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Configurations of non-crossing rays and related problems*

Alfredo Garcial Ferran Hurtado? Javier Tejel! Jorge Urrutia®

Abstract

Let S be a set of n points in the plane and let R be a set of n pairwise non-crossing rays,
each with an apex at a different point of S. Two sets of non-crossing rays R; and Ry are
considered to be different if the cyclic permutations they induce at infinity are different.
In this paper, we study the number r(5) of different configurations of non-crossing rays
that can be obtained from a given point set S. We define the extremal values

7(n) = ‘Itlgl‘ax r(S) and r(n) = lg}in r(5),
and we prove that r(n) = Q*(2"), r(n) = O*(3.516™) and that 7(n) = ©*(4™).
We also consider the number of different ways, r7(S), in which a point set S can be
connected to a simple curve v using a set of non-crossing straight-line segments. We define
and study

7(n) = |gl|i}r(z r7(S) and r7(n) = \ISI’|H:I}n r7(S),

and we find these values for the following cases: When + is a line and the points of S are
in one of the halfplanes defined by ~, then r7(n) = ©*(2") and 7 (n) = ©*(4™). When v
is a convex curve, then 7¥(n) = O*(16™). If all the points are on a convex curve 7, then
7 (n) =77 (n) = ©7(5").

1 Introduction

Let S = {p1,...,pn} be a set of n points in the plane in general position; i.e., no three of
them belong to a line, and consider a set R = {rq,...,r,} of n pairwise non-crossing rays
such that ray r; starts at point p;. Formally speaking, we say that two rays cross when they
share exactly one common point in the relative interior of both of them. The situations in
which their intersection contains infinitely many points or is exactly the apex of one of them
are considered to be non-crossing, as an appropriate infinitesimal rotation around their apices
makes them disjoint.

* A preliminary version of this work was presented at the XII Spanish Meeting on Computational Geometry
[13]. This full version improves on many of the results presented there.
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Any circle enclosing S is intersected by the rays in the set R in clockwise cyclic order
Tr(1)s -+ Tr(n), Where 7 is a permutation of 1,...,n. Given a set S of n points, we are
interested in finding the number r(S) of different cyclic permutations in which a circle at
infinity is intersected by shooting non-crossing rays from the points of S. We say that these
cyclic permutations are feasible for S, that these permutations are induced at infinity by the
rays, and also that the set of non-crossing rays enables a permutation.

Figure 1 shows the six cyclic permutations that can be obtained for a particular set S of
four points. As the number of cyclic permutations of four elements is precisely 6, we see that
for the pictured set of points, r(S) = 6.

Whenever possible, we group the issues of bounding, estimating or finding r(S) together
under the name the non-crossing rays problem for S. In general, this proved to be a challeng-
ing problem for us, even for relatively regular point configurations; e.g., point sets in convex
position. For this reason, in this paper we have mainly focused on bounding r(S) and on look-
ing for configurations of points achieving extremal values. Let us define 7(n) = maxgj—, 7(5)
and r(n) = min|g—, r(S). The main results we have obtained in this regard are

r(n) = QF(2"), r(n) = 0*(3.516"), and 7(n) = O*(4"),

where in the notations 2*(), ©*() and O*(), we neglect polynomial factors and give only the
dominating exponential term. In other words, neglecting polynomial factors, for any point set
S there are at least 2" and at most 4" ways of shooting non-crossing rays generating different
cyclic permutations. The upper bound is tight.

P3 Ps3 ps3
P4 yZ Yzt
b1 py y41
P2 D2 P
1234 1243 1324
p3
p3 D4 p3
P4 P1 P4
D1 D2 P1
p2 P2
1342 1423 1432

Figure 1: The six cyclic permutations induced by non-crossing rays.

A similar problem can be formulated when non-crossing segments and arbitrary simple
curves are considered. More precisely, given a point set S in general position and a (possibly
closed) simple curve ~y, we are interested in the number of different (cyclic) permutations on
v, r7(S) that can be obtained as a y-matching: a connexion of the points of S to v by means
of pairwise non-crossing segments. Figure 2 shows two cyclic permutations on a closed curve
~ induced by two sets of non-crossing segments. When the points from S are in the interior
of the region bounded by the closed curve 7, one may think of this problem as a variation on
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the non-crossing rays problem in which we stop the rays when they hit . In fact, if the curve
is very far from the set of points, this problem is essentially the non-crossing rays problem.

We call the problem of studying r7(S) the y-matching problem for S. Obviously, this
problem depends on the position of the points and on the shape of v. As before, we define
the extremal values 77(n) = maxg—, 77 (S) and r7(n) = min|g|—, 77 (S), for a given curve 7.

The y-matching problem is also quite difficult in general. In this paper we study the
behavior of 7(S) for two special cases; when + is a line and the points of S are in one of the
halfplanes defined by -, and when  is a convex curve enclosing S.

When 7« is a line [ and the elements of S belong to one of the halfplanes defined by [, we
have been able to prove that

r'(n) = ©*(2") and 7! (n) = ©(47);

i.e., for any point set S, there are at least 2" and at most 4™ ways of connecting the points to
[ generating different permutations, and there are sets of points for which these bounds are
achieved.

1254376 1652347

Figure 2: Two cyclic permutations on the closed curve .

For the case in which v is a convex curve enclosing S, we have proved that
7 (n) = O*(16");

i.e., for any point set S and for any convex curve v enclosing .S, there are at most 16™ different
ways of connecting the points to v generating different cyclic permutations.

Finally, we have proved that if the n points are on a convex curve -y, then

r(n) =7 (n) = ©7(5");
i.e., for any set of n points on any convex curve v, there are exactly 5" different ways of
connecting the points to the curve generating different cyclic permutations.

To the best of our knowledge these enumerative problems, which we consider to be quite
natural, have not been previously studied, in spite of the fact that counting several types
of non-crossing geometric graphs, such as polygons, trees, matchings or triangulations, has
been a very active area of research for several years, and a motivation for our research:
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In a pioneering paper [4], Ajtai et al. proved that the number of non-crossing geometric
graphs that can be embedded over a set S of n points in the plane is O(c¢"), where ¢ was a
large constant. Since then, much effort has been expended to improve this constant and to
estimate the number of simple polygons, triangulations or trees that a set of n points can
admit (see for example [1, 2, 3, 6, 8, 10, 12, 14, 18, 22, 23, 24] and the references therein).
The interested reader can visit the website [25] for a summary on the current state of the best
known bounds for the number of several types of non-crossing geometric graphs. Furthermore,
geometric matchings of point sets with geometric objects have also been studied in [5] from
an algorithmic viewpoint.

Arrangements of rays have also been studied as a tool for graph representation: a ray
intersection graph is a graph that can be drawn using for node rays in the plane, which are
adjacent when they cross [9, 11, 21]. Finally, it is worth mentioning on the more applied side
that arrangements of rays have also been studied recently as sensor networks: every ray is a
sensor, and an intruder is detected when it crosses a ray [19].

The paper is organized as follows. We consider the y-matching problem in Section 2 for
the case in which + is a line and all the points of S lie in one of the halfplanes defined by ~.
In Section 3, we study the non-crossing rays problem. Section 4 is devoted to the analysis of
the y-matching problem when 7 is a convex curve enclosing S. In Section 5 we provide some
conclusions and open questions.

