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Abstract

The purpose of this article is to show that the distribution of the longest fragment in the
random multisection problem after k steps and the height of m-ary search trees (and some
extensions) are not only closely related in a formal way but both can be asymptotically de-
scribed with the same distribution function that has to be shifted in a proper way (travelling
wave).

The crucial property for the proof is a so-called intersection property that transfers in-
equalities between two distribution functions (resp. of their Laplace transforms) from one
level to the next. It is conjectured that such intersection properties hold in a much more
general context. If this property is verified convergence to a travelling wave follows almost
automatically.

1 Introduction

In this paper we study concentration properties of several extremal parameters, the shortest and
longest fragment in a fragmentation process, the leftmost and rightmost particle in a branching
random walk and the height and saturation level in some random trees (see Theorems 2.1-2.3).
For all these parameters we observe the same phenomenon, the asymptotic distribution can be
described with the help of a travelling wave, that is, the distribution centered at the median
remains almost constant and consequently the distribution is concentrated around its median.

In fact, we will concentrate on special cases that have nice analytic properties. However,
the core of the proof is an intersection property (Lemma 4.3 for the multisection problem,
Lemma 4.12 for m-ary search trees). In particular, in the last section (Section 5) we show in the
framework of branching random walks that an intersection property always implies convergence
to a travelling wave and, thus, concentration around the median (see Theorem 5.1).

!The interpretation of the result for the height and saturation level of trees is a little bit different (compare
with Theorem 2.3) but of similar flavour.



2 Results

In this section we state our results. We start with Theorem 2.1 on the random multisection
problem, reformulate it in terms of branching random walks (Theorem 2.2) and close this section
with Theorem 2.3 on the height and saturation level of m-ary search trees. Theorem 2.3 is
probably the most interesting result. However, since the discussion of this result makes use of
branching random walks and also of the multisection problem the other two theorems are stated
first.

The Random Bisection Problem or Random Fragmentation Problem (see [3, 18, 19]) is
defined as follows. An interval of length z is cut into two halves of length z1 = Vz and x9 =
(1—V)x, where V is a random variable taking values on [0, 1]. Next, each of these two fragments
is cut again into two parts (independently of the other and previous cuts). After the k-th step,
there are 2¥ fragments whose lengths are correlated random variables. Given the initial length
x, the problem is to determine the probability Py (x, 1) that each of the 2F fragments is shorter or
equal than [, that is, the distribution function of the longest fragment. Obviously this problem is
homogeneous in z and [. This motivates us to define Py (z) = Py(x, 1), that is, Py(z,1) = Pr(z/).
By definition we have Py(x) = 1 for 0 <z < 1, Py(x) = 0 for > 1, and recursively

Pryi(z) = E (Pr(aV)Pr(z(1 - V))) . (1)

Similarly we can also consider the probability Qg (z,1) that each of the 2¥ fragments is longer
than /, that is, 1 minus the distribution function of the shortest fragment. With Qp(z) = Qp(z,1)
we obtain as above Qq(z) =0 for 0 <z < 1, Qy(x) =1 for x > 1, and recursively

Qpi1(2) = E (Qr(2V)Qy(z(1 = V))) . (2)

In the same way we can define a Multisection Problem. Let m > 2 and V1, ..., V,, be random
variables taking values on [0,1] with V4 + -+ Vj;, = 1. An interval of length z is partitioned
into m parts of lengths xVi, xV5,..., xV,,. Now the recurrence for Py (x) is given by

Piy1(z) =E (Pr(aVy) - Pr(aVyy,)) . (3)

In what follows we will always assume that (Vi,...,V},) is (what we call) t-beta-distributed,
where t is a non-negative integer parameter. This means that

Ef(m,...,vm):Wx

1—x1 l—z1——Xm—2o .
/ / / 1‘11‘2 cTm— 1(1 — X1 — —xm_l)) X
flxi, ., zme1, 1 — 21 — - — Typ—1) dTp—1 dTpp—2 - - - dxy.

In other words, the random vector (Vi,...,V,,) is concentrated on the set
{(z1,22,...,2m) € [0,1]™ : 21 +x2 + -+ + xp, = 1} and the density of the distribution is



given by
(m(t+1)—1)!
()™
We remark that, for large ¢, the distribution is approximated by the point distribution that is
concentrated at 1 = 29 = -+ = T, = % The fragments in the multisection problem will be
more balanced for large t.

We will see in the sequel that these kinds of distributions occur naturally in the context of so-
called fringe balanced m-ary search trees. Furthermore, relations of the form (1) can be restated
as convolution identities and, thus, lead to a differential equation for the Laplace transform of F'
that can be tackled with the help of our methods. This was a strong motivation for us to restrict
ourselves to t-beta distributions. Of course, this is only a very special case of a fragmentation
process (see [3]). We cannot contribute much to the general situation, see section 5. Nevertheless
we can provide a complete answer to the above special case as it was predicted by [18].

(r129 - - - )"

Theorem 2.1 Let m > 2 and t > 0 be integers and (Vi,..., V) be t-beta-distributed. Suppose
that Pi(z) and Q(z) are the distribution functions of the corresponding multisection problem.
Then there exist continuous functions F(x) and G(x) such that

Pi(w) = F(a/zi) +o(1) and Qylx) = Gla/y) + o(1)

uniformly for x > 0 as k — oo, where ), and y;, are defined by Py(x1) = Qp(yx) = 1/2. They
are asymptotically given by

logz, = klogp1 + ©(logk) and logyr = klogps + O(logk),

where p1, pa are defined as in Lemma 3.2.
Furthermore, there exist constants C1,Cy > 0, v1,7v2 > 1, and (1, B2 > 0 with

Pia) = O(e@@m™) (fora > ay),
1=Py(a) = O(@/z)™) (foro<my),

Q@) = O (@™ (fora < ),
1-Qi@) = O(@/y)™) (fora=uye).

A branching random walk is a sequence of point processes Zy, where Zy = dp and Zjq
evolves from Zj, by splitting each particle of Z (independently of one another) into a random
number N of points with displacements determined by a given point process Z = dx, +- - -+0x -2
For example, if N = m and X; = log(1/V1),..., X, = log(1/Vy,) with Vi ..., V,, from above

25, denotes the probability measure concentrated at the point .



then the distribution of Ly, the left most particle at stage k, (and of Ry, the corresponding right
most particle) are given by

Pr{L; >z} = Pi(e*) and Pr{R;, <z} = Q.(c").
Thus, we can reformulate Theorem 2.1 in terms of the distribution of L; and Rj as follows.

Theorem 2.2 Let m > 2 and t > 0 be integers and (V1,..., V) be t-beta-distributed. Consider
the branching random walk Zy with reproduction measure

Z=0x;+  +0x,,

where X; = log(1/V;) (1 < j < m), and let Ly, resp. Ry, be the position of the leftmost resp.
rightmost particle at level k. Then there exist functions wi(x) and wa(x) such that

Pr{L; >z} = wi(x —mi(k)) +o(1) and Pr{R; <z} =wa(x —ma(k))+ o(1),

where the medians my(k) and ma(k) are defined by Pr{L; < mi(k)} = Pr{R; < ma(k)} =1/2
and are also given by mi(k) =logxy and ma(k) = logyy (with x,yx from Theorem 2.1). They
are asymptotically given by

mi(k) = klogp1 +O(logk) and ma(k) = klogps + O(logk) (k — 00),

where p1, p2 are defined as in Lemma 3.2.
Furthermore, there exist C' > 0 and n > 0 with

Pr{|L; —mi(k)| >z} < Ce ™™ and Pr{|Rp— ma(k)| >z} < Ce ™.
In particular we have, as k — oo,
Var L; = O(1) and Var Ry, = O(1).

