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Abstract For some > 1/2, a Ag-metric graph G = (V, E, w) is a complete edge-weighted graph such
that w(v,v) = 0, w(u,v) = w(v,u), and w(u,v) < B - (w(u,z) + w(z,v)) for all vertices u,v,xz € V. A
graph H = (V' E’) is called a spanning subgraph of G = (V, E) if V/ =V and E’ C E. Given a positive
integer p, let H be a spanning subgraph of G satisfying the three conditions: (i) there exists a vertex
subset C' C V such that C forms a clique of size p in H; (ii) the set V'\ C forms an independent set in H;
and (iii) each vertex v € V'\ C' is adjacent to exactly one vertex in C. The vertices in C are called hubs
and the vertices in V'\ C are called non-hubs. The Ag-p-HuB CENTER PROBLEM (Ag-pHCP) is to find
a spanning subgraph H of G satisfying all the three conditions such that the diameter of H is minimized.
In this paper, we study Ag-pHCP for all § > % We show that for any € > 0, to approximate Ag-pHCP to
a ratio g(f8) — e is NP-hard and we give r(8)-approximation algorithms for the same problem where g(3)

and r(B) are functions of 8. For 3_2—‘/5 < B < %, we give an approximation algorithm that reaches
the lower bound of approximation ratio g(8) where g(8) = 33[2;35; if %ﬁ < B < %andg(B)=p+p>
if 2 < g <58 For BY5 < 5 <1, we show that g(8) = 2E30=1 and r(8) = min{§ + 52, L3041}

581 5A+1
Additionally, for 8 > 1, we show that g(8) = S - ggj and r(B) = min{&fﬁﬂﬁ}. For 8 > 2, the
approximation ratio (i.e., upper bound r(8) = 24 is linear in §. For % < B < %, we give an

approximation algorithm that reaches the lower bound of approximation ratio g(8) where g(8) = %’?1— _25)2

if 33 < < 2 and g(8) = B+ 2 if 2 < B < 35 For < 353 we show that ¢(8) = (8) = 1, i.e.,
Ap-pHCP is polynomial-time solvable.

Keywords hub allocation - stability of approximation - S-triangle inequality - metric graphs
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Fig. 1: An example of Ag-pHCP with p =4

1 Introduction

The hub location problems have various applications in transportation and telecommunication systems.
Variants of hub location problems have been defined and well-studied in the literature (see the two survey
papers [1,15]). Suppose that we have a set of demand nodes that want to communicate with each other
through some hubs in a network. A single allocation hub location problem requests that each demand
node can only be served by exactly one hub. Conversely, if a demand node can be served by several hubs,
then this kind of hub location problem is called multi-allocation. Classical hub location problems ask
to minimize the total cost of all origin-destination pairs (see e.g., [31]). However, minimizing the total
routing cost would lead to the result that the poorest service quality might be extremely bad. In this
paper, we consider a single allocation hub location problem with min-max criterion, called Ag-p-HUB
CENTER PROBLEM which is different from the classic hub location problems. The min-max criterion is
able to avoid the drawback of minimizing the total cost.

A complete edge-weighted graph G = (V, E, w) is called Ag-metric, for some § > 1/2, if the distance
function w(,-) satisfies w(v,v) = 0, w(u,v) = w(v,u), and the S-triangle inequality, i.e., w(u,v) <
B+ (w(u,z)+w(x,v)) for all vertices u, v,z € V. (If 8 > 1 then we speak about relazed triangle inequality,
and if § < 1 we speak about sharpened triangle inequality.)

Lemma 1 ([8]) Let G = (V,E) be a Ag-metric graph for 3 < 8 < 1. For any two edges (u,x), (v, x)
with a common endvertex x in G, w(u,z) < % cw(v, x).

Definition 1 Let G = (V, E, w) be a Ag-metric graph. A graph H is called a p-center spanning subgraph
of G if there exists a set C'y such that the following conditions are satisfied.

1. Vertices (hubs) in Cy C V form a clique of size p in H.
2. Vertices (non-hubs) in V' \ Cy form an independent set in H.
3. Each non-hub v € V'\ Cp is adjacent to exactly one hub f(v) € Cy.

Let u,v be two vertices in a p-center spanning subgraph H of G. We use dg(u,v) = w(u, f(u)) +
w(f(u), f(v)) +w(f(v),v) to denote the distance between u,v in H where w(v, f(v)) = 0 if v is a hub
in H. Define D(H) = maxy yev di(u,v). The notation Cy is the set of hubs in the p-center spanning
subgraph H. Notice that |Cx| = p. We give the definition of the Ag-p-HuB CENTER PROBLEM as
follows. An example is given in Fig. 1.

Ag-p-HUB CENTER PROBLEM (Ag-pHCP)

Input: A Ag-metric graph G = (V, E,w) and a positive integer p.

Output: A p-center spanning subgraph H* of G such that D(H*) is minimized among all p-center
spanning subgraphs of G.

The Ag-pHCP problem is a general version of the original p-HuB CENTER PROBLEM (pHCP) since
the original problem assumes the input graph to be a metric graph, i.e., 5 = 1. We use pHCP to denote
the Ag-pHCP for g = 1.

The pHCP is NP-hard in metric graphs [24]. Several approaches for pHCP with linear and quadratic
integer programming were proposed in the literature [14,20,24,27]. Many research efforts for solving
pHCP are focused on the development of heuristic algorithms, e.g., [13,29,30,33-35]. Chen et al. [16]
proved that for any € > 0, it is NP-hard to approximate pHCP to within a ratio 4/3 — e. In the same
paper, a %-approximation algorithm was given for pHCP.
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Table 1: The lower and upper bounds on the approximation of SpHCP in Ag-metric graphs [17].

B lower bound ¢’(8) upper bound r’(3)
[1 3—\/§] 1 1
27 2
(37\/5 2] 1425282 1425282
2 3 4(1-8) 4(1-5)
2 56+1 1423282
[570.7737...] T W
56+1 442
[0.7737...,1] 5841 1+ 22
2_
[1,2] B+3 B+ 22
2, 00) B+ 28 +1

The STAR p-HUB CENTER PROBLEM (SpHCP) introduced in [32] is closely related to pHCP and well-
studied in [17,18,26]. The difference between the two problems is that in SpHCP, the hubs are connected
to a center rather than fully connected. Chen et al. [17] showed that for any € > 0, to approximate SpHCP
in Ag-metric graphs to a ratio ¢’(8) — € is NP-hard and gave a series of /() approximation algorithms
to solve the same problem for some functions ¢’ and r’. The values of the functions g’ and 7’ are listed in
Table 1. Moreover, in [17], a subclass of metric graphs is identified such that SpHCP is polynomial-time
solvable, and some r/(f)-approximation algorithms given in [17] meet the approximation lower bounds.

If p =1, Ag-pHCP is NP-hard and even NP-hard to have a (% — ¢)-approximation algorithm for
any € > 0 [16]. In this paper, we investigate the complexity of Ag-pHCP parameterized by the S-
triangle inequality. The motivation of this research for g < 1 is to investigate whether there exists a large
subclass of input instances of Ag-pHCP that can be solved in polynomial time or admits polynomial-time
approximation algorithms with a reasonable approximation ratio. For § > 1, it is an interesting issue to
see whether there exists a polynomial-time approximation algorithm with an approximation ratio linear
in .

Our study uses the well-known concept of stability of approzimation for hard optimization problems [9,
11,22,23,25]. The idea of this concept is similar to that of the stability of numerical algorithms. But
instead of observing the size of the change in the output value according to a small change of the input
value, one is interested in the size of the change of the approximation ratio according to a small change
in the specification (some parameters, characteristics) of the set of problem instances considered. If the
change of the approximation ratio is small for every small change in the set of problem instances, then
the algorithm is called stable. The concept of stability of approximation has been successfully applied
to several fundamental hard optimization problems. E.g. in [2-4,8-10,12,28] it was shown that one
can partition the set of all input instances of the Traveling Salesman Problem into infinitely many
subclasses according to the degree of violation of the triangle inequality, and for each subclass one can
guarantee upper and lower bounds on the approximation ratio. Similar studies demonstrated that the
[B-triangle inequality can serve as a measure of hardness of the input instances for other problems as well,
in particular for the problem of constructing 2-connected spanning subgraphs of a given complete edge-
weighted graph [5], and for the problem of finding, for a given positive integer k > 2 and an edge-weighted
graph G, a minimum k-edge- or k-vertex-connected spanning subgraph [6,7].