2 The v-matching problem for lines

In this section, we study the y-matching problem for the case in which ~ is a line and all the
points of S lie in one of the halfplanes defined by v. We provide tight bounds for r7(n) and
7/ (n). Some of the results obtained here are used in the following section, where we study
the non-crossing rays problem.

Let v = [ be a line and let S = {p1,...,pn} be a set of points lying on a halfplane
H bounded by [. Without loss of generality we can assume that [ is the z-axis, that H
is the upper halfplane = > 0, that points pi,...,p, are sorted in decreasing order of their
y-coordinates, and that no two of the points have the same y-coordinate.

An [-matching is defined as follows: each point p; € S is joined to a distinct point ¢; on
the line | with a segment r; in such a way that the segments are pairwise non-crossing (see
Figure 3). Once such a matching is given, if we traverse [ from left to right, we first find a
point ¢;, € S matched to some p;, € S, then a point ¢;, € S matched to p;, € S, and so on.
The sequence of indices 1,19, ..., i, is the permutation induced by the [-matching on the line.
Note that geometrically different [-matchings (i.e., different sets of segments) can induce the
same permutation.

We say that a permutation of the numbers 1,2,...,n is a feasible permutation when it
can be induced by some [-matching; we also say that the [-matching enables the permutation.
Figure 3 shows the feasible permutation 321465 for a particular set of points. The number
of feasible permutations for a given point set S is denoted by r!(S) and the extremal values
max|g|—, r!(S) and min g, r'(S) are denoted by 7 (n) and r!(n), respectively. Notice that
r!(1) =7 (1) = 1. We also define the value 7 (0) by convention to be 1.

The main theorem in this section is the following.

Theorem 1. For every integer n > 1, we have r'(n) = ©*(2") and 7 (n) = ©*(4").
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Figure 3: Feasible permutation 321465.

This theorem is obtained by showing that 27~! < r!(S) < 4" for any point set S (Lemma
1), constructing a set of points for which r/(S) ~ 4™ (Subsection 2.1), and constructing as
well a set of points for which 7/(S) ~ 2" (Subsection 2.2).

The upper bound in Lemma 1 was already proved by Sharir and Welzl (see [24]) in the
context of counting non-crossing straight-line perfect matchings for points on the plane; we
include the proof for the sake of completeness.

Lemma 1. Let | be the x-axis, and let S be any set of n > 1 points in the halfplane y > 0.
Then
2"t <rl(S) < Cp,

where C,, is the n-th Catalan number C,, = n%rl(%?) = @(4”71_%).

Proof: Consider the point in S with maximum y-ordinate, p;. For every ¢, 0 < i <n —1,
the point p; can be joined to some point ¢; on the line [ in such a way that ¢ points of S lie
to the left of the line p1¢q; and the remaining n — 1 — ¢ lie to its right. In any [-matching,
the points to the left of p1g1 must be matched with points on the z-axis that precede ¢1, and
those to the right of p1q; must be matched with points on the z-axis that come after ¢;.
Therefore we have rl( ) < St ) l(n —i — 1) and, as the set S is arbitrary, we
also get the inequality 7(n) < 30, ’ 7 (i)7'(n — i — 1). Since the solution of the recurrence
7l(n) = 312, 7(i)7 (n—i—1), with initial conditions 7(0) = 7/(1) = 1, is the Catalan number
Cy, (see for example [26]), the claimed upper bound follows. This was also the approach used
in [24].
To prove the lower bound, we proceed as follows: Let [ be the horizontal line with equation
y = 0, and suppose without loss of generality that all of the elements of S lie above [ and
have different y-coordinates. Suppose that the elements of .S are labelled p1, ..., p, such that
if © < j then p; lies above the horizontal line through p;. It follows that we can now choose a
(possibly small) positive slope m such that for every 4, the points p;11,...,p, lie below the
lines with slope m and —m passing through p;, 1 < i < n. Let S; be any subset of S, and
Sy = S\ S;. Now from all of the elements of S1, shoot a ray with slope m towards the left.
From all the elements of S5 shoot a ray with slope —m to their right. For p,, we only have
one combinatorial possibility left for shooting the ray, since r!({p,}) = 1. In this way, we
obtain 277! distinct feasible permutations, which can be enabled using segments that can be
made arbitrarily close to the horizontal. X
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In the proof of Lemma 1 we have assumed, without loss of generality, that the line [ has
equation y = 0 and the points in S have positive y-coordinates. Observe then that if we
translate the line [ vertically downwards, starting from the z-axis, the number of feasible
permutations for the translated line goes down as well.

More precisely, if l1,lo,... is the set of lines y = y1,y = yo,..., with 0 > y1 > yo > ...,
then r!1(S) > rl2(S) > ..., because any permutation enabled on I; by a set 7' of n segments
joining the points in S with points in /; is also feasible for /;_;, taking the intersections of the
segments in 1" with [;_;. The reverse is not true in general, because if we extend the segments
in T downwards until they reach [;,1, some crossings may appear. If two segments cross, we
may try to slide their endpoints on /11 in the opposite direction, aiming to achieve the same
permutation that appeared on /;, yet a non-crossing configuration should be reached without
sweeping any point in .S, and this may not be possible.

Now consider the arrangement R of (3) rays with apices at p; and direction pip;, for
t1=1,....,n—1and ¢ < j <n. Let us assume, for the sake of simplicity, that no two of these
rays are parallel. Then it is obvious from the preceding discussion that for any two horizontal
lines I’ and I”, both below all the intersection points in the arrangement R, the set of feasible
permutations for the two lines are exactly the same.

In addition, every feasible permutation on either of these lines, say {’, can be enabled as
an [’-matching using proper segments or as intersection of I’ with a set of non-crossing rays
shot from S.

Thus we have the following result.

Lemma 2. Given a set S of n points, and a line | having all the points from S in one of
the open halfplanes bounded by I, the number of ways of shooting pairwise non-crossing rays
that do not cross | and induce different permutations is greater than or equal to 2"~ ! and less
than or equal to C,.

2.1 The upper bound in Lemma 1: Tightness

Let I be the z-axis, y = 0. In this section we construct a specific set of points for which
r!(S) = C,,, hence achieving the upper bound given in Lemma 1.

Lemma 3. There are sets S of n points such that v'(S) = C,,. Therefore 7'(n) = ©*(4").

Proof: Consider the branch ¢ of the hyperbola with equation xy = 1, lying in the first
quadrant. We place n 4 2 points pg, p1,p2, - -, Pn, Pnt+1 On this curve in increasing order of
their respective abscissae zg < 11 < 3 < ... < &, < Tp41, according to the following rules
(see Figure 4):

e po and p; are two arbitrary points on ¢ (with zg < x1).

e Suppose that pg,...,p; have already been placed on . Let r; be the line tangent to ¢
at p;, let 7, be the line through py parallel to 7, and let a;+1 = (zi41,0) be the point
where 7} cuts the z-axis. We define p;;1 to be the point (x;4+1,1/xi+1) on the hyperbola

©.

Let e; = (1,0) be the vector in the direction of the positive x-axis. We consider the
vectors v1 = poaj, V3 = Poas,...,Un = Podn+i, and let o; be the angle from v; to e;. Then
a1 > ag > ... > ap; see Figure 4. If we consider lines sq, ..., s, through any point ¢ in the
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Figure 4: Configuration of points achieving the upper bound.

plane in the directions vy, ..., v,, respectively, all of them have negative slope, and if ¢ < j,
line s; is closer to the vertical than s; is. Observe that by construction, the set of parallel
lines through pg, p1,...,pi—1 with direction v; crosses ¢ between p; and p;11.

