The number of orientations having no fixed tournament
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Abstract

Let T be a fixed tournament on k vertices. Let D(n,T) denote the maximum number of
orientations of an n-vertex graph that have no copy of T. We prove that D(n,T) = 2tk—1(n)
for all sufficiently (very) large n, where t;_1(n) is the maximum possible number of edges of a
graph on n vertices with no Ky, (determined by Turdn’s Theorem). The proof is based on a
directed version of Szemerédi’s regularity lemma together with some additional ideas and tools
from Extremal Graph Theory, and provides an example of a precise result proved by applying
this lemma. For the two possible tournaments with three vertices we obtain separate proofs that
avoid the use of the regularity lemma and therefore show that in these cases D(n, T) = 27*/4]

already holds for (relatively) small values of n.

1 Introduction

All graphs considered here are finite and simple. For standard terminology on undirected and
directed graphs the reader is referred to [4]. Let T be some fixed tournament. An orientation of an
undirected graph G = (V, E) is called T-free if it does not contain 7" as a subgraph. Let D(G,T)
denote the number of orientations of G that are T-free. Let D(n,T") denote the maximum possible
value of D(G,T) where G is an n-vertex graph. In this paper we determine D(n,T’) precisely
for every fixed tournament 7" and all sufficiently large n. Problems of counting orientations and
directed subgraphs of a given type have been studied by several researchers. Examples of such
results appear in [1, 8].

The problem of determining D(n,T') even for three-vertex tournaments is already quite compli-
cated (it is trivial for the unique two-vertex tournament). If G has no k-clique and 7" is a k-vertex
tournament, then, clearly, D(G,T) = 2¢%) where ¢(G) denotes the number of edges of G. Thus,
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for a k-vertex tournament T' we obtain the following easy lower bound:
D(n,T) > 21" (1)

where t;_1(n) is the maximum possible number of edges of a graph on n vertices with no Kj.
Turén’s Theorem shows that t;_1(n) is the number of edges of the unique complete (k — 1)-partite
graph with n vertices whose vertex classes are as equal as possible. In some cases, the lower bound
in (1) is not the correct answer. For example, Let T'= C5 denote the directed triangle. For n =7,
the graph G = K7 has 7! orientations that have no directed triangle (all the acyclic orientations).
Hence D(7) > 7! = 5040 > 2/2(T) = 212 — 4096. Similar examples are true for other tournaments
with more than three vertices. However, all examples have n relatively small as a function of the
number of vertices of the tournament. This suggests that possibly for every tournament 7', and
all n sufficiently large (as a function of T), the lower bound in (1) is the correct value. Our main

theorem shows that this, indeed, is the case.

Theorem 1.1 Let T be a fixed tournament on k vertices. There exists ng = no(T") such that for
all n > ng,
D(n,T) = 21,

The proof of Theorem 1.1 is presented in the next two sections. It is based on the basic approach
in [2] with some additional ideas, and uses several tools from Extremal Graph Theory, including a
(somewhat uncommon) directed version of the regularity lemma of Szemerédi. It provides a rare
example in which this lemma is used to prove results on directed graphs, and an even more rare
example of a precise result obtained with the lemma.

Unfortunately, the use of the regularity lemma forces the constant ng appearing in Theorem
1.1 to be horribly large even for the case k¥ = 3. In section 4 we give a different proof for the
special case T' = C3 that avoids using the regularity lemma, and obtain a moderate value for
no(C3) (that can be optimized to less than 10000). Section 4 also contains a description of a simple
reduction from the problem of counting the number or red-blue edge colorings of a graph G having
no monochromatic Ky, (solved in [11] for k¥ = 3 and in [2] for & > 3) to the problem of counting the
number of orientations of a graph G that do not contain the transitive tournament on k vertices,
denoted Tj. Using this reduction we show, in particular, that no(73) = 1. The final section contains
some concluding remarks and open problems.

In the rest of this paper, if  and y are vertices then xy refers to an edge between x and y in an
undirected graph and (z, y) refers to a directed edge from x to y. If X and Y are disjoint subsets of
vertices then e(XY) denotes the number of edges between X and Y in an undirected graph, while

e(X,Y) denotes the number of edges from X to Y in a directed graph.



2 Graphs with many 7T-free orientations

Throughout the next two sections we assume that 7T is a fixed tournament on k + 1 vertices and
k> 2. Let G be an n-vertex graph with at least 2t+(") distinct T-free orientations. Our aim in this
section is to show that such graphs must be close to a k-partite graph. More precisely we prove

the following.

Lemma 2.1 For all 6 > 0 there exists ng = no(k,0), such that if G is a graph of order n > ny
which has at least 2™ distinct T-free orientations then there is a partition of the vertex set
V(G) =ViU--- UV such that >, e(V;) < dn?.

Our approach in the proof of Lemma 2.1 is similar to the one from [2] and [3], which is based
on two important tools, the Simonovits stability theorem and the Szemerédi regularity lemma.
However, we shall require a (somewhat uncommon) version of the regularity lemma for directed
graphs and a few other additional ideas. We now introduce the necessary tools and lemmas needed
for the proof of Lemma 2.1.

The stability theorem ([9], see also [4], p. 340) asserts that a Kj;-free graph with almost as

many edges as the Turdn graph is essentially k-partite. The precise statement follows.

Theorem 2.2 For every o > 0 there exists § > 0 (where § < «), such that any Ky 1-free graph
on m wvertices with at least t;,(m) — Bm? edges has a partition of the vertex set V. = Vi U--- UV,
with >, e(V;) < am?. O

We also need the following lemma:

Lemma 2.3 Let v > 0 and let H be a k-partite graph with at least t;,(m) — ym? edges. If we add
to H at least (2k+1)ym? new edges then the new graph contains a Ky, with exactly one new edge

connecting two vertices in the same vertex class of H.

Proof: Let H' denote the new graph obtained from H by adding at least (2k 4 1)ym? new edges.
Since H is a k-partite graph, at least (2k 4+ 1)ym? — ym? = 2kym? new edges connect vertices in
the same vertex class of H. Hence, some vertex class X contains at least 2ym? new edges. Since
every graph contains a bipartite spanning subgraph with more than half the number of edges, we
have that the induced subgraph of H' on X has a bipartite spanning subgraph with more than
ym? edges. These edges, denoted F, together with the original edges of H define a subgraph of H’
with more than ¢;(m) edges, which therefore contains a Kj1. Such a K} must contain exactly
one edge of F' and all other edges are original ones, as required. O

Next, we introduce the directed version of Szemerédi’s regularity lemma. Although never pub-
lished, it is a relatively easy consequence of the standard regularity lemma proved in [10] and its

proof. For more details on the regularity lemma we refer the reader to the excellent survey of



Komlés and Simonovits [7], which discusses various applications of this powerful result. We now
give the definitions necessary in order to state the directed regularity lemma.

Let G = (V, E) be a directed graph, and let A and B be two disjoint subsets of V(G). If A and
B are non-empty, define the density of edges from A to B as

e(A, B)

d(A,B) = TAIB|

For € > 0 the pair (A, B) is called e-regular if for every X C A and Y C B satisfying | X| > ¢€|A]
and |Y| > ¢|B| we have

d(X,Y) — d(A, B)| < e d(Y, X) — d(B, A)| < e.

An equitable partition of a set V' is a partition of V into pairwise disjoint classes Vi,...,V,
whose sizes are as equal as possible. An equitable partition of the set of vertices V of a directed
graph G into the classes Vi, ..., V;, is called e-regular if |V;| < €|V for every i and all but at most
e(gl) of the pairs (V;,V}) are e-regular.

