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Abstract

This paper $\mathrm{p}_{\mathrm{l}\mathrm{e}\mathrm{S}\mathrm{e}}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ algoritluns for computing a mini-
mum 3-way cut and a minimum 4-way cut of an undi-
rected weighted graph $G$ . Let $G=(V, E)$ be an undi-
rected $\mathrm{g}_{1}\cdot \mathrm{a}\mathrm{p}\mathrm{h}$ with $n$ vertices, $m$ edges and positive edge
weights. Goldschmidt et al. presented an algorithm for
the minimum $k$-way cut problem with fixed $k$ , that re-
quuires $O(\mathrm{z}\iota^{1})$ and $O(n^{0_{)}}$ ma.ximum flow $\mathrm{c}\mathrm{o}\mathrm{m}_{\mathrm{P}}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{b}$ , re-
spectively, to compute a minimum 3-way cut and a min-
imum 4-way cut of $G$ . In this paper. we first show some
properties on minimum 3-way cuts and lninimum 4-way
cuts, which indicate a lecursi\\nu e structure of the minimum
$\lambda$.-way cut problem when $k=3$ and 4. Then, $\mathrm{b}\mathrm{a}$.sed on
those properties, we give $\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}- \mathrm{a}\mathrm{n}\mathrm{d}-\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{q}_{\mathrm{U}\mathrm{e}\mathrm{r}}$ algorithlns

$\mathrm{f}\mathrm{o}1^{\cdot}\mathrm{C}\mathrm{o}\mathrm{m}_{1)}11\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ a minimum 3-way cut alld a minimum
4-way cut of $G$ , which require $o(n^{3})$ and

$-$

$o(n^{4})$ maxi-
$\ln\tau\iota \mathrm{n}1$ flow computations, respectivelv. This means that
the proposed algorithms are the fastest ones ever known.

1. Introduction

Computing a lnillinlum cut of a graph is olle of the im-
$1)\langle)\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ problems in graph theory [3]. Let $C_{7}=(l’, E)$

be all llndirected graph. Given $k(\geq 2)$ disjoint nonempty
subsets, $S_{1},$ $S_{2},$

$\ldots$ , and $S_{k}$ , of V, an edge set $C\subseteq E$ is
an ( $S_{1}$ , So-, . . . , $S_{k}$ ) -terminal $cnt$ of $G$ if $G’=(\mathrm{i}^{r},$ $E-c_{)}$

has no paths from ally $s\in S_{i}$ to any $t\in S_{j}$ if $i\neq j$ . An
edge set $C\subseteq E$ is a $k$ -way cut of $C_{\tau}$ if there al.e $k$ dis-
joillt vertex subsets, $Y_{1}.l’’\circ,.,$$l_{1}^{\vee}\vee\cdot\cdot k-1$ } and $1_{k}^{\vee}$ , such that
$C$ is a $(\}_{1}.1^{r})\sim’\ldots,$ $1_{k}’)$ -terminal cut of $G$ . The cost of a
cut $C$ is clefined as the total of the edge costs in $C$ . A
$\mathrm{k}$-way cut $C$ is called $mini?n1\iota m$ if it has the smallest cut
cost among any $k$-way cuts of $G$ . This papel. $\mathrm{d}\mathrm{i}_{\mathrm{S}\mathrm{C}1}\iota \mathrm{s}\mathrm{S}\mathrm{e}\mathrm{s}$

the problem of finding a minimlun three-way cut and a
minimum four-way cut of an $\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{i}_{\mathrm{l}\mathrm{e}\mathrm{c}}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{g}\mathrm{r}\mathrm{a}_{1}$ )$\mathrm{h}c$ ..

Dahlhaus et al. [2] showed that the $k$-terminal cut
$\mathrm{p}_{\mathrm{l}\mathrm{o}\mathrm{b}1}\mathrm{e}\mathrm{m}$ is $\mathrm{N}\mathrm{P}$-hard for arbitrary $k$ and even for $k=3$ .
They also proposed a minimum $k$-terminal cut algorithm
for a planal undirected $\mathrm{g}_{1}\cdot \mathrm{a}\mathrm{p}\mathrm{h}.$ $\mathrm{G}^{\tau_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}}}\mathrm{y}$ and Hu [4]
showed that $O(n)$ executions of a minimum two-terminal
algorithm is ellough to compute a minimum two-wav cut
of an $\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{i}_{\mathrm{l}\mathrm{e}}\mathrm{C}\mathrm{f}\mathrm{e}\mathrm{d}$ graph. Goldschmidt alld Hochbaum
[5] showed a polynomial time algorithm for computing
a Inillilnunl $k$-way cut for fixed $k$ . This result showed
that the $k$ -way cut problem is easier than the k-telminal
cut $\mathrm{p}_{\mathrm{l}\mathrm{o}\mathrm{b}}1\mathrm{e}\mathrm{m}$ of an undirected graph. In their algorithm,

the minimum two-terminal cut algorithm is repeatedly
applied. The algorithm for the minimum $k$-way cut prob-
lenl with fixed $k$ has $o(7lk^{2}-\mathrm{a}k/\sim+1\sim^{J})$ computation time for
even $k$ and $o(n^{k^{2}3k/\Sigma+/2}-5)$ computation time $\mathrm{f}\mathrm{o}1$ odd
$k.$ Salan and Vazirani [10] proposed two approximation
algorithms for the minimum $k$-way cut problem. One al-
$\mathrm{g}_{01\mathrm{i}\mathrm{t}\mathrm{h}}\mathrm{m}$ requires $n-1$ maximum flow computations for
finding a set of twice-optimal $k$-way cuts, one $\mathrm{f}\mathrm{o}1$ each
value of $k$ between 2 allcl $n$ . Hao alld $\mathrm{O}_{1}\cdot 1\mathrm{i}\mathrm{n}[6]$ showed
that the minimum 2-way cut problem can be solved in
the running time for solving a single nlaxilnum flow prob-
lem. Recently, Kapoor [8] gave an algorithm $\mathrm{f}\mathrm{o}1$ finding a
minimum three-way cut, which leq\iota \dot res $o(n^{3})\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}_{1\iota 1}\mathrm{U}\mathrm{n}1$

flow computations. $\mathrm{I}\backslash ^{r}\mathrm{a}\mathrm{P}\mathrm{o}\mathrm{o}\mathrm{r}$ also gave an approximation
technique for the multi-way cut $\mathrm{p}\mathrm{r}\mathrm{o}\mathfrak{j}_{)}1\mathrm{e}\mathrm{m}$ , and showed all

algorithm for the minimum $k$ -way cut problem, $\backslash \backslash ^{\prime \mathrm{h}\mathrm{i}\mathrm{h}}\mathrm{C}$

requires $O(kn(?\gamma?+nl_{\mathit{0}}\mathrm{r}J^{\iota)}’)$ steps and gave an approxi-
mation of $2(1-1/k)$ . Hochbaum and Shimoys [7] gave
an $O(n^{2})$ algorithm for finding a minimum 3-way cut of
an uulweighted plmal graph.

All algorithms shown above are ordinary determinis-
tic algorithms, and thus they can $\mathrm{a}1_{1\mathrm{V}}\mathrm{a}_{\}’\mathrm{S}}$ find optimal
solutions. On the otller hand, Karger and Stein [9] pro-
posed a randolnized Monte Carlo algorithm which finds a
minimum 2-way cut with high probabilitv in $O(\mathit{7}?^{2}logn)3$

time. They also gave a randomized Monte Carlo algo-
rithm for the $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{m}k$ -way cut $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}$, which solves
the problem in $o(’\iota^{2(1)}-lkog^{3}n)$ tilne. Note that, those

$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{n}\mathrm{l}\dot{u}$ed Monte $\mathrm{C}^{1}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{o}$ algorithms may fail to find an
optimal solution, that is due to the natuuie of randolnized
Monte Carlo algorithms.

In this paper, first. we will show several properties on
minimum 3-way cuts and lninimlun 4-way cuts. which
indicate a $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{l}\mathrm{s}\mathrm{i}_{\mathrm{V}\mathrm{e}}$ structure of the minimuIn $\iota$,-way cut
problem when $k=3$ and 4. Then, based on those $1$) $10_{1}$) $-$

elties, we will present a $\mathrm{d}\mathrm{i}_{\mathrm{V}}\mathrm{i}\mathrm{d}\mathrm{C}^{- \mathrm{a}\mathrm{n}\mathrm{d}\mathfrak{c}}- \mathrm{c}\mathrm{o}\mathrm{n}1^{\mathrm{u}}\mathrm{e}\mathrm{r}$ strategy for
the minimum 3-way and 4-way cut problems, and propose
two polynomial time algorithms, each of which computes
a minimum 3-wav cut and a minimum 4-way cnt of $G$ ,

lespectively. These algorithms require $O(n^{3})$ md $O(rt^{4})$

maximum flow computations, respectively. This means
that the proposed algorithms are the fastest $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{s}-$

tic algorithms $\mathrm{e}\backslash \cdot \mathrm{e}\mathrm{l}$

. known. For the minimum 3-way cut
problem, the number of maximum flow computations re-
quired in the algolithm is the salne as one of the algo-
rithm proposed by Kapoor [8]. For the minimum 4-way
cut $1$) $\mathrm{r}0\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}$ , the $\mathrm{n}\mathrm{u}\mathrm{m}l\supset \mathrm{e}\mathrm{r}$ of maxilnum flow computations
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required in the algorithm is very much $\mathrm{s}\mathrm{m}\mathrm{a}\mathrm{U}\mathrm{e}r$ than the
one proposed by Goldschmidt and Hochbaum [5], which
requires $O(n^{9})$ maximum flow computations.

2. Preliminaries

In the following, we give some defimitions and terminolo-
gies.

Given an undirected $\mathrm{g}_{1}\cdot \mathrm{a}_{\mathrm{P}^{\mathrm{h}c}}=(V, E)$ and $k_{\mathrm{m}\mathrm{u}\mathrm{t}\mathrm{u}}\mathrm{a}\mathrm{U}\mathrm{y}$

disjoint $11\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{m}_{\mathrm{P}^{\mathrm{t}}\mathrm{y}}$ subsets of $l^{r}$ , we $\mathrm{c}\mathrm{a}\mathrm{U}$ the problem of
finding a lninimum $(T_{1}, T\circ\sim’\ldots , T_{k})$-terminal cut of $C_{7}$ the
minimum $k$ -terminal cut problem. Given an undirected
graph $C_{7}=(\ddagger^{\text{ノ^{}-}}, E)$ and an integer $k(\geq 2)$ , we call the
$\mathrm{p}_{\mathrm{l}\mathrm{o}\mathrm{b}}1\mathrm{e}\ln$ of finding a nlinimum $k$-way cut of $G^{1}$ the mini-
mum $k$ -way cut problem. From definitions, any minimal
$(T_{1},T_{2}, \ldots , T_{k})$-telminal cut $C$ can be represented as a
$k$-way cut $(\mathrm{i}^{r}/1;V_{2}; \ldots ; V_{k})$ where $T\dot{.}\subseteq V_{i},$ $1\leq i\leq k,$ elnd
$\dagger^{r_{1^{\cup}}}$ V2 U. . . $\cup\ddagger^{r_{k}}=V$ .