We will now prove that the number of feasible permutations induced by l-matchings of
S = {p1,p2,...,pn} with the line [, the z-axis, is precisely C,,, the n-th Catalan number.

Let M be any matching of S with [. We show that we can construct a canonical matching
M — in the sense that all the segments in M use only the directions vy,...,v,, in a very
precise way — that induces the same permutation on [ as M does.

If a segment p;q; € M crosses ¢ between p; and pjiq, it is assigned to the arc of the
hyperbola with endpoints p; and pjiq1. If the segment p;q; € M does not cross ¢, it is
assigned to the arc of the hyperbola with endpoints p; and p; 1. Finally, if p;q; € M crosses
@ to the right of p,, it is assigned to the arc with endpoints p, and p,41. We construct M
by replacing each segment p;g; assigned to an arc with endpoints p; and p;;1 by the segment
p;¢; in the direction v;. From the construction, it is easy to check that for any two segments
Diqi»Pjq; € M, the corresponding segments p;g;, p;q; € M do not cross, and that g; and g;
appear on [ in the same order that ¢; and ¢; did. Thus M and M induce the same permutation
on [.

Therefore, to count 7(S), we need consider only canonical matchings as defined in the
preceding paragraph. We do so by assigning a special direction to the segments in the match-
ing according to the arc in which they cross ¢, as well in the case they do not cross ¢. Let
us denote by h(n) the number of canonical matchings, and use the convention h(0) = 1. Ob-
serve that in every canonical l-matching of {p1,p2,...,pn}, the matching for a subsequence
of consecutive points {p;, pi+1,...,p;} is also canonical, following the same rules, and that
canonical matchings account for all the [-matchings of this subset.

Now, in any canonical [-matching, the segment piq; having p; as endpoint might not
cross ¢, or might cross it between some points p; and p; 41 In either situation, S\ p; is split
by pi1qi into a left part with ¢ — 1 points and a right part with n — 1 — ¢ points, with both
subsets being canonically matched to [. For this position of piqi, the number of possible
canonical matchings is therefore h(i — 1)h(n — 1 — i), and hence h(n) satisfies the recurrence
h(n) = S" h(i — 1)h(n — 1 — i), which is precisely the recurrence formula for the Catalan
number C,, with the same initial values h(0) = Cy = h(1) = C; = 1. X

The segments used in Lemma 3 to construct canonical l-matchings clearly have the addi-
tional property that they can be extended downwards becoming pairwise non-crossing rays.
Therefore the following corollary holds.

Corollary 1. There are sets of points S for which r(S) > C,,.
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2.2 The lower bound in Lemma 1: Near-tightness

Let [ be the horizontal coordinate axis. The lower bound given in Lemma 1 is not tight
for n > 3, because in the proof we are only counting permutations enabled by segments
where all of them are nearly horizontal. We prove now that the bound given in Lemma 1 is
asymptotically tight. We prove this by constructing a point set for which r!(S) ~ 2".

b1 Do

1
z(1—x)

Figure 5: Configuration of points on the curve y = achieving the lower bound.

Lemma 4. There are sets S of n points such that r'(S) = ©(2"). Therefore r'(n) = ©*(2").

Proof: Consider the curve A with equation y = 1/z(1 — ), for = € (0,1). This curve has a
minimum when x = 1/2. Let py be the minimum point of A; that is, the point with coordinates
(%, 4). The point pg splits A into two curves which we call the left and right branches of A\. We
now define a set S = {p1,...,pn} of points on A, recursively placing the points alternatively
to the left and to the right of py in increasing order of their y-coordinate according to the
following rules (see Figure 5):

e p; is chosen to be any point on A with abscissa x1 smaller than 1/2, ps is chosen with
an arbitrary abscissa xo > 1 — x1, and p3 is chosen with any abscissa x5 <1 — x».

e Suppose that p1,...,p; have already been placed on A. Let r be the line connecting
pi—1 and p;_3, let ' be the line through p; parallel to 7, and let p’ be the second point
at which 7’ cuts A\. To assign p;.1, take any point placed above p’ in the same branch
of A

Let l;; be the line defined by points p; and p;, 1 < i < j < n. We take [ to be any
line parallel to the z-axis leaving on its upper halfplane all the intersection points in the
arrangement £ of lines [;;, as well as all the points in which these lines intersect the vertical
lines z = 0 and x = 1. We now prove that for the point set S = {p1,...,p,} and the line [,
the number of feasible permutations is ©*(2").

Observe that the exact position of [ does not matter as long as the upper halfplane defined
by [ contains all the crossings in £. As we explained in Section 2, the number of feasible
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permutations for any line satisfying this condition is the same, and the feasible permutations
can also be enabled using rays.

Before counting the number of feasible permutations for S and [, we study two auxil-
iary values, f(n) and f(n). Let f(n) be the number of feasible permutations enabled by
[-matchings connecting the points of S to [, with the additional property that the segments
do not cross the line z = 0. Observe that given the way in which [ has been selected, the
segments in the matching can be taken to be vertical or to have negative slope. Suppose that
n is odd, in which case p, is placed on the left branch of A\. The following properties hold for
[-matchings not crossing the line x = 0 and the permutations they induce:

1. In any [-matching, the segments 1o = paqo, 74 = PG4, ..., Tn—1 = Pn—1qn—1 (the even
segments, with even endpoints) appear in this precise order on [, because if an even
endpoint ¢; appeared before another even q}, with j > j/, then r; would cross the curve
and the line x = 0 as well.

2. f(n+1) = f(n), because py41 is on the right branch of A and r,; is always the last
segment on [.

3. The first values for f(n) are f(1) =1, f(2) =1 and f(3) = 3.

4. Let r be the line passing through p,_2 and p,_4. By construction, all the points in S
are below the line passing through p,, parallel to r. Suppose that r, crosses the curve
at a point with ordinate smaller than the ordinate of p,,_1; in this situation the slope of
7y, is smaller than the slope of r. Take an odd point p; below r,,. If r; crosses the curve,
then its slope must be greater than the slope of r, and then r,, and r; would cross above
[ (all the crossings among lines [;; are contained in the upper halfplane defined by ).
Therefore r; cannot cross A.

5. Let v’ be the line connecting p,, and p,_o and let m’ be its slope. Consider a line [”
such that all the points in S are in the right halfplane defined by [”, its slope is less
than or equal to m/, and I” crosses the curve at two points with ordinate greater than
the ordinate of p,. Consider any [-matching and assume that 7, does not cross the
curve between p,, and p,_o (otherwise, we can rotate ry, until it is vertical). Let r; be
the first segment that crosses A when we consider the segments in the order of their
endpoints on I. The slopes of r; and all the segments to its right are necessarily greater
than m’. Now slide all the endpoints ¢; of segments to the left of r; as far to the right as
possible without producing any crossings. Some of the segments become parallel to r;
and the rest become parallel to some lines /;;. In this way, any /-matching not crossing
x = 0 can be transformed into an l-matching that does not cross I”, because the slopes
of all the segments in their final position are greater than m’. Therefore the number of
feasible permutations for l-matchings not crossing I” is also f(n).

In any [-matching, the following possibilities arise for r,: It is the first segment that
intersects [ from left to right, it is the last segment that intersects [, or it intersects \ between
two points p; and p;_o. In the first case, we can place r, vertically, obtaining a problem of
the same type with n — 1 points (in fact, using the second property, this would be a problem
with n — 2 points). In the second case, we can place r, nearly horizontally towards the right.

