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THE MAXIMAL NUMBER OF 3-TERM ARITHMETIC
PROGRESSIONS IN FINITE SETS IN DIFFERENT GEOMETRIES

ITAT BENJAMINI AND SHONI GILBOA

ABSTRACT. Green and Sisask showed that the maximal number of 3-term arithmetic
progressions in n-element sets of integers is [n?/2]; it is easy to see that the same holds
if the set of integers is replaced by the real line or by any Euclidean space. We study
this problem in general metric spaces, where a triple (a,b,c) of points in a metric space
is considered a 3-term arithmetic progression if d(a,b) = d(b, c) = 3d(a,c). In particular,
we show that the result of Green and Sisask extends to any Cartan-Hadamard manifold
(in particular, to the hyperbolic spaces), but does not hold in spherical geometry or in
the r-regular tree, for any r > 3.

1. INTRODUCTION

It was shown in [13] Theorem 1.2] that the maximal number of 3-term arithmetic progres-
sions in n-element sets of integers is [n?/2] (counting increasing, decreasing and constant
progressions). The maximum is attained for n-term arithmetic progressions, but also for
other sets (completely characterized in [I3, Theorem 1.2]).

Combined with some tools from additive combinatorics, this result was used in [I3] to
obtain their main result that [n?/2] is also the maximal number of 3-term arithmetic
progressions in n-element subsets of the additive group Z/pZ for prime p, provided that
n/p is smaller than some absolute constant.

Additive structure is probably the most natural context of arithmetic progressions, but
it may be viewed also as a metric notion, which is the direction we pursue here.

Definition 1.1. Let M be a metric space.
We say that (a,b,c) € M? is a 3-term arithmetic progression in M if

dy(a,b) = du(b,¢) = 3du(a, c),
where dyy is the metric of M. For any set A C M, let
AT m(A) == {(a,b,¢c) € A’ | dp(a,b) = dp(b, ¢) = 1du(a,c)}
be the set of 3-term arithmetic progressions in the set A. For every positive integer n, let
pn (M) = max {|AT y(A)| : AC M, |A| =n}

be the maximal number of 3-term arithmetic progressions in n-element subsets of M.

Key words and phrases. arithmetic progressions, metric spaces, Cartan—-Hadamard manifolds.
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As already mentioned, it was shown in [13] that p,(Z) = [n?/2] for every n, and the
same argument shows that for every n,

(1) pa(R) = [n?/2].
This yields, by a simple projection argument, that for any k, with respect to the Euclidean
metric, p,(R¥) = [n?/2] for every n.

We show that this extends to a rather large class of metric spaces. First, let us recall
some basic notions. Let M be a metric space; a curve vy : I — M, where [ is a connected
subset of the real line, is a geodesic if dy(y(y),v(x)) = y — z for every x < y in I; a set
' C M is a geodesic segment with endpoints p, q if there is a geodesic v : [a,b] — M such
that I' = v([a, b]), p = v(a) and ¢ = v(b); the metric space M is uniquely geodesic if any
two distinct points in M are the endpoints of a unique geodesic segment; finally, a curve
~: I — M, where I is a connected subset of the real line, is a local geodesic if around every
a € I there is an interval I, such that the restriction of v to I N I, is a geodesic.

Theorem 1.2. Let M be a uniquely geodesic Riemannian manifold in which every local
geodesic is a geodesic. Then, for every n,

pn(M) = [n?/2].
Moreover, any set A of n points in M for which |AT y(A)| = [n?/2] is contained in the
image of a geodesic.

In particular, Theorem applies to the hyperbolic spaces, and more generally, to any
Cartan—Hadamard manifold, i.e., complete simply connected Riemannian manifold that
has everywhere nonpositive sectional curvature (see, e.g., [3, [I0]). However, the result
does not extend to the wider class of metric spaces of global nonpositive curvature, in the
sense of A. D. Alexandrov (also coined CAT(0) spaces by Gromov, in honor of Cartan,
Alexandrov and Toponogov; note that each such metric space is uniquely geodesic, and
every local geodesic in it is a geodesic; see, e.g., [5,[7]). For instance, let T, be the (discrete)
r-regular tree, r > 2, equipped with the graph metric, and let T, be the corresponding
metric graph, where all the edges have unit length. The metric tree T, is a Hadamard space,
i.e., a complete globally nonpositively curved metric space. We show (see Proposition [5.1])
that

. fn(T) L (r—2)
2 1 >4~
) S TE T e
Hence, for every r > 3, since obviously pn(T,) > pa(T,) for every n, it holds that

~

n TT’ . n Tr’ ]- . 2 2
lim sup #n(Tr) > lim sup () > — = limsup M
n—ooo M2 nooo M2 2 oo M2

Note that p,(T,) < n? — 2n + 2 for every n, by the following simple claim.
Claim 1.3. Let M be a uniquely geodesic metric space (with more than one point). Then,

for every n,
(n?/2] < pn(M) < n® —2n + 2.
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Moreover, there is a uniquely geodesic metric space My such that p,(My) = n* — 2n + 2
for every n.

Next, we consider some positively curved metric spaces.

Theorem 1.4. For every n # 2,

n nmod 4 =0,

1 in nmod4 =1

nSl :_2 2 )
Hn(57) 2njL 2 n mod 4 = 2,
%n—l n mod 4 = 3.

In particular, (1) and Theorem [.4] imply that s, (S*) > [n?/2] for every n > 4.

We do not know, for general n, what is the maximal number of 3-term arithmetic
progressions in n-element subsets of the 2-dimensional sphere S?. However, we were able
to show (see Proposition 4.7 and the discussion thereafter) that

(3) tin (S%) > 11, (S) for every n > 5.

For the /-dimensional lattice graph Z* (where two vertices are adjacent if the Euclidean
distance between them is 1), with respect to the graph metric, we show (see Proposition

£.2) that
(4) fn (Z°) = Q (n?’_%) .