In Table 2, we list the main results of this paper. The curves of the functions listed in Table 2 are
depicted in. Fig. 2 and 3. The rest of this paper is organized as follows. In Section 2, for 8 > 3*2‘/5, we
show that for any € > 0, it is NP-hard to approximate Ag-pHCP to a ratio g() — €. In Section 3, we give

r(B)-approximation algorithms for the same problem where r(3) are functions of 3. If 8 < 3_2‘/5, we show

that g(8) = r(B8) = 1, i.e., Ag-pHCP is polynomial-time solvable. For %g < p< 51‘)/5, we give azl
approximation algorithm that reaches the lower bound of approximation ratio g(/3) where g(8) = 33? T fg)
if%g <B<3andg(B) =B+ if%gﬁg%E.For#gﬁgl,weshowthatg(ﬁ):%

and r(8) = min{3 + 32, %} For s >1,9(8)=p4" % and r(8) = min{@ﬂﬂ}. For 3 > 2,

the approximation ratio (i.e., upper bound r(3) = 24 is linear in j3).
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Table 2: The main results where for any € > 0, Ag-pHCP cannot be approximated within g(3) — € and
has an r(8)-approximation algorithm.

B lower bound g(3) upper bound ()
[1,3=¥3) 1 1
20 2
3-—v3 2 38232 38—282
(=~ 3] 3(1-F) 3(1-5)
(2, 255 B+ 52 B+ 2

5+v5 3+/29 4824381 2
[+1(\)[v +1\0ﬁ] 58—1 B+8
3429 4824381 462 456+1
[ 10 } 58—1 58+1
48-1 B2+48
[1,2] B 36—1 3
48-1
[2,00) 8351 28
1.7
= upper bound r(B) /_/

164 =™ lower bound g(B) -t

1.54

1.4 1

1.3 4

1.2 4

1.1 A1

1.0 1

0t5 016 Ot7 0r8 019 ltO
B

Fig. 2: The curves depict the functions in Table 2 for g < 1.

We close this section with some notation and definitions. We use C'y to denote the set of hub vertices
in solution H. Let H* be an optimal solution of Ag-pHCP in a given S-metric graph G = (V, E, w). For
a non-hub z in H*, we use f*(x) to denote the hub adjacent to z in H*. We use H to denote the best
solution among all solutions in H where H is the collection of all solutions satisfying that all non-hubs
are adjacent to the same hub for Ag-pHCP in a given S-metric graph G = (V, E, w).

2 Inapproximability results
In this section, we show that for g > 3*2‘/5, it is NP-hard to approximate Ag-pHCP to within a factor
of g(B) — € where g(p) is listed in Table 2 and the curves of g(8) are depicted in Fig. 2 and 3.

We start with the results for the smaller range of 3.

Lemma 2 Let % <p< % For any € > 0, it is NP-hard to approximate Ag-pHCP to a factor of

38—282
30/

Proof We will prove that, if Ag-pHCP can be approximated to within a factor ?;51_—25)2 — € in polynomial
time, for some € > 0, then SET COVER can be solved in polynomial time. This will complete the proof,

since SET COVER is well-known to be NP-hard [21].
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61 —- upper bound r(B)
= |ower bound g(B) ‘/'

1.00 1.25 1.50 1.75 2.00 225 250 275 3.00

B
Fig. 3: The curves depict the functions in Table 2 for g > 1.

H

— Y
Cu S G 1 Si o

Fig. 4: A feasible solution of Ag-pHCP obtained from an optimal solution of SET COVER where the
rectangle part denotes the collection of pairwise adjacent hubs.

Let (S, U) be an instance of SET COVER where U is the universal set, |[U| = n,and S = {S1,S2,...,Sm}
is a collection of subsets of U, |S| = m. The goal is to decide whether S has a subset S’ of size k such
that (Jg, cs: Si = U. In the following, we construct a S-metric graph G = (VUSU{y}, &, w) according to
(8,U). For each element v € U, construct a vertex v € V, i.e., |V| = |U|. For each set S; € S, construct
a vertex s; € S, |S| = |S|. We add a vertex y in G. The edge cost of G is defined in Table 3.

Table 3: The costs of edges (a,b) in G

w(a,b) be S beV b=y
lifbca 8

a€s 1 23 otherwise 1-8

lifaeb B

a€V 2 otherwise 25 1-p

Clearly, G can be constructed in polynomial time. It is easy to verify that G is a S-metric graph. Let
G be the input of Ag-pHCP constructed according to (S,U) where p = k + 1.

Let 8’ C S be a set cover of (S,U) of size k > 1. We then construct a solution H of Ag-pHCP
according to &’ as follows. For each set S; € &', collect its corresponding vertex s; € S’ in G. Let
Cy = S U {y} be the set of hubs in H where |S’| = |S’| and connect all vertices in S\ S’ to exactly
one hub s; € . For each v € V, connect v to exactly one vertex s; € S’ satisfying v € S; where S, is
the corresponding set of the vertex s; (see Fig. 4). Since each v € V' is connected to a vertex s; € S’
satisfying that v € S;, we see that w(v, s;) = 1. Hence D(H) = 3. Let H* denote an optimal solution of
Ap-pHCP in G. We have D(H*) < 3.

Assume that there exists a polynomial time algorithm that finds a solution H of Ag-pHCP in G with

D(H) < % W.lo.g., assume that Cy = S"UV'UY’ where S’ C S, V! C V, and Y’ C {y}. For
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any non-hub v in H, use f(v) to denote the hub in H adjacent to v. Recall that f(v) = v if v is a hub in
H. For u,v in H, let dg(u,v) = w(u, f(uw)) +w(f(u), f(v)) + w(v, f(v)) be the distance between u and
vin H.

Claim 1 The vertex y must be a hub.

Proof Suppose that y is not a hub in H. There are two cases.

— If f(y) € S, then all vertices v € V must be adjacent to f(y) and satisfy w(v, f(y)) = 1; otherwise

there exists an x € V with
di(z,y) = du(z, f(y)) + w(f(y), y)
> 26+ 1535 (since 28 > 1)

_ 38-—2p8°
=527

This contradicts the assumption that D(H) < % Since all vertices v € V must be adjacent to
f(y) and satisty w(v, f(y)) = 1, we see that the set in S with respect to the vertex f(y) € S’ forms
a set cover of (S,U). This contradicts the assumption that the optimal solution of SET COVER is of
size k > 1.

— If f(y) € V’, then there exists an € V \ Cp, otherwise p = k + 1 > n which leads to a trivial

instance. We see that
dr(2,y) = du(z, f(y)) + w(f(y), y)

> 26+ 5 (since 8 < 1)
> 3825
a contradiction to the assumption that D(H) < 35112[35 -
Thus, y must be a hub, i.e., Y’ = {y}. |

Claim 2 The hub y is not adjacent to any non-hub in H.

Proof Suppose that the hub y is adjacent to a non-hub z € (SU V) \ Cp, then there exists an € Cy

with )
368 —2
dn(e.) = wlayy) + wly.2) = 7o + o =
a contradiction to the assumption that D(H) < %
Thus, ¥y is not adjacent to any non-hub in H. |

Claim 3 No v € V\ V' is adjacent to any u € V'.

Proof Suppose that there exists a v € V' \ V' that is adjacent to u € V' in H. We see that

38 — 232
dn(v,9) = w(v,0) + wlug) =26+ 7o = 0
a contradiction to the assumption that D(H) < % Thus, no v € V' \ V' is adjacent to any v € V',

According to Claims 1, 2, and 3, in H all vertices V' \ V’ must be adjacent to vertices in S’. If there
exists a v € V'\ V’ satisfying that w(v, f(v)) = 283, then

o2
din(v.9) = wlo. £(0) + w(f(0).9) =26 + 25 = H=

a contradiction to the assumption that D(H) < % Thus, each v € V' \ V' satisfies w(v, f(v)) = 1.
We see that the corresponding collection of sets representing vertices in S’, call &', forms a set cover of

V\ V. For each u € V', pick a set S; € S satisfying u € S;, call the collection of sets S”. It is easy to see
that |S”| < |V’|. Recall that |Cy| = p =k+1 and Cyg = S’UV'U{y}. We obtain that S’US” forms a set

cover of U of size at most k. This shows that if Ag-pHCP has a solution H with D(H) < % that can
be found in polynomial time, then SET COVER can be solved in polynomial time. However, SET COVER

is a well-known NP-hard problem [21]. By the fact that SET COVER is NP-hard and D(H*) < 3, this
implies that for any € > 0, to approximate Ag-pHCP to a factor % — € is NP-hard. This completes

the proof. O
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H

oS

Fig. 5: A feasible solution H obtained from an optimal solution of SET COVER

Cy

5?)/5. For any € > 0, it is NP-hard to approximate Ag-pHCP to a factor of

Lemma 3 Let % < p <
B+ 5% —e.