By Biggins [4] it is known that Li/k — logp; and Ri/k — logps (almost surely). Hence,
Theorem 2.2 is in some sense a refined version of Biggins’ result. It also makes precise the
ideas evocated in Kyprianou [15], section 2. In this context, the functions w; and wy are also
called travelling waves. It is assumed that convergence to travelling waves is a much more
general phenomenon, but there are only few examples where it is known (see Bachmann [2]). In
section 5 we will show that a so-called intersection property will prove this almost automatically.
Unfortunately it seems to be a non-trivial problem to verify this intersection property in a
general setting. In Bachmann [2] this property was implicitly proved for iid X; with log-concave
density. In the context of Theorem 2.2 (and also of Theorem 2.1) we can prove an intersection
property on the level of Laplace transforms. We remark that the results in Bramson [8] on
Brownian branching random walks rely on an intersection property, too.



Binary (and more generally m-ary) search trees and their variants are one of the most
popular data structures (see [17]). They also appear implicitly in the analysis of Quicksort.
They become random trees by assuming proper random models on the input data. The most
common model is the random permutation model, that is, one assumes that every permutation
of n input elements (the data) is equally likely.

In order to speed up Quicksort one also uses the median of (2t 4+ 1)-variant. In every step
one uses the median of 2¢ + 1 random elements as the pivot. Of course, this gives rise to a more
balanced binary search tree, the fringe balanced binary search tree. (The m-ary version is the so
called fringe balanced m-ary search tree, where one has to build up m—1 pivots from m(t+1)—1
random elements.) Equivalently one can build up split trees (see [12]) with splitting probabilities
for a tree storing n items with m subtrees with ny,no, ..., n,, items (n1+n2+- - -+ny, = n—m+1;
the root stores m — 1 items) of the form

() () ()

(m(t—fl)—l)

For this random model of trees let Hfzm’t) denote the height and Fflm’t) the saturation level, that

is the maximal level up to which the tree is a complete m-ary tree. For example, the splitting
probabilities can be used to get an explicit recurrence of the form

Pr{H{™) <k +1} (4)

ni nz2y ., (Mm
- 3 () (i )n 0 )Pr{Hggmﬂ <k}---Pr{H™" < k}.
ni+ng+-+nm=n—m+1 (m(t+1)71)

A tree of size n has height < k+1 if and only if all its subtrees (of sizes ni, ..., n,,) have heights
< k. Hence, the problem is to solve this recurrence in some sense.

The height H,, = Hr(f’o) of binary search trees (and its variants) has a long history (compare
with [13]). In 1986 Devroye [10] proved that the expected value E H,, satisfies the asymptotic
relation E H,, ~ clogn (as n — o0), where ¢ = 4.31107... is the largest real solution of the
equation (2¢)° = e. (Earlier Pittel [21] had shown that H,/logn — 7 almost surely as n — oo,
where v < ¢, compare also with Robson [23].) Based on numerical data Robson conjectured that
the variance Var H,, is bounded. Eventually, Reed [22] and independently Drmota [13] settled
Robson’s conjecture and proved that

Var H, = O(1).

In [13] the distribution of H,, was also asymptotically determined.
The following theorem generalizes this result to the height (and saturation level) of fringe
balanced m-ary search trees.



Theorem 2.3 Let m > 2 and t > 0 be integers. There exist sequences cy, dy, with

. c ) d 1
lim L = p1 and lim ot P2
k—oo Ck k—o0 dk

such that
Pr{H™) <k} = F(n/ep) +o(1) and Pr{H"™" >k} = G(n/dy) + o(1),

where F(x) and G(z) are as in Theorem 2.1.
Furthermore, set ki(n) = max{k > 0 : ¢ < n} ~ logn/logp; and ka(n) = max{k > 0 :
dr, < n} ~logn/logpa. Then

EH™) = ki (n) + 0Q1) and EH™ = ky(n) + 0(1)
and there exists n > 0 with

Pr{|H™) — ki(n)] >y} = 0(e™) and Pr{[H™" — ky(n)| > y} = O(e™™).

n

In particular we have, as n — oo,

Var H™Y = O(1) and Varﬁq(lm’t) = O(1).

These theorems show that the distribution of the longest part in the random multisection
problem and the height of m-ary search trees (and some extensions) are closely related. This

similarity has been already observed and used by Devroye [10, 11] to prove that H7(1m,0) /logn —
1/log p1 a.s. He uses an infinite m-ary trees where the m edges of each node are labeled by
independent copies of V1, ..., V;, and the nodes v by the product V}, Vj, - - -V}, corresponding to
the path joining the root and v. The height H, of the random subtree consisting of the nodes
with V; Vj,---Vj, < 1/n corresponds to the leftmost particle in the branching random walk
determined by the point process Z = d_1og1; + -+ + 0_10gV;, Or to the largest fragment in the
corresponding random multisection problem, more precisely

Pr{H, <k} = Pr{L; > logn} = Py(n).

Hence by restating Biggin’s result [4] properly it follows that H,,/logn — 1/log p; a.s. Finally,

the distribution of HT(Lm’O) can be compared to that of H,, for example one has Pr{H,gm’o) >

k} > Pr{H, > k}. Thus one gets Hy(Lm’O)/ logn — 1/log p1, too. By the way, the saturation level
corresponds to the rightmost particle or to the shortest fragment. Hence, by following exactly
Devroye’s lines we immediately get

HT(Lm,t) 1 F;m,t) 1

.S. d .S.
logn - log p1 @5 Al logn - log p2 7 ©)




In view of this discussion, Theorem 2.3 is a refinement of this first approximation.

The philosophy of Devroye relies on a coupling method between H, and H,(Zm’o). Funda-
mentally, it works because the two models can be considered on the same probability space: by
embedding the search tree process in continuous time, (a) the m-ary search tree is the continuous
tree process observed at discrete random stopping times; (b) the multisection branching random
walk (or the fragmentation process) is constructed from the continuous time process, as being the
asymptotic proportions in the subtrees. For details, see [9, 1]. Consequently, formal similarities
appear on the Laplace transforms. In particular, the Laplace transform of P}, satisfies the same
(recursive) differential equations as the generating functions of the probabilities Pr{H,(Lm’t) < k},
compare with (16) and (42). Luckily this formal similarity also leads to a similar way for the
asymptotic analysis. Both problems can be described with the help of a common travelling wave
F(x). The crucial property for the proof is again an intersection property, see Lemma 4.12.

Although there is a strong formal similarity, we decided to treat both problems separately.
First, the random multisection problem is easier since it is only discrete in the number of steps
k whereas the height problem is discrete in the number of nodes n and the level k. This causes
additional monotonicity considerations and also additional approximation steps. Further, in the
random multisection problem one is mainly interested in the asymptotics £k — oo whereas in the
tree problem one looks as n — oco.

The structure of the paper is the following one. In Section 3 we prove the existence of a trav-
elling wave with the help of a stochastic fixed point equation. The main part is Section 4, where
we prove convergence to a travelling wave (Theorem 2.1 and 2.2) and the analogue for m-ary
search trees (Theorem 2.3). Finally, in Section 5 we discuss the implications of the intersection
property in the context of branching random walks.