Finally, we show (see Proposition [5.3]) that

(5) max (M) = ln3 — 1712 + 0O(n).

M is a metric space 4 2

This work was inspired by the analogous route taken by the study of the isoperimetric
problem, from the classical setting in the Euclidean plane to diverse geometric context
(see, e.g., [17, 8, 9] and the references within), including spherical geometry (see, e.g.,
[14]), Cartan-Hadamard manifolds (see, e.g., [I5] and the references within), and graphs
(see, e.g., [16] and the references within).

The rest of the paper is organized as follows. In Section 2 we introduce some notation
and make some preliminary observations. In Section [Bl we prove Theorem and Claim
L3 In Section [ we prove Theorem [[.4] confirm (B]) and make some additional observations
regarding the problem in the 2-dimensional sphere S?. In Section [l we prove (2)),( ) and
(). Finally, in Section [0l we suggest several directions for future study.

Acknowledgements. We thank Lev Buhovski, Dan Hefetz, Bo’az Klartag and Pierre
Pansu for fruitful discussions, and the anonymous referees for their helpful comments.
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2. NOTATION AND PRELIMINARIES

For a point b in a metric space M and a nonnegative real number d, let
Sp(b;d) :={x € M |dy(bx)=d}, Buy(bd):={xe M|dy(b z)<d}.
For a finite set A of points in a metric space M and b € A, denote
wa(b) = {(z,y,2) € ATm(A) : y =b}|.
Clearly,
(6) AT (A)] = wa(b).
beA

Observation 2.1. Note that (b,b,0) € ATy (A) for every b € A and that if (a,b,c) €
ATy (A), then (¢,b,a) € ATy (A) as well. Therefore, |AT p(A)| — |A] is always even.
Moreover, wa(b) is odd for every b € A.

Claim 2.2. Let M be a metric space such that for any two points a,c € M there is at most
one point b € M such that (a, b, c) is a 3-term arithmetic progression. Then, for every n,

(M) <n? —2n + 2.
Proof. Let A be a set of n points in M, and consider the graph G = (A, E'), where
E = {{a,c} C A | there is no b € A such that (a,b,c) € AT (A)}.

If the graph G is not connected, then let a, ¢ be vertices in different connected components
of G for which dy;(a, c) is minimal. Obviously, the vertices a, ¢ are not adjacent, i.e., there
is b € A such that (a,b,c) is a 3-term arithmetic progression in M. At least one of the
vertices a,c is not in the same connected component as b, contradicting the minimality
of duf(a,c), since dy(a,b) = dy(b,c) = 3dm(a,c) < dula,c). Thus, the graph G is
necessarily connected. In particular, |E| > n — 1 and hence,

AT (A <n* —2|E| <n® —2(n—1) =n* —2n + 2. O

We remark that there are metric spaces satisfying the assumption of Claim for which
the bound given in the claim is tight for every n. One such example is the metric space
My presented in the proof of Claim [[3l A similar, simpler, example is a bipartite graph
with only one vertex in one part and infinitely many vertices in the other part, equipped
with the graph metric.

3. THE PROBLEM IN CARTAN-HADAMARD MANIFOLDS (AND BEYOND)

Lemma 3.1. Let M be a uniquely geodesic metric space, and let (a,b,c) be a nonconstant
3-term arithmetic progression in M. Then, b lies on the geodesic segment with endpoints
a,c.

Proof. For simplicity, denote 6 := dy;(a,b) = da(b, ¢) = 3du(a, c) > 0. There are geodesics
Ya i [—0,0] = M, ~.:[0,6] — M such that

Yo(=0) = a, 7.(0) =7.(0) =b, ~.(6) =c.
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Define 7 : [—0,] — M by
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= dy(c,a) — du(7:(0),7e(y)) — dm
=20—-(0—y)—(r—(=9)=y—x

and hence dp(v(y),v(x)) = y — z. Obviously, this is also true if —§ < z < y < 0 or
0 <z <y < 4. Therefore, v is a geodesic, and the result follows. O

We may now prove Claim [L.3]

Proof of Claim[1.3. Take an arbitrary nonconstant geodesic v : I — M. For every n we
may find an n-term arithmetic progression A,, C I and then,

pn(M) 2 | AT m(¥(An)] = [AT=(An)| = [07/2],

proving the lower bound. The upper bound follows immediately from Lemma B.1] and
Claim
Finally, consider the metric space M, obtained by endowing the complex plane with the

metric
|z —w|  either w # 0 and z/w € R or w = 0,
|z| + |w| otherwise.

du, (2, w) = {

The metric space M, is clearly uniquely geodesic. For every n, let C,_; be a set of n — 1
complex points with modulus 1. Then,

AT 1, (Crm1 U{0}) = {(a,0,¢) | a,c € Cpqy a # ¢} U{(b,b,b) | be C,,my U{0}}
and hence
AT 3, (Coor U{OD) | = (n—1)(n — 2) +n=n> —2n + 2.
Therefore, p,(My) =n? —2n + 2. O

Theorem will easily follow, by using Lemma [B.1] from the following proposition.

Proposition 3.2. Let M be a metric space and let L be a family of subsets of M, that we
will refer to as ‘lines’, such that the following conditions hold:

e Fach line in L is isometric to a subset of the real line.

e For any two distinct points in M there is a unique line in L containing them both.

e For every nonconstant 3-term arithmetic progression (a,b, c) in M, the points a,b, c
lie on a common line in L (which is obviously unique, by the previous condition,).
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Then, p,(M) < [n?/2] for every n.
Moreover, if u,(M) = [n%/2], then any set A of n points in M for which |AT y(A)| =
[n?/2] is contained in a line in L.

Note that it immediately follows from Proposition 3.2 that p, (M) < [n?/2] for every n
in case M is an Euclidean or a hyperbolic space of any dimension, by taking £ to be the
family of lines in M, in the usual geometric sense.

Proof of Proposition[3.2. Let A be a set of n points in M.

If A is contained in a line L € L, then since L is isometric to a subset of the real line, it
follows from () that | AT 3 (A)] < [n?/2].

