueV

Now, let ¢;(8) = maxyey P [Qf (u) > 2] be the maximum delay probability at time ¢ over all nodes

in set V for given data rate 8. So, at stationarity the maximum delay probability converges to ¢(3)
ie., ¢(B) = limyoo ct(B). ¢(B) is a continuous and increasing function of 5 (see Claim 1 [14] for
details) with ¢(0) = 0 and ¢(8) — 1 as § — * where §* is the critical rate below which data rates
are stable and above which they are unstable. We know that any packet gets delayed at time slot ¢,
due to queue at a node u, because it is not picked for transmission in that slot among all the packets
in the queue. Thus, the probability of a packet not being delayed by a node in a given time slot ¢ is
1 —¢(B). So, combining the queueing delay with the non-delayed hitting time events, we have the
expected number of steps taken by the packets involved in 2(K — 1) coalescences (hitting events)

to hit their designated nodes as %. This expected time is computed without considering

any dependence among the hitting events. Now, we use this result in Eq. (@) to capture the worse

case relation between different levels of binary tree schema and hence the associated hitting time

thit log e K
ts. h K) = <h—————.
events. So, we have C(K) = 77, < 1 —<(?)

17



So, we have one round function computation time i.e., assuming each source node has generated

tuit log e
only one data packet as Teomp(1) = C(K) = h%

increasing function of 5 representing the maximum delay probability in the limit over all nodes in
V', this being the worst-case hitting time of simple random walk on G. So,

thit log eK)
1 —c(B)

Recall, TéK) is the expected function computation time of ¢ rounds of data arrival and so, we can
write

, where ¢(B) € [0,1] is a continuous and

Tcomp(g) < ETcomp(l) =/ <h (12)

TéK) = Tfpp + Teomp (£)- (13)
Now, using the results from Eq.s () and ([I2]), we have
b thit log e K
b < LlogeK — 4 ¢ [ h25— 14
Ty < Lloge ﬁ+€ =<3 (14)
So, we have,
l
_ . THK) b Thit
= lim —= <logeK | =+ h————— 1
MO T AT = (5* 1—c<5>> "

where b > 1 is a constant and t;; is the worst-case hitting time of simple random walk on G. [
For the flexible model computation time we have the following theorem proof.

Proof of Theorem[3. Now, for the flexible model again we are given a graph GG with source nodes in
set V; receiving independent Bernoulli data arrivals at stable rate 5. We will prove this theorem on
same lines as that of fixed model computation time proof. We will first find the expected maximum
time by which £ rounds of data arrival have happened and then after this time, we find the expected
function computation time assuming all K/ packets have appeared given that |Vs| = K.

Recall that Tfpp = mint{Xz,j eV :1<j</lue Vi} is the appearance time of ¢ rounds of
data arrival on each node using Flexible Random-Compute algorithm for communication, where
Xfw» is the random variable denoting the position of j** round data packet of node u at the start
of time slot ¢. Using the same analysis as in the proof of Theorem 2] we get the expected time for
complete ¢ data rounds to be generated at all K source nodes as

b
Tfpp < /llog eKB (16)
where b > 1 is a constant. Note that after Tfpp time all nodes have ¢ arrivals. Let Tcomp(¢) be

the expected function computation time of ¢ data rounds given the data packets have arrived at
all source nodes. Now, we know because of the appearance time of rounds, random walks of data
packets across the rounds are independent, so we can write Teomp () < €Tcomp(1)-

