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Abstract

Let X be a d dimensional Poisson point process. We prove that the
expected length of the Voronoi path between two points at distance 1

in the Delaunay triangulation associated with X is y/2¢ + O(d_%) when
d — 0o. In any dimension, we also provide a precise interval containing the
actual value; in 3D the expected length is between 1.4977 and 1.50007.
MSC: 68 - Computer science. 60 - Probability theory and stochastic
processes.
Keywords: Random distribution; Walking strategies; Routing; Point
location.

1 Introduction

Finding paths in a Delaunay triangulation is a classical problem in com-
putational geometry [8]. In the context of random points, several kind of
paths have been studied in two dimensions such as straight walks |2] [9],
cone walks [3], visibility walks [6], shortest paths [4], or Voronoi paths [1J.

In this paper we take interest in the stretch ratio of a particular path
in the Delaunay triangulation — the Voronoi path — and study its expected
length in dimension d when the point set is a Poisson point process. The
Voronoi path links the seeds of the Voronoi regions intersected by a line
segment. An illustration for dimension 2 is given in Figure[I] The main
result of this paper is the computation of upper and lower bounds on
the expected length of the Voronoi path. These bounds show that the

asymptotic behavior of the length is /2% + O(d_%). Tableprovides the

values of our bounds for small dimensions as well as the approximated
actual values obtained from numerical integration.
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Obviously, the length of the Voronoi path gives an upper bound on the
length of the shortest path and provides an upper bound on the expected
stretch ratio of long walks in the Delaunay triangulation of a random point
set.

Previous results provide values only for dimension two, where the ex-
pected length of the Voronoi path is 4 ~ 1.27 [1,[7].

2 Voronoi Path

We define the Voronoi path VP, s as the list of closest neighbors in a
set of points xC R? of a point moving linearly from s = (0,0,...,0) to
t = (1,0,...,0). This path is z-monotone, it starts at the closest neighbor
of s and reaches the closest neighbor of ¢. It uses a sequence of edges of
DT, the Delaunay triangulation of y.

Notice that one can consider V P,y ¢},s,t to obtain a path that actu-
ally goes from s to ¢. This path differs from VP, ;¢ only by few edges
around s and around ¢.

An edge p1p2 belongs to V P, s+ iff the unique ball B, (p1,p2) centered
on the z-axis and having p1 and p2 on its boundary is centered on the
segment [st] and does not contain any other point of x (see Figure [1).
Thus, denoting M (p1, p2) the center of Bz (p1,p2), we can write the length
of the Voronoi path as

VPust) =3 D Lstiomrx=0linimrpeslppell, (1)
(p1,p2)€EX?

where the % arises because each edge is counted twice, once for each
orientation.

Now we turn our interest to the case where the point set is a Poisson
point process. We first remark that the expected length is independent
from the density: let X, be a Poisson point process of density A; by a
simple scaling argument we get

E[6(VPx,.s:)] = ATE [e(vp . )] .

Figure 1: The Voronoi path.



dimension 1 2 3 4 5 6 7 8 d — o0
lower bound 1.497 1.682 1.835 1.918 | 2.077 | 2.224 ~ Q?d
exact value 1| 2~127f | 1500 | 1.698* | 1.875% | 2.04* | 2.2% | 2.3* | ~,/2¢

(numerical approximation)
upper bound 1.5001 1.699 1.881 2.078 | 2.225 | 2.364 ~ %
I * obtained from numerical integration

Table 1: Lower and upper bounds for the expected length of the Voronoi path.

On the other hand, if s, ¢, and u are collinear with ¢ between s and u, the
Voronoi paths can be concatenated:

VPXX,s,u - VPXX,s,t @ VPX,\,t,u‘
Since the process is invariant by translation, we deduce for any v > 0:
B[OV Pxy.s70)] = YE[E(V Pxys,0)]

and conclude
E[(VPx,.s4)] = E[L(VPx,s¢)]-

Thus, we can restrict our attention to Poisson point process of unit inten-
sity. From now on, we will shorten the notation V Px, ¢ in V Px.