Assume that A is not contained in a line in L. For every L € L, let

rp = |AﬂL|

Let
,CAZ:{LE,C|T’L22}

be the set of lines in £ ‘determined’ by the set A. For every L € L4, since L is isometric
to a subset of the real line, it follows from (II) that

(7) AT (AN L) — 71, < [% = (TQL) - L%J < (T;) 1.

For any two distinct points in A, there is a unique line in £,4 containing them both.
Therefore,

£()-0)

and moreover, since the points of A are not all on a single line,
(9) |Lal > n,

by the de Bruijn-Erdds theorem [6]. Finally, for each nonconstant (a,b,c) € AT p(A),
there is a unique line in £4 containing all three points a, b, c. Hence,

AT u(A) —n= Y (ATu(ANL)|—rL).

LeLy

Therefore, by (@), (8) and (@),

il ns 3 ((5) 1) = (5) -lea=(5) -

and hence, |AT y(A)| < (5) < [n?/2], which concludes the proof. O

We are now ready to prove Theorem
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Proof of Theorem[1.2. Consider the family of ‘lines’
L:={y()|~v:1I— M is amaximal geodesic},

where a geodesic is maximal if it can not be extended to a geodesic with a larger domain.

Any geodesic segment in M is contained in a unique line in £. Indeed, let I" be a geodesic
segment in M, let p,q be its endpoints and let ¢ := dps(p, q). There is a unique geodesic
v : [0,6] = M such that v([0,6]) =T, v(0) = p and 7(d) = ¢. Since M is a Riemannian
manifold, v may be uniquely extended to a maximal local geodesic 4 : I — M (i.e., a local
geodesic that can not be extended to a local geodesic with a larger domain). Since each
local geodesic in M is a geodesic, it follows that 4(7) is the unique line in £ containing the
geodesic segment I'.

Let us verify that the metric space M and the family £ of subsets of M satisfy all the
conditions of Proposition 3.2l For any geodesic v : I — M, the set y(I) is isometric to the
subset I of the real line; in particular, every line in £ is isometric to a subset of the real
line. For any two distinct points p,q in M, since M is uniquely geodesic, there is a unique
geodesic segment I' with endpoints p, ¢; the unique line in £ containing I' is obviously
the unique line in £ containing both p and ¢. Finally, if (a, b, c) is a nonconstant 3-term
arithmetic progression in M, then b lies on the geodesic segment I' with endpoints a, ¢, by
Lemma [3.1} hence, the points a, b, ¢ lie on the line in £ containing I.

The result now follows from Proposition and the lower bound in Claim O

4. THE PROBLEM IN SPHERICAL GEOMETRY

First, we consider the unit circle S = {u € R? : |u| = 1}, equipped with the arc length
metric.

For every pair of distinct points a,b in S*, let C,; be the open arc of S* from a to b
counterclockwise, and let M, ; be the midpoint of the arc Cg.

We say that a set {p1,pa,...,pn} of n > 2 points in S', where the points pi, pa, . .., Do
are ordered counterclockwise, is evenly spread around the circle if

dsi(p1,p2) = -+ = ds1(Pn—1,Pn) = dg1(pn, p1) = 27 /n.

Let Fy := {0}, F1 := {{a} | a € S'} and for every n > 2, let F, be the family of all
n-element subsets of S! that are evenly spread around the circle. For every positive integer
n which is divisible by 4, let p,, be the rotation of S* by an angle of 7/n (counterclockwise)
and let

FAl.—f{A\{a} | A€ F,, a € A},

n

FEA =LA\ {a,b} | A € F,, a,b € A such that dgi(a,b) < 5 and My, My, € A},
FH.—fAU{a} | A€ Fn, pn(a) € A},

n

FH.—fAu{a,b} | A€ F,, a,b€ S" such that p,(a), pn(b), My, My, € A}.

n

(See some examples in Figure [I} note that .7-1_2] is empty.)
The following claim will be used to prove the lower bound in Theorem [[.4]
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+1]

a set in Fg a set in F} a set in F

%) @D

FIGURE 1

Claim 4.1. For every nonnegative n,
(10) AT s1(A)| = 2n|n/4] +n for any A € F,,

and for every positive n which is divisible by 4,

(11a) | AT s1(A) :%(n —1)%+ %(n —1)—-1 for any A € .7:,[;”,
(11Db) |AT s1(A)| =3(n —2)* +2 for any A € FI2,
(11c) AT s51(A)| :%(n +1)2+ %(n +1) for any A € ]-",[LH},
(11d) |AT s1(A)| =2(n +2)? +2 for any A € FIH2,

Proof. If A € F,, then wa(a) =2|n/4]| + 1 for every a € A and (I0)) follows, by (@]).
For every finite set A of points in S! and a € A, denote

FA(a) = {(ZL’,:I/,Z) € ATsl(A) | a € {x,y,z}} :

Suppose that n > 0 is divisible by 4, and let A € F,,. Clearly, using (I0),

> (La@)] = 1) =3 (AT s:(A)] = n) = 50,

acA

and hence, by symmetry, |I'4(a)| = %n + 1 for every a € A. Therefore, for every a € A,
again by (I0),

AT 5 (A\ {a})] = |AT s (A)| — [Ta(a)] = (2 +n) = (3n +1) = Ln—1)2+ L (n—1)— 1.
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which proves (I1a)). Similarly, if a, b are points in A such that dg1(a,b) < § and My, My, €
A, then
AT s1(A\ {a, b})] = [AT 51 (A)| = [Tala)| = [Ta(0)] + [Taa) N T4 (0)]
=(Gn*+n)-20GEn+1)+6=1(n—-2)*+2.
which proves ([[IDL). For every a € S* such that p,(a) € A, it holds that I 4,0 (a)| =
wauga}(a) = 3n + 1 and hence, once more by (I0),
AT 51 (AU{a})| = |AT 51 (A)| + T aoay(@)] = (b2 + 1) + (3 + 1) = Lo+ 172+ n+1).
which proves (IId). Similarly, if a,b are points in S* such that p,(a), pu(b), Myp, My, € A
(in particular, a, b are not antipodal), then
AT 51 (AU{a,0})] = | AT 51 (A)] + [Tavgar (@)] + [Tavgey (0)] + T avgaey (@) O T augapy (0)]
=(GnP+n)+2(En+1)+2=2(n+2)?+2.
which proves (I1d). O
For every a € S* denote, for simplicity,
H, = Bgi(a;3) (= {z € S" | dsa(a,x) < 3})

and let R, be the restriction to S' of the Euclidean reflection of R? through the line
connecting a to the origin.
For a finite set A of points in S*, let