Definition 1 Let $G=$ (V, $E$ ) be an undirected grap$h$ .
Given a nonempty vertex subset $X$ , let $G(X)=(X, E_{X})$
be an induced $s\mathrm{o}\iota bgra_{\mathrm{P}}h$ of $G$ by $X$ with the edge cost func-
tion $c_{\lambda^{-}}$ such that for any edge $e\in E_{\lambda}\cdot,$ $cx(e)=c(e)$ . $\square$

Let $X$ be a subset of vertices of $G=\langle V,$ $E$). $\overline{\backslash _{-}\backslash }$ is the
complement of $X$ , i.e., $\overline{\backslash _{-}1’}=1^{\gamma}-^{x}$ .

Definition 2 For an undirected graph $G=(\mathrm{t}^{r}., E)$ , let
$C=(X;_{\backslash _{d}}\overline{\backslash ^{-}})$ and $D=(1^{\vee}:\overline{1’})$ be two-way cuts of G. $C$ is
said to be intersected with $D$ if the following four equa-
tions hold.

$\overline{\backslash _{-}\iota^{-}}\cap 1^{\vee}-\neq\emptyset,$ $\overline{\backslash _{.}1\prime}\cap\}’\neq\emptyset,$ $X\cap^{-}1’\neq\emptyset,$ $X\cap Y\neq\emptyset$ . $\square$

Theorem 1 Let $C_{7}=(\iota^{r}’, E)$ be an undirected grap$h$ , and
$k(\geq 2)$ be an integer. For any vertex $x\in \mathrm{t}:^{r}$ . there are
$(k-1)$ distinct vertices $u_{1},$ $n$ )

$\sim’\ldots$ , $\mathrm{c}\iota_{(1)}k-$ , such that a
?ninimum $(x, u_{1}, u_{2}, \ldots , \mathrm{z}\iota_{\mathrm{t}}k-1))$ -terminal cut $\dot{\mathrm{x}}\backslash$ a mini-
$n?.umk$ -way cut of G. $\square$

From Theorem 1. if there exists a minimum k-terminal
cut algolithm for $G^{1}$ , we can solve the minimum $\lambda$.-way cut
problem in polynomial time by applying it in $O(n^{k-1})$

tilnes. For example, if $k=2$ , the minimum k-terminal
problem becomes the famous minimum $(s, t)-\mathrm{t}\mathrm{e}\mathrm{l}.\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{l}$ cut
problem, which can be solved in polyuomial time based
on the Ford-Fulkerson’s $\min$-cut $\max$.-flow theorem [1].
Thus, the minimum 2-way cut problem can be solved by
applying the $\min$-cut $\max$-flow algorithm in $O(n)$ times.
Dahlhaus et al. showed, however, that for even a fixed
collstant $k(\geq 3)$ , the lnimimum $k$-terminal cut problem
for a general graph is $\mathrm{N}\mathrm{P}$-hard [2]. So, it is hopeless to
devise a nlinimum $k$-way cut algorithm based on The-
orem 1. For the general minimum $k$-way cut problem,
we should adopt another approach. In this paper. we
present a divide-and-conquer approach to the minimum
k-w$\mathrm{a}y$ cut problem when $k=3$ and $k=4$, and propose
polynonlial time algorithms.

3. Properties

In this section, we show several properties on $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}-$

murn .3-way cuts and minimum 4-wav cuts of $G$ . In

the next section, those properties will be used to de-
rive a divide-and-conquer stlategy to solve the mini-
mum 3-way and 4–way cut problems. For anv k-way
cut $C$ $=$ $(s_{1;}s_{2}$ ; $\ldots$ ; $S_{k})$ , let denote the coht of $C$ ,
$C(C)= \sum\epsilon\in^{c^{c()}}e$ , by $c$ ( $S_{1;}$ S-,; $\ldots$ ; $sk$ ).

3.1. Properties on Three-Way Cuts
Given an undirected graph $G=(\mathrm{t}^{r}., E)$ , let $c_{\mathit{2}\min}$ and
$c_{\mathit{3}\min}$ be the costs of a minimiun 2-wav cut and a min-
imum 3-way cut of $G,$ $\mathrm{r}\mathrm{e}\mathrm{s}_{1^{)\mathrm{e}\mathrm{c}\mathrm{t}}}\mathrm{i}1^{r}\mathrm{e}1.$}’. Then. the following
lemma holds.

Lemma 1 Let $G=(\mathrm{i}^{\mathit{1}}’, E)$ be an $nndi?\cdot ected$ graph. For
any minimum 3-way cut $(R;S;T)$ of $C_{\tau}$ , the following
holds.

$c \mathit{2}mtn\leq\min\{c(R;\overline{R}),$ $c(s;^{\overline{s}}),$ $C(T;^{\overline{\tau}_{)\}}} \leq\frac{2}{3}c_{\mathit{3}\min}$ .

[Proof] From the definition, for any 3-wav cut of $C_{\tau}$ , de-
noted ( $R;S;T\rangle$ , the following holds.

$(R;S;T)$ $=$ $(R;s)\cup(S;T)\cup(R;\tau)$ ,

$c(R;s;^{\tau)}$ $=$ $c(R;S)+c(S;\tau)+c(R;\tau)$ ,

where $(R;S),$ $(S:\tau)$ , and $(R;\tau)$ are 2-way cuts on $G_{\backslash }’R\cup$

$S),$ $G(S\cup T)$ , and $G(R\cup T)$ , respectively. $\mathrm{F}_{1}\cdot \mathrm{o}\mathrm{m}$ the
second equation, we see that there is a 2-way cut $(Y;z)$ ,
$l’,$ $Z\in\{R, S, T\}.1^{\vee}\neq Z$ such that

$c(l^{\vee};Z) \geq\frac{1}{3}c(R;S;\tau_{)}=\frac{1}{3}cs_{n},in\cdot$

Without loss of generality, we assume that $($ 1 ; $z)=$
$(S;T)$ . Then, we have

$c(R;s)+C(R, \cdot\tau)\leq\frac{2}{3}c_{\mathit{3}\min}$.

On the other hand, since $S\cup T=\overline{R}$. we have

$(R;S)\cup(R;\tau)=(R;\overline{R})$ .

Hence, $c(R; \overline{R})\leq\frac{2}{3}c_{\mathit{3}\min}$ .
Since $(R;\overline{R}),$ $(S;\overline{S})$ , and $(T;\overline{T})$ are 2-way cuts of G. it

is clear that $C(X;_{\overline{\backslash _{A}\mathrm{x}^{-}})}=c_{Q,nin}\leq c(P;\overline{P}),$ $P\in\{R, S, T\}$ .
Thus, the lemma holds. $\square$

Assume that there is a minimum 3-way cut $(R;S;T)$
of $G$ such that $c(R; \overline{R})=\min\{c(R;\overline{R}),$ $C(S:\overline{s}_{)},$ $c(T;\overline{\tau}_{)\}}$ .
Let (X; $\overline{\backslash _{-}1’}\rangle$ be a 2-way cut of $G’$ . Then, depending on
the relation between $(R;\overline{R})$ and (X; $\overline{\backslash _{-}\mathrm{Y}^{\vee}}$), the following
Lemmas 2 and 3 hold.

Lemma 2 Given a graph $G=(\mathrm{t}’, E)$ and a 2-way cut
(X; $\overline{\backslash _{.}\backslash }$ ) of $Gs\tau\iota ch$ that $c(X; \overline{\backslash _{d}\backslash ^{\vee}})\leq\frac{2}{3}c_{9\backslash \min}$, if there $i.\mathrm{s}a$

minimum 3-way cut $(R;S;T)$ of $C_{7}$ such that $c(R;\overline{R})\leq$

$\frac{2}{3}c\mathit{3}\min$ and $(R;\overline{R})\dot{u}$ intersected with (X; $\overline{\backslash _{d}1^{-}}$), then at
least one of (X; $\overline{\backslash _{\lrcorner}1’}\cap R;_{d}\overline{\mathrm{x}^{\vee}}\cap\overline{R}$ ) or $(_{\backslash _{d}}\overline{\mathrm{x}^{-}};^{x}\cap R;X\cap\overline{R})$ is a
minim $1l?n3$ -way cut of $G$ .

[Proof] Since $(R:\overline{R})$ is intersected with (X: $\overline{\backslash _{\lrcorner}1’}$ ), the fol-
lowing hold.
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$X\cap R$ $\neq$ $\emptyset$ ,
$X\cap\overline{R}$

$\neq$ $\emptyset$ ,
$\overline{\backslash _{A}\mathrm{X}^{\vee}}\cap R$

$\neq$
$\emptyset.$ ,

$\overline{\backslash _{z}1’}\mathrm{n}\overline{R}$

$\neq$ $i$ .

$c\mathrm{t}^{\}]}.;.)\overline{\prime}\leq C((\overline{\backslash _{x}1^{-}}\mathrm{n}s);(_{\backslash _{-}}\overline{1^{\vee}}\mathrm{n}T))\leq C(s;\tau)$.

From the assumption,

$c(X;-\backslash -\sim)\leq c(R;\overline{R})$ .

Since $R=(R \cap X)\cup(R\bigcap_{\backslash _{\mathrm{z}}}\overline{\backslash -})$ and $\overline{R}=(\overline{R}\cap X)\cup(\overline{R}\cap\overline{\backslash _{.}\backslash })$ ,
we have

$(R;\overline{R})$ $=$ $(((R \cap X)\cup(R\bigcap_{\backslash _{-}}\overline{\backslash ’}));((\overline{R}\cap X)\cup(\overline{R}\bigcap_{\backslash _{\mathrm{z}}}\overline{\backslash })))$

$=$ $((R \cap X);(\overline{R}\cap X))\cup((R\cap X\rangle;(\overline{R}\bigcap_{\backslash _{A}}\overline{1^{\vee}}))\cup$

$((R\cap\overline{\backslash _{\prime}\iota\prime});(\overline{R}\cap X))\cup((R\mathrm{n}\overline{\backslash _{d}\iota\cdot});(\overline{R}\cap\overline{\backslash _{.}\mathrm{x}\prime}))$ ,
$c(R;\overline{R})$ $=$ $c((R \cap X);(\overline{R}\cap X))+c((R\cap X);(\overline{R}\bigcap_{d}\overline{\backslash ’}))+$

$c((R \bigcap_{z}\overline{\mathrm{Y}});(\overline{R}\cap X))+c((R\bigcap_{\backslash _{d}}\overline{1});(\overline{R}\bigcap_{\backslash _{d}}\overline{\iota^{\vee}}))$.

