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Abstract

We prove that Boolean functions on S, whose Fourier transform is highly
concentrated on the first two irreducible representations of S,,, are close to being
unions of cosets of point-stabilizers. We use this to give a natural proof of a
stability result on intersecting families of permutations, originally conjectured by
Cameron and Ku [6], and first proved in [I0]. We also use it to prove a ‘quasi-
stability’ result for an edge-isoperimetric inequality in the transposition graph
on Sy, namely that subsets of S,, with small edge-boundary in the transposition
graph are close to being unions of cosets of point-stabilizers.

1 Introduction

In extremal combinatorics, we are typically interested in subsets S of a finite set X
which satisfy some property, P say. Often, we wish to determine the maximum or
minimum possible size of a subset S C X which has the property P. The maximum
or minimum-sized subsets of X with the property P are called the extremal sets.

In the past fifty years, discrete Fourier analysis has been used to solve a number
of extremal problems where the set X may be given the structure of a finite group, G.
In this case, given a set S with the property P, one may consider the characteristic
function 1g, and take the Fourier transform of 1g. (Recall that the characteristic
function of a subset S C G is the real-valued function on G with value 1 on S and
0 elsewhere.) If we are lucky, the property P gives us information about the Fourier
transform of 1g, which can then be used to obtain a sharp bound on |S|. Often, such
proofs tell us that if S is an extremal set, then the Fourier transform of 1g must be
supported on a certain set, 7" say; this can then be used to describe the structure of
the extremal sets.

Under these conditions, it often turns out that if S is ‘almost-extremal’;, meaning
that it has size close to the extremal size, then the Fourier transform of 1g is highly
concentrated on T'. If one can characterize the Boolean functions whose Fourier trans-
form is highly concentrated on T', one can describe the structure of the almost-extremal
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sets. Sometimes, almost-extremal sets must be close in structure to a genuine extremal
set; this phenomenon is known as stability.

Characterizing the Boolean functions whose Fourier transform is highly concen-
trated on T often turns out to be a hard problem. To date, such a characterization
has been obtained in several cases where the group G is Abelian, using the well-
developed theory of Fourier analysis on Abelian groups. The simplest case is that of
dictatorships: Friedgut, Kalai and Naor [19] prove that a Boolean function on {0,1}"
whose Fourier transform is close to being concentrated on the first two levels, must be
close to a dictatorship (a function determined by just one coordinate). This was useful
for Kalai in [26] where he deduced a stability version of Arrow’s theorem on social
choice functions, namely that if a neutral social choice function has small probability
of irrationality, then it must be close to a dictatorship. Alon, Dinur, Friedgut and
Sudakov [I] proved a similar result for Z!' (a result later improved by Hatami and
Ghandehari, [23]), and utilized it to describe the large independent sets in powers of
a large family of graphs.

In this paper, we obtain a similar result for Boolean functions on S,,. It is easy
to see that if f: S,, — R, then the Fourier transform of f is supported on the first
two irreducible representations of S, if and only if it lies in the subspace spanned by
the characteristic functions of cosets of point-stabilisers. (For brevity, we refer to the
cosets of point-stabilisers as 1-cosets, and we denote the subspace spanned by their
characteristic functions as U;. Similarly, a t-coset is a coset of the stabilizer of an
ordered t-tuple of distinct points.) If f is Boolean, i.e. f: S, — {0,1}, and f € Uy,
then f is the characteristic function of a disjoint union of 1-cosets. (This is somewhat
trickier to show; a proof may be found e.g. in [I5].) A disjoint union of 1-cosets is
precisely a subset of S,, whose characteristic function is determined by the image of
the pre-image of just one coordinate; by analogy with the {0,1}" case, we call these
subsets (or their characteristic functions) dictators.

In this paper, we consider Boolean functions on S,, whose Fourier transform is
highly concentrated on the first two irreducible representations of S,, — equivalently,
Boolean functions which are close (in Euclidean distance) to the subspace U;. We
prove the following ‘quasi-stability’ result.

Theorem 1. There exist absolute constants Cy, €9 > 0 such that the following holds.
Let A C S,, with |A| = ¢(n — 1)!, where ¢ < n/2, and let f = 14: S, — {0,1} be
the characteristic function of A, so that E[f] = ¢/n. Let f1 denote the orthogonal
projection of f onto Uy. If E[(f — f1)?] < ec/n, where € < ey, then there exists a
Boolean, function f : S, — {0,1} such that

E[(f — f)?] < Coc*(€/* +1/n)/n, (1)

and f is the characteristic function of a union of round(c) I-cosets of S,,. Moreover,
|c — round(c)| < Coc?(¢'/2 + 1/n). (Here, round(c) denotes the nearest integer to c,
rounding up if ¢ € Z + %)

This theorem says that a Boolean function on S,, (of small expectation) whose
Fourier transform is close to being concentrated on the first two irreducible represen-
tations of S, must be close in structure to the characteristic function of a union of



1-cosets. Equivalently, a (small) subset of S,,, whose characteristic function is close (in
Euclidean distance) to Uy, must be close in symmetric difference to a union of 1-cosets.

This statement is not ‘stability’ in the strongest sense; in fact, ‘genuine stability’
does not occur. A ‘genuine’ stability result would say that a subset of S,, whose
characteristic function is close to Uy must be close in symmetric difference to a subset
of S,, whose characteristic function lies in U; — i.e., close in symmetric difference
to a disjoint union of 1-cosets. A union of two mon-disjoint 1-cosets is not close in
symmetric difference to any of these, and yet its characteristic function s close to Uj.
Our result says that subsets close to unions of cosets (not necessarily disjoint) are the
only possibility. We therefore call it a ‘quasi-stability’ result.

If we restrict our attention to subsets A C S,, with size close to (n — 1)!, Theorem
[ says that if the characteristic function 14 is close to Uy, then A must be close in
symmetric difference to a single 1-coset. This leads to our first application: a natural
proof of the following conjecture of Cameron and Ku [I0].

Conjecture 2. There ezists § > 0 such that for all n € N, the following holds. If
A C S, is an intersecting family of permutations with |A] > (1 —§)(n—1)!, then A is
contained within a 1-coset of S,,.

(Recall that a family A C S, is said to be intersecting if any two permutations
in A agree at some point.) Conjecture [ is a rather strong stability statement for
intersecting families of permutations. It was first proved by the first author in [10]
using a different method (viz., by obtaining much weaker stability information, and
then using the intersecting property to ‘bootstrap’ this information). As suggested
by Hatami and Ghandehari [23], progress on the Cameron—Ku conjecture has indeed
been linked to a greater understanding of a kind of stability phenomenon for Boolean
functions on S,,.

As a second application, we obtain a structural description of subsets of S,, of
various sizes which are almost-extremal for the edge-isoperimetric inequality for S,,.
If AC Sy, welet A denote the edge-boundary of A in the transposition graph, the
Cayley graph on S,, generated by the transpositions. We prove the following.

Theorem 3. For each ¢ € N, there exists no(c) € N and do(c) > 0 such that the
following holds. Let A C S,, with |A| = c(n —1)!, and with

|A[(n! - |A])
(n—1)!

where n > no(c) and 6 < do(c). Then there exists a family B C Sy such that B is a
union of ¢ 1-cosets of Sy, and

A\ B| < O(cd)(n — 1) + O(c?) (n — 2)1.

[0A] < + on|Al,

(We may take 5o(c) = Q(c™) and no(c) = O(c?).)

Here, the almost-extremal sets include unions of 1-cosets which are not disjoint,
whereas the extremal sets consist only of disjoint unions of 1-cosets. We feel that this
is a good example of a problem where the class of almost-extremal sets is considerably
richer than the class of extremal sets.