A(A) == {{a,b} C A a#b, [[ANCoy — [ANCyal| < 1},

and let Ag(A) be the set of pairs {a, b} in A(A) for which the following conditions hold:

e The points a, b are antipodal (in particular, R, = Ry).

e The set A is invariant under the reflection R, = R, (in particular, |A| is necessarily
even).

e The points M, s, M, , are in A.

For a finite set A of points in S*, recall that for any b € A we denote by w4 (b) the
cardinality of the set {(z,y,2) € AT s1(A) | y = b}, and note that 1wa(a) + swa(b) is an
integer for every a,b € A, by Observation 2.1l

Lemma 4.2. Let A be a set of n points in S' and suppose that {a,b} € A(A). Then,
(12) %wA(a) + %wA(b) < [%J + 1.

Moreover, if n is even and swa(a) + swa(b) = 2 + 1, then {a,b} € A¢(A).
Finally, if the arc Cuyp is longer than the arc Cho and fwa(a) + Swa(b) > [2], then
ANH,NCup CR(A) and AN HyNCuyp C Ry(A).

Proof. We may assume that the arc C, is at least as long as the arc (},, and that if the
two arcs have the same length then |[ANC,p| < |[ANChal
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If (b,b,b) # (x,b,y) € AT s1(A), then x,y are both in AN R,(A) N H, and at least
one of them is in the arc Cyp. Hence, wa(b) < 14 2[AN Ry(A) N Hy, N Cypl|. Similarly,
wy(a) <14+2[ANR,(A) N H, N Cypl and hence,

%U)A(CL) + %UJA(()) <1+ |A N RG(A) NH,N Ca,b‘ —+ ‘A N Rb(A) N HyN Ca,b|

(13) < ]-‘l’|AmHamCa,b|+|AmemCa,b|>

where equality occurs in the second inequality if and only if AN H, N Cyp C R,(A) and
ANH,NCup C Ry(A).

If the points a, b are antipodal, then H, U H, = S, H,N Hy, = {M,p, Myo}, |ANCop| =
Ln—2

%5=] and hence,

(14)  [ANHy N Cop| + AN Hy N Cop| = [AN Cop| + [AN Mo} < [ 252 +1=[3].
If the points a, b are not antipodal, then the set Cy, N H, N H} is empty and hence
(15) AN Hy N Cop| + [ANHy N Cop| < JANCop| < [52] = [2] - 1.

Combining (I3), (I5) and (I4) yields (12]).

Suppose now that n is even and swa(a) + swa(b) = % + 1. By ([I3) and (L), the points
a,b are necessarily antipodal. Then, equality must occur in (I4), i.e., M,;, € A, and the
inequalities in (I3)) are necessarily equalities as well; in particular, AN H, N Cyp C R,(A)
and AN H,NC,p C Ry(A). Therefore, since H, U H, = S* and R, = Ry,

ANCup=(ANH,NCup) U(ANH,NCup) C Ry(A) U Ry(A) = Ry(A),
and hence, since Cpp = Rp(Cha),
ANCup CRY(A)NCop = Ry(ANChy).

Therefore, since |ANCyp| = |[ANCh ol = |Re(ANCh,)|, necessarily ANCyp = Ry(ANCy,),
i.e., the set A is invariant under the reflection R, = R;. In particular, since M,; € A, it
also holds that M, , = Ry(M,;) € A. In conclusion, {a,b} € Ag(A).

Finally, suppose that the arc C, is longer than the arc C} , and that %w ala)+ %w 4(b) >
[5]. In particular, the points a,b are not antipodal. Then, by (I5), the inequalities in
(13) are necessarily equalities. In particular, AN H, N Cyp € R,(A) and AN H,NCoyp C

Ry(A). O
Observation 4.3. Let A be a finite subset of S* such that r := |Ag(A)| > 1. Then,
AO(A> = {{plapT—l-l}v {p27p7‘+2}7 R {pT7p2T}} )

where the points p1, pa, ..., pa are ordered counterclockwise and the set {pi,pa, ..., P2} 18
evenly spread around the circle.

Proof. Since Ag(A) is a set of r pairs of antipodal points, it follows that

Ao(A) = {{p1, Pra1}s P2 praats - ADr Dar} )

where the points pi,ps, ..., ps,. are ordered counterclockwise. Observe that if the set
A is invariant under some isometry p of S!, then by the definition of Ay(A), the set
{p1,p2, ..., p2r} is invariant under p as well. If the set {p1, pa, ..., p2-} is not evenly spread
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around the circle, then there is 1 < ¢ < r such that dg:(p;, piv1) # ds1(pit1, piv2). With no
loss of generality, assume that dgi(p;, pi+1) < dsi(Pit1,Pit2). Then, R, (p;) is in the open
arc Cp,, | pi.o and hence Ry, (pi) € {p1,p2,...,p2r}. Therefore, the set {p1,pa,...,por} is

not invariant under the reflection R contradicting the invariance of A under R, 0J

Pi+1 i1

Lemma 4.4. Let A be a set of n points in S' such that n mod 4 = 2 and |A¢(A)| > 1.
There is a set Ay € A(A) \ Ag(A) such that |A1] > |Ag(A)| and for every {a,b} € Ay,

fwa(a) + swa(b) < 2 —1.
Proof. Denote r := |A¢(A)|. By Observation [£.3]
Ao(A) = {{p1, pr1}s {2, prsats - {Dr P2t}

where the points py, pa, . . ., po, are ordered counterclockwise and the set {py, pa, ..., por} is
evenly spread around the circle.
For the rest of the proof we interpret the indices of points in St cyclically (e.g., pa,41 is

interpreted as p1). Let m :=|A N C,, p,|. Since the set A is invariant under the reflection
R, for every 1 <1 < 2r, it follows that for every 1 <1 < 2r,
|AN Cp,piya| = me

Hence, n = |A| = 2r(m + 1). Since n mod 4 = 2, it follows that m is even and r is odd,
i.e., r = 2s 4+ 1 for some integer s which is necessarily positive since r > 1.

