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TWO-ORBIT CONVEX POLYTOPES AND TILINGS

KOLYA MATTEO

ABSTRACT. We classify the convex polytopes whose symmetry groups
have two orbits on the flags. These exist only in two or three dimensions,
and the only ones whose combinatorial automorphism group is also two-
orbit are the cuboctahedron, the icosidodecahedron, and their duals.
The combinatorially regular two-orbit convex polytopes are certain 2n-
gons for each n > 2. We also classify the face-to-face tilings of Euclidean
space by convex polytopes whose symmetry groups have two flag orbits.
There are finitely many families, tiling one, two, or three dimensions.
The only such tilings which are also combinatorially two-orbit are the
trihexagonal plane tiling, the rhombille plane tiling, the tetrahedral-
octahedral honeycomb, and the rhombic dodecahedral honeycomb.

1. INTRODUCTION

Here we will classify all convex polytopes, and face-to-face tilings of Eu-
clidean space by convex polytopes, whose flags have two orbits under the
action of the symmetry group. First we briefly define these terms.

A convex polytope is the convex hull of a finite set of points in d-dimensional
Euclidean space E? ﬂﬁ] In this paper we use “d-polytope” to mean “d-
dimensional convex polytope,” “polygon” to mean “2-polytope” and “poly-
hedron” to mean “3-polytope.” A face of a convex polytope P is the inter-
section of P with a supporting hyperplane of P, i.e. a hyperplane H such
that P is contained in one closed half-space determined by H, and such that
H and P have non-empty intersection. We also admit the empty set and P
itself as “improper” faces. A face is called j-dimensional, or a j-face, if its
affine hull is j-dimensional; the empty face is (—1)-dimensional. The 0-faces
are also called wvertices; 1-faces are also called edges; (d — 2)-faces may be
called ridges and (d — 1)-faces are called facets.

The faces of P, ordered by containment, form a lattice L(P), the face
lattice of P. The symmetry group of P, denoted G(P), is the set of Euclidean
isometries which carry P to itself. The automorphism group of P, denoted
I'(P), is the set of lattice isomorphisms from L(P) to itself. Since each
transformation in G(P) acts as an automorphism of £(P), we can consider
G(P) as a subgroup of I'(P).
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A maximal chain in £(P) (i.e. a maximal linearly ordered set of faces) is
called a flag (due to the way a vertex, followed by an edge incident to that
vertex, followed by a 2-face incident to the edge, resemble the construction
of a flagpole.) The set of all flags of P is F(P). Transformations in G(P)
(or automorphisms in I'(P)) induce an action on F(P) in an obvious way.
The orbits of flags under the action of G(P) are called flag orbits, and a
polytope with n distinct flag orbits is called an n-orbit polytope. Similarly,
orbits of flags under the action of I'(P) are called combinatorial flag orbits,
and a polytope with n such orbits is called combinatorially n-orbit; in the
context of abstract polytopes, this is the only definition possible and the
adjectives may be dropped.

In [4, p. 273], Conway et al. introduce the term flag rank for the number
of flag orbits. A k-orbit polytope is said to have a flag rank of k, and they
also suggest that such a polytope be called %—regular. Thus, in this paper
we determine all the half-regular convex polytopes.

One-orbit polytopes are the regular polytopes. It is well known [g] that
there are infinitely many regular polygons, namely the regular n-gon for
each n > 3; there are five regular polyhedra, the Platonic solids; there are
six regular 4-polytopes; and there are three regular d-polytopes for all d > 4.

As far as flags are concerned, two-orbit polytopes are as close to regular
as possible while not being regular. Two-orbit convex polytopes can either
be combinatorially two-orbit, if G(P) = I'(P), or combinatorially regular, in
which case G(P) is a subgroup of index 2 in I'(P). In the more general case of
abstract polytopes, combinatorially two-orbit polyhedra were examined by
Hubard [18]. The chiral polytopes are notable examples of two-orbit abstract
polytopes [26]. However, convex polytopes cannot be chiral [26, p. 496].

FIGURE 1. The first few two-orbit convex polygons, in pairs

of duals

As we shall show, two-orbit convex polytopes turn out to be even scarcer
than one-orbit convex polytopes, and exist only in two or three dimensions.
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There are infinitely many in two dimensions. For each n > 2, a two-orbit 2n-
gon may be constructed by alternating edges of two distinct lengths, with
the same angle at each vertex (namely the interior angle of a regular 2n-
gon, ”T_27T) Dual to each of these is another type of two-orbit 2n-gon, with
uniform edge lengths, but alternating angle measures.

In three dimensions, there are just four: The cuboctahedron, its dual
the rhombic dodecahedron, the icosidodecahedron, and its dual the rhombic

triacontahedron. We summarize the results in Theorems [l and 21

Theorem 1. There are no two-orbit d-polytopes if d >4 (orifd < 1). There
are exactly four, if d = 3: the cuboctahedron, icosidodecahedron, rhombic do-
decahedron, and rhombic triacontahedron. If d = 2, there are two infinite
series of 2n-gons, for each n > 2. Polygons of one series alternate between
two distinct edge lengths. Polygons of the other alternate between two dis-
tinct angle measures.