The directed regularity lemma states the following:

Lemma 2.4 For every € > 0, there is an integer M (€) > 0 such that for every directed graph G
of order n > M there is an e-regular partition of the vertex set of G into m classes, for some
1/e<m < M. O

A useful notion associated with an e-regular partition is that of a cluster graph. Suppose that
G is a directed graph with an e-regular partition V = V3 U--- U V,,, and n > 0 is some fixed
constant (to be thought of as small, but much larger than €). The undirected cluster graph C(n)
is defined on the vertex set {1,...,m} by declaring ij to be an edge if (V;,V}) is an e-regular pair
with d(V;,V;) > n and also d(V},V;) > n. From the definition, one might expect that if a cluster
graph contains a copy of Ky then the original directed graph contains T' (assuming € was chosen
small enough with respect to n and k). This is indeed the case, as established in the following

slightly more general lemma whose proof is similar to an analogous lemma for the undirected case
(see [7]).

Lemma 2.5 Let 1 > 0 and suppose that € < (n/2)*/k. Let G be a directed graph with an e-reqular
partition V.=V, U--- UV, and let C(n) be the cluster graph of the partition.

1. If C(n) contains Ky then G contains T'.

2. If C(n) does not have K1 and (Vs, Vi) is an e-regular pair with d(Vs, Vi) > n but st ¢ C(n),
and the addition of st to C(n) forms a Kyy1, then G contains T



Proof: It clearly suffices to prove the second statement. Without loss of generality assume s = 1
and t = 2. Label the vertices of T" with {1,... ,k + 1} such that (1,2) € T' (namely, there is an
edge directed from 1 to 2). We may assume that the addition of (1,2) to C(n) forms a K1 whose
vertices are 1,... ,k+ 1. We will find a copy of T" in G where vertex i of T' corresponds to a vertex
of G belonging to V;, fori=1,... k4 1.

We prove that for every p, 0 < p < k + 1 there are subsets B; C V;, 1 <i <k + 1, and a set of

vertices {ai,... ,a,} where a; € B; with the following properties.

(i) [Bi| = () 1V;] for all 1 <i < p and |B;| > (})P|V;] for all p < i < k+ 1.

(ii) For alli=1,... ,pand for all i < j < k41, if (4,j) € T then (a;,v) € G for all v € B; and if
(4,i) € T then (v,a;) € G for all v € B;.

The assertion of the lemma clearly follows from the above statement for p = k£ + 1 since the
vertices {ai, ..., a1} induce T in G.

To prove (i) and (ii) we use induction on p. For p = 0 simply take B; = V; for all i. Given
the sets B; and {ai,...,ap—1} satisfying (i), (ii) for p — 1 we show how to modify them to hold
for p. Observe that by assumption the cardinality of each Bj, for p < j < k + 1, is bigger than
(n/2)*|V;| > €|Vj|. For each such j if (p,7) € T ((j,p) € T) let B) denote the set of all vertices in
B, that have outdegree (indegree) less than (1 — €)|B;| into (from) B;. We claim that |B}| < €|Vl
for each j. This is because otherwise the two sets X = Bj and Y = B, would contradict the
e-regularity of the pair (V,,V}), since d(Bg,Bj) < n — €, whereas d(V,,V;) > 1, by assumption.
Therefore, the cardinality of the set By, \ (Bf;Jrl U...U B{;“) is at least

A%
Byl = (k+1=p)elVp = (3)" Vol = kelV;] > 0.

We can now choose arbitrarily a vertex a, in B, \ (Bt U ..U Bit!) and replace each Bj for
p < j < k+1 by the set of outgoing (resp. incoming) neighbors of a, in B;. Since n — e > 1/2 this
will not decrease the cardinality of each B; by more than a factor of /2 and it is easily seen that
the new sets B;, and the set {ai,...,a,} defined in this manner satisfy the conditions (i), (ii) for
p. O

Proof of Lemma 2.1. Let 6 > 0 and let v < 6/(4k + 7). Whenever necessary we shall assume n
is sufficiently large as a function of ¢ and k. Let 8 = B(«, k) be chosen as in Theorem 2.2. Recall
that 3 < a. Let n < 8 be a positive constant to be chosen later. Let ¢ < (7/2)*/k and notice that
n and e satisfy the conditions of lemma 2.5. Let M = M (e) be as in Lemma 2.4.

Let G = (V,E) be an undirected graph with n vertices and at least 2™ distinct T-free
orientations.

Let G be a T-free orientation of G. By applying Lemma 2.4 to G we get a partition V =
ViU--- UV, satisfying the conditions of the lemma. In particular, 1/e < m < M. Let C' = C(n)
be the corresponding cluster graph on the vertex set {1,... ,m}. By Lemma 2.5, C(n) is Ky 1-free
and thus by Turan’s theorem C(n) has at most tx(m) edges.



Our first goal is to show that for some orientation of G the resulting cluster graph has more
than t;,(m) — fm? edges. Assume this is false. In order to derive a contradiction we first bound the
number of orientations of G that could give rise to a particular partition and a particular cluster
graph C' = C(n). We therefore fix the partition (that is, the vertex sets Vi,...,V,, and the non
regular pairs) and a cluster graph agreeing with the partition.

Note that by definition, there are at most m( (n/le) < en? edges of G with both endpoints in
the same part of the partition. Hence, there are at most gen’ ways to orient such edges. Similarly,
there are at most €('y) - ([n/ m])? < en? edges of G that belong to non e-regular pairs. There are
at most 2¢"” ways to orient such edges.

Next, consider an e-regular pair (V;, V;) such that ij ¢ C(n). Thus, either e(V;, V;) < |Vi[|Vj|n
or else e(V;, Vi) < |Vi||Vj|n. In either case, if e(V;V}) is the number of undirected edges of G between
V; and Vj then there are at most

LIVl [V In] >
o[ 3 (e(ViVj)> < 2”_2,7 CQH(mn?/m? o oH(2n)n? /m?
q=0 q m

orientations of the edges of G belonging to this pair. Here we use the well known estimate (maa) <
2H(@)e for 0 < 2 < 1, where H(z) = —zlogy x — (1 — ) logy(1 — ) is the entropy function.
Finally, consider a pair corresponding to an edge of C'(n). Trivially there are at most o([n/m1)?
possible orientations of the edges belonging to this pair.
Altogether, the total number of orientations of G giving rise to a fixed partition and a fixed

cluster graph with r < t;(m) — fm? edges is at most
26n2 . 26112 . 2H(2n)(n2/m2)(ﬂ;> . 2((n/m])2r < 2261122H(27])n22(n2/m2)(tk(m)fﬁm2)2nm <
2267’12 2H(2n)n22(tk (n)—ﬁng)QnM 2]{?

where the last inequality follows from the well known fact that for every x,

M+1

Note that M is a constant and there are at most n partitions of the vertex set of GG into at

most M parts. Also, for every such partition there are at most 2 */2 choices for the cluster graph
C(n) and (significantly) less than 2 */2 choices for the non-regular pairs.

Thus, the total number of T-free orientations of G is at most

nM+1 2M2 22en2 2H(217)n2 2TLM 2k2—6n2 2tk (n) .

Since € < 1 and since H(2n) tends to zero with 7 we have that for n sufficiently small as a function

of 3, the number of T-free orientations of G is less than 2™ a contradiction.