Proof We will prove that, if Ag-pHCP can be approximated to within a factor 8 + B2 — € in polynomial
time, for some € > 0, then SET COVER can be approximated to within a factor (1 — €) Inn in polynomial
time. But such SET COVER approximation is known to be NP-hard [19]. This will complete the proof.

Let (S,U) be an instance of SET COVER where U is the universal set, |U| = n, and S is a collection of
subsets of U, |S| = m. The goal is to decide whether S has a subset S’ of size k such that g .5 Si = U.
In the following, we construct a S-metric graph G = (V1 UVoUS1US,U{y}, E, w) of Ag-pHCP as follows.
For each element v € U, construct a copy of v in V4 and another copy of v in Vs, i.e., |Vi| = |Va| = |U|.
For each set in S, construct a vertex in S; and a vertex in S, |S1| = |S2| = |S|. Let p = 2k + 1. The
edge cost of G is defined in Table 4.

Table 4: The costs of edges (a,b) in G

w(a, b) be S be S bevi beVa b=y
a €S 1 % -1 261 ;il?efwcilse 1,8_25 %
a€ Sy % -1 1 % 261 gilferew?se %
aeW 261 ;il?efwli)se 16—25 28 6716—2;63 %
a&Vs % 251 ;il?erewli?se ,8—{35/_—:,83 25 %

Clearly, G can be constructed in polynomial time. It is easy to verify that G is a S-metric graph. Let
G be the input of Ag-pHCP constructed according to (S,U) where p = 2k + 1.

Let 8" C S be a set cover of (S,U) of size k. We then construct a solution H of Ag-pHCP according
to &’. For each set §; € &', collect its corresponding vertex in S; (resp. Sz2) to be a vertex in S}
(resp. S%). Let Cyp = S7 U S5 U {y} be the set of hubs in H. Note that &’ is a set cover. For each
v € Vi, connect v to exactly one vertex in S} representing a set S; € S’ satisfying the element v € S;.
Similarly, for each u € V2, connect u to exactly one vertex in S representing a set S; € §’ satisfying
the element u € S;. We obtain that w(v, f(v)) =1 and w(u, f(u)) =1 where v € Vi, u € V3, f(v) € 51,
and f(u) € S5. For each vertex t; € Sy \ S7, connect ¢; to exactly one vertex in S7. For each vertex
ta € S2\ S5, connect to to exactly one vertex in S5. We see that w(ty, f(t1)) = 1, w(ts, f(t2)) = 1,
w(f(tr), f(t2)) = 12 ﬁ —1,and w(y, f(t1)) = w(y, f(t2)) = % where f(t1) € S1 and f(t2) € S5. Hence
D(H) = max{-2- 5+ 1, 3} = m (see Fig. 5). Let H* denote an optimal solution of Ag-pHCP in G. We
have D(H*) < 175.

Assume that there exists a polynomial time algorithm that finds a solution H of Ag-pHCP in G with
D(H) < Bl%%z W.lo.g., assume that Cp = ST U S, UV UVJ UY’ where S; C Sy, S5 C Ss, V{ C 17,
Vy C Vo, and Y/ C {y}.

Claim 4 The vertex y must be a hub.
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Proof Suppose that y is not a hub in H. We see that either f(y) € S1 UV; or f(y) € So U Va. W.lo.g.,
assume that f(y) € S; UVi. Then there exists an x € Sy U Vs with

g? B
215+ 13
_ B+8°
-3
This contradicts the assumption that D(H) < ﬁl%[; Thus, y must be a hub, i.e., Y’ = {y}. |

Claim 5 The hub y is not connected to any non-hub in H.

Proof Assume that the hub y is connected to a non-hub v € V3 UV, \ Cp, then there exists an = € Cy
with

dp(z,v) = wéw, y) Ew(y,v)
> m;r -3
B+8
2z 55
a contradiction to the assumption that D(H) < 51%%2
Thus, ¥ is not connected to any non-hub in H. |

Claim 6 For all non-hubs v, if v e Vi, f(v) ¢ VaUSs and if v € Va, f(v) ¢ V1 U Sy.

Proof Suppose that there exists a v € V4 \ V{ that is adjacent to u € Vo U S3 in H. We see that

2 2
din(v.9) = wlv,0) + w(ug) = 77 + 7o = T

a contradiction to the assumption that D(H) < Bl%%z Thus, no v € V1 \V{ is adjacent to any u € VoUS;.
Analogously, no v € Vo \ V4 is adjacent to any u € V4 U S; either. [ |

Claim 7 FEither w(v, f(v)) =1 for allv e Vi \ V{ or w(v, f(v)) =1 for all v e Vo \ Vj.

Proof W.l.o.g., suppose that there exist a v € V3 \ V{ and a v € V2 \ V§ with w(v, f(v)) > 1 and
w(u, f(u)) > 1. By Claim 6, for all v € Vi \ V{, f(v) &€ Vo U Sy and for all w € Vo \ V3, f(u) € V1 U Sy.
By Claim 5, the hub y is not adjacent to any non-hub. We see that f(v) € V3 U Sy and f(u) € Vo U Sy

. 2 _ 32, 433
and w(f(v), f(u)) > mm{% -1, ﬁ_ﬁ’ %} Thus,

dp (u,0) = w(v, f(v)) + w(f(v), f(u)) +w(u, f(u))

. B B2 B-p*+ 5
225+m1n{1_671,1_6, 15 }+28
:2ﬂ+%—1+2ﬂ
zﬂf_ﬂ; (since § < 335),

a contradiction to the assumption that D(H) < ﬂl%ﬂ; Thus, w(v, f(v)) = 1 for all v € V3 \ V] or
w(v, f(v)) =1 for all v € Vo \ V4. [ |

We see that either S] forms a set cover of V3 \ V{ or S8 forms a set cover of V5 \ Vi where S is the
corresponding collection of sets represented by vertices in S} and &) is the corresponding collection of sets
represented by vertices in S5. W.l.o.g., assume that S} forms a set cover of V1 \ V. For each u € VY, pick
aset S, € S satisfying u € S, call the collection of sets S”. It is easy to see that |S”| < |V{| and S US”
forms a set cover of U. Notice that |S]UV/| < |Cx| =p = 2k+ 1. Thus S US” forms a set cover of U of

size at most 2k. This shows that if Ag-pHCP has a solution H with D(H) < Bl%%z then SET COVER has
a 2-approximation algorithm running in polynomial time. However, to find a 2-approximation solution
of SET COVER is a well-known NP-hard problem [19]. By the fact that D(H*) < 1+ %, we obtain
that for any € > 0, to approximate Ag-pHCP to a factor 8 + % — € is NP-hard. O
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H

25 é&

Fig. 6: A feasible solution obtained from an optimal solution of SET COVER

545 < B < 1. For any € > 0, it is NP-hard to approximate Ag-pHCP to a factor of

Lemma 4 Let T

48°2+38—1
568—1

Proof We will prove that, if Ag-pHCP can be approximated within a factor % — € in polynomial

time for some € > 0, then a 2-approximate solution of set cover problem can be found in polynomial
time. This will complete the proof, since for any € > 0, to approximate SET COVER to within a factor
(1 —€)Inn is NP-hard [19].

Let (S,U) be an instance of the set cover problem, where U is the universal set, |U| = n, and § is a
collection of subsets of U, |S| = m. The goal of the problem is to decide whether there exists a subset
S’ C S of size k such that USieS’ S, =U.

Construct a f-metric graph G = (V4 U Vo U S U Se U {y}, E,w) of Ag-pHCP as follows. For each
element v € U, construct a copy of v in V4 and another copy of v in Vo, i.e., |Vi| = |V2| = |U]|. For each
set in &, construct a vertex in S7 and a vertex in S, |S1| = |S2| = |S|. Let p = 2k + 1. The edge cost of
G is defined in Table 5. It is not hard to see that any three vertices in G satisfy the p-triangle inequality.

Table 5: The cost of edges (a,b) in G

w(a, b) be S be S beW beVs b=y
o €5 ! % 261 ci)ifefwaiLse 45 -1 4/3»371
@ €S Sﬂﬁ_ : ! 45 -1 251 ;il?erew?se %
aeVy QBI éil?erewli)se 45 -1 28 » %
o€V | -1 romewte] i

Let 8’ C S be a set cover of (S,U) of size k. We then construct a solution H of Ag-pHCP according
to §’. For each set S; € &', collect its corresponding vertex in Sy (resp. S2) to be a vertex in S| (resp.
S4). Let Cy = S1US,U{y} be the set of hubs in H. Note that S’ is a set cover. For each v € V7, connect
v to exactly one vertex in S representing a set S; € &’ satisfying the element v € S;. Similarly, for each
u € Vi, connect u to exactly one vertex in S5 representing a set S; € S’ satisfying the element u € S;.
We obtain that w(v, f(v)) = 1 and w(u, f(u)) = 1 where v € Vi, u € Vo, f(v) € S;, and f(u) € S5. For
each vertex t; € S1 \ S7, connect ¢ to exactly one vertex in S7. For each vertex to € Sy \ 5%, connect to
to exactly one vertex in S5. We see that w(ty, f(t1)) = 1, w(te, f(t2)) = 1, w(f(t1), f(t2)) = % -1,
and w(y, f(t1)) = w(y, f(t2)) = 222 where f(t;) € S} and f(t3) € S4. Hence D(H) = % (see Fig. 6).
Let H* denote an optimal solution of Ag-pHCP. Then D(H*) < 55[;1.

