PUNCTURED COMBINATORIAL NULLSTELLENSATZE

SIMEON BALL AND ORIOL SERRA

ABSTRACT. In this article we present a punctured version of Alon’s Nullstellensatz which
states that if f vanishes at nearly all, but not all, of the common zeros of some polyno-
mials g1 (X1),. .., gn(X,) then every I-residue of f, where the ideal I = (g1, ..., g,), has
a large degree.

Furthermore, we extend Alon’s Nullstellensatz to functions which have multiple zeros
at the common zeros of g1, 9o, ..., g, and prove a punctured version of this generalised
version.

Some applications of these punctured Nullstellensétze to projective and affine geome-
tries over an arbitrary field are considered which, in the case that the field is finite, will
lead to some bounds related to linear codes containing the all one vector.

1. INTRODUCTION

The Combinatorial Nullstellensatz proved by Alon in [2] has been used for a host of
applications, some recent examples of which can be found in [9], [13], [14], [16] and [17].
In this article some extensions of Alon’s Nullstellensatz are proven, related to zeros of
multiplicity and punctured cases in which a polynomial vanishes over almost all, but not
all, of the common zeros of some uni-variate polynomials g, go, ..., gn.

Before proving these extensions we consider a geometrical application which will be proven
in a more general setting in Theorem 5.1.

Consider two lines [y and [5 of a projective plane over a field F and finite non-intersecting
subsets of points S; of [;. Let A be a set of points with the property that every line joining
a point of Sy to a point of S, is incident with a point of A. If we asked ourselves how
small can A be then obviously we could simply choose A to be the smaller of the S; and
clearly we can do no better. If, however, we impose the restriction that one of the lines
joining a point P; of S} to a point P, of S5 is not incident with any point of A then it
is not so obvious how small can A can be. According to Theorem 5.1 we need at least
|S1| + |S2| — 2 points, which is clearly an attainable bound, for example take A to be
(S1 U S2) \ {P1, P}. Theorem 5.1 generalises this bound to arbitrary dimension and to
sets that have not just one point incident with the lines joining a point of S; to a point
of Sy, but a fixed number ¢ of points.
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Let IF be a field and let f be a polynomial in F[X;, X5, ..., X,]. Suppose that Sy, Ss,...,S,
are arbitrary non-empty finite subsets of F and define

gi(X;) = H (X5 —55).
$;€S;

Alon’s Combinatorial Nullstellensatz [2, Theorem 1.1] is the following, which differs from
the classical Nullstellensatz of Hilbert [10, pp.21], in that the polynomials in Alon’s version
are univariate and the field is arbitrary, whereas in the classical version the polynomials
are arbitrary and the field is algebraically closed.

THEOREM 1.1. If f vanishes over all the common zeros of 91,92, ..., gn, in other words

f(s1,82,...,8,) =0 foralls; € S;, then there are polynomials hy, hy, ... h, € F[X;, Xs, ...

satisfying deg(h ) < deg(f) — deg(g;) with the property that
f= Z higi.
i=1

Although not explicitly stated in his article, the following corollary is easily proven. Note
that under the hypothesis, there is always at least one point of the grid where f does not
vanish. This corollary incorporates Theorem 5 from Alon and Fiiredi [3].

COROLLARY 1.2. If f € F[Xy,Xo,...,X,] has a term of mazimum degree X{*... X,
where r; = |S;|—t; and t; > 1 for alli, then a grid which contains the points of Sy x...x S,
where f does not vanish, has size at least t; X ... X t,,.