From the assumption, $c(R; \overline{R})\leq\frac{2}{3}c(R;^{s};\tau)=\simeq s^{c_{\mathit{3}\min}}\supset$ .
Thus, we have

$c((R \cap X);(\overline{R}\cap X))+c((R\bigcap_{\backslash _{\mathrm{z}}}\overline{\mathrm{t}’});(\overline{R}\bigcap_{-}\overline{\mathrm{Y}}))\leq\frac{2}{3}c_{\mathit{3}\min}$ ,

which inlplies

$\min\{c((R\cap X);(\overline{R}\cap \mathrm{x}_{)}), c((R\mathrm{n}\overline{\backslash _{\mathrm{s}}\backslash ^{\vee}});(\overline{R}\bigcap_{d}\overline{\mathrm{x}^{F}}_{)})\}\leq\frac{1}{3}‘\cdot s,|lin\cdot$

On the other hand, from the assumption, we have
$c \mathrm{t}X;\overline{\backslash _{\wedge}\mathrm{X}’})\leq\frac{2}{3}c_{\mathit{3}}|nin$ . If $c((R\cap X);(\overline{R}\cap X))\leq c((R\cap$

$\overline{\backslash _{-}\backslash ’});(\overline{R}\cap\overline{\backslash _{d}1^{-}}))$, then let us consider a 3-way cut $(_{A}\overline{\searrow};(R\cap$

$X);(\overline{R}\cap X))$ . Then, we have

$(_{\backslash _{4}}\overline{\backslash ^{\vee}};(R\cap X);(\overline{R}\cap X))$ $=$ $(X;- \mathrm{x}^{\vee}-)\cup((R\cap X);(\overline{R}\cap X))$ ,
$c(\overline{\backslash _{\wedge}1’};(R\cap X);(\overline{R}\cap X))$ $=$ $c(X;_{d}\overline{\mathrm{Y}\prime})\cup \mathrm{c}((R\cap X);(\overline{R}\cap X))$

$\leq$ $\frac{2}{3}c_{\mathit{3}\min}+\frac{1}{3}C\mathit{3}\min$

$=$ $c_{\mathit{3}\min}$ .

Thus, $(_{\backslash _{d}}\overline{\mathrm{X}^{-}}\cdot. (R\cap X):(\overline{R}\cap X))$ is a minimum 3-way cut of
$G^{1}$ .

If $c((R\cap\overline{\backslash _{z}\mathrm{Y}’});(\overline{R}\cap\overline{\backslash _{d}\mathrm{t}}))\leq c((R\cap X);(\overline{R}\cap X))$, then
we have a similar discussion to show that a 3-way cut
(X; $(R \cap\overline{\backslash _{e}\mathrm{X}’});(\overline{R}\bigcap_{\backslash _{A}}\overline{1^{-}})$) is a minimum 3-way cut of G. $\square$

Lemma 3 Given a graph $G=(V, E)$ and a 2-way cut
(X; $\overline{\backslash _{-}1^{\vee}}$) of $G$ , if there is a minimum 3-way cut of G. de-
noted $(R;s;T)$ , such that $c(X;\overline{-\mathrm{Y}’})\leq c(R;\overline{R}),$ $R\subseteq X$ ,

$\overline{\backslash _{-}\backslash ^{\vee}}\cap S\neq\emptyset,$ $and_{\mathrm{z}}\overline{\mathrm{Y}}\cap T\neq\emptyset$ , then (X; $l$ ; $\overline{1\prime}$) is a minimum
$3- u)ay$ cut of $G’$ , where $(\iota^{r};\overline{]’})$ is a minimum 2-way cut of
$G’(\overline{\backslash _{\wedge}1^{r}})$ .

[Proof] Consider a 2-way cut $((_{\backslash _{-}}\overline{\iota’}\cap S);(\overline{x\mathrm{Y}}\cap T))$ on $G(-\iota^{\vee}-)$ .
Then. we have

$((\overline{-\backslash -}\cap s);(\overline{d\mathrm{Y}}\cap\tau))$
$\subseteq$ $(S;\tau)$ ,

$c((_{\backslash _{z}}\overline{1^{r}}\mathrm{n}s_{)};(\overline{\backslash _{d}\iota^{P}}\cap\tau))$
$\leq$ $c(S;T)$ .

Therefore.

$c(X;\iota’;\overline{].})$ $=$ $c(x;_{A}1^{\vee}-)+C(\}’\cdot\overline{1’}|)$

$\leq$ $c(R:\overline{R})+C(S:\tau)$

$=$ $c(R:S;^{\tau)}$ .

Thus, the lenmla holds. $\square$

3.2. Properties on Four-Way Cuts
Let $c_{\mathit{4}’ nin}$ be the cost of a minimum 4-way cut of $c_{\tau}$ .
Then, the following lelnma holds.

Lemma 4 Let $G=(\mathrm{t}’/, E)$ be an undirected graph. For
any ?inirmlm 4-u’ay cut $(R;S;T;l^{\tau})$ of.G. the following
$hold\llcorner \mathrm{s}$ .

cgmin $\leq 1\mathrm{n}\mathrm{i}\mathrm{n}\{C(R;\overline{R}), C(s;\overline{s}), c(\tau;\overline{T}), c(U;\overline{U})\}\leq\frac{1}{2}c_{\mathit{4}^{1li_{l}}},,$ .

[Proof] Since $c(R;\overline{R}),$ $c(S;\overline{S}),$ $c(T;\overline{\tau})$ , and $c(U;\overline{U})$ are
2-way cuts of $G$ , it is obvious that the following holds.

$cemi, \iota\leq\min\{\mathrm{r}(R;\overline{R}),$ $C(S_{1}\overline{S}),$ $c(\tau;\overline{T}),$ $c(U;\overline{\iota J})\gamma 1$ .

Now, we conbider the second part of inequations. We
prove the result by contradiction. Consider a minimum
4-way cut $(R;S;^{\tau;}U)$ which satisfies the following in-
equation.

$\min\{c(R;\overline{R}), C(s;\overline{s}_{),c}(T;\overline{T}), c(U;\overline{U})\}>\frac{1}{2}c_{\mathit{4}\min}$ .

From the definition, we have

$(R;S;\tau_{\dagger}.U)$

$=$ $(R;S)\cup(R;T)\cup(R;U)\cup(S;\tau)\cup 1S;U)\cup(T;U)$ ,

$c(R;S;T;U)$

$=$ $c(R;S)+c(R;\tau)+c(R:U)+c(S;T)+c(S;U)+c\{T;U)$ .

On the other hand, we also have

$(R;\overline{R})$ $=$ $(R;S)\cup(R;\tau)\cup(R;U)$ ,
$(S;\overline{S})$ $=$ $(R;S)\cup(S;T)\cup(S:U)$ ,

$(T;\overline{\tau})$ $=$ $(R;T)\cup(S;\tau)\cup(T:U)$ ,

$(U:\overline{U})$ $=$ $(R;U)\cup(S;U)\cup(T;U)$ ,
$c(R;\overline{R})$ $=$ $c(R;S)+c(R;T\rangle+c(R;l^{\gamma})$ ,

$c(S;\overline{S})$ $=$ $c(R;S)+c(S;\tau)+c(s;C^{7})$ ,
$c(T;\overline{\tau})$ $=$ $c(R;\tau)+c(S;\tau)+c(\tau_{:}U)$ .

$c(U;\overline{U})$ $=$ $c(R;U)+c(S;U)+c(T;U)$ .

On the other hand, since $(Y;\overline{1\vee})$ is a minimum 2-way
cut of $G(_{\backslash _{\mathrm{s}}}\overline{1})$ . we have Thus, we have
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$(R;s;\tau;U)$

$=$ $(R;s)\cup(R;\tau)\cup(R;U)\mathrm{U}(S;T)\cup(S;U)\cup(T;U)$

$=$ $(R;\overline{R})\cup(S;\overline{S})\cup(T;\overline{\tau})\cup(U;\overline{U})$.
$c(R;S;T;U)$

$=$ $C(R;s)+C(R;^{\tau(US})+CR;)+C(;\tau)+C(s;U)+C(T;L^{\tau})$

$=$ $\frac{1}{2}\{c(R;\overline{R})+c(S;\overline{S})+c(T;\overline{\tau})+c(U;\overline{U})\}$.

From the assumption, we have

$c(x\cap R;\overline{\backslash _{\prime}1^{r}}\cap\overline{R}\rangle+c(\mathrm{x}\cap\overline{R};\overline{\backslash _{d}\backslash ^{\vee}}\cap R)\cup$

$c(X\cap\overline{R}\cdot.\overline{\backslash _{A}\iota^{\vee\vee}}\mathrm{n}\overline{R})+c(\overline{\backslash _{\wedge}\mathrm{Y}}\cap R;\overline{\backslash _{A}\backslash \prime}\mathrm{n}\overline{R})$

$\leq$ $[c,(X\cap R;\overline{s\mathrm{x}^{\vee}}\cap R)+c(X\cap R;\overline{d\iota^{\vee}}\cap\overline{R})+$

$C(X\cap\overline{R}_{\backslash }.\overline{\backslash _{\wedge}\mathrm{x}\prime}\cap R)+c(X\cap\overline{R}:\overline{\backslash _{-}\backslash ^{\vee}}\cap\overline{R})]+$

$[\Gamma(\mathrm{x}\mathrm{n}R;\mathrm{x}\mathrm{n}\overline{R})+c(X\cap R;^{\overline{\mathrm{x}^{\vee}}\cap\overline{R})+}\backslash _{\mathrm{z}}$

$\mathrm{r}(X\cap\overline{R}\cdot, \overline{\backslash _{A}\iota^{\vee}}\cap R)+c(\overline{\backslash _{-}\backslash ^{\vee}}\cap R:-\backslash \cdot\cap\overline{R})]-$

$=$ $c(X;_{\backslash _{d}}\overline{1-})+c(R;\overline{R})$

$\leq$ $\frac{1}{2}c\mathit{4}^{ni\iota}"+\frac{1}{2}c\mathit{4}\min$

$=$
$c_{\mathit{4}^{nin}},$ .

$c(R:S;T;U)$ $>$ $\frac{1}{2}(\frac{1}{2}c_{\mathit{4}mi_{1}},+\frac{1}{2}C\mathit{4}\min+\frac{1}{2}c_{\mathit{4}^{n}n},i+\frac{1}{2}c\mathit{4}|nin)$

$=$
$c_{\mathit{4}nli}n$ .

This is a contradiction. Thus, the lemma holds. $\square$

Assume that there is a minimum 4–way cut $(R;S;T;U)$
of $G’$ such that $c(R; \overline{R})=\min\{c(R;\overline{R}),$ $c(S\backslash \cdot\overline{s}),$ $c(T;\overline{T})$ ,
$c(U;\overline{U})\}$ . Let (X; $\overline{\backslash _{-}\backslash }$ ) be a 2-way cut of $G$ . Then, de-
pending on the relation between $(R;\overline{R})$ and (X; X), the
$\mathrm{f}\mathrm{o}\mathrm{U}_{0}\mathrm{Y}4r\mathrm{i}\mathrm{n}\mathrm{g}$ Lemmas 5, 6, 7 auid 8 hold.

Lemma 5 Given a graph $G=(V, E)$ and a 2-way cut
(X; $\overline{\backslash _{d}1’}$) of $G$ such that $c(X; \overline{\backslash _{-}\iota’})\leq\frac{1}{2}c\mathit{4}m\partial n$ . if there is a
minimum 4-way cut $(R;S;T;U)$ of $G$ snch that $c(R;\overline{R})\leq$

$\frac{1}{3}c_{\mathit{4}m}i’\iota$ and $(R;\overline{R})$ is intersected with (X; $\overline{\backslash _{-}\mathrm{Y}^{\vee}}$), then $(X\cap$

$R;X\cap\overline{R};\overline{\backslash _{\wedge}\iota\prime}\cap R;\overline{x’}\cap\overline{R})\dot{u}$ a minimum 4-way cut of $G’$ .