Suppose that there exists a polynomial time algorithm for Ag-pHCP that computes a solution H
such that D(H) < 452‘%%. W.lo.g., assume that Cr = S1US,UV/ UVyUY” be the set of hubs in H

where S1 C Sy, S5 C So, V{ C V4, VJ C Vs, and Y’ C {y}.

Claim 8 The vertex y must be a hub, i.e., Y' = {y}.
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Proof Suppose that y is not a hub and y is connected to a hub v € Cg. According to the edge cost in
Table 5, there is a vertex u with w(u,v) =48 — 1. We see that

dp(y,u) > w(y,v) +w(v,u)

4ﬂﬁ71 + 46 -1
_ 482431
= 5
This contradicts the assumption that D(H) < %.
Thus, the vertex y must be a hub in H. |

Claim 9 The hub y is not connected to any non-hub in H.
Proof Suppose that the hub y is connected to a non-hub v € V' \ Cy, then there exists an x € Cy with

dy(x,v)

g

(2,y) + w(y,v)
48—1 + 48—1
8 B
48°+38—1
3 .

Vol

V

This contradicts the assumption that D(H) < %.
Thus, ¥ is not connected to any non-hub in H. |

Claim 10 For all non-hubs v, if v € Vi, f(v) ¢ Va U Sy and if v € Vo, f(v) ¢ V1 U S;.
Proof Suppose that there exists a v € V1 \ V{ that is adjacent to u € Vo U Se in H. We see that
48 — 1 o 452+35—1.
g~ B
This contradicts the assumption that D(H) < ZWJF’#. Thus, no v € V5 \ V{/ is adjacent to any

(RS ‘/2 U SQ.
Suppose that there exists a v € V5 \ V4 that is adjacent to w € V3 U Sy in H. We see that

46 -1 < 482438 -1

g B '
This contradicts the assumption that D(H) < ZW';#. Thus, no v € Vo \ V3 is adjacent to any
ueVius. |

d(v,y) = w(v,u) + w(u,y) >4 -1+

dH(U,y) = ’LU(’U,U) +w(uay) Z 457 1+

Claim 11 Fither w(v, f(v)) =1 for allv € Vi \ V{ or w(v, f(v)) =1 for allv € Vo \ V5.

Proof Suppose that there exist a v € V4 \ V{ and a u € Vo \ V3 with w(v, f(v)) > 1 and w(u, f(u)) > 1.
We see that

dr(u,v) = w(v, f(v)) +w(f(v), f(w)) +w(u, f(uv))

-1
> 25+min{3ﬂﬁ 4B —1,48%} + 2
36 —1
=20+ P +25
4P +38-1
ﬁ )
a contradiction to the assumption that D(H) < ZW"”#. Thus, w(v, f(v)) =1 for all v € V3 \ V{ or
w(v, f(v)) =1for all v € Vo \ V4. [ |

We see that either S] forms a set cover of Vi \ V{ or 8} forms a set cover of V5 \ V3§ where S is the
corresponding collection of sets represented by vertices in S and &) is the corresponding collection of
sets represented by vertices in S5. W.l.o.g., assume that S} forms a set cover of V1 \ V{. For each u € VY,
pick a set S, € S satisfying u € S,, call the collection of sets S”. Tt is easy to see that |[S”| < |V{| and
S US” forms a set cover of U. Notice that |S] UV/| < |Cy| = p = 2k+1. Thus S§ US” forms a set cover

of U of size at most 2k. This shows that if Ag-pHCP has a solution H with D(H) < 4#7# then SET
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Fig. 7: A feasible solution obtained from an optimal solution of SET COVER

COVER has a 2-approximation algorithm running in polynomial time. However, to find a 2-approximation
solution of SET COVER is a well-known NP-hard problem [19]. By the fact that D(H*) < 22 ﬂ_l , we obtain

that for any € > 0, to approximate Ag-pHCP to a factor 45;‘5% — € is NP-hard. This completes the

proof. O

Lemma 5 Let > 1. For any € > 0, it is NP-hard to approzimate Ag-pHCP to a factor of - ggj —e.

Proof We will prove that, if Ag-pHCP can be approximated within a factor g - % — € in polynomial
time for some € > 0, then a 2-approximate solution of set cover problem can be found in polynomial
time. This will complete the proof of the lemma, since for any € > 0, to approximate SET COVER to
within a factor (1 — €) Inn is NP-hard [19].

Let (S,U) be an instance of the set cover problem, where U is the universal set, |U| = n, and § is a
collection of subsets of U, |S| = m. The goal is to decide whether there exists a subset &’ C § of size k
such that g s Si = U.

Construct a S-metric graph G = (V1 UVa U S1 U Sy, E, w) of Ag-pHCP as follows. For each element
v € U, construct a copy of v in V; and another copy of v in Va, i.e., |Vi| = |Va| = |U|. For each set
S; € S, construct a vertex in S7 and a vertex in S, |S1| = |S2| = |S|. Let p = 2k. The edge cost of G is
defined in Table 6. It is not hard to see that any three vertices in G satisfy the S-triangle inequality.

Table 6: The cost of edges (a,b) in G

w(a,b) be St b e S beW be Vs
a€ 51 1 2261 261 oiifefwcilse ﬁézﬁ—ill)
a€ Sy 2261 1 ﬂégi_ll) 261 ciilfefw?se
€V et | ST 26 o
et | MY boreteste] CHe | ¥

Let &’ C S be a set cover of (S,U) of size k. We then construct a solution H of Ag-pHCP according
to §’. For each set S; € &', collect its corresponding vertex in S (resp. S2) to be a vertex in S} (resp.
S%). Let Cy = S7 U S, be the set of hubs in H. Note that S’ is a set cover. For each v € V7, connect v
to exactly one vertex in S| representing a set S; € &’ satisfying the element v € S;. Similarly, for each
u € Va, connect u to exactly one vertex in S5 representing a set S; € S’ satisfying the element u € S;.
We obtain that w(v, f(v)) = 1 and w(u, f(u)) = 1 where v € Vi, u € Vo, f(v) € S;, and f(u) € S5. For
each vertex t; € S1\ S, connect ¢ to exactly one vertex in S]. For each vertex to € Sy \ S5, connect to
to exactly one vertex in S5. We see that w(ty, f(t1)) = 1, w(te, f(t2)) = 1, and w(f(t1), f(t2)) = %
where f(t1) € S} and f(t2) € S;. We see that D(H) = % (see Fig. 7). Let H* denote an optimal
solution of Ag-pHCP. Then D(H*) < $2=2.

Suppose that there exists a polynomial time algorithm for Ag-pHCP that computes a solution H
such that D(H) < %. W.lo.g., assume that Cy = 51U S5 UV, UV is the set of hubs in H where

S{gslvség’sbv Vllg‘/laa‘nd‘/Q/g‘/Q-
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Claim 12 Fither all non-hubs v € Vi \ V{ satisfy f(v) € S1 UWV1 or all non-hubs v € Vo \ Vy satisfy
f(u) € S uUVs.

Proof If all non-hubs v € V4 \ V{ satisfy f(v) € S; UV; and all non-hubs u € V5 \ V4 satisfying f(u) €
Sa U Va, then the claim holds. If there are two non-hubs v,v" € V; \ V{ satisfying f(v), f(v') € S1 U V4,
then

i (0,01) = (o, 1) + 00, @) + w0y 2 D2 BBl 5B
a contradiction to the assumption that D(H) < %. This shows that there is at most one non-hub
v € V1 \ VY satisfying f(v) € S;UV;. Similarly, we can show that there is at most one non-hub u € Vo \ V3
satisfying f(u) &€ Sa U Va.