Proof. Suppose that there is a grid M; x ... x M, where n; = |M;| < t; for some j,
containing all the points S7 x ... x S, where f does not vanish. Let

(X)) = [ (X;—my).

ijMj

The polynomial fe; is zero at all points of S; x ... x S;, and has a term of maximum

degree X7*... X "] 1XTJ+"JX;f11 ... X]r. Note that r; + n; < |S;] and r; < |S;] for @ # j.
By Theorem 1. 1 the polynomial fe; = Y | g;h; for some polynomials h; of degree at
most deg(f) — deg(g;) + n;. The terms of maximum degree in fe; have degree in X; at

least |S;| for some ¢, a contradiction. O

2. PUNCTURED COMBINATORIAL NULLSTELLENSATZ

In Alon’s Combinatorial Nullstellensatz, Theorem 1.1, the function f was assumed to
have zeros at all points of the grid S; x Sy x ... x S,,. In the case that there is a point
in 57 x Sy x ... xS, where f does not vanish a slightly different conclusion holds. The
following can be thought of as a punctured version of Alon’s Combinatorial Nullstellensatz.

Let F be a field and let f be a polynomial in F[X, X5,..., X,]. Fori=1,...,n, let D;
and S; be finite non-empty subsets of IF, where D; C S;, and define

0:(X:) = [ (Xi—s0), and ;(X;) = [] (Xi = dy).

8, €8; d;,eD;
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THEOREM 2.1. If f wvanishes over all the common zeros of g1, g, ..., g, except at least
one element of D1 X Dy X ... X D,, where it is not zero, then there are polynomials
hi,hay ... hy, € F[Xy, Xo, ..., X,] satisfying deg(h;) < deg(f) — deg(g;) and a non-zero
polynomial w, whose degree in X; is less than |S;| and whose overall degree is at most the
degree of f, with the property that

f= Z hig; + w,
i=1
and .
w=u H %,
for some non-zero polynomial u. In particular, deg(f) > > "1, (|Si| — | D).
Proof. We can write
f= Z gihi + w,
i=1

for some polynomials h; of degree at most deg(f) — deg(g;), and a polynomial w, where
the degree of w in X is less than the degree of g; and the overall degree of w is at most the
degree of f. For each ¢ the polynomial fI; has zeros on all common zeros of ¢, go, . .., gn,
by assumption, and hence so does wl;. By Alon’s Nullstellensatz there are polynomials v;

with the property that
i=1

However the degree of X, in wl;, for j # i, is less than the degree of ¢;(X;) and so
wl; = gv;. Thus g; divides wl;. Note that [; divides g;, so this divisibility implies g;/I;
divides w. Hence

L TTY
w=1u g 2
for some polynomial u and u is not zero since 0 # f(dy,da, ..., d,) = w(dy,ds, ..., d,) for
some d; € D;.
Since w # 0 and deg(f) > deg(w) we conclude that deg(f) > > (1S:i| — |Dil). O

The following corollary is a converse of the corollary to Alon’s Nullstellensatz, Corol-
lary 1.2.

COROLLARY 2.2. If Dy X ...x D, is a grid containg all the points of the grid S; X ...x S,
where f does not vanish, then f has a term Xi* ... X", where |S;| —1>r; > |S;| — |D;l.

n ’

Proof. Let
Gi(X;) = H (X; — si), and [;(X;) = H (X; — dy).

8, €8; d;,eD;
By Theorem 2.1 we can write

f= Z higi +w,
i=1
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and
w=1u T,
i=1 "

for some non-zero polynomial u, and the degree in X; of w is less than |S,|. O

Note that Corollary 2.2 is not the exact converse of Corollary 1.2 since we cannot conlude
that the term X|'... X" will be of maximum degree. Indeed it is easy to construct
examples where f does not have such a term of maximum degree. For ¢ = 1,2 let

D; = {0} and S; = {0, 1} and therefore g;(X;) = X;(X; — 1). The polynomial
F(X1,Xp) = XP(X1 — 1) + (X = D(Xp — 1)
is zero at all points of the grid S; x S5 except at the origin which is the unique point in

Dy x Dy. According to Corollary 2.2 f has a term X; X5, which is the case, but it is not
a term of maximum degree.