Suppose now that r, crosses A\ between p; and p;_o, with ¢ odd. In this case, 7, 9,
Tn—4, - .., T; are the first segments cutting [ and exactly in this order, because according to



291

292

293

294

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

the fourth property, none of these segments can cross the curve. Furthemore, the segments
Ti—1,Tit+1,- - -, n—1 Must be the last set of segments with endpoints on [, and precisely in this
order, because no other segment can cross A above p;_1, and according to the first property
they must appear in this order. Since these sets of segments are forced, according to the fifth
property, we have a problem of the same type with ¢ — 2 points in which r,, cannot be crossed;
i.e., r, would play the role of the line = 0 in the original setting.

Finally, suppose that 7, crosses A between p; and p;_o, with i even. According to the first
and fourth properties, there is only one way of placing the segments, namely r,_2, rp_4, - ..,

T1, T2, T4y« ooy Tim2y Ty Tiy Tid2y ooy Tn—1.
Therefore the following recurrence relation holds for f(n):
fn)=2f(n=2)+ fF() + fB) + -+ f(n = 4) + (n = 1)/2 (1)

for every odd integer n > 3.
Using the fact that f(n —2) =2f(n—4)+ f(1)+ f(3) +---+ f(n —6) + (n — 3)/2, we
see that f,, satisfies, for odd integers n > 3, the linear recurrence

f(n) =3f(n—=2) = f(n—4)+1 (2)

Let f(n) be the number of feasible permutations obtained by [-matchings that avoid
crossing the line 2 = 1. When n is even, the problem is symmetric to the previous problem,
and using the same arguments as before, we obtain that f(2) =2, f(4) =6, f(n+1) = f(n)
and

fn)=2f(n—=2)+ f2)+...+ f(n—4) +n/2, (3)

for all even integers n > 4. Hence, f (n) satisfies, for even integers n > 4, the same recurrence
relation

f(n)=3f(n—2)— f(n—4)+1. (4)

Using standard techniques [7, 17, 26], we can solve the recurrences (2) and (4) and obtain
the following solutions:

f(n):§\f5<\/52+1>n+§f5<\/52_1>n—1, n=1,3,... (5)
f(n):<\/52+1>n+<‘/52_1>n—1, n=2.4,... (6)

Once we have obtained f(n) and f(n), we can count the number of feasible permutations
induced by l-matchings from S. Let us denote by hA'(n) the number of feasible permutations
when n is odd, and let h”(n) be the number of feasible permutations when n is even. It is
easy to check that the first values for h'(n) and h”(n) are h'(1) = 1, h"(2) = 2, h'(3) = 5 and
R"(4) = 12.

Assuming that n > 3 is odd, we can obtain a recurrence for h'(n) as before. Again,
the segment r, can be the first one joined to [ from left to right, it can be the last one, or
it can cross A between p; and p;_o, where ¢ may be odd or even. The main difference is
when r,, crosses the curve between p; and p;_o, with ¢ even. Now we have f (1 — 2) ways of
placing the segments instead of only one. Once r, is drawn, the segments r;, 742, ...,r,—1 are
necessarily the last segments — according to their endpoints — on [ (and in this order), and the
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segments r,_9,7p_4,...,7i—1 are the first segments on [ (and in this order). Assuming that
these segments are placed nearly horizontally (to the right or to the left), for the remaining
i — 2 points (notice that there is an even number of them) we can place the corresponding
segments without crossing r,, in f (i — 2) different ways, where r,, plays the role of the line
x = 1. The reason for this is that using an argument along the lines of the reasoning in the
fifth property, any I-matching not crossing 7, for the set of i — 2 points can be transformed
into an [-matching not crossing the line x = 1 simply by rotating the segments clockwise
around its upper endpoint as much as possible.

Therefore for h'(n) and odd n > 3 we have

W(n)=21"(n = 1)+ f2) + f(4) + -+ f(n=3) + () + fB) + -+ fln—4) + 1. (7)

Using a similar argument, for A”(n) and even n > 4 we obtain
W'(n)=20'(n=1)+f2)+ f(4) +-+ fn=)+ F)+ fB)+ -+ f(n—3)+ 1. (8)

From (1), f(1)+ f(3)+---+ f(n—4) = f(n) 2f(n—2)—(n—1)/2, when n is odd, and
from (3), f(2)+---+ f(n—3) = f(n+1)—2f(n—1) — (n+1)/2, when n+1 is even. Hence,
n+1 n+1

W(n)=20"(n—1)+ f(n+1) —2f(n —1) - T = 2f(n-2) - —

+1. (9
In the same way we obtain the following equation for h”(n):
W' (n) = 2k (n — 1) + f(n) — 2f(n — 2) — g Y fln+1)—2f(n—1)— g +1. (10)

Now, replacing h’(n — 1) in h/(n) and vice versa, and simplifying, we obtain

W(n)=4h'(n—2)+3f(n) —6f(n—2)+ f(n+1) —4f(n —3) —3n +5, (11)
B'(n) = 4h"(n — 2) + 3f(n) — 6f(n —2) + f(n+1) —4f(n — 3) — 3n + 5. (12)

Again, using standard techniques for recurrences and doing some calculations, we obtain

Win) = Son <27 10\/5> <*/52“>n+ <27Yo\/5> (‘/52 1>n+n— 1, (13)

—1 " 1 —-1\"
Wny = Son (00 VEHLY L (BVBE1Y (V5 fn—1 (14)
) 5) 2 ) 2
Since (v/5 —1)/2 ~ 0.618 and (v/5 + 1)/2 ~ 1.618, we obtain the claimed result. D

3 The non-crossing rays problem

We now study the problem of determining the number of feasible permutations that can be
obtained by shooting n non-crossing rays, one from each point in a point set .S in general
position.

We recall that (S) denotes the number of feasible permutations for S, and that we have
defined the extremal values 7(n) = maxg—, r(S) and r(n) = min|g—, 7(S) for point sets in
general position. Then main result of this section is the following theorem.
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Theorem 2. For everyn > 1 we have r(n) = Q*(2"), r(n) = O*(3.516™) and 7(n) = ©*(4").

The proof of the theorem is split into several subsections. First we prove that there is a
polynomial P(n) such that 22 < r(S) < P(n)4" for any point set S (Lemma 5 in Subsection
3.1). We have already constructed a point set S with r(S) ~ 4™ (Corollary 1 in Subsection
2.1). Finally, we construct another point set S with r(S) < 3.516™ (Lemma 6 in Subsection
3.2).

Do p1

ps3

Figure 6: The canonic configuration of the cyclic permutation 15327486.

3.1 Bounds for r(S)

Before proving Lemma 5, we introduce the concepts of canonical configurations and separable
configurations. Given a set S of n points in general position, we say that a ray with apex in
S is fized if it contains a second point of S. We say that a configuration of non-crossing rays
is canonical when every ray is either fixed or cannot be rotated clockwise without crossing
another ray. Observe that in a canonical configuration every ray is either fixed or is parallel to
some fixed ray, both of them going in the same direction. Two possible ways of shooting rays
to get the feasible permutation 15327486 for a particular set of points are shown in Figure 6.
Observe that given a configuration of non-crossing rays, we can transform it into a canonical
configuration enabling the same permutation by rotating its rays clockwise until each ray
contains two elements of S or is parallel to another ray in the same direction containing two
elements of S (right part of Figure 6).