Now, we perform the following analysis to find the value of 7¢omp(1). Recall that the commu-
nication network is represented by graph G = (V, E) with sources in set V5 C V. The schema to
compute function fx is a binary tree of height h where log K < h < K thus has h + 1 levels.
We label the levels in the schema starting from the sink. Leaf level i.e. level h simply acts as
source of data for the function to be computed, hence nodes at this level perform identity function
0(i,7) = xj41 for 0 < j < 2°. However, in case of a non-complete binary tree source nodes may be
present at other levels as well, so network nodes in Vi always perform identity function. Nodes other
than the source nodes with id 7(4,7) at all other levels i.e. level 0 < i < h compute the function
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0(i,j) = 0(: +1,2j) ® 0(i + 1,2j + 1), where & is the binary operation to be performed by node
T (i, 7) specified by function schema and 0 < j < 2°. This subfunction computation can be seen
as the coalescence of the data packets of the operands. For example, in Figure [Th, there are three
levels with level 2 providing four data operands, level 1 performing two coalescences on the respec-
tive operands and level 0 performing one coalescence. So, because of the in-network computation
paradigm each level ¢ + 1 acts as source for the level 7. Now, we will first analyse the computation
time for (h — 1)th level and replicate it for other levels. If the time required to complete j* level is
Ck; then the total time to complete the function computation is C(K) = Z?;é Ci; = O(hCly, ).
For the simplicity of notations, we remove the subscript j denoting the level number from various
notations whenever it is clear from the context.

Multiple random walks to single random walk. Given k& = 2! data packets from a single
level, i, of T let us consider the collection of random walks {X;;(t) : 0 < j < k} executed by
these k packets in G. We represent this collection as a single random walk on the product graph
Qr = (Vo,, Eg,) where Vi = V*. Consider the set

S, 1= {(Uo,---,vk—l) tvg =vg41: 0 <1< g — } . (17)
Note that when the random walk on Q) visits any vertex Sy it is equivalent to all the k/2 pairs
of walks on G simultaneously coalescing which is what we require for computing the collection of
functions {A(4,20) © (3,21 +1) : 0 <1 <2071 — 1},
In other words, each node v € V, is a k-tuple of nodes {vy,...,v;} where each v; € V. Thus,
k random walks X, (¢) on graph G starting from u; € V; can be replaced by a single random walk
Xu(t) on graph @ with starting position u = (uy,ug, ..., ux). We further reduce the graph Qj to
a graph 'y by contracting the set Sy to a single vertex - while retaining all other vertices, edges
and loops. Thus, the degree of every vertex of I'; is same as that of Qi except for the vertex ~g.
The degree of v, is the sum of degrees of all vertices of set Sy, and is given by d,,. Also if m and 7
are the stationary distributions of a random walk on graphs @ and I'j, respectively, then 7, = 7,

for v ¢ Sy and 7, =7g, = ersk T

Hitting time from stationarity. Recall that the probability of a random walk to move from
vertex u to v in graph G is given by Plu,v] (defined by Eq. [[l) in our algorithm. Let 7 be
the stationary distribution of our random walk in G. Let P'[u,-] be the probability distribution
of the Markov chain associated with the given random walk that begins at state u at time ¢.
Then, the distance of this distribution from its stationary distribution 7 at time ¢ is defined as

d(t) := max,cy||P![u, ] — 7||rv. Then, for any € > 0 mixing time t¢. of the random walk on G
with transition probability given by Eq. [l is given by
tS = min{t : d(t) < €}. (18)

This measures the time required by the Markov chain for the distance to the stationarity to be
small. The mixing time for graphs @ and I'y are defined similarly and are denoted by tﬁffx and
t. respectively. We use the following relation among the mixing times of the three graphs in our
proof.

Lemma 2. ([9/, Lemma 2) Mizing time of simple random walk with transition probability given by
Eq.[ on graphs G, Qy, '}, are given as

18, =0 (ﬂ) A — O(ktG,) 1ok = O(ktC),

1_)\2 TV max Y max
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such that
maz||P'[u, -] = xl|rv < 1/nk, for any t >t
ueVp

where F' can be any of the graphs G,Q,T', np = |Vp| and 1 — X\q is the spectral gap of the transition
matriz of the simple random walk.

Proof. The bound on mixing time of G directly follows from Theorem 12.3 of [25]. Relation between
the mixing times for @y and I'y, with that of G follow directly from the proof of Lemma 2 of [9]. O

Let E,(7,) be the expected hitting time of a vertex v starting from the stationary distribution
7. From Proposition 10.19 of [25], we can write

EW(T’U) = Zvv/ﬂ'va (19)
where,
Z Pllv,v] — ). (20)
t=0

Let My (u) be the time until the first two random walks meet in @ when they start from u.
In other words, Mj,(u) is the time to reach the vertex -, in graph I'. Now, if mixing time t.. of
graph T satisfies Eq. I8 then

E(Mp(w)) <t + (14 0(1)Ex(7,) (21)

where Er(7,,) is the hitting time of vertex 7 from stationary distribution = in graph I". The
following lemma follows directly from Lemma 3 of [9].

