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ON RECOGNIZING SHAPES OF POLYTOPES FROM THEIR
SHADOWS

SERGII MYROSHNYCHENKO

ABSTRACT. Let P and @ be two convex polytopes both contained in the interior
of an BEuclidean ball rB¢. We prove that P = @ provided that their sight cones
from any point on the sphere S?! are congruent. We also prove an analogous
result for spherical projections.

1. INTRODUCTION

An orthogonal projection of a set on a subspace can be thought of as a shadow of
this set, with the source of light located infinitely far away.

There are many problems regarding orthogonal projections. For instance, one of
the long-standing problems of convex geometry ([Gal, Problem 3.2, p. 125)

Problem 1. Let 2 < k < d — 1. Assume that K and L are convez bodies in B4
such that the projections K|H and L|H are congruent for all subspaces H C E4,
dim H = k. Is K a translate of £L?

Here we say that two subsets A, B C E¢ are congruent, if there exists an orthog-
onal transformation ¢ € O(d) and a vector b € B¢, such that ¢(A) +b = B.

There is also a broad class of tomography type problems related to isoptic char-
acterization of convex bodies. For example, the following

Problem 2. Let C C E2 be a smooth convex curve that is contained in the interior
of a certain circle S. Assume that from any point on S curve C' subtends the same
angle. Can we conclude that C' is a circle?

It was shown by Green (see [Gr]) that this problem has a negative answer. How-
ever, Klamkin (see [KI]) conjectured that if there exist two distinct circles with the
same property for the curve C, then the answer is affirmative; this was proved in
[N]. Similar result was generalized to higher dimensions (the case of a convex body
contained in the interior of a sphere) in [KOJ.

One can also ask an analogous question for non-constant angles. It was shown in
[KK] that in the class of convex polygons the measure of the subtended angles as a
function on the circle S defines the set uniquely. At last, a very interesting result
from [Mat] shows that not necessarily the measure, but the shape of a subtended
solid angle from points on a sphere containing a convex body characterizes balls
uniquely.
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Following the above considerations, we ask the following

Problem 3. Let K, L be two convex bodies contained in the interior of a ball r B,
d > 3,7 > 0. Assume that for any point z (a source of light) on the sphere rS3=1,

the spherical projections K, and L, of the bodies are congruent. Does it follow that
K = L? (see Figure|]).

FiGure 1. Congruency of spherical projections:
Vz e 8Tl Jp, € 0(d), ¢.(K,)=L..

Here, K, = {z € 754! : 2zN K # ()}, and 22 denotes the interval with end points
x and z. Also, in this case we say that two subsets A, B C rS% ! are congruent, if
there exists an orthogonal transformation ¢ € O(d), such that p(A) = B.

It’s not difficult to see that in the case d = 2 Problem [3| has a negative answer,
which follows from the result of Green (see |Gr]). This result is analogous to the
well-known fact that in E? there exist many not congruent bodies of constant width
(see |Ga], p. 131). However, it is known that for d = 2 in the class of convex
polygons Problem [3| has the affirmative answer (see [KK]).

We observe that when the radius r of the ball containing the bodies approaches
infinity, the above problem becomes very similar to Problem (Il If one attempts to
solve Problem [3] one sees that one of the main difficulties is related to the lack of
convenient notions (for example, a support function as in the case of orthogonal
projections). Not a difficult consideration shows the affirmative result in the class
of Euclidean balls for Problem Bl

Proposition 1. Letd > 2,r > 0 and let K, L be two Fuclidean balls contained in the
interior of a ball rB. Assume that for any point z on the sphere rS%—1 = 8(?"Bd),
the spherical projections K, and L, of the balls are congruent. Then K = L.

It is also worth stating another similar natural problem from [KK]

Problem 4. If K and L are two convex bodies inside the sphere 1S4, and for each

point of rS?1 the supporting cones of K and L from this point are congruent, then
is it true that K = L?