Henceforth, in a canonical configuration, a ray emanating from a point p; can have one of
at most () directions. Notice that in a canonical configuration a ray r; may contain another
ray r;: an infinitesimal counterclockwise rotation of these two rays uniquely defines their
contribution to the permutation on the circle.

We say that a configuration of non-crossing rays is separable when there exists some line
[ that does not cross any ray. Otherwise, we say that the configuration is non-separable.
Correspondingly, we say that a feasible permutation is separable when its corresponding
canonical configuration is separable. Using these concepts, we give lower and upper bounds
for r(S) in the following lemma.

Lemma 5. Let S be a set of n points in general position. Then
=2 < r(S) < P(n)Chy,

where P(n) is a polynomial in n with degree at most 9.
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Proof: Let us first prove the upper bound. Canonical configurations can be classified into
separable and non-separable. In a separable configuration, the separating line [ leaves a k-
set S1 of S (possibly empty) in Hy, one of the halfplanes it bounds, along with all the rays
emanating from S7, and in the opposite halfplane Hy the complementary (n—k)-set Sz and all
the corresponding rays. Since there are (g) + 1 pairs of complementary k-sets S; and S5, and
the rays in each halfplane can be shot in at most C|g,| and C|g,| ways respectively, by Lemma
2, we obtain an upper bound ((3) + 1)C,, for the number of separable feasible permutations.
We show that for non-separable configurations a similar upper bound can be proved.

In a non-separable configuration, the extension of any ray r; in the opposite direction
always hits another ray r;, because otherwise we would have a separable configuration, since
we could take the line supporting r;, infinitesimally translated, for a separator. Given a
non-separable canonical configuration of rays of S, we can carry out the following procedure.
Choose an arbitrary ray r;, and extend it in the opposite direction until it hits another ray
rj,. Next, extend rj, in the same way until it hits another ray r;, and so on. We continue the
process until the extension of some 7, hits one of the previous rays or its extension, which
must always happen because the set of rays is finite. In this way we can obtain a sequence of
rays Ty, Tiy, - -, Ty, such that the extension of r;;, j = 1,2,...,k — 1, hits the ray r;, , at a
point ¢;,_,, and the extension of 7;, hits either r;, or its extension at a point g;, (see Figure
7).

Let us denote by réj the ray obtained as the union of r;; with its extension. The rays

rlorl r‘k are pairwise non-crossing, and decompose the plane into exactly one bounded

110 oo
pélngOHal region and k£ unbounded regions. The bounded region must be a convex polygon,
call it @), with k sides, each a segment of one of the rays r;j, including its apex, and in order:
if the bounded region were a non-convex polygon, the two rays associated to sides adjacent to
a concave vertex would either cross or contradict the construction procedure. Therefore the

rays r. ,r! rl can be thought of as the result of extending each side of a convex polygon

RS TN
in one direction to become a ray. Obviously such extensions must be done all clockwise or
all counterclockwise. Suppose without loss of generality that the sides of the polygon are

extended in the counterclockwise direction; see Figure 7.

. T
\ / ri‘l\-pil Ty » ’

o vpik iz

_ Pis

Qiy, | g
. Y
le . 3

Figure 7: The two cases for the extended rays in non-separable canonical configurations.

Consider the convex polygon ) with vertices g;,, ..., ¢, . By construction, ) contains no
points of S in its interior, and the points p;,, ..., p;, lie on the boundary of Q). Let a; be the
clockwise angle formed by rays r;; and r;,,,, with 75, = i (see Figure 7, left). Clearly,
Zlf a; = 360 degrees. If we now consider 7, , there must be two consecutive rays r;; and
7i;,, such that the three clockwise angles formed by the three ordered rays are less than 180
degrees (see Figure 8). Note that if j # 1 or p;, is on the boundary of @, then the triangle
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T formed by p;;, pi,,, and p;, is empty (left part of Figure 8). If j = 1 and p;, is not on the
boundary of ), then T might not be empty, but in that case, the ray starting at any point
p; inside T would necessarily cross the segment joining p;, and p;, (right part of Figure 8).
Therefore any non-separable canonical configuration of rays can be reduced to one of the two
types shown in Figure 8.

S1 S,
Ti Tijia rwil Tig
. . -. ° “- nq“ ° °
plj . .
° - : - . | AN
° . . . L . qu
S Piy, Dija S5 Di,  Dis
. . d .
o ° SQ ° ° o SQ °
Tiy . Tip .
L] L]

Figure 8: The two possible situations for the three selected rays.

Let us first count the number of non-separable feasible permutations corresponding to
configurations belonging to the first type (when the triangle T" is empty). The rays emanating
from p;;, pi;, and p;, split the remaining points from S into three sets 51, S2 and Ss, as
shown in Figure 8. The rays shot from points in Sy cannot cross either r;;, 7, ,, or T.
Therefore, according to Lemma 2, the number of ways of shooting non-crossing rays from .5;
and producing different permutations is bounded from above by C|g,|, because no ray can
cross a line parallel to r;, (or 1; i 1), leaving 7 in one of the halfplanes it bounds. The same
is true for Sp and S3. As a consequence, we see that there are at most Cjg,|Cs,|Cs;) < Cn—3
different ways we can shoot non-crossing rays avoiding 7T that yield non-separable canonic
configurations. Since we can choose T in < (g) ways, and each ray 7, 7;;,,, and r; in at
most () ways, we obtain an upper bound P(n)C,, for the number of non-separable feasible
permutations, where P(n) is a polynomial with degree at most 9.

A similar argument applies when T is not empty, because the quadrilateral with vertices
Qiv» is» Pi, and p;, is empty. Thus we have proved our upper bound.

To prove our lower bound we proceed as follows. Suppose without loss of generality that no
horizontal line contains two points in S. Take a subset S’ of S and from every element p; € S’
shoot a horizontal ray to its left. From every element p; € S\ S” shoot a horizontal ray to its
right. Since we can choose S’ in 2" different ways, we obtain at least 272 different feasible
permutations (the directions of the rays emanating from the lowest and highest elements of
S are irrelevant). X

For the non-crossing rays problem, we were able to construct a point set S for which the
upper bound is tight. This is not the case for the lower bound. We believe that the upper
bound proved in Lemma 5 is tight up to polynomial factors, but a proof remains elusive to
us.

3.2 An upper bound for r(n)

In this section we construct a set of points S such that the number of feasible permutations
of S is strictly smaller than 4™, namely O*(3.516™).
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Figure 9: The basic set of points B.

Lemma 6. There are points sets S in general position such that r(S) = O*(3.516™). Therefore
r(n) = 0*(3.516™).

Proof: As the proof of this lemma is somewhat long and requires some technicalities, we
split it into several sections.

PRELIMINARIES: AN AUXILIARY POINT SET. Let C be a circle. An a-arc of C' is an interval
of C' with endpoints @ and b such that the measure of the angle determined by the points a, b
and the center of C'is «, and the arc is below the line ab. Our construction builds on a basic
set of points B = {p1,...,pn} consisting of n evenly spaced points on an a-arc of a circle C'
(see Figure 9). The points are numbered from left to right. Let W; be the wedge containing
B and bounded by the two lines through p; parallel to lines p1ps and p,—1p,. Let W/ be the
wedge opposite to Wi, bounded by the same lines (see Figure 9). The wedges W,, and W, are
defined in the same way by the lines through p,, parallel to the lines pips and p,_1p,. Notice
that we can make these wedges arbitrarily narrow by decreasing the value of «, and that if a
ray r; shot from p; crosses the a-arc with endpoints p; and p,,, then r; is either inside W; or
inside W,.