For every 1 <4 < 27, since {p;—s, Dit1+s} € Do(A), the point a; := M, p,., = Mp, _ pii 1.
is in A. Let mgy := |[ANCp, o, | and my := |[AN C,, p,|. Since the set A is invariant under

the reflection R, for every 1 < i < 2r, it follows that for every 1 <7 < 2r,
|"4ﬁ Cpi,ai| = m(i—i—l) mod 25 |Aﬂ Cai,pi+1| = MM mod 2-

For every 1 < i < 2r, let b; be the point in A for which {a;, b;} € A(A) (see an example,
in which r = 3,mg = 0,m; = 1, in Figure [2)).

For every 1 < i < 2r, clearly a; ¢ {p1,p2,,...,p2-} and hence {a;, b;} ¢ A¢(A). There-
fore,

Al = {{al, bl}, {ag, bg}, ceey {agr, bgr}} g A(A) \ AQ(A)

and clearly |Ai| > r = |Ag(A)|. (We remark that it is easy to show that for every
1 <@ < 2r, the point b; is in the open arc Cp,, ..., and b; # a;1,, implying that the 2r
pairs {a, b1}, {as, ba}, ..., {as, by} are distinct and hence |A;| > 2r.)

To conclude the proof, we will show that for every 1 < i < 2r,

%UJA(CLZ') + %wA(bi) <3-L

Since m = mg+mq + 1 is even, necessarily mg # my. With no loss of generality, assume
that mg < my.
Assume first that 1 <7 < 2r is even. Then,

|ANCy, q,,.| = r+(r=1)m+2my < r+(r—1)m+mo+my = r(m+1)—1 = %(n—Q) = |ANCy, 1,
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FIGURE 2

Hence, the point a;, is in the arc C,, 5,. Therefore, since the points a;, a;1, are antipodal,
the arc C,,, is necessarily longer than the arc Cj,,,. Additionally, since Co,,, . » =
Rai (Cpiflvaifl)7

|Raz(A) N Cai+17pi+2‘ = |A Nc, i717ai71| =mgp <my = |A N Cai+1,pi+2‘

and hence AN Cy,,,pio € Ra(A). Surely, Cy, i pio C Cayayr C Caypy, since r > 1
and the point a;1, is in the arc Cy,5,. Moreover, Cy,, | p.,, C Hg,, since r > 3. Hence,

Coasi1piss C Hay N Coyp, and therefore, AN Hy, N Co,p, € Ra,(A). Hence, by the last part
of Lemma [£.2]

%UJA(&Z') + %wA(bi) <3-L

Similarly, if 1 < ¢ < 2r is odd, then the arc C,,, is longer than the arc C,,;, and
ANHy, NCy, o € Ra,(A) (since ANCy, 4, € Ra,(A)) and hence,

%U)A(ai) + %wA(bi> = %wA(bi) + %UJA(CLZ-) <nq, 0

By combining (@), Lemma and Lemma (4.4, we may now prove the following propo-
sition that will be used to prove the upper bound in Theorem [1.4]

Proposition 4.5. Let A be a set of n points in St. Then,
(16) AT s1(A)| <n|n/2] +n.
Moreover, if n mod 4 = 2, then

(17) AT s1(A)] < in? + 2.
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Proof. For simplicity, denote

1 niseven,
V=
2 nis odd.

Clearly, for every a € A,

(18) {be A:{a,b} € A(A)} =v,

and hence

(19) AA)] = 4n.

By (@), in light of (IS,

(20) AT s1(A)] = %Z{a,b}eA(A) (%QUA(@) + %wA(b» )

and (I6]) follows, by using (I9) and (I2).
Suppose now that n mod 4 = 2. Then, v = 1; hence, |A(A)| = n/2, by (19); moreover,

| AT s1(A)| =2 Z (3wala) + swa(D)),
{ableA(A)
by (20). Therefore, if [Ag(A)[ < 1, then by Lemma 4.2
AT 51 ()] < 2A80(A)] (5 +1) + 2/A(4) | Ag(A)[2 = nlACA)] + 21Ao(A)] < bn® +2,

and if |Ag(A)| > 1 then, by Lemma (4 there is a set A; C A(A) \ Ag(A) such that
|A1] > |Ag(A)| and Jwa(a) + twa(b) < 2 — 1 for every {a,b} € Ay and hence, by Lemma
4.2,

(AT s1(A)] < 2[80(A)] (5 +1) + 204 (
= n|A(A)] = 2 (|A:] — |Ao(A

We are finally ready to prove Theorem [L.4
Proof of Theorem[1.4] Recall that we need to show that for every n # 2,

2 1)+ 2|A(A) \ (Ag(A) UA)|2
)

1
) < 5n?

%n2+n n mod 4 = 0,
1 (SY) = %n—l— 5N n mod 4 =1,
" n%+2 n mod 4 = 2,

lnz—l—%n—l n mod 4 = 3.

Suppose first that n mod 4 = 0. The lower bound follows since |AT s1(A)| = $n?+n for
any A € F,, by (I0). The upper bound follows immediately from (IG]).