This paper is part one of a ‘trilogy’ dealing with results similar to Theorem [l
In [13], we deal with balanced Boolean functions whose Fourier transform is highly
concentrated on the first two irreducible representations of S,. We prove that if
f is a Boolean function on S,, with expectation bounded away from 0 and 1, with
Fourier transform highly concentrated on the first two irreducible representations of
Sy, then f is close in structure to a dictatorship. Hence, in the balanced case, genuine
stability occurs, as opposed to the ‘quasi-stability’ phenomenon for Boolean functions
with expectation O(1/n), in the current paper. In both cases, however, the Boolean
functions which are close to U; are close in structure to unions of 1-cosets. The reason
for the disparity between the balanced case and the sparse case is that a union of ¢
pairwise non-disjoint 1-cosets is ©(c?/n?)-far from U;. In the setting of the current
paper, ¢ = o(n) and so ©(c?/n?) = o(1). By contrast, in the setting of [13], ¢ = O(n)
and so O(c?/n?) = O(1), so a union of 1-cosets can be close to U; only if it is essentially
a disjoint union of 1-cosets. Our approaches in the two cases are completely different,
and to date, we have not been able to come up with a unified approach works for the
entire range 1/n < E(f) <1-—1/n.

The third part of our trilogy, [14], deals with Boolean functions on S, whose
Fourier transform is highly concentrated on irreducible representations corresponding
to partitions of n with first row of length at least n — ¢, or equivalently, Boolean
functions which are ‘close’ in Euclidean distance to the subspace of C[S,] spanned
by all characteristic functions of t-cosets. We prove that such a function must be
‘close’ to the characteristic function of a union of t-cosets, using methods similar to
the ones in this paper. However, the amount of representation theory needed for this
makes for a hefty treatise which deserves a separate showcase. We point out that
this is analogous to the state of affairs in the theory of Boolean functions on {0,1}".
There, the theorems dealing with Boolean functions whose Fourier transform is highly
concentrated on sets of size at most ¢, for ¢ > 1 (e.g. [5], [18], [28], [31], and recently
[27]), tend to be far more complicated than in the ¢ = 1 case. In the {0,1}" case,
such theorems have proven to be quite useful, e.g. as an important component in the
proof of a ‘stability’ version of the Simonovits-Sés conjecture [I2]. We trust that the
symmetric-group versions will prove useful too.

The structure of the rest of the paper is as follows. In section 2 we provide some
general background and notation. In section 3 we state and prove our main theorem.
In section 4 we describe our two applications. Finally, in section 5 we mention some
open problems.

2 Notation and Background

2.1 General representation theory

In this section, we recall the basic notions and results we need from general represen-
tation theory. For more background, the reader may consult [33].

Let G be a finite group. A representation of G over C is a pair (p, V'), where V' is a
finite-dimensional complex vector space, and p: G — GL(V) is a group homomorphism
from G to the group of all invertible linear endomorphisms of V. The vector space V,



together with the linear action of G defined by gv = p(g)(v), is sometimes called a CG-
module. A homomorphism between two representations (p, V) and (p’,V”’) is a linear
map ¢: V — V' such that ¢(p(g)(v)) = p'(9)(¢(v)) forallg € Gandv e V. If ¢ is a
linear isomorphism, the two representations are said to be equivalent, or isomorphic,
and we write (p, V) = (p/,V’). If dim(V') = n, we say that p has dimension n, and we
write dim(p) = n.

The representation (p, V) is said to be irreducible if it has no proper subrepresen-
tation, i.e. there is no proper subspace of V' which is p(g)-invariant for all g € G.

It turns out that for any finite group G, there are only finitely many equivalence
classes of irreducible complex representations of GG, and any complex representation of
G is isomorphic to a direct sum of irreducible representations of G. Hence, we may
choose a set of representatives R for the equivalence classes of complex irreducible
representations of G.

If (p, V) is a complex representation of V', the character x, of p is the map defined
by

Xp: G — G
Xo(9) = Tr(p(g)),

where Tr(a) denotes the trace of the linear map « (i.e. the trace of any matrix of ).
Note that x,(Id) = dim(p), and that x, is a class function on G (meaning that it is
constant on each conjugacy-class of G.)

The usefulness of characters lies in the following

Fact. Two complex representations are isomorphic if and only if they have the same
character.

Definition. Let R be a complete set of non-isomorphic, irreducible representations
of G, i.e. containing one representative from each isomorphism class of irreducible
representations of G. Let f : G — C be a complex-valued function on G. The Fourier
transform of f is defined by

flp) = @l > f@)p(o) (pER); (2)
it can be viewed as a map from R to End(V'), the space of all linear endomorphisms

of V.

Let G be a finite group. Let C[G] denote the vector space of all complex-valued
functions on G. Let P denote the uniform probability measure on G:

P(A) = Al/IG] (A CG).

We equip C[G] with the inner product induced by the uniform probability measure
on G:

1 -
(f.9) = @l > fo)g(o).

ceG



Let

I1£l2 = VE = ﬁ NG

ceG

denote the induced Euclidean norm.
For each irreducible representation p of G, let

U,:={f € C[G]: f(x) =0 for all irreducible representations 7 % p}.

We refer to this as ‘the subspace of functions whose Fourier transform is supported
on the irreducible representation p’. Note that if p’ = p, then U, = U,. It turns out
that the U,’s are pairwise orthogonal, and that

cle) = Pu,.

pPER

Moreover, we have dim(U,) = (dim(p))? for all p.
For each p € R, let f, denote orthogonal projection onto the subspace U,. Then

we have
FIE =D 11fall3 (3)

PER

Background on the representation theory of S,,.

Definition. A partition of n is a non-increasing sequence of integers summing to n,
i.e. a sequence X = (A1,...,Ap) with Ay > Ao > ... > A\ and Zle Ai = n; we write
A n. For example, (3,2,2)F 7.

The following two orders on partitions of n will be useful.

Definition. (Dominance order) Let A\ = (A1,...,Ar) and p = (1, ..., ps) be parti-
tions of n. We say that X > p (A dominates p) if 320 Ni > 35 ) pi Vi (where we
define \y =0 Vi>r, puj=0V%j>s).

It is easy to see that this is a partial order.

Definition. (Lexicographic order) Let X = (A1,...,\) and p = (p1,. .., 1s) be parti-
tions of n. We say that X > p if Aj > pj, where j = min{i € [n] : X\; # p;}.

It is easy to see that this is a total order which extends the dominance order.

It is well-known that there is an explicit 1-1 correspondence between irreducible
representations of S,, (up to isomorphism) and partitions of n. The reader may refer
to [34] for a full description of this correspondence, or to the paper [I5] for a shorter
description.

For each partition a, we write [a] for the corresponding isomorphism class of
irreducible representations of S, and we write U, = Ul,) for the vector space of
complex-valued functions on I' whose Fourier transform is supported on []. Similarly,
if f € C[S,], we write f, for the orthogonal projection of f onto U,.



We will be particularly interested in the first two irreducible representations of S,
(under the lexicographic order on partitions). The first, [n], is the trivial representa-
tion; Uy, is the subspace of C[S,] consisting of the constant functions. The second
may be obtained as follows.

The permutation representation pperm is the representation corresponding to the
permutation action of S, on {1,2,...,n}. It turns out that pperm decomposes into a
direct sum of a copy of the trivial representation [n] and a copy of [n—1, 1], the second
irreducible representation of S, .

As observed in [15], we have

Um) ® Un—1,1) = Span{1r,, : 4,5 € [n]},

where
T, ={c€S,:0(i) =7}

The T;;’s are the cosets of the point-stabilizers in S,,; for brevity, we call them the
1-cosets of S,,. We write

U, .= U(n) [e2) U(nfl,l) = Span{lTij t i, € [n]}

If f € C[S,], we will write f; for the orthogonal projection of f onto the subspace Uy;
note that f, = f(n) + f(nfl,l)'

Similarly, if ¢ > 1, and if T and J are ordered t-tuples of distinct elements of [n],
then we write

Try:={oc€S,: ol)=J}.
We call the T7;’s the t-cosets of S, and we define

U, := Span{1y,, : I,J are ordered t-tuples of distinct elements of [n]}.

Recall the following theorem from [I5], which completely characterizes the Boolean
functions in U;.

Theorem 4. If AC S, has 14 € Uy, then A is a disjoint union of 1-cosets of Sy,.
Remark 1. If A C S, is a disjoint union of 1-cosets of S,,, then we either have
A=]JT;
jed
for some i € [n] and some J C [n], or
A=,
iel

for some j € [n] and some I C [n]. Hence, 14 must be determined by the image or
preimage of a single element. We may therefore call 14 a dictatorship, by analogy
with the {0,1}" case, hence the title of this paper.



