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A quantitative variant of the multi-colored Motzkin-Rabin theorem

Zeev Dvir * Christian Tessier-Lavigne

Abstract

We prove a quantitative version of the multi-colored Motzkin-Rabin theorem in the spirit
of [BDWY12]: Let Vi,...,V, C R? be n disjoint sets of points (of n ‘colors’). Suppose that
for every V; and every point v € V; there are at least §|V;| other points u € V; so that the line
connecting v and u contains a third point of another color. Then the union of the points in
all n sets is contained in a subspace of dimension bounded by a function of n and ¢ alone.

1 Introduction

The Motzkin-Rabin (MR) theorem (see [BM90]) states that in a non-collinear set of points in
the Euclidean plane, each colored blue or red, there always exists a monochromatic line (a line
passing through at least two points and all points on the line are of the same color). Another way
to state this theorem uses the following definition which we shall later generalize.

Definition 1.1 (MR configuration). Let Vy, Vs C R? be disjoint, finite sets of points in the plane.
The pair Vi, Vs is called an MR-configuration if every line L with |[LN(V1UV2)| > 2 must intersect
both sets V1 and V5.

The Motzkin-Rabin theorem can now be stated equivalently as:

Theorem 1.2 (Motzkin-Rabin Theorem). Let Vi,Va C R? be an MR-configuration. Then all
points in V1 U Vo must belong to a single line.

It is easy to see that one can replace R? with R? and that the theorem will still hold in this
case (take a generic projection to the plane). This theorem answers a question first raised by
Graham [Gru99]. The first published proof of Theorem appears in [Cha70] though it was
proved earlier (but never published) by Motzkin and Rabin [Grii99].

We will denote by adim(S) the dimension of the affine span (the smallest affine subspace
containing the points) of a point set S C R? and for a family of sets Si,...,S, we will write
adim(Si,...,S,) = adim(S; U ... US,). Then, the conclusion of the MR theorem, namely all
points in Vi, V5 being on a line, can be stated as adim(Vy, V) < 1. Hence, we can view the MR
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theorem as converting partial information about collinearity in the sets Vi, V5 (the line through
every pair of points of the same color contains a third point of a different color) into a global
bound on the dimension of the entire configuration. A closely related theorem is the Sylvester-
Gallai theorem which is a ‘one color’ version of the MR theorem: in every non-collinear set of
points there is a line containing only two of the points.

Shannon [Sha74] (see also [Bor82|) proved an n-color variant of this theorem showing that if
a family of n sets Vi,...,V,, spans R"™ then they must define at least one monochromatic line. In
this work we extend this result to the setting where the information about collinearities is only
given for many of the lines passing through two points of the same color. To be precise we will
give the following definition:

Definition 1.3 ((§,n)-MR configuration). Let Vi, Va,...,V, be disjoint sets of points in R?, and
let V=V1UWU..UV,. We say that V1, Va,...,V,, is a (6,n)-MR configuration if for each V; and
for each v € V;, there are at least §|V;| points u € V;\{v} for which the line determined by v and u
contains a third point in V\V;. For convenience we will always assume that |Vi| > [Va| > ... > |V,

Our main theorem gives a dimension bound for (d,n)-MR configuration that depends only on
n and 6. We do not believe our bound to be tight and conjecture that a bound of poly(n/d) holds
in general.

Theorem 1.4 (Main theorem). Let V =V;, V5, ..., V,, C R? be a (6,m)-MR configuration. Then,

for any 0 < € < & we have
1 n
adim(V') < ¢ <1 + > ,

€2
with C > 0 an absolute constan.

Theorem [[4] is a multi-colored version of recent results of [BDWY12, DSW12], which give
a similar ‘0-version’ of the Sylvester-Gallai theorem ([BDWY12] also establishes the n = 2 case
of Theorem [[4]). In fact, our proof uses one of the main results of [BDWY12, DSW12] as its
principal tool. This result, given below as Theorem 2.2] gives a lower bound on the rank of
matrices whose pattern of zeros and non-zeros satisfies a certain ‘design-like’ condition. As the
results of [BDWY12, IDSW12] work also over the complex numbers, our results (in particular,
Theorem [[4)) hold also when one replaces R? with C? (with the same bounds).

In the next section we state some preliminaries from [BDWY12, DSW12] that will be used in
the proof of Theorem [[L4l The proof itself is given in Section [Bl

2 Preliminaries
The main tool in the proof is a rank lower bound for design-matrices defined in [BDWY12]. For
a vector R € F"™ we denote the support of R by supp(R) = {i € [n] | R; # 0}.