ON RECOGNIZING SHAPES OF POLYTOPES FROM THEIR SHADOWS 3

It follows from the above mentioned result of Matsuura [Mat] that the answer is
affirmative if one of the bodies is a ball. Also, Bianchi and Gruber [BG|] proved that
if one of the bodies is an ellipsoid then the other body must also be an ellipsoid. In
general, the problem remains open.

The main results of this paper show that both Problems [3] and (4] have the affir-
mative answers in the class of convex polytopes.

Theorem 1. Let d > 3,7 > 0 and let P, Q) be two convex polytopes contained in the
interior of a ball rB. Assume that for any point z on the sphere rS%—1 = 8(7"Bd),
the support cones C(z, P) and C(z,Q) of the polytopes are congruent. Then P = Q.

Theorem 2. Let d > 3,7 > 0 and let P, Q) be two convex polytopes contained in the
interior of a ball rB*. Assume that for any point z on the sphere 1S4 = 9(r BY),
the spherical projections P, and @), of the polytopes are congruent. Then P = ().

The affirmative answer to Problem [1|in the class of convex polytopes was obtained
in [MR]; it is not difficult in the class of Euclidean balls. Quite surprisingly shifts
play no role in these settings.

Acknowledgments: The author is grateful to Vlad Yaskin and Dmitry Ryabogin
for many fruitful and interesting discussions.

2. NOTATION

Euclidean space of dimension d is denoted by E¢. We use the notation rB? =
{z € E: |z| < r} for the Euclidean d-dimensional ball of radius r in E? and
rS4t = {z € E¢: |z| = r} for the (d — 1)-dimensional sphere of radius 7, which is
the boundary of the ball YB%. The orthogonal group of dimension d is denoted by
O(d). For any two points z,y € E?, the closed interval connecting them is denoted
by ry = {tz+ (1 —t)y : t € [0,1]}. For any two points p,q € 7S% !, the shortest arc
of a great circle connecting them is denoted by [pg|. The interior of a set A (denoted
by intA) is the set of points € A such that there exists an open set containing x
which is fully contained in A. The boundary of a set A (denoted by 0A) is the set
defined by 0A = A\ intA.

By the shadow boundary we mean the pre-image of the boundary of the shadow.
More precisely, for any body M C int(rB%) the shadow boundary from a point
z € 1891 is defined as

O,M={zxNM:xe€0M,},
where OM, is the relative boundary of M, on the sphere.
For any finite set of points S = {z;}Y, C E? the convex hull of S is defined as
Conv(S) = {Zf\il Nz SN N =10 >0 Vi}. A convex polytope P C E¢ is a

convex body that is the convex hull of finitely many points. The extreme points of
the convex hull are called vertices.
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A supporting (sight) cone from a point z outside of a body K is defined as
C(z, K) =Uger{z+s(x—2): s>0}
In particular, the spherical projection then can be found as
K, = (C(z, K)NnrS*™ )\ {z}.

Notice that if P is a polytope, z € P, and {v;}; is the set of its vertices in the
shadow boundary 0, P, then for any y € 0C(z, P), we have

y=z+ Z Aj(v; —z) forsome X, >0, {v;}; C{vi}s.
vje(’?zP
In this case, the cone is polyhedral and its spanning edge l.,, is a ray defined as

L, =2+ tlv;—2), t>0.

3. PROOF OF PROPOSITION [1]

Proof. Assume that the balls K, L do not coincide. Denote by Og and Oy, their
centers, and by rx and rp the radii of K and L respectively. Let [ be the line passing
through both of the centers. Denote by z; and z, the points of the intersection of [
with 75971 (see Figure [2).

FIGURE 2. Spherical projections of Euclidean balls.

If r, < rg, then L, € K,,. Hence, there does not exist ¢,, € O(d), such that
¢, (K,) = L., which implies that we must have r;, > rx. Now, if rg < rp, we
repeat the same argument for z,. Thus, rg = rp.

