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WEIGHTED LATTICE POINT SUMS IN LATTICE POLYTOPES,
UNIFYING DEHN-SOMMERVILLE AND
EHRHART-MACDONALD

MATTHIAS BECK, PAUL E. GUNNELLS, AND EVGENY MATEROV

ABSTRACT. Let V be a real vector space of dimension n and let M C V be a lattice.
Let P C V be an n-dimensional polytope with vertices in M, and let ¢: V' — C be
a homogeneous polynomial function of degree d. For ¢ € Z~( and any face I of P,
let D, r(q) be the sum of ¢ over the lattice points in the dilate ¢F. We define a
generating function G, (q,y) € Q|q][y] packaging together the various D, r(g), and
show that it satisfies a functional equation that simultaneously generalizes Ehrhart—
Macdonald reciprocity and the Dehn—Sommerville relations. When P is a simple
lattice polytope (i.e., each vertex meets n edges), we show how G, can be computed
using an analogue of Brion—Vergne’s Euler—-Maclaurin summation formula.

1. INTRODUCTION

1.1. Let V be a real vector space of dimension n and let M C V be a lattice.
Let P C V be an n-dimensional polytope, i.e., the closed convex hull of finitely many
points in V. We assume further that P is a lattice polytope, which means the vertices
of P lie in M, and that P is simple; this means that each vertex meets n edges. (See,
e.g., [1] for terminology and background on lattice polytopes.) In this paper we
simultaneously consider three important concepts for P:

e The Dehn—-Sommerville relations. Let Z be the set of faces of P, let % (k)
be the subset of faces of dimension k, and let fx(P) = [.% (k)|. We define, as
usual, the h-polynomial h(P,t) = >_;_, hx(P)t* by

(1) h(P,t) = fu(P)(t = 1)" + faa(P)(t = 1)" 7" 4o+ fo(P).

(For instance, if P is a simplex, then h(P;t) = t" +t""' + ...+ 1.) The
Dehn-Sommerville relations say that hy(P) = h,_,(P) for all k.
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e The Ehrhart polynomial and Ehrhart—Macdonald reciprocity. For any q € Zy,
let ¢P denote the gth dilate of P and let &p(q) := |M N gP|. Then Ehrhart
and Macdonald [7,[IT] proved that &p(q) evaluates to a polynomial in ¢ that
satisfies the symmetry

(2) &p(q) = (=1)"Epe(—q),

where P° is the interior of P. (This holds for any lattice polytope, not just
simple ones.)

o Fuler-Maclaurin summation. Let ¢: V' — C be a polynomial function. Let
h = (hp)rezm-1) be a multiparameter indexed by the facets (faces of codi-
mension 1) of P, and let P(h) be the deformation of P obtained by inde-
pendent small parallel translations of its facets according to h. The Euler—
Maclaurin formula [5[14] shows how to compute the finite sum ), p ©(m)
via an explicit differential operator in the 9/0hp acting on | P(h) o(x)dz,
thought of as a function of h.

We will introduce a two-variable polynomial and prove two fundamental theorems
for it: one that simultaneously generalizes the Dehn—Sommerville and Ehrhart—
Macdonald relations, and one that gives an Euler—Maclaurin formula.

1.2. Let us be more precise about our main results. Assume that the polynomial
¢ is homogeneous of degree deg ¢. For any face F' € %, let

(3) Dor(g):= > @(m).

meMNqF

It is known that D, p(q) is a polynomial in ¢ of degree n + deg ¢ and constant term
D, #(0) = ¢(0) [, Proposition 4.1]. Let

(4) Go(q,y) == (y+ 1% > (y + D)™ (=)™ Dy, p(q) .

Fez

Our first main result is the following functional relation for the polynomial G (g, y).
1.3. Theorem. G,(q,y) = (—y)"T9¢* G (—q, i) :

In fact, we prove a slightly more general result than Theorem that applies to
all lattice polytopes P, simple or not (Theorem below).

We now explicate how Theorem implies some of the aforementioned results.
First, suppose ¢ = 1 and ¢ = 0; then each D, r equals 1. The generating function
in Theorem becomes

n

(5) D (y+ DI (ot E = N () IRy 1R f(P)

FeZ k=0
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Expanding the right of (B]) and comparing with (II), one sees that the coefficient
of y* in () is (—1)*h,_x(P). Thus Theorem in this case is equivalent to the
Dehn—-Sommerville relations hy(P) = h,—x(P).

Second, when ¢ = 1 and ¢ > 0 is a positive integer, then the constant term of
G1(q,y) is Ep(q) = |[M NgP|. The leading term of Gy (g, y) is an alternating sum over
the face lattice Z of the lattice point enumerators &x(q) and, up to sign, nothing other
than the computation of &po(q) by inclusion-exclusion. Thus the relation implied by
Theorem between the coefficients of y™ and y° is exactly Ehrhart reciprocity ().