Definition 2.1 (Design matrix). Let A be an m X n matriz over a field F. Let Ry,..., R, € F"
be the rows of A and let C1,...,Cy € F™ be the columns of A. We say that A is a (q, k,t)-design

'One could set € = §/2 to get a simpler (but worse, in some cases) bound.



matrix if the following three conditions are satisfied:

1. For alli € [m], |supp(R;)| < q.
2. For all j € [n], |supp(Cj)| > k.

3. For all j1 # ja € [n], |supp(Cj,) N supp(Cj,)| < t.

The following is a quantitative improvement of a bound originally proved in [BDWY12].

Theorem 2.2 ([DSW12]). Let A by an m x n complex matriz. If A is a (q,k,t) design matriz

then
_ntg(g—1)

rank(A) > n ?

Another lemma we will use is the following lemma whose proof is a simple consequence of the
existence of diagonal Latin squares.

Lemma 2.3 ([BDWY12, Lemma 2.1]). Let r > 3. Then there exists a set T C [r]®> of r? —r
triples that satisfies the following properties.

1. Each triple (t1,ta,t3) € T' consists of three distinct elements.
2. For each i € [r] there are exactly 3(r — 1) triples in T that contain i as an element.

3. For every pair i,j € [r| of distinct elements there are at most 6 triples in T which contain
both i and j as elements.

3 Proof of the main theorem

Before giving the proof of Theorem [[.4] we prove some useful lemmas. The first is the technical
heart of the proof and its proof utilizes the rank bound for design matrices (Theorem 2:2)). In
the following we will denote by dim(.S) the dimension of the subspace spanned by a set S. Notice
that, since adim(S) < dim(S), we can bound dim(V") instead of adim(V').

Lemma 3.1. Let V = |J,V; be a (6,n)-MR configuration in R?. Let x,y be indices with
0<z<y<mn LetP =i Vilet P, =J_, Vi, and let Py = U?:yHV,- (P1 and Ps
might be empty if x =0 or y = n). Suppose that for some constants c1,co > 0 the following two
nequalities hold:

’Vy’ ch‘lea (1)
(0 = c2)[Vy| = | P5. (2)
Then dim(P2) < dim(P1) + 12/(c1c2).

Proof. We start by noting that, since [Vi| > |Vo| > ... > |V,,], inequalities () and (2] in the
lemma statement, |V, | > ¢;1|P| and (6 — ¢2)|V,| > | P3|, also hold when |V,| is replaced with |V;],
for ¢ < y.



We will call a line L extraordinary with respect to the configuration V' if (1) L passes through
at least one point of P5 and (2) L passes through at least three points of Py U P,. We will refer to
the points of P; U P, that lie on some extraordinary line L as the points associated with L (such
a line L might contain additional points from P3 which are not associated with it).

Let Ly, Lo, ..., Ly be an enumeration of the extraordinary lines of our configuration and let ¢;
denote the number of points associated with L;, for 1 <i < k.

For each extraordinary line L; we construct, using Lemma 23] a set T; of ¢? — ¢; triples of
points so that (1) each triple in T; consists of three distinct points associated with L;; (2) for any
point v associated with L;, there are exactly 3(¢; — 1) triples in 7; that contain v; and (3) for any
two points u # v associated with L;, there are at most 6 triples in T; that contain both v and v.
Let

Next, let m = |V] and let M be the m x d matrix whose rows are defined by the points of V'
(in some choice of coordinates for R?). We will now define a matrix A that will satisfy A-M = 0.
Each triple in 7" will correspond to one row of A. Every triple t = (t1,t9,t3) € T consists of
three distinct points in P; U P, that are collinear. Since they are collinear, there are coefficients
h1, ho, hg, not all zero, such that
hity + hoty + hats =0

(treating the points as vectors). We set the t’th row of A to have entries hq, ha, h3 in the positions
corresponding to the three points t1,to,t3 (we can do that since the columns of A are indexed by
V') and zero elsewhere. Observe that A is a |T'| X m matrix, since there is a bijection between the
elements of T" and the rows of A. Since the product of any row of A with M is 0, we must also
have that

A-M=0.