3. COMBINATORIAL NULLSTELLENSATZE WITH MULTIPLICITY

In this section we take into account the multiplicities of the zeros of the polynomial f.
The following proof of Theorem 3.1 is based on the proof of Theorem 1.3 in [8].

In the following theorem we use the term a € F" is a zero of multiplicity t of a polynomial
f € F[Xy,Xs,...,X,]. Thisis defined to be the maximum non-negative integer ¢ with the
property that for every term X' X4? ... X! which occurs in f(X;—ay, Xo—as, ..., X,—ay)
the sum t; +t9 + ... +t,, is at least t.

Let T be the set of all non-decreasing sequences of length ¢ on the set {1,2,...,n}. For
any 7 € T, let 7(i) denote the i-th element in the sequence 7.

Let IF be a field and let f be a polynomial in F[X, X5, ..., X,]. Suppose that Sy, Ss,...,S,
are arbitrary non-empty finite subsets of F and define

gi(X;) = J[ (Xi = 5.
SiE€ES;

THEOREM 3.1. If f has a zero of multiplicity t at all the common zeros of g1, ga, ..., gn
then there are polynomials h, inF[ X1, Xy, ..., X,], satisfying deg(h,) < deg(f)—>_,c. deg(gi),

such that
f= ng) o Gryhr.

TeT

Proof. We shall prove this by double induction on n and ¢. If n =1 and f has a zero of
degree t for all s; € S; then f = g(X;)'h(X;) for some polynomial h. If t = 1 then the
theorem is Alon’s Nullstellensatz, Theorem 1.1.

Assume that the theorem holds whenever m < n and v < ¢ or whenever m < n and u < t.

Let a € S,. Write f = (X,, — a)A, + B, where A, € F [X1, Xs,...,X,] and B, €
F,[X1, Xs,...,X,—1]. The polynomial B, has a zero of multilplicity of ¢ at all elements
of S1 x Sy x ... x 8,1, so by induction

Ba = Z 9r(1), - - - 7gT(t)h’TJ

TETTL*l,i
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where deg(h,) is at most deg(f) — >, deg(g:)-
Let 8 € S, with § # a. Write A, = (X,, — §)As + Bg, where Az € F [ X1, Xo, ..., X,)]
and Bs € Fy[X1, Xs, ..., X,_1]. Again by induction, the polynomial

Bﬂ = Z gr(1), - - - 7gT(t)lT7

TETn_Lt
for some polynomials ., where deg(l.) < deg(Bg)—> .., deg(gi) < deg(f)—1=3",... deg(g;).
Thus we can write f = (X, — a)(X,, — 3)Ap + U, for some
Uaﬁ = Z gr(1)s -+ Gr ()M,
TET 1t
where m, has degree at most deg(f) —>_,., deg(g;).

Continuing in this way we can write f = ¢,(X,)A + B where A has degree at most
deg(f) — deg(gn) and

B = Z gr1)s - - -5 9r(t)Or>

TET’IL*l,t
where o, has degree at most deg(f) — > .., deg(g:).

The polynomial g,,(X,)A has a zero of multiplicity ¢ at all points of S; x Sy X ... x S,
and so A has a zero of multiplicity t — 1 at all points of S7 x Sy x ... x S,. By induction

A= Z gr)s - -+ 9r(t—-1)Pr)

TGTnyt_l
where p, has degree at most deg(A) — ... deg(g;).

Therefore, f can be written in the desired way. O

Theorem 3.1 has the following corollary.

COROLLARY 3.2. Let F be a field and let f be a polynomial in F[X1, Xs, ..., X,] and

suppose that f has a term X{*X5? ... X" of mazimum degree. If Si,Ss,...,S, are non-
empty subsets of F with the property that for all non-negative integers oy, . . ., o, satisfying
Sor i =t, one has

T, < Oéi|Si|,
for some i, then there is a point a = (a1, as,...,a,), with a; € S;, where f has a zero of

multiplicity at most t — 1.