Fix an orientation G of G for which C' = C(n) has at least t(m) — Sm?2 edges. Let Vi,...,Vy,
denote the parts in the e-regular partition. According to Theorem 2.2, C' has a vertex partition
W =Wy U---UW with >, e(W;) < am?. Thus, let C* be the spanning subgraph of C from
which the edges with both endpoints in W; have been removed, for ¢ = 1,... , k. Notice that C*
is a k-partite graph with at least tx(m) — (3 4+ a)m? = tx(m) — ym? edges where v = a + 3. We
call a pair (V;,V;) a one-sided dense pair if it is an e-regular pair and ij is not an edge of C' but
either d(V;,V;) > n or d(V;,V;) > n. We claim that there are at most (2k + 1)ym? one-sided dense
pairs. Assume this is false, adding to C* the edges corresponding to one-sided dense pairs we get,
by Lemma 2.3, that there are k 4 1 vertices of C' (w.l.o.g. assume they are {1,...,k + 1}) such
that ij € C forall 1 < ¢ < j <k + 1 except for the edge 1 2 which is not in C but corresponds
to the one-sided dense pair (Vi,Va2) where d(V1,V2) > n. By Lemma 2.5, G has T, yielding the
contradiction.

We now delete from G the following edges:

1. The edges with both endpoints in V; for i = 1,... ;m. We have shown that there are at most

en? such edges.

2. The edges belonging to non e-regular pairs. We have shown that there are at most en? such

edges.

3. The edges belonging to non-dense pairs or one-sided dense pairs. There are at most (27 +
(2k + 1)y)n? such edges.

4. The edges belonging to pairs (V;, V;) such that ij € W, for s = 1,... k. Since there are at

most am? such pairs, there are at most an? such edges.

In other words, we keep only edges belonging to pairs (V;,V}) such that ij € C*. Denote this
subgraph of G by G’. Then, G’ is k-partite and, recalling that e < n < 3 < a and v = o + (3, the

number of edges deleted from G is at most
(4204 (2k + 1)y + 26)n? < (4n + (4k + 3)a)n? < (4k + T)an? < on?.

This concludes the proof of Lemma 2.1. O

3 Proof of Theorem 1.1

In this section we complete the proof of our main theorem. The proof follows along the lines of
[2] with several essential modifications required to deal with directed graphs. We start by recalling

some notation and facts. Tj(n) denotes the Turdn graph, which is a complete k-partite graph on n



vertices with class sizes as equal as possible, and t;(n) is the number of edges in Ty (n). Let dx(n)

denote the minimum degree of Tj(n). The following equalities are well known simple observations.

k-1 k-1
k

te(n) =tg(n — 1) + dx(n), dk(n) =n—[n/k], n?/2 —k < ty(n) < n?/2. (2)

We also need one additional easy lemma, before we present the proof of Theorem 1.1.

Lemma 3.1 Let S be a tournament with the vertices {1,... ,k}. Let G be a directed graph and
let Wi,... , Wy be subsets of vertices of G such that for every i # j and every pair of subsets
X; € Wi, | Xi| = 107%|W;| and X; C W;,|X;| > 107%|W;]| there are at least 5| X;||X;| edges of G
from X; to X; if (i,§) € S or at least 15| X;||X;| edges of G from X; to X; if (j,i) € S. Then G
contains a copy of S where the vertex playing the role of i € S belongs to W.

Proof. We use induction on k. For £ = 1 and k£ = 2 the statement is obviously true. Suppose it
is true for k — 1 and let W1, ... , W} be the subsets of vertices of G which satisfy the conditions of
the lemma for the fixed tournament S.

For every 1 < i < k — 1 denote by W} the subset of vertices in Wy defined as follows. If
(i,k) € S then v € W} if v has less than |W;|/10 incoming edges from W;. If (k,i) € S then
v € W} if v has less than |W;|/10 outgoing edges to W;. By definition, if (i,k) € S, we have
e(Wi, Wi) < |[Wi||W;]/10 and if (k,i) € S, we have e(W},W;) < |[W}||[W;]/10 and therefore, in
any case, |W}| < 107%|Wj|. Thus we deduce that }Uf:_ll Wi < (k= 1)107%|Wy| < |[Wi|/2. So in
particular there exists a vertex v in Wy, which does not belong to U;:ll W,z Forevery 1 <i<k-—1
if (i,k) € S let W/ be the set of incoming neighbors of v in Wj, and if (k,i) € S let W/ be the
set of outgoing neighbors of v in W;. By definition, W/ has size at least |W;|/10. Note that for
every pair of subsets X; C W/ and X; C Wj’ with sizes | X;| > 10*(k*1)|WZ-’| > 107%|W;| and
| X5 > 10_(k_1)|W](| > 107%|W;|, G contains at least -k|X;||X;| edges between X; and X; in the
appropriate direction. By the induction hypothesis there exists a copy of S — k with one vertex in
each W/, playing the role of i € S in this copy, for 1 < i < k — 1. This copy, induced together with

the vertex v, forms a copy of S where v plays the role of k. O

Proof of Theorem 1.1. Let ng be large enough to guarantee that the assertion of Lemma 2.1
holds for § = 1078, Suppose that G is a graph on n > n2 vertices with at least 2tk(m)+m Jistinct
T-free orientations, for some m > 0. Our argument is by induction with an improvement at every
step. More precisely, we will show that if G is not the corresponding Turdn graph then it contains a
vertex x such that G — z has at least 2tx("=D+m+1 Jistinct T-free orientations. Iterating, we obtain
a graph on ng vertices with at least 2tk(m0)+m+n—no - 213 distinct T-free orientations. But a graph
on ng vertices has at most n2/2 edges and hence at most 216/2 orientations. This contradiction will
prove the theorem for n > n%.

Recall from (2) that dx(n) denotes the minimum degree of Ti(n), and tx(n) = tx(n—1)+dk(n). If

G contains a vertex x of degree less than 0 (n), then the edges incident with = can have, together, at



most 2% (M ~1 orientations. Thus G —z should have at least 2(»=D+m+1 distinct T-free orientations
and we are done. Hence we may and will assume that all the vertices of G have degree at least
Sk (n).

Consider a partition V3 U --- UV} of the vertex set of G which minimizes ), e(V;). By our
choice of ng in Lemma 2.1, we have that 3, e(V;) < 107%%n?. Note that if [V;| > (1/k + 10~%%)n,
for some 7, then every vertex in V; has at least dx(n) — (%n —107%n) > 107%n — 1 neighbors
in V;. Thus > e(V;) > (107%n — 1)(1/k + 107%%)n/2 > 10782, a contradiction. Therefore,
|Vi| —n/k < 107%n for every i and also |V;| = n — >z Vil = nfk — (k- 1)10~%%n. So for every
i we have ‘|V;| - n/k" < 107%*n. Let D denote the set of all possible T-free orientations of G.