[Proof] Since (X; $\overline{-\mathrm{Y}}$ ) is intersected with $(R;\overline{R})$ , the fol-
lowing equation hold.

$X\cap R$ $\neq$ $\emptyset$ ,

$X\cap\overline{R}$
$\neq$ $\emptyset$ ,

$\overline{x’}\cap R$
$\neq$ $\emptyset$ ,

$\overline{\backslash _{\wedge}1’}\cap\overline{R}$

$\neq$ $\emptyset$ .

Furtherlnole, we have

$(X\cap R)\cup(X\cap\overline{R})\cup(\overline{\backslash _{d}1^{r}}\cap R)\cup(\overline{\backslash _{d}\mathrm{x}r}\cap\overline{R})=\mathrm{t}^{\vee}’$ .

Thus, $(X\cap R;X\cap\overline{R};\overline{\backslash _{d}1^{-}}\cap R;\overline{\backslash _{\swarrow}\mathrm{X}’}\cap\overline{R})$ is indeed a 4-way
cut of $G$ . Next, we show the minimality of $(X\cap R;X\cap$

$\overline{R};\overline{\backslash _{.}\backslash ’}\cap R;_{\backslash _{d}}\overline{\backslash ^{-}}\cap\overline{R})$ . We have

$(X\cap R;X\cap\overline{R};_{\backslash _{A}}\overline{\backslash -}\cap R;_{d}\overline{\mathrm{Y}}\mathrm{n}\overline{R})$

$=$ $(X\cap R;x\mathrm{n}\overline{R})\cup(\mathrm{x}\cap R;\overline{\lambda\prime}\cap R)\cup$

$(X\cap R;_{d}\overline{\backslash \prime}\cap\overline{R}\rangle\cup(X\cap\overline{R};\overline{\backslash _{.}\mathrm{x}^{\vee}}\cap R)\cup$

$(X\cap\overline{R};\overline{.\mathrm{x}\prime}\cap\overline{R})\cup(\overline{-\mathrm{Y}}\cap R;\overline{.\mathrm{Y}}\cap\overline{R})$

$=$ $[(X\cap R;_{p}\overline{\mathrm{Y}}\cap R)\cup(X\cap R;_{d}\overline{\mathrm{Y}}\cap\overline{R})\cup$

$(X\cap\overline{R};^{\overline{x’}}\cap R)\cup(X\cap\overline{R};\overline{\swarrow 1^{\vee}}\cap\overline{R})]\cup$

$[(X\cap R;X\cap\overline{R})\cup(X\cap R:\overline{\backslash _{\mathrm{z}}\mathrm{x}^{\vee}}\mathrm{n}\overline{R})\cup$

$(_{d}\mathrm{Y}\cap\overline{R};\overline{\backslash _{-}\backslash ^{\prime \mathrm{n}}}R)\cup(\overline{\backslash _{-}\iota^{\vee}}\cap R;^{\overline{x\prime}}\cap\overline{R})]$

$=$ $(X;\overline{X\prime})\cup(R;\overline{R})$ .
$c(X\cap R;X\cap\overline{R\cdot,}\overline{d\mathrm{x}\prime}\cap R;_{\backslash _{d}}\overline{\backslash ^{-}}\cap\overline{R})$

$=$ $c(X\cap R;X\cap\overline{R})+c(X\cap R;\overline{X}\cap R)\cup$

Thus. the $\mathrm{l}\mathrm{e}\mathrm{l}\iota 1\mathrm{l}\mathrm{n}\mathrm{a}$ holds. $\square$

Lemma 6 Given an undirected graph $C_{\tau}=(l^{r}/, E)$ and a
2-way cut, (X; $\overline{\backslash _{-}1^{r}}$ ). of G. if there $i_{\mathrm{c}}\mathrm{s}$ a minimnm 4-way cut.
$(R;^{sT};;L^{\overline{\mathit{1}}})$ , of $G’$ such that $R\subseteq X$ . $c(X;\overline{\backslash _{\wedge}\backslash ^{r}})\leq \mathfrak{c}\cdot(R;\overline{R})$,

$\overline{A\mathrm{u}^{-}}\cap s\neq\emptyset$ . $\overline{\backslash _{.}\backslash ^{r_{\cap}}}T\neq\emptyset,$ $and_{\backslash _{-}}\overline{\backslash -}\cap U\neq\emptyset$ . then there is
a minim$\tau\iota m4$-way $cnt$ . denoted (X; 1’; $Z;$ Tf-). such that
$(l^{-};Z;W)$ is a $?ninimu?n3$-way cut of $G^{1}(_{\wedge}\overline{\iota\prime})$ .
[Proof] Since $R\subseteq X$ , we have $\overline{\backslash _{d}1’}\subseteq S\cup T\cup U$ . Then,
$(\overline{\backslash _{-}1^{\vee}}\cap S;_{\overline{z1^{\vee}}}\cap T;\overline{-\backslash \prime}\cap U)$ is a 3-way cut of $c_{(}\overline{d\mathrm{x}’}$ ). Since
$(l’;Z;W)$ is a minilnuln $3-\backslash \mathrm{V}\mathrm{a}\mathrm{y}$ cut of $G(_{\backslash _{\mathrm{z}}}\overline{\mathrm{Y}^{-}})$ , we have

$c$(1’; $z$ ; I $V$ ) $\leq c(_{\backslash _{-}}\overline{\mathrm{u}^{\wedge}}\mathrm{n}U;_{d}\overline{\backslash ’}\cap T;\overline{U}\cap U)\leq c(S;T;U)$ .

Consider a 4-way cut (X; $l$ ; $Z;\mathfrak{s}\iota^{\mathit{7}}$ ) of $G$ . Then, we
have the following equations.

(X;}’; $Z;\mathrm{T}\mathrm{I}^{-}$ ) $=$ (X: $\overline{\backslash _{\wedge}1’}$) $\cup(\}^{\prime z;^{\mathfrak{s}\prime}};V)$

$c(X;1r\mathfrak{s};^{z;^{\mathfrak{s}}}-)$ $=$ $c(X;_{d}\overline{\backslash \prime})+c(]^{-};z;|\{^{-})$

$\leq$ $c(R;\overline{R})+C(s;\tau;U)$

$=$ $c(R:S;T;U)$

Thus, the $1_{\mathrm{e}\mathrm{I}}\mathrm{n}\mathrm{m}\mathrm{a}$ holds. $\square$

Lemma 7 Ginen an undirected graph $G=(l^{r}, E)$ , let
(X; $\overline{\backslash _{-}1’}$) be a 2-way cut of G. If there is a $mini?nu?n4-$
way cut. denoted $(R;S;^{\tau U};)$ , of $C_{\tau}$ snch that $X=R\cup S$ ,
then $(R’ ; S’;\tau’; \mathrm{L}^{\mathcal{T}’})$ is $al_{\mathrm{L}}mathit{0}$ a minimum 4-way cut of $C_{7}$ ,

where $(R’; S’)$ and $(\tau_{:}^{l}U’)$ are minimum 2-way cuts of
$G(X)$ and $G^{\mathrm{t}}(\overline{\backslash _{\lrcorner}1^{\vee}})$ . respectively.

[Proof] From the assumption, we have $X=R\cup S$ and
$\overline{\backslash _{-}1^{r}}=T\cup U$ . For $G(X)$ , we have

$C(R’;^{sR;}’)\leq C(s_{)}$ .

For $G(\overline{\backslash _{.}\mathrm{t}’})$ , we have

$c(T^{t}; \iota’’)\leq C(T;U)$ .

Then,

$c(R^{l;};s;T’’;U)$ $=$ $c(X;_{\backslash _{\mathrm{s}}}\overline{\backslash ^{\vee}})+c(R’;s_{)+C()}’T’;U’$

$\leq$ $c(R\cup S;T\cup U)+c(R;S)+c(T;U)$

$=$ $c(R;S;T;U)$ .

Thus, the lemma holds. $\square$

23



Lemma 8 $Gi\tau’ en$ an undirected graph $c_{\tau}=(\mathrm{t}’, E)$ . let
(X; $\overline{-1^{-}}$) be a 2-way cut of G. If there is a $mini?nT\iota n$

$4$ -way cut, denoted $(R;S;\tau;U)_{f}$ of $C_{7}$ such that (X; $\overline{d\mathrm{t}^{\vee}}$ )
is intersected with $(R;\overline{R})an\dot{d}(S;\overline{S}),$ $X\subset R\cup S$ , and
$c(X;_{\backslash _{d}}^{\overline{\mathrm{x}}}) \leq\min\{c\mathrm{t}R;\overline{R}), C(S;\overline{s}).c(T;\overline{\tau}_{)}, c(U;\overline{U})\}$. then
$(R’; S’; \tau l:Ul)$ is also a minimum 4-way cut of $G$ , where
$(R’;s’)$ an.d $(T’;U^{;})$ are minimum 2-way cuts of $G(X)$

and $G(\overline{\backslash _{A}\mathrm{Y}^{r}})$ . respectively.

[Proof] Without loss of generality, we assume that
$c(R_{\backslash }\overline{R})\leq c(S;\overline{S})$ . Since $(X;\overline{-\mathrm{x}^{-}})$ is intersected with
$(R;\overline{R}),$ $(R\cap X;R\cap\overline{\backslash _{\lrcorner}\backslash ’};\overline{R}\cap X;\overline{R}\cap\overline{\backslash _{d}1’})$ is a 4-way cut
of $G$ .

$c(R \cap X;R\bigcap_{z}\overline{\backslash ’}, \overline{R}\cap X;\overline{R}\bigcap_{\backslash _{A}}\overline{\mathrm{t}^{-}})$

$\leq$ $c(R;\overline{R})+c(X;\overline{X})$

$\leq$ $\frac{1}{2}\{c(R;\overline{R})+c(s;\overline{S})\}+$

$\min\{c(R;\overline{R}).C(s_{;}\overline{S}).C(\tau:\overline{T}).c(U:\overline{U})\}$

$\leq$ $\frac{1}{2}\{c(R;\overline{R})+c(S;\overline{S})+c(\tau_{;}\overline{T})+c(U;\overline{[\Gamma})\}$

$=$ $\frac{1}{2}\{2\mathrm{x}(c(R;S)+c\mathrm{t}R;T)+c(R;U)+$

$c(S;T)+c(s_{;}U)+c(T;U))\}$

$=$ $c(R;s;T;U)$

$=$
$c_{\mathit{4}^{m}:n}$ .

Thus, $(R\cap X;R\mathrm{n}\overline{\backslash _{.}\backslash ^{r}}, \overline{R}\cap X;\overline{R}\mathrm{n}\overline{\backslash _{A}\mathrm{X}’})$is a minimum 4-way
cut of $G$ . Since $(R\cap X;\overline{R}\cap X)$ and $(R \bigcap_{A}\overline{\mathrm{Y}};\overline{R}\cap\overline{\backslash _{-}1^{-}})$ are
2-way cuts of $G(X)$ alid $c_{(}\overline{\backslash _{d}1’}$), respectively, we have

$c(R”;S)$ $\leq$ $c(R\cap X;\overline{R}\cap X)$ ,
$c(T’;U’)$ $\leq$

$c(R\mathrm{n}\overline{d1’},\cdot\overline{R}\cap\overline{\backslash _{d}\mathrm{x}^{\vee}})$ .