Lemma 3. Let the spectral gap of the transition matriz P[-,-] of simple random walk on graph F
be 1 — Ag, then for any vertex v of graph F, we have

Zyy <

1— X
where Zy, is defined in Eq.[20. This lemma holds for all three graphs G, Q) and T'}.

Now we prove the following Lemma which will be used to prove the time for single level coales-
cence.

Lemma 4. Let G be a connected graph with n vertices and m edges and let

"= maﬂc{2, mz’n{ﬁ,log K}}, (22)
v

where v =Y, .\ (deg(v))?/d*n. Let k be an integer, 2 < k < I* and i, be the vertex in graph T
representing the contracted set Sy. Then, there exists a constant ¢, > 0 such that,

_ deg(vk) S crkv
Tk 2m)k = n

Proof. Recall the definition of the set Sy which is as follows:

k
Sy = {(Uo,---Wk—l) tvge =41 1 0S £S5 - 1}'
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If kK = 2, then, the degree of set Sy, is:

deg(Sy) = Y (deg(v))” = (2m)* .

veV

If 3 <k <I* and for any z,y such that 0 < z < y < k, we define subsets of Sj as:
k
Say) = {(vo,...,vk_l) vy =vy=a+1,x=20,0<0< 5~ 1}.

We get, S = 0w U kS(x,y), where deg(S(;.,)) = (2m)k—2 Zvev(deg(v))2 = (2m)k%
Srly<
By the definition of our function fr, for {z,y} # {p,q}, {z,y} N {p,q} = ¢. So, deg(S(Ly)) N

Spg) = (2m)k—4 Zumev(deg(u)y(deg(v))2. Thus by inclusion-exclusion principle,

deg(vx) = deg(Sk) > Z deg(S(z)) — Z deg(S(z,y)) N S(p.g))

{zy} {z,y}#{p,a}
> Q%ﬁ%—(%ﬁ@mﬁg (23)
> g(Qm)k% <1 - Z—Z) (24)
> Paml - o) (25)
> (Zm)kck%. (26)

The factor of k/2 in Eq. 23] is the result of fixed combinations among source nodes because of
restricted coalescence defined by function and the combinatorial factor in other term is because of
disjoint nature of nodes i.e. {z,y} N{p,q} = ¢. The bound in Eq. 25 follows from Eq. 24l by using
upper bound on k from Eq. Then, using bound on deg(yx) from Eq. for 7, , we get the
desired result. O

Recall that E;(7,,) is the expected time to hit the vertex v; from stationary distribution .
Then by Lemma [3] and Lemma M we get,

n 1
kvl — Xy

Er(7y) < (27)

Computation time without queueing delay for the simple random walk. Recall that
My (u) is the time of coalescences of k < I* random walks in G i.e, the time to hit ~ in graph T’
which is given by Eq. 21l By Lemma 2] and Eq. 27 we get,

E[Mi(uw)] < O(ktg) + (1 + 0(1)Ex () (28)

mix

_ O<1_1)\2<klogn+yﬂk>>. (29)

Eq. gives the bound for expected first coalescence time among k < [* data packets, indicating
partial computation of (h—1)" level of function schema. Now, for complete computation of (h—1)%
level, we will prove that with probability 1 — 1/n¢, where ¢ > 0 is some constant there cannot be a
subset of k = [* data packets which did not coalesce by time t*, where t* = [*log K (t., +3FE(7y,)).
To prove this we need the following result.
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Lemma 5. ([9], Lemma 1) The probability of the event N'(u,v) such that a random walk starting
from u does not visit vertex v in first t time steps is given by

P(Nt(u,v)) < e~ W/ (T+3Ex ()]

Here T = tC, is the mizing time of the simple random walk on G and Er(7,) is the expected hitting

time of vertex v from stationary distribution .