3 Existence of a Travelling Wave
In this section we consider the functional equation
F(z/p) =E(F(zW1) - F(zVn)) (6)

for critical values p > 1 and show that there is (up to scaling) a unique solution that can be
interpreted as a travelling wave solution of a certain branching random walk. In fact, we will
present two proofs. The first one is based on known results on the fixed point solution of the
equation

Y =Y AY, (7)

i>1

where (A1, Ao, ...) is a random decreasing sequence of non-negative numbers that ultimatively
vanish and Y; are copies of a random variable Y that are independent of each other and
(Ay, Ag, .. .).



The second proof will be presented in the next section and follows from an analysis based
on the Laplace transform. We remark that the first approach is much more general than the
second one but the second approach provides tail estimates for the solution of (6) that are not
granted by the first method.

Alternatively to (7) one usually considers the Laplace transform ®(x) = Ee~Y* and the
corresponding equation

o(z)=E [ [[2@4) | (z=0) (8)
i>1

and searches for solutions ® of (8), in the set of Laplace transforms of finite non-negative random
variables. Note that ®(az) is also a solution of (8) for every a > 0 if ®(z) satisfies (8). There is
an extensive literature that deals with the problem of establishing the uniqueness of solutions
for equations like (8). For instance the work by Biggins and Kyprianou [7], Liu [16] and already
of Durrett and Liggett [14] for the nonrandom case where N = m show that, under suitable
conditions, (8) has (up to this scaling) a unique solution:

Proposition 3.1 Set v(a) = log (E (Zi21 Af‘)) and suppose that v(0) > 0, that o = 1 is
contained in the interior of {a : v(a) < oo}, and that v(1) = V'(1) = 0 (eritical case). Then

the equation (8) has (up to scaling) a unique solution ®(x) in the set of Laplace transform of
non-negative random variables. This solution is such that

1—®(z)
z—0+ —xlogx

=C1 (9)

exists (with a positive constant ci ).

It should be noted that the non critical case v(1) = 0, v/(1) < 0 is much easier to handle. In
Biggins and Kyprianou [5] it is shown that there is also a unique solution.
Before stating our result we need the following property.

Lemma 3.2 Let m > 2 and t > 0 be integers. Then there exist exactly two solutions B; > 0
and B2 < 0 of the equation

(m—1)(t+1)—1 (m—1)(t+1)—1

. (m(t + 1))!) 3
1 t+1 — 1 —_— | = - 10
; og(B+t+1+7) °g< (t+1)! ; Brt+1+ (10
Set
(m—1)(t+1)—1 . (m—1)(t+1)—1 .
pP1 = exXp Z m and P2 = €Xp Z m

J=0 J=0

Then 1 < p1 < pa.
Furthermore,



1. if 1 < p < p1 then the equation

t+1)!
wpﬁz(ﬁ+t+1)(ﬁ+t+2)---(6+m(t+1)—1) (11)
has exactly two solutions 5, 3" with 0 < 3 < 31 < 3",
if p= p1, then (11) has exactly one solution B = B,
if p1 < p < p2 then (11) has no solutions,

if p = p2, then (11) has exactly one solution B = (1, and

A S

if p> po then (11) has ezactly two solutions 3, 3" with —t —1 < 3’ < B2 < 8" < 0.

For the reader’s convenience we provide a short proof.
Proof. For B > —t — 1 set

(m—1)(t+1)—1

o9 () S g 1)

Then ©(0) is strictly convex and we have 7(0) = logm > 0 and (1) = 0. Thus, the graph of
v(f) is the boundary 0C = {(5,v(03)) : f > —t — 1} of a strictly convex region C' = {(3,7) :
B> —t—1, v >9(B)} that does not contain the origin (0,0) but we have (0,logm) € 9C and
(1,0) € oC.

Now note that (10) is equivalent to T(3)/8 = v’ (). In geometric terms this means that one
is looking at tangents to the convex region C' that contain the origin (0,0). Since C is strictly
convex there are exactly two tangents v = ﬁlogpi1 and v = ﬁlogpi2 with 1 < p; < po that
correspond to the tangent points (81,7(01)) and (B2,7(82)) with f; > 0 and —t — 1 < B2 < 0.

Finally, (11) is equivalent to v(3) = log% or to the intersection points of the boundary
of C and the line v = [log %. By obvious convexity arguments this completes the proof of the
lemma. [J

With the help of Proposition 3.1 we can easily prove the following property.

Theorem 3.3 Let m > 2 and t > 0 be integers and (Vi,...,Vy,) be t-beta-distributed. Then for
p = p1 and p = p2 as defined in Lemma 3.2 the functional equation (6) has (up to scaling) a
unique solution Fy(z) resp. Fy(x). This solution is such that

1— Fi(z) ~ diz? logz  (z — 0+4) (12)

and
1 — Fy(z) ~ dez™logz  (z — o) (13)
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for non-zero real constants dy,ds. Furthermore, Fi(x) and Fy(x) are strictly decreasing resp.
increasing, continuous, and satisfy

lim Fi(z) = lim Fy(z) =0. (14)

T—00 x—0+

Proof. For 1 <i<m set A; = (plvi)ﬁl. Then

t

v(a) = af1log p1 + log(mt!) — Zlog(aﬁl Ft4j+1)
=0

and by (10) and (11) we obtain directly that v(1) = v/(1) = 0. Using Proposition 3.1 it follows
that there exists a function ®;(x) that is unique up to scaling and satisfies

&1(z) = E (ﬁ D, (;g(plvl)ﬁl)>
i=1

and 1 — ®y(x) ~ —dyzlogz as © — 0+, for an appropriate constant d; > 0. Hence, F}(x) =
@1 (z%1) satisfies the functional equation (6) and (12). Since ®1(z) = E (e7¥?) is the Laplace
transform of a non-negative random variable Y, it is decreasing. Furthermore, ®} (z) = —E (Ye™¥'7)
< 0. Thus @4 (x) and F(z) are strictly decreasing (and continuous). It also follows that the limit
D =lim;_,o Fi(x) > 0 exists. By (12) we know that D < 1 and from (6) it follows that D = D™.
Consequently D = 0.

In completely the same way we can proceed with ps and 2 < 0 and obtain corresponding
properties for Fa(z). O

Remark 3.4 As already mentioned above, using Proposition 3.1, we can only get one-sided tail
estimates for Fy(x) and Fy(x).

Remark 3.5 The functional equation (6) has also unique solutions for 1 < p < p1 and for
p > pa. This case corresponds to v(1) =0 and v'(1) < 0.

Remark 3.6 The solution of the functional equation (8) is the Laplace transform of a random
variable which has a meaning in the branching random walk framework (see [6, 7, 15]): let
Z = dx, + -+ 0x, be the point process driving the branching random walk with N = m
and for j =1,2,...,m,X; =log(1/V;). Call X,, the position of a particle u (the sum of i.i.d.
displacements in the random walk on the branch leading to u). Let

N
mpB) =B ) e N
j=1
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and
efﬁXu

Wa(B) =Y ——— =) (X T

|u[=n

be the additive martingale associated to the branching random walk. The critical case corresponds
to the case where B is a solution of the equation

logm(5) _ m'(5)
FE O

and there are two solutions 31 and Bs of this equation. In our fragmentation case, it appears that
it is the same equation as equation (10) in lemma 8.2.3 So call them 31 > 0 and B2 < 0. For 31
for instance (it is the same with [(B2), W, (81) tends to 0 almost surely when n goes to infinity,
giving a trivial solution to the fized point equation. Besides the derivative martingale (so called
because it can be derived by differentiating the additive martingale with respect to (3) is defined

by
m e PXu
Wil == 2 <X“ ! "m<(§>)> W)

|lul=n

In the critical case, it has almost surely a finite limit W' (1) but with an infinite expectation. It
is a solution of the same fized point equation and its Laplace transform is a solution of (8), so
that the wave can be represented as

Fi(z) = @, (z) = B(e W) (15)

Of course, W'(B31) coincides with Y in the proof of Theorem 3.3.