Remark 2. It is in place to remark that if ¢ > 2, then a Boolean function in Uy is
not necessarily the characteristic function of a union of t-cosets. Theorem 27 in [15]
states that a Boolean function in U; is the characteristic function of a disjoint union
of t-cosets, but this is false for ¢ > 2; a counterexample, and the error in the proof, is
pointed out by the second author in [I7]. A counterexample when ¢ = 2 is as follows.
Let n > 8. For any permutation 7 € S,,, define x = x(7) € {0,1}* by x; = Lir(iyep)ys
and consider the function

f 2 Sn — {07 1}; = 1{112122132964 or x1<wo<zz<zy}-

It can be checked that f € Us, but the value of f clearly cannot be determined by fixing
the images of at most two elements of [n], so neither f nor 1 — f is a union of 2-cosets.
It is easy to use f to construct a counterexample for each ¢ > 3, by considering a
product of f with the characteristic function of the pointwise stabilizer of a (¢t — 2)-set.
We note that the main application of Theorem 27 in [I5] was to characterize (for large
n) the t-intersecting families in S,, of maximum size (i.e., to characterize the cases
of equality in the Deza-Frankl conjecture); fortunately, this characterization follows
immediately e.g. from the Hilton-Milner type result of the first author in [I1], where
the proof does not depend on Theorem 27 in [I5] (and indeed predates the latter).

Our main theorem describes what happens when 1 4 is near U;. We will show that
if f: S, — {0,1} is a Boolean function on S,, such that

E[(f - f1)%]
is small; then there exists a Boolean function h such that
E[(f —h)?]

is small, and h is the characteristic function of a union of 1-cosets of S,,. Note that,
by (@), we have

E((f—f)’1=f=hAllE= > [lfall® =dist(f,U1)?
a#(n),(n—1,1)

where dist denotes the Euclidean distance.

Our proof relies on considering the first, second and third moments of a non-
negative function g which is an affine shift of the projection fi. One may compare this
with the proofs of the Abelian analogues in [I] and [19], where the fourth moment is
considered in order to obtain structural information.

Throughout, if v and v are functions of several variables (e.g. n, ¢, €1), the notation
u = O(v) will mean that there exists an absolute constant C' (not depending upon any
of the variables) such that |u| < C|v| pointwise. Similarly, the notation v = Q(v) will
mean that there exists a universal constant C' > 0 such that |u| > Clv| pointwise. As
usual, round(z) will denote 2z rounded to the nearest integer, rounding up if x € Z+ %



3 The quasi-stability theorem

In this section, we prove our main ‘quasi-stability’ theorem, Theorem [

Theorem 1. There exist absolute constants Cy, €9 > 0 such that the following holds.
Let A C S, with |A| = ¢(n —1)!, where ¢ <n/2, and let f = 14: S, — {0,1} be the
characteristic function of A, so that E[f] = ¢/n. Let fi denote orthogonal projection
of f onto Uy = Uy ® U—1,1y- If E[(f — f1)?] < ec/n, where € < g, then there exists
a Boolean, function f : S, — {0,1} such that

E[(f = [)’] < Coc*(e"/? + 1/n) /n, (4)

and f is the characteristic function of a union of round(c) I-cosets of S,. Moreover,
|c — round(c)| < Coc?(e'/? 4 1/n).

Remark 3. Observe that Theorem [[lis non-trivial only if e = O(c™2). Unfortunately,
it does not imply Theorem [ when we take ¢ = 0, due to the presence of the ‘extra’
term 1/n in the right-hand side of {@). We conjecture in Section [l that this term can
be removed (see Conjecture [24]).

While the ideas behind the proof are quite simple, the proof itself is rather long
and technical. So before presenting the actual proof, we give an overview.

Proof overview. The proof concentrates on analysing the matrix B = (bi;); je[n) de-
fined by
ANT;; A
bij - ﬁ - |7’L_'| :n<f71Tij> - <.f71>a
where 1 denotes the constant function with value 1.

The b;;’s turn out to be quite informative. If A contains Tj;, and ¢ = o(n), then
bi; is close to 1, whereas if A = Ty, and (k,1) # (¢,7), then b;; is close to 0. This is
illustrated by the following example, which is a good one to keep in mind while reading
the proof overview.

If A is a disjoint union of ¢ 1-cosets (a dictatorship), then B takes one of the
following forms:

e 1: -t —:
T n(n—1) o n(n—1) n(n—1) n(n—1) (5)
_n(nil) o n(nil) n(n—1) n(n—1)
or _ B
L= n n(n—1) (n—1)
c z
LT TAED TR (©)
“n n(n—1) T n(n—1)
_% n(nc—l) T n(nc—l)



Note that in both the above matrices, the sum of the squares of the entries is
approximately ¢, and also the sum of the cubes of the entries is approximately c. Our
first step will be to show that, under the hypotheses of the theorem, the same is true
for B. This in turn will enable us to show that B contains m entries which are close
to 1, where m = ¢, and all other entries are close to 0.

Rather than working directly with f1, it turns out to be easier to work with the

function
h’ Z bZJ T; R

which is an affine shift of f;. This is because the second and third moments of h are
nicely related to the b;;’s, whereas the same is not true of f;. Indeed, it turns out (see

Lemma ) that
1
21 _ 2
I= n—1 Zbij
0.

and

" 3
E[h] = (n—1)(n—2) 2%-

The bound on E[(f — f1)?] gives us a bound on E[h?], and hence a bound on ), ;b y 3

To obtain information about E[h?], it is helpful to consider another affine shift of fi,
namely the function

NT; —2
§:|.A j| 1: n fl—l—n ,
n—1 n—1

which is non-negative. We use the bound on E[( [ — f1)?], together with the fact that
f is Boolean, to obtain a lower bound on E[g ] which translates to a lower bound on
E[A?], finally giving us a lower bound on )7, . b};.
Let F(n,c) and G(n,c) denote respectively the sum of the squares and the sum of
the cubes of the entries of the matrix (B). We obtain

F(nc)—c(1+—e<2b < F(n,c), (7)
and
Zbg > G(n,c) — 2 (3c* + 20)6}/2. (8)

Subtracting (&) from (IZ), we deduce that

Db (1= big) < O()ve +0(e/n),

This means that each b;; is either very close to 1 or very close to 0. Since >, ;b w is
close to F(n,c) = ¢, it follows that there are roughly ¢ entries which are very close to 1.
(This implies that ¢ must be close to an integer, m say.) These entries correspond to

m 1-cosets of S,,, whose union is almost contained within A. These 1-cosets need not

10



be disjoint, but provided ¢ = o(n), their union has size roughly ¢(n — 1)! (the error is
of order ¢?(n — 2)!), so it gives a good approximation to .A. This will complete the
proof. O

Proof of Theorem [ First, note that for any absolute constant ng, we may choose Cy
sufficiently large that the conclusion of the theorem holds for all n < ny. Hence, we
may assume throughout that n > ng, for any fixed ng € N.

Let
_ ANT

S P RTI

and let
bij = Q5 — C/?’L.

Let B denote the matrix (b;); jen). Note that

Qi = n<f7 1T¢j>7

SO
bij = n(f, 11,;) —c/n.
Moreover,
> bij=0foralli€[n], and Y b;;=0forall j € [n], (9)
j=1 i=1

i.e. the matrix B has all its row and column sums equal to 0.
Instead of working directly with the function f;, it will be convenient to work with

the functions
9= aylr, (10)
@]

and
h=> bylr,. (11)
2%
These are both affine shifts of fi; indeed, we have

Lt (= 2)E[A]

n—1

= 1+ LA+ (1 - L), (12)

n—1

since the functions on both sides lie in U;, and they both have the same inner product
with 17,,, for every 4, j € [n]. (Recall that U; = Span{1r,; : i,j € [n]}.) Observe that

i+ (= 2)E[f)

n—1

—c=(1+-19)fH— =4 (13)

n—1 n—1"

h=g—c=

We now proceed to translate the information we know about f; to information
about h; this in turn will give us information about the matrix B = (b;;). We have
E[f1] = E[f] = ¢/n, and therefore

Elgl = ¢,

11



v E[h] = 0.

Write E[(f — f1)?] = e1¢/n; by assumption, €; < e. Since f; is an orthogonal projection

of f, we have

E[ff] = E[f*] - E[(f - f1)’] = E[f] - E[(f - f1)’] = (1 = ex)c/n.