Now, if |210k| < |z10p|, then C(z1,L) € C(z1, K), which would imply that
L, C K,. Similarly, it can be shown that the case |210| < |210k| is not possible
either, which implies that Ox = Op. We conclude that K = L.

O
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4. PROOF OF THEOREM [1]

4.1. The main idea. The main idea of the proof is to show that the sets of edges
of both polytopes coincide. More precisely, let II be the set of all affine subspaces
containing a facet of polytopes P or Q. Then IIN7S?! is a finite union of sub-spheres
of non-trivial radii. Let U; be a connected component of U = rS4=1\ (Il N rS91).
For any two points z; and 2, in U, we have 0,, P = 0,, P and 0.,Q = 0,,(Q), which
follows from the considerations in [KP).

After this, we will prove that the edges of the shadow boundaries 0, P and 0,Q),
z € U, are in bijective correspondence. Moreover, we will show that they coincide.
This would imply that P = Q.

4.2. Preliminaries. Congruency of supporting cones C(z, P) and C(z, Q) implies
that both cones have the same number of spanning edges which are congruent. In
other words, there exists a fixed ¢, € O(d) such that

(1) gpz<vi_z>—ﬁj_z

vi—zl/ [ — 2l

where v; and ¥; are vertices in 0,P and 0.Q), respectively, that define congruent
spanning edges [.,, and l.;, of the supporting cones (see Figure [3).

FIGURE 3. Spanning edges are pairwise congruent, ¢.(l.,,) = L.

This implies that any “light source” z € rS9! corresponds to a permutation o,
of a finite set of spanning edges of both cones C(z, P) and C(z,Q). According to
the considerations from [KP] (see the proof of Theorem 1 there) and the condition
of congruency of the cones, for each connected component U;, these sets have the
same number of elements, say, k. Hence, for any fixed z € U; we obtain a bijective
correspondence f, induced by ¢, between the set of all vertices {vq, vy, ..., v} of
the shadow boundary 0,P and the set of all vertices {¥y, 0y, ..., U} of the shadow
boundary 9,Q).
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Take a closed spherical cap with a non-empty interior W C U;. For any z € W, we
have at least one map f, : {v1,va, ..., 05} —= {01, D, ..., Ui}, such that f.(v;) = o),

and o, is a permutation of the set {1,2,...,k} satisfying ¢, (2=%) = Ys) "% The

lvi—z|/ 7 gy —2]

set of all such possible maps {f,},ew is finite. We have

W= |J V., Vo={zeW:3f. suchthat f.(0;) = Uoe) Vi=1,....k},
oEPy

where Py is the set of all permutations of {1, 2, ..., k}.
Observe that each V, is a closed set (it might be empty). Indeed, let {z,,}>_,

be a convergent sequence of points of a non-empty V,, and let lim z, = z. We
m—0o0

Vi —2Zm ) o ﬁo—(i)_zm

[vi—zm|/ " |Uo()—2ml|’

Since O(d) is compact, there exists ¢, = lim ¢, . Note that ¢, may not coincide
m—r00

-~ Uy — 2 170(1') -z
‘Pz( > = =
lv; — 2| |Vo(s) — 2|

where o is independent of z,,, since Vm € N, z,, € V.

have ¢, (

with .. This yields

In other words, there exists ¢., such that the corresponding fz satisfies fz(vi) =
Ug(s), Ve = 1,..., k. This means that z € V;, and V;, is a closed set.

By the Baire category Theorem (see, for example, [R], pages 42-43) there exists
a permutation o, such that the interior U, of V,,, is non-empty.

4.3. Two-dimensional faces of supporting cones. For each edge of P with
vertices x,y, there is a Uy C U; as above and an edge of () with vertices p, ¢ such
that under the permutation oy we have o¢(z) = p, 00(y) = q.

FIGURE 4. Zxzy = Zpzq for any z € Uj.

From the condition of congruency of the supporting cones, the angles are equal
az(z) = Lpzq = Zxzy = ai(z) for any z € Uy (see Figure {f). We may extend
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both of the functions a1 (z), as(2) naturally on the whole sphere, i.e. ay(2) = Zzzy,
ao(2) = Lpzq for any z € rSi-1t.