Suppose that there is exactly one non-hub v € V4 \ V{ satisfying f(v) € S1 U V;. If there exists a
non-hub u € V3 \ VJ satisfying f(u) &€ Sz U Vs, then

ﬂ~(4ﬂfl)+ﬂ~(4ﬂfl)_ﬂ~(8ﬂf2)
28 —1 26—1  28—1

dH(Ua u) = w(v, f(’l))) + ’LU(f(U), f(u)) + w(f(u)a u) >

This contradicts the assumption that D(H) < %. Thus, if there is a unique non-hub v € V; \ V{

satisfying f(v) & S; U Vi, then all non-hubs u € V5 \ V5 satisfy f(u) € Se U Va. Similarly, we can show
that, if there is a unique non-hub u € V5 \ VJ satisfying f(u) ¢ So U Vo, then all non-hubs v € V3 \ V{
satisfy f(v) € S; UV;. This completes the proof. [ |

Claim 13 Fither all v € V1 \ V| satisfy w(v, f(v)) =1 or all uw € Vo \ V3 satisfy w(u, f(u)) = 1.

Proof Suppose that there exist a v € V4 \ V{ and a v € Vo \ V3 with w(v, f(v)) > 1 and w(u, f(u)) > 1.
We see that

23 _B-(88-2)
551 = 51

dr (u,0) = w(v, f(v)) + w(f(v), f(w)) +wlu, f(u) =26+

This contradicts the assumption that D(H) < %. Thus, w(v, f(v)) = 1 for all v € V3 \ V' or
w(v, f(v)) =1forallve Vo \ V' [ ]

According to Claims 12 and 13, We see that either S; forms a set cover of V1 \ V{ or &) forms a set
cover of V5 \ V4 where S} is the corresponding collection of sets represented by vertices in S and S is
the corresponding collection of sets represented by vertices in S5. W.l.o.g., assume that S| forms a set
cover of V1 \ V/. For each u € V/, pick a set S,, € S satisfying u € S,,, call the collection of sets §”. It is
easy to see that |S”| < |V{| and S; US” forms a set cover of U. Notice that |S] U V/| < |Cy| =p = 2k.
Thus S; US” forms a set cover of U of size at most 2k. This shows that if Ag-pHCP has a solution H
with D(H) < % that can be found in polynomial time, then SET COVER can be 2-approximated
in polynomial time. However, the 2-approximation of SET COVER is a well-known NP-hard problem [19].
By the fact that D(H*) < 68=2 ' this implies that for any € > 0, to approximate Ag-pHCP to a factor

26—1°
% — € is NP-hard. This completes the proof. O

The following theorem concludes the results of Lemmas 2-5. It gives the lower bounds on the ap-
proximation ratio for Ag-pHCP in different ranges of 8 where 8 > 2= ‘[ (see Fig. 2 and 3).

Theorem 1 Let 3 > % For any € > 0, it is NP-hard to approzimate Ag-pHCP to a factor of g(8)—
where

(1) 9(B
(ii) g(8
(
(

3ﬂ Qﬂ ng

)= 3 <

)= ﬁ+62if < B <5,
) 48%+38-1 Zf 5+\/§§ <1;
)=

(iii) (B
() g(B8

Sﬁ 1
B>
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3 Polynomial-time algorithms

In this section, we show that for % <p< 3_2‘/5, Ag-pHCP can be solved in polynomial time. Besides,

we give polynomial-time r(/)-approximation algorithms for Ag-pHCP for 8 > # The functions r(3)

are listed in Table 2 and the curves of r(8) are depicted in Fig. 2 and 3. For % < g < 51\)/5’ our

approximation algorithm achieves the factor that closes the gap between the upper and lower bounds of
approximability for Ag-pHCP (see Fig. 2).

Lemma 6 Given an instance for Ag-pHCP with % < B < 1, optimal solution H*, and the cost D(H*),
the following statements hold.

(i) There exists a solution H satisfying that all non-hubs are adjacent to the same hub and D(f{) <

max{1, min{ 3725, 8 + %}} - D(H").

(ii) There exists a polynomial-time algorithm to compute a solution H such that D(H) = D(H).

Proof Let H* be an optimal solution of the Ag-pHCP. If all non-hubs in H* are adjacent to the same
hub, then the statement (i) holds directly.

Suppose that H* is an optimal solution such that at least two hubs are adjacent to non-hubs. Let
edge (y1,21) be a longest edge in H* with one end vertex y; as a hub and the other end vertex z; as
a non-hub, i.e., f*(z1) = y1 and w(z1,y1) = {1 > w(v, f*(v)) for all non-hubs v in H*. Let 2z be an
non-hub in H* satisfying that f*(z2) = ya # y1. Let €o = w(z2,y2). By applying the following steps, we
obtain a solution H of Apg-pHCP from H* satisfying that all non-hubs are adjacent to the same hub.

— Let all hubs in H* be hubs in H. 3
— Let all non-hubs in H* be adjacent to y in H.

Since H* is an optimal solution, we see that D(H*) < D(H).
Claim 14 If v is a non-hub and f*(v) # yo in H*, then w(v,y2) < - (D(H*) — £2).

Proof Since v is a non-hub and f*(v) # y2 in H*, we obtain that

w(v,y2) < B (wv, f*(v)) +w(f*(v),y2)) (using S-triangle inequality)
=B+ (w(v, f*(v)) +w(f*(v),y2) + w(y2, 22) — w(y2, 22))
=B (du~(v,22) — £2)  (since w(yz, 22) = {2)
< B-(D(H")—{3). (since dy+ (v, z2) < D(H™))
This completes the proof. |

Now we prove that D(H) < max{1, min{ 33‘2;25)2 B+ B2}} D(H™).

For u,v € V, there are the following cases.

— If (u,v) € E(H), then dj(u,v) = w(u,v) < D(H*) since § < 1.
— If (u,v) € E(H) and both (u,s), (v,y2) € E(H). There are two subcases.
— If (u,y2), (v,y2) € E(H"), then dj(u,v) = dg-(u,v) < D(H™).
— If (u,y2) € E(H*) and (v, y2) € E(H*) or both (u,y2), (v,y2) ¢ E(H*), then we have the following
observations.
Suppose that u = 29, we see that

di(u,v) = w(u,y2) + w(yz,v)
<Uly+ (- (D(H")—4{s)  (using u= z and Claim 14)
<{ly+ (D(H")—4¥s) (since g < 1)
= D(H").

In the following, we assume that that u # 2s.
If D(H*) —{y < % - lo, then

0> (1-B)- D(H"). (1)
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We have
d(u,v) = w(u,y2) + w(yz,v)
< w(u, f*(uw)) + w(f*(u),y2) + wlyz,v) (since 8 < 1)
= w(u, f*(u) + w(f*(u),y2) + w(y2, 22) — w(y2, 22) + w(y2,v)
=dy~(u,z3) — lo + w(y2,v) (using w(ys, z2) = £2)

< (D(H?) = £2) + w(yz,v)  (using dpg-(u, z2) < D(H"))

< (D(H*)—42)+ - (D(H*)—{3)  (using Claim 14)
=(1+0)- (D(H") - £2)
<(1+4+8)-(DH*")—(1-p)-D(H")) (using inequality (1))
= (B+ %) D(H").
If D(H*) = £y > 125 - 5, then
D(H*)>ﬁ-£2. (2)

We have

gz (u,v) = w(u, y2) + w(ys, v)

i lo +w(ya,v) (by Lemma 1 and w(yz, 22) = £2)

1-p
< % by + B (D(H")—42)  (according to Claim 14)
— 6 DU+ 52+ (=5~ 1)

IN

sy

8- D(H) + 82 ()
< B-D(H*)+ % - D(H*) (according to inequality (2))
= (8+B%) - D(H").

-D
-D
Using Lemma 1, we prove the other upper bound on dj(u,v) as follows.

d(u,v) = w(u,y2) + w(yz,v) < % -min{w(yz, y1), w(z2,y2)} + w(yz2,v) (by Lemma 1)

g
< % -min{w(ya, y1), w(ze,y2)} + f - (D(H*) — £2)  (using Claim 14)
<B-D(H")+ (% — B) - min{w(y1, y2), L2}
<) + (7 - ) 2D

(since dy+(21,22) = w(z1,y1) + WY1, y2) + b2 < D(H*) and £y < €1 = w(z1,y1))
28+ 125
= D(H")- <L 31—ﬂ>

_3-28% .
= 30-0) D(H™).

This shows that D(H) < max{1, min{ 33?;25)2 B+ B2} D(H*).

Now we give the following algorithm CONCENTRATED HUB to find a solution H satisfying that all
non-hubs are adjacent to the same hub.

Notice that the algorithm tries all n- (n — 1) possibilities to find the only hub y, and the longest edge
cost between non-hubs and y» in H. Since the algorithm computes a solution such that all of the non-hubs
are adjacent to the same hub, it is not hard to see that the running time of Algorithm CONCENTRATED
HuB is O(n?).
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Algorithm: CONCENTRATED HUB

1: Let H be the graph found by the following steps. Initialize D(H) =

2: for u,z € V do

3: let H' be the solution found by the following steps. Initialize Cgr = (.