From (I2), we have
9° = (G272 (ff +2(n = 2) AE[f] + (n — 2)*(E[1])?).
Taking expectations, we obtain
Elg®] = (:27)*E[fT] + n(n — 2)(E[f1])?).
Substituting E[f1] = ¢/n and ([[d]) to this expression yields:
2
E[g?] = 2 (1 - —<n_11)2) + (1 + ﬁ) C(1—e).
Since h = g — El[g], we obtain

2

BN = Elg’) — (Elg)? = (14 247) £0—6) ~

We now proceed to express E[h?] and E[h?] in terms of the coefficients b;;.

Lemma 5. Let (b;;)}';_; be a real matriz satisfying

n

j=1 i=1
and let

h=> bylr,.

4,7
Then
B[R] = 71 D0,
4,7

and

E[h’] = Gritmy D b
i,

Proof. We first consider E[h?]. Squaring (I, we obtain

W= bibulnln, =) biln, + D bibuly,em,.
i.j

1,5,k i,9,k,1:

i#k, j#

12

Zbij =0 foralli€[n], and Zbij =0 for all j € [n],

(14)

(17)



Taking expectations, we obtain:

E[h2] = %bej + ﬁ Z bijbkl
]

i,5,k,l:
itk jAL
1 Zb oy | D0 b = > bisba — Y by + Zb
,5,k,1 77,0 0,7,k

= - 1wa’ (19)

where the last equality follows from (I7).
We now consider E[h3]. Cubing (), we obtain

h? = Z bijbribpglr, RN Ly

,5,k,0,p,q
= Z b3 ]_T + 3 Z b?jbkllTi]‘ﬁTkl
i,7,k,l:
i£k, j#1

+ § bljbklbpq]-TI] N NTpg -
i,k,p distinct,
7,0,q distinct
Taking the expectation of the above gives:

Z by Z bw bkt

1,5,k
l#k, J#l

1

i,k,p distinct,
7,0,q distinct

Observe that

S bbu= Y bibu— Y bEba— > b bk +Zb
i,5,k,l: 3,7,k,1 4,5,0 i,5,k

itk, j#1
= Z b, (21)

using (7).

13



Similarly, we have

Z bijbribpg = Z bijbribpg(1 — Tizp) (1 — Lp=p)(1 = 1p=i)(1 — 1;=) (1 = 11=¢)(1 =

i,k,p distinct, i,k,p,
7,l,q distinct j,l,q
- g bz]bklbpq 3§ bl]bllbpq 3 § szbkj Prq
i,k,p, i,k,p
Jla J,l7q Jia
+2 E bz]blblq+2 E bngkg o
i k,p
Js [ »q

+6 Z bijbibp + 3 Z bi;b,

l

_GZbszl GZb bpj +4 b
2]

7
=4 Z b3, (22)
again using (7). Substituting ZI)) and (22) into 20) gives:
E[n? b 23
B T (23)

completing the proof of Lemma O

Combining (I9) and ([I8]) yields

Zb ( )(1 —e)e— < (24)

We now require a lower bound on E[h3]. In fact, it is more convenient to deal with
the non-negative function g; since g is an affine shift of h, and E[h] and E[h?] are both
known, a lower bound on E[¢g?] will immediately yield a lower bound on E[A3].

Lemma 6. Under the hypotheses of Theorem[D, if g = (1+ 25)f1+ (1 — -L5)c, then
—-2)2(n+1) n(n —2) n? 1/2
R3] > 3(n 32 271032 1 96)eY2 /.
[g]_C (n—1)3 + (n—l) +c(n_1)3 4(C+ 0)61 /n

Proof. Recall that
E[(f - f1)?] = exe/n,

and

g=010+ )N+ 01- )

Let
F=01+"15)/+01--"1)e

14
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Observe that F takes just two values, L := (1 — —)cand H := (1 - —L5)c+1+ L.
Moreover, E[F] = ¢, and
El(g — F)*] = (%7)*exc/n.

These conditions suffice to obtain a lower bound on E[g®]. Indeed, we will now solve
the following optimization problem.

Problem P. Let 6 € (0,1) and let H,L,n € R>o be such that H > L. Define a
function F': [0,1] — {H, L} by

i <
Flo) = H %fO_:v<6‘,
L ifo<z<Il.

Among all (measurable) functions g: [0,1] — Rx>q such that E[g] = E[F] and E[(g —
F)?] <, find the minimum value of E[g?].

Observe that if g: [0,1] — R>q is feasible for P, then the function

§(z) = Lyg@)yds  if0<z<o,
e 2 [y gl@)dz ifo <z <1,

obtained by averaging g first over [0,6] and then over [0, 1], is also feasible. Indeed,
we clearly have E[g] = E[g], and

0 1
El(g - F)] = / (9(z) — H)*dz + /9 (9(z) — L) da

by the Cauchy-Schwarz inequality. Moreover, we have

0 1
E[93]=/0 g(w)3dx+/9 g(x)® da

SR I L
= é/og(x) dx+(1—9)-m Gg(x) dx

29(%/@99@)@):(1—9) <ﬁfelg(x)dx>

3
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by the convexity of y — y3. Hence, replacing ¢ with § if necessary, we may assume
that g is constant on [0,6) and on [#,1]. In other words, we may assume that g has

the following form:
() r ifo<x<,
xr) =
g s ifo<zx<l.

Therefore, P is equivalent to the following problem:

Problem Q:

Minimize 673 + (1 —6)s®

subject to Or+ (1 —0)s=0H + (1 —0)L,
O(r—H)* +(1-0)(s—L)*<n,
r,s > 0.

Or, writing r = H — (1 — 0)d (so that s = L 4 6¢), we obtain the following refor-
mulation:

Problem Q':

Minimize O(H — (1 —6)6)% + (1 — 0)(L + 65)?
subject to (1 — 0)6% <17,
—L/0<5<H/1-9).

When § = H — L, the function g is constant. By the strict convexity of the
function y — y® (on R>q), the objective function is strictly decreasing on [0, H — L] as
a function of §[] Hence, provided V/n/(0(1 —0)) < H — L, the minimum is attained

at 0 = \/n/(0(1 — 0)), at which point the value of the objective function is

0H® + (1 — 0)L% — 3(H? — L*)\/0(1 — 0)n*/? + 3((1 — O)H + OL)n — 19(_172_99)773/2
— E[F?) — 3(H® — L*)y/8(1 = )02 + 3((1 — 0)H + L)y — 19(_172_99)773/2,

using the fact that 0H3 + (1 — §)L® = E[F?]. Substituting in our values, namely
n=(2)%c/n, H=(1-25)c+ 1+ -25), L= (1 - =5)c, and § = ¢/n, we see

that provided e; <1 — ¢/n (which holds provided ey < 1/2), the optimum value of @’
is

EF?] = 301+ 25) (14 757 + 201 - i) (1= ¢/m) /26 %e/m
3((1- e - (1 2) s - S

1 Alternatively, consider the derivative of the objective function, which is 30(1—60)(§— (H — L))(L+
H — (1 —20)9).

16



Hence, we have
Elg*] > E[F?] - 3(1+ 717) (1 + 750)% + 20(1 = k) ) (1= o/m) 2 °c/m

({1 o) 0 (1 21)) s~ S

ZE[F3]—3<1+—> (26 + 0)er? /n— (14 27)%¢ %e/n
> E[F%] — (14— L)3(6c2 + 4e)et* /n
> E[F®] - 2L(3¢% + 2¢)e,* /n,

using the facts that e; <1, ¢/n < 1/2 and n > 3. Observe that

_ 3(n—=2)2(n+1) an(n —2) n?
Bl = e T3¢ e e
so we have
n—2)%(n n?
Elg’] > 03( (112>—(1): Y + 3¢? (15 — 1)2) + C(n 1 21(3c* + 20)6}/2/7’11,
as required. O

Since g = h + ¢, we have
E[¢%] = E[(h + ¢)®] = E[h®] + 3cE[h?] + 3c*E[h] + .