Recall that 75971 is an analytic image of a (d — 1)-dimensional parallelepiped A =
[0, 7] [0, 7] x. .. [0, 7] x[0,27] C E¢"! with the parametrization z = (x1,..., 24 1,7q),
where

T1 = T CoS Yy
To = 7 SIN (P COS P2

T3 = 7 SIN (P1 SIN Y3 COS P3

Tg_1 =TsinE;...siN Qg o COSYg_1
Tqg =TSN ...sin Py o8N Qg 1,
and {9017 R SDd_Q} € [07 7T]7 Pd—1 € [07 271—} AlSO,

(z=p)-(z—q)
|z —pllz —q|

(z—2)-(2—y)
|z —zllz =yl

cosay(z) = cosas(z) =

We see that cos a;(2) is an analytic function on A, and
cos vy (z(x1, xa, ..., Tq_1)) = cos aa(2z(x1, X2, ..., Tq 1)),

for any (w1, 2o,...,24_1) € 274 (Uy) C A C E¥"L, where 271(Up) stands for the pre-
image of Uy in A. Hence, by [O], the functions coincide on the whole A. Observe
that, by the construction, «;(z) € [0, 7), hence cos a;(2z) = cos as(z) is equivalent to
a1(z) = ag(z). Thus,

(2) o (2) = ap(2) Vzerst

Consider a point 2y, such that zy € rS9!' N[, where [ is the line containing the
segment pg. Notice that a;(zp) = 0, hence as(z9) = 0. This implies that both
segments belong to the same line . We consider the restriction of «a;(z) onto
span{l,0} N rS4=1 = St If | passes through the origin, we take any two di-
mensional subspace containing it. We have

a1(2) = ax(z) VzersSh

By Lemma 2.1 from [KK], we conclude that © = p,y = q.
Now, since all the corresponding vertices coincide in each connected component
U; for both polytopes, then P and () coincide as well.

Remark 1. In the proof above, the sphere rS¢" that contains both polytopes P and
Q@ can be substituted with any convex closed analytic hypersurface, since we did not
use the parametrization of the sphere, but only its analyticity.
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5. PROOF OF THEOREM [2

To prove Theorem [2], it is enough to repeat the above proof of Theorem [1| with
some small modifications. First, congruency of P, and (), implies that their vertices
are congruent. Here by a vertex of a spherical projection we mean the image (v;).
of a vertex in the shadow boundary v; € 0,P. Then, by the analogy to , there
exists ¢, € O(d), such that goz((vi)z) = (0;)., where v; and 0; are vertices in 0,P
and 0,(Q) respectively. This defines permutations between the sets of vertices. We
proceed as in the previous proof, until the consideration of the angles Zxzy and
Zpzq. Let II(x,y, 2) be the 2-dimensional plane containing three distinct points
x,y, 2. The projections of edges xy and pq are the edges of spherical projections,
i.e. arcs of (small) circles (zy), and (pg).. Under the orthogonal transformation,
they must coincide ¢, ((zy).) = (pg).. This implies that circles II(z,y, z) N rS4!
and II(p, ¢, z) N rS9! have equal radii. The equality of lengths of the arcs implies
equality of the angles Zxzy = Zpzq as before in . The conclusion follows.

Remark 2. It seems likely that congruency of sight cones and congruency of spher-
ical projections from any point on the sphere are equivalent. However, we re-
mark that for a fixed point this is not the case. Consider the sphere S defined
as 22 +y*+ (2 +1)* = 1 and the cone Cy, 2* = x? +y*, 2 < 0. Then the intersection
of these two surfaces is a unit circle Si, x*> +y* =1,z = —1. Now consider a unit
circle Sy obtained by intersecting sphere S with the plane z = x — 1. Both S; and
Sy are congruent, but the cone Cy = span{0, Sz} is strictly elliptical (not circular),
thus, not congruent to C4.
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