Cuboctahedron

Rhombic Dodecahedron Rhombic Triacontahedron

FIGURE 2. The two-orbit convex polyhedra

In Section [(] we classify all two-orbit tilings by convex polytopes. We con-
sider only face-to-face, locally finite tilings. See Section [A] for a description
of each of the named tilings.
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Theorem 2. There are no two-orbit tilings of E? if d > 4 (or if d = 0).
If d = 1, there is one family: an apeirogon alternating between two distinct
edge lengths. If d = 2, there are four: the trihexagonal tiling (3.6.3.6); its
dual, the rhombille tiling;, a family of tilings by translations of a rhombus;
and a family of tilings by rectangles. If d = 3, there are two: the tetrahedral-
octahedral honeycomb and its dual, the rthombic dodecahedral honeycomb.

In the above two theorems, all those examples which vary by a real pa-
rameter greater than one (both types of 2n-gons, the apeirogon, and the
tilings by rhombi and rectangles) are combinatorially regular; in each case,
allowing the parameter to become one yields a regular polygon or tiling, to
which all other members of the family are isomorphic. The other examples,
namely the four polyhedra, the trihexagonal tiling, the rhombille tiling, the
tetrahedral-octahedral honeycomb, and the rhombic dodecahedral honey-
comb, are all unique (up to similarity), and are all combinatorially two-orbit.

2. PRELIMINARY FACTS

Let P be a d-polytope. Recall that flags are maximal chains of faces
of P. Two flags are said to be adjacent if they differ in exactly one face;
if they differ in the j-face, they are said to be j-adjacent. The face lattice
L(P) satisfies the following four properties, which are in fact taken to be
the definition of an abstract polytope of rank d |22, p. 22]:

(P1) There is a least face F_j, the empty face, and a greatest face Fy,
which is P itself.

(P2) Every flag contains d + 2 faces.

(P3) (Strong flag-connectivity:) For any two flags ® and ¥ of P, there
exists a sequence of flags ® =: &g, Pq,..., P = V¥, such that each
flag is adjacent to its neighbors and ® NV C &; for each i.

(P4) (The diamond condition:) For any j, 1 < j < d, any j-face G of P,
and any (j — 2)-face F' contained in G, there are exactly two faces
H such that F < H < G.

A d-polytope @ is said to be dual to P if the face lattice £(Q) is anti-
isomorphic to the lattice £(P), that is, identical to £(P) with the order
reversed. A bijective, order-reversing function h: L(P) — L(Q) is called a
duality. A dual polytope to P is often denoted P*. Clearly, any two duals of
P are combinatorially isomorphic. A dual P* to any convex polytope P may
be constructed by the process of polar reciprocation: After translating P, if
necessary, so that the origin is contained in its interior, let P* = ﬂye ple
| (x,y) < 1}, where (x,y) is the scalar product. Then (P*)* = P and
G(P*) = G(P). Thus, when necessary, we may assume that a polytope and
its dual have the same symmetry group.

For any two faces F' and G of P with F' < G, G/F denotes the section
of L(P) whose face lattice is { H € L(P) | F < H < G }. This section may
be realized as a convex polytope by taking the dual polytope G* to G, say
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with a duality h: G — G*; then the dual h(F)* to the face h(F) of G* is
the desired polytope.

A subgroup of G(P) acts on the section G/F'; namely, those symmetries
which fix all faces of P which contain G and all faces of P which are faces
of F. These form a subgroup which acts faithfully on G/F in a well-defined
way. As symmetries of G/F, this group is a subgroup of the symmetry group
of G/F. We call it the restricted subgroup, denoted Gp(G/F) (this is not
standard notation.)

Note that the symmetry group of a two-orbit d-polytope P can have at
most two orbits on its j-faces, for any j < d.

Claim 1. Suppose P is a two-orbit d-polytope. If the symmetry group G(P)
is not transitive on j-faces for some j, then G(P) is transitive on i-faces for
all i # j, where 0 <i,5 <d—1.

Proof. Otherwise, we have two orbit classes of i-faces, say class I and II, and
two classes of j-faces, say A and B. Without loss of generality, suppose j < 7.
Let us say that a flag of P whose j-face is in class A and whose i-face is in
class I is an A-I flag, and similarly for other cases. Then we have more than
two flag types, A-I, A-II, B-I, and B-II, unless the j-faces in class A occur
only in one class of i-faces, say I, and j-faces in class B occur only in i-faces
in class II. But, as we will show, this violates the connectivity property

Let ® be an A-I flag and ¥ be a B-II flag. By flag-connectedness there
is a sequence of adjacent flags, ® = @y, Pq,..., P, = V. Let £ be the least
index such that ®, contains a j-face in class B or an i-face in class II, or
both. Then ®,_; is an A-I flag, and since ®, is adjacent to ®,_1, only one
face is different, so ®; is either an A-II flag or a B-I flag. Therefore P has
at least three flag orbits. O

Polytopes which are transitive on j-faces for all 1 < j < d — 1 are called
fully transitive. Tt is a theorem of McMullen’s thesis [21] that fully transitive
convex polytopes are regular.

Theorem 3 (McMullen [21, 4C6]). A d-polytope P is regular if and only
if for each 7 =0,...,d — 1, its symmetry group G(P) is transitive on the
j-faces of P.

Therefore, for a two-orbit d-polytope P thereisa j, 0 < j <d—1, so that
G(P) is not transitive on the j-faces but is transitive on the faces of every
other rank. We shall call such a polytope j-intransitive.