Therefore,

$c(R \cap X;R\bigcap_{z}\overline{\backslash ’}, \overline{R}\cap X;\overline{R}\bigcap_{\backslash _{d}}\overline{\iota’})$

$=$ $c(X; \overline{\backslash _{-}1’})+c(R\cap X;\overline{R}\cap X)+c(R\bigcap_{d}\overline{1^{-}};\overline{R}\bigcap_{\backslash _{\mathrm{a}}}\overline{\mathrm{t}^{-}})$

$\geq$ $c(X;\overline{A1’})+c(R’’;s_{)}+c(\tau’;U’)$

$=$ $c\mathrm{t}R^{\prime\prime!\prime}$; $S$ ; $T$ ; $U$ )

Thus, the lernma holds. $\square$

4. A Divide and Conquer Approach

hi this section. first, we show $\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{s}\mathrm{i}_{\mathrm{V}\mathrm{e}}$structure of min-
inlum 3-way cuts and minimum 4-way cuts of an undi-
rected glaph $G$ . Then, we present two main theorems,
which $\mathrm{w}\mathrm{i}\mathrm{U}$ be a base to constlllct algolithms for colnput-
ing a minimum 3-way cut and a minimum 4-way cut of
$c_{\tau}$ .

Lemma 9 Given an undirected graph $G=(\mathrm{t}, E)$ , let
(X; $\overline{.1’}$ ) be a 2-way $c\tau\iota t$ . Let $(\mathrm{L}’, \overline{Y})$ and $(Z;\overline{z})$ be ?nin-
imv.m 2-way cuts of $C_{7(}\overline{A\iota’}$) and $G(X)$ . $?\cdot e_{\backslash }\mathrm{s}pectively$ . If
there is a minimum 3-way cut $(R;S;T)$ of $c_{\tau}s\tau \mathrm{t}Ch$ that
$c(X;\overline{\backslash _{d}\mathrm{x}^{-}})\leq$ nlin $\{c(R;\overline{R}), (j\mathrm{t}S;\overline{s}_{),c}(T;\overline{T}\rangle\}$, then at least
one of the following four properties holds.

(i) (X; $Y;\overline{Y}$) $i*a?ninimu?n3$ -way cut of $G’$ .
(ii) ( $\overline{\lambda^{\vee}};Z$ ; is a minim$nm3$ -way cut of $G’$ .
(iii) There is a minimum 3-way cut. denoted $(R’; S’;\tau^{l})$ ,

such that $X\subset R’$ .
(in) There is a ?ninimnm 3-way $cnt$ , denoted ( $R”$ : $S”$ :
$T”)$ . snch that $\overline{\wedge 1’}\subset R’’$ .

[Proof] Without loss of generality. we assulne that
$c(R; \overline{R})=\min\{c(R;\overline{R}),$ $C(S;\overline{S}),$ $c(T;^{\overline{\tau}_{)\}}}$ . Consider the
relation between (X; $\overline{\backslash _{d}\backslash }$ ) and $(R;\overline{R})$ . Tllen, there are four
cases. That is, (1) (X: $\overline{-1’}$ ) is intersected with $(R;\overline{R}),$ $(2)$

$X\subset R,$ (3) $R\subseteq X$ , and (4) $X\cap R=\emptyset$ .
First, consider the case (1). $\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{I}\mathrm{n}$ Lemlna 2. at

least (X: $(\overline{.1^{-}}\cap R),$ $(_{s}\overline{\backslash ^{-}}\cap\overline{R})$ ) or $(_{\lrcorner}\overline{1’}. (X\cap R);(X\cap\overline{R}))$

is a millinzuln .3-way cut of $G’$ . Consider the case that
(X; $(_{\backslash _{\wedge}}\overline{1’}\cap R);(d\mathrm{t}^{\vee}-\cap\overline{R})$ ) is a minimum .3-wav cut of $G’$ . In
this case, $((\overline{\backslash _{-}\backslash ^{\vee}}\cap R);(_{\backslash _{d}}\overline{1^{-}}\cap\overline{R}))$ is a 2-way cut of $c_{(}’\overline{\mathrm{z}1^{\vee}}$ ).
Then, since $(]^{-};\overline{]})$ is a minimum 2-way cut of $c_{\tau(}\overline{A\mathrm{x}^{-}}$), we
have $c(1^{\vee};\overline{\}})\leq c((\overline{\backslash _{arrow}\backslash ^{-}}\mathrm{n}R);(_{\backslash _{A}}\overline{1^{-}}\cap\overline{R}))$ . Therefore, we have

$c(X;l^{\vee};\overline{Y})\leq c(X;(_{\backslash _{z}}\overline{\backslash ’}\cap R);(\overline{-\backslash \vee}\cap\overline{R}))=c_{\mathit{3},,\mathrm{r}irb}$.

Thus. $(X;1 ; \overline{1^{-}})$ is a mininlmn $3-\backslash \backslash r\mathrm{a}\mathrm{V}$ cut of $c_{\tau}$ . $\mathrm{F}\mathrm{o}1$ the
case that $(_{\backslash _{d}}\overline{\backslash ’};(X\cap R);(X\cap\overline{R}))$ is a nlinimum 3-way cut
of $C_{\tau}$ , we have a sinilar $\mathrm{C}\mathrm{l}\mathrm{i}6\mathrm{C}\mathrm{u}\mathrm{s}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ to show that $(_{\backslash _{d}}\overline{1’};z;\overline{Z})$

is a minimum 3-way cut of $G’$ . Consequently, $\mathrm{f}\mathrm{o}1$ the case
(1), at least one of the $\mathrm{p}\mathrm{r}\mathrm{o}_{\mathrm{P}^{\mathrm{e}}}1\mathrm{t}\mathrm{i}\mathrm{e}\epsilon(\mathrm{i})$ or (ii) is satisfied.

Next, consider the case (2). Ill this case, it is clear that
the property (iii) is satisfied.

Next, consider the case (3). $\cdot$ This case is further clas-
sified into the following cases. That is. (3-1) $\overline{\backslash _{\Delta}\iota-}\cap S\neq\emptyset$ ,

and $\overline{\backslash _{d}1’}\cap T\neq\emptyset$ . $(3- 2)$ there is a $P$ such that $X=R\cup P$ ,
$P\in\{S, T\}$ , and (3-3) there is a $Q$ such that $\overline{\backslash _{\lrcorner}\mathrm{t}^{-}}\subset Q,$ $Q\in$

$\{S, T\}$ .
Consider the case (3-1). Frolll Lemma 3, we see that

the propertv (i) holds. Consider the case (3-2). In this
case, it is clear that the propertv (ii) holds. Consider the
case (3-3). In this case, we see that the property (iv)
holds.

Finally, consider the case (4). In this case. we llave
$R\subseteq\overline{\lrcorner 1^{-}}$. Let $X’=\overline{d1^{-}}$. Then, this is the same case as the
case (3). Thus, the lemma holds. $\square$

Lemma 10 Given an undirected graph $C_{\tau}$ $=$ $(\mathrm{t}’, E)$ ,

let (X; $\overline{-1^{-}}$) be a 2-way cut. Let $(1’;\overline{\}’})$ and $(Z;\overline{Z})$ be
minimum 2-way cuts of $c_{(}\overline{\backslash _{A}1^{\vee}}$) and $G(X)$ . respectively.
Let $(R;S;T)$ and $(R’ ; s’; T’)$ be minimum 3-way cuts
of $C_{\tau}(\overline{x^{-}})$ and $G(X)$ . respectively. If the $?\cdot e$ is a ?nini-
$mu’ n4$ -way cut $(A;B;C:D)$ of $G$ such that $c\langle X;\overline{\backslash _{-}1’})\leq$

$\mathrm{m}\mathrm{i}\mathrm{l}1\{C(A;\overline{A}), c(B;\overline{B}), C(C;\overline{c}), c(D;\overline{D})\}$ . then at least one
of the following five properties holds.
(i) (X; $R;S$ ; is a $?ninimu’ n4$-way cut of $G$ .
(ii) $(_{\backslash _{\lrcorner}}\overline{\backslash ^{\vee}};R’;S’ ; \tau’)$ is a minimum 4-way cut of $G$ .
(iii) $(1’;\overline{\iota\cdot}\cdot. Z;\overline{z})\dot{u}$ a minimum 4-way cut of $C_{\tau}$ .
(iv) There is a ?ninimrrm 4-way cut. denoted ( $A’;B’$ ;
$C’$ : $D^{l}$ ). such that $X\subset A’$ .
$(\iota’)$ There $\dot{u}$

$a$ $?nini?\mathrm{t}\iota?n4$ -way cut. denoted ( $.4^{lll\prime}$; $B$ ;
$C^{\prime l}$ ; $D”$ ), such that $\overline{\lrcorner\backslash ^{-}}\subset A’’$ .

[Proof] Without loss of generality, we assulne that
$c(A; \overline{.4})=\min\{c(A;\overline{A}), C(B;\overline{B}), c(c\backslash \overline{c}_{)}. c(D, \overline{D})\}$ . Con-
sider the relation between (X; $\overline{\backslash _{d}1’}$ ) and $(A;\overline{A})$ . Then,
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there are $\mathrm{f}\mathrm{o}n\mathrm{r}$ cases. That is. (1) (X; $\overline{-1’}$ ) is intersected
$\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}(A;\overline{\sim 4}),$ (2) $X\subset A,$ (3) $A\subseteq X$ , and (4) $X\cap A=\emptyset$ .

First, consider the case. (1). From Lemma 5, (X $\cap$

$A;X\cap\overline{A};\overline{\backslash _{-}\backslash ^{\vee}}\cap A;_{d}\overline{\mathrm{x}’}\cap\overline{A})$ is a minimum 4,-way cut of $C_{7}$ .
Since $(X\cap. A;X\cap\overline{.4})$ and $(_{\wedge} \overline{1^{\vee}}\bigcap_{-}4;_{\overline{\backslash _{d}\mathrm{x}^{-}}}\cap\overline{A})$ are 2-way cuts
of $G(X)$ and $G’(\overline{\backslash _{d}\mathrm{x}^{\gamma}})$ , respectivel.y, we $\dot{\mathrm{h}}\mathrm{a}\mathrm{v}\mathrm{e}$

$c(Z;\overline{z})$ $\leq$ $c(X\cap A;X\cap\overline{A})$ ,
$c(\iota r;\overline{\iota\prime})$

$\leq$
$c(\overline{\backslash _{\wedge}1^{\vee}}\cap.4;_{\backslash _{d}}\overline{\backslash ^{\vee}}\cap\overline{\prime 4})$ .

Therefore, we have

$c(Y;\overline{1’};z;\overline{Z})$

$=$ $C(X;_{\overline{d1})}-+c(1^{\cdot};\overline{1\prime})+c(Z;\overline{z}_{)}$

$\leq$ $C(X;_{\overline{\backslash _{A}\mathrm{Y}^{-}}})+c(_{\backslash _{d}}\overline{\backslash ’}\cap A;\overline{\backslash _{-}1^{F}}\cap\overline{A})+c(X\cap A;X\cap\overline{A})$

$=$ $c(X\cap A;X\cap\overline{A};\overline{\backslash _{-}\backslash ’}\cap A;_{\backslash _{A}}\overline{\lambda’}\cap\overline{A})$

$=$
$c_{\mathit{4}\prime\prime}\iota in$ .