4 Convergence to Travelling Wave

In this section (Vi,...,V},) will always denote a t-beta distributed random vector with a non-
negative integer parameter .

4.1 Random Fragmentation Problem

In what follows we will prove Theorems 2.1 and 2.2. One major tool is the property of Lemma 4.2
that we call intersection property. It transfers inequalities from one step to the next. Convergence
to a travelling wave (resp. to its Laplace transform) is then almost automatic, see Lemmas 4.3
and 4.4.

3The function ©(8) in the proof of Lemma 3.2 equals logmm(83) for a t-beta distributed random vector
Vi, ooy Vin).
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Lemma 4.1 Suppose that F(x), x > 0, is a non-negative bounded function and let

Lp(u) = /Ooo e "F(x)dx (u>0)
be the Laplace transform of F(x). Furthermore, let TF be given by
(TF)(z) = E(F(@Vi) -+ F(zVin)).
Then? |
L0 0) = (- R = (10w) ™ (16)
Proof. The proof is easy and is left to the reader. [

Lemma 4.2 Let m > 2 and t > 0 be given integers and suppose that F(x) and G(x) are
non-negative functions, that are defined for x > 0, have the following properties:

1. The Laplace transforms Lp(u) and Lg(u) exist for u > u. (for some uc > —00).

2. Thet-th derivative AW () of the difference A(u) = Ly(u)—La(u) ezactly one zero ug > u
such that (—1)!A® (u) > 0 for u > ug.

3. There exists uy such that (—1)jA§j) (u) >0 foru>wuy and j =0,1,...,m(t+1)—1, where
Ay(u) = Lyp(u) — Ly (u).
Then the differences
AP (W) = Lp(w) = Lg(w)
have at most one zero > u. for j =0,1,...,m(t+1)— 1.

Proof. By (16) we have

m—1
A ) = -y D Z DA ) Y @ ) (L )y
=0

Since (—1)£L§f) (u) > 0 and (similarly for Lg(u)) it follows that Agm(tJrl)_l)(u) has exactly one
zero ug > u. and that
(_l)m(t—i-l)—lAgm(H-l)—l)(u) >0
for u > uy.
Now, observe that by assumption (—1)m(t+1)_2A§m(tH)72) (u) > 0 for u > uy. Hence, if we
consider the mapping

v f(v) = (—1)m(t+1)*2Agm(t+l)_2) (up —v) (0<v<u —ue)

*We use the notation f* (z) for the t-th derivative of f(z).
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then it follows that f(0) > 0, that f(v) is increasing for 0 < v < u; — ug and decreasing for
up —ug < v < uyp — ue. Thus, f(v) has at most one zero for 0 < v < u; — u.. Consequently,
A(lm(t+1)_2)(u) has at most one zero > .

In the same way we can proceed further. If (—l)m(t“)*QAgm(Hl)_Q) (u) has no zero > wu,
then it follows that (—1)m(t+1)*3A§m(t+1)_3) (u) > 0 for all w > wu. (and so on). If
(—1)’"(”1)*2A§m(t+1)_2)(u) has a zero > wu. then we obtain that Agm(tﬂ)_?’) (u) has at most
one zero > u.. The lemma follows now by induction. [J

Lemma 4.3 Let Fy(x) be defined by

|1 for0<z <1,
Fo(x)—{ 0 forxz>1,

and recursively Fiy1 =T Fy, for k > 0. Then there exist ug > 0 satisfying

with

LLF,C+1 <“> > Lo <“> (foru < 1), (17)
1 k

U+ Uk+1

1 U 1 U
—L —_ —L — 1). 1
e Frt1 <Uk+1> = F <Uk> (foru>1) (18)

Note that Fy(z) equals Py(z) from Theorem 2.1.

Proof. First of all we note that the Laplace transform L, (u) is defined for all (real and com-
plex) u. For example, Lp, (u) = (1 —e™")/u. The functions L, (u) can be recursively calculated
with the help of (16).

Since Fi(x) =1 for 0 <z <1 and Fi(x) > 0 for z > 1 we surely have Fj(x) > Fy(x) for
x > 0 (and Fy(x) > Fy(z) for z > 1). Consequently we obtain by induction Fyyi(x) > Fi(x)
(and Fyy1(x) > Fi(z) for x > 1). This implies that Lp,, , (u) > Lpg (u) for u > 0. Since
L_p/(u) =1—uLp,(u) we also have L—F,QH(U) < L_p(u).

Note that L_pg/(u) ~ 1 as u — 0+, that L_p(u) — 0 as u — oo, and that L_p (u) is

1

strictly decreasing. Hence, there uniquely exists uz > 0 with L_ F;Q(l /u) = 5 and consequently

A

1
—Lp

1y 1
U k Uk _2'

We also have uj41 > uy since L—F,;H(U) < L_py(u) and L_pgy (u) is strictly decreasing.
Now fix some k& > 0 and set (for j > 0)

Fi(z) = Fj(zu) and Gj(z) = Fjp1(zups).
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Then Tﬁ’j = Fj—f—h Téj = éj-i—h and

(19)

N

Ly (1) =Lg, (1) =

For convenience, set Aj(z) = Fj(z) — G;(z) and Aj(u) = La;(u). By construction we have
Aj(x)=0for0 <z < 1/uk+1 and Aj(z) > 0 for 1/uk+1 <z < 1/uk Thus, there exists u; > 0
such that

(1) AOW) = [ Aj(@)ale ™ dz = (—1)* (L@ (u) — LY (u)) >0 (20)
0 Fy G
for u > u} and £=0,1,...,m(t + 1) — 1. We now show inductively that the differences

AO Y 7Oy 7O

Aj (u) = LFj (u) L@j ()
have exactly one (positive) zero for j = 0,1,...,kand £ =0,1,...,m(t+1)—1. This is obviously
true for j = 0 since Ag(z) has exactly one “zero”. (Note that ugy1 > wuy!) Now, assume that

the functions Ay) (u) (€ = 0,1,...,k) have exactly one positive zero uf, (for some j < k).
Since (—1)ZA§-€) (u) is positive for u > u; we know that (—1)£A§- )( ) <0 for 0 <u<uj,and
(—1)€A§.€)(u) > 0 for u > uj,. From (20) we also know that (—1 )EA() (u) > 0 for u > uj 4

and £ = 0,1,...,m(t + 1) — 1. Thus, we can apply Lemma 4.2 and obtain that Agll( ) (0=

0,1,...,m(t + 1) — 1) have at most one positive zero. Hence, it remains to show that there

(fo)

is some zero. If A] 11(u) has no zero (for some £g) then it follows that Ag?l(u) have no zero
for £ = 0,1,...,4. In particular it follows then by induction (with the help of the methods
of Lemma 4.1) that Ajq(u) > 0, Ajia(u) >0, ..., Ag(u) > 0 for all u > 0. This contradicts

Ak( 1) = 0 and consequently A§+)1( ) has exactly one positive zero for all ¢ = 0,1, ..., m(t+1)—1.