In the language of Hubard [18], a O-intransitive two-orbit polyhedron is
of class 21 2, a l-intransitive two-orbit polyhedron is of class 292, and a 2-
intransitive two-orbit polyhedron is of class 2 ;. Claim [I] and the above
comments were proved in [18]. They are consequences of Theorem 5 therein,
which we may paraphrase to say that an (abstract) two-orbit d-polytope
P is either fully transitive, or there exists a j (1 < j < d) such that P is
i-transitive for every ¢ # j, but not for 4 = j. In using any results about
abstract two-orbit polytopes, however, we must be careful to remember that
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convex two-orbit polytopes may be combinatorially regular and not combi-
natorially two-orbit.

Claim 2. For any convex polytope P, the order of the symmetry group G(P)
divides the number of flags of P. FEach flag orbit has the same size, namely
|G(P)|, and so P is a two-orbit polytope if and only if the number of flags
is twice the order of G(P).

Proof. This all follows from the fact that G(P) acts freely on the set of flags
of P. Let ® be any flag of P. Any v € G(P) acts on the j-adjacent flag
®J to ® as y(®’/) = v(®)7, since 7 is an automorphism of the face lattice.
Therefore, if v € G(P) is such that y(®) = ®, then ~ will also fix each flag
adjacent to @, and thus all flags of P by flag-connectedness, so 7 is the
identity. O

It follows that the dual to a two-orbit polytope is two-orbit; the dual to
a j-intransitive d-polytope is (d — j — 1)-intransitive.

Claim 3. If P is a two-orbit j-intransitive d-polytope, and @ is any flag,
then for any i # j the i-adjacent flag ®* is in the same orbit as . That is,
there exists a symmetry p € G(P) such that p(®) = ®°.

Proof. Since there are only two flag orbits, and two classes of j-faces, the
orbit of a given flag is determined entirely by its j-face. For i # j, ® and ®*
share their j-face, hence are in the same flag orbit. O

Corollary 1. If P is a two-orbit j-intransitive d-polytope, and ® is any flag,
then the j-adjacent flag ®7 is not in the same flag orbit as .

Proof. If ® were in the same orbit as ®, then by Claim B for each i =
0,...,d — 1 there exists an isometry p; of P such that p;(®) = ®*. But if
a flag is in the same orbit as all of its adjacent flags, it follows from flag-

connectedness that P is regular (see Proposition 2B4 of [22] or Theorem 4B1
of [21].) O

The next corollary is immediate from Corollary [l

Corollary 2. If P is a two-orbit j-intransitive d-polytope, then for any
(7 +1)-face Fj11 of P and any (j — 1)-face F;_1 contained in Fji1, the two
j-faces H with F;_1 < H < Fj11 are in different j-face orbits.

In the following, by “chain of cotype {j}” we mean a chain of faces in
L(P) including a face of each rank except j.

Claim 4. If P is a two-orbit j-intransitive d-polytope, then G(P) acts tran-
sitively on chains of cotype {j}.

Proof. Let ¥ and €2 be two chains of cotype {j}. By Corollary 2 the two
j-faces which are incident to the (j — 1)-face and (j + 1)-face of ¥ are in
different j-face orbits. Recall that the orbit of a given flag is determined
entirely by its j-face. So we may extend ¥ to a flag in either flag orbit.
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Similarly, we may extend () to a flag in either orbit. Thus, we extend ¥ to
a flag ¥/ and © to a flag 2 such that both are in the same orbit; then there
is a symmetry v € G(P) so v(¥') = @/, and thus (V) = Q. O

Claim 5. If P is a two-orbit j-intransitive d-polytope, then j =0 or j =
d—1.

Proof. Suppose 1 < j < d — 2. Then there is a (j — 2)-face Fj_» contained
in some (j 4 2)-face Fj19 in P. The section Q = Fj12/Fj_5 is a polyhedron.
By Claim [4] isometries in the restricted group Gp(Q) act transitively on the
vertices and facets of @) (corresponding to (j — 1)-faces and (j + 1)-faces of
P, respectively.) By vertex transitivity, every vertex is in the same number
q of edges. By Corollary 2] the edge orbits alternate across each facet, so ¢
is even. By facet transitivity, each facet is a p-gon for some p, and again by
Corollary [2 the edge orbits alternate at each vertex, so p is even.

However, this contradicts Euler’s theorem. In fact, each polyhedron with-
out triangular facets has at least one 3-valent vertex |13, p. 237]. 0

Claim 6. If P is a two-orbit j-intransitive d-polytope, then all i-faces, for
i < j, are reqular. More generally, any section G/F, where G is a k-face
and F' is an l-face, is reqular if j <1 ork < j. Ifl < j <k, then G/F has
two flag orbits under the restricted subgroup Gp(G/F).

Proof. Since there are only two flag orbits, and two classes of j-faces, the
orbit of a given flag is determined entirely by its j-face. Suppose G/F is a
section as described and we do not have | < j < k. Choose a base flag ®
of G/F and extend it to a flag ® of P. Now any flag ¥ of G/F may be
extended to a flag U’ of P which agrees with ® for all i-faces with ¢« <[ or
1 > k. In particular, ® and ¥’ share the same j-face, so there is an isometry
v € G(P) such that v(®') = ¥/. Then ~ restricts to a symmetry of G/F
carrying ® to U. Hence G/F is regular.