Proof. Suppose that f has a zero of degree at least t at all elements of 57 x S5 X ... X S,,.
By Theorem 3.1 there are polynomials h, € F[X1, Xs, ..., X,,] with the property that

f = Zgﬂ'(l)a s 7g‘r(t)h’ra
TeT
and h, has degree at most deg(f) —_,., deg(g;). On the right hand side of this equality
the terms of highest degree are divisible by [, . Xz!si‘ for some 7. Therefore, there is a

7 for which r; > >, [S;| for all i € 7. Let «; be the number of times ¢ occurs in the
sequence 7. The sum > " | o; = ¢ and r; > ;| S| for all 7, a contradiction. O
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Note that the above corollary with ¢ = 1 is the original corollary to Alon’s Nullstellen-
satz that has proven so useful. Specifically, if r; < |S;| for all ¢ then there is a point
(ay,as,...,a,), with a; € S;, where f does not vanish.

The following is a version of the punctured Nullstellensatz, Theorem 2.1, taking into
account the multiplicity of the zeros of f.

Let F be a field and let f be a polynomial in F[X;, X5,..., X,]. Fori=1,... n, let D,
and S; be finite non-empty subsets of F, where D; C S;, and define

S8, €8; d;e€D;

THEOREM 3.3. If f has a zero of multiplicity at least t at all the common zeros of
1,92, - -, Gn, except at at least one point of D1 X Dy X ... X D, where it has a zero
of multiplicity less than t, then there are polynomials h, in F[Xy, Xo, ..., X,], satisfy-
ing deg(h;) < deg(f) — > e, deg(g:), and a non-zero polynomial u satisfying deg(u) <
deg(f) — 3211 (deg(g;) — deg(ly)), such that

[ = ZQT(U o Gryhe + UH %
i=1 "

TeT

Moreover, if there is a point of D1 x Dy X ... x D,, where f is non-zero, then for any j,

deg(f) = (t = 1)(1S;] = D)) + D _(1i] = |Di]).

i=1

Proof. We can write
f= ZgT(l) - Griyhe +w,
TeT
where w has no terms X' ... X for which thereis a 7 € T with r; > >[5 for all j.

By hypothesis, for all 7, fI! has zeros of multiplicity ¢ at all common zeros of g1, ga, . . . , gn
and hence, so does wl!. By Theorem 3.1 there are polynomials v, with the property that
(3.1) wlf = Z gr(1) - - - 9r(t) V-

T€T N
However wlj has no terms X{* ... X]» for which there is a 7 € 7" with r; > >~ [5;] for

all 7, unless 7 € 7. Thus
wlf = g;(X;) Z Gr(1) - - - 9r(t—1)0r
T€ET _1,n

for some polynomials o,, from which it follows that g;l; divides w for each 7. Thus we can

write
n

f= 297(1) o Gryhr +UH %,

TeT i=1
for some polynomial v, where u # 0 since f & (gr1y, -, Grt) | T € Thp)-

To prove the lower bound on the degree of f, we will prove a lower bound on the degree
of u.
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Let (dy,...,d,) be a point of Dy X ... x D, where f is not zero. Equation 3.1 with i =1
gives

U(Xl,dg, ... ,dn)li?—ll = givly

for some polynomial vy, and hence (g;/1;)"" divides u(Xy,ds, ..., d,).
It only remains to show that u(Xy,ds, ..., d,) is not zero. This follows immediately since

f(Xy,...,d,) is not zero at X7 = dy, u(Xy,ds, ... ,d,)g1/l1 isn’t either and hence neither
is U<X1,d2,...,dn). O

4. APPLICATIONS TO FINITE FIELDS

The following Chevalley-Warning type theorem follows directly from Theorem 2.1.
Let F, be the finite field with ¢ elements.