We also know now that u = 1 is the only zero of Ay(1) = 0. By combining this with (20)
we have Ag(u) < 0 for w < 1 and Ag(u) > 0 for u > 1. Of course, this is just a translation of

(17) and (18) since Lz, (u) = iLFk (J‘—k) and Lg (u) = ﬁLFkH (Ki) 0

Lemma 4.4 Let Fy(z) and uy be defined as in Lemma 4.3. Then the limit

1 U
Li(u) = klgrolo u—kLFk <Uk> (21)
exists for each real w and Li(u) satisfies the differential equation
m(t+1)—1 m— (m(t + 1) — 1)‘ 1 m
B = o e (el e
: 1
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where p1 is as defined in Lemma 3.2. We also have

Uk4-1

P = klggo Uk (23)
and
logu, = klogp1 +©(logk) (k— o0). (24)

Furthermore, Li(u) is the Laplace transform of a distribution function F(x) that satisfies the
fized point equation

F(x/p1) = E(F(V1)--- F(xVn)) (25)
that is, F'(x) equals (up to scaling) Fi(x) from Lemma 3.2, and we have

Fy(x) = F(z/uk) +o(1) (26)
uniformly for x > 0, as k — oo.

Proof. From (17) and (18) it directly follows that the limit L;(u) in (21) exists. Furthermore,
the function 1 — uL;(u) is the limit of the moment generating function of a certain sequence of
continuous random variables Y}, with distribution function 1— Fj(z ug). Consequently, 1 —uLq (u)
equals the moment generating function of a random variable Y that is the weak limit of the Y3’s.
Of course, the distribution function 1 — F'(x) of Y satisfies F'(x) = Fj(zug) + o(1) as k — oo for
all x that are continuity points of F'.

Since Lp(u) is a continuous function and the convergence to Lj(u) is monotone, it fol-
lows that the convergence (1/uy)Lp, (u/ur) — Li(u) is uniform in w over intervals of the form
[, u"] with 0 < « < u” < oo. Hence, by elementary means it follows that all derivatives
(l/u}f;’l)Lg (u/uy) converge uniformly to Lgt) (u) for u € [u/,u"], too.

Now we rewrite (16) to

1 L(m(t+1)—1) u _ (_1)m71 (m(t + 1) — 1)' 1 1 L(t) ii
u;”ﬁ“) Fiet1 U1 (thm R Fi \ Ky up

where K = up41/ur > 1. We can take the limit as & — oo on both sides and observe (due to
uniform convergence) that the limit
. I ON L
lim L —
k—oo /<;2+1 1 Kk

exists. It is now easy to conclude that kj is a convergent sequence. Namely, if x; had two different
limit points 71 # 72 then Lq(u) would satisfy (22) with p; = 71 and p; = 72. This would imply
TF(tH)Lgm(tH)_l)(ﬁu) = TQm(Hl)Lgm(tH)_l)(Tgu) or F(x/m) = F(x/m2) (for all continuity
points of F') which is impossible since F' is decreasing and not constant. Thus, ki = ug41/up — p




16

for some p > 1. The case p = 1 can be discharged because this case corresponds to Li(u) = 1/u
or F(x)=1.

Next, we use the interpretation of Theorem 2.2, that is, 1 — Fj(e®) can be interpreted as the
distribution function of the leftmost particle Ly of a corresponding discrete branching random
walk that satisfies Ly /k — log p1 almost surely (as k — oo). Thus, p has to be equal to p1, that
is, (23). Further, (24) follows from [20].

Finally, it also follows that F'(z) solves (25). Thus, F(z) equals (up to scaling) Fi(x) from
Theorem 3.3. Since F(z) is continuous, (26) holds uniform for all z > 0. O

In completely the same way we obtain the following properties.

Lemma 4.5 Let Go(z) be defined by

_J 0 for0<z<1,
GO(J:)_{l forx >1,

and recursively Gx11 = TGy for k > 0. Furthermore, let v, > 0 be given by

Then we have

1 U 1 U
7 ) < Lne (& 0<u<l, 27
Lo (55) < tta (L) Gero<u<i) (o)
1 U 1 U
—L — > —L — oru > 1. 28
L (G5) 2 tta (L) Gerus) (28)

We only observe that Gi(z) =0 for 0 < z < mF and that v, > muy. Observe also that Gi(x)
equals Q(x) from Theorem 2.1 and that L¢, (u) is only defined for (real) u > 0.

Lemma 4.6 Let Gi(x) and vy be defined as in Lemma 4.5. Then the limit

1 U
L = lim —L — 29
2(u) kLIEO Vk Gl <Uk) ( )

exists for each w > 0 and Lo(u) satisfies the differential equation

m—1(m(t+1) —1)!

LD () = (1) (i) )

where py is as defined in Lemma 3.2. We also have

. Vk+1
= lim 31
P2 kl Uk ) ( )
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and
logvg = klogps +O(logk) (k— o0). (32)

Furthermore, Lo(u) is the Laplace transform of a distribution function G(x) that satisfies the
fized point equation

G(z/p2) = E(G(zV1) - G(2Vim)) , (33)
that is, G(x) equals (up to scaling) Fa(x) from Lemma 3.2, and we have

Gr(z) = G(z/vr) + o(1) (34)
uniformly for x > 0, as k — oo.

With the help of Lemma 4.4 and Lemma 4.6 we have proved almost entirely the first part
of Theorems 2.1 and 2.2. In order to complete the proofs we have to show that ug and xy (resp.
v and yy) are related in a proper way and to provide proper tail estimates.

Lemma 4.7 Let xy,yr, ur,vr be as defined in Theorem 2.1 and Lemmas 4.3 and 4.5. Then
there exist positive constants Ch, Ca such that the following limiting relations hold:

. u . v,
lim —% = Ch7 and lim - Cs.
k—oo Tf k—o0 Yk

Proof. From (26) it follows that

1
lim F = —.
Jim F(zy/ur) = 3
Since F(x) is strictly decreasing and continuous it follows that the limit limg_. Z—: exists and
equals C; = F~1(1/2).

The limiting relation for vy /yy is proved in exactly the same way. [J

In order to complete the proofs of Theorems 2.1 and 2.2 it remains to show the right tail
estimates for Fj and Gy,.

Lemma 4.8 Let 1 < p1 < p2 be defined as in Lemma 3.2. Then, for every p that satisfies
1 < p < p1 orp> pa there uniquely exists F,(x), that is the solution of the equation

Fy(x/p) = E(Fp(zV1) - - Fy(xVim))

and the normalization Ly, (1) = 3.

Furthermore, for 1 < p < p1 we have F,(z) =1 — diz? + O(zP) as © — 0+ (for some
constant dy > 0) and there exists 1 > 0 and C1 > 0 such that

F,(z) < e 17" (35)
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for x > a1, where v = (logm)/(log(m/p)). Similarly, for p > pa we have F, = 1—doz® +O(22)
as x — oo (for some constant dg > 0) and there exists xo > 0 and Cy > 0 such that

Fy(z) < e Ca” (36)

for x > xo, where v' = (logm)/(log(p/m)).

Note that ps > m so that ' > 0.
Proof. First suppose that 1 < p < p; and let 3/, 3" denote the solutions of (11) that satisfy
0< @ < By <. Let F denote the set of non-negative, continuously decreasing functions F'(x),
x > 0, that satisfy
Fz)=1-2" +0@u") (z— 04). (37)

(Note that all functions F' € F satisfy 0 < F(z) < 1.) We observe that F endowed with the
metric

o(F,G) = sup |(F(2) — G(a)z~™|

is a complete metric space. Furthermore the mapping
S F(@) s (SF)(x) = E(F(paVi) - FpaViy))

is a contraction on F. First of all, if F'(x) is a non-negative, continuously decreasing function,
then (SF)(z) is a non-negative and continuously decreasing, too. Furthermore, if F'(x) satisfies
(37) we also have (as © — 0+)

(SF)(z) = 1-— mxﬁlpB/E(Vlﬂl) + O(z™)

(m(t+1))!
4+ +t+1)--- (B +mE+1)—1)
= 1-27+ O(xﬁl).