First consider the case when there is some vertex with many neighbors in its own class of the
partition, say x € Vi with |N(z) N V1| > n/(400k). Our choice of partition guarantees that in this
case |N(x) NV;| > n/(400k) also for all 2 < ¢ < k, or by moving x to another part we could reduce
> . e(Vi). Consider a permutation o of {1,... ,k+ 1}. Let D, C D be a subset of orientations
defined as follows: An orientation belongs to D, if for all i = 1,...,k there exist W; C V; with
|Wi| > n/(900k) such that if (6(i),0(k+1)) € T then x has an incoming edge from each v € W; and
if (0(k+1),0(i)) € T then z has an outgoing edge to each v € W;. Let D* = D\ (Upes(i+1)Ds)-

Consider an orientation of G belonging to D,. Since the orientation is T-free we have by Lemma
3.1 that there is some ordered pair (4,j) (corresponding to (¢(i),0(j)) € T) and subsets X; C W;,
X; C Wj with | X;| > 107%|W;| and |X;| > 107%|W;| with at most 5|X;||X;| edges from X; to X.
There are at most (§)2|W2|VJ'| < 2" ways to choose such an ordered pair (,j) and to choose X;

and X; and at most

1 X[ X | . I
E|X@||X]| (HXIHlX”;lOJ < 1_0|X1HX]|2H(01)|X1HXJ‘ < 2H(0‘11)‘X1HXJ‘

ways to orient at most --|X;||X;| edges from X; to X;. In addition, from the structure of G we
know that there are at most ti(n) + 107812 — |X;||X;| other edges in this graph, so the number

of orientations in D, can be bounded as follows

otk (n)+107%Fn2 —| X;]|X; | 92n9H (0.11)|X;||X;|
th(n)+10*8kn2 92n (\/5/2)|Xi||xj| < th(n)+10*8kn2 92n (\/5/2)10*%*%*%2
< ote(m)+107*n2 5on (20.01>1()2k6’“2"2

9tk (n)
2(k+ 1)V

Do |

IA

IN

— 9tu(n) 92n 27(10*2k’8k*2710*8k)n2
<

In this estimate we used the facts that H(0.11) < 1/2, | X;|,|X;| > n/(k10¥+3), /2/2 < 27001 and
that 1072F8%~2 — 1078 > 0 for all k > 2.



By the above discussion, |D*| contains at least 2t()+m — 9tk(n) /9 > otu(n)+m—1 distinct T-free
orientations of G. Let G be one of them. Since G ¢ D, for no o € S(k + 1) we must have some
i such that there are at most n/(900k) edges from = to V; or at most n/(900k) edges from V; to
x. Assume w.l.o.g. that there are at most n/(900k) edges from = to V;. Thus, there are at least
n/(400k) — n/(900k) > n/(900k) edges from V; to x. Let o € S(k + 1) be a permutation for which
(o(i),0(k+1)) € T. Since G ¢ D, we must have some j # i for which there are at most n,/(900k)
edges from x to V; or at most n/(900k) edges from V; to .

We have shown that for every element of D* there are (at least) two distinct indices 4, j such that
there are at most n/(900k) edges connecting x to V; in at least one of the two possible directions
and the same hold for V; (although not necessarily in the same direction). We call the direction
with less than n/(900k) edges the sparse direction.

Since the size of V; is at most (1/k + 107°%)n, we obtain that the number of orientations of

edges between x and V;, given the sparse direction, is bounded by

n <L(1/k + 105k)nJ> < 9H(0.002)(1/k+10-F)n _ 50.03(1/k+10~%)n 3)
900k |n/(900k) ] - - ’

since H(0.002) < 0.03. Clearly, this estimate is also valid for the number of orientations of edges
between x and V}, given the sparse direction between them. Note that in addition x is incident to
at most n — |V;| — |V;| < (52 + 2 - 1075%)n other edges, which can have two possible directions.
Using the above inequalities together with the facts that there are (g) possible pairs ¢, 7 and four
possible choices for the sparse directions between x and V; and between x and V; we obtain that

the number of orientations of the edges incident with x is at most

4<7;7> (20.03(1/k+10_5k)n)22(%+2v10_5k)n < 2(%-@)71'

But we had that |[D*| > 24(+m=1 Hence the number of T-free orientations of G — x is at least

th(n)—ﬁ-m—l—(%—ﬁ)n > th(n—l)—f—m—&—l‘

This completes the induction step in the first case.

Now we may assume that every vertex has degree at most n/(400k) in its own class. We may
suppose that G is not k-partite, or else by Turén’s theorem e(G) < t(n) and therefore |D| < 2tx(?)
with equality only for G = T;(n). So, without loss of generality, we suppose that G contains an
edge zy with z,y € V. For 0 € S(k+ 1) Let D, denote the set of all T-free orientations Gof G
in which (z,y) € G if and only if (0(k),o(k + 1)) € T and there are sets W; C Vi, |[W;| > n/(900k)
for every 1 < i < k — 1 such that all the edges from z to W; exist and are oriented from x to
Wi if (0(k),o(i)) € T or oriented from W; to = if (0(i),o(k)) € T, and also all the edges from
y to W; exist and are oriented from y to W; if (o(k + 1),0(i)) € T or oriented from W; to y if
(0(i),0(k+1)) € T. Let D* =D\ (Upesk+1)Ds) denote the remaining orientations.
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Consider an orientation G € D,. Let T, denote the sub-tournament of T' obtained by deleting
the vertices o (k) and o(k + 1). Since there is no T in G, there is also no copy of T, in which the
role of vertex o (i) is played by a vertex from W; for i =1,... ,k—1. Thus, by Lemma 3.1, there is
a pair (i, ) and subsets X; C W;, X; C W; with |X;| > 10~ =D |W;| and | X;| > 10~*=D|WW;| with
at most 7| X;||X;| edges from X; to X if (0(i),0(j)) € T or at most ;5|X;||X;| edges from X to
X if (o(j),o(i)) € T. Arguing exactly as before in the first case we can prove that |D,| < 22(:“—3
and thus |D*| > 2t(m)+m=1,

Next consider an orientation G of G from D* and suppose, without loss of generality, that
(z,y) € G. Let 0 € S(k+1) be such that (o(k),o(k+1)) € T. Since G ¢ D, there is some class V;,
i <1< k-1, in which x and y have at most n/(900k) “common neighbors” in the sense that x has
an outgoing edge to all these common neighbors in case (o(k),o(i)) € T or else z has an incoming
edge from all these common neighbors in case (0(i),o(k)) € T and also y has an outgoing edge to
all these common neighbors in case (o(k + 1),0(i)) € T or else y has an incoming edge from all
these common neighbors in case (o(i),0(k + 1)) € T. Note that for any other vertex z in V; which
is not such a common neighbor, we can only have at most three possible simultaneous orientations
of the two edges xz and yz of G (assuming they exist). Since there are at most (1/k + 1075%)n

1/k-+1075%)

vertices in V; we have at most 3( " ways to orient such edges and, as in (3), at most

n [(1/k+ 10_5k)”J < 9H(0.002)(1/k+107"%)n ~ 90.03(1/k+107%)n
900k |n/(900k) ] - -

possibilities to choose a set of common neighbors of  and y in V;. Thus, there are at most
20.03(1/k+10*5’€)n3(1/k+10*5’€)n < 21.7(1//f<:+10*5”’ﬂ)n

ways to orient edges from z,y to V;. Note that, since the degree of x and y in V}, is at most n/(400k)

we have that the number of edges from z, y to |J;; V; is bounded by n(2(5-242-1075%) +2/(400k)).