Using Slivnyak-Mecke formula [I0, Theorem 3.3.5], Equation be-
comes:

E(VPx)]

= %/( e P[Bz(p1,p2) N X = 0] L(as(py po)efse) IP1p2lldprdpe.  (2)
R(

The path V Px, u{s,t},s,+ has about the same length when the density
A of the Poisson point process is high; namely,

E [[6(V Px, s,6) = £(V Px,Ugs13,5.0)|] = O ()‘7%>

can be proven as an easy generalization from dimension two [7].

3 Voronoi Path in Dimension 3

We start by illustrating our method in three dimensions.

Lemma 1. In dimension 3,
1.4977 < E[¢(V Px)] < 1.5001

Proof. The integral in Equation is computed by substitution. The
points p1 and ps are defined by their sphere B, (p1,p2) and their spherical
coordinates on that sphere. Let ® be the function

®: RxRyx([0,7)x][0,21))> — (R%?
(mvrvalvﬁlaa%/é)?) — (pl’p2)7




with

T+ rcosa; T COS (5
pi = rsin a; cos B; = 0 |+ru; with  u; = sin a;; cos f3;
rsin oy sin (3; 0 sin «; sin f3;

® is a C'-diffeomorphism up to a null set. Its Jacobian Jp has as

determinant:
1 cos aq —rsin o 0 0 0
0 sinajcosB; rcosajcosBy —rsinaqg sinfy 0 0
— 0 sinajsinB  rcosaj sinfB] rsin aq cos 81 0 0
det(Je) 1 cos g 0 0 —rsinag 0
0 sin ag cos Bo 0 0 T cos ag cos o —rsin ag sin Bo
0 sin ag sin Bo 0 0 7 cos ag sin Bo 7 sin ag cos Bo

4 . .
= 7 sinaj sinaz(cosar — cos az).

Then, we substitute the new variables:

oo oo T T 27 27
% / / / / / / P [B((CL‘,0,0), T‘) nNx = @] 1[(7),0,0)6[St]]
—o0 JO 0 o Jo 0

‘rlluruz]|| det(Jp)|dB1dB2dardasdrde

1 oo oo ™ T 27 27 4.3
- 5/ /0 /0 /0 /0 /o e 3™ e, - Tlluruz|
—oo

% sin a1 sin ag| cosag — cos az|dB1dBadardasdrdz.

Separatinhe different variables, the shape of the integraﬂ on r matches
9)

E[6(V Px)]

Equation (

E[¢(VPx)] =1 (/01 dx) (/Ooo e*%”sﬁdr)

e e 27 27
/ / / / sin aq sin aa| cos a1 — cos aa| - ||uruz||dB1dB2dardas
0 0 0 0

3 T T L2T 27
— % 1671'2/ / / / sin a1 sin ag| cos a1 —cos a |- ||uruz||dB1dBedar das. (3)
o Jo Jo Jo
Unfortunately, we cannot compute formally this integral with the exact
value of ||ujuz]|. Using the trivial bound |Juiuz|| < 2 we get

e s 27 27
/ / / / sin aq sin aa| cos a1 — cos aa| - 2dB1dB2dardas
0 0 0 0

T a2 2m 27
= (2/ / sin a1 sin a (cos ap — cos a2) da1da2) . (/ / dﬁld,ﬁg)
0 0 0 0

o 3272
T3
where the % factor comes from Equation . Plugging this bound in

Equation (3) gives E [¢(V Px)] < 2.

Using a better bound for ||ujuzl|, we can improve on this result. Ex-
pressing ||uiuz|| in terms of the spherical coordinates we have

)

8
= = -4r
3

lurue| = \/(ul —u2)? = \/u? +ud —2uy -u2 =2 —2u; -uz
= \/5\/1 — cos aq cos az — sin aj sin ag cos(B1 — B2)
= V2V/1-3 (4)
with  § = (cos ai cos az + sin a sin ag cos(B1 — B2)) . (5)

1 Useful integrals on exponential or trigonometric functions are given in appendix.
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Figure 2: Bounding /1 — y from above and below using Taylor expansions.