1.4. Our second main result is a formula for G, (g, y) in the spirit of the Todd opera-
tor formulas of Khovanskii-Puhklikov [14] and Brion—Vergne [5] for Euler-Maclaurin
summation. To state it we require more notation. Let ( , ) be the pairing between

V and its dual V*. Let N C V* be the lattice dual to M. Any facet F' € #(n —1)
is the intersection of P with an affine hyperplane

HF = {I ‘ <£L’,UF> _'_)\F = 0},
where the normal vector up is taken to be a primitive vector in N. Thus
P={xeV | (r,up)+Ap >0forall Fe . Z(n—-1)}.

As above, let h = (hp)re#(n—1) be a multiparameter indexed by the facets of P, and
let P,(h) be the deformation by h of the ¢(y + 1) dilate of P:

(6) ﬁq(h) ={rx eV |(r,ur)+qy+1)Ap+hrp>0foral Fe F(n—-1)}.

1.5. Theorem. There is a differential operator Td,(P,0/0h) in the derivatives
(0/Ohp)pezn-1) such that

Gla.9) = Ta,(P.0/0m)( [

Pq(h)

ar)| .
pla)dr)|

The differential operator in Theorem [[.3 will be given explicitly, after the necessary
notation is developed (see ([I@) below and the preceding lines).

1.6. As mentioned above, we actually prove a generalization of Theorem that
does not assume P to be simple. Since ¢ = 0 and ¢ = 1 in Theorem recovers the
Dehn—Sommerville relations, which in turn are a manifestation of Poincaré duality
for the rational cohomology H*(Xp; Q) of the toric variety Xp attached to P (see,
e.g., [§]), it is natural to expect that the correct generalization should somehow involve
the intersection cohomology of X p, in other words, the g-polynomials. This is indeed
the case.

It is thus natural to ask whether one can prove an analogous generalization of
Theorem for general lattice polytopes P. Work of Brion—Vergne [5] gives an
analogue of the Euler—-Maclaurin formula for such polytopes, and when applied to
our setup gives explicit Todd operator formulas for the leading and constant terms
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(in y) of G,(q,y). Their technique is to consider simple deformations P’ of P and
then to take the limit as one collapses P’ back down to P. However, this does not
lead to a Todd operator formula for the other terms of G,(¢,y) in general. It would
be interesting to generalize the results of [5] to the generating function G, (q,v).

1.7. Acknowledgments. We thank David Cox and Michele Vergne for helpful com-
ments. Two of us (MB and EM) thank the Max Planck Institute for Mathematics for
its hospitality, where some of these results were initially worked out. We thank Toru
Ohmoto, who informed us of [9] after this work was completed. Finally, we thank
the anonymous referees for their comments.

2. THE RECIPROCITY THEOREM

2.1. The goal of this section is to modify () for a general lattice polytope such
that Theorem holds. We begin by recalling some notation. For more details, see,
e.g., [16] §3.14].

Let P be a general polytope of dimension n (not necessarily a lattice polytope).
As above, let .Z be its set of faces, regarded as a poset under inclusion. We enlarge
Z to Z#~ by adjoining an extra element O that is defined to be smaller than any
F € .7 ; the element 0 should be thought of as corresponding to the “empty” face of
P with dimension dim 0 = —1. We make .# ~ into a ranked poset with rank function
p by by putting p(F') = dim F' + 1 and p(0) = 0.

2.2.  We define polynomials fp, gp € Z[x] as follows{]

o If p(P) = 0, we put fp(z) = gp(r) = 1.
e Otherwise, if p(P) = n+ 1 > 0, then fp(z) is a polynomial > ', fiz! of
degree n. We recursively define

gp(x) = fo+ (fr = fo)z + (fo = f1)2? + - 4 (fn = frm1)2™,
where m = |n/2], and
(7) fr(x)= > grla)(@— 1",
0<F<P

Note that the sum is taken over proper faces of P, which makes fp well defined
by induction.

With this setup, the following master duality theorem for the polynomial fp holds
(see, e.g., [16], Theorem 3.14.9]):

IThis (standard) definition of the f polynomial is dual to the definition of the h-polynomial ().
The f-polynomial favors simplicial polytopes, in that Dehn—Sommerville holds with no g-polynomial
corrections. The h-polynomial, on the other hand, favors simple polytopes.
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2.3. Theorem. Let n =dim P. Then
fol@) = 2" fol2).
Equivalently, if fp =Y i a; 2", then a; = a,_;.
We will also need the following identity of the f and g polynomials:

2.4. Lemma. Let P be a polytope of dimension n. Then
(8) IdimP+1gP(%) _ Z gr(x)(z — 1)ndimF
0<F<P

where the sum is taken over all faces of P, including P itself.
Proof. The proof is a simple computation and arises in the proof of [16] Theo-
rem 3.14.9]. Indeed, with fp = >""  a;z",

gp + (SL’ - 1)fP = (am - am+1>xm+1 + (am+1 - am+2>xm+2 T+

where m = |n/2]. Applying Theorem 2.3]
gp + (x =1)fp = 2""gp(2) .
Inserting the definition (@) of fp completes the proof. O

2.5. Now assume that P is a lattice polytope. For any face F' < P, let &p(F') be
the dual face of F' in the polar polytope to P. For example, if P is simple, Zp(F) is
a simplex for any proper face F'. We define a polynomial gg(x) by

gr(z) = gopr)(T) -

Note that gr depends on the larger polytope P in which F' is a face, although this is
not part of the notation. As in the introduction, let ¢ be a homogeneous polynomial
and define Dy, p(q) by [@). We extend the definition () of G,(q,y) by

) Golay) = (y+ 1% 3 (g + ) F (=)D, p(q) Gr(—2) .
FeF
Note that if P is simple then gr = 1 for all faces of P, and this definition coincides

with (@) J

2.6. Theorem. For a general lattice polytope P, the function G,(q,y) satisfies the
relation in Theorem [I.3.

We shall need the following lemma:

2We remark that the factor (y + 1)4°8% is not really needed for Gy, at least as far as the results
in this section are concerned. This factor appears naturally when one considers the Todd operator
formula, so it is reasonable to include it here.
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2.7. Lemma. Let P be a lattice polytope of dimension n and let ¢ be a homogeneous
polynomial function. Let ¢ > 0 be an integer. Define

Depla):= Y wlm),

meMnNqP
Dyplg):= > plm),
meMn(qP)°
where P° denotes the interior of P. Then as functions of q, both D and D° are
polynomials of degree deg ¢ + dim P, and
(10) Dy p(—q) = (=1)%E#HmEDE L(g).

Proof. These statements are proved by Brion—Vergne in [4, Proposition 4.1] for any
simple lattice polytope. Their later paper [5] derives an Euler—Maclaurin formula
for any general lattice polytope P by first passing to a simple perturbation P’ and
computing on P’ as in [4]. This implies the result. O

Proof of Theorem|[2.0. Let n be the dimension of P and d the degree of ¢. Write
G = G,(q,y) and G’ = (—y)"™G(—q, %) We begin with the definition

G=(y+1) Z (y + 1)dimF(—y)COdimFDgo,F(Q)ﬁF(—i)
Fez

and replace each D, p with the sum over the faces of F' of the functions D¢, to obtain
G = (y + 1)d Z (y + 1)dimF(_y)COdimF§F(_i) Z D;,E(Q) ‘
FeF E<F
After interchanging the sums and swapping the labels of E and F',
(11) G=@+1)"> Dplg) Y, (y+1)"™F(—y) ™ gu(-1).
F<P F<E<P
Now consider G’. If we apply Lemma 27 then
(12) G'=@y+1)"> (y+1)"™FD 1(q) Gr(—y) .
F<P

Comparing (II) and (I2)), we see that we need the following identity for any face F
of P:

(13) (y+ D" Gr(—y) = D (y+ 1) F(—y) ot P ge(—1).

We claim that this follows from Lemma 2.4 To see this, one observes that the
polynomial g is the g-polynomial of the dual face &p(F'), and that the sum over
F < FE < P is the same as the sum over the face poset for #p(F'). Applying this
and putting r = —y gives (§). O
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2.8. Notice that the reciprocity law (I2)) suggests another definition of the polyno-
mial G, (q,y) from (@)

Go(q,y) == (y+ 1) > (y+ )™ D 1 (q)
FeZ

and its extended version from ([

(14) Golq,y) = (y+ 1" > " (y+ )™ D2 n(q) Gr(—y) -

Fe7

3. THE ToDpD OPERATOR FORMULA

3.1. For the rest of the paper we assume that P is simple. We begin by introducing
the notation we need to define the Todd operator.

Let f € #(n —1) be a face of codimension [, and let H; be the affine subspace
spanned by f. Since P is simple, there are exactly [ hyperplanes in {Hp | F €
Z(n — 1)} whose intersection is Hy. Let oy C V* be the convex cone generated by
the corresponding normal vectors {up | F' € .#(n—1),F D f}. The cone o is called
the normal cone to f.

3.2. Theset ¥ = {0y | f € #} of all normal cones forms an acute rational poly-
hedral fan in V*. This means the following:

(1) Each o € 3 contains no nontrivial linear subspace.

(2) If ¢’ is a face of 0 € X3, then o’ € 3.

(3) If 0, 0’ € ¥, then 0 N o’ is a face of each.

(4) Given o € 3, there exists a finite set S C N such that any point in o can be
written as > pss, where s € S and p; > 0.