= l—xﬁlpﬂ/ —|—O(:cﬂ1)

Finally, suppose that F,G € F with §(F,G) = d. Then |F(x) — G(z)| < d2%" and we obtain

[(SF)(x) = (SG) ()| < mE([F(pxV1) — G(pzVh)])
< dmpﬁl gt E(Vlﬁl )
_ dpﬁll’gl (m(t+1))!

(t+D(BL+t+1)--- (B +m(t+1) 1)

and consequently

5((SF),(5G)) < (m(t + 1))lp5

S+ DBt (BAmE+1)—1) S5(F,G).
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Set
(m(t+1))!p?

E+DB+t+1)- (B+m(t+1) - 1)
By Lemma 3.2 the equation g(3) = 1 has only two solutions 3, 3" > 0 and we have g(3) — oo
as B — oo and if 8 — —t — 1. Since ' < B1 < (" we thus have g(31) < 1. Therefore, the
mapping S : F — F is a contraction.

Let F, € F denote the unique fixed point of S that is granted by Banach’s fixed point
theorem. Our final goal is to show that F}, satisfies (35). For this purpose set

9(B) =

Fy(z) = max{l — 2% 0} € F

and Fii1(z) = (SFy)(x) for k > 0. By Banach’s fixed point theorem this sequence of functions
converges to F, and we have d(Fy, F,) < C for all £ > 0 for some C' < oco. Consequently we
know that

Fe(z)<1-2% +CaP =1-27(1 - Cca™ ") (38)

for all £ > 0 and z > 0. In particular there exists z1 > 0 such that

1—a2 +02% <1 for0<z <.

Next set
logm
V=i
log(m/p)
and
log £
B p — plog'm
T <Eme1 m—¢
and choose C7 > 0 such that
1—2% +Ca% <e @ fornay <z <. (39)
We now show inductively that
Fi(z) < e 9% (for z > x). (40)

Obviously, (40) is satisfied for £ = 0. We assume that (40) is satisfied for some k£ > 0. By (38)
and (39) we also have Fj,(z) < e=*" for na; < x < 1. Our aim is to show that

Fk(Zl)Fk(ZQ) ce Fk(zm) < 6701‘7"7 (41)
for all z1,29,...,2,m > 0 with 21 + 29 + -+ + 2z, = pzx. It is clear that (41) directly implies

Fipa(e) = E(Fi(paV1)--- Fr(pzVin))
E (6—01937) — e—Clz'Y

IN
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for x > x1 as proposed.
If z; > nxy for all i = 1,...,m then we directly get

Fp(21)Fi(22) -+ Fio(zm) < e Crlsi+zttam)
< e~ Cim((z1tzatetzm)/m)?

— e Cil(zrtz2t42m)/p)”

e~ G127

Next suppose that z; > nxy for 1 <i </l and z; <nzy for £+1 < i <mforsomel <{<m-—1.
By symmetry this is no loss of generality. Furthermore, since mnz; < px (for x > z1) it cannot
be the case that z; < nz; for all <. Here we have

Fi(21)Fi(22) -+ - Fi(zm) < Fi(21)F(22) - - Fi(z0)
< e—cl(z17+z;+~--+zg)
; 67C1£((z1+22+---+2g)/2)7
_ =G/ @z tzm) )
< e Cm/0 G (m e /o)

Since )

— log ¢ 1=~
nm g S 1 _plogg'm_l — 1_ <£>
P m

and x1 < x it follows that

or

(1) (rm-0) 2

Fk(zl)Fk(Zg) s Fk(zm) S 6_01%‘“{

even in this remaining case. This completes the proof of (41). Note finally, that we can scale

F,(x) properly so as to have Lp, (1) = 3.

If p > po the proof is completely the same. [

which implies that

Lemma 4.9 Let Fi(z) and Gi(z) be defined as in Lemma 4.3 resp. Lemma 4.5, let F(x) and
G(x) be given by Lemma 4.4 resp. Lemma 4.6, p1, p2 be defined as in Lemma 3.2, and F,(z) be
given by Lemma 4.8.

If 1 < p < p1 then

L (“) < Lp(u) < Lp(u) (foru<l,)

. (“> > Lp(w) > Lp,(u) (foru>1)
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If p > po then
iLGk <u> > Lg(u) < Lg,(u) (for0<u<1,)
—Lg, <“> < Lg(u) > Lp,(u) (foru>1.)

Proof. First suppose that 1 < p < p;. We set

Then Go(z) — Fy(v) has exactly one “zero” which implies that all derivatives of the Laplace

transform have the same property. Furthermore, L (1) = Lg, (1). We are, thus, in the same
situation as in the proof of Lemma 4.3. Consequently we obtain

1
—Lp, (u) < Lg,(u) (foru <1 and)

Uk 23
1 U

This is true for all k. Hence we also get Lp(u) < Lg,(u) for v < 1 and Lp(u) > Lp,(u) for
u > 1.
The case p > p2 can be treated in completely the same way. [J

Lemma 4.10 Let Fi(x) and Gi(z) be as above. Then there exist constants C1,Cy > 0, v1,7v2 >
1, and By, B2 > 0 with

Fr(z) = O <e Grlw/u)” ) (for x> uy),
1—Fi(z) = O < z/ug,)? ) (for = < ug),

Gp(z) = O (6 (/o) WZ) (for x < ),
1=Gr(a) = O((@/ve)™)  (foro=wu)

Proof. By 1 — F,(z) ~ 2 and (35) it follows that
Li-r,(u) = O(u™"")  (u— c0)

and )
LFp(u) -0 (6—02(—11,)7/(77 )) (u - —OO)
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Now assume that 0 < z < ' and set u = 3'/x (for which we have v > 1). With the help of
Lemma 4.9 we, thus, obtain

1 u

7L17Fk <>

Uk Uk

= /000(1 — Fy(tug))e ™ dt

> (l—Fk(xuk))/ et dt

Llpr (’LL)

v

e

= (1 - Fr(zug))

and consequently
1 — Fp(zug) = O(e“®u=) = O(z%).

Similarly we obtain for u = —cz7~! < 0 (with a properly chosen constant ¢ > 0)
1 U
Ly (u) > —L —
nw = a2

= / Fk(tuk)eftu dt
0

Fk(:cuk)/ e M dt
0

—uxr

v

e

v

and finally
Fk(a: uk) =0 (UeuerCle) -0 (e,Cwa/(w—l)) ‘
The bounds for Gj(x) follow along similar lines. (J

By combining the preceding results we have completed the proofs Theorem 2.1 and Theo-
rem 2.2.

4.2 Height and Saturation Level of m-Ary Search Trees

The proof of Theorem 2.3 is very similar to that of Theorem 2.1 and Theorem 2.2. A major tool
is again an intersection property stated in Lemma 4.12.