THEOREM 4.1. Let fi, fa, ..., fm be polynomials of Fy[ X1, Xa, ..., X, and let d = | D | +

...+ |Dy|, where D; is the set of elements a of F, where there is common zero of
fi, fay ooy fon withi-th coordinate a. If d # 0, in other words if the polynomials fi, fo, ..., fm
have a common zero, then

d
T

ngqg —
q_

Zdeg(fz’) >

Proof. Define
=110 = fiX, Xa 0 X)),

i=1
and note that f is non-zero only when evaluated at a common zero of fi, fo,..., fi. If
there is a common zero then Theorem 2.1 implies that the degree of f,

(¢—1) Zdeg(ﬁ-) > ng — Z | Dy
L]

If d # 0 then d > n and when d = n there are examples of m polynomials f; with
S, i = n with exactly one common zero. For example, take 7 to be non-square in F,
let fi = X?—nX2 andfori=2,...,n—1let f; = X; — X;;1. The only common zero of
the f; is the origin.

5. APPLICATIONS TO GEOMETRY

Let F be an arbitrary field and let PG(n, F) denote the n-dimensional projective geometry
over [F.

THEOREM b5.1. Let t be a positive integer and let ly,ls, ... 1, be n concurrent lines, all
incident with the point x, spanning PG(n,F). Let S; be a subset of points of I; \ {z} and
let D; be a proper non-empty subset of S;. Suppose that there is a set A of points with the
property that every hyperplane (s, Sa, ..., S,) where (s1,...,8,) € (S1 X ...x S,)\ (D1 X
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... X Dy) is incident with at least t points of A. If there is a hyperplane (dy,ds, ..., d,),
where (dy,...,d,) € Dy X ... x D,, which is incident with no point of A, then for all j

Al = (t = 1)(IS;] = ID;1) + > _(15i] = | Dil).

=1

Proof. Let H be a hyperplane that meets the lines [; in a point of .S; but is not incident
with any point of A. Apply a collineation of PG(n,F) that takes [y, ls,...,[, to the axes
of AG(n,F), the affine space obtained from PG(n,F) by removing the hyperplane H, and
takes the point H N; to the point (e;), where e; is the canonical basis vector with a 1 in
the i-th coordinate and zero in the others.

We can then assume that A is a subset of AG(n,F), the affine space obtained from
PG(n,F) by removing the hyperplane H. The hyperplane H is defined by the equation
XTL+1 = 0

Let T; be the subset of F containing 0 with the property that s~ € T; \ {0} if and only
if (se; + e,4+1) is a point of S;. Note that the line /;, after applying the collineation, is
(€, ent1) and |T;] = |S;|. Let E; be the subset of F containing 0 with the property that
d~' € E;\ {0} if and only if (de; + e,11) is a point of D;. Define

pne (509 )

The affine hyperplanes Y.  ;X; = 1, where t; € T; are not all zero, are the affine
hyperplanes spanned by points si, So, ..., S,, where s; € S;. By hypothesis there are ¢
points of A incident with these hyperplanes, unless t; € E; for all ¢, and so f has a zero
of multiplicity t at (t1,1s,...,t,), unless t; € E; for all i.

However 0 € E; for all i and F(0,0,...,0) = (—1)1! so there is an element of T} x T x
. x T, where f does not vanish. Theorem 3.3 implies that for all j

Al = deg(f) = (t=D(T3 = E;)+ Y (1T = El) = (=185 = 1D;))+ > (18] = |Dil).
i=1 i=1
OJ
Note that the above proof also shows that the theorem holds for any multi-set A.

The condition that there is a hyperplane that is not incident with a point of A is essential.
If we do not impose this condition then there is always an appropriate choice of 7, a
sequence of length t whose elements come from {1,2,...,n}, so that if we put A =
Ui, S-;) then A satisfies the hypothesis of the theorem, but

Al = 1Sl + -+ 1Sl < (8= 1)IS+ Y 18,
=1

contradicting the conclusion.