There is a bijection between the rows of the matrix M and the points in the set V. Therefore,
any subset of the set V' corresponds to a submatrix of the matrix M, obtained by taking only
those rows that correspond to the points in the subset. Let M; denote the submatrix of M
corresponding to the point set P, and likewise let My and M3 be the submatrices corresponding
to P, and P3. Let Ay be the submatrix of A obtained by taking those columns of A whose indices
match the indices of the rows of M; (that is, with indices corresponding to elements of P;). Define
Ag and As analogously (with columns in P» and Ps respectively). Observe that Aj M, Ao M,
and AsMs; are all valid matrix products, and that

A1 My + AsMy + AsMs = AM = 0.

From the definition of the matrix A we have that the column corresponding to any given point
in P3 contains only 0’s; therefore A3 = 0, and so A3M3z = 0. Hence A1 My + AsM> = 0 which
gives

rank(AaMs) = rank(A1M;) < rank(M;) = dim(Py). (3)
(If |P1] is empty we get Ao My = 0 and the rest of the proof is the same).

‘We now claim that:



Claim 3.2. Ay is a (3,3cic2| P2, 6)-design matriz.

Proof. By the construction of A each row contains at most three non-zero terms. Since As is
a submatrix of A, each row of Ay can contain at most three non-zero terms. Similarly, by the
construction of A, any two columns can share at most six non-zero locations; and again this holds
for Ay as well. Finally, we claim that each column of A, contains at least 3cjca|Ps| non-zero
entries.

Consider a column C' of Ay. This column corresponds to a point p in P». The number of
non-zero entries of C is exactly equal to the number of triples in 7' that contain the point p.
Suppose that p € V; C P, for some i. We claim that there must be at least 6|V;| — | P3| points
g # p that lie on extraordinary lines through p. Observe that this quantity is at least ca|V;| by
inequality (2). Indeed, there are at least §|V;| points ¢ # p in V;, for which the line through ¢, p
contains a point from some V;, with j # 4, because the configuration is (§,n)-MR. Let us denote
this set of at least d|V;| points by S. For each point ¢ in S, either the line through ¢, p contains a
third point from P; U P», and is therefore an extraordinary line, or (1) it contains no other points
from P; U Py, and (2) it contains some point r from Ps.

Thus, each point ¢ € S that is not associated with any of the extraordinary lines passing
through p corresponds to some point r € P3. Since no two ¢ # g2 € S can correspond to
the same r, at most |P3| of the points in S are not associated with any of the extraordinary
lines passing through p. Thus, the remaining §|V;| — | P3| points are associated with one of the
extraordinary lines passing through p.

Now, if a given extraordinary line L passes through p, and if there are ¢ points associated with
L besides p, then that line contributes 3¢ triples to 17" that contain p. Therefore, since we showed
that there are at least cjca|P| points other than p that lie on the extraordinary lines passing
through p, there must be at least 3cico|P,| triples in 7' that contain p.

We conclude that that the point p € V; is in at least 3¢a|V;| triples; and since |V;| > ¢1|Ps| (by
inequality (), this quantity is at least 3¢y ca|P2| such points and so As is indeed a (3, 3¢cica| P2, 6)
design matrix as claimed. O

Applying Theorem we have that
rank(Ag) > |Py| — 12/(c1c2).
Now, using basic linear algebra, we get that
rank(AaMs) > rank(Msz) — (| Py| — rank(As)) > rank(Ms) — 12/(c1c2).
Using Eq. ([B) we immediately get
rank(Ms) < dim(Py) + 12/(cica),

which implies dim(P2) < dim(P;) + 12/(c1c2) as was required. This completes the proof of
Lemma 311 O

To state the next lemma we will need the following definition.



Definition 3.3 (e-large and e-small indices). Let Vi,...,V, C RY be a (§,n)-MR configuration
and let cc = 1/(0 —€) with 0 < € < & some real number. We call an index k € [n] an e-large index

if
Vil = ce([Vira] + [Viega| + - 4 [Val),

otherwise we say that k is e-small. By convention, we say that n is always e-large.

Lemma 3.4. Let Vi, Va, ..., V,, € R% be a (§,n)-MR configuration, and suppose x andy are integers
with 0 < xz <y < n such that y is an e-large index, and each of the indices x+1,x+2,...,y—2,y—1
1s e-small. Then, for each i with 0 <i <y —x — 1 we have

Do Vil <21+ - V.
J>y=i

Proof. We will prove the lemma by induction on i. To prove the base case, i = 0, we need to

show that
> Vil <2Vl
jzy
Since y is an e-large index, we have
Vyl = ce Z Vjl
>y
and so »_;, [Vj| < 1/c|V,|. By adding |V, to both sides we immediately have that

DoVl < @ +1/clVy

Jj2y

which gives the desired bound since ¢, > 1 and so 1+ 1/¢. < 2.