Lemma 4.11 Let Hr(Lm’t) denote the height and F,(lm’t) the saturation level of fringe balanced

m-ary search trees. Then the generating functions

yi(z) = S Pr{H™ <k} -2 and gy(z)=> Pr{H," >k} 2"

n>0 n>0
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satisfy the recurrence relation

t+1)— m - 1)! : m
T e Ll (U (12)
e = D= (0@)" (43)
with initial conditions
yo(@) =1, yk(0) =y (0) = - =" V(0) =1
and
To(@) = T w(0) = 5 (0) = = y{" P (0) = 0.

Proof. The recurrence (42) is just a restatement of (4). O

Lemma 4.12 Let yo(x),y1(x), 20(x), 21(x) be non-negative functions for x > 0 such that the

difference yét) (x) — zét) () has exactly one positive zero, that

(m(t+1)—1) o mt+) =Dy, ™
v @ = e @W@)" (44)
m _ t+1)—1)! m
Ay~ EEDZIE ()™, (45)
(1)
@)y 0 - B - Gy L0
and that y;"’ (0) — 27" (0) > 0 for j =0,1,...,m(t+1)—1. Then, the differences y,"’ (z) — 2"’ (z),
j=0,1,....m(t+1) — 1, have at most one positive zero.

Proof. The proof is completely similar to the proof Lemma 4.2 (see also [13]). O

Lemma 4.13 Let ¢ and d;, be defined by the relations

1 1 1 1 J 1_ 1 1 1
— —— | =<z an - - | = =.
Ckyk Cl 2 dkyk dk 2

U 1 U
w(1i-2) < o (1-2) vousn
Ck Ck+1 Ck+1

1
Yk <1—u> > Yk+1 (1— “ > (for u>1).
Ck Cl+1 Ck+1

and similar estimates follow for g, (x).

Then we have that

8- 2|

Proof. The proof is almost the same as that of Lemma 4.3. [J
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Lemma 4.14 Let ¢ be as defined in Lemma 4.13. Then the limit

Li(u) = lim —y, (1 - “)

k—oo Cf Ck

exists for each real uw > 0 and Li(u) satisfies the differential equation

() ot (mE+1) =D 1 "
im0y = (—1) il ((t!),)n ) <p§+1L§)(u/p1>> :

where c
. k+1
pr = lim =
k—oo Ck

that exists, too. Hence, L1(u) is the same function as in Lemma 4.3 and is the Laplace transform
of a function F(x), for which 1 — F(x) is a distribution function.
We also have
Pr{H" <k} = F(n/c;) + o(1) (46)

uniformly for k >0, as n — oo.
Furthermore, there exist constants Cy > 0, v1 > 1, and B1 > 0 such that

Pr{H® <k} = O (e*CIWCk)”l) (for n > c), (47)
Pr{HY >k} = O ((n/ck)ﬂl) (for n < cg). (48)

Proof. By Lemma 4.13 it is clear that the limit L;(u) exists and the convergence is also
uniform on any interval of the form [u’,u”] C (0, c0).

We set Fi(z) = Pr{Hg(gt) < k} if > 0 is an integer and by linear interpolation for non-
integral # > 0. Then 1 — Fj(z) is a distribution function and we have (for every fixed v > 0 and
as k — 00)

1 1
— Yk <1 - u) = ZPr{H,(f) <k} —u/ep)" —
Ck
n>0
o
= / Fi(yer)e ™ dy + o(1).
0

Hence, we can argue as in the proof of Lemma 4.4 and it follows that there exists F'(x) (that

has Laplace transform L;(u)) with Fj(xcy) = F(x) + o(1) for all continuity points of F.
Next, (42) can be rewritten to

1 (m(ts1)— o mt+) =11 1 1 "
U - ) = (e DD (chmy,?)(l—u/(kak>>>

Ck1 ko Tk
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which leads to

LD _ (et (D = <1Lgt>(u/,%>> ,

(tl)m k—o0 /<;2+1

where ki = cg11/¢k, and as in the proof of Lemma 4.4, it follows that the limit p/ = limg_, o kg =
limy o0 Cy1/cl exists.

Since we know that H,sm’t)/ logn — 1/(log p1) (almost surely as n — o0), p’ has to be equal
to p1. Hence, Li(u) and F(z) are (up to scaling) the same functions as those in Lemma 4.3.

Next, the tail estimates (47) and (48) follow in the same way in in the proofs of Lemma 4.10
(see also [13]). The only difference is that the Laplace integral has to be replaced by the power
series yg(z).

Putting all these things together we have shown that there exists a sequence € — 0 with

Pr{H™") <k} — F(n/ct)| < ex

uniformly for all n > 0. Indeed, this is not exactly what we want to show. However, by combining

this estimate with the tail estimates for Pr{Hr(Lt) < k} and F(x) it is easy to see that (46) follows,
too. [J

The corresponding property for the saturation level Ff{”’t) follows in analogous manner to

that of Hr(lm’t). Theorem 2.3 is now an immediate consequence of Lemma 4.14.

5 The Intersection Property

In this final section we consider discrete branching random walks Zj, defined by the point process

N
Z = Z(SX]'7
j=1

where we assume that EN > 1 and Pr{N < oo} = 1.
It is well known that if Gj(x) = Pr{Ry < z} is the distribution function of the rightmost
particle at level k then Giy1(x) is given by

N
Gip1(z) =E [ ] Gr(z — X;)
j=1
This motivates us to define the transform 7°:
N
(TG)(z) =B | [[ Gz - X;)
j=1

In what follows we assume that T satisfies the intersection property:
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Suppose that F(x) and G(x) are continuous distribution functions such that the dif-
ference F(x) — G(z) has exactly one zero. Then the difference (T'F)(x) — (T'G)(x)
has at most one zero.

It is worth mentioning that there are several examples where the intersection property applies.
For example, if N > 2 is constant and if the X;, 1 < j < N are iid with log-concave density then
the intersection property holds, compare with Bachmann [2]. Note further that F'(z) < G(x)
implies (T'F)(z) < (T'G)(z) (resp. no zero implies no zero) and that T' is sign preserving in the
sense that if F(z) — G(x) and (T'F)(z) — (T'G)(x) have exactly one zero then F(z) — G(x) > 0
as x — oo if and only if (TF)(z) — (TG)(z) > 0 as z — oc.

We will also make the following general assumption on Z. We assume that

N
mpB) =B e
j=1

exists in a neighborhood of 5 = 0 and that the equation

logm(g) _ m'(6)
FR ()

has in this neighborhood exactly two solutions (3; and (32 which are the same as in Lemma 3.2
in the particular case of the fragmentation problem. Without loss of generality we can assume
that the velocities ¢; = —(logm(51))/F1 and ¢z = —(logm(F2))/ B2 satisfy 0 < ¢1 < ca.

The following theorem provides convergence to a travelling wave w(x). It has to be compared
with Theorem 2.2, where the intersection property is not put ahead.

Theorem 5.1 Let Z;, be a branching random walk as described above, in particular the inter-
section property holds. Let Ly resp. Ry the position of the leftmost resp. the rightmost particle
at level k. Then there exist functions wi(z) and wa(x) such that

Pr{L; >z} = wi(x —mi(k)) +o(1) and Pr{R; <z} =wa(xr —ma(k))+ o(1),

where my(k) and ma(k) are defined by Pr{Ly < mi(k)} = Pr{Ry < ma(k)} = 1/2. They are
asymptotically given by

mi(k) = kep +o(k) and mo(k) = kea + o(k).
Moreover, the limits ¢1 = limg_oo(mi(k + 1) — mi(k)) and co = limg_oc(ma(k + 1) — ma(k))

exist and w1 (x),wa(x) are (up to shifts) the unique solutions of the equations

N N
wy(z) = E le(fn+61—X]~) and ws(z) =E ng(fn+02—X]~)
j=1 j=1
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Furthermore suppose that Z satisfies the property that there exist constants m > 0 and v > 0

such that a.s.
N

N<m oand Y e >1 (0<y<7)
j=1

Then there exist C' > 0 and n > 0 with
Pr{|Ly — mi(k)| >z} < Ce™ ™ and Pr{|Ry— ma(k)| >z} < Ce .
In particular we have, as k — oo, that
Var L; = O(1) and Var Ry = O(1).