For t = 1 the bound is tight. Take

2= U o
=1
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Theorem 5.1 has some corollaries. The following theorem is due to Bruen [8] and together
with Alon’s Nullstellensatz was the inspiration for this article. It was initially proven for

t = 1 by Jamison [12] but more pertinent here is the independent proof found by Brouwer
and Schrijver [7].

If IF is a finite field F, we usually write PG(n, ¢) instead of PG(n,F,) and AG(n, ¢) instead
of AG(n,F,).

THEOREM 5.2. If every hyperplane of AG(n,q) is incident with at least t points of a set
of points A, then A has at least (n+t —1)(¢ — 1) + 1 points.

Proof. Let ly,ls,...,l, be n lines of PG(n,q) incident with the same point = of A and
spanning PG(n, q). Let H be the hyperplane which is incident with no point of A and set
S; =1;\{z} and D; = [;N H. Theorem 5.1 implies [A|—1 > (t—1)(¢—1)+n(¢—1). O

The bound in this theorem can be improved slightly in many cases when ¢ < ¢ as was
proven in [5]. In Theorem 5.7 we shall investigate when this improvement applies to the
more general Theorem 5.4 below.

Firstly let us look at a consequence of Theorem 5.1 for projections.

THEOREM b5.3. If there are m — 1 points x1,Ta,...,Tm_1 of PG(n,F) that project m
collinear points S1 onto m collinear points Sy then there is a further point x,, which also
projects Sy onto Ss.

Proof. Suppose that there is no such point z,, which also projects S; onto S5. Thus
there are m lines [y, ...,[,, that join a point of S; to a point of Sy but are not incident
with any of the points xq,xs,...,2,,_1. The points of S; and Sy are all contained in
the same plane and so any two lines /; and [; are incident. If they are not all incident
with a common point x,, then we can choose m — 2 points yi, ..., ym_2 such that y; is
incident with /; but is not incident with [,,, and y,,_» is the intersection of the lines [,, »
and [,,_1. Note we may have to relabel the lines to ensure that [, is not incident with
the intersection of the lines [, 5 and [,,_1. The set A = {x1,29, ..., Tm_1,Y1,-- > Ym_2}
has the property that every line that joins a point of S; to a point of Sy is incident with
a point of A except [,,, which contradicts Theorem 5.1, which says that A should have at
least |S1| — 14 [Ss| — 1 = 2m — 2 points. O

In the case when m = 3 the nine points S; U Sy U {1, 2, x3} form an affine plane of
order 3 embedded in PG(2,F). This can be proven again applying Theorem 5.1 to the
dual structure. The 8 point structure, i.e. not including x5, is referred to as the 83
configuration, so the above theorem says that an 83 configuration embedded in PG(n,F)
extends to an affine plane of order three AG(2,3) embedded in PG(n,F), see [1] and
[15]. One can readily check with coordinates when the 8 point structure is embedded in
PG(n, F), where the condition appears that this indeed occurs if and only if —3 is a square
in I and the characteristic is not 2 or the characteristic is 2 and F contains a primitive
third root of unity.

The following theorem is almost the dual of Theorem 5.1. It is slightly easier to prove
since here we fix a coordinate system.
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THEOREM 5.4. Let A be a set of hyperplanes of AG(n,F) and let D; be a non-empty
proper subset of S;, a finite subset of F. If every point (s1,S2,...,S,), where s; € S;, is
incident with at least t hyperplanes of A except at least one point of D1 X Dy X ... X D,
which 1s incident with no hyperplane of A, then for all j

1Al = (¢ = D551 = |Ds]) + Z(’Si’ — |Di]).