4: let u be the unique hub y2 adjacent to non-hubs in H and w(u, z) = £ be the longest edge cost between non-hubs
and y2 in H. Let U := V \ {u} and Cg := {u}.

5 for v € U do

6: if w(v,u) <{ then

7 let v be a non-hub adjacent to w in H and U := U \ {v},
8: else

9: Cyr = Cpgr U{v}, i.e., visahubin H'.

10: end if

11: end for
12:  j:=|Cq|
13:  if U # () then

14: go to step 2.

15: else if j < p then

16: select (p — j) non-hubs that are farthest from u as hubs and update Cz/ accordingly.
17: end if

18: if D(H') < D(H) then

19: H:=H'

20: end if

21: end for

22: return H

We now prove that the algorithm CONCENTRATED HUB finds a solution H satisfying that D(H) <
D(H). Since the algorithm CONCENTRATED HUB tries all possibilities to find the only hub ys in H that
is adjacent to all non-hubs, we may assume that in H we have y, as the unique hub that is adjacent
to all non-hubs. We see that for two hubs z,2' € Cy, dy(z,2') = w(z,2’) < D(H*) < D(H). Since
y» is adjacent to all the other vertices v € V' \ {ya} in H, dy(y2,v) = w(y2,v) < D(H*) < D(H).
For each hub v € V' \ Cx and each vertex (hub or non-hub) v" € V'\ {y2,v}, since w(v,y2) < ¢ and
w(v',y2) < D(H) — £, we obtain that

dp(v,0') = w(v,y2) + w(v',y2) < €+ (D(H) — €) = D(H).
This shows that D(H) < D(H) and the proof is completed. O

Using Lemma 6, we obtain the following results.

Lemma 7 Let % <p< %. Then the following statements hold.

1. Ifp < 3*2—‘/5, then Ag-pHCP can be solved in polynomial time.

2. If 3*2_\/§ <B< 3+‘/_ there is a min{ 33‘2;25)2 , B+ B*}-approzimation algorithm for Ag-pHCP.

Proof Let H* denote an optimal solution of the Ag-pHCP problem. Using Lemma 6, there is a polynomial-

time algorithm for Ag-pHCP to compute a solution H such that D(H) < max{1, min{ %[21__25)2 ,B+6%}}

D(H™). It is easy to determine the range of 8. This completes the proof.

Algorithm APXpHCP: Approximation algorithm for Ag-pHCP (G, c)

1: Run Algorithm APXI1.
2: Run Algorithm APX2.
3: Return the best solution found by Algorithms APX1 and APX2.

Next, we give another algorithm called Algorithm APXpHCP for Ag-pHCP. Let ¢ be the largest
edge cost in H* with one end vertex as a hub and the other end vertex as a non-hub, i.e., { =
max,eyv\cp. wW(v, f*(v)) (see Fig. 8). Note that both Algorithm APX1 and Algorithm APX2 guess all
possible edges (y, z) to be the longest edge in H* with y as a hub and z as a non-hub.

Lemma 8 Let Hi be the solution returned by Algorithm APX1 and H* be an optimal solution. Then

1. for <1, D(H,) < D(H*)+4B¢; and
2. for B> 1, D(Hy) < 82 D(H*) + 46t
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Algorithm APX1

1: Let Hi be the graph found by the following steps. Initialize D(H1) = oco.

2: for y,z € V and y # z do

3: let H' be the graph found by the following steps and Cgs be the hub set in H’. Initialize Cg/ := 0.

4:  let £ = w(y, ) be the largest edge cost in an optimal solution H* with y as a hub and z as a non-hub. Let U := V\{y}
and c¢1 :=y.

5 Cyr = CH/U{Cl}.

6: forxz e U do

7 if w(c1,z) < £ then

8: add an edge (z,c1) in H'.
9: U:=U\{z}

10: end if

11: end for
12:  while |Cy/| < p and U # 0 do

13: i:=|Cs|+1

14: choose v € U, let ¢; = v, connect ¢; to all other vertices in Cy, let U := U \ {v}, and let Cy/ := Cys U {c;}.
15: for x € U do

16: if w(z,c;) < 264 then

17: add edge (z,c;) in H and U :=U \ {z}.

18: end if

19: end for

20:  end while
21:  if |Cy/| <pand U =0 then

22: arbitrarily select p — |C'y/| non-hubs to be hubs and connect all edges between hubs.
23: end if

24: if D(H') < D(H;) then

25: Hy :=H'

26: end if

27: end for

28: return H;

Algorithm APX2

1: Let Hs be the graph found by the following steps. Initialize D(H2) = oco.
2: for y,z € V and y # z do
: let H" be the graph found by the following steps and Cp be the hub set of H'. Initialize Cgrr := 0.
4: let (y,z) be a longest edge in H* with one end vertex y as a hub and the other end vertex z as a non-hub i.e.,
f*(2) =y and w(z,y) > w(v, f*(v)) for all non-hubs v.

5 connect y to all vertices in V.

6: if 8 <1 then

7 pick (p — 1) vertices {v1,v2,...,vp—1} farthest to y from V '\ {y, z}. Let Cyr» = {y,v1,v2,...,0p—1}.
8: else

9: pick (p — 1) vertices {v1,v2,...,vp—1} closest to y from V' \ {y, z}. Let Cyrn = {y,v1,v2,...,vp—1}.
10: end if

11: connect all pairs of vertices in C//.

12:  if D(H") < D(H2) then

13: Hoy = H"

14: end if

15: end for

16: return Ho

where £ is the largest edge cost in H* with one end vertex as a hub and the other end vertex as a non-hub,
i'ev = MaXyeV\Cpy= ’LU(’U, f*(U))

Proof Let H* be an optimal solution of Ag-pHCP and let f(u) be the hub adjacent to vertex u in Hy
and f(u) = w if u is a hub.

Removing edges with both end vertices in Cy+ = {s1, 52, ..., 5} from H* obtains p components and
each component is a star. Let S1, 52, ..., 5, be the p stars and s; be the center of star S; fori =1,2,...,p
(see Fig. 8). W.lo.g., assume that s; = y and (y, 2) is the longest edge in H* with y as a hub and z as
a non-hub, i.e., w(y, z) = £. Notice that for each pair of vertices in V', Algorithm APX1 finds a solution
H'’ based the assumption that they are the pair of ¥ and z. Since H; is the best solution among all
the possible solutions found by Algorithm APX1, w.l.o.g, we may assume that ¢; = y. Because for each
veV\ Oy, w, f¥(v)) < ¢, by using S-triangle inequality we obtain that for u,v € S,

w(u,v) < B (w(u, s;) +w(v,s;)) <2860

Since the algorithm adds edges (v,¢;1) in Hy if w(v,c¢1) < £ (see Fig. 9), we see that S; C Ny, [c1] \ Ch, -
Notice that for each Sj, j > 2, if there exists a v € S; specified as ¢; € Cp,, then all the other vertices
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S9 53

N/

Fig. 8: An optimal solution H* with (y, z) being the longest edge with one end vertex as a hub and the
other end vertex as a non-hub and w(y, z) = £.

H,

c = Z/ ("2 ‘3 CJ FJ+1 Cp
................ e o o LN ]

T/

< 2p¢

Fig. 9: An approximate solution found with Algorithm APX1

in S; are connected to one of ¢i,ca,...,¢; in Hy. Moreover, for each ¢;, 1 < i < |Ch,|, there exists
an Sj, 1 < j < p, such that ¢; € S; and S; N Cy, = {¢;}. Notice that if there exists an S;, 1 < j < p,
S; N Ch, =0, then all vertices of S; must be connected to one of vertices in Cy, in Hy and |Cy, | < p.
This shows that for all non-hub u € V\ Cy,, w(u, f(u)) < 28¢. Suppose that |Ch, | < p and the algorithm
selects p—|Cy, | vertices non-hubs to be hubs in Step 22 of Algorithm APX1. Thus, the algorithm always
returns a feasible solution with |Cr, | = p.

We then show that D(Hy) < D(H*)+ 43¢ if 3 <1 and D(H;) < 82 D(H*) + 4B if 8 > 1.

Suppose that 8 < 1. For any u,v € Cp,, dp, (u,v) = w(u,v) < D(H*).