Even if all these edges can be oriented arbitrarily, since we have k — 1 choices for the index 7, and

four possible combinations for the direction between x and y to their common neighbors in V;, we

can bound the number of orientations of the edges incident at  and y by
Ak — 1) L7 (1/k+107%% ) 92 (524 gz #2107 )n _ 0255t~ )

But we know that |D*| > 2t%(+m=1 Thus the number of T-free orientations of G — {z,y} is at

least
ot (n)+m—1-2(*71 — o n s otk(n—2)+m+2

This completes two induction steps for the second case and proves the theorem. O
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4 Directed triangles and transitive tournaments

In this section we consider two special cases of Theorem 1.1. We first show an easy proof of
Theorem 1.1 in case T' = T}, is the transitive tournament with k vertices. Next, we consider the
smallest non-transitive tournament, namely 1" = C3 and obtain a proof for C'5 that avoids using
the regularity lemma. Indeed, the proof for C3 is more complicated than the proof for 73. The
proof for T3 follows rather easily from a result of the second author in [11] concerning the number
of red-blue edge colorings of a graph that avoid monochromatic triangles and the result for Ty
(k > 3) follows from a recent result of [2] that generalizes the result of [11] to larger cliques. The
proof for C3 does not follow from these coloring results and requires an ad-hoc proof (although
some arguments are similar to those appearing in the proof of [11]). To see the difficulty consider
the following argument. Let F(G) denote the number of red-blue edge colorings of G with no
monochromatic triangle and let D(G) denote the number of orientations of G with no C3. Since
the Ramsey number R(3) = 6, we have F/(G) = 0 whenever G has a Kg. In particular, F(K,) =0
for n > 6. On the other hand, D(K,) = n!, and D(G) > 0 always. Thus, it is more difficult to
show that dense graphs have a relatively small D(G) than it is to show that dense graphs have a
relatively small F'(G). In fact, our proof for T' = C5 uses some powerful decomposition results that

are not needed in the coloring case.

4.1 Orientations with no transitive tournaments

Let F(G, k) denote the number of red-blue edge colorings of a graph G that have no monochromatic
K. Let F(n,k) denote the maximum possible value of F(G,k) where G has n vertices. The
following result is proved in [11] for £ = 3 and in [2] for all £ > 3 (the result in [2] also considers

colorings with more than two colors).
Lemma 4.1 Let k > 3. There exists ng = no(k) such that for all n > ng, F(n,k) =241 O

In fact, in [11] it is shown that ng(3) = 6 (and this is tight) while the ng(k) obtained in [2] is a
huge number already for k = 4, as their proof uses the regularity lemma.

Lemma 4.1 and (1) enable us to prove the following:

Proposition 4.2 Let k > 3. Then, F(n,k) > D(n,Ty). Consequently, D(n,T},) = 21" for all

n > ng(k) where ng(k) is the constant appearing in Lemma 4.1.

Proof: Consider a graph G on n vertices. Label its vertices with the numbers 1,... ;n. There is a
bijection between red-blue edge colorings of G and orientations of G as follows: An edge is colored
blue if and only if in the associated orientation the edge is oriented from the smaller vertex to the
larger. Now assume that G has an orientation with no Ty. We show that the associated coloring

has no monochromatic K. Consider a K of G. It must contain a directed cycle in the orientation.
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In the associated coloring, we cannot have all the edges of such a cycle colored with the same color.

We have shown that F(G, k) > D(G,Ty). Hence, F(n,k) > D(n,T}). 0.
Notice that although ng(3) = 6 (in fact, F(5,3) = 82 > 2°) it is easy to check that D(n,T3) =
2ln?/4] for all n > 1 (one needs to check only n = 1,...,5). For k = 4, however, we have

D(4,Ty) = 26 — 4! = 40 > 20s(4) = 32,

4.2 Orientations with no directed triangles: Preliminary lemmas

Let H be a graph, and let H + x denote the graph obtained from H by adding a new vertex x and
connecting it to all vertices of H. For a Cs-free orientation H of H, let ext(H) denote the number
of Cs-free orientations of H +z that are extensions of H. Let ext(H) denote the maximum possible
value of ext(H) taken over all Cs-free orientations of H. The following lemma determines ext(H)
for several specific graphs, and gives a general upper bound for ext(H) in terms of a spanning

subgraph of H.
Lemma 4.3
1. ext(Kg) =k +1.
2. ext(K, ) =6 where K is the graph obtained from K4 by deleting an edge.

3. For all k > 3, ext(P) = ext(Py_1) + ext(Py_2) where Py is the path with k vertices. In
particular, for allk > 1, ext(Py) = 2z, where zy, is the k+2 element of the Fibonacci sequence.

4. ext(Q) = 14 where @Q is the unique tree with five vertices which is not a star and not a path.

5. If Sy is the star with k vertices then ext(Sy) = 281 + 1.

6. If Hy, ..., Hy are the components of a spanning subgraph of H then ext(H) < Hle ext(H;).
Proof:

1. ext(K)) = k+ 1 follows immediately from the fact that every Cs-free orientation of Kj must

be an acyclic orientation. There are k + 1 positions to place x in any given order.

2. Assume the vertices of K, are {a,b,c,d} where b and c are not connected. Notice that
every Cs-free orientation of K, must be an acyclic orientation. Any extension of an acyclic
orientation of K, must also be an acyclic orientation of K . Consider a topological order of
{a,b, c,d} associated with an acyclic orientation of K . If b and ¢ are not next to each other
in this topological order then there are exactly five ways to extend the orientation. If b and
c are next to each other (that is, they form an antichain), then there are six ways to extend

the orientation.
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3. Consider an orientation of P, = {v1,...,v;}, k > 3. Assume, w.l.o.g. that the last edge is
oriented (vg_1,vg). In this case, for any extension of the Pjy_; subpath {vi,... ,vx_1} the
orientation (z,vy) does not introduce directed triangles. Thus, there are at most ext(Pj_1)
such extensions. For any extension that orients (v, ), we must orient (vy_1,2) and hence
there are at most ext(Py;_2) such orientations. Altogether, there are at most ext(Py_1) +
ext(Py_2) such extensions. This proves ext(Py) < ext(Py_1) + ext(Pr_2). It is easily seen
that the bound is achieved by any orientation of Pi that has no directed subpath of length

two.

4. Assume that the vertices of @ are {a,b,c,d, e} where the edges are ab,bc,cd, ce. Consider
first an orientation where the two edges ¢d and ce are oriented differently (that is, one of
the edges enters ¢ and the other emanates from c¢). Any orientation of zc forces either an
orientation of xd or of xe and leaves three possible orientations for b and xa together. Thus,
there are at most 3 - 4 = 12 possible extensions. Consider next an orientation where the two
edges cd and ce are oriented the same (that is, both of them enter ¢ or both emanate from
¢). W.lLo.g. both enter c¢. As before, any orientation of zd and xe but the one in which
both edges enter z, forces an orientation of xzc¢ and hence leaves three possible orientations
for b and za together. The orientation of zd and xe in which both edges enter x, allows any
extension of the subpath {a,b,c} and since ext(Ps;) = 5 this gives, altogether, 3-3+5 = 14

possible extensions.

5. The cases k = 1,2 are trivial. For k > 3, S; has a unique root denoted r. Consider first an
orientation where the root r is either a source or a sink. Assume w.l.o.g, that r is a sink. If
we orient (z,7) we can orient all other edges between = and the leaves arbitrarily. This gives
2F=1 extensions. If we orient (r,z) then we must make z a sink and hence we only have one

legal extension. Altogether, we have 2571 4+ 1 extensions for an orientation of Sy in which

the root is a sink (or a source). It is easily seen that all other orientations of Si have less

extensions.

6. If Hy,...,Hy are the components of a spanning subgraph of H then trivially ext(H) <
15, ext(H;). O

The final part of lemma 4.3, applied to spanning subgraphs whose components are any mixture
of paths, cliques, stars, K, or (), enables us, using any of the first five parts of Lemma 4.3, to
obtain upper bounds on ext(H). Hence, our aim is to translate conditions that guarantee that H
has a spanning subgraph whose components are paths, cliques, stars, K, or () into conditions that
force upper bounds upon ext(H). Put |H| = m. Probably the most famous of these conditions is

the following theorem of Dirac (see, e.g. [4])

Lemma 4.4 (Dirac) If6(H) > |m/2| then H has a Hamiltonian path. O
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k/s

Since the Fibonacci sequence has the property that for 1 < s < k, z; < (z5)"/® we have, using

Lemma 4.3 and Lemma 4.4:

Corollary 4.5 If6(H) > |m/2] then ext(H) < zp,. In particular, ifm > s > 1, ext(H) < (z)™/*.
g

If H has minimum degree that is higher than m/2, we can decompose the vertices of H into
small and dense parts. The following well known theorem of Hajnal and Szemerédi [5] specifies

conditions that guarantee the existence of a vertex decomposition into small cliques.