Suppose now that n mod 4 = 1. The lower bound follows since [AT gi1(A)| = 3n? + in
for any A € F, U F- by (I0) and ([IId). The upper bound follows 1mmed1ately from

n—1
(14).
Next, suppose that n mod 4 = 2. The lower bound follows since | AT 1(A)] = in? + 2

for any A € F-JUF by (L) and ([Id). The upper bound follows immediately from
(@)
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Finally, suppose that n mod 4 = 3. The lower bound follows since | AT s1(A)| = in® +

%n — 1 for any A € .7-",[;11}, by ([Ia)). To prove the upper bound, let A be a set of n points
in S*. By (I0), it holds that |AT 1 (A)] < n®2t +n = in? + in, and the result follows
since |AT g1(A)| — n is even, by Observation 211, whereas n”* is odd. O
Remark 4.6. Let n be a positive integer which is divisible by 4. It was mentioned in the
proof of Theorem[T.J] that |AT s1(A)| = u,(S*) for every A € F,,. In fact,

{AcC S |Al=n, |[ATs1(A)| = p.(SH} = F.

Indeed, let A be a set of n points in S* such that |AT s1(A)] = p,(S), i.e., |[AT s1(A)| =
%n2 +n. Then, the proof of Proposition [{.] reveals that for every {a,b} € A(A), it holds
that 2wa(a) + Jwa(b) = 2 + 1 and hence {a,b} € A¢(A), by Lemma [J.4 Therefore,
A(A) = Ao(A) and it follows, by Observation [{.3, that A is evenly spread around the

circle.

We were not able to determine, for general n, the maximal number of 3-term arithmetic
progressions in n-element subsets of the 2-dimensional sphere S? = {u € R? : |u| = 1}.
We believe that the maximum is attained for (appropriate) sets that are contained in the
union of a great circle of the sphere and the pair of respective ‘poles’. We proceed to find
the maximal number of 3-term arithmetic progressions in sets of this form. Let

P :={(1,0,0),(—1,0,0)}

be the pair of ‘north and south pole’ of the sphere S?, let
& = {(z,y,2) € S| 2=0} = {(z,9,0) | (z,y) € S'}
be the corresponding ‘equator’ and consider the set
E:={(z,y,2) € $?|2€{-1,0,1}} =&UP
(with respect to the metric of the sphere S?).
Proposition 4.7. For everyn > 2,
2n—4 nmod4 =0,

1 5p—8 nmod4=1
21 ng :_n2+ 2 3
(21) Hn(€) 2 3n—6 nmod4 =2,

gn—7 n mod 4 = 3.

In particular, (21]) implies, in light of Theorem [[.4] that 1,,(£) > p,(S*) for every n > 5,
thus confirming (3)), since for every n, obviously

(22) 1 (S%) = ()

As already mentioned, we believe that the lower bound (22)) for u,(S?) is tight for every
n, i.e., we make the following conjecture.
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Conjecture 4.8. For every n > 2

2n—4 nmod4 =0,
gn—8 nmod4 =1,
3n—6 nmod4 =2,

%n—? n mod 4 = 3.

ol 5%) = 0 +

Note that for every n, the upper bound pu,(S?) < n? trivially holds, since for any two
points a,b € S? there is a unique point ¢ € S? such that (a,b,c) is a 3-term arithmetic
progression.

Proof of Proposition[[.7. Clearly 1s(S?) = 2, hence we assume that n > 3. For simplicity,
denote by p the right hand side of (2I)). By Theorem [ (and since p(S*) = 2),

(23a) fir, > pin(S),
(23b) fi, > pin1(S") +n,

dn—8 nmod4#2andn#4
23 "= pn—2(5" ’
(23¢) o = Hn—a( )+{4n—6 nmod 4 =2 orn=4.

For any (z,y) € S, let v(x,y) := (—x, —y) and let «(z,y) := (z,y,0) € &. Let A be a set
of n points in €. For simplicity, denote Ag := {u € S' | 1(u) € A}, AL := ANP. Note
that

ATe(A) CE U (Eg x P x &)U (P x & x P)U{(u,u,u) | u € P},
AT e(A) N E = AT, (1(Ao)) = {(1(a), 1(b), 1(c)) | (a,b,¢) € AT g1(Ag)},
AT (A) N (Eg % P x E) = {(1(a), 1, 1(w(a))) | @ € Ao M (Ag),u € Ay},

and

0 P A,
AN & =
ATe(A) 0 (P x & < P) {{(U,L(a),—u) lueP, acA) PCA
Therefore,
AT s1(Ao)| + [Ax] - [Ao Nv (Ao) |+ AL P & A,
24 ATe(A)| =
24 AT () {|AT51(A0)| +2[AgNv(Ag) |+ 2[4 +2 P CA

Now, if Ay =0, then |AT ¢(A)| = |AT s1(Ao)| < pn(S*) < p, by [23a); if |Ay| =1, then
AT ¢(A)| < pn1(SY) +2[(n —1)/2] +1 < pf, by @4) and [23h); if P C A and n is not
divisible by 4 then, by (24]) and (23d),

(25) AT e(A)] < pn—a(SY) +2-2|(n — 2)/2] +2(n — 2) + 2 = p1;;
and if P C A, n is divisible by 4 and v(Ay) # Ay then, again by (24]) and (23d),
(26) AT (A)| < pn_a(SY) +2(n —4)+2(n —2) +2 < p — 2.
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Finally, suppose that P C A, n is divisible by 4 and v(Ay) = Ag. If {a,b} € Ag(Ay), then
| Ao N Canr, | = [Ao N O, ), since the set Ay is invariant under both the antipodal map
v and the reflection R, = R;, and hence, since M,; € Ay, it follows that

(22 — A9 N Cupl = [Ag N Conr, | + 1+ [Ag N Cr, ]

is odd, contradicting the assumption that n is divisible by 4. Therefore, Ag(Ay) is neces-
sarily empty and hence,

(27) AT s1(Ao)| < 5(n —2)%,
by (@) and Lemma 2l Therefore, by (24)),
(28) AT (A < 3(n—2)+2(n—2) +2(n—2) +2 = p.