On the other hand, if | < j < k, then G/F contains a (j — 1)-face Fj_;
of P and a (j + 1)-face Fj1; of P which contains F;_;. By Corollary 2, the
two j-faces H of P with Fj_; < H < Fjj1; are in different orbits. Thus G/F
has at least two flag orbits under those isometries in G(P) which restrict to
G/F. On the other hand, for any two flags ® and ¥ of G/F which contain
the same kind of j-face of P, we may extend these to flags ® and ¥’ of P
which agree on all i-faces with ¢ <! and ¢ > k. Then an isometry v € G(P)
exists with v(®") = (¥'), and this 7 restricts to G/F where it takes ® to .
Hence G/F has two flag orbits under those transformations in G(P) which
restrict to G/F. O

Note that those sections in Claim [0l with two flag orbits under the re-
stricted subgroup are either two-orbit polytopes or regular. Their full group
of symmetries includes the restricted subgroup, but may be bigger. If the
section is in fact two-orbit, then its symmetry group agrees with the re-
stricted subgroup. In particular, if a face F' of a two-orbit j-intransitive
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polytope is two-orbit, then F' is also j-intransitive; note than then j = 0, by
Claim (Bl

3. Two DIMENSIONS

Suppose P is a two-orbit polygon. If P does not have all edges of the
same length, then it has two distinct edge lengths; if it had three or more,
then there would be three or more flag orbits. In this case, P is not edge-
transitive, so it must be vertex-transitive. Then no two edges of the same
length may be adjacent, since in that case, by vertex-transitivity, all edges
would be the same length. So P must alternate edges of two distinct lengths,
and by vertex-transitivity all angles are the same.

On the other hand, suppose P does have all edges the same length. If
the angle at each vertex is the same, then P would be regular. Therefore, P
has at least two distinct angles; it has at most two, since there at most two
vertex orbits. Then P is not vertex-transitive, so it must be edge-transitive,
which implies that P alternates between two distinct angles.

We have shown that every two-orbit convex polygon must be of one of
the two types described above. It is not hard to see that, moreover, such
2n-gons exist for each n > 2. The existence of non-regular rectangles is well
known. For each n > 3, a polygon of the first type may be constructed
from a regular n-gon by truncation, i.e. chopping off a corner at each vertex.
In the top row of Figure [Il you may see how the hexagon is a truncated
equilateral triangle, and the octagon is a truncated square.

The existence of each 2n-gon of the second type is then clear, since they
are the duals of the polygons of the first type; i.e. they may be constructed
by taking the convex hull of vertices placed at the midpoint of each edge of
a polygon of the first type.

It is also clear that such polygons are, indeed, two-orbit. Let us consider
a polygon P of the first type. It then follows for the second type by duality.
Since P is not edge-transitive, it has at least two flag orbits. Since P is a
truncated regular n-gon, it has (at least) all the symmetries of the regular
n-gon, which has order 2n. But P has 4n flags (2n vertices, each in 2 edges),
so P has at most 4n/2n = 2 flag orbits. Therefore P is a two-orbit polygon.

4. THREE DIMENSIONS

A quasiregular polyhedron is vertex-transitive and has exactly two kinds
of facets, which are regular and alternate around each vertex. By Claims [I]
and [6] any 2-intransitive two-orbit polyhedron is vertex-transitive, edge-
transitive, and has regular facets in two orbits. The two types of facet must
alternate around each vertex, i.e. each edge must be incident to one facet
of each type, by edge-transitivity. Thus any 2-intransitive two-orbit poly-
hedron is quasiregular. But there are only two quasiregular polyhedra: the
cuboctahedron and the icosidodecahedron, two of the Archimedean solids
], p. 18].
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We may verify that these are two-orbit polyhedra. The cuboctahedron
has at least two flag orbits, since it is not regular, having both square and
triangular faces. It has 12 vertices, each incident to 4 edges, and each edge
is in 2 faces, so it has 12 -4 -2 = 96 flags. The cuboctahedron may be
formed by truncating each vertex of the 3-cube at the midpoints of the
edges, so it retains all the symmetries of the cube, a group of order 48.
Hence the cuboctahedron has at most 96/48 = 2 orbits, and thus is a two-
orbit polyhedron (and also combinatorially two-orbit.)

The icosidodecahedron has at least two flag orbits, since it is not regular,
having both triangular and pentagonal faces. It has 30 vertices, each in
4 edges, and each edge is in 2 faces, so it has 30 - 4 - 2 = 240 flags. The
icosidodecahedron may be formed by truncating each vertex of the dodec-
ahedron at the midpoints of the edges, so it retains all the symmetries of
the dodecahedron, a group of order 120. Hence the icosidodecahedron has
at most 240/120 = 2 orbits, and thus is a two-orbit polyhedron (and also
combinatorially two-orbit.)

Any two-orbit polyhedron which is O-intransitive must be dual to one of
these two, so we have the rhombic dodecahedron, dual to the cuboctahedron,
and the rhombic triacontahedron, dual to the icosidodecahedron. As duals
to Archimedean solids, these are Catalan solids.

Rather than using the list of quasiregular polyhedra, it is possible to
arrive at candidates for O-intransitive or 2-intransitive two-orbit polyhedra
by considering all the edge-transitive polyhedra. It turns out there are only
nine: the five platonic solids, the cuboctahedron, the icosidodecahedron, the
rhombic dodecahedron, and the rhombic triacontahedron [12; [15].