We can use Taylor expansion to bound ||ujuzl|. If Tk (y) is the Taylor
expansion up to degree k of /1 —y, for k odd and y € [—1, 1] we have

Tily) — Tu(y"" < V1 —y < Tu(y). (6)
Figure [2] illustrates this for k = 3:

2 3 4 2 3
_ Yy _ Yy _ Yy _ 5y /1 — Yy _ Yy oy
I=5-3% 16 e S VIi-ysl—-35-—7% 16"

One can compute the following integrals (e.g., using Maple, see [5]):

T ag 27 27
2/ / / / sin a1 sin az| cos a1 — cos az|Tu1(6)dS1dB2dardas
0

__262994759490085880230232381 7_(2
T 23281266760547350903521280 ’

a9 27
// / /smoqsmozg cosal—cosa2|(T41 6)— T41(1)642)d,81d52da1da2

__ 1507790121570836886025654503 7r2
T 133265182146581387930501120

Plugging these values in Equation (3)) and using Equations (4f) and @
yields the bounds announced in the lemma statement.

A numerical evaluation of the integral at Equation gives a value
in that interval, pretty close to % and we conjecture that 3 is the correct
value.



4 Voronoi Path in Dimension d

Theorem 2. In dimension d, the expected length of the Voronoi path is

bounded by:

1—\(%)424d—5d d—1 F(g)424d—5d 1
2/ - (11— < < 2

w2(2d — 2)! ( 4d2—1)\/§_E[£(VPX)] - w2(2d —2)! <1+4d—2) \/5’

and the behavior when d — oo 1s:

%_4\/12%40((%) <E[E(VPX)]<\/27?+4\/?;CZ7+0(d).

The rest of the section is devoted to the proof of Theorem [

As in dimension 3, we compute by substitution the integral in Equa-
tion defining the points p1 and p2 by their sphere By (p1, p2) and their
spherical coordinates on that sphere. Let ® be the function

N

®: RxRyx([0,7]%" x[0,2m)) —  (RY)?
(z,ry00,1,...,00,d-1,001,...,024-1) +—> (p1,p2),
with
COSs (4,1
z sin a1 cos a2
0 sin 4,1 sin a2 cos a3
0
pi = 0 + ru; with  wu; = (ng—ll sin am) cos
0 H;i:_f sin ai,l) COS Ot d—1
0 _2 . .
Hld:f sin ai,l> sin o g—1
® is a C'-diffeomorphism up to a null set. Its Jacobian .Js has as
determinant:
det(Ja) = 79D T (ri2,1:0-2)
d—2
with  J(a1:21:a-2) = H sindﬂ*l(al,i) sindﬂ*l(agﬂ') . sin'#?(al,l) sindiQ(a2,1)| cos Q1,1 — CoS (2,1
1=2
1 oo oo
El(VPx)] = 5/ / / P[B((2,0,....0),7) N X = 0] L[(,0,...,0)[st]]
—o0 J0 (Sa—1)2

rlluruz||| det(Jp)|das,1 ... dog g—1dag1 ... dag g—1drde

1 oo —77'3/2 rd
= %/ dxx/ e (gt1) p2d-1g,
0 0

X / luruz|| J(ai:2,1:a—2)dor:2 1:4—1-
(Sa—1)?



The volume of the unit ball in d dimensions is known to be F(jfl) . Using
2

Equation @, we get:

d 2
EUVP = et [ Tl T2 ()
Sqg-1

We use the Taylor expansion of Equation @ with £ = 1 to bound
l[uruzll:

ﬂ(l_g_i;) < fluual < V2 (1 3) ®)

with 6 = u1 - u2. We write § as a sum of three terms § = d4 + dp + dc:

d—2
oa = H sinag jsinasg; | - COS(a17d71 - a2,d71),

=1

d—2 [i—1
63 = E Hsinal,j sinag,j COS (x1,; COS 2,4,

i=2 \j=1

dc =CoS 1,1 COSQ2,1.