Thus, the $1$) $\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{y}(\mathrm{i}\mathrm{i}\mathrm{i})$ holds.
$\mathrm{N}\mathrm{e}.\mathrm{x}\mathrm{t}.$ collsider the case (2). For this case, the $\mathrm{P}^{\mathrm{r}\mathrm{o}}\mathrm{p}\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{y}$

(iv) holds.
Next, consider the case (3). This case is further

classified into the following four cases. That is, (3-1)
$\overline{\backslash _{d}\mathrm{Y}}\cap B\neq 0,$ $\overline{\backslash _{d}1’}\cap C\neq\emptyset,$ $\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{d}\overline{.1’}\cap D\neq\emptyset,$ $(3- 2)$ there
are $L,$ $\wedge\eta f,$ $N\in\{B, C, D\},$ $L\neq M,$ $M\neq N,$ $L\neq N.$ such
that $X\subseteq A\cup L\cup M,$ $\overline{d1’}\subseteq M\cup N$ , (3-3) there are
$L,$ $M,$ $N\in\{B, C, D\},$ $L\neq M,$ $\mathrm{J}I\neq N,$ $L\neq N$ , such that
$X \subset A\cup L\bigcup_{-\eta\tau\cup}N,$ $\overline{d\iota\prime}\subset M\cup N,$ $(X;_{A}\overline{\mathrm{Y}})$ is $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\dot{\mathrm{s}}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{d}$ with
$(_{\mathrm{a}}1f;\overline{.\iota I})$ and $(N;\overline{N}),$ alld (3-4) there is $L\in\{B. C, D\}$

such that $\overline{\wedge \mathrm{Y}}\subset L$ .
Consider the case (3-1). From Lemma 6, the propelty

(i) holds. Consider the case (3-2). If $X=A\cup L$ and
$\overline{\backslash _{d}\mathrm{X}^{-}}=\mathrm{J}I\cup N,$

$\mathrm{t}\acute{\mathrm{h}}$en from Lelnma 7, the propelt.v (iii)

holds. Consider otherwise. Then, we have $X\cap A\neq\emptyset$ ,
$X\cap L\neq\emptyset,$ $\mathrm{a}\dot{\mathrm{n}}\mathrm{d}X\cap \mathrm{J}I\neq\emptyset$ . From the assumption,
we have $c(X;\overline{\backslash _{d}1’})\leq c(N;\overline{N})$ . Let $X’=\overline{\backslash _{arrow}1^{r}}$. Then, we
see $\mathrm{h}\cdot \mathrm{o}\mathrm{m}$ Lemma 6 that the property (ii) holds. Next,
consider the case (3-3). Let $X’=\overline{d1’}$ . Then, from LelIlma
8, we see that the property (iii) holds. Consider the case
$(\ddot{3}- 4)$ . For this case, it is obvious that the $\mathrm{P}^{\mathrm{r}\mathrm{o}}\mathrm{P}^{\mathrm{e}\mathrm{l}\mathrm{t}}\mathrm{y}(\mathrm{i}\mathrm{v})$

holds.
Finally, consider the case (4). Since $X\cap A=\emptyset$ . we

have $A\subseteq\overline{\backslash _{-}1^{-}}$ . Let $X’=\overline{d\backslash ^{r}}$. Then, this is the sanle as the
$\mathrm{c}\mathrm{a}$.se (3). Thus. the lemma holds. $\square$

Lemmas 9 and 10 tell us that a minimunl 3-wa.Y cut
and a $\mathrm{n}\dot{\mathrm{u}}\dot{\mathrm{m}}\mathrm{m}\mathrm{u}\mathrm{m}4$-way cut call be colnputed recursively.

Definition 3 Let $u$ and $v$ be distinct vertices of a grap$h$

$c_{\tau}=(V, E)$ . We can construct a new graph $G’$ by hsing
the two vertices, namely by replacing them by a single
new vertex $x$ such that every edge that was incident with
$u$ or $v$ in $G$ is now incident with $x$ in $G^{tl}$ . Given a snbset
$X$ of $\mathrm{L}$ , let Shrink $(c_{\tau},x)$ be a graph obtained by $f\tau\iota sin_{\mathit{9}}$

all the $nert\dot{i}$ces in $X$ , and removing all the self-loop
$edges\square$

$f?\cdot \mathit{0}?n$ the resulting graph.

From Lemmas 9 and 10. and the definition of
$Sh?\cdot ink(G, X)$ . we can show the following main theorems.

Theorem 2 Let $G=(l^{r}, E)$ be a graph. and $(X_{\mathrm{i}}.\backslash ^{\vee})-$ be a
2-way cut of G. Let $(l’;\overline{1^{\vee}})$ and $(Z;\overline{Z})$ be $\min,$$i?nu?n$ 2-way
cuts of $G(\overline{\backslash _{-}\backslash ^{-}})$ and $G(X)$ , respecti vely. Let $(R’ : s’;\tau’)$ be
$a?ninim\tau\iota m3$ -way $cnt$ of $Shr\cdot ink(c, X)$ . and $(R”\cdot s";)\tau;’)$

be a minim$n?n3- u$) $ay$ cut of Shr ink $(G,\overline{\backslash _{d}\mathrm{x}-})$ . If there is a
minimum 3-way $c\dot{\iota}\iota t(R:S;\tau)$ of $c_{\tau}s|\iota ch$ that $c(X;_{\overline{A\iota^{-}}})\leq$

$\min\{c(R:\overline{R}), c(S\mathrm{t}\overline{S}), C(T;\overline{T})\}$ , then at least one of the fol-
lo wing 3-way $c$ rrts of $C_{\tau},$ $(X;\}’;\overline{\}’})$ . $(_{\backslash _{\wedge}}\overline{1’}. z;\overline{Z})$ . $(R’; S;;\tau’)$ .
and $(R” : S\prime\prime;T^{\prime;})$ . $i.\mathrm{s}$

$a$ $?nini?l\iota rn3$ -way cut of G. $\square$

Theorem 3 Let $G=$ $(\ddagger r. E)$ be a graph. and (X; $\overline{\backslash _{d}1^{-}}$ )

be a 2.-way cut o.f $.C_{7}$ . Let $(1’;\overline{\}^{-}})$ and $(Z;\overline{z})$ be
$?nini?n1\iota m2$ -way cuts of $G(_{-}\overline{\backslash ^{-)}}$ and $G(X)$ . respec-
tively. Let ( $R_{\backslash }S$ ; and $(R’ ; S’;\tau’)$ be minimum
3-way cuts of $c_{\tau}(\overline{\backslash _{\lrcorner}\backslash ^{\vee}})$ and $G(X)$ , respectively. Let
$(A’;B’; c’; D’)and..(A”;.B\prime\prime;C’lD;);$

’ be $mini?7|$,um 4-w.ay
$cut_{\mathrm{c}}\mathrm{q}$ of $Sh?\eta nk(c_{\tau},$ $x_{)}$ and Shrink $(G, \overline{\vee 1})$ , respectively. If
the $r\cdot e\dot{\mathrm{t}}|$ a $m*nifnum4$ -way cut $(A;B;C;D)$ of $G$ such
that $c(X;\overline{\wedge 1^{r}})\leq.$ lnin{c(A; $\overline{\wedge 4}),$ $C.(B;\overline{B}).c(c;\overline{c}),$ $C\mathrm{t}D;\overline{D})$ },
then at least one of the following 4-way cuts of G. (X; $R$ ;
$S;T),$ $(_{\backslash _{A}}\overline{1’};Rls’; \tau’;)$ . $(1^{\vee};\overline{1^{\vee}};^{z;}\overline{arrow\searrow^{-}})$ . $(_{A}4’; B’; C’; D^{l})$ and
$(A”; B^{\prime l}; C’’; D;’)$ . $i_{\iota}\tau$ a $?ini?n\tau\prime m4$-way cut of G. $\square$

5. .A. $\mathrm{l}\mathrm{g}..\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{m}\mathrm{S}.\cdot$

.-

Based on Theorems 2 and 3, we can present simple divide-
$\mathrm{a}\mathrm{n}\mathrm{d}-\dot{\mathrm{c}}$ onquer algorithms for $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{p}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{n}\dot{\mathrm{g}}$a nlinimunl three-
way cut $\mathrm{a}\dot{\mathrm{n}}\mathrm{d}$ a minimum four-way cut of an undirected
$\mathrm{g}_{1}\cdot \mathrm{a}\mathrm{p}\mathrm{h}$ . Fronl Theoreans 2 and 3, we find a recursive
structure of the minimum 3-way and 4–way cut problems.
For exanlple, consider the minimum 3-way cut problem.
$\mathrm{T}\mathrm{h}_{r}.\mathrm{e}\mathrm{n}$ , given a graph $G’=(l_{\backslash }’E)$ , we can find a mini-
mum 3-way cut of $G’$

. by $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}.\mathrm{p}_{1}1\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ some colllbinati.ons of
minimum 2-way cuts, or by computing minimum 3-way
$\mathrm{c}\tau\iota \mathrm{t}\mathrm{S}$ of Shrink $(G, X)$ and Shrink $(G, \overline{\mathrm{s}1^{-}})$ for some 2-way
cut (X; $\overline{\backslash _{A}1^{-}}$ ) of $C_{\tau}$ . If botll Shrink $(G, X)$ and Shrink $(G, \overline{\backslash _{arrow}\iota’})$

are snlaller than $G$ in the nulnber of vertices. then we see

tha.t $\mathrm{t}\mathrm{h}\dot{\mathrm{e}}$ lllin$\mathrm{i}_{1}..\mathrm{n}$um 3-wa.y c.nt $1$) $\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln$ can be sol.ved in a
$\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}-\mathrm{a}\mathrm{n}\mathrm{d}- \mathrm{C}\mathrm{o}\mathrm{n}\mathfrak{c}_{1.1}\mathrm{u}\mathrm{e}$ manner. For s\’Ome $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{u}\ln$ 3-way
and 4-wav cuts, ($1_{\mathrm{e}}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{d}(R;S;T)$ and $(R’; s’;U^{;}’)$ .
let $c_{\mathit{3}-B,ni}?\mathrm{t}$ $=$ $\min\{c(R;\overline{R}), c(S;^{\overline{s})}.\Gamma(\tau;\overline{\tau}_{)}\}$ , and
$c_{\mathit{4}-\mathit{2}\min}= \min\{c(R’;\overline{R\prime}), c(s’;\overline{s\prime}), c(\tau’;\overline{T\prime}).c(U’;\overline{U’})\}$.
Then, the problem we should consider is thus the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{W}^{\vee}g$

$\mathrm{i}\mathrm{n}\mathrm{g}$ : How do we find a 2-way cut (X; $\overline{d1’}$) of $G$ such that
(i) $c(X;_{\backslash _{\mathrm{s}}}\overline{1^{\vee}})\leq c_{\mathit{3}-\mathit{9}\min}$ or $c(X;\overline{\backslash _{-}\mathrm{x}^{F}})\leq c_{\mathit{4}-\mathit{2}mi,\iota}.$ alld (ii)
$|X|\geq 2$ and $|_{d}\overline{\backslash ^{-1}}\geq 2$ ? .