Moreover, P being simple implies that ¥ is simplicial, which means that in (4) we
can take #S = dim o for all 0. The fan ¥ is called the normal fan to P.

3.3. Let p € X be arational 1-dimensional cone. Then p contains a unique primitive
point, which we call the spanning point of p. For any cone o, we denote by o(1) the
set of spanning points of all 1-dimensional faces of ¢ and write

S(1) = J o).

There is bijection between (1) and .% (n — 1): if p € ¥(1), then the spanning point
of p is a unique normal vector up, which determines the corresponding facet F'.

For any cone o € ¥, let U(o) be the sublattice of N generated by the spanning
points of . Set

N(o):=Nn{U(o) ®Q) and Indo :=[N(o): U(o)].
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If Indo = 1, then o is called unimodular. The polytope P is called nonsingular if
normal cones are unimodular [l Let G(o) be the finite group N(o)/U(o).

3.4. For any o € 3, define

Qo) =9 > ps|0<p, <1
seo(1)
Note that VolQ(c) = Ind o, and Q(c) N N(o) = {0} if and only if ¢ is unimodular.
Furthermore, the set Q(o) N N(o) is in bijection with the finite group G(o) under
the map N(o) — N(o)/U(o). Put

FE = U Q(af)ﬂN

fez

Then I'y, = {0} if and only if P is nonsingular.

3.5. As in the introduction, let y be a real variable, and let h = (hp)pcz -1y be a
real multivariable indexed by the facets of P. As before let ng(h) be the deformation
by h of the ¢(y+ 1) dilate of P defined in ([@). The polytope ﬁq(h) depends on ¥, but
we suppress this from the notation.

If g=1and y = 0 then P(0) = P; furthermore if ¢ # 0 and y # —1, then P,(h)
is isomorphic to P for small h; in this case the integral

(15) 1(By(h)) = 1,(By(h)) == / P

therefore converges for small h (here we take the measure on V that gives a fun-
damental domain of M unit volume). We will compute the function G,(g,y) by
applying a differential operator to I(F,(h)), the Todd-y operator. To define it, we
need yet more notation.

3.6. For each facet F' € Z#(n — 1), let {p: V* — R be the unique piecewise-linear
continuous function defined by

o {r(s) =1if s € (1) is the spanning point corresponding to F,

e ¢p(s') =0 for all other §' € (1), and

e {p is linear on all the cones of 3.

Put ar(z) = exp(2mi &p(x)) for all x € V.

Suppose g € I's N o. Then the pair (g,0) determines a tuple of roots of unity as
follows. If sq,...,s; are the spanning points of o, and F}, ..., F; are the corresponding
facets, then we can attach to (g, o) the tuple (a1(g), ..., a;(g)), where we have written
a; for ap,. We are now ready to define the Todd-y operator:

3This condition is the same as the toric variety Xp determined by P being nonsingular [8].
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3.7. Definition. Let a be a complex number and z a real variable. We define
Td,(a,0/0z) to be the differential operator given formally by the power series

0/0z(1 + ayexp(—0/0x(y + 1))) _
1 —aexp(—0/0x(y + 1))

+0ofox o S (0
1 —aexp(—0/0x(y + 1)) y9/0 _; (a, k. y) <8:)§) ’

Table[l gives some examples of the polynomials ¢(a, k, y). We remark that ¢(1, k,0) =

L [ cla, k. y) |
1| —aly+1)/a—

(
—a(y +1)*/(a — )
aEcH—l)( y+1)%/2(a—1)3
(a®

—a(a +4a+1)(y+1)4/6(a—1)
—a(a® +11a® + 1la+ 1)(y + 1)°/24(a — 1)°

Ot i W N

TABLE 1. Sample coefficients c(a, k, y).

By /k!, where By is the k-th Bernoulli numberd If a # 1, then
—(k =Dl a - Dfe(a, k,y)/aly + 1)

is the Fulerian polynomial for the symmetric group Si_; (see, e.g., [10]).

3.8. Recall that h is a multivariable with components hr indexed by the facets of
P. For any g € I'y;, we define

Td,(g,0/0h) =[] Tdy(ar(g),0/0nr)

FeF(n—1)
and
(16) dy(P,0/0h) == > Td,(g,0/0h).
g€l's

This concludes our setup and makes the statement of Theorem precise. We
now turn to its proof.

4With this convention the Bernoulli numbers are By=1, B, = %, By =
Bog_1 =0 for £ > 1. Note that for many authors By = —%.
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4. PROOF OF THEOREM

To prove Theorem we adapt arguments in [4] to incorporate the parameter y.
For any face f € F,let Oy C V be the convex cone generated by elements p—p’ with
p € P and p' € f. The cone Cy is called the tangent cone to P at f. The normal
cone o is the dual cone to C;. We also denote by #/ C .Z(n — 1) the subset of
facets of P containing f.