Now suppose the claim holds for ¢ = k. We wish to show that it also holds for ¢ = k 4+ 1,
assuming that £ + 1 <y — x — 1. From the induction we have that

Vi< 21+ c)f V.
jzy—k

We also know that y — (k + 1) is an e-small index, so

V=] <ce D Vil
Jjzy—k

Substituting the first inequality into the second gives
k
|Vy—(k+1)| < 2¢e(1 + co)"|Vyl.

Then adding this inequality to the first inequality yields the desired result.



Corollary 3.5. Under the same notations and conditions as Lemma[3.4), we have:

1 y
Vyl > e |V;l.
=1 4 oy 1].:;1 ’

Proof. Apply Lemma B4 with ¢ = y — x — 1 to get that

Yo Vil <21+ e |V,

Jj=x+1
hence
Y
> Wl <2+t
Jj=x+1
and the corollary follows. O

3.1 Proof of Theorem [1.4]

Let di < d2 < ... < dp = n be the e-large indices determined by V (see Definition 3.3]) and let us
define dg = 0. We define
Wy :VlUVQU...Ule;

Wy = Vd1+1 U Vd1+2 U...uU Vd2

ete. for 1 <43 < k. Let
m; = dim(W1 UWsyu...U WZ‘),

for 1 <4<k and set mg = 0.
Consider W; for some 1 < i < k. Since d; is an e-large index, we have that
V| = ce(IVa | + Vil + -+ [Val)
with ¢c = 1/(6 — €). Hence
(0 = Vi | = Vaa| + Vil + o + Vi

Furthermore, each of d;_1 +1,d;_1 +2,...,d; — 2,d; — 1 are e-small indices, so by Corollary we

have
1

(1 Te )di_di71_1 (’Vdifl‘i‘l’ + ‘Vdi71+2’ +..+ ‘Vdi—l‘ + ‘de’)

Vil >
!dl\_2

Therefore our configuration satisfies the conditions of Lemma Bl with x = d;_1, y = d;,

W, and co = e. For these values of z and y, the set P; defined in the lemma

equals W7 U Wy U ...W;_1, and the set P, equals W;. Therefore we get that

c1 =

dim(W;) < mi_q + (24/€) - (1 4 ¢ )%E—di-171,
Now, since m; < m;_1 + dim(W;), we have that

m; < 2my_q + (24/€) - (1 + ¢ )i—%i-171,



Claim 3.6. For all 0 <1 < k we have

Proof. We prove the claim by induction on i. The base case, i = 0, holds since mg = 0. Suppose
the claim holds for ¢ = h and consider the case ¢ = h + 1. By induction we have that

24 :
my <=y 21 )BT
1<j<h

We also showed that
24 dpaq—dp—1
Mpy1 < 2mp, + ?(1 + e )T

Substituting the first inequality into the second we find that

24 _; g 24 o
mh+1§? Z MHI=I (1 ¢ )di—dim 1—F?(l—kcg)dhﬂ dp—1
1<j<h

which gives the desired result. O

Using the claim for i = k we get

24 ,
my < — Z 27T (1 4 ¢ )T,
1<5<k

Observe that for all j, d; —d;_1 < n — k + 1. This follows from the fact that the d; are strictly

increasing, dg = 0, and di = n. Therefore, the summand 2k_j(1 + (:E)df_df*_1 is at most
. k
2873 (1 + ¢.)" %, which in turn is at most (1 + ¢.)" - (14206) . Adding these together we get that
24 - k

my <

9 \F
1+c)"- .
€ (1+eco) <1+ce>

Observe that, since ¢c = 1/(0 —€) > 1/(1 —€) > 1 +¢€, we have 2/(1 +¢.) < 2/(2 + ¢€) and so we

get that
20k (2 \*
<—(—) (1 "
M= € <2+e> (1+e)
k
The expression @ (%ﬁ) is maximized when k = —m = 0(1/¢) and so we get

C
mk§6—2'(1+ce)"

For some absolute constant C'. Since my = dim(W; UW,oU...UW,,) = dim(V4,...,V,,), the proof
of the theorem is complete.
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