Let N (k,v) be the set of data packets starting from vertex v = (vy,--- ,vg). There are two
cases for coalescences of these packets. Either these data packets have coalesced during mixing
time tglix, or they have not. For latter case, we can use Lemma [B] on graph I'y with vertex ~; and
t = t*. This gives us the probability that the data packets have not coalesced by time ¢ which is
same as the probability of random walk Xy on graph I'; not hitting vertex vt by time t. So, using

Lemma Bl P(No meeting among N (k,v) before ¢*) is:
P(N (v, ) < e V108K — g=17,

So,
1

K *

P(3subset of I* packets which did not coalesce by t*) < <l*>K_l < 3
The bound of earlier equation is achieved from value of [* in Eq. and upper bound on binomial
coefficient. So, expected number of steps until fewer than [* data packets remain is at most
t* + %(2t*) + %(315*) + ... = 4t*. This is because after every t* step, number of data packets reduces
by half due to coalescing. Now combining the above mentioned result with Eq. 29 we can get the
coalescence time for (h — 1) level as,

Ono delay < At* + E(Ml*)

kp_1

1
= 0 (l*)2logKlogn+ElogK—i—l*logn—i- o
1— )X v vl*

1 2 n
= O(l_)\2 <(l )*log K logn + VlogK)).

Now, for [* = log K

kp_1

Onodolay:O< <1og3Klogn+§10gK>>- (30)

1— X9
Bound of Eq. B0 holds even if I* < log K. Note that this analysis holds true for coalesced packets
as well, as after coalescing they are treated in similar way as data packets which originated from
source set Vi. So, repeating similar analysis for all h levels we get total function computation or
coalescence time without any queueing delay as:

C(K)no delay —_ O(hCnO dolay)

kp_1
— o " (1og® Klogn + "log K (31)
= 1— Xy g g L g .
By Lemma [2], the total coalescence time in terms of the mixing time is given by:
C(E) ey — (htgix < log K + 1108 K >) . (32)
v logn
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Eq. BIl and Eq. give the one round function computation time assuming only one packet
inside each queue. Now, we will find the actual function computation time including queueing
delays.

Incorporating queueing delay. We will use the same queueing analysis as used in the proof of
Theorem [2 to get a bound on the probability of a packet being delayed by a node at time ¢. So, we

have [P [Packet p is delayed at u at time t] < 3 o, P [Qf(u) = w] =P [Qf(u) > 2} and we know,

P [Packet p is delayed at time t] = Z P [Packet p is delayed at u at time ¢ | X} = u] P [ X} = u] .
ueV

So, let ¢;(f) = maxycy P [Qtﬁ (u) > 2} be the maximum delay probability at time ¢ over all nodes in

set V for given data rate 5. Then, at stationarity we can say that the maximum delay probability
converges to ¢() where ¢(5) = lim;_,o ¢(5) and is a continuous and increasing function of 3 (see
Claim 1 [I4] for details). Thus, the probability of a packet not being delayed by a node in a given
time slot ¢ is 1 — ¢(f). So, combining the queueing delay with the non-delayed computation time,
we have the expected number of steps by which the function is computed as

G
C(K) :O<%<log3K+ EIOgK>>.

1—¢(B) v logn

So, we have one round function computation time i.e., assuming each source node has generated

htG.
only one data packet as Teomp(1) = C(K) = O (1_7% <log3 K+ g%)), where ¢(3) € [0,1]

is a continuous and increasing function of 8 and ty;; is the worst-case hitting time of simple random
walk on G. So,

htS. 3 n log K
< < X — .
Teomp (£) < LTeomp(1) < €<D1 —e(9) <10g K+ > Togn )) (33)

where D > 1 is a constant. Recall, TéK) is the expected function computation time of ¢ rounds of
data arrival and so, we can write

ng(K) = Tfpp + Teomp (£)- (34)
Now, using the results from Eq.s (I8) and (33]), we have

b htgix nlog K
So, we have,
l
_ . THK) b htG. 3 nlog K
= lim —~ <logeK— D—2%_(log° K + —
)T AT S g€ I5; * 1—¢(B) og"f v logn (36)
where b, D > 1 are constants and ty;; is the worst-case hitting time of simple random walk on
G. O
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6 Conclusion and Future Work