Lemma 4.6 (Hajnal and Szemerédi) Let k be a positive integer. If §(H) > m(1 — 1/k) then

H has a spanning subgraph consisting of |m/k| components, each isomorphic to K. O

Lemma 4.3 and Lemma 4.6 together give:

Corollary 4.7 Let k > 2 and assume 6(H) = pm where (k —2)/(k—1) < < (k—1)/k. Then

L >(k1)mm,8k

ext(H) < (k+1)™/*k (m

Proof: Let z = (k—1)m —kd(H). Notice that (x+m) =0 mod k and x+mfS = (k—1)(z+m)/k.
Consider the graph H’ obtained from H by adding x new vertices, and connecting them to all the
original vertices of H. The new vertices are not connected to each other. Notice that §(H') =
min{é(H) + x,m} = 6(H) +x = mB+x = (k— 1)(x + m)/k. By Lemma 4.6, H' has a set of
(x+m)/k vertex disjoint copies of Kj. Deleting the newly added vertices we get that H contains x
vertex-disjoint copies of Kj_1 and (m — (k — 1)x)/k additional vertex-disjoint copies of Kj. Thus,
using Lemma 4.3 we get

k x
z (m—(k—1)z)/k m/k(_ %
cat(H) < k*(k+1) < (k+1) ((k+1)1—1/k>

k >(k1)mmﬂk

— (k+1)m/* (m

The following vertex-decomposition result has been recently proved by Kawarabayashi [6]

Lemma 4.8 (Kawarabayashi) If m is a multiple of 4, and §(H) > 5m/8 then H has a spanning

subgraph consisting of m/4 components, each isomorphic to K . O
Lemma 4.3 and Lemma 4.8 together give:
Corollary 4.9 Ifm > 24, §(H) > m/2 and # = min{5/8 , 6(H)/m} then

ext(H) < 3. 5om/3-8mB/3g=—m+2ms
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Proof: We may assume that §(H) < [5m/8] since ext(H) is a monotone decreasing parameter
with respect to edge addition. Let = be the minimum integer such that (z +m) = 0 mod 4 and
x +mp > 5(x +m)/8. Notice that

x € [bm/3 — 8mfB/3,5m/3 — 8m[3/3 + 4].

Consider the graph H’ obtained from H by adding x new vertices, and connecting them to all the
original vertices of H. The new vertices are not connected to each other. Notice that §(H') =
min{d(H) + z,m} = §(H) + x (since m > 24, 5 > 0.5 and either §(H) = fm or else § = 5/8 and
d(H) < [5m/8]). Now,

O(H')=6(H)+x>mpB+x>5(x+m)/8=>5/H'/S.

By Lemma 4.8, H' has a K, factor. Let S be a K, copy in this factor. If S contains zero new
vertices then S is already inside H. If S contains one new vertex then the subgraph of S inside H
contains a Ps. If S contains two new vertices then they must be the two degree-two vertices of the
K, , and the subgraph of S inside H is a K. For ¢t = 0,1,2 let ¢; denote the number of copies in
the K -factor with ¢ new vertices. Then, t; + 2t2 = = and to + t1 + t2 = (m + x)/4. Furthermore,
by Lemma 4.3,

ext(H) < ext(K, )ext(Ps)"ext(K2)? = 6'0513",

The last inequality subject to the above constraints is maximized when ¢; = z, t5 = 0 and ¢y =
(m+ z)/4 — x. Thus,

4
€.Z‘t(H) < 6(m+a:)/4—a:5ar < % . 55m/3—8mﬂ/36—m+2m5 <3. 55m/3—8m[5’/36—m+2mﬂ‘

4.3 Orientations with no directed triangles: The proof

In this section we prove:
Theorem 4.10 For all n > 600000, D(n, C5) = 2Ln*/4].

The constant 600000 can be improved considerably to less than 10000 at the price of additional case
analysis. We prefer the “cleaner” proof. The proof of Theorem 4.10 is based upon the following

lemma:

Lemma 4.11 Ifn > 320, and G is a graph with n vertices, then at least one of the following must
hold:

1. D(G) < 2ln*/4],
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2. There exists a vertexr x of minimum degree such that if H is the subgraph of G induced by the
neighbors of x then ext(H) < 0.94 - 2l"/21 Thus, D(G) < 0.94 - 2l"/21D(G — ).

3. 6(G) = |n/2], there exist two vertices x and y such that D(G) < 2121 D(G — z) and D(G —
z) <0.94-2l=D2AD(G - {z,y}).

The rest of this section is dedicated to the proof of Lemma 4.11 but we first show how Lemma
4.11 yields Theorem 4.10.
Proof of Theorem 4.10 given Lemma 4.11: Let n > 600000 and let G be a graph with n
vertices. We show that D(G) < 2l"*/4). Consider D(320). Trivially, D(320) < 260319 Now, let
v1,... ,Un_318 be a sequence of vertices of G that satisfies the following: If G; is the subgraph of G
obtained by deleting vy,... ,v;—1 fori=1,... ,n — 317 (G; = G), then for all i = 1,... ,n — 319,
either D(G;) < 2l=HD%/4] o else D(G;) < 0.94 - 2l=HD/2ID(G;,4) or else D(G;) < 0.94 -
oln=i+D)/2+Un=)/2] D(G,,5). According to Lemma 4.11, such a sequence exists.

Assume first that for some i, 1 < i < n — 319, D(G;) < ol(n=i+1)*/4] " Tet § be minimal with

this property. In this case we have
i—1
D(G) < H QL(n—jJrl)/?JD(Gi) = 2Ln2/4J—L(n—i+1)2/4JD(Gi) <
j=1
oln?/4]=L(n—i+1)?/4]gl(n—i+1)?/4] < 9[n?/4]

as required.
Assume next that for each i = 1,... ,n — 319, either the second or third condition in Lemma

4.11 holds for G;. In either case we have

D(G;) < 0.94 - 2l=# D21+ 10=021 (G ).

Therefore:
n—319
D(G) S (094) \_(n—319)/2j H 2|_(7L—Z+1)/2JD(320) — (0.94)|_(TL—319)/2J2|_TL2/4J—|_3192/4JD(320) S
i=1
2Ln2/4j 225600(0.94) [(n—319)/2| < 2Ln2/4J
as required. O

The proof of Lemma 4.11 is divided into several parts according to the structure of G. From

here onwards we assume, whenever necessary, that G has n > 320 vertices.

Lemma 4.12 If G is a complete bipartite graph then D(G) < oln*/4]. If n > 7 and G has a vertex
v of degree n — 1 and G \ {v} is a complete bipartite graph on n — 1 vertices then D(G) < oln®/4]
In particular, for both of these graphs, the first condition in Lemma 4.11 holds.