To conclude the proof, note that by using Claim [41] equality occurs in (25]) whenever
.7:[_11] nmod 4 =1,

Ag € Fuos nmod4d=2orn=3,
.F[tlg] nmod 4 = 3 and n # 3,

n

and for every n divisible by 4, equality occurs in (28) whenever Ay € F,, 5. O

Remark 4.9. It is not true in general that if Ag is a set of n — 2 points in S* for which
AT 51(Ao)| = pn—2(S"), then |ATe(L(Ao) UP)| = pn(E) (where v is as in the proof of
Proposition[{.7). Indeed, if n mod 4 = 3, then for any Ay € Fp—2, it was mentioned in the
proof of Theorem that |AT s1(Ag)| = pn_2(Sh), but the set Ag Nv(Ag) is empty and
hence |AT g(t(Ag) UP)| = pun(E) — 2(n —3), by 24)) and Proposition[{.7,

Moreover, if n > 4 is divisible by 4, then there is not a single set Ay of n — 2 points
in St for which both |AT g1(Ao)| = pin_2(SY) and |AT¢(t(Ag) U P)| = pn(E). Indeed,
if v(Ag) = Ao then |AT s1(Ao)| < pin—2(S') — 2, by @1) and ([ID) (or [IId)), and if
v(Ap) # Ao then |AT ¢(1(Ag) UP)| < un(E) — 2, by 26) and the last line of the proof of
Proposition [{.7].

5. ADDITIONAL BOUNDS

Proposition 5.1. Let T, be the (discrete) r-reqular tree, equipped with the graph metric.
For every ball A in T, it holds that

(1 (r—2)? o  2(r—2) 2
(20) ATz ()] = (5 + E ) 1ap+ 2224 2,
Consequently,
. pn(T,) 1 (r—2)°
> — .
s = a2t e

Note that for any tree T, it holds that yu,(T") < n? — 2n + 2 for every n, by Claim
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Proof of Proposition[5.1. Consider a ball A = Br,(vg;dy) for some vertex vy and a non-
negative integer dy. Note that

do

2
Al =1 Sl (r— D 1) = -2

30 =1 - = (0= = (-t
Let b be a vertex in A, let dy := doy — dr,(vo,b), and let C be the collection of connected
components of the graph that is obtained from T, by removing the vertex b (and all edges
adjacent to it). For a,c € T, it holds that (a,b,c) € AT, (A) if and only if either a = b = ¢
or a, ¢ belong to different sets in the collection C and dr, (b, a) = dr, (b, ¢) < dy. Therefore,

d1 di
wa(b) =1+ C|(|c| = 1) ((r— DN =14 r(r—1) > (= 1))

_ (r=D3)" -1 (r—1*' 1

=1+r(r—1) T 5 )
Hence, by (@),
(r = 2)|AT 1, (A + A = ((r = 2)wa(b) + 1)

beA
do—1

= ((r = 2walvo) + 1) + ) Yo ((r=2uwa) +1)
d1=0 \beSrT, (vo;do—di)
= (r— 1)+ 4 OZ_ r(r—1)% A7 (p — )20t

Therefore, by ([30),

do—1
(r = 2 AT, (A)] + [A] = (r = 1)® ((7“ S RGE VR 1)d1>

d1=0

_ (7”;2|A|+§) ((7’—1) (T;2|A|+§) +(|A|—1))>

which implies (29). O

Proposition 5.2. Consider the (-dimensional lattice graph Z° (where two vertices are
adjacent if the Euclidean distance between them is 1), with respect to the graph metric

(alternatively, dye(a,b) = S _, |a; — bi| for every a = (a;)’_, and b= (b;)!_, in Z¢). There
s a positive constant ¢, such that for every n,
L (ZZ) > ¢y n31.

Proof. With no loss of generality we may assume that n > (6e)’. Let

)
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and consider the ball A = By (vg;dy) for an arbitrary vy € Z°. Note that

o =S () S ()24 - (42 =

and for every positive integer d,

LN (d—1 d—1
(32) sl =3 (1) (2 1) 22(071)
For a = (ay,as,...,as),b = (by,by,...,by),c = (c1,¢,...,¢/) € Z*, it holds that (a,b,c) is
a 3-term arithmetic progression in Z* if and only if (b; — a;)(b; —¢;) < 0 for every 1 < i < ¢
and Zle la; — b;| = Zle |b; — ¢;|. In particular, if b = (b, ba, ..., by) € Sze(vo; d) for some
0 < d < dy, then (a,b,c) € ATz (A) for any a = (a1, as,...,as),c = (c1,¢a,...,¢0) € Z°
such that a; > b; > ¢; for every 1 <i </ and

L L

=1 i=1
Hence, for every 0 < d < dy and every b € Sy (vg; d),
do—d 2 do—d
E+0—1 kE+0—1 do—d+ 1
> > = .
wA(b>—Z( (-1 ) —Z< 2 — 2 ) < 2 — 1 )
k=0 k=0
Therefore, by (@) and (32),

do do—0+1
|AT 20 (A)| = wad) | > Y D> walb)
d=0 \beS,(vo;d) d=¢ bE S0 (vo;d)
do—f+1
§ OZ 2é<d— 1) (do—d+€> :2€(d0+£).
‘ (—1 20 —1 30—1

Hence, since |A| < n, by (1)), and dy > 2¢ — 1,

30—1
Un(Z0) > pa(Z1) = | AT 5e(A)] > 2£(d° “) S o (dO i )

30 —1 3 —1
30—1 ¢ 3¢-1 Y4
~ 9f M < of @ — 2 n3t. ]
30 6e (6e)3¢1
Proposition 5.3. For every metric space M and every n,
n n s even
—1 —1 1 1 ’
(33) un(M)§2{g{n2 J[n2 H+nzzn3—§n2+ %n nmod 4 =1,
P

n—1 nmod4=3.