Let Ve = V ® C be the complexification of V, and let V¥ be its dual space. We
extend the pairing ( , ) to Vg and V. Let z € V¥ and consider the integral

I(P)(z) ::/Pexp (x,z)dx

and the exponential sum

Brion—Vergne [4] gave explicit formulas for I(P) and D(P) for generic z; we recall
them here. For any vertex v € P, we have the normal cone o, with spanning points
{up | F € Z°}. Let {m!' | F € #°} be the dual basis. The points m! are rational
generators for the tangent cone C, and, in particular, lie along the edges of P through
v. Let M(v) C V be the lattice they generate. Then any v € G(o,) = N/U(0,)
determines a character x.,: M(v)/M — C* via

X~ (m) = exp(27mi(m, 7)) ,
where 7 € N is any representative of .

4.1. Proposition. For z € V@ generic,

(17) D(P)(z) = Z exp v, 2) Z H —

2 b T e ()
and
1
(18) I(P)(z) = (-1)" Y exp(v,2) (|det(m])|pes) [] o
veZ(0) Fegv v’
Proof. See 4, Propositions 3.9 and 3.10]. O

4.2. Lemma. Let £ € .F be a face of P, let Fp C F be the subset of faces of E,
and let D(E)(2) = Y cmnp €Xp{m, z). Then for z generic,

D)) = 3 SR P H -

vEF g (0) Fem Xy (m

yexp (mF, z)
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Proof. The proof is essentially the same as that of (I7)). The main point is that if one
considers a single vertex v in (7)), then the sum over G(o,) induces character sums
that equal 1 on C,, N M and 0 on C, N (M (v) ~ M). These sums have the same effect
on M N E for any face E C P. Furthermore, for any vertex v of F, the points m! in
the dual basis lie along edges of F exactly for the facets F' not containing F. O

Now we build an exponential version of our generating function:
(19) Gaise(z,y) == Y (y+ 1™ P (=y) " FD(E)(2).
EeF

4.3. Lemma. For z generic,

- exp (v, 2) 1
(20) Gaise(2,y) = Z ‘ b Z H (1 — x4 mijLeXp (mf, z) - y)

veZ(0) veG(oy) FEeFV

Proof. This follows from Lemma and the fact that P is simple. Indeed, consider
expanding the products over the sets .#"v. At each vertex v one sees products over
all possible subsets of the edges emanating from v. Each subset determines a unique
face containing v. If we take a face F and collect the terms corresponding to these
edge subsets for the vertices of E, we obtain exactly the expression in Lemma

for D(E)(2). O

Next we consider an integral version of Gaise(z,y). As before, let h = (hp)pe F(n—1)

be a multiparameter indexed by the facets of P, and recall (cf. (@) that Pi(h) is the
deformation by h of the (y + 1)-dilate of P:

Pi(h)={z eV |(z,up)+ (y+1D)Ap+hp >0foral F e F(n—1)}.

Given any vertex v € P, the corresponding vertex in Pl(h) is
v(h)=(y+1v— > hpm.
FeZv

We define

Gom(21) = I = [ expla2) o
Pi(h)
4.4. Lemma. We have

(21)  Geom(z,y) = (—=1)" Z exp((y + 1)U|;(§1;‘eyu hrpmy, z) H 1
ve.Z(0) v

Proof. This follows from (I8) with P replaced by Py (h), together with the observation
that 1/|G(o,)| = |det(m!)|rese. O
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We now consider the action of the operator Td,(P,d/0h) on Geont- In particular
we will compute the action on the terms for the different vertices in (2I) and will
ultimately compare the result with the corresponding terms in (20). Put

€ exp((y + 1)v — 3 pego heml, 2)
Gcont(U,Z,y) = |G(O. I;|e/ F H

1
reze (02

4.5. Lemma. Let v € I'y; and let y be generic. Then Td,(v, 8/0h)éwnt(v, z,9) =0
unless v € o,. In the latter case,

(22)  Tdy(y,0/0h)Geons (v, 2,y)|,_, =

exp((y + Do, 2) g+l )
e N (oot ome ")

Proof. The first statement is proved in [4, Proof of Theorem 3.12]. The second follows
from a direct computation using the identity (with a € C, = and u real variables)
u(y + 1)

Td,(a,0/0z) exp xu}xzo =1 cop(—ay T 1) uy. O

FeZv

4.6. Theorem. Let z be generic. Then
(23) Tdy(P7 a/8h>écon‘ﬁ(zv y) }hzo = édisc((y + 1)27 y)
Proof. This follows from comparison of Lemmas and L5 Indeed, by Lemma
only the v giving elements in G(o,) are relevant for computing Td, (P, d/0h) on
Geont (v, 2, y). Furthermore, if v € G(0,) and F' € .#(n — 1) contains v, then a direct
computation shows

ar(y) = x(my).
Thus we have equality in the vertex contributions to each side of [23)), after we replace
z in Ggise With (y +1)z. O