Combining this with Lemma [6] yields:

3 s(n=2P%n+1) ,,n(n-2) n’ 27 (o 2 1/2 2 2
E[r’] > ¢ = 1) +3c 1) —l—c(n_ 1)3—7(30 +2¢)e;’ " /n—3cE[h*]—3c¢”E[h]—
Using E[h] = 0 and ([I8]), we obtain:

2 3c’n 2c3 3c2n
E[R3] > ——  — 2e1/?(3¢% 42
A O R | e R A
cn? 3c2n 2c3
> - — 217 (3¢ 42
S O RIS (8" + 20)/n.
Combining this with (I8]) yields:
3(n—2) 2(n—2) /2 27(n—1)(n —2)

b 1 _ 2 3 / 3 2

Z - ( "1)2) (n—1)2 +Cn(n—1)2 (3¢ +20) 4n?
1 2 3
zc(l—m)—c (71_1)2—1—071(71_1)2 2T(3c* + 2c)e,’".
To summarize, we now know that the b;;’s satisfy:
2
Sug=(1+:) G -a)e- 2 (25)
4,J
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Zb e(1- 5te) _02:()’1(:—_1?3 +03712((: - 12)) F3E+200 (26)

To illuminate the above, we now calculate the values of 3, . b7; and >, ;b3 when A
is a disjoint union of ¢ 1-cosets of S, for some ¢ € [n]. Such a set A miust be of the
form

Tilj UTizj U -'-UTicj

for some j € [n] and some distinct iy, 49, ..., € [n], or of the form
Tij1 UTZ']'2 U...UTijc

for some i € [n] and some distinct i1,9,...,%. € [n]. Clearly, all these families

have the same ), . b7; and the same ), b”; we may therefore assume that A =

T UT,U... U Tlc For this family, the matrlx (bi;) is as follows:

1 -5 -t -
_n(nnfcl) _ngzicl) n(ncfl) (nc 1) )
_n(nn:CI) n(nf’zicl) n(ncfl) (nC 1)
we have
Zb?j:c(l ) +c(n—1) (55 1)) —i—(n—c)(n—l)(m)2
c(n—c)
n—1
1 c?
¢ (1 + m) ~ Ao
= F(n,c)
and

St =e(l=5)" = =0 (8)" ~ cln = D(Ey)" + (n = )n = ()’

93(n—2) 2(n —2)
=c (1 — (nj1)2) —C (n — 1)2 + an(n — 1)2
= G(n,c).

Hence, if ¢ is a fixed integer, and A is a family of size ¢(n — 1)! whose characteristic
function has Fourier transform which is highly concentrated on the first two levels,
then (25)) says that }°, ; b7; is close to F(n, c), the value it takes when A is a disjoint

union of ¢ 1-cosets of S,,. Similarly, ([26) says that , ; b}; is not too far below G(n, ¢),
the value it takes when A is a disjoint union of ¢ 1-cosets of S,,. Formally, we have

Zb —c(1+ L5)er, (27)
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and
Zbg > G(n,c) — ZL(3c¢® + 2c)e 1/2. (28)

These two facts will suffice to show that A is close to being a union of 1-cosets of .S,.
We now observe that ¢ cannot be too small.

Claim 1.
c>1-0(1/n) - 135 1/2.

Proof of claim: Suppose that ¢ < 1. By the convexity of y — y3/2, we have

3/2
3 2
Db < D00
0] 2%
< (¢ +2¢/n)?/?
< 321 42/n)3/?
< 321+ 0(1/n)).
Combining this with (26]) yields:
A1+ 0(1/n)) > ¢ — O(¢/n?) — O( [n) — 2L (3¢ + 2¢)e,?
> (1 -0(1/n) — B5¢/%)
1/2
> (1= 0(1/n) = Pe?).
Rearranging, we obtain:
A?2>1- O(1/n) — 135 5/2'

Squaring yields
¢c>1-0(1/n) - 1%—565/2,

as required. O

Provided ng is sufficiently large, and ¢q is sufficiently small, Claim [I] implies that
c>1/2,s0 ¢ < 2c. Hence, [28) and (26) imply the following.

Zb <c¢+2¢/n=c+0(c/n), (29)
2ty ze-ol ()a’* = o(/n). (30)
Let 21,...,2n denote the entries (b;;); je[n) in non-increasing order. We have
N
> O(c/n), (31)
k=1
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and

N
Z T3 >c— 0(02)6}/2 —O(c?/n). (32)
k=1
Subtracting (32) from (BI) yields:
N
Z rr(1 —ap) < 0(02)61/2 + O(c?/n). (33)
k=1

Let m be the largest index k such that xz, > 1/2 (recall that the x are arranged in
non-increasing order). Then

N N
Sooap<2 Y a1 -a) <0()e’? + 0 n).

k=m-+1 k=m-+1
Therefore

k‘l\i

>N e ()er”* — O(c* /). (34)
e

On the other hand, we have
S —ap) < Z (1 —2x) < O(2)el? + O(? /n).
k=1
Rearranging,
Z TR >m— 0(02)61/2 —O(c*/n). (35)

Since 2z, — 1 < z%, we have
¢+ O(c/n) ZZ QZxk—m2m—0(c2)e}/2—0(c2/n). (36)
k=1 k=1

Combining (34) and (B4]) yields:
e —=m| < 0(02)61/24-0(02/”). (37)

Our aim is now to replace m by an integer m’ which satisfies the analogues of (35) and
(1), and which in addition has ¢ — m/| < 1. If m > ¢, then let m’ = [¢]. Certainly,
the analogue of (1) is satisfied, and we have

/

> 2 (m = O(A)e? = O(c*/n)) = m' = O(*)el/* = O(c*/n).

- m

M2

b
Il

1

If m < ¢, then let m’ = |c]|. Again, the analogue of ([B7) is satisfied, and using
xp > —c/n, we have

’

3

Ty —c/n>m— 0(02)61/2 —0(/n)>m — 0(02)61/2 —0(c*/n).

NE

T >

ol
Il
=
£
Il

1
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Summarising, we have

le = m/| < min(1,0(c?)el’* + O(c2/n)), (38)
Zxk >m' —0(c)el? — 0(2/n). (39)
k=1

Now observe that (B8)) and (39) hold with m’ replaced by round(c). Indeed, we have
|c —round(c)| < |e —m/| always. Moreover, if m’ # round(c), then (since |m’ —c¢| < 1)
we have

1=|m —round(c)| < 2/m’ — ¢| < O(*)et/* + O(? /n).
It follows that

round(c)
Z xR > round(c)—1—c/n—0(02)ei/2—0(c2/n) > round(c)—0(02)6}/2—0(02/71),
k=1

since —¢/n <z, < 1 for all k. We may therefore redefine m’ = round(c).

Let bi,j,, biyjys - - -5 bi, 5, , be the entries of the matrix B corresponding to 1, . .., Ty,
and let

(@HEN

C= Tizjz

~

1

denote the corresponding union of m’ 1-cosets of S,,. We have

Z |A N Tizjz' 2 (n - 1)' Zbizjz
=1

=1
!

Ty

NE

=(n-1)!

=1
(m' — O(2)el’* = O(c/n))(n — 1)!
(c— 0(02)6}/2 —0(c2/n))(n — 1)

Y%

Y%

Since |T;,5, N Ty j,. | < (n —2)! whenever k # [, we have

[ANC| > Z [ANT;, ;| — (77;’) (n—=2)!>(c— 0(02)51/2 _ 0(02/n))(n -1y

=1

i.e. A contains almost all of C. Since |A| = ¢(n — 1)!, we must have
|AAC| = |A] + €] = 21ANC| < (O(P)e”* + O(/n))(n — 1)1,
Let f = 1¢ denote the characteristic function of C; then we have
E{(f = /)*] = AAC|/n! < (O(¢*)ey/” + O(c/m)) /.

This completes the proof of Theorem [} O
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4 Applications

We now give two applications of Theorem [l The first application is a short proof of
a conjecture of Cameron and Ku (Conjecture 2)) on the structure of large intersecting
families of permutations in S,. The second application (Theorem []) describes the
structure of families of permutations which have small edge-boundary in the transpo-
sition graph. Both of these applications involve normal Cayley graphs on S,,, so we
will first give some background on normal Cayley graphs on finite groups.