MAXIMAL NUMBER OF 3-TERM ARITHMETIC PROGRESSIONS IN DIFFERENT GEOMETRIES 19

Moreover, there is a metric space My such that for every n,

n|rn 1

pn(Mo) = (n=2) | 2| [2] +n = %ng S {

n n 1s even,
3 1 -
2 2 n+5 nis odd
Proof. Let A be a set of n points in some metric space M. For every a € A we may
partition the set A\ {a} to two sets A;, A2 such that none of them contains points b, ¢ for
which dys(a,c) = 2dy(a, b) (for instance, we may take A; to be the set of z € A\ {a} for
which |log, dar(a, )| is odd and Aj to be the set of x € A\ {a} for which |log, dy(a, )|
is even). Hence,

I{(w,y,z)eATM(A):x:aH§1+‘A1HA2|§1+V;lJ [ngl-‘

It follows that

ATU(A] = S H(r02) € ATw(A) o = )l <o | | 72

and hence, by Observation 2.1],

ATl <n2 |5 2 |2 ||

2 2

which proves (33).

To get the second part, consider a complete bipartite graph with infinite parts L and
R, with respect to the graph metric, i.e., dpyr(z,y) = 2 if x,y are distinct vertices in the
same part and dpygr(x,y) = 1 if z,y are in different parts. For every finite A C LU R,
clearly

AT Lor(A)| = [ANLIJANR|(|[ANL| = 1)+ [ANR| [AN LI(J[ANR| — 1) + |A]
= (|A| = 2)|[ANR||ANL| + |A].

Hence, for every n,
n(LUR) = (n—2)|n/2] [n/2] +n. O

Remark 5.4. The argument proving [B3) may also be presented as follows. Let A be a
set of n points in some metric space M. We may partition the finite set {dy(a,b) | a,b €
A, a # b} of positive real numbers to two sets Dy, Dy such that none of them contains
a number o and the number 2a. Now consider the graph on the vertexr set A such that
distinct vertices a,b € A are adjacent if dys(a,b) € Dy. For any 0 <i < 3, let r; denote the
number of sets of three distinct vertices of the graph having exactly i edges between them.
Clearly,

|ATM(A)| S n —+ 2(’/"1 —l—’f’g) =n-+ 2(731) — 2(T0 +T3),
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and the result follows, since

1 1 %n n 1S even,
r0+r32ﬂn3—1n2+ =N nmod4 =1,
%n%—% n mod 4 = 3,

by Goodman’s theorem [12].

6. CONCLUDING REMARKS AND OPEN QUESTIONS

In this paper we studied the maximal number of 3-term arithmetic progressions in n-
element subsets of a metric space. We suggest a few directions for future research.

The extent to which the result of Green and Sisask extends. Green and Sisask
proved that the maximal number of 3-term arithmetic progressions in n-element sets of
integers is [n?/2]. In Theorem [[.2] we showed that the same holds if the set of integers
is replaced by any uniquely geodesic Riemannian manifold in which every local geodesic
is a geodesic. In particular, the result of Green and Sisask is valid in Cartan—Hadamard
manifolds, i.e., complete simply connected Riemannian manifolds that have everywhere
nonpositive sectional curvature. However, (2) implies that this result does not extend to
the wider class of Hadamard spaces, i.e., complete globally nonpositively curved (in the
sense of A. D. Alexandrov) metric spaces.

It would be interesting to understand what is the largest natural family of metric spaces
to which the result of Greem and Sisask extends.

Spherical geometry. In Theorem [[.4] we determined the maximal number of 3-term
arithmetic progressions in n-element subsets of the 1-dimensional sphere S*.

It would be very interesting to confirm or refute Conjectured.§regarding the 2-dimensional
sphere S? and proceed to understand the maximal number of 3-term arithmetic progres-
sions in n-element subsets of higher dimensional spheres.

Asymptotic bounds. It would be interesting to determine, at least asymptotically, the
maximal number of 3-term arithmetic progressions in n-element subsets of additional met-
ric spaces. In particular, it would be interesting to decide whether the asymptotic lower
bounds (@), in the case of the r-regular tree T,, and (), in the case of the lattice graph
7!, are tight.

Equilateral (and other) triangles. A 3-term arithmetic progression in a metric space
may also be viewed as a (degenerate) isosceles triangle. One may ask what is the maximal
number of triangles of other types in n-element subsets of a metric space. In the Euclidean
setting, this question was already studied in [11] for various types of triangles, including
equilateral triangles. For a metric space M and a positive integer n, let us denote:

W(M) = b A® i dy(a,b) =d = dy(b,c) > 0}].

n ( ) Agﬁ%ﬁ:n‘{(a’ 7C) S M(av ) M(avc) M( 7C) }‘

It was shown in [1I] that 7, (R?) = ©(n?), n,(R?) = O(n"/?) (later improved to 7, (R?) =
O(n*/?) in [2]), n,(R*) = O(n®?), n,(R%) = O(n*/°) and n,(R*) = ©(n?) for any k > 6.
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It would be interesting to understand the asymptotics of 7, in other metric spaces. It is
simple to show that 7,(T,) = ©(n?) for any r > 3 (for the lower bound, take points on a
sphere around an arbitrary vertex vy, evenly distributed among the connected components
of the graph that is obtained from the tree by removing vy). The argument in [11] showing
the quadratic upper bound in the Euclidean plane is valid for the hyperbolic plane as well,
but we believe that in fact n,(H?) = O(n).

Longer arithmetic progressions. The result of Green and Sisask on the maximal num-
ber of 3-term arithmetic progressions in n-element sets of integers was recently extended
to arithmetic progressions of any length in [4, §8.1], where it was proved that for any k,
the maximal number of k-term arithmetic progressions in n-element sets of integers is at-
tained for n-term arithmetic progressions (among other sets). Another generalization of
the problem for integers was studied in [IJ.

It would be interesting to study the maximal number of k-term arithmetic progressions
in n-element subsets of a metric space for k > 3.
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