Proof of Theorem[L.A. We take the Taylor expansion on both sides of @3) with re-
spect to z, after replacing the deformed dilate P;(h) with the h-deformation of the
(y + 1)-dilate of ¢P, which is P,(h). O

5. RELATION TO THE HIRZEBRUCH-RIEMANN—ROCH THEOREM

In recent years, a bridge between geometry has allowed one to prove beautiful
results in geometry and combinatorics using tools from algebraic geometry. Many
combinatorial results have their avatars in algebraic geometry and vice versa. In par-
ticular, the polynomial G,(q, y) can be regarded as a generalization of the Hirzebruch
Xy-genus for a singular toric variety.

In this section, we show that Theorem agrees with the representation of the
normalized Hirzebruch class of a toric variety studied by Maxim-Schithrmann [13].
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Since we treat lattice polytopes whose toric varieties are not necessarily smooth, we
have to involve different approaches to the study of singular varieties such as orbifolds,
motivic approach, intersection homology theory, etc.

5.1. Let X = Xy be a complete toric variety of dimension n defined by the fan
Y. Denote by Q% the sheaf of Zariski differential p-forms on X. Recall that Q% is
defined as ﬁ_’;( := 1,0, where i: U — X is the inclusion of the nonsingular locus U
into X. Given an ample Cartier divisor D on X, let &x(D) be the corresponding
invertible. Let P = Pp be the support polytope of D. For now, we suppose that the
class of D is nontrivial in the Picard group of X.

The x,-characteristic (or generalized Hirzebruch polynomial of D) is defined by

(X, 0x(D)) = > x(X, 0% @ Ox(D)) -y

— Z (Z(—Uidimc H(X, 0% @ ﬁx@))) yP.

In particular, the x,-genus of a toric variety is defined as

Xo(X) = (=1)) P dime Grh HI(X;C) - ¢,
3,p=20
where F denotes the Hodge-Deligne filtration on H?(X;C).
The combinatorial expression for y, (X, Ox (D)) in terms of weighted sums of num-

bers of lattice points in faces of the polytope Pp was first obtained in [12] and also
reproved in [13| Corollary 4.3].

5.2. Theorem. Let X be a complete simplicial toric variety with ample Cartier
divisor D. Then the x,-characteristic has the following combinatorial representation
in terms of sums of lattice points over faces of the support polytope P of D:

(24) Xy(X. Ox(D)) = Y (y+ )T (—y)tmF | F o M|
FeJp
=Y+ M|,
FeZp

5.3. In [12], the formula ([24) is called the Bott formula for toric varieties, since

it generalizes a result due to Bott, who treated X = P, 0% = Q2. and Ox (D) =
Opn(a). We see that x, (X, Ox(¢D)) from ([24)) coincides with G,(¢,y) in (@) and
(@) when ¢ = 1. In fact, the restriction ¢ = 1 is not necessary. One can con-
sider ¢ = e* as in Section @] by working instead with the equivariant character

S, 3 (~ 1) Te(er, HY(X, Q% @ Ox(gD)))y? of the torus T ¢ XH.

®We thank an anonymous referee for pointing this out to us.
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5.4. Here we briefly explain work of Maxim-Schiirmann [13] that studies char-
acteristic classes of singular toric varieties. First, we recall the motivic Chern and
Hirzebruch classes of singular complex algebraic varieties as constructed by Brasselet—
Schiirmann—Yokura [2].

Let Ky(var/X) be the relative Grothendieck group of complex algebraic varieties
over X, as introduced by Looijenga and Bittner in relation to motivic integration,
and let Go(X) be the Grothendieck group of coherent sheaves of &x-modules. Then
the motivic Chern class transformation

mCy(X) : Ko(var/X) — Go(X) @ Z[y]

generalizes the total A-class AY(T*X) of the cotangent bundle to the setting of sin-
gular spaces. The un-normalized Hirzebruch class transformation is defined by the
composition

Ty = td, omC, : Ko(var/X) — H.(X) ® Qly]
as a class version of a y,-genus of X. Here the cohomology H,(X) denotes either the
Chow groups A,(X), or the even degree Borel-Moore homology groups HZM (X 7Z),
and

td* . Go(—) — H*(—) & @

is the Todd transformation. The normalized Hirzebruch class transformation is de-
fined via the normalization functor fy* = W(14y) 0 T}y, where

Uy Ho(X) @ Qly] = H(X) @ Qly, (14 y)™']

is given in degree k by multiplication by (1 +y)~*. In fact, T s+ actually takes values
in H,(X)®Q[y] (see [2, Theorem 3.1]); this implies, for instance, that one can set the
parameter y equal to —1, and can thus generalize T 1% to the total rational Chern
class.