By Claim [l there are no 1-intransitive two-orbit polyhedra. In fact, poly-
hedra which are vertex-transitive and facet-transitive have a name, the noble
polyhedra, and the only non-regular ones (i.e. the l-intransitive polyhedra)
are disphenoid tetrahedra, which are tetrahedra with non-equilateral trian-
gular faces [3, p. 26]. It is not hard to see that, if not regular, a tetrahedron
has at least three flag orbits.

Hence the cuboctahedron, icosidodecahedron, rhombic dodecahedron, and
rhombic triacontahedron are the only two-orbit polyhedra. The same result
is found in Orbanié, Pellicer, and Weiss [24, p. 427] as a consequence of
Theorem 6.1 therein, stating that every 2-orbit map on the sphere is either
the medial of a regular map on the sphere, or dual to one.

5. HIGHER DIMENSIONS

Suppose P is a j-intransitive two-orbit d-polytope with d > 4; by Claim [{]
j is either 0 or d — 1. Any two-orbit O-intransitive polytope is dual to a two-
orbit (d — 1)-intransitive polytope, so we shall restrict our attention to the
latter case. Such a polytope is vertex-transitive, and by Claim [0l has regular
facets. This is the definition used by Gosset [11] for semiregular polytopes.
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In his 1900 paper he gives a complete list of all the semiregular polytopes.
The list was proved to be complete in Blind and Blind [1].

There are only seven semiregular convex polytopes in dimensions greater
than three. There are three 4-polytopes: the rectified 4-simplex, the snub
24-cell, and the rectified 600-cell. The rectified 4-simplex, which Gosset
called “tetroctahedric,” is the convex hull of the midpoints of the edges of
the 4-simplex. The facets are tetrahedra and octahedra. It has 360 flags,
with 10 vertices, each in 6 edges, each edge in 3 ridges, and each ridge in
2 facets. It has the same symmetry group as the 4-simplex, of order 120;
hence it has three flag orbits.

The rectified 600-cell, which Gosset called “octicosahedric,” is the convex
hull of the midpoints of the edges of the 600-cell. The facets are octahedra
and icosahedra. It has 43,200 flags, with 720 vertices, each in 10 edges, each
edge in 3 ridges and each ridge in 2 facets. It has the same symmetry group
as the 600-cell, of order 14,400; hence it has three flag orbits.

The snub 24-cell, which Gosset called “tetricosahedric,” has icosahedra
and tetrahedra for facets. It has 96 vertices, each in 9 edges; 6 of these edges
are in 3 ridges, and the other 3 edges are in 4 ridges. (This already makes
it clear that there are at least two orbit classes of edges, as well as at least
two orbit classes of facets, so it cannot be two-orbit.) Each ridge is in 2
facets. Hence there are 5,760 flags. It has half the symmetries of the 24-cell,
leaving 576. So it has ten flag orbits.

The remaining examples form Coxeter’s kop family [8, §11.8; |7], with one
each in dimensions 5 through 8. They are the 5-demicube, or 191, Gosset’s
“b-ic Semi-regular”; 291 or “6-ic Semi-regular”’; 391 or “7-ic Semi-regular”;
and 497 or “8-ic Semi-regular”. Each of these has the preceding one for its
vertex figure, starting with the rectified 4-simplex (which may also be called
021) as the vertex figure of the 5-demicube. Of course, by Claim [6] if any
member of this family were two-orbit, then the previous member (being a
section) would either be two-orbit or regular. So by induction, none of these
polytopes are two-orbit. In fact, each has three flag orbits.

Thus, no two-orbit convex polytopes exist in more than three dimensions.

In [4, pp. 409-411], Conway et al. say that the n-dimensional demicube,
i.e. the convex hull of alternate vertices of the n-cube (which they call a
hemicube), has n — 2 flag orbits. So the 4-demicube should be two-orbit.
The 4-demicube is described specifically as a 4-crosspolytope “but with only
half its symmetry.” This apparently contradicts our result!

However, if the 4-cube has for its vertices the 16 points in E* with all coor-
dinates 0 or 1, then the vertices of the 4-demicube are (0,0,0,0), (1,1,1,1),
and all vectors with two 0’s and two 1’s. Hence if = is a vertex, so is 1 — x,
where 1 = (1,1,1,1). Grouping the 8 vertices in pairs (z, 1 —x), we find four
axes which are mutually perpendicular. Thus we have four antipodal pairs
of vertices of a regular 4-crosspolytope. Hence the “two-orbit” 4-demicube
is actually a regular 4-crosspolytope with artificially restricted symmetries,
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essentially by coloring the facets depending whether they were formed inside
a facet, or at a missing vertex, of the 4-cube.

6. TILINGS

A tiling of d-dimensional Euclidean space E¢, also called a tessellation or
a honeycomb, is a countable collection of subsets (called tiles) of E¢ which
cover E? without gaps or overlaps; that is, the union of the tiles is E%, and
the interiors of the tiles are pairwise disjoint. Here, we consider only locally
finite face-to-face tilings by convex polytopes, meaning that all the tiles must
be convex polytopes, every compact subset of E? meets only finitely many
tiles, and the intersection of any two tiles is a face of both (possibly the
empty face). The face lattice of a tiling of d-dimensional space meets all
the criteria defining an abstract polytope of rank d + 1, and we call it a
rank (d 4 1) tiling. The d-dimensional tiles are the facets. A rank 3 tiling
is called a plane tiling, and a rank 2 tiling is called an apeirogon. The latter
necessarily consists of infinitely many edges (line segments) covering the line,
and has been described as the limit of a sequence of n-gons as n — oo.