In the following. we will show a method for finding a
two-way cut satisfying the above condition.

Lemma 11 Given an $n$,ndirected graph $G=(l^{-}, E)$ . let
$x1,$ $.\mathrm{t}_{-}$” $.\tau 3,$ Is be fonr distinct nertices in lr such that a
$(\mathrm{t}x_{1}, x2\}, \{x_{3}, x_{4}\})$ -terminal cut of $G$ is minimum in
its cost among all those $(\{u, \iota’\}. \{\tau\iota" .\iota\cdot\})- ter?ninal$ cuts
of $C_{\tau}$ for any four distinct vertices, $\tau‘,$

$\iota$” $u’.x$ , in \ddagger $r$ . Let
denote this $(\{.\tau_{1}..\mathrm{r}_{\vee}\supset\}. \{x_{3}, x_{4}\})$ -teminal cut by (X; $\overline{d1’}$ ).
$Then_{\tau}$ if there $\dot{u}$ a minimum 3-way cut $(R;S;T)$ of $C_{\tau}$

satishing $|R|,$ $|S|,$ $|T|\geq 2$ , then $c(X;\overline{\backslash _{A}1’})\leq c\mathit{3}-\prime z,ni,l$ .
where $c_{\mathit{3}-B\min}= \min\{\zeta(R;\overline{R}), C(s;^{\overline{s}_{).c(\tau\overline{T}}};)\}$. If there
is a minimum 4-way cut $(R’ ; S’ ; \tau^{l}; \mathrm{L}^{\tau t})$ of $G^{t}$ satisfying
$|R’|$ . $|S’|$ . $|T’$ } $,$

$|U’|\geq 2$ . then $c(X;\overline{d\iota-})\leq c_{\mathit{4}-Qn\iota in}$ , where
$c_{\mathit{4}l}-e_{n}in= \min\{c(R’;\overline{Rl}), c(S’; \overline{S’}), c(\tau’;\overline{T^{l}}), c(U’;\overline{\mathfrak{x},’\prime})\}$.
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$\iota \mathrm{P}1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}1$ Consider the case of finding a minimum 3-way
cut. For the case of finding a minimum 4,-way cut, we
can prove the lemma by giving the similar discussion
shown below. Without loss of generality, $c(R;\overline{R})=$

$c_{\mathit{3}-\mathit{2}i,\mathrm{r}}m$ . From the assumption of (X; $\overline{\backslash _{-}1’}$), there are
foul distinct vertices $x_{1},$ $x_{2},$ $xs,$ $x_{4}$ such that $x_{1},$ $x_{\vee}.,$ $\in X$

and $x_{3},$
$x_{4}\in\overline{\backslash _{.}\mathrm{Y}^{\vee}}$ , and (X; $\overline{-\mathrm{t}’}$) is a nlinimum $(\{x_{1}, x_{2}\}$ ,

$\{x_{3},X_{4}\})$-terminal cut of $G$ . Since $|R|\geq 2$ and $|\overline{R}|\geq 2$ ,
we can choose two distinct vertices, say $u$ and $v$ , from
$R$ and two distinct vertices, say $u$’ and $x,$ from $\overline{R}$ . Let
$(l^{-};\overline{\mathrm{Y}^{\cdot}})$ be a minimum $(\{u, v\}, \{u" x\})$-terminal cut of
$G^{1}$ . Then, from the assumption, it is always true that
$c(X;_{\backslash _{d}}\overline{\backslash \vee})\leq c(\} ; \overline{\}-})$ holds for axiy $u,$ $v\in R,$ $u\neq v$ and
$u$” $.\iota\cdot\in\overline{R},$ $w\neq x$ . Thus, the lemma holds. $\square$

Based on Lemma 11, given a graph $c_{\tau}=(l^{f}, E)$ , we
$\mathrm{w}\mathrm{i}\mathrm{U}$ present a procedure to find a 2-way cut, (X; —zl),
of $C_{7}$ , which satisfies (i) $|X|\geq 2$ and $|_{z}\overline{\mathrm{Y}}|\geq 2$, and (ii)
$c(\mathrm{x};\overline{\backslash _{-}1^{-}})\leq c_{\mathit{3}-\mathit{2}\min}$, and $c(X;\overline{\backslash _{d}\backslash ’})\leq c_{\mathit{4}-Q\min}$ for any 3-
way, and 4-way cuts of $G$ . A $\mathrm{s}\iota \mathrm{r}\mathrm{a}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}\mathrm{f}\mathrm{o}\mathrm{r}\backslash \mathrm{V}\mathrm{a}\mathrm{r}\mathrm{d}$ way to
find (X; $\overline{\backslash _{\mathrm{z}}\mathrm{Y}’}$ ) would be as follows. We enumerate $\mathrm{a}\mathrm{U}$ the
combinations of four distinct vertices of G. say $u,$ $v,$ $u$”

and $x$ , and $\mathrm{f}\mathrm{o}1$ each set of vertices, we find a $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}-$

mum $(\{u, v\}, \{u" X\})$ -terminal cut of $G$ . Among $\mathrm{a}\mathrm{U}$ the
combinations

$\mathrm{o}_{i}\mathrm{f}$
four vertices, we select one set of ver-

tices, say $\{u’, \iota" u’" x’\}$ such that the cost of a minimum
$(\{u’, v’\}, \{u’" x’\})$-terminal cut of $G$ is minimum among
all the other combinations of foul vertices. Then, let
(X; $\overline{\backslash _{d}\mathrm{Y}^{-}}$ ) be the minimum $(\{u’, v\}’, \{w’, X’\})$-terminal cut
of $G$ . Note that, for given distinct foul vertices of $G$ ,
finding a minimum $(\{u, v\}, \{u" x\})$-terminal cut of $G$ is
easy. First, we add two new vertices $s$ and $t$ to $C_{7}$ , and
then add new edges $(s, u),$ ( $s,$ $v\rangle$ , $(t, \mathrm{r}v)$ , and $(t, x)$ . We
define the costs of new edges as $\infty$ . Then, we find a $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}-$

imum $(s,t)$-terminal cut of $G\mathrm{b}\mathrm{y}$

.
applying a minimum

2-terminal cut $\mathrm{a}_{01}\cdot \mathrm{i}\mathrm{t}\mathrm{h}\mathrm{m}$.
The $\mathrm{P}^{\mathrm{l}\mathrm{o}\mathrm{c}\mathrm{e}\mathrm{d}_{\mathrm{U}\mathrm{l}\mathrm{e}}}$ shown above, howevel, would require

$O\langle n^{4}$ ) $\min$-cut $\max$-flow computations. In the foUow-
$\mathrm{i}\mathrm{n}\mathrm{g}$ . we will show an efficient method to compute $(_{\wedge}\mathrm{Y};\overline{.\mathrm{Y}})$ ,
which requiles $O(n^{2}) \min$-cut $\max$-flow computations.
First, we pay attention to the following fact.

Fact 1 Given an undirected graph $G$ $=$ (V, $E$ ), let
(X; $\overline{d1’}$) be a two-way cut of G. Let $S=\{u, v, u" X\}$

be four distinct vertices in V. Let $n_{X}$ and $n_{\overline{\lambda^{-}}}$ be the
numbers of vertices in $S$ , which are contained in $X$ and

$\overline{\backslash _{\mathrm{z}}1}$ . respectively. Then, one of the following conditions
holds. (i) $n_{\lambda}\cdot=n_{\overline{X}}=2$ . (ii) $\max\{nx^{\prime,’\iota_{\overline{X}}}\}=3$

and $\min\{n_{\lambda}\cdot,$ $n_{\overline{x^{\prime\}}}}=1$ . (iii) $\max\{n\mathrm{x}, n\}\overline{X}=4$ and
$\mathrm{n}\dot{\mathrm{m}}1\{n_{\lambda}\cdot, n_{\overline{\lambda}}’\}=0$. $\square$

This Fact gives the base of our algorithm for $\mathrm{C}\mathrm{o}\mathrm{m}_{1)\mathrm{u}\mathrm{t}}-$

ing (-Y; $\overline{\lambda^{\vee}}$ ). Assume that a fixed set of four distinct ver-
tices, say $So=\{u0,$ $v0,$ $w_{0,0\}}x$ , is given in advance. $\mathrm{F}\mathrm{o}1$

any distinct four vertices of $c_{\tau}$ , say $\{u, v, u" .r\}$ , consider
a $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{m}(\{u, \mathrm{t}’\}, \{w, x\})$ -terminal cut of $c_{\tau}$ , denoted
$(l^{-};\overline{1’})$ . Then, fiiom Fact 1. one of the following condi-
tions holds.

Case (1) $S_{0}$ is partitioned into two subsets, say $T$ and
$U$ , each of which consists of two elements, respec-

tively, so that $(\}^{-};\overline{\iota\prime})$ is a $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}_{\ln}\mathrm{u}\ln(T, U)-\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{u}\mathrm{i}_{\mathrm{A}}\mathrm{a}1$

cut of $G$ .

Case (2) $S_{0}$ is partitioned into two subsets, say $T’$ alld
$U’$ , each of which consists of three and one elements,
respectively, so that $(l^{-};\overline{\}’})$ is a minilnum $(T’,$ $U’\cup$

$\{y\})$-terminal cut of $G$ , where $y$ is a vertex in $G$ .

Case (3) $S_{0}$ is not partitioned so tIlat $(1^{\vee};\overline{1’})$ is a min-
imum (So, $\{y,$ $\approx\}$ )-terminal cut of $C_{7}$ , where $y$ and $\approx$

are vertices in $G’$ .

$\mathrm{F}\mathrm{r}\mathrm{o}\ln$ those results mentioned above, we can present a
procedure to find (X: $\overline{d1’}$ ), which satisfies the conditions
given previously. We call this $1$)

$\mathrm{r}\mathrm{o}\mathrm{C}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{r}\mathrm{e}$ the procedure
Dinide $(c)$ . Due to space limitation, description of the
procedure Divide $(c)$ is omitted. For this procedure. we
can show the following theorem.

Theorem 4 The function $Di\mathrm{t}|ide(C\tau)$ finds a $S?nallest$

cost cut in all $mini?num(\{u, v\}. \{u),$ $x\})$ -terminal cuts for
any distinct four vertices in $C_{\tau}$ , by $a\mathrm{p}plyi7lg$ at most $O(n^{\underline{\supset}})$

$\min$-cut $?nax$-flow computations.

[Proof] Correctness of the filnction was derived from Fact
1, as we discussed previously. Since there are doubly
nested loops on vertices in $G$ , it is clear that the $\mathrm{f}\mathrm{i}\iota \mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ ,
which executes $\min$-cut $\max$.-flow computation once, was
invoked in $O(n^{2})$ times in total. $\square$

5.1. The Four-way Cut Algorithm
Due to space limitation. in this paper, we only present an
algorithm for computing a minimum 4–way cut of a given
graph $G$ . The proposed algorithm is based on Theorem
3. Note that, there is a special case, in which for given
$G,$ $\dot{\mathrm{t}}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ is no $1\mathrm{l}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{m}4$-way cut, ( $R;S;T;c^{r}\rangle$ such that
$|R|\geq 2-,$ $|S|\geq 2,$ $|T|\geq 2$ , and $|U|\geq \mathit{2}$ . In such a case, we
can not compute. a minimum 4-way cut by applying the
function Divide, alld we should treat this case separately.