Now the motivic un-normalized and normalized homology Hirzebruch classes are
defined respectively as

Ty(X) = Tyu(lidx]),  Tp(X) == T,(fidx));

these generalize the Hirzebruch classes of X that appear in the Hirzebruch—Riemann—
Roch theorem when X is smooth. Namely, assume X is smooth of dimension n, and
let {z;} be the Chern roots of the tangent bundle Tx. Then the two formal power
series

e(l+ye™) =~ o z(l4+ye W) ”m 1—vy

Q@)= = Q)= 2

define two classes

T;(TX):HQ(:cj), “(Tx) =H ) € H*(X) ® Qlyl,

x+...
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and
Ty (X) =T} (Tx) N[X], T,u(X)=T;(Tx)N[X].

We can now state Maxim—Schiirmann’s result:

5.5. Theorem (Maxim—Schiirmann [13]). Let X = Xy be a simplicial toric variety
of dimension n with the normal fan ¥ = Xp to the polytope P. Suppose that the
generators of the rational cohomology (or Chow) ring of X are the classes [Dp| defined
by the Q-Cartier divisors corresponding to the faces of codimention 1 of P. Then the
normalized Hirzebruch class of X is given by

= (Y 11 [Dr(1 +yar(g) e PriwrY)
(25) Tye(X) = S e R 1 —ap(g) e~ Prily+D) NIXT.
> n—

5.6. Now we connect Theorem to our work. The main observation is that the
Todd differential operator in Theorem

0/0hi (1 + yap(g)e” /r(+u))
d,(Pojon) = 3 1 T ar(g)e T
g€l's FeZ(n—1)
has the same structure as the normalized Hirzebruch class in (25). This correspon-
dence for y = 0 was first established by M. Brion and M. Vergne in [3] (see also
[6l, Theorem 13.5.6]). The generic correspondence [Dp] — 0/0hp and the relation of
G,(q,y) with the polynomial x, (X, Ox(D)) can be proved by the same technique as
in [3 Theorem 4.5]; this will be published elsewhere.

6. EXAMPLES

6.1. We conclude by giving some examples of our results. We begin with Theo-

rem 2.6

Let P be the square pyramid with vertices (0,0,0), (1,1,1), (1,—1,1), (—1,1,1),
(—=1,—1,1) shown in Figure[[l Let ¢ > 0 be an integer. We consider the generating
function G, (¢, y) for different functions ¢.

F1GURE 1. The square pyramid P.
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The polytope P fails to be simple only at the bottom vertex v = (0,0,0). The dual
face Zp(v) is a square, and gsquare(z) = 1 + = (in general, the g-polynomial of an
m-gon is 1+ (m—3)x). Thus fq'v(—%) =1- %, and the only effect of the non-simplicity
of P is that, when we form the generating function G (q,y), the contribution of the
vertices to (@) is

0(a:4.9) + (g, —4,9) + (=4,4,9) + ©(—q,=q, ) + ¢(0,0,0)(1 — ).

Suppose first ¢ = 1. Then

3

Gi(q,y) = (4% —4¢° + 1—;(1 - 1)y3

3
+ <4q3—4q2—q+2)y2+ <4q3+4q2—q—2>y+%+4q2+%+1.

One can see the Ehrhart polynomial for P in the constant term, and that for P°
in the leading term. It is visible that G satisfies G1(q,vy) = (—y)*Gi(—q, i), and
this relation applied to the leading and constant terms is nothing other than Ehrhart
reciprocity.

Denote by Vol(P) the volume of polytope P of dimension n normalized so that the
volume of the simplex spanned by the origin and basis vectors is equal to 1. Expand
the polynomial G4(q,y):

Gi(g,y) =Y Ly(@)y”.

Then it is easy to see that L,(q) is the (generalized Ehrhart) polynomial in ¢ of degree

n whose leading term is (;) Vol(P)q". Indeed, consider the expansion from (I4])
Gr(gry) = 3y + DI F £2(q) Gr(—y).
FeF

where &2(q) = |M N qF°| = Vol(P)q™ + a;q" " + - - -, and notice that the coefficient
of the leading term of g-polynomial is 1 according to 22l In the example above for
the square pyramid, Vol(P) = 4/3 and the highest order terms of Ly(¢q) and L3(q)
are 3¢°, and of Li(¢) and Ls(q) are 4¢°.