In this paper, we have tried to demonstrate how random walk-based methods can be used for the
in-network computation of a very general class of functions: asymmetric functions whose schema is
described by a binary tree. We present lower and upper bounds on the rate for the fixed scenario.
Our lower bound on rate though computed for our fixed setting is a general lower bound on rate
of function computation. To the best of our knowledge, this is the first lower bound on rate for
this class of problem. We also present the average function computation time under Bernoulli
data generation model for both fixed and flexible model. However, our results hold for other data
generation models as well, we will discuss our results in context of two different data generation
models, some of the questions our setting and our results raise and also possible future directions
of this work in the remaining part of this section.

Other data generation models First we consider a realistic data generation model which is
semi-deterministic in nature. In this model, given a S > 0 each node u € V; generates packet
with sequence number i (i > 0) at time % + Ny (0,7), where N,(0,~) is a normal random variable
with mean 0 and variance « and ~ > 0 is called the clock drift parameter. We assume that
{Ny(0,7) : v € V} is an independent collection of random variables. So, for this model the
maximum appearance time of ¢ rounds is Tfpp < % + maxyey, Ny(0,7). So, using this in Eq. (I3)
and Eq. (34) we get the average function computation time under the given data generation model

1 thit log e K
for the Fixed Random-Compute as — + h hit 108 ©

; B 1—¢(B)

1 htZ. log K

— 4 <lo 3K+ n 10 & > where variables denote the usual quantities as discussed in earlier
v logn

B 1—c(p)

sections.

Now, consider the other data generation model which is continuous wherein each source node
has data arrivals as Poisson process. This data generation model results in a Markov process defined
by the queues of the nodes. Since, every Markov process has an embedded Markov chain and we
already know that the Markov chain on the queues (as seen under the Bernoulli data generation
model) achieves stationarity, so the results for the Bernoulli model also hold true for this model.

and for the Flexible Random-Compute as

Discussion: How general is the binary tree function schema? Note that any function
of data consists of unary, binary or M-ary operations. In the function computation schema, any
intermediate node representing unary operation can be merged with its parent node, i.e., the unary
operation can be performed by the network vertex which performs the operation for its parent
node. Thus function computation schema with only M-ary operations is general for M > 2. For
an M > 2 there are two possibilities. One is to create a binary tree for an M-ary operation by
dividing the M-ary function into a series of binary operations. Then the time required to complete
the M-ary function is equal to completing the operations of the equivalent binary tree which can
be done using the techniques of Fixed and Flexible model analysis (see Section [5.2]). Another
way is to look at the M-ary function as a symmetric function of M data sources. In this case,
time to compute the function can be computed using the techniques available in the literature for
symmetric functions; see [2§].

Future work: Comparing the Fixed scenario and the Flexible scenario As discussed
in Sections M, currently we are not able to determine which of the two scenarios provides more
efficient function computation. Proving that Flexible Random-Compute always does better than
Fixed Random-Compute is one direction that is worth pursuing since otherwise, we are not able
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to justify the extra information Flexible Random-Compute needs to store (each node must know
the entire function schema). However, on the grounds of fault-tolerance Flexible Random-Compute
justifies the extra storage. It is more robust than Fixed Random-Compute since a single failure can
disable the entire computation in the latter case if the failure occurs at a node which is tasked with
computing a subfunction. In Flexible Random-Compute on the other hand, as long as the sources
are connected to each other the computation can always take place since any node can perform
any subfunction. Characterising the computation time performance of Flexible Random-Compute
under suitable faults is an interesting direction to extend this work since most real-world sensor
nodes tend to be failure prone.

Future work: A rate result In terms of analysis, the decomposition of Fixed Random-Compute
into a set of instances of data collection using random walks problem allows us to leverage the
ideas developed in [14] to characterise the rate of computation under an independent Bernoulli
data generation model. However, characterising the rate of Flexible Random-Compute is not as
straightforward and presents an interesting challenge that we look forward to addressing in the
future.
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