A normal tiling has

e tiles which are homeomorphic to closed balls,

e two positive radii » and R such that every tile contains a ball of
radius r and is contained in a ball of radius R, and

e the property that the intersection of any two tiles is empty or con-
nected.

A two-orbit tiling has at most two congruence classes of tiles, so that the
tiles are uniformly bounded (above and below) by balls of two given radii;
together with convex polytopes as tiles, this is sufficient to establish that the
tiling is normal. This rules out certain pathological possibilities for tilings.

Claim [ still applies: if a two-orbit tiling is not fully transitive, then it
is not transitive on the faces of exactly one dimension, say j, and we call
it j-intransitive. However, Theorem [3] does not apply; the proof depends
on the fact that the vertices of a vertex-transitive polytope lie on a sphere,
which is not the case for a tiling. So fully transitive two-orbit tilings are
a possibility (and some exist.) Claim 2l no longer makes sense, since the
symmetry group and the set of flags are both infinite, but Claim [B] and its
corollaries still hold for any j-intransitive two-orbit tilings. Finally, Claim
applies: the faces and sections of a two-orbit tiling have at most two orbits.

Following [16], we say two tilings are equal if one can be mapped onto the
other by a uniform scale transformation followed by an isometry.

6.1. Apeirogons. There is one two-orbit tiling of the line, which varies by
a single real parameter greater than one: an apeirogon alternating between
two distinct edge lengths. Note that the construction of well-behaved duals
does not work, in general, for tilings, as it does for polytopes. For example, if
one constructs a “dual” to this two-orbit apeirogon by taking edge midpoints
for vertices, one obtains a regular apeirogon, which is then self-dual!
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This tiling is combinatorially regular.

6.2. Plane tilings. We consider four cases of plane tilings, based on their
transitivity properties.

6.2.1. Fully transitive. Grinbaum and Shephard [16] contains the full list
of isohedral (i.e. tile-transitive) plane tilings (Table 6.1), isotoxal (i.e. edge-
transitive) plane tilings (Table 6.4), and isogonal (vertex-transitive) plane
tilings (Table 6.3). There are only four plane tilings realizable by convex
tiles which have all three properties: the three regular plane tilings and a
tiling by translations of a rhombus, labeled IH74 as an isohedral tiling, IG74
as an isogonal tiling, and IT20 as an isotoxal tiling. On |16, p. 311] it is
confirmed that this rhombus tiling is the only non-regular fully transitive
tiling realizable by convex tiles. Figure Blshows a portion of this tiling, with
flags of one orbit shaded. For a given flag ®, both the 0-adjacent flag ®° and
the 2-adjacent flag ®2 are in the other orbit, whereas the 1-adjacent flag ®!
remains in the same orbit; thus with the notation of Hubard [18] this tiling

[/ [/ [ /]
Ve '
Ve '
Sl ]

FIGURE 3. The fully-transitive rhombus tiling

A family of unequal versions of this tiling may be obtained by varying
a single real parameter greater than one (the ratio of the diagonals of the
rhombus.) The tiling is self-dual when taking tile midpoints for vertices. It
is combinatorially regular.

6.2.2. Z-intransitive. The facets of a 2-intransitive two-orbit tiling must be
regular, by Claim [6l By edge-transitivity, the two facets bordering each
edge are from different orbits; hence they alternate around each vertex. By
vertex-transitivity, each vertex appears in the same kinds of tiles, which
appear in the same order around each vertex; a common notation for such a
situation is (p.q.r ...) to indicate that each vertex v is in a p-gon adjacent to
a g-gon (containing v) adjacent to an r-gon, etc. An exponent may be used
to indicate repetition; for instance, the regular tiling by equilateral triangles,
(3.3.3.3.3.3), is denoted (36).

If six facets appear at each vertex, then they must all be triangles, since
replacing any triangle by a regular n-gon with n > 4 will not fit in the plane.
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The only tiling with six equilateral triangles at every vertex is the regular
tiling (35). Hence there must be exactly four facets at each vertex.

If none of the facets are triangles, then each has at least four sides. Four
squares fit exactly around a vertex, but replacing any squares by regular
n-gons with n > 5 will not fit in the plane. The only tiling with four squares
at every vertex is the regular tiling (4*). Hence there must be at least some
triangles.

If all four faces at each vertex are equilateral triangles, there is too much
angular deficiency to tile the plane; indeed, the only such figure is the regular
octahedron, (3%).

If triangles alternate with squares, the resulting figure is the cuboctahe-
dron, (3.4.3.4). If triangles alternate with pentagons, the resulting figure is
the icosidodecahedron, (3.5.3.5). (This is, in brief, the proof that these are
the only quasiregular polyhedra.)