Next we take a linear polynomial ¢ = ax; + bxrs 4+ cx3. Note that the symmetry
of P implies that we expect that the final answer should be independent of a and b.
Indeed, after summing over faces of P we find

10cq®  Teq®>  Teq 20cq® cq
Gola) = ot = 100 T8 T s 20 oy
o0, y) =y cq T o) T (4a g Tdeg” — 3
10cg®  Tcq®>  Teq

3 2 6

20cq® ¢
+ 92 (60(14 + cq2> + y(40q4 + Tq + 4eq® + §q> + cq* +
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This has degree 4 in y, as expected. One can also see the expected reciprocity law
GSD(Q> y) = (_y)4 GSD(_qa %)

For the amusement of the reader, we finish with a larger example: ¢ = ax? + b3 +
cx3. The resulting G, (g, y) equals

5<4aq5 B 4aq* n Taq® B 5aq? n 2aq n 4bg® B 4bg*
15 3 3 3 5 15 3
7bg? B 5bq? @ 4eqP 3edt 4+ 11cq® B 3cq? §>
3 3 5 5 3 2 30
4aq® 2 4bg®
+ y%% — daq* + 5aq® — 3aq® + % + Tq — 4bg*
2b 5cq?
+ 5bg® — 3bg? + ?q + deg® — 9cqgt + 9og® — % - %q)

n y3<8aq B 8aq* n 10aq® B 4aq®>  8bg®  8bg*

3 3 3 3+3 3

10bg®  4bg? 5 4
——+8 —6
3 3 + 3cq cq + 3 cq 5

26cq® 2 @)

n y2<8aq n 8ag* 10aq®  4ag? n 8bg®  Sbq*

3 3 3 T3 T3 73
1O§q3 + %(12 + 8cq” + 6cq* + 26§q3 + cq? — 5—?)
+ y<4C;q5 + 4aq* + 5aq® + 3aq® + % + %qs + 4bg*
+5bg® + 3bg” + 23)& +deq® + 9cqt + 9eq® + 507‘12 - %q)

Tag®  Saq®  2aq 4bg®  4bg?
Tttty T3 T3 Ty T 3

Tbqg®  5bg®  2bg  4cqd . e 3cq®> g
— t—+—+—+3 —_—+ —+ —.
+ 3 + 3 + 5 + 5 +3cq” + 3 + 5 + 30

6.2. Let P = C2 be the cross-polytope (or co-cube). By definition P is the convex
hull of the standard basis vectors ey, ..., e, and their negatives —ey, ..., —e, in Mr >~
R™. For example, when n = 3, the polytope C% is the octahedron. It is known that
the polar dual polytope of P is the unit cube C),, whose associated toric variety is
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isomorphic to the product P! x P! x --- x P'. The g-polynomial of the cube was
computed by I. Gessel [I5] §2.6]:

(26)  glCoa) = fj — =G e =z,

To find the function G,(g,y) of C2 defined in (I4]), we need the explicit form of the
polynomial

Kp(y) = 1+ )" gr (-y),
where F is any face of C2. Using (28]), we have

RIS 1 dim F\ /2dim F — 2k
o d1mF§ : k
Krly)=(1+y) dimF—k‘-i—l( k )( dim F >(—y—1) '
k=0

Putting all this together, we obtain

mpg k . .

FeZ k=0

6.3. Finally we consider an example of Theorem [[LHl Let P be the triangle with
vertices at (0,0), (2,0), and (0,1). The polygon P together with its normal fan %
are shown in Figure

FIGURE 2. The triangle P and its normal fan X.

In the normal fan the shaded regions represent the sets (o). One can see that
the set 'y, contains two lattice points go = (0,0) and g; = (0, —1), shown in white.
It is clear that the all the functions {ap | F' € F} are identically 1 on gy, and that
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ar(g1) # 1if and only if F'is one of Fy or F3, and that for either of these ar(g;) = —1.
Thus our Todd-y operator has the form

(27) Td,(P,8/0h) = Td,(1,8/0h,) Td,(1,/0hs) Td,(1,d/dhs)
+Tdy(1,0/0hy) Td,(~1,0/0hy) Td,(~1,8/0hs) .

First consider putting ¢ = 1. The function E,(F,(h)) is then just the volume of
the deformed dilate P,(h), which is

(2hy + ho + hs + 2q(y + 1))?
1 .
Applying 27) to ([28) and putting h; = hy = hg = 0, we obtain
(*—2¢+1)y"+ (2 - 1) y+¢*+2¢+1.
It is easy to check directly that this agrees with G1(q,y).

Now suppose ¢ is a generic homogeneous linear function p(zq,x2) = azy + bxs.
Then our integral becomes

(28) Vol B,(h) =

(29) Ep(Py(h) = 57 (2ha + ha + ha + 2q(y + 1))
- (2a(2hy — 2hy + h3 4+ 2q(y + 1)) + b(—4hy + he + hs + 2¢(y + 1))).
Applying ([27) to [29)) and setting hy = hy = hy = 0 yields

3 2 6 3 2 6
<4aq aqg  2bg? 2bq> N 20>  3aq* Sag bg®  bg? bq)
y e — ).

%  3a® S5aq  bd  bg? b
(y+1)<y2< S T +—q>

3 + 2 * 6 3 2 * 6
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