Proof. Define

F(X1, Xa, o X0) =] ((Z aiXi> —~ anﬂ) :

where each factor in the product corresponds to a hyperplane, defined by the equation
Yo ;. X; = any1, in A. By hypothesis the polynomial f has a zero of mutiplicity ¢ at all
the points of S; x Sy X ... X S, except at least one point of D; x Dy X ... x D, where it
is not zero. By Theorem 3.3 the bound follows. UJ

If S; =F, and D; = {0} then Theorem 5.4 implies that a set of hyperplanes A with the
property that every point of AG(n, ¢), different from the origin, is incident with at least ¢
hyperplanes of A has cardinality at least (n+t —1)(¢ — 1), which dualising gives Bruen’s
Theorem, Theorem 5.2 again.

Theorem 5.4 has the following immediate corollaries for ¢ = 1, which are due to Alon and
Fiiredi [3].

THEOREM b5.5. Let hy, ha, ..., h, be positive integers and let G be the set of points (y1, ..., Yn),
with 0 < y; < h;. A set of hyperplanes which covers all but one point of G has cardinality
at least hqy 4+ ho + ...+ hy,.

THEOREM 5.6. Let A be a set of hyperplanes of AG(n,F). If every point of Sy X ... xS,
1s incident with a hyperplane of A, except at least one point, then there are at least
min({yiye - yn | Doiey Yi < —|A[+D0 1 1Sil, yi < [Si|}]) points of Sy x ... xS, incident
with no hyperplane of A.

We end this section by proving the following theorem which is similar to Theorem 5.4 but
in which there are translations of the set of hyperplanes of AG(n,q), not incident with
the origin, which also cover most, but not all, of the points of the grid S; x ... x .S,,.

For any A € F" and A, a finite subset of F”, define A+ A= {a+ X | a € A}.

In the following a punctured gridis a set of points (S7 x...x.S,)\ (D1 X...x D,), where D,
is a proper non-empty subset of S;, a finite subset of F. If (0,...,0) € Dy x...x D,, then
we say that the grid is punctured at the origin. We define the weight of the punctured
grid to be Y"1 (|S;| — |Dil)-

THEOREM 5.7. Let {G* | A € A} be a set of grids, punctured at the origin, which all have
the same width ¢ and for which ¢, = |Si| — |D1| does not depend on . Let A be a set
of vectors with the property that every point of G* is incident with at least t hyperplanes
defined by equations of the form

biX) 4. b X, =1,
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for some b e A+ .
Let m be minimal such that for all X € A

[[ xXx—=9=14+X"r(X)
seSP\Dy
for some polynomial ry, where G* is the punctured grid (S7 % ... x SN\ (D} x ... x D).
Let pp=1{ | (M,..., ) €A} and let pa = [{ | (A1,..., ) € AN(=A)}.
Suppose there are non-negative integers j and k with the property that either

kE<j<min{t—1,m—1,us— 1}

or
E+1<j<min{t—1,m—1,pu—1}.
If
(c—i—(t—.l)cl%—k) 40
J
then

Al > c+ (t—1)ey + k+ 1.

Note that applying Theorem 5.4 to A for any of the punctured grids G* gives the lower
bound ¢+ (t — 1)¢.

Proof. Suppose that |A| = c+ (t — 1)y + k. Let

f/\(XlaXQa cee 7Xn) - H ((i(az + )\z)Xz> — 1) .

a€A i=1

The degree of f) is |A| —1+¢€, where e = 0if A = —a for some a € A and € = 1 if not. By
hypothesis the polynomial f has a zero of mutiplicity ¢ at all the points of 57 x S5 x...x .S,

except at least one point of Dy X Dy X ... x D,, where it is non-zero. Let
$;€8; d;eD;

By Theorem 3.3

& Gi
f)\(le s 7Xn) = ZQT(I) .- -gT(t)hT +UIH77
i=1 "

TeT

for some polynomial u; of degree at most (t — 1)(|S1| — |D1|) + k — 1 4+ €. Since there
is a point, the origin, of Dy x Dy x ... x D,, where f) is non-zero, the polynomial u; is
non-zero at this point. The polynomial in one variable

g1

Iy’

for some polynomial h and polynomial us of degree at most the degree of u;.

f,\(X,O,...,O):gih—kuQ
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By hypothesis f\ has a zero of multiplicity ¢ at all the points (s1,0,...,0), where s; €
S1\ Di. Therefore fy(X,0,...,0) is divisible by

<?_11)t = (1+ X7y (X))".