We next prove that if 8 > 1, for u,v € Cy, in Hy, dg, (u,v) = w(u,v) < f2D(H*). Let f*(u) (resp.
f*(v)) be the hub adjacent to u (resp. v) in H* where H* is an optimal solution. We see that

w(u,v) < B (w(u, f*(u)) + ( f*(u))) (using B-triangle inequality)
< B (wu, f*(w) + 8- (wlv, f*(U)) w(f*(v), [*(u))))  (using B-triangle inequality)
< B (i, *(0) + B (w(v, J*(0)) + w(f* (), [* (1)) +wu, f*(0)) — w(, 1*(@)))
=B (w(u, [*(u) + 8- (du-(v,u) — w(u, f*(u)))
< B (wlu, f*(u) + 8- (DH") —w(u, f*(u))))  (using du-(v,u) < D(H"))
< B%.-D(H*). (since f>1)

Notice that for all non-hubs u € V' \ Cg,, w(u, f(u)) < 28¢. Thus, if 8 <1, for any u,v € V

dr (u,v) = w(u, f(u) +w(f(u), f(v)) +w(v, f(v))
< D(H") +48L. (since w(f(u), f(v)) < D(H))

If 8 > 1, for for any u,v € V,

dp (u,v) = w(u, f(u) +w(f(w), f(v)) +w(v, f(v))
< B%-D(H*)+4B¢.  (since w(f(u), f(v)) < B%- D(H*))

This completes the proof. a

Lemma 9 Let Ho be the solution returned by Algorithm APX2 and H* be an optimal solution. Then,

1. D(Hy) < max{D(H*),(1+ B) - (D(H*) = 0)} if 3 <1; and
2. D(H,) < max{¢ + B(D(H*) — £),28(D(H*) — )} if B > 1



18 Li-Hsuan Chen et al.

Fig. 10: An approximate solution found with Algorithm APX2

where £ is the largest edge cost in H* with one end vertex as a hub and the other end vertex as a non-hub,
e, = MaXyeV\Cpyx ’LU(’U, f*(’U))

Proof Let H* be an optimal solution. For a non-hub v, use f*(v) to denote the hub adjacent to v in H*.
For a hub v in H*, let f*(v) = v. Notice that Algorithm APX2 guesses all possible edges (y, z) to be a
longest edge in H* with one end vertex as a hub and the other end vertex as a non-hub. In the following
we assume that w(y, z) = £ is the largest edge cost in H* with y as a hub and z as a non-hub.

Claim 15 For any hub v € Cp, \ {y} in Ha, dpg,(v,y) < D(H*) — ¢.

Proof For g <1,

du, (v,y) = w(v,y)
<w(v, f*(v)) +w(f*(v),y) +wly,z) —w(y, )
=du-(v,2) =L (w(y,2) =1)
< D(H*)— ¢

For 8 > 1, the algorithm (p — 1) vertices closest to y from V'\ {y, z} as hubs. If v is a hub in H*, then
de(Uay) =dg- (Uay) + ’LU(y,Z) - ’LU(y,Z) =dp- (’U,Z) —£< D(H*) — L.
If v is a non-hub in H*, then there exists a hub v in H* satisfying that w(v',y) > w(v,y). We obtain
that
dn, (v,y) = w(v,y) Sw(',y) +w(y,z) —w(y,z) = dg-(V',2) = < D(H") — L.
This completes the proof. |

Claim 16 For any non-hub v € V' \ (Cy, U{z}) in Ha, if v is a hub in H* or v is a non-hub adjacent
to y, then dp,(v,y) < D(H*) —{£.

Proof Notice that v is a non-hub in Hs adjacent to y and either v is a hub in H* or v is a non-hub
adjacent to y, v # z. We obtain that

dp, (v, y) = w(v,y)

=w(v,y) +w(y,z) —w(y,2)
dp«(v,2) — w(y, z)
=dpg-(v,z) — L€ (since w(y, z) =)
< D(H*)—¢

This completes the proof. |

Claim 17 For any non-hub v € V \ (Cy, U{z}) in Ha, if v is a non-hub in H* satisfying that v is not
adjacent to y, then dp,(v,y) < - (D(H*) —{).
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Proof Notice that v is a non-hub in Hy and v is a non-hub in H* satisfying that v is not adjacent to y,
i.e., f*(v) #y. We obtain that

dr, (v,y) = w(v,y)

< B (w(v, f*()) +w(f*(v),y)) (using B-triangle inequality)
=B+ (wv, f*(v) + w(f*(v),y) + wly, z) — w(y, 2))
=0 (dg+(v,z) —€) (since w(y,z) =¥)
<B-(DHT) 1)
This completes the proof. |

Claim 18 Let u and v be two non-hubs in Ha. Then dp,(u,v) < max{D(H*),(1+ ) - (D(H*)-£)} if
B <1; and dp,(u,v) <max{{+ (- (D(H*)—{),28-(D(H*)—0)} if B > 1.

Proof For two non-hubs w, v in Hy, we have the following six cases.
(i) Both w and v are non-hubs in H* and f*(u) = f*(v) = y. We see that dg, (u,v) = dg«(u,v) <

D(H*).
(ii) Both u and v are non-hubs in H* and f*(u) =y and f*(v) # y. If u # z, we see that

d, (u,v) = w(u,y) + w(v,y)
= dH2 (ua y) =+ de (’U, y)
<DH*)—L+p-(D(H*)—1¥) (using Claims 16 and 17)
=(1+p8) - (DH") - 0).

If u = z, we see that

dp, (u,v) = w(y, 2) + w(v,y)
={+dpy,(v,y) (since w(y,z) =¥¢)
<{l+p-(D(H*)—¥). (using Claim 17)

(iii) Both w and v are non-hubs in H* and f*(u) # y and f*(v) # y. We see that

ng (’U,,U) = U)(U,y) + ’LU(’U, y)
S dH2 (ua y) + dH2 (Uv y)
<28-(D(H*)—1¥). (using Claim 17)

(iv) The vertex u is a hub in H* and v is a non-hub in H* satisfying that f*(v) = y. We see that
de (ua ’U) = ’LU(’LL, y) + ’LU(’U, y) =dp-~ (ua U) < D(H*)
(v) The vertex u is a hub in H* and v is a non-hub in H* satisfying that f*(v) # y. We see that

dm, (u,v) = w(u y) + U}(’U y)
< dm, (u y) + dm, (Uay)
<(DH*)—0)+p-(D(H")—¥) (using Claims 16 and 17)

= (1+75)- (D(H") = ).

(vi) Both u and v are hubs in H*.
For 8 > 1, we obtain that

di, (u,v) < - (w(u,y) + w(v,y)) (using S-triangle inequality)
B (dm, (u,y) + d, (v, y))

26 - (D(H*) —¢). (using Claim 16)

IN
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For g < 1, since Algorithm APX2 picks (p — 1) vertices farthest to y from V \ {y,z} as hubs
in Ho, there exist two vertices u',v" € Cp, satisfying that u’ and v’ are non-hubs in H* and
w(u',y) > wu,y) and w(v',y) > w(v,y). We obtain that

Next we show that w(v',y) +w(v',y) < max{D(H*),(1+ B) - (D(H*) —£)}. There are three cases.
a. If f*(w') =y and f*(v') =y, we see that w(v',y) + w(v',y) = dg+(v',v") < D(H*).
b. f*(v') =y and f*(v') # y. We obtain that

) =

w(w',y) +w',y) = du, (u',y) + w(v',y)
< (D(H )*€)+ﬁ~( W', £ (") + w(f* (V). y) + wly, 2) — w(y, 2))
(using Claims 15 and S-triangle inequality)
= (D(H") = 0)+ B (du-(v',2) = £)  (since w(y, z) = £)
< (DH") = 4)+B-(D(H") = 1)) (since dy-(v',2) < D(H"))
=(1+p8)-(DH")—10).
f*(W) #yand f*(v') # y. We obtain that

w(w',y) +w',y) =B (w, f* (') + w(f* (W), y) + wly, 2) —wly, 2)) +

B (w', f7 () +w(f* (), y) + wly, 2) — w(y, z))

(using S-triangle inequality)

B (du-(u',2) =€)+ B - (dr-(v',2) — £)

20 (D(H*) —4¢). (since dy~(v',z) < D(H*) and dy~(v', z) < D(H*))
(14+8)-(D(H*)—=4¥). (since §<1)

<
<

This shows that w(u', y)+w(v',y) < max{D(H*),(1+)-(D(H*)—¢)}. Notice that dp, (u,v) <
w(u',y) +w(v',y). Thus, for any two non-hubs u,v in Hy satisfying that both v and v are hubs
in H*,
it (0, ) < max{D(H"), (1 + ) - (D(H") — 0) if B < 1
and
dp,(u,v) <28-(D(H*)—-0)if g > 1.
Notice that if 5 <1,
{+B(D(H") —t) < D(H")
and
268-(D(H*)—¢) < (1+p)-D(H").
Conversely if 8 > 1,
t+B(D(H") —t) = D(H")
and
268-(D(H*)—4¢)>(1+p)-D(H").
Thus, for any two non-hubs w,v in Ho, if § <1,

dm, (u,v) < max{D(H"), (1 + ) - D(H")};
ifpg>1,
dpr, (u,v) < max{l + B(D(H*) — ),28 - (D(H*) — {)}.
This completes the proof. [
Claim 19 For a non-hub u and a hub v in Ha, dg, (u,v) < max{D(H*), (1 + B) - (D(H*) — 0)}.