Replacing ||ujuz|| in Equation (7)) by its bounds yields the computation
of the following integral for k € {0, 1,2}:

Tr = / (Skj(a1:2,1:d72)da1:2,1:d71~
(Sa—1)2

4.1 Computation of 7,

Zo

27 27
/ dag g—1dag g—1 X
o Jo

=2 .. _ d=2 .n _
H / Sindilil(alﬂ')doq’i X H / Sindilil(ag,i)dagi X
i=27/0 i=27/0

s v
/ / sind_z(al,l)sind_Q(a2,1)|cosa171 —cosag,1|dar,1dasg;1
o Jo

()
= 4 x H _— wd=3
~ o T <d72+1>
1=2 2
X / / Sindiz(alﬂ) SindﬁQ(a271)| cos 1,1 — COS a271|da171do¢2,1
o Jo
using Equation ((10). The product can be reduced by a telescoping argu-
ment and the integral is computed using Equation (11). We get:
1 224((d — 2)1)?
a—1)2 Xt x (2(272);')
r (%)

2

IO = 47r2 X

22d+27rd_1((d _ 2)!)2
(2d — 2))!

r (%)2 e



4.2 Computation of 7;

Using the above decomposition of § into d4 + dp + dc, we can write
T =I{ + I8 + IF.

[
d-2
T4 = i i d
1 = S g, S o | - COS(Oél,dfl - 042,d71) »7(041:2,1:1172) Q1:2,1:d—1,
(Sa—1)2 =1
B
d—2 i1
B . .
Ir = E / HSanél,j sinag,; | cosa,i cosan,i J(:2,1:d—2)di:2,1:d—1,
i—2 7 (Sa—1)? \j=1
[Je]

c ——
17 :/ cosa,1cos a1 J(or:2,1:a—2)don:2, 1:d-1-
(Sq—1)?

‘We have If = 0 since J does not depends on ai,4—1 and az,4-1
thus integrating over a1,4—1 and ag q—1 create a null factor according to
Equation . We also have ZP = 0 since variables a1,; appear only
within sinus inside J, thus integrating over ai; creates a null factor in
each term of the sum using Equation .

To compute Ilc , we can integrate all variables different from ai 12,1
in the same way as we have done for computing Zy and get

d—2
T, =1° :/ COS (1,1 COS (2,1 <H sin®™ (o ) sindjl(oézj))

(Sa—1)?2 j=2

. d—2 . d—2
-sin®"“(a,1) sin® “(a2,1) - | cosar,1 — cos ag,1|dai21:a—1
4md=t
T (1)
2

™ ™
X / / sind_z(al,l)sind_z(az,l)cos(al,l)cos(a271)|cosal,l — cos az,1|dag,1daz 1.
o Jo

Then using Equation (14) one can finally compute Z;. Observing that
the result of Equation (14) is the same as Equation up to a factor
—(2d — 1) we get

1

h=ag

4.3 The Upper Bound
Using the values of Zp and Z; in Equation @, we get



(1)’
S V(G- 4m)

_r(gey 1
_710(1+m>\/§

IN

E [6(V Px)]

2dmd

L D(241)7 4ttt 92((d — 2)1)? 1
- 2drd r(41)* (2d-2)) (1+4d_2)‘/§

T 1 Y

w2(2d — 2)! 4d — 2

2d 3 _3
=1/—+ +0(d 2], when d — oc.

T 4y2d7w ( )

4.4 Computation of 7,

We can easily get an upper bound of integral Z» by noticing that 62 < 1
and thus Zo < Zp, but this yields an unsatisfactory lower bound for the
length of the Voronoi path. So we compute 7, exactly.

The integral Z> can be split in 6 terms according to the development
of 6%

6% = 0% + 0% + 08 + 20405 + 2040¢ + 20Bdc.