The following are fimctions. which are used in the pro,
posed algolithm.

(i) MIN-ONE-TERM-4WAY $(c)$ computes a smallest
cost four-way cut $(\{x\};l’;z;W)$ in all $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{u}$.-way
cuts constructed by a minimum three-way cut in
$C\tau(V-\{x\})$ and a two-way cut $(\{x\};\mathrm{t}^{I}-\{.\mathrm{r}\})$ , where
$x\in l^{r}$ . [ $O(n^{3})\mathrm{m}\epsilon \mathrm{t}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{I}\mathrm{n}$ flow computations]

(ii) CONST-4WAY-CuT$(x)$ collstructs a four-wav cut
$C$ of $G$ by using the combination of (X; $\overline{\backslash _{\mathrm{s}}1’}$ ) and a
minimum three-way cut in $c_{(_{\backslash _{-}}}\overline{\backslash ^{\vee}}$). [ $O(n^{2})$ maximum
flow computations]

(iii) OTHER-4WAY-CUT( $x_{)}$ constructs a four-way cut
$C$ of $G^{1}$ by using the combination of $(X;-\backslash -\wedge)$ , a mini-
mum two-way cut in $c_{\tau(}\overline{\backslash _{d}1^{-}}$) and a $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}_{\mathrm{I}}\mathrm{n}\mathrm{u}\mathrm{m}$ two-way
cut in $G(X)$ . $1^{2\max}$. $\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{m}$ flow computations]

(iv) ENUMERATE-ALL-4CUTS $(c)\mathrm{e}\mathrm{n}\iota \mathrm{m}\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{s}$ all 4-
way cuts of $C_{\tau}$ . and returns the one with the smallest
cost.

Algorithm MIN-QUADRI-PARTITIONtC)
input an undirected graph $G^{l}=(\mathrm{V}^{\cdot}, E)$ .
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begin
$C_{0}=\mathrm{M}\mathrm{I}\mathrm{N}- \mathrm{O}\mathrm{N}\mathrm{E}-\mathrm{T}\mathrm{E}\mathrm{R}\mathrm{h},\mathrm{I}- 4\mathrm{w}\mathrm{A}\mathrm{Y}(c|)$;
$C_{1}=\mathrm{h}\mathrm{I}\mathrm{I}\mathrm{N}-41\mathrm{V}\mathrm{A}\mathrm{Y}-\mathrm{C}\mathrm{U}\mathrm{T}(G)$ ;
return $\mathrm{M}\mathrm{I}\mathrm{N}(C_{0}, C_{1})$

end.

Recursive Procedure MIN-4WAY-CUT $(G)$

input all undirected graph $G’=(\iota^{r}’, E)$ .

begin
if $|\mathrm{L}’|<6$ then return ENUMERATE-ALL-4CUTS $(c)$ :

else begin
(X; $\overline{\backslash _{\wedge}1}$ ) $arrow Divide(G))$

$Gxarrow Shrink(G, X)$ ;
$G_{\overline{\lambda}}$. $arrow Shrink(G\sim|, \overline{\backslash _{d}\backslash ^{\vee}})$; . $\tau$

$C0arrow \mathrm{C}\mathrm{O}\mathrm{N}\mathrm{S}\mathrm{T}-4\mathrm{w}\mathrm{A}\mathrm{Y}-\mathrm{C}\mathrm{U}\mathrm{T}(X)$ ;
$C_{1}arrow \mathrm{C}\mathrm{O}\mathrm{N}\mathrm{s}\mathrm{T}-4\mathrm{W}\mathrm{A}\mathrm{Y}- \mathrm{c}\mathrm{U}\mathrm{T}(\overline{\wedge 1’})$ ;
$C_{2}arrow \mathrm{O}\mathrm{T}\mathrm{H}\mathrm{E}\mathrm{R}-4\mathrm{W}\mathrm{A}\mathrm{Y}-\mathrm{C}\mathrm{U}\mathrm{T}(x)$;
$C_{3}arrow \mathrm{M}\mathrm{I}\mathrm{N}-4\mathrm{W}\mathrm{A}\mathrm{Y}arrow \mathrm{C}\mathrm{U}\mathrm{T}(G\mathrm{x})$ ;
$C_{4}arrow \mathrm{M}\mathrm{I}\mathrm{N}- 4\mathrm{W}\mathrm{A}\mathrm{Y}-\mathrm{C}\mathrm{U}\mathrm{T}(G_{\overline{\mathrm{x}}}’)$;
return $\mathrm{M}\mathrm{I}\mathrm{N}(C0, C_{1}, C\underline{\circ}, C_{3}, C_{4})$

end
end

5.2. Computation Time
Correctness of the proposed algorithms can be easily
shown from Theorems 2 and 3. For the time comple.Xity
of the algoritllms, we can show the fouowin$\mathrm{g}$ theorem.

Theorem 5 For an undirected graph $G’=$ (V, $E$ ), the
$alg_{\mathit{0}?it}hmMIN-\tau RI-PAR\tau I\tau ION(c)$ and the algo rrithm
$MIN- QUADRI- pAR\tau I\tau IoN(G)$ compute a minimum 3-
way cut and a rninimum 4-way cut by applying $O(,s)$ and
$O(n^{4})\tau naXimum$ flow computations, respectively.

[Proof] In the following, we consider computation time of
the algorithm MIN-TRI-PARTITION(G). Computation
time of the algorithm MIN-QUADRI-PARTITION(G)
can be discussed similarly.

Given a graph $G=(V, E)$ , let $Ii$ be the total nulllber
of invocations of the procedure MIN-3WAY-CUT in the
algolithm. Them, from the description of the algorithm,
it is easy to show that the algorithm invokes the min-
cut $\max$.-flow procedure in $O(Kn^{2})$ times. Thus, in the
following, we derive an upper bound of $I\iota^{-}$ .

First. we define a rooted tree $\mathrm{c}\mathrm{a}\mathrm{U}\mathrm{e}\mathrm{d}$ computation tree
$T=(N, A)$ as follows. Each vertex, e), of $T$ has a weight,
denoted $u’(\iota’)$ . Each vertex in $T\mathrm{c}\mathrm{o}11\mathrm{e}\mathrm{s}_{\mathrm{P}^{\mathrm{O}}}\mathrm{n}\mathrm{d}\mathrm{s}$ to an illvo-
cation of $\mathrm{M}\mathrm{I}\mathrm{N}-3\mathrm{w}\mathrm{A}\mathrm{Y}_{-\mathrm{C}}\mathrm{U}\mathrm{T}$ in the algorithm. The root
of $T$ corresponds to tlle first invocation of MIN-3WAY-
CUT, whose actual parameter is $G$ itself. Assume that
$G’$ is an input graph of $\mathrm{h}\prime \mathrm{I}\mathrm{I}\mathrm{N}- 3\mathrm{w}\mathrm{A}\mathrm{Y}$-CUT, an$\mathrm{d}$ applying
$Di?’ ide$ to $G’$ , two new graphs, $c_{\tau_{X}}=Shrink(G’.X)$ and
$G_{\overline{\lambda}}^{1}$. $=Sh7\dot{T}nk\{c\tau’,$ $\overline{arrow \mathrm{u}’}\rangle$ are produced. Then, in $T$ , there
are three vertices, $u,$ $v$ , and $w$ , which correspond to $G’$ ,
$c_{\tau_{\lambda}}-$ , and $G_{\overline{\lambda}}.$, respectivel.y, and there are edges $(u, v)$ and
$(u, n’)$ . The weights of $u,$ $v$ , and $w\mathrm{a}\mathrm{l}\mathrm{e}$ the number of ver-
tices in $G’,$ $C_{\tau_{\lambda^{-}}}$ , and $G_{\overline{\lambda}}.$. For simplicity, we assume that
in the algorithm, if a given graph has more than three
vertices, then MIN-3WAY-CUT will be applied to con-
tinue the recursive calls of MIN-3WAY-CUT, although,
in the actual algorithm, if a given graph has less than
six vertices, the recursive calls will terminate. Then, the

weight of a vertex has the following properties. (i) Let ?.

be the root of $T$ . Then, $n’(r)=|\mathrm{i}^{r}|=n$ . (ii) For each
illtelnal vertex $\iota’$ . let $u$ and $u$’ be its left and right sons,
$\mathrm{r}\mathrm{e}\mathrm{s}_{1^{)\mathrm{e}}\mathrm{y}}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}1$ . Then, $n’(\iota’)\geq 4$ . $n’(?p)\geq.3,$ $\mathrm{t}\iota’(u’)\geq 3,$ allcl
$u’(\iota’)+2=n’(u)+\iota‘’(u’)$ . $(\mathrm{i}\mathrm{i}\mathrm{i})$ For each leaf $v,$ $n’(\iota’)=3$ .

Now, it is clear that $T$ is a full binary tree, $\mathrm{i}.\mathrm{e}.$ , a binary
$\mathrm{t}_{1}\mathrm{e}\mathrm{e}$ whose any internal vertex has left and light sons.
Let $I(T)$ and $L(T)$ be the $\mathrm{n}\iota \mathrm{u}11b$ers of internal vertices
and leafs, respectively. Thell, we Cclll easily show that
$L(T)=I(T)+1$ . Let SUM }) $\mathrm{e}$ the total of weights of
all leffi. Then, $\mathrm{f}\mathrm{i}\cdot 0\ln$ the $1$) $\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ of the weights of
vertices, we can show $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ $SUM=n\cdot(r)+I(T)\cross \mathit{2}$ . On
the other hand, it is obvious that $SUM=L(T)\mathrm{x}3.$ Silloe
$u’(’\cdot)=n$ . we have $n+I(T)\mathrm{x}2=L(T)\cross 3$ . Substituting
the equation $L(T)=I(T)+1$ , we finally get $n+I(T)\cross$

$2=(I(T)+1)\cross 3$ . Thus, we have n–3 $=I(T)$ and
$L(T)=I(T)+1=n-2$ . Consequently, the total number
of invocation of h/IIN-3WAY-CUT is $I(T\rangle+L(T)=\mathit{2}n-$

$5$ . This shows that the $\mathrm{a}_{0}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\ln$ MIN-TRI-PARTITION
invokes the $\min$-cut ma.$\mathrm{x}$-flow procedure in $O(n^{3})$ times.
口

Note that there have been a number of $\min$-cut max-
flow algorithms [1]. Time complexity of finding a mini-
munl $(s, t)$-terminal cut of a general undirected weighted
graph $G$ is bounded by $O(n^{3})$ .

6. Conclusion

We have presented $\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}-\mathrm{a}\mathrm{n}\mathrm{d}-\mathrm{C}\mathrm{o}\mathrm{n}\zeta \mathrm{l}\mathrm{u}\mathrm{e}\mathrm{r}$ algorithms for
computing a $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{n}$ three-way cut and a minimum
four-way cut of an lmdirected weighted graph. As future
work. we $\mathrm{w}\mathrm{i}\mathrm{U}$ consider an extension of the proposed algo-
rithms for the $\mathrm{m}\mathrm{i}_{1\mathrm{l}}\mathrm{i}\mathrm{m}\mathrm{u}111k$-way cut problem for general
$k\geq 5$ .
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