We construct a set of points S taking two copies of B, denoted B; and Bs, as shown in
Figure 10. The first copy consists of vn points and the second of n points, where v > 1 is a
constant to be chosen later. The two copies are very far from each other and Bs is a tiny copy
of B. In addition, the two sets are rotated and placed in such a way that the corresponding
wedges WA}n and W2 cross (where the superindices indicate which copy we refer to); see Figure

10. We use the notation Ei, t = 1,2, to denote the circular arcs on which the sets B;, 7 = 1, 2,
are respectively placed.

To prove that the number of feasible permutations for S is strictly less than 4™, we define
and evaluate some auxiliary values. Let g(n) be the number of feasible permutations we can
obtain by shooting rays from the point set B in such a way that the rays do not intersect a
line [ crossing W/ (see Figure 11 left). If p; is the topmost point, let f(n) be the number of
feasible permutations we can obtain shooting rays from the point set B in such a way that
the rays do not intersect either a line [; crossing W{ nor a horizontal line Iy placed above B
(see Figure 11, right). If p, is instead the topmost point, then we define f (n) symmetrically.
Observe that when p,, is the topmost point, the ray with apex p, must be the first ray we
encounter clockwise in any set of non-crossing rays, starting from the direction of the positive
z-axis. Hence, f(n) = f(n —1).

Let us give a recurrence formula for g(n). The ray starting at p; can be the first ray
we find, the last one, or it can intersect the circular arc between p; and pj;y1, splitting the
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Figure 10: The set S with at most 3.516™ feasible permutations.

[ I

Figure 11: Shooting rays without crossing lines [, {; and [s.

original problem into two subproblems: one of the same type with n — J points and another
of type f with j—1 points. Thus, in general, g(n) = 2g(n—1) —i—Z?:_Ql f(G—1)g(n—j). Using
the fact that f(j — 1) = f(j — 2) and defining g(0) = g(1) = 1, we see that g(n) satisfies the

recurrence relation
n—2

g(n) =2g(n—1)+>_ f(i)g(n—j—2) (15)

Jj=0
for n > 2.

Using a similar argument and defining f(0) = f(1) = 1, it is easy to see that f(n) satisfies
the recurrence relation

5] n
f)=fn=2)+> fG—2)f(n=2)+ > f(i—-2) (16)
i=2 L& ]+1
for n > 2.
For example, if 71 crosses the circular arc between p; and p;;1, with j < [§], then the
rays Ty, ..., n—2j+1 must appear as the first rays and in this order in any set of non-crossing

rays. Therefore in this case, the problem is split into two subproblems: one of type f with
j — 1 points, and another of type f, with n — 2j points.

Let G(2) = Yp>09(n)2" and F(z) = Y ,,>0 f(n)z" be the generating functions of g(n)
and f(n) respectively. From (15), we obtain the following expression for G(z):

z

Glz) = 1—22—2%2F(z2)
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It is well known (see for example [16, 20, 27]) that the asymptotic behavior of g(n) only
depends on the inverse of the singularity of the analytic function G(z) closest to zero, and
since the sequences f(n) and g(n) are formed by nonnegative numbers, the singularity closest
to zero is a positive real number. In our case, the singularities of G(z) are either the values
of z for which the denominator 1 — 2z — 22F(z) is zero, or the singularities of F(z). Using
(16), one can easily check by induction that f(n) < 2™. This implies that every singularity
of F(z) has module > 1/2.

Furthermore, again using that f(n) < 2", for real numbers z in the interval [0,1/2), we
get

k k (2z)k+1
F(z) < Z f(n)z" 4+ Z A Z f(n)z" + T,
n=0 n=0

n>k

Taking, for example, k = 20, and using (16) to calculate f(2), f(3),..., f(20), we obtain that

—~ 9 21
F(Z)<F(Z):1+Z+2Z2+323_’_6Z4++136708220+£j)22

for any z € [0,1/2). Solving 1 — 2z — 22F(z) = 0, we obtain %) = 0.36297129 for the root
closest to zero. Therefore, since F(z) < F(z), the root of the equation 1 — 2z — 22F(z) = 0
closest to zero is a positive real number zg, satisfying zg > Zy, and thus we have asymptotically
g(n) < (m)n < 2.756™. We use the notation ¢ = 2.756 hereafter.

With this, we conclude the preliminaries. We can now proceed to bound the number of
feasible permutations for S.

CASE 1. We first analyze the different ways of shooting rays in such a way that no ray from
By crosses Eg and no ray from Bs crosses El. In this case all the rays coming from B; appear
consecutively in the configuration induced at infinity, and the same obviously is true for those
coming from Bj. We can therefore consider independently the number of different ways to
shoot rays from each B; in this situation and take their product as an upper bound, since the
different ways of inserting the rays from By between two consecutive rays from B; add only
a factor yn which we can neglect.

SUBCASE 1.1. If some ray r with apex in a point in By is inside W,}n and crosses El, there are
at most ¢ ways of shooting the rays corresponding to Bs, because r crosses W2, Since there
are at most 47" ways of shooting rays from Bj, omitting polynomial factors, we therefore
1 )(V'H)”

have an upper bound of U; = 4" - ¢" = (4# e for this subcase.

SUBCASE 1.2. If no ray r from B; inside W%n crosses Bj, observe that the rays inside W%n
can be rotated until they go outside VVWIn without changing the induced global permutation.
Therefore counting the different ways of shooting rays from Bj in this case is equivalent to
counting the different ways of shooting rays from B; without intersecting a line crossing Wll/.

For each of these ways of shooting rays from B, there are at most 4™ ways of shooting rays

1 N(+Dn
from Bs. Therefore an upper bound Us = ¢ - 4" = (cvﬂ -4v+1)

case.

is achieved in this

CASE 2. Let us now bound from above the number of different ways of shooting rays in which
Bi or By or both are intersected by rays from the other set.

SUBCASE 2.1. Let M be the number of different ways of shooting rays with some ray from
By intersecting Bj, but with no ray from B; intersecting Bs. For k = 1,...,n, let us suppose
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that k rays from Bs intersect B;. We can choose these k rays in (3) different ways. Note
that for a choice of rays r;,, ..., , with I; < ... <l}, these rays must appear in this precise
order. If r;, intersects El between the points p; and p;1 and r;, intersects El between the
points p;;; and p;4j41, then the number of different ways in which these k rays can be shot
is (372552) < (jzk), using the j + 1 consecutive arcs of B; between p; and Pit+j+1. Observe
that the j 4+ 1 consecutive arcs can be chosen in yn — j — 1 ways. The other n — k rays from
Bs can be shot in at most 47 % different ways. For the rays from Bj, observe that all the
rays starting at points p;y1,...,p;+; must be shot vertically upwards. The other rays from
By can be shot in at most ¢?® 7 ways. Therefore for M we get the inequality

M < Z < >4” k (?Z_j(fyn—j _ 1)<j4]€‘k>cvnj> :

Neglecting polynomial factors, the asymptotic behavior of M is bounded by the behavior
of the biggest term in the sum. Therefore for a fixed value of v, we have to look for the values
of k£ and j that maximize the value of (})4"~ k(I Jrk) A,

Let H(z) = —xlog(z) — (1 — x)log(1 — ), the standard binary entropy function, where
log stands for the logarithm in base 2. Using Stirling’s formula for the factorial, it is well
known that (') =© (n 2H(°‘)"), where « is a constant in the interval 0 < o < 1.