Definition. Let G be a finite group, and let S C G \ {Id} be symmetric (meaning
that S~ = S). The Cayley graph on G with generating set S is the undirected graph
with vertez-set G, where we join g to gs for every g € G and s € S; we denote it by
Cay(G, S). Formally,

V(Cay(G,S)) =G, E(Cay(G,S))={{g,9s}: g€ G, s€S}.

Note that the Cayley graph Cay(G, S) is |S|-regular. If the generating set S is conjugation-
invariant, i.e. is a union of conjugacy classes of G, the Cayley graph Cay(G, S) is said
to be a normal Cayley graph.

The connection between normal Cayley graphs and the Fourier transform arises
from the following fundamental theorem, which states that for any normal Cayley
graph, the eigenspaces of its adjacency matrix are in 1-1 correspondence with the
isomorphism classes of irreducible representations of the group.

Theorem 7 (Frobenius / Schur / Diaconis—Shahshahani). Let G be a finite group,
let S C G be an inverse-closed, conjugation-invariant subset of G, let I' be the Cay-
ley graph on G with generating set S, and let A be the adjacency matriz of I'. Let
{p1,---,pk} be a complete set of non-isomorphic irreducible representations of G —
i.e., containing one representative from each isomorphism class of irreducible repre-
sentations of G. Let U,, denote the subspace of C[G] consisting of functions whose
Fourier transform is supported on [p;]. Then we have

and each U,, is an eigenspace of A with dimension dim(p;)? and eigenvalue
1
Ai = ———— i(9), 40
TGy 2110 (40)

where x;(c) = Trace(p;(c)) denotes the character of the irreducible representation p;.

4.1 Large intersecting families in S5,

In this section, we will apply Theorem[lto give a new proof of a conjecture of Cameron
and Ku on the structure of large intersecting families in .S,,.
The following definition was introduced by Deza and Frankl [7].
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Definition. We say that a family A C S, is intersecting if any two permutations in A
agree on some point — i.e., for any o, € A, there exists i € [n] such that o(i) = 7 (i).

Deza and Frankl [7] proved the following analogue of the Erdés-Ko-Rado theorem
[16] for permutations.

Theorem 8 (Deza—Frankl). If A C S, is intersecting, then |A| < (n — 1)L

Proof. We reproduce the original proof of Deza and Frankl. Let p € S,, be an n-cycle,
and let H be the cyclic group of order n generated by p. For any left coset o H of
H, any two distinct permutations in o H disagree at every point, and therefore o H
contains at most one member of A. Since the left cosets of H partition S, it follows
that |A] < (n— 1) O

Note that equality holds in Theorem [§if A is a 1-coset. Deza and Frankl conjec-
tured that equality holds only for the 1-cosets. This turned out to be much harder
to prove than is usual with equality statements for Erdés-Ko-Rado type theorems; it
was eventually proved by Cameron and Ku [6].

Theorem 9 (Cameron-Ku). If A C S, is intersecting with |A] = (n — 1), then A is
a 1-coset.

Larose and Malvenuto [29] independently found a different proof of Theorem
More recently, Wang and Zhang [35] gave a shorter proof. All three proofs were
combinatorial; none are straightforward, all requiring a certain amount of ingenuity.
In [20], Godsil and Meagher gave an algebraic proof. In [I5], a proof quite similar to
that of [20] is presented.

We say that an intersecting family A C S, is centred if there exist i,j € [n] such
that every permutation in A maps i to j, i.e. A is contained within a 1-coset. Cameron
and Ku asked how large a non-centred intersecting family can be. Experimentation
suggests that the further an intersecting family is from being centred, the smaller it
must be. The following are natural candidates for large, non-centred intersecting fam-
ilies:

e B= {0 €S, : o fixes at least two elements of {1,2,3}}.

This has size 3(n — 2)! — 2(n — 3)\.
It requires the removal of (n — 2)! — (n — 3)! permutations to make it centred.

e C={0:0(1)=1, o intersects (1 2)} U{(1 2)}.
Claim: |C] = (1 —1/e+o(1))(n — 1)
Proof of Claim: Let D,, = {oc € S, : o(i) # i Vi € [n]} be the set of derange-

ments of [n] (permutations without fixed points); let d,, = |D,,| be the number
of derangements of [n]. By the inclusion-exclusion formula,

dy = Z(—w’ (") (n—i)! =n! Z (_.'1)1 =nl(1/e+o(1)).




Note that a permutation which fixes 1 intersects (1 2) if and only if it has a fixed
point greater than 2. The number of permutations fixing 1 alone is clearly d,,_1;
the number of permutations fixing 1 and 2 alone is clearly d,,_2, so the number of
permutations fixing 1 and some other point greater than 2 is (n—1)!—d,,—1—d,,—2.
Hence,

ICl=(n—-1)!—dp1—dn2=(1-1/e+o0(1))(n—1),

as required.

Note that C can be made centred just by removing (1 2).

For n <5, B and C have the same size; for n > 6, C is larger. Cameron and Ku [6]
made the following conjecture.

Conjecture 10. If n > 6, and A C S, is a non-centred intersecting family, then
|A| < |C|. Equality holds only if A is a ‘double translate’ of C, meaning that there exist
permutations o, € S, such that A= oCr.

This was proved for all sufficiently large n by the first author in [I0]. To prove
it, he first shows that if A C S, is an intersecting family with |A] = Q((n — 1)!),
then the Fourier transform of 14 is highly concentrated on the first two irreducible
representations of S,,. Secondly, he appeals to a weak version of Theorem [I namely
that if A C S, has |A] = Q((n — 1)!), and the Fourier transform of 14 is highly
concentrated on the first two irreducible representations, then there exists a 1-coset
T;; such that |ANT;;| > w((n —2)!). Thirdly, he uses the fact that A is intersecting
to ‘bootstrap’ this weak statement, showing that in fact, |A N Tj;| > Q((n — 1)!).
This is done by showing that if |A N T;;| is somewhat large, then |A N T;| must be
very small for each k # j, using an extremal result on the products of the sizes of
cross-intersecting families of permutations. Fourthly, he uses a combinatorial stability
argument to deduce that almost all of 7j; is contained within A. Note that applying
Theorem [ leads to a slicker proof, as it allows us to conclude straight away that
[ANT;;| > Q((n —1)!), eliminating the third stage of the argument.

Cameron and Ku also made the following weaker conjecture.

Conjecture 2. There exists § > 0 such that for all n, if A C S, is an intersecting
family with |A| > (1 = 6)(n — 1), then A is contained within a 1-coset of Sy,.

Note that Conjecture Bl follows immediately from Conjecture Again, the most
natural proof of Conjecture [2lis via Theorem [[l We give this (new) proof below.

First, we give some background on eigenvalues techniques for studying intersecting
families in S,,.

Let T',, denote the derangement graph on S,,, where two permutations are joined
iff they disagree everywhere. This is simply the Cayley graph on S,, generated by the
set of derangements of [n]. As above, we let D,, denote the set of derangements of [n],
and we let d,, = |D,|; then T',, is d,-regular. Observe that an intersecting family in
S, is precisely an independent set in T',.
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The following theorem of Hoffman gives an upper bound on the size of an indepen-
dent set in a regular graph in terms of the eigenvalues of the adjacency matrix of the
graph.

Theorem 11 (Hoffman’s theorem). Let G = (V, E) be a d-regular graph, whose ad-
jacency matriz A has eigenvalues d = Ay > Ao > ... > Ajy|. Let X C V(G) be an
independent set, and let « = |X|/|V|. Then

A
| X] < ——1VI.
d— Ny
If equality holds, then 1x — of € Ex(Ay)), the Ay |-eigenspace of A, where f denotes
the all-1’s vector.

Note that D,, is a union of conjugacy classes of S;,, so I';, is a normal Cayley graph,
and therefore Theorem [1 can be used to calculate the eigenvalues of its adjacency
matrix.

Using Theorem [1 together with an analysis of symmetric functions, Renteln [32]
proved the following.

Theorem 12 (Renteln). The minimum eigenvalue of Ty, is —d,/(n — 1).

Plugging the value \jy| = —d,/(n—1) into Theorem [Tl yields an alternative (much
longer!) proof of Theorem [

In [I0], a different proof of Theorem (avoiding symmetric functions) is given;
this proof shows in addition that the —d,,/(n—1) eigenspace is precisely U,,—1,1). This
can be used to give an alternative proof of Theorem [0 essentially the one presented

in [I5] and [20].