17



Proof: The first claim is trivial as the number of edges of a complete bipartite graph is at most

|n2/4]. To see the second claim, assume that the vertex classes of G \ {v} are x1,...,z} and
Yi,...,4y where k+1l=n—1and 1 <[ < k. Consider an orientation S of the star S induced by
{v,y1,... ,y1}. We count the number of Cs-free orientations of z; US that extend S. There are two

cases. If v is either a sink or a source in S then there are exactly 2! + 1 extensions. If v is neither
a source nor a sink, then assume [; edges enter v and lo = | — [} edges emanate from v. If we
orient (x;,v) then there are 2/t possible extensions. If we orient (v, ;) then there are 2/2 possible
extensions. In any case, there are at most 2/t + 22 < 2171 1 2 extensions. As there are 2! — 2
orientations of S in which v is neither a source nor a sink we have, for alln > 7and I+ k=n—1,
1<I<k

D(G) < 2(2' + 1)F + (28 — 2) (2171 + 2)F < 2l?/4],

a

In the following lemmas x denotes a vertex of minimum degree of G, and H denotes the subgraph
of G induced by the neighbors of z. Hence |H| = 6(G). Notice also that if |H| = [n/2] + ¢ then
the minimality of = shows that §(H) > 2t — 1.

Lemma 4.13 If 6(G) < |n/2| then the second condition in Lemma 4.11 holds.

Proof:
ext(H) < 2l < oln/2l=1 — 5. 9ln/2],

a

Lemma 4.14 If 6(G) = |n/2| and G is not complete bipartite then either the second or third

condition in Lemma 4.11 holds.

Proof: If H has at least one edge then, by Lemma 4.3,
ext(H) < ext(Ky)ext(K, )12 = 3. 2ln/2=2 — ¢.75 . oln/2]

Otherwise, we may assume that every vertex of minimum degree has an isolated neighborhood.
Let y be a neighbor of x. Then, deg(x) = [n/2| < deg(y) < n — |H| = n — [n/2|. Hence, if n
is even then deg(y) = n/2 so its neighborhood is also isolated. This forces G to be a complete
bipartite graph, contradicting the assumption in the statement of the lemma. If n is odd then
either deg(y) = (n — 1)/2 or else deg(y) = (n+ 1)/2. In the first case, y has minimum degree
(n—3)/2 in G — x so by Lemma 4.13 applied to G — x and y we have

D(@) < 2" DG —x) <0522 ol=D2ID(G — {2, 4}).

In the second case, we can assume that every neighbor of = has degree (n + 1)/2. This forces all

the neighbors of x to have the same neighborhood (namely V(G) \ H). Since G is not complete
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bipartite, this common neighborhood is not isolated, and, furthermore, each neighbor of = has
minimum degree (n —1)/2 in G — x. As in the first part of this lemma, if H' is the neighborhood
of a neighbor y of z in G — x then

ext(H') < ext(Ky)ext(K )72 = 3. oln=1/21=2 < ¢ 75 . ol(n=1)/2],

Thus,
D(G) < 2" D(G —x) < 0.75 - 21/ 2l=DRID(G — {2, y)).

a

Lemma 4.15 If 6(G) = [n/2| + 1 and G is none of the graphs from lemma 4.12 then the second

condition in Lemma 4.11 holds.
Proof: Assume first that H contains a Ps. Since ext(Ps) = z5 = 13 we have
13
ext(H) < 13- ext(K))H175 = 13. 2ln/21=4 = Ezl"/%.

Next, assume H has no P5 but has a P;. Every vertex of H has at least |n/2] + 1 neighbors in G,
so we have 0(H) > 1. Since |H| > 4, there exists a vertex v not on the P;. Let vu be an edge. If u
is not a vertex of the P4 then by Lemma 4.3

ext(H) < ext(Py)ext(Py)21=6 = 8. 3. 2l"/21=5 — 0.75. 2l7/2]

Otherwise, u must be an inner vertex of the Py, and hence H contains the unique tree on five vertices
that is neither a path nor a star, which we denoted @ in Lemma 4.3. Recall that ext(Q) = 14.
Hence,

ext(H) < ext(Q)2H1=> = 14. 2l7/21=4 — 0 g75 . 27/2],

Next, assume that H has no P3 (we leave the case where H has no P, and has a P to the end). In
this case, since §(H) > 1 we must have §(H) = 1 and H must be a perfect matching. By Lemma
4.3 we have, for all n > 14,

BIL‘t(H) = elL‘t(Kg)lH‘/Q — 3('.”/2J+1)/2 < 0.75 - 2|_n/2J

Finally, assume that H has no P, but has a P;. Assume first that H is not a star. Denote the
vertices of a P3 in H by (a,b,c) where b is the middle vertex. If (a,c) is also an edge then the fact
that H has no P, and the fact that |H| > 3 show that there exists an edge both of whose endpoints
are not in {a, b, c}. If (a,c) is not an edge, then the fact that H is not a star implies that there is
some edge not incident with b. The fact that H has no P, shows that such an edge has both of its
endpoints outside {a, b, c}. We have shown the existence of vertex disjoint P3 and Ky. By Lemma
4.3,
ext(H) < ext(P3)ext(K2)2H1=5 = 5.3 . 2ln/21=4 — 1—22@/%.
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Finally, assume that the neighborhood of every minimum degree vertex induces a star. It is not
difficult to check that this forces G to be the unique graph with n vertices, n odd, having a vertex
of degree n — 1 and the remaining n — 1 vertices induce a complete bipartite graph with (n —1)/2
vertices in each partite class. Thus, G is one of the graphs from Lemma 4.12; contradicting the

assumption in the current lemma. O

Lemma 4.16 If §(G) = |n/2] +t and 1 <t < (|n/2] +2)/3 then the second condition in Lemma
4.11 holds.

Proof: Recall that §(H) > 2t — 1. Let P be a longest path in H. Notice that |P| > §(H) +1 >
2t > 4. We consider two cases: t > 3 and t = 2. Assume first that ¢ > 3. If |P| > 4¢ — 1 then

t
_ _ - /2l 2334/11 " 2
ext(H) < 2gp 2T — 5y, 2218 < Z'ﬁt D/ gln2lmt = ( 8 2t /QJ'2331/11 <

(0.91)3 . 217/2) . 1,22 < 0.92- 2ln/2],

If P has at most 4t — 2 vertices then, as in Dirac’s theorem, there is also a cycle C' with the same
set of vertices as that of P, and hence, by the maximality of P, the subgraph of H induced by
this set of vertices is a connected component of H. Since |H| > 4t — 2 this is not the whole graph,
and hence we can find another path in another component whose number of vertices is at least
d(H) + 1 > 2t. We therefore have two vertex-disjoint paths of length (at least) 2¢ each and thus

&Tt(H) S zgt2|H‘—4t — zthLn/QJ—iﬁt S th/32|_n/2j—3t — 212t/32l_n/2j—3t S (096)t2l_n/2j S 0.89 - 2|_n/2j
Consider next the case t = 2. If |P| > 8 we have

cat(H) < 25217216 — Z_i Loln/2]

If | P| < 6 we have, as in the case for ¢ > 3, that there is also a cycle C' with the same set of vertices
as that of P, and hence, by the maximality of P, the subgraph of H induced by this set of vertices
is a connected component of H. Since |H| > 6 we can find another path in another component
whose number of vertices is at least §(H) + 1 > 4. We have found two vertex-disjoint paths of
length at least four each. If one of them has length at least five then

104
< [n/2]=T — —Z9ln/2]
ext(H) < z4252 1282

If both have length four then the maximality of P implies that its vertices induce a K. Thus,

ext(H) < ext(Ky) - 242026 = g_gzm/ZJ'
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Finally, assume |P| = 7. If there is an edge connecting two vertices outside P then

ext(H) < ext(Ky)ext(P;)2/2-7 = %QL”/%.