Let us take k = an and j = Byn, where 0 < o < 1 and 0 < 8 < 1 are constants to be
chosen later. Using the binary entropy function, we have

<j + k) m=3) — <(a + 57)") H(1=B)n _ g ({2H(ﬁ)<aﬂﬁ)a(l—ﬁ>r> :

k an

For ﬁxed values of a and ~y, the amount N () = 2H(ﬁ7ﬁ)(a+w )¢7(1=A) is maximized when

b= . Using the binary entropy function again, we obtain
n\ n_r(J+k i n - e "
4" k yn—j 4( O‘)”]\7 -
O O e e =)

_ o <{2H(a)+2(1fa)+H(c;cl)% _C'yfcfl}n> ‘

For a fixed value of 7, the amount N(a) = oH(e)+201-)+H() & | 22T s maximized
—~ n —~ _1 7(v+n

when o = ==;. Therefore we have a bound Uz = [N(ﬁ)] = [(N(SCC_4)) "’“} for

the different ways of shooting rays with some ray from Bs intersecting El, but with no ray
from B; intersecting Bo.
Replacing ¢ and a by the values ¢ = 2.756 and a = % respectively in the expressions

c—1)\ ca e
2H(a)+2(170¢)+H( c )cfl and Ciﬁ, we Obtain

2.756
2.756 557561

2.756
_ 52.756—4
7761 - 2.7567 2701 = 5.569476.

2.756 2.756 2.756—1
H(5 2.756— 4)+2( 5-2.75674)+H( 2.756 )

Hence for the bound Us, we get

~ ¢ _10fhn 1 v (D)
Us = N(5c_4)v+1} = [5.5694767+12.756 71
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SUBCASE 2.2. For the last case, to bound the number of different ways of shooting rays in
which a ray coming from Bj crosses Eg, observe that it is not possible to have two of these
rays, because Bs is a small copy of B and two rays from B; intersecting §2 would cross. Once
the intersecting ray is chosen (in n(n — 1) possible ways), the number of different ways to
shoot the rest of the rays is again bounded by Us, using the same argument to bound M as
in the preceding subcase.

v 1
DiscussioN. Observe that when « increases, the value 47+t - 2.7567+1 that appears in U

also increases, while the value 5.569476ﬁ2.756$ that appears in Us decreases. If we set
~ = 1.888575, then ATSSSHIT . 2 7THETSSETT — 5569476 TSss57TT . 2. 756 THmwss11 — 3.516.
Therefore if v = 1.888575, then U; = Us = 3.516(1T1)". Since Uy = 3.135(1+M7 for 4 =
1.888575, the upper bound 3.516(1*")™ holds in all cases.

Finally, notice that for ease of exposition, we have taken By and Bs to consist of yn and
n points respectively, and hence their union has cardinality (1 + v)n. If we instead take B
and By to consist of ym and m points respectively, with (1 + v)m = n, we obtain the claim
in the theorem. X

4 The ~v-matching problem for convex regions

In this section, we study the number of y-matchings for the special case of a convex closed
Jordan curve v enclosing the point set S. We also study the particular case in which the
points from S themselves belong to the curve.

Let C be a closed Jordan curve bounding a convex closed region RC, and let S =
{p1,...,pn} be a set of points in general position in RC. In a C-matching, the n points
in S are connected to C' by means of n pairwise non-crossing segments 7, = piqi, 2 =
D242, - - T = DPndn (see Figure 12). This set of segments induces a (clockwise) cyclic permu-
tation on C' of the numbers 1,2,...,n, a feasible permutation enabled by the C-matching.
Figure 12 shows the feasible permutation 12687435 for a set of points and a convex curve. If
7¢(S) is the number of feasible permutations for S, then the main result of this section is the
following.

Theorem 3. Ifn > 1, then r(S) < 4™C,. Moreover, if the n points of S are on the convex
curve C, then r¢(S) = ©*(57).

The case of points in convex position will be analyzed in Subsection 4.2, and the first
result of the theorem will be proved in Lemma 7.

4.1 Point sets in convex regions

Before we prove Lemma 7, observe that if we take a sequence of nested convex regions,
RC = R% c R® ¢ R® C ---, then r“0(8) > r@1(8) > r¢2(S) > .... In addition, notice
that if all the intersection points between pairs of lines defined by two points from S are in
the interior of the region bounded by C;, then r(S) = r(S), where 7(S) is the number of
feasible permutations generated by non-crossing rays from S. Therefore for any point set .S
and any convex curve C for which 7¢(S) is minimized, we have that r(S) = r(S).

Moreover, since r”(S) increases the more C tightens around S, we see that r®(S) is
maximized when C' is precisely the boundary of convex hull of S.
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qs

Figure 12: The feasible permutation 12687435.

504 Unfortunately, we have not obtained sharp bounds for this problem. Even when C is the
505 boundary of the convex hull of S, we only have been able to prove the following rough upper
s bound for r¢(S).

N, N g

q7

D4

q3
g6

Figure 13: The feasible permutations 1257634 and 1275643 obtained with the segments r3, rg
and ry going downwards, the segments r1,79,74 and r5 going upwards, and enabling the
suborders 763 and 1254.

sv Lemma 7. Let C be a closed Jordan curve bounding a convex region RC and let S =
58 {p1,...,pn} be a set of points in RC. Then

r¢(8) < 4"C,,.
599

e0 Proof: Let us assume, without loss of generality, that every feasible C'-matching is enabled
601 with no horizontal segment. Then, given a configuration, S can be partitioned into two sets
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S1 and Sy such that if p; € Sy (p; € S2), the segment starting at p; goes downwards (upwards)
in the sense that the vector p;¢, points down (up).

Suppose a set S7 of points is given. As in Lemma 1, the segment with apex at the point
with greatest y divides the remaining points of S7 into two parts, left and right, with ¢ and
|S1| — 1 —1 points respectively, and the iteration of the argument yields the recurrence relation
for the Catalan numbers. Therefore the number of different ways to shoot the segments from
Sy downwards is at most Cg,| and for the same reason, the segments of Sy = S\ S can be
shot upwards in at most C|g,| ways.

Now, given an order for the segments of S; and an order for the segments corresponding
to So, observe that the segments from Sy can be placed among segments of S; in many ways
that still enable the two suborders and give different feasible permutations (see Figure 13 for
an example of this). Since S; can be chosen in 2" ways, and merging segments of S; from
S9 can be done in at most (|Sl|ls+1 ||€21‘71) < 2" different ways, we obtain the claimed upper
bound. X

4.2 Points in convex position

Since 7¢(S) is maximized when C is the boundary of the convex hull of S, an especially
interesting case arises when all the points of S are on a convex curve C. In this case, each
point p; of S is matched to a point ¢; on C. We are interested in counting the possible orders
for the points q1,..., qn.

Throughout this subsection, the points pi,...,p, of S are assumed to be on a convex
curve C, appearing clockwise in this order starting at p;. Observe that the number of feasible
permutations does not change if we replace C' by any other convex curve v as long as the
n points appear on y in the same order, and hence TC(S) does not depends on the exact
geometric position of the points or on the shape of C. In particular, we could take C to be
the convex hull of S, whose set of vertices is precisely S. However, for ease of description and
clarity of figures, we prefer to assume that C' is a smooth rounded curve.