If triangles alternate with hexagons, we do obtain a plane tiling, denoted
(3.6.3.6). This is one of the 11 uniform plane tilings, also called Archimedean
tilings. This tiling, seen in Figure Ml is sometimes called “trihexagonal” or

e < Y Y >
X XX
X0

FIGURE 4. The trihexagonal tiling

If we replace the hexagons by regular n-gons with n > 7, the total angles
are excessive to fit in the plane. Hence (3.6.3.6) is the unique two-orbit
2-intransitive plane tiling. Coxeter [8, p. 60] calls it by the extended Schlafli
symbol {2}, which is suggestive of the construction by taking the midpoints
of the edges of the regular tiling {3, 6}, or equivalently of its dual, the regular
tiling {6,3}. He describes it as a quasiregular tessellation.

It is combinatorially two-orbit. Taking the dual by using tile midpoints
for vertices works well and results in the rhombille tiling detailed below.

6.2.3. I-intransitive. By facet-transitivity, each facet has the same number
of sides, say p, and by vertex-transitivity, each vertex is incident to the same
number of edges, say q. Thus a l-intransitive plane tiling has a Schlafli
symbol {p,q}. Since edges of the two orbits alternate at each vertex of a
tile, p and ¢ are both even; the only possible symbol is {4,4}. The tiles
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must be regular or two-orbit. The only tiling by squares is regular; so the
tiles must be two-orbit 4-gons, i.e. rectangles or rhombi.

It follows from vertex-transitivity, or from adding angle defects, that
rhombi must be arranged with two acute angles and two obtuse angles at
each vertex. In the case that the two angle types alternate, we obtain the
tiling in Figure 3] which we know to be fully transitive. In the case that the
obtuse angles are adjacent to each other, and the acute angles are adjacent
to each other, we do obtain a l-intransitive plane tiling. The rhombi are
arranged in strips which alternate direction. However, this tiling actually
has four orbits. Indeed, in a 1-intransitive two-orbit tiling, the orbit of a flag
is determined entirely by the edge it contains; if any face is also two-orbit,
so that its symmetry group is the same as the restricted subgroup, then its
flag orbits must also be determined by edges, and not vertices as in the case
of a rhombus.

This leaves only the tiling by copies of a rectangle. This is the unique
two-orbit 1-intransitive family of plane tilings, and varies by a single real
parameter greater than one. It is self-dual and combinatorially regular,
being isomorphic to the square tiling (4*). Figure [Bl shows a patch of this
tiling, with flags of one orbit shaded.

FIGURE 5. The 1l-intransitive rectangle tiling

6.2.4. O-intransitive. It is tempting to say that any O-intransitive tiling must
be dual to a 2-intransitive one. However, Griinbaum and Shephard [16]
admonish us that for tilings, no duality theorem exists which would allow
us to make such statements! Nonetheless, it turns out that the only 0-
intransitive two-orbit tiling is indeed dual to the uniform tiling (3.6.3.6).
We can confirm this by again turning to the tables of isohedral and isotoxal
tilings in |16]; the only additional tiling realizable by convex tiles with both
properties is denoted IH37 as an isohedral tiling and IT11 as an isotoxal
tiling.

This is a tiling by copies of a rhombus, which can be viewed as dividing
the hexagons of the regular tiling (6%) into three rhombi each. It is called
“rhombille” or “tumbling blocks,” and is familiar as the visual illusion of a
stair-case of blocks which can be seen in two ways. It is combinatorially
two-orbit.
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< FeS

FIGURE 6. The rhombille tiling

6.3. Tilings of three-space. A tiling in E? is said to be wuniform if it
is vertex-transitive and has uniform d-polytopes as tiles [5]. Recall that
uniform polytopes may be defined inductively, declaring uniform polygons to
be regular and uniform polytopes of rank 3 or higher to be vertex-transitive
with uniform facets.

A 3-intransitive two-orbit tiling of 3-space has regular polyhedral tiles
and is vertex-transitive, which means that it is a uniform tiling. Griinbaum
[14] listed all 28 uniform tilings of 3-space. Of these, only one is two-
orbit: the tetrahedral-octahedral honeycomb, #1 on Griinbaum’s list, also
called “alternated cubic,” “Tetroctahedrille,” or “octatetrahedral.” This is
3-intransitive. Coxeter describes it as the unique quasiregular honeycomb
[8, p. 69] and assigns it the modified Schlifli symbol {3, i} and an abbre-
viated symbol hds [5, p. 402]. Being semiregular (with regular tiles and a
vertex-transitive group), it also appears in Gosset’s list |[11] as the “simple
tetroctahedric check.” Monson and Schulte [23] describe this tiling at length.
It has 6 octahedra and 8 tetrahedra meeting at each vertex; the vertex figure
is a cuboctahedron. The corresponding “net,” the 1-skeleton of the tiling,
is named fcu by crystallographers in [10], where this tiling is conjectured
to be the unique one with transitivity 1112, i.e. whose symmetry group has
one orbit on vertices, edges, and 2-faces, and two orbits on tiles.

A 2-intransitive tiling of 3-space has regular polygon 2-faces and is vertex-
transitive. Moreover, the facets are regular or 2-intransitive two-orbit, hence
vertex-transitive. So such a tiling is uniform; but we already found the only
two-orbit uniform tiling and this was 3-intransitive.