Let A; be the multiset where a; appears as an element of A; the number of times it
appears as the first coordinate of an element of A. Thus
f)\(Xa 07' .- 70) = gih—i_UZ%)
1
can be written as
I ((a2 +M)X = 1) = (1 4+ X™r) (us + Al}),

a1€A;
for some polynomial uz of degree at most the degree of uy minus (¢t — 1)(|S1| — |D1l),
which is at most & — 1 + ¢. Since 0 € D; we can write hlj = X"'h, for some polynomial
hs. Thus, the coefficient of X7 in the right hand side of the equation above is zero for all
j for which £+ ¢ < j < min{m — 1,£ — 1}. On the left-hand side of the equation above
the coefficient of X7 is a polynomial in A\; of degree at most j where the term A, if it
appears in the polynomial, has coefficient

)

If the number of A\; which appear as first coordinate in the vectors in A is more than
j, then the coefficient of X7, which is a polynomial in A\; of degree at most j, must be
identically zero, and therefore the binomial coefficient is zero. 0

The following corollary is a slight generalisation of Theorem 2.2 from [5].

COROLLARY 5.8. A set A of points of AG(n,q) with the property that every hyperplane
is incident with at least t points of A has size at least

m+t—1)(¢g—1)+k+1
provided that there exists a j with the property that k < j < min{t — 1,q — 2} and

(—n—t;kntl) 40,

Proof. Apply Theorem 5.7 with A = —A, S; = F, and D; = {0} for all i = 1,2,...,n.

Note that for all ¢
[[] d-9)=x"-1,
s€S;\D;
som =q—1and that [{\; | (A1,..., ) €EAN(=A)} = {—a1 | (a1,...,a,) € A} =q.

We conclude that if there are non-negative integers j and k with the property that k <
Jj <min{t —1,q — 2} and
((n+t—1)(Q—1)+k) B (_n—t+k+1) 40
J J ’

then
Al > (n+t—1)(g—1)+k+1.
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The following corollary is from Blokhuis [6] for (t,¢q) = 1 and [4] in general.

COROLLARY 5.9. A set of points of AG(2,q) with the property that every line is incident
with at least t points of A has size at least (t +1)q — (t,q).

Proof. The binomial coefficient in the previous corollary with n =2 and j = k =t — (¢, q)

IS (_tl—_@(,t 5))’

which is non-zero by Lucas’ Theorem. 0

6. APPLICATIONS TO LINEAR CODES

The set of columns of a generator matrix of a k-dimensional linear code of length n
containing the all-one vector, is a set S of n points of AG(k — 1, ¢). The minimum weight
of any non-zero codeword is the minimum distance d of the code. This implies that every
hyperplane of AG(k — 1,¢) is incident with at most n — d points of S. Therefore the set
A of points which is the complement of S is a set of ¢*~! — n points with the property
that every hyperplane is incident with at least t = ¢*=2 — (n — d) points of A. Thus the
bounds we have proved in Corollary 5.8 and Corollary 5.9 give bounds on the length of
such linear codes. For example, Corollary 5.9 has the following consequence.

Let e =n — k+ 1 — d be the Singleton defect of a k-dimensional linear code of length n
and minimum distance d.

COROLLARY 6.1. A three-dimensional linear code containing the all-one vector with Sin-
gleton defect e has length at most

(e+1)g+ (e +2,q).

Proof. By the comments immediately preceeding, Corollary 5.9 for k£ = 3 implies
¢ —n>(g-n+d+1)g—(n—dq)

and hence
n<(e+1)g+ (e+2,q).
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