Figure 14: A curve of jump 1 (left) and a curve of jump different from 1 (right).
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Let C be a convex curve, let C’ be a closed Jordan curve that intersects C' a finite number
of times (see Figure 14), and let R® be the convex region bounded by C. Then C’\ R®
is a set of open arcs {ai,...,an}, each of them joining two points z;, y; on C. The labels
are chosen in such a way that when we traverse C’ clockwise we meet the arcs aq,...,an
in this order, and that when we reach a; we meet first x; and then y;. Note that y; can
coincide with x;11. We say that C’ is a curve of jump 1 with respect to C if the points
Ty Tm,Yl,---,Ym appear in the order x1,y1,x2,Y2,- -, Tm, Ym in a clockwise traversal of
C starting at x;. Therefore the arcs ay,...,a,, are not nested. A curve of jump 1 (left part)
and a curve of jump different from 1 (right part) are shown in Figure 14.

Let S = {p1,p2,...,pn} be a set of n points on a convex curve C. Given a curve C’ of
jump 1 visiting the points in S, the points p1,pa, ..., p, appear clockwise on C’ in some order
Diys Digs - - - Dip,- We say that an order 7 is 1-feasible when there is a simple curve C’ of jump
1 such that the clockwise order in which the points of S appear on C’ is 7. For example, the
curve shown in the right part of Figure 15 goes through the points p1, ps, ..., p7 in the order
1754326. Although feasible permutations for C-matchings and 1-feasible orders for curves
of jump 1 seem to be different concepts at first glance, in fact, they are equivalent, as the
following lemma shows.

Figure 15: Transforming a configuration of non-crossing segments to a curve of jump 1.

Lemma 8. Given a set S of n points on a convex curve C, a permutation m is feasible for a
C-matching if and only if m is a 1-feasible order for some curve of jump 1.

Proof: We first show that given the order 41, . . ., i, induced by a configuration of non-crossing
segments, there is a curve of jump 1 visiting the points in that order and vice versa.

Given a configuration of non-crossing segments r1 = p1q1,...,"n = Pnn, let ¢, G, - - - G,
be the clockwise order in which the endpoints of the segments appear on C. We can build
a simple closed curve C’ connecting the points g, , Gi,, - - -, ¢i,, (in which we assume the con-
vention ¢;, , = ¢;;) by joining ¢i; t0 ¢i; .y, j =1,...,n using a clockwise arc outside R¢ (left
part of Figure 15).

We next modify C" to visit all the points p;. Consider the union of C" with all the segments
piq; (Figure 15, left). Slightly modify the arc of C’ hitting C' at g;; to hit C' at a point y;;
slightly before ¢;; (counterclockwise), and finally add the n segments p;,y;, (Figure 15, right),
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obtaining a simple closed curve C’. By construction, this curve C’ of jump 1 visits all the
points p; in the order p;,, pi,, - - -, i, , and this order 1, . .., i, is the same as the order induced
by the set of segments in the matching.

Conversely, let C’ be a curve of jump 1 with respect to C that visits the points of S
clockwise in the order p;,, pi,,-..,pi,. Let a;, i = 1,...,1, be the external arcs of C’, each
arc linking point x; € C to y; € C clockwise. If we remove all these open arcs, we obtain
[ disjoint paths ~1,...,7;, each of them connecting some point y; to some point x;y1 inside
RC (with the convention z;,; = z1). Observe that if the points y; and w41 are the same,
then the path 7; consists of only one isolated point on C' (as is the case with point pp, in
Figure 16). Stretching these paths, we can assume that the [ paths are either polygonal lines
or isolated points. One of these paths is shown in Figure 16.

Pj+1

. C'L

Figure 16: Building non-crossing segments from a curve of jump 1.

For a polygonal path «;, let C? be the clockwise part of C' between y; and x;41. If
Dj,Pj+1---,Ph—1 are the points from S on C', then all of them must be visited in C” using
i, because C” is a curve of jump 1. Let us consider the sequence of points vj_1 = y;,v; =
DjsVj+1 = Djtl,---,Uh—1 = Ph—1,Vn = i1 (upper part of Figure 16). For every two con-
secutive points vg_1 and vg, k = j,...,h, let Ri-“ be the convex region defined by the path
from v;_1 to vy on 7; and the arc from vi_; to vi on C*. Note that the boundary of some
of these regions (for example R?fl in Figure 16) can consist of a segment and the part of C*
connecting the endpoints of the segment.

For each region Rf , and from each point p; of S belonging to Rf, we can join p; across Rf
with a point ¢; on C? in such a way that the order on C of the endpoints ¢; of the segments
ptq: (dashed lines in Figure 16) is the same as the order of the endpoints p; on ~;. As a point
pr from S on C? belongs to both RF and Rf“, either of these two regions can be chosen for
placing the endpoint g; of the segment corresponding to py.

Finally, if the path +; consists of only one point p,, of S, then we can join p,, with a point
Gm placed either on the arc (ppm, pm+1) of C or in the arc (pp—1,pm)-

Since this construction can be carried out for all the paths ~;, and the extremes y; and
x+1 of each path are placed consecutively on C, we see that when the points from S are
joined with C' in this way, the order induced on C' in the resulting C-matching is the same as
the order in which the points in S are visited by C’. X

Curves of jump 1 visiting n points in convex position were studied by Garcia and Tejel
in the context of analyzing the possible orders in which the points of the second convex hull
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of a set .S of points can be visited in a simple polygon having as vertices the points from S
[15]. In that paper, the authors characterized all the possible orders in which n points in
convex position can be visited using curves of jump 1, and they gave recurrence formulas,
the generating function, and the asymptotic value for the number of feasible orders. These
results are summarized in the following lemma.

Lemma 9 ([15]). A permutation w is a feasible order for curves of jump 1 if and only if

125V5 3200
54/

As a consequence of Lemmas 8 and 9 we immediately obtain the following result.

Lemma 10. Given a set S of n points on a convex curve C, r©(S) = ©*(5"); i.e., there
are 5" different ways of connecting the n points to the curve using segments and generating
different cyclic permutations.

5 Summary and final remarks

For the non-crossing rays problem, we have proved that r(n) = Q*(2"), r(n) = O*(3.516"),
and 7(n) = ©*(4™). While the upper bound is tight because there are sets of points for which
r(S) = 4", we do not know whether the lower bound is also tight. We have tried different
sets of points for which the number of feasible permutations is close to 2", but we have not
obtained any properly tight result. For one of these sets, namely the vertices of a regular
n-gon, we can show that r(S) > 2.31", using a long and tedious computation. We think that
2.31" is the right value for a regular n-gon, but we have not been able to prove this to date.
In any case, we believe that the lower bound 2" is tight up to polynomial factors. Hence, we
conjecture the following.

Conjecture 1. There are sets S of n points in general position such that r(S) = ©*(2").

For the y-matching problem, we have proved that ¢ (S) < 4"C,, when C'is a convex curve
enclosing the set of points. Note that for a given set S, the value 7¢(S) reaches a maximum
when C' is the boundary of the convex hull of S, and that r“(S) = ©*(5") when the n points
of S are on a convex curve C. Therefore, given the convex curve C, the case of S being n
points on C' appears to be the case for which 7° () is maximal. As a consequence, for a given
convex curve C, we tend to believe that 16™ is a quite rough upper bound for rC(S ), and that
the real value of r¢(S) is much closer to 5" than to 16", for any S inside the region bounded
by C.
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