As for the computation of Z1, because of Equations [[2] and [I3] the three
terms corresponding to 4, 04d¢c, and dpdc yields null integrals. Thus
T, =I5 + IP + I§, where

2
5a

d—2 2
73 / H sinaq jsinag j | - cos(ag,q—1 — @2,4—1)
(Sq-1)?

j=1

J(a1:2,1:d—2)

d—2
(H sindi]fl(alyj) sindﬂl(azyj)> . sind72(a1,1) sindfz(ozg,l) |cosan,1 —cosaz,1|daq:a,1:d—1

Jj=2
d—2
= / <H sind_""l(al,i) sind_”l(ag,i)) cosQ(al,d,l —Qa2,d-1)
(Sa—1)% \j=2

. (sind(alJ) sind(a2,1)| cos(auy,1) — cos(ong)\) dag:o,1:0—1

d—2 . . 2
(H / SindzJﬁl(al’i)dal’i)
0

=2

27 27 5
/ / cos“(ay,q-1 — agqg—1)dag g 1dag g1
o Jo

s s
/ / sind(al,l)sind(ag’l)\cos(ole) — cos(az,1)|dag,1dav 1.
o Jo

The different factors are computed using Equations , and (|15]), and



. We get

d—2 d—i

- F( 5 + 1) a8 52 92d+4 12
s T (d—;‘+1 + 1) (2d + 2)!
27Td71 22d+4(d!)2 B 22d+57rd71(d!)2

() O () e

is obtained by a telescoping argument. The term corresponding to 6% is

5%
d—2 [i—1 2
ZQB = / Hsinal,jsinagyj cos y,; COS Q2 4
(Sa-1)? \iz2 \j=1
J(a1:2,1:d—2)
d—2
H sind_]_l(al’j)sind_J_l(ag,j) -sin?"2(an 1) sin? "2 (az2,1) - |cosa1,1 — cos a1 dag:o,1:0-1
j=2
d—2 d—2 [i—1
= / H sin? =" (ay ;) sin? " (g ;) x Z H sin?(an,;) sin®(az, ;) | cos®(a1,4) cos?(aa,;)
(Sa—1)? \ j=2 i—2 \j=2

X (sind(aLl) sind(a271)| cos(ai,1) — cos(ag,l)o dag:a,1:d—1-

Since all terms where cos a1,; is not squared have null integral by Equa-
tion (13), ZF reduces to:

d—2 [i—1 .

B 2 : sd—g+1

22 = H/ sin i+ (al,j)dal’j
i—2 \ ;=270

2

2 d—2 T ]
I1 / sin®™7 " (ay 5)dan 5
j=i+170

27 27 T T 4 d
></ / dag g—1dag g—1 ></ / sin®(a1,1) sin®(a2,1)| cos(a1,1) — cos(az,1)|daz,1daq, 1.
0 0 0 0

The different factors are computed using Equations , , and

T
</ sind_l_l(alyi) cos? (al,i)dal,i)
0

10



and we get:

A A AR CORY
Iy = - -
i=2 j=21"<d7%+3> d—i+1 F(d_;+1>
. 2
d—2 a—J
F( 2 ) =3 o 4n2 s 224+441?
=D (dngrl) (2d +2)!

1 /(14 i 2 2d+4 712
Z ( + 2) % 47|—d_12 d!
. il (%) (2d + 2)!

d—1 2 2d+4 72
= _ (1) x 4rd—1 72 !
(2d + 2)!

r(%)Q (2d +2)! r(%)2(2d+2)!

Finally, the term corresponding to 6% is

(d—3)/4 41 2244412 pd=1(d — 3)22d+4(q!)2

2
sc

—_——

/ (cosai,n cosczg’l)2

(Sa—1)?

J(a1:2,1:d—2)

d—2
<H sindﬂ*l(aLj) sind11(a27i)> -sin? 2 (1) sin? "2 (am,1) - | cos 1,1 — cos az 1| dai:2,1:d-1
i=2

2
d—2 T . 2m 2w
H/ sind_l_lalyidau ></ / dag g—1dag g—1
i=270 o Jo

™ ™
X / / Sil’ldiz(OéLl)SindﬁQ(az,l)COS?(Oél’l)COS2(042,1)|COS(041,1) — cos(a,1)|dag,1da 1,
o Jo

which gives, using Equations (10)), and (17):

d—2 T° d—i 2 2
7C (?) Ld3 o 42 22d+2(74 — 1)d!
2 ST <d7;‘+1> (d—1)2d(2d + 2)!

amd=1  92d+4(dn2 7d—1  22d+2pd=1(dN)2(7d — 1)
S . = u ‘
d+1 2d + 2)! 16d d+1
r(eg)” 24+ T (45)” (2 +2)