The branching random walk framework allows to get a martingale representation for w(x). It is
detailed in the following theorem.

Theorem 5.2 Let wy and wy be as given in Theorem 5.1. Then for every real x

M, (z) = H wi(z + nep — Xy,)

|ul=n

is a multiplicative martingale with expectation wq(x), it converges a.s. and in L' to a nondegen-
erate limit which can be written as

M(z) = exp(~Z(x))
Moreover,
wi(z) = E(exp{—e"*Z(0)})

which allows to represent any solution ® of equation (8) as a Laplace transform of a limit of

martingales, namely
d(y) = Ble V7). (49)

Theorem 5.2 relies on arguments contained in [15]. As noticed in [15], the two representations:
in (15) the Laplace transform of W’(3;) (an additive martingale limit) and in (49) the Laplace
transform of Z(0) (a multiplicative martingale limit) coincide thanks to the tail distribution of
¢ given in (9).

For the sake of shortness we do not give a proof of Theorem 5.2 but we indicate the main
steps of the proof of Theorem 5.1. It is split into several lemmas.

Lemma 5.3 Suppose that the intersection property holds. Let Fy(x) be defined by

|1 forx<O,
Fo(x)—{ 0 forx>0,
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and recursively by Fyy1 = TFy, for k > 0. Furthermore, let mi(k) > 0 be defined by

Fi(ma(k)) = %

Then we have that

Frig(x+mi(k+1)) < Fr(x+my(k)) (forx <0,) (50)
Fpiq(z+mi(k+1)) > Fr(x+mi(k)) (for x > 0.) (51)
Consequently, the limit
wi(z) = lim Fy(z +mi(k)) (52)
exists and is uniform for all x. Furthermore
= klim (mi(k+1) —my(k)) (53)
and w1 (x) satisfies the functional equation
N
wi(z) =E le(aﬁ+cl—Xj) : (54)
j=1

Proof. First of all, by the existence of m(/3) in a neighbourhood of 3 = 0 there are proper tail
estimates and it easily follows that lim, o F(z) = 0 and lim,—,_ o Fi(x) = 1 (for all £ > 1).
Furthermore, Fj(z) is continuous and strictly decreasing. Hence, m1 (k) is uniquely defined.

Now fix some k > 1 and define F;(x) = Fj(z+my(k)) and Gj(z) = Fj41(z+mq(k+1)) (for
j=0,1,...,k). By definition we have F}(0) = G4(0) = 1/2. Furthermore, Go(x) — Fy(z) has at
most one “zero”. Hence, by the intersection property it follows that all differences G () — Fj(x),
j=0,1,...,k, have exactly one zero and Gj () — Fj(:n) > 0 as x — oo. In particular we obtain
(50) and (51).

Consequently, the limit (52) exists uniformly for all x and we also obtain

kli)ngo wi(x 4+ my(k+1) —mi(k)) = (Twr)(x)

for all x. Hence, the limit (53) exists and has to be equal to ¢; (due to general properties of
branching random walks, compare with Biggins [4]). Finally, we also obtain (54). OJ

Note that Fi(z) = Pr{L; > x} and that there is a completely analogous lemma for
Gr(r) = Pr{R; < z} that we do not state explicitly.

Lemma 5.4 Let 0 < ¢; = —(logm(51))/61 < c2 = —(logm(B2))/B2 be the velocities from
above. Then for c with 0 < ¢ < ¢y resp. for ¢ > co the equation

Be = —logm(B)
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has exactly two solutions 3, " that satisfy 3 < 31 < 3" resp. 3 < Bo < B". If c; < ¢ < ¢z
there are no solutions, and if ¢ = ¢1 (resp. ¢ = c2) then there is exactly one solution [ = (3

(resp. B = [2).

Proof. The proof is of the same style as that of Lemma 3.2. O

Lemma 5.5 For every c that satisfies 0 < ¢ < ¢1 or ¢ > ¢y there uniquely exists we.(x), that is
the solution of the equation

N
we(z) =E H we(® + ¢ — Xj) (55)
j=1

and satisfies the normalization w.(0) = 3.

Furthermore suppose that Z satisfies the property that there exist m > 0 and 7' > 0 such
that a.s.

N
N<mn and 26_7X121 (0 <~y <H).
j=1

Then for 0 < ¢ < ¢; we have we(x) =1 — die?'® + O(e%%) as x — —oo and there exist x1 and
C1 >0, m > 0 such that
we(r) < exp (—Cre™”) (56)

for & > 1. Similarly, for ¢ > ¢3 we have we(z) = 1 —dye®* + O(e%*) as & — oo and there exist
xo and Cy > 0, o > 0 such that

we(z) < exp (—Cae™ ™) (57)
for x < xs.

Proof. The proof is very close to that of Lemma 4.8; and we only consider the case 0 < ¢ < ¢;.

We consider the set F of functions w(x) that are continuous and strictly decreasing and
satisfy w(z) = 1 —e* + 0(e?1?) as © — —o0 and lim, o w(x) = 0. The existence of w, follows
from the Banach’s fixed point theorem.

The proof of (56) is more involved. Without loss of generality we can assume that v < 3.
Then we have m(y) > e~ which ensures that a.s. there exists j with X; < ¢+ logn/v. Next
we fix n >~ and D > log7/~ such that

ene Ji=n/ (1 - J)e*%cw))"/ ">

for J =1,2,...,m (which is surely possible by continuity).
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The main step of the proof is to observe that an estimate of the form w(x) < exp (—Ce"™)
for x > x1 — D implies that

N
w(z) =E | [Jwz+c—X;) | <exp(-Ce™) (58)
Jj=1

for x > x1, compare with the proof of Lemma 4.8.
By assumption we have a.s. 1 < J = |S| <7, where

S={j>1:X,<c+D}.

Consequently
Ze_“’Xf >1—(m—J)e VetD),
JjeES
If x > 27 and X; <c+ D then x 4+ ¢ — X; > x1 — D. Hence, we get a.s.

N
H w(x+c—X;) < H exp (—Ce”(m+c)6—?7Xj)
j=1 j€S

= exp ,Cen(rJrC)Z(e—vXj)n/v

jes
n/vy
< exp | —Cen@re) jlon/ Z e~ 1X;
jes
< exp (—Ce"(”C)Jl_"” (1 —(m—- J)e—v(c+D))"/”)
< exp(—Ce™)

and thus w(x) < exp (—Ce™) for z > x;. O

Lemma 5.6 Suppose that the intersection property holds. Let Fy(x) be defined as in Lemma 5.3
and w,. be given as in Lemma 5.5. If 0 < ¢ < ¢1 then

Fp(x+mi(k)) > wi(z) > we(z) (forz<0,)

Fr(x +mi(k)) < wi(z) <we(z) (forxz>0.)

Proof. The proof is almost the same as that of Lemma 4.9. [J

By combining Lemma 5.3-5.6 (with analogue results for ws(x)) one immediately derives
Theorem 5.1.
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