A l-intransitive tiling of 3-space has two kinds of edge, which must al-
ternate around a 2-face, so each 2-face has evenly many sides. The facets
are regular or l-intransitive two-orbit, and the only such polyhedron with
even-sided 2-faces is the cube. The only face-to-face tiling by cubes is the
regular one. So no such tilings exist.
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A O-intransitive tiling of 3-space has two kinds of vertex, and every edge
must be incident to one of each (by edge-transitivity), so each 2-face has
evenly many sides. The facets are regular or O-intransitive two-orbit; the
only possibilities are the cube, the rhombic dodecahedron, or the rhombic
triacontahedron. As we already mentioned, the only face-to-face tiling by
cubes is regular. The rhombic triacontahedron has a dihedral angle of 47 /5,
so it is impossible to fit an integral number of them around an edge in 3-
space. However, the rhombic dodecahedron, with a dihedral angle of 27 /3,
does form a two-orbit tiling of 3-space in a unique way. This tiling (called
the rhombic dodecahedral honeycomb) is dual to the tetrahedral-octahedral
honeycomb above. The corresponding net is named flu in [10], and described
as the structure of fluorite (CaFs.) It is conjectured there to be the unique
tiling with transitivity 2111.

Suppose T is a fully transitive two-orbit tiling; then the facets are reg-
ular or two-orbit, and all of one type. Since T is vertex-transitive, if the
facets were regular, 7 would be uniform, and we have already checked all
the uniform tilings. Thus the facets must be two-orbit. Since T is 2-face-
transitive, every 2-face is the same, which rules out the cuboctahedron or
icosidodecahedron as facets. The remaining possibilities are the rhombic
dodecahedron, which only appears in the O-intransitive tiling already listed,
and the rhombic triacontahedron, which as mentioned does not tile 3-space.

6.4. Higher dimensions. For a rank (d + 1) tiling 7 with d > 4, the
facets and vertex figures are d-dimensional polytopes with at most two orbits.
Since no two-orbit convex polytopes exist in d > 4 dimensions, the facets
and vertex figures must, in fact, be regular; but then 7 itself is regular [8,
p. 129].

7. CONCLUSION

The number of half-regular convex polytopes and tilings (to use Conway’s
pleasant term) is perhaps surprisingly small. Those which are also combi-
natorially two-orbit are simply the cuboctahedron and the icosidodecahe-
dron, the only two quasiregular polyhedra, and their duals; the trihexagonal
tiling, the only quasiregular plane tiling, and its dual; and the tetrahedral-
octahedral honeycomb, the only quasiregular honeycomb, and its dual. It
is notable, perhaps, that although duality is not generally well-defined for
tilings, it always works well for two-orbit tilings which are combinatorially
two-orbit, just as it always works well for regular tilings and uniform plane
tilings. However, it does not generally work out for two-orbit tilings which
are combinatorially regular!

The above seems suggestive that “quasiregular,” which has previously
had rather ad-hoc definitions, could be taken to mean “facet-intransitive
two-orbit.” Coxeter [8, p. 18] defines a “quasi-regular polyhedron” as “hav-
ing regular faces, while its vertex figures, though not regular, are cyclic and
equi-angular (i.e., inscriptible in circles and alternate-sided).” The definition
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of a quasiregular plane tiling does not seem to be clearly stated, but the im-
plication (in [8, §4.2]) is that a quasiregular plane tiling is one formed, as the
quasiregular polyhedra can be, by truncating the vertices of a regular tiling
to the midpoints of the edges. In |8, §4.7], a tiling of 3-space (or honeycomb)
“is said to be quasi-regular if its cells are regular while its vertex figures are
quasi-regular.” This suggests the beginning of an inductive definition for
“quasiregular” in higher dimensions, which would perhaps agree with ours:
Facet-intransitive two-orbit polytopes have regular facets and the vertex
figures are again facet-intransitive and two-orbit. It would be good to estab-
lish that having regular facets and facet-intransitive two-orbit vertex figures
implies that the polytope is two-orbit. This is vacuously true for convex
polytopes, since Blind [2] classified all regular-faced d-polytopes with d > 4,
and none have two-orbit vertex figures. However, the corresponding result
for abstract polytopes would clarify the agreement of the definitions.

The word “quasiregular” is also applied to some star polytopes, such
as the dodecadodecahedron {5‘;’2} and the great icosidodecahedron {5;’2}

in [8, pp. 100-101]; three ditrigonal forms: the ditrigonal dodecadodecahe-
dron, small ditrigonal icosidodecahedron, and great ditrigonal icosidodeca-
hedron (also called “triambic” instead of “ditrigonal”); and nine hemihedra:
the tetrahemihexahedron, octahemioctahedron, cubohemioctahedron, small
icosihemidodecahedron, small dodecahemidodecahedron, great dodecahemi-
cosahedron, small dodecahemicosahedron, great dodecahemidodecahedron,
and great icosihemidodecahedron (using names from [27]). All of these are
two-orbit facet-intransitive. It would be good to establish that these are the
only two-orbit facet-intransitive star polytopes.

Remaining questions include the classification of two-orbit tilings of hy-
perbolic space, two-orbit star polytopes, and other non-convex two-orbit
polytopes in Euclidean space. The general abstract two-orbit polyhedra
have been addressed in |18], with extension to higher dimensions in prepara-
tion |19]. An overview is in |17, §1.3]. The important special case of chiral
polytopes have been studied extensively but many open questions remain; a
recent survey is [25].

It also remains to classify convex polytopes of three or more orbits. Re-
sults in this direction, mostly for abstract polytopes, are found in [9], [17],
and [24].
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