Summing the three terms together and simplifying gives:

11



22d+5ﬂ.d71(d!)2 71.d*l(d_3)22(1«&»4(d!)2 22d+2 d— 1(d|) (7d— 1)

I, = +
’ r(ﬁ)z(zdm)z r(%)Q(zdw)! ar (45t )2 2d +2)!
_ 224+27d-1((d — 2)1)% d?(d — 1)? (8+4(d73) +
( ) (2d — 2))! (%)2(2d+2)(2d+ 1)2d(2d — 1)

| 92d427d-1((g _ 9)1)2 . 4d2 (d+1)(d—1)

= ( )2 (2d 2y (2d+2)2d+1)2d(2d 1) d
4d—1

= Togp

4.5 The Lower Bound
Using the values of Zp, 71, and Z in Equation @, we get

E[6(V Px)]

Y

d
Mﬂ(ﬂ) X 112)
2dmd 2 2

F<g+1)210<1+ L 4d_1>\/§

2dmd 4d—2 4d? -1

_r() e (1- L) ve

w2 (2d — 2)! 4d? —1
2d 1 3

=4/ — - +0(d 2 when d — oo.
™ 4V 2dr ( )

5 Small Dimensions

For d small and similarly to what we have done in dimension 3, we can use
symbolic computation to get formal better bounds using higher order Taylor
expansions. We also used numerical integration to get an approximation of the
actual values. Results are in Table 2] Maple code is available [5].
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Appendix: Useful Integrals

In the paper we used several integrals whose expressions are given here. For
completeness, the proofs are given in this appendix, although they are essentially
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boring technical computations. For d small enough, Maple or WolframAlpha
can compute most of such integrals. However, for symbolic d, such software may
handle only a couple of them. Proofs are below.

oo
1
/ efcrdTdeldr = . 9)
0 d- 02
d+1
™ (%=
/ sin? ada = 7< 2 ) . (10)
0 r(i+4)
™ ™ 22d+4d!2
/ / sin o sin® ag|cosay — cosaz|ldajdas = ————. (11)
o Jo (2d + 2)!
27 2m
/ / cos (a1 — ag)daada; = 0. (12)
0 0
Ky
/ sin? & cos ada = 0. (13)
0
T T 22d+4d!2
/ / sin® o sin® ag| cosar — cos az| cosag cos agdaidas = ————.
0 Jo (2d + 3)!
(14)
2w 2m
/ / 0052(041 — ag)dagday = 272, (15)
0 0
d+1
L ) 1\ T T)
sin®(a) cos®(a)da = [ —— | ——4 - /. (16)
0 i+2/)1(1+4)
2
™ v
/ / sin? a1 sin® oy cos? aq cos? az| cosar — cosaz|dardas (17)
o Jo
_22446(74 + 13)(d + 2)1°
T (d+1)2(d +2)(2d + 6)!
b

LD+ -
B Z q <F(1+g)p(1;1) sin’™" () cos() R if d is odd,

b 1<i<d
- d _ i odd
/sm ada = b b
a

(&N + £ . NS
- Z 1 <(2)d(ij)> sin () cos(a)| + (72;— , if d is even.
ggigdz F(1+§)F( 2 ) a F(1+§) ﬁ a
(18)
n r(g+1
/ asindacosada:f( ! ) <2 ) /. (19)
0 d+1) p (1 + %>
Proofs
Proof of Equation @ Classic. O

Proof of Equation (18)). Integration by parts gives
b

b b
/ sin ador = — cos(a) sin? () +/ cos? a(d — 1) sin =2 () da.