Proof of Theorem[@ Let A C S, be an intersecting family of permutations with |A| =
(n— 1)L Tt follows from the equality part of Hoffman’s theorem that 1 4 — (|A|/n!)f €
Un—1,1)- Since U, is the space of constant functions, it follows that 14 € Ug,) @
Um-1,1) = U1. Theorem M] then implies that A must be a disjoint union of 1-cosets of
Sp. Since A is intersecting, it must be a single 1-coset of S,,. O

To prove Conjecture2] we need the following ‘stability version’ of Hoffman’s bound,
proved in [10, Lemma 3.2].

Lemma 13. Let G = (V, E) be a d-reqular graph, whose adjacency matriz A has
eigenvalues d = Ay > Ao > ... > Ny|. Let K = max{i: \; > \jy|}. Let X C V(G)
be an independent set; let o = |X|/|V|. Let U = Span{f} © E(\y|) be the direct
sum of the subspace of constant vectors and the \y|-eigenspace of A. Let Py denote
orthogonal projection onto the subspace U. Then

(1= a)[Ay| — da
|)‘|V|| — Ak

I1x — Pu(1x)|3 <

Recall the following fact from [10]:
Fact. The derangement graph Ty, has |\g| = O(d,/n?).
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Substituting this into Lemma [[3] shows that a large intersecting family in S,, must
have its characteristic vector close to Uy:

Lemma 14. If A C S, is an intersecting family of permutations with |A| = an!, then
114 = Pu, (LI} < (1 = an)(1 + O(1/n))a.

Proof. Let A C S, be an intersecting family with |A| = an!. Applying Lemma
with G =T, and U = U; = U(n) &) U(nfl,l) yields:

(1-a)d,/(n—1)—d,a
dn/(n—1) = [Ak|
l—a—an-1)
L (n— Dxl/dn"
1—an
“1-o1/m"
= (I -an)(1+0(1/n))a,

14 — Pu, (1a)l15

IN

proving the lemma. O

We now combine Lemma[I4]with Theorem[dlto show that a large intersecting family
in S,, must be close to a 1-coset, an intermediate step towards proving Conjecture 2

Proposition 15. Given ¢ > 0, there exists § = 6(¢p) > 0 such that the following holds.
If A C S, is an intersecting family of permutations with |A| > (1 — 6)(n — 1)!, then
there exists a 1-coset T;; such that

|AAT ;| < ¢(n — 1)L

Proof. Let § > 0 to be chosen later, with § < 1/2. Let A C S,, be an intersecting
family of permutations with |A| = (1 — d1)(n — 1)!, where §; < §. Note that, by
Theorem [ we may assume that n > ng for some fixed nyg € N, by making § smaller
if necessary.

Let f = 14 denote the characteristic function of A, and let f; = Py, (14). Then,
applying Lemma [T4] we have

1f = f1ll3 < 6:(1 + O(1/n)(1 = &1)/n.

Hence, by Theorem/[I] there exists a family C C .S, such that C = T}; is a 1-coset, and
such that
JAAC| < Co(1 = 61)%(51/% + O(1/n))(n — 1)L,

Provided § is sufficiently small depending on Cy and ¢, and n is sufficiently large
depending on Cy and ¢, we have

Col(1 —61)2(8;"* + O(1/n)) < ¢,

SO
|AAT;| < ¢(n — 1)1,

proving the proposition. |
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We can now give our new proof of Conjecture

New proof of Conjecture[d Choose any ¢ such that 0 < ¢ < 1/e, and let § = §(¢)
be as given by Proposition I8 Let A C S, be an intersecting family of permutations
with |A| > (1 —0)(n —1)!. Note that, by Theorem[d we may assume throughout that
n > ng, for any fixed ng € N, by making § smaller if necessary.

By Proposition [I5] there exists a 1-coset T;; such that

IAAT;| < d(n — 1)L, (41)

We will show that this implies A C T;;, provided n is sufficiently large. Suppose for a
contradiction that A € T;;. Then there exists a permutation 7 € A such that 7(i) # j.
Any permutation in A N T;; must agree with 7 at some point. But for any i,j € [n]
and any 7 € S,, such that 7(i) # j, the number of permutations in S,, which map i to
7 and agree with 7 at some point is

(n—1)—dp—1—dp2=(1-=1/e—0(1))(n —1).

(By double translation, we may assume that i = j = 1 and 7 = (
above that the number of permutations fixing 1 and intersecting (
dnfl - dn72-)

Therefore, we must have

IANT;| < (1-1/e+ o(1))(n — 1)1,

); we observed

1 2);
12)is (n—1)! =

SO

ITi; \ Al = (1/e = o(1))(n = 1)! > ¢(n — 1)!
provided n is sufficiently large depending on ¢, contradicting ([@II). This completes the
proof of Conjecture O

4.2 Almost isoperimetric subsets of the transposition graph

In this section, we will apply Theorem [I] to investigate the structure of subsets of S,
with small edge-boundary in the transposition graph. The transposition graph T, is the
Cayley graph on S, generated by the transpositions; equivalently, two permutations
are joined if, as sequences, one can be obtained from the other by transposing two
elements.

In this section, we study edge-isoperimetric inequalities for 7). First, let us give
some brief background on edge-isoperimetric inequalities for graphs. If GG is any graph,
and S, T C V(G), we write Eg(S,T) for the set of edges of G between S and T, and
we write eq(S,T) = |Eq(S,T)|. We write 0¢S = Eg(S,S¢) for the set of edges of
G between S and its complement; this is called the edge-boundary of S in G. An
edge-isoperimetric inequality for G gives a lower bound on the minimum size of the
edge-boundary of a set of size k, for each integer k. If A C S, we write A = dr, A
for the edge-boundary of A in the transposition graph.

It would be of great interest to prove an edge-isoperimetric inequality for the trans-
position graph which is sharp for all set-sizes. Ben Efraim [3] conjectures that initial
segments of the lexicographic order on S,, have the smallest edge-boundary of all sets
of the same size.
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Definition. If o,m € S, we say that o < m in the lexicographic order on S, if
o(j) < w(j), where j = min{i € [n] : o(i) # ©(i)}. The initial segment of size k
of the lexicographic order on S,, simply means the smallest k elements of Sy in the
lezicographic order.

Conjecture 16 (Ben Efraim). For any A C Sy, |0A| > |0C|, where C denotes the
initial segment of the lexicographic order on S, of size |A|.

This is a beautiful conjecture; it may be compared to the edge-isoperimetric in-
equality in {0, 1}", due to Harper [21], Lindsey [30], Bernstein [4] and Hart [22], stating
that among all subsets of {0, 1}™ of size k, the first k elements of the binary ordering
on {0,1}" has the smallest edge boundary. (Recall that if z,y € {0,1}", we say that
x <y in the binary ordering if x; = 0 and y; = 1, where j = min{i € [n] : z; # y;}.)

To date, Conjecture is only known to hold for sets of size c¢(n — 1)! where
¢ €{1,2,...,n}; this is a consequence of the work of Diaconis and Shahshahani [§].
(The authors have also verified it for sets of size (n — t)!, where n is large depending
on t; this will appear in a subsequent work, [14].) Diaconis and Shahshahani proved
the following isoperimetric inequality.

Theorem 17 (Diaconis, Shahshahani). If A C S, then
Al — JA)
(n—1)"

Remark 4. Equality holds if and only if A is a disjoint union of 1-cosets of S, (a
dictatorship).

[0A| = (42)

Our aim in this section is to obtain a description of subsets of S,, of size c(n — 1)!,
whose edge-boundary is close to the minimum possible size ([@2), when c is small. We
will prove the following.