Otherwise, by the maximality of P = (aj,...,a7) and the fact that 6(H) > 2t — 1 = 3, every
vertex outside of P is adjacent to at least three vertices among {asg, as, a4, as, ag}. If some vertex
b ¢ P is adjacent to az then we have two paths of length four, namely, P' = (a1,a2,as,b) and
P? = (a4,a5,a6,a7). Let ¢ ¢ P and ¢ # b. Since ¢ has three neighbors on these paths and none of

them are from {a1,a7,b} we have that H contains a Py and a (. Thus,

ext(H) < ext(Q)z42"/?7 = %zgmm

A similar argument holds if some vertex b ¢ P is adjacent to as. We may therefore assume that the
neighborhood of all vertices outside P is precisely {ag, a4, ag}. Let by, b, b3 be such vertices. Then,
{b1,a7,a¢,as,a4} induces a subgraph that contains a @ and {ai,as,as,be,bs} induce a subgraph

that contains the star S5 where ay is the root. We therefore have
238
ext(H) < ext(Q)ext(S5)2/2=8 = 14.17 . 2l7/21=8 — ﬁﬂ"/%.
Od

Lemma 4.17 If §(G) = |n/2| +t and 0.205n >t > (|n/2] + 2)/3 then the second condition in
Lemma 4.11 holds.

Proof: In this case we have §(H) > 2t —1 > ||H|/2] — 1. Hence, H is Hamiltonian. By Corollary
4.5 we have, since n > 320 and |H| > n/2 > 21,

ext(H) < (z91)HI/2 = 28657(1/21+0)/21 < 986577(0-705/21) < 1 41136™ < 0.94 - 2L7/2],
O

Lemma 4.18 If 6(G) = |n/2] +t and 0.205n < t < 0.259n then the second condition in Lemma
4.11 holds.

Proof: Put 8 = max{5/8,0(H)/|H|}. Notice that 8 > 0.5. By Corollary 4.9 we have

ext(H) < 3. 50MHI/3=8IHIB/36—H|+2H|5

Put ¢t = an. Notice that |H| < (0.5 + a)n and either § = 5/8 or else 5 > 0.99(2a/(0.5 + «)). If
B =5/8 we have

ext(H) < 3-6H1/4 < 3.6079m/% < 3.(1.405)" < 0.94 - 217/2],
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If 3> 0.99(2a/(0.5 + ) we have
ext(H) <3 6n(0.5+a)(}g—g(g—%)+2ﬁ—1) < 3. 6n(0-5+0)(04971-0.3958)

3. 6n(0.5+a)(0.4971—0§%0.391) < 3. n(0-24855-00.2849) - 3 (£0.19015n _ (y 75 9ln/2]

Lemma 4.19 If0.8n > §(G) > 0.758n then the second condition in Lemma 4.11 holds.

Proof: Put 6(G) = an. We may assume 0(H) < 0.75|H| since ext(H) is monotone decreasing
with respect to edge addition. Notice that if §(H) = B|H| then we have 0.75 > 3 > 22=1 > 2/3,
By Corollary 4.7 with k = 4 we have

ea:t(H) < 5om/4(1'197)30m74ﬂ0m < (5a/4(1‘197)475a)n <

(521895(1.197)021)" < 1.4089" < 0.94 - 21"/2,

a

Lemma 4.20 If l,:—j;%n > §(G) > k—iln For k = 4,5. then the second condition in Lemma 4.11
holds.

Proof: Since |H| = §(G) we have §(H) > .2 |H|. By Lemma 4.6, H has ||H|/k] vertex-disjoint
copies of K In particular H has a spanning subgraphs whose components are ||H|/k| copies of

K. and at most k — 1 isolated vertices. Thus,
ext(H) < (k + 1)U gk=1 < (o 4 1)(am/kok=1 1 39857 . 16 < 0.94 - 2l™/2
where the last inequality is valid for £ = 4,5 and for all n > 320. O
Lemma 4.21 If§(G) > gn then the second condition in Lemma 4.11 holds.
Proof: As in the previous lemma we get §(H) > %n and
ext(H) < 77/%2° < 0.94 . 2l7/2]

where the last inequality is valid for all n > 320. a
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5 Concluding remarks and open problems

e Another interesting problem is to determine D(n, m,T'), that is, the maximum possible num-
ber of T-free orientations of a graph with n vertices and m edges. By (1) we trivially have
D(n,m,T) = 2™ whenever m < t;_1(n), where k is the number of vertices of T'. The problem
becomes considerably more difficult for m > t;_1(n). Even for T'= C5 the exact values for
all (n,m) pairs are unknown. Using the fact that every non-transitive tournament contains
a triangle we trivially have D(n, (g),C’g) = n!l. It is also not difficult to prove the following

proposition

Proposition 5.1

1. D(n, (5) —1,C3) = (n—1)!(n — 1) forn > 2.
2. D(n, (5) —2,C3) =nl—2(n—1)! + (n — 2)! + 2(n — 3)! forn > 4. O

e A careful examination of the constants in the proof of Theorem 4.10 shows that the theorem
holds for all n > 10000 (in fact, slightly less). It is of some interest to determine D(n,C3) for
all n. Using a computer program we have D(n,Cs) = n! forn =1,...,7. The same program
yields D(8,C3) = 216, The case n = 9 is too large for a straightforward computer verification.

We conjecture that the following holds for all n > 1
D(n,Cs) = max{2tn2/4J,n!}.
In particular, Theorem 4.10 is conjectured to hold for all n > 8.

e It would be interesting to generalize Theorem 1.1 to the situation of finding the number of
H-free orientations, where H is any directed graph, not necessarily a tournament. In fact, it
is not difficult to generalize Lemma 2.1 to apply also for H = T'(t), where ¢ is any positive
integer and T'(¢) is the directed graph obtained from the k-vertex tournament 7' by replacing
each vertex with an independent set of size t. In particular, this shows that an asymptotic
version of Theorem 1.1 holds for T'(¢).

References

[1] N. Alon, The mazimum number of Hamiltonian paths in tournaments, Combinatorica 10

(1990), 319-324.

[2] N. Alon, J. Balogh, P. Keevash and B. Sudakov, The number of edge colorings with no

monochromatic cliques, submitted.

23



[3]

[10]

[11]

J. Balogh, B. Bollobas, and M. Simonovits, The number of graphs without forbidden sub-
graphs, submitted.

B. Bollobéds, Extremal Graph Theory, Academic Press, London, 1978.

A. Hajnal and E. Szemerédi, Proof of a conjecture of Erdds, in: Combinatorial Theory and its
Applications, Vol. II (P. Erdos, A. Renyi and V. T. Sés eds.), Colloq. Math. Soc. J. Bolyai 4,
North Holland, Amsterdam 1970, 601-623.

K. Kawarabayashi, K, -factor in a graph, J. Graph Theory 39 (2002), 111-128.

J. Komlés and M. Simonovits, Szemerédi regularity lemma and its application in Graph Theory,
in: Paul Erdds is 80, Proc. Coll. Bolyai Math. Soc. Vol 2. (Keszthely, 1993), 295-352.

J. Matousek, The number of unique sink orientations of the hypercube, manuscript, 2002.

M. Simonovits, A method for solving extremal problems in graph theory, stability problems,
in: Theory of Graphs (Proc. Collog. Tihany, 1966), Academic Press, New York, and Akad.
Kiadé, Budapest, 1968, 279-319.

E. Szemerédi, Regular partitions of graphs, in: Proc. Colloque Inter. CNRS 260, CNRS, Paris,
1978, 399-401.

R. Yuster, The number of edge colorings with no monochromatic triangle, J. Graph Theory 21
(1996), 441-452.

24