a
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Using the identity cos?(a) = 1 — sin?(a) and simplifying gives

b 1 bood—1\ [P
/ sin? ada = — (7> cos(a) sin? " Ha)| + (7) / sin?™2(a) da.
a d a d a

b
and the identity

a

Now, using f: sin ada =

ﬁ 21  I(L+k)
2 L(k+1)/7

by induction on d, we get that, for d even,

/b odas 3 (45 (P + $vr)
. LS\ TR (A V)

i even

b F(@) a b
4 2

sin® ™1 (@) cos(a _—s .
(o) ()a ra+ 9 val,

b
Analogously, for d odd, we use f; sin' ada = — cos(a)| and the identity
a
ﬁ 2i  D(d+1Dy7
. - 3 ’
oy 21 r'd+3)

to get by induction

b NAGE SN VNER A b
sin® ada = — Z - — : sin'™ " () cos(a)| .
a 2ot \ (PER)VE) ra+ D) a
i odd
Grouping the two expressions above completes the proof. O
Proof of Equation . It is a direct corollary of Equation O

Proof of Equation . Integration by parts combined with Equation gives

T 1 ™ 1 T
/asindacosada = asin ()| - — sin?! o da
0 d+1 o d+1Jo
1 s
= —— sin?*! o da
d+1 0
d
Ly r(5)
- T \d+1 a1y V™
r(1+4)

O

Proof of Equation (11). First, we use the symmetry with respect to the line
a1 = a to split the integral in two equal parts without absolute values.

_ - d - d .
Integral = 2‘//11@26[017(]2 sin® a1 sin® aia(cos a1 — cos ag)dardaa
a] <ag

T iy T ag
2 (/ sin¢ a1 COS o / sin? asdasda; — / sin? Q9 COS Qg / sin¢ a1da1da2)
0 ay 0 0

™ ™ x
2/ sin? z cos x (/ sin? ydy — / sin? ydy) .
0 x 0
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Let fq(z) = (J] sin dydy — Jo sin 4ydy). Then, by Equation |18 we get

1 /T(EHra+ 2 ,
2 Z D (W sin®~! z cos z, if d is odd,
1<z<dZ F(l + E)F(T)
fa(w) = Podd gt . ™
1 /TN + & , r )
2 Z - <(2)d(13)> sin®~ ! zcosz + (722\/;(1 _ 7%‘)7 if d is even.
2iiea P AT+ 5I(FH) r(1+9) .

i even

First, suppose d is odd. Then, replacing the equation above in the simplified
integral gives

s X CosxT

1<ica D(1+d/2)T (%) i

i odd

ﬁ F(M) r(1+i/2)
2/ sin®zcosz | 2 N2 ! dz
0 i

which simplifies into

D () ra+4/2)
4 (2)/ sin®t =1 z cos® zdx.
V2l T+ d/2)r (1) i o
i odd

Using Equation [T6] gives
\ Z (d+1)F(1+i/2) ( 1 ) F(d-Q‘ri>
1<i<a ¢t T(1+d/2)T (%) d+i+1 F<7d+£+l>
i odd
Taking d = 2k — 1, i = 2j — 1, replacing in the equation above and summing,

gives . (4k + 1)ﬁl"(k)r(2k)
T2k + (1 +k)

V.

Finally, replacing k by L and simplifying gives
I(d+1)
T .
(%) rd+1+13)

Now, suppose d is even. Then, again, replacing f; in the simplified integral
gives

r (%) T(1+14/2) 4

, INEE=S! 2
2/ sinzcosz | 2 E —75111 1xcosx+72\/%(1——) dz,
0 2ra T(1+d/2)r (552 7 P+ 5) ™
i even
B
A

We handle the A term first, which is pretty similar to the d odd case. Again,
for the A term, expanding the sum and using Equation gives

iy 1F(d+1)1“(1+z’/2)< 1 ) 1"(%) S
- - - T
2siza L T(1 +d/2)F(#) d+i+1 F<%)
1 even
Taking d = 2k, © = 27, replacing in the equation above and summing, gives

A Val@k+1) 2
(k+1)r2k+3) (2k+1)2 )
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Finally, replacing k by d/2 and simplifying gives
I'(d+1)
a1 1y
(T) Td+1+1)

2 2

1
()"
2

Now, we handle the B term, which is

- T(4tL

2

2/ sin® z cos z M V2o 1— ) da.
0 F(1+d/2) ™

Expanding it, gives

r( 4+t I (dtt
™ 2 ™
2/ sin z cos x <72 \/77dx—2-7-/ zsin? x cos z M Vrdz.
0 T(1+d/2) 7 Jo T(1+d/2)