Proof For a non-hub u and a hub v in Hs, there are three cases.

(i) The vertex w is a non-hub adjacent to the hub y in H*, w(u,y) < £. By Claim 15, dg, (v,y) <
D(H*) — £. We obtain that

iz, (u,0) = w(u,y) + diry (v,y) < €+ D(H*) € = D(H").
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(ii) The vertex w is a non-hub not adjacent to y in H*. We obtain that

de (u,v) = ’LU(’U,,y) + ’LU(’U, y)
= dH2 (ua y) + dH2 (Uv y)
<B-(DH")—=4O)+ (D(H")—¥) (using Claims 17 and 15)
=1+8)-(DH") 1)

(iii) The vertex u is a hub in H*.
For 8 > 1, we obtain that

dr, (u,v) = w(u,y) + du, (v,y)
= w(u,y) + w(y, 2) —w(y, 2) + du, (v, y)
=dpy-(u,2z) —l+dy,(v,y) (since w(y,z) =¥{)
< D(H")—L+dy,(v,y) (since dg~(u,z) < D(H*))
<2-(D(H*")—¢) (using Claim 15)
<(L+B) - (DH) — 1) (since f> 1)

For 8 < 1, since Algorithm APX2 picks (p — 1) vertices farthest to y from V'\ {y, z} as hubs in Hs,
there exists a v’ € Cp, satisfying that «’ is a non-hubs in H* and w(v',y) > w(u, y).
Suppose that f*(u’) = y. We see that

dr, (u,v) = w(u,y) + w(v, y)
<w,y) +dg,(v,y)
</l+4du,(v,y) (since v’ is a non-hub adjacent to y)
<{l+ (D(H*)—¢) (using Claim 15)
= D(H*)

Suppose that f*(u’) # y. We see that

dp, (u,v) = w(u,y) + w(v,y)
< w(u',y) + dm, (v,y)
=dp, (W', y) + du, (v,y)
<B-(DH*)—4)+D(H")—{¢ (using Claims 17 and 15)
< (1+6) (D(H) 1),

Thus, for a non-hub v and a hub v in Ho,
dp, (u,v) < max{D(H"),(1+ ) - D(H* - 0)}.
This completes the proof. |

Claim 20 Let u,v be two hubs in Ha, u # y and v # y. Then, dg,(u,v) < D(H*) if 8 < 1 and

Proof For two hubs w,v in Ha, u # y and v # y, we see that dy, (u,v) = w(u,v) < D(H*) if 5 < 1. We

now prove that for § > 1, for two hubs u,v in Ha, u,v # vy, dg,(u,v) = w(u,v) < 28(D(H*) — {). By
Claim 15, we see that
d, (u,v) = w(u,v)
< B (w(u,y) +w(v,y))  (using S-triangle inequality)
=p- (de (u, y) + de (’U, y))
< 28(D(H*)—¢) (using Claim 15)

This completes the proof. |



22 Li-Hsuan Chen et al.

By Claims 15, 16, and 17, for any vertex v in Ho, v # y, dg, (v,y) < max{D(H*)—{,5-(D(H*—{))}.
Since for any v in Ho, v # y and v # z, dp,(v,2) = dg,(v,y) + w(y, z) and w(y,z) = ¢, we see that
di, (v, 2) < max{D(H"), ¢ + - (D(H") - 0))}.

Using Claims 18, 19, and 20, we obtain that if § <1,

D(Hz) < max{D(H"), (14 f) - (D(H") = £)};
if g >1,
D(H;) <max{{+ B(D(H*) —£),268(D(H") — ¢)}.
This completes the proof. a

Lemma 10 Let % < B < 1. Then, there is a (%)-appma:imation algorithm for Ag-pHCP.

Proof Let H* be an optimal solution of Ag-pHCP. In this lemma, we show that for % < B <1,

Algorithm APXpHCP returns a solution H such that D(H) < (%) - D(H™).

By Lemma 8 and Lemma 9, we see that the approximation ratio of Algorithm APXpHCP is r(8) =
D(H,) D(H,)
D(H*)’ D(H*)}

Note that if D(H*) > 1+B’

(14 ) - (D(H") — 0).
The worst case approximation ratio of Algorithm APXpHCP happens when D(H;) = D(Hs), i.e.,

DH*)+4pL=(14+p5)- (D(H*) - ?).
Thus,

min{ F

then D(Hs) = D(H*). Assume that we see that D(Hz) <

_t B
DY < 148>

This implies D(é*) 5ﬁ+1

r(8) = min{ B DUL)

452
P14 5577
This completes the proof. a

We now prove that if 1 < 8 < 2, Algorithm APXpHCP is a (@)—approximation algorithm for
AB-pHCP.

Lemma 11 Let 1 < 8 < 2. Then, there is a ( +4ﬁ) approzimation algorithm for Ag-pHCP.

Proof We show that for 1 < 8 < 2, Algorithm APXpHCP returns a solution H such that D(H) <
(%) - D(H*) where H* is an optimal solution of Ag-pHCP.
By Lemma 8 and Lemma 9, we see that the approximation ratio of Algorithm APXpHCP is r(8) =

D(H,) D(Ha)
D(H* ’D(H*)}

If D(H*) > 1+ﬂ’ then

min{

max{{+ S(D(H*) —¢),28- (D(H*) =)} =L+ B(D(H")—¥4) < - D(H").

Since B+ D(H*) < B2 - D(H*) + 4B/, we see that Algorithm APX2 always returns a better solution than

Algorithm APX1 With the approximation ratio g < 2 2§4B if % > %
We have

Suppose that D(H*) < 1+ﬁ

max{{+ - (D(H") = £),28- (D(H") =)} =23 - (D(H") — ().
The worst case approximation ratio of Algorithm APXpHCP happens when D(H;) = D(Hs), i.e.,
B*D(H*) + 480 =23 - (D(H*) — £).

Since 1 < 8 < 2, we obtain that %ﬁ Thus,

D(H*) =

r(8) = min{ g, S} < B2+ 48 (352) = £5L
This completes the proof. a
We prove that if 3 > 2, Algorithm APXpHCP is a 23-approximation algorithm for Ag-pHCP.

Lemma 12 For 3 > 2, there is a 2[3-approximation algorithm for Ag-pHCP.
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Proof Since 5 > 2, by Lemmas 8 and 9 we see that Algorithm APX2 always returns a solution better than
the solution returned by Algorithm APX1. Using Lemma 9, we obtain that D(Hs) < max{¢+ B(D(H*)—
0),2B(D(H*)—¢)}. Since 8 > 2, we see that D(Hs) < max{{+B(D(H*)—{),208(D(H*)—£)} <2B8D(H*).
This completes the proof. a

It is not hard to see that all algorithms given in this sections run in polynomial time. The following
theorem concludes the results of Lemmas 6-12. It gives the upper bounds of approximation ratio for
Ap-pHCP in different ranges of 5. The curves of the upper bounds r(5) are depicted in Fig. 2 and Fig. 3.

Theorem 2 Let 3 > L. There exists a polynomial-time r(3)-approzimation algorithm for Ag-pHCP

2
where
(i) r(B) =1 if § < 357,
(i) r(3) = S22 if 558 < § < 355,
V29 .
B< 3+1029}

(iv) r

(v) r
(vi) r

56+1

(8)
(8) <
(iii) 7(8) = B+ B2 if TEYE <
(8) 3
(8)
(8)

4 Conclusion

In this paper, we have studied Ag-pHCP for all § > % A polynomial time algorithm is given to solve
Ag-pHCP optimally for g < %g It is shown that for any € > 0, to approximate Ag-pHCP to a ratio

9(8) — € is NP-hard for 8 > 3’2‘/5. We give r(8)-approximation algorithms for the same problem for any

B> %ﬁ For 8 = 1, we see that the lower bound ¢g(8) = % and upper bound r(3) = % of approximation
ratios are small. However, for 8 > 1, the gap between the upper and lower bounds of approximability
can be arbitrarily large. In future work, it is of interest to extend the range of 8 for Ag-pHCP such that

the gap between the upper and lower bounds of approximability can be reduced for any 8 > 1.
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