The left term is null because of Equation And plugging Equation [T9]in the
right term above gives

L)

"T(1+d/2)

ﬁ.( 1 )‘F(1+d/2) 2

1
T — =2—.
1) Tar i R T gy
Summing A term with B term gives
I'(d+1)
(%) rd+1+1)

Therefore, the expression above holds for both odd and even d. Moreover, it can
be simplified to the following nicer expression

92d+4(g))2

(2d+2)!
|
Proof of Equation . Symmetry on the circle gives 0. O
Proof of Equation , Symmetry with respect to 7/2 gives 0. |

Proof of Equation (14). As in the proof of Equation we simplify this integral
to get rid of the absolute value and isolate each of its variable.

_ sod sod
Integral = 2 [/)1 sapef0,)2 SINTa1sin az(cosar — cos az) cos ag cos azdaidas
ap<ag
™ ™ T ag
= 2 (— / sin® ] COS o / sin® ag cos? asdasdag + / sin® 2 COS (2 / sin? a1 cos? oeldocldocg)
0 aq 0 0

™ s €T
= 2 / sin? z cos z (— / sin? Y cos? ydy + / sin? Y cos? ydy) .
0 x 0

s s
= —2/ sin? z cos z fy (z)dx + 2/ sin? z cos zfayo(x)de,
0 0
where fq is defined in the proof of Equation [[I] The first integral is exactly
the opposite as the one in Equation the second integral is quite similar, for
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d odd it gives:

™ D(EE8)\r@+4/2);
2/ sin®zcosz | 2 Z Lfsm “lgcosz | dz
0 1<i<dt2 I'(2+d/2)r (%) t
I
r

d+3 .
S2)T(A+4/2) 1 pm ,
(2>/ sint ! zcos? z
(2 +d/2)r (%) iJo

(d+3> +z/2)l( 1 ) F(%) T
1<icata P@+d/2r (i) i \d+itl) p(de) T T (dr3)”

Substractlng the two integrals yields the claimed result. The case with d even

Il
W~

can be solved similarly. O
Proof of Equation , Simple integration. |

Proof of Equation (16). Use cos?z = 1 —sin? z and Equation then simplify.
|

Proof of Equation . As in the proof of Equations and we simplify
this integral to get rid of the absolute value and isolate each of its variable.

_ o d o d 2 2
Integral = Qﬂyl,aze[O,ﬂ]Z sin® a1 sin® aa(cos a1 — cos ) cos® g cos® aadaidarn
ay <ag
T ™ T a2
= 2 (/ sin® a1 cos® aq / sin® ag cos? asdasdag — / sin® g cos® ag / sin® a1 cos? aldaldaz)
0 aq 0 0

™ s xr
= 2/ sin® z cos z(1 — sin® x) (/ sin® (1 — sin? y)dy — / sin® y(1 — sin® y)dy) .
0 T 0

™ s
= 2 / sin? x cos zfq(x)dx — 2/ sin? z cos z fayo(x)de
0 0
s

™
—2 / sin?t? z cos zfy(z)dz + 2 / sin?t2 2 cos z f44 o (x)dx,
0 0

where f; is defined in the proof of Equation E The first and fourth integrals
are the same as the ones in Equation (with d replaced by d + 2 in the fourth
integral), the second integral is the same as the one in Equation the third
integral is quite similar, for d odd the third integral gives:

™ L () ra+i/2) 4
2/ sin®2 zcosz | 2 Z Llfbm “lgcosz | dz
0 VS T+ d/2)r (1) 0
i odd
L () ra+i/2) ) o« ,

= 4 Z <2)/ sin®t ! g cos? ©

(S2a D+ d/2r (52) 7o

i odd

— r (%) T(141/2) 1 1 T (d+§+2)
) 41<1<'i I(1+d/2)r (?)i(d'f'i-i-?)) F(d+§+3>ﬁ

i odd
4T(d+ 3)
(d+3)(d+ %)
Adding the four integrals yields the claimed result. The case with d even can
be solved similarly. O
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