Theorem 3. For each ¢ € N, there exists no(c) € N and do(c) > 0 such that the
following holds. Let A C S, with |A| = c¢(n — 1)!, and with

|A[(n! - |A])
(n—1)!

where n > ng(c) and 6 < do(c). Then there exists a family B C S, such that B is a
union of ¢ 1-cosets of Sy, and

|A\ Bl < O(cd)(n — 1)1+ O(c?) (n — 2)\.
(We may take do(c) = Q(c™*) and no(c) = O(c?).)

|0A] < + dn|A|,

Remark 5. Theorem Blis sharp up to an absolute constant factor when § = Q(¢/n);
this can be seen by considering the set

A= Tl,l @] Tl)g U...u Tl,c @] (Tl,c-i-l N (Tgm U T27n_1 Uu...u T2,n—k+1))
\ (Tl,c N (Tgyn U T21n71 U...u T27n7k+1)),

where n/2 > k = Q(c?).
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Note that Theorem Bl is not a ‘genuine’ stability result; as with Theorem [ we
may call it a ‘quasi-stability’ result. A ‘genuine’ stability result would say that if A
satisfies the hypothesis of Theorem[3] i.e. if it has edge-boundary close to the minimum
possible size, then A is close to an extremal family — and, by Remark [, the extremal
families are precisely the dictatorships, i.e. disjoint unions of 1-cosets. However, such
a statement is false when ¢ = 2. To see this, let

A=T11UTyn U (T12 N T21);
then |A| = 2(n — 1)! and
|Al(n! — A _ JAl(n! — | A])
(n—1)! (n—1)!

where § = (n — 2)/n?, so A has edge-boundary very close to the minimum possible
size. However, we have

AAC 2 (n—1)! — (n— 2)! = (4 - sp)IAl

|0A] =2n(n —2)(n—2)=(1+1/n)

+ don|Al,

whenever C is a dictatorship, i.e. A is far (in symmetric difference) from any disjoint
union of cosets. On the other hand, A is close to the union of (non-disjoint) cosets
T11 U TQQ; indeed,

|.A\ (Tll U T22)| = (n — 2)' = %|A|

This is consistent with Theorem [3]

To prove Theorem [B] we will first use an eigenvalue stability argument to show that
if A satisfies the hypothesis of the theorem (i.e. its edge-boundary has size close to the
minimum possible size), then its characteristic vector 1 4 must be close in Euclidean
distance to the subspace U;. We will then use Theorem [ to deduce that A must be
somewhat close (in symmetric difference) to a family B C S,, of the same size, which is
a union of 1-cosets. Finally, we will use a combinatorial stability argument to deduce
that A must be very close to BB, completing the proof of the theorem.

We proceed to give the necessary background for our initial eigenvalue stability
argument. Along the way, we will show how to prove Theorem [I7, essentially repro-
ducing the original proof of Diaconis and Shahshahani).

Recall that if G = (V, E) is a graph, the adjacency matriz of G is the |V| x |V
matrix A with rows and columns indexed by V', and with

A 1 ifuv e E(G)
WL 0 ifuv ¢ E(G).

The Laplacian matriz L of G may be defined by
L=D- A,

where D is the diagonal |V| x |V| matrix with rows and columns indexed by V, and

with
Do_ deg(v) ifu=w
we 0 if u #£ v.

The following theorem supplies an edge-isoperimetric inequality for a graph G in
terms of the eigenvalues of its Laplacian matrix.
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Theorem 18 (Dodziuk [9], Alon-Milman [2]). If G = (V, E) is any graph, L is the
Laplacian matriz of G, and 0 = py < o < ... < pyy| are the eigenvalues of L (repeated
with their multiplicities), then for any set S C V(G),

S5
Vi

G(S, Sc) > 2
If equality holds, then the characteristic vector 1g of S satisfies

5]
1s — —f € ker(L — pol
S |G| € er( M2 )7

where £ denotes the all-1’s vector.

We will show below (Lemma 20) how to calculate the value of po for the trans-
position graph; plugging this value into Theorem will yield a proof of Theorem
v/

To investigate the structure of subsets with small edge-boundary in the transposi-
tion graph, we will need the following ‘stability version’ of Theorem

Lemma 19. Let G = (V, E) be a graph, let L be the Laplacian matriz of G, and let

0=p1 < p2 <... <y be the eigenvalues of L (repeated with their multiplicities).

Let S C V(G) with

|S]15¢]
V|

where v > 0. Equip RY with the inner product

G(S, Sc) < M2

+ 7151,

1
(1.9) = 7 > f)g(v),

veV

1 2
11l = /m;f(v)

denote the induced Euclidean norm. Let M = min{i : p; > ua}. Let U denote the
direct sum of the 1 and pe eigenspaces of L, and let Py denote orthogonal projection
onto U. Then we have

and let

v S|

1g — Py(1g)|fP < ————.
|| S U( S)||2— U — 12 |V|

Proof. Recall that for any vector z € RV, we have

1
(x,Lx) = ] Z (zi — 24)%
ijEE(G)
Hence, in particular,
e(S, 5°)
(1s,L1s) =
4



Let w1, ug, ..., ujy| denote an orthonormal basis of eigenvectors of L corresponding to
the eigenvalues ji1, 2, . . ., pjv|, where uy = f is the all-1’s vector. Write 1 as a linear
combination of these basis vectors:

V]

Is = &us.
i=1

Let a = |S|/|V] denote the measure of S. Observe that

V]
G=a, Y &=a [ls—PuQs)l3=> &
i=1 i>M
Write
¢ =|I1s — Pu(1s)ll3.
We have
V]
e(S,S¢
% = (15, Llg) = Y il > po(—a® = §) + piard = poc(l — @) + d(pens — i)
i=1
Hence, if e(S, 5¢) < po ‘SI“‘/S‘C‘ + 7S], then
S, 8¢
(1 — @) + dlpnr — piz) < % < pmall — @) + 7o
Rearranging yields
< i
< —q
Har — 2
as required. O

We now proceed to calculate po and pps for the transposition graph.

Lemma 20. The transposition graph on S, has o = n (for alln > 2) and ppr = 2n—2
(for all n > 4). The 0-eigenspace of its Laplacian is Uy, and provided n > 4, the
n-eigenspace s Up_1,1y-

Proof. It G = (V, E) is a d-regular graph, then its Laplacian matrix is given by L =
dI — A. Therefore, if the eigenvalues of its adjacency matrix are

d=X >N > ... > Ay,

then p; = d — A; for each 7. The transposition graph on S, is (Z)—regular, so it has
i = (g) — \; for each i.

Note that the transposition graph is a normal Cayley graph, and therefore Theorem
[0 applies to its adjacency matrix. Recall from section 2] that there is an explicit 1-1
correspondence between isomorphism classes of irreducible representations of .S,, and
partitions of n; given a partition «, we write x,, for the character of the corresponding
irreducible representation of S, .
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Frobenius gave the following formula for the value of x, at a transposition.

. l
Yal(12)) = dl%(g’“)%z«aj ey =) =i —1) (a=(an....a0) Fn)

Jj=

—

Combining this with (@0) on page B2] yields the following formula for the eigenvalues
of the adjacency matrix of the transposition graph:

l
Mo =33 ((j—j)aj —j+1)—j(G—1) (akn).

j=1

Note that A,y = (g) and A(,—11) = (g) — n. Diaconis and Shashahani [8] verify

that if a and o are two partitions of n with « > o/, then A\, > A,/. Since (n —
1,1) & a for all @ # (n), we have A\, < A,—1,1) for all @ # (n), and therefore
Ao = (Z) —n. Hence, the 0-eigenspace of the Laplacian is precisely Uy, the space of
constant functions, and we have o = n.

Note also that A\, _2.2) = (72’) —2n+2. Since (n—2,2) > « for all @ # (n), (n—1,1),
we have Ay < (3) —2n + 2 for all a # (n), (n — 1,1). Provided n > 4, we have

(;L) - )‘(nfl,l) =n<2n-2= (g) - )‘(n72,2) < (Z) - Ao Va 7& (n)7 (n -1, 1)7

and therefore pys = 2n — 2, and the n-eigenspace of L is precisely U, —1,1)- O

Theorem [T follows immediately by plugging pe = n into Theorem We can
also use the equality part of Theorem [I8 to deduce Remark [l

Corollary 21. FEquality holds in Theorem[I7 only if A is a disjoint union of 1-cosets
of Sy (a dictatorship).

Proof. 1t is easy to see that the corollary holds for all n < 3, so we may assume that
n > 4. If equality holds in ([#2]) for A, then by the equality part of Theorem [I8]
14— (|A]/n!)f lies in the po-eigenspace of L, which by Lemma 20lis precisely U, —1,1)-
Therefore, 14 € Uy ® U—1,1) = Us. It follows from Theorem B that A is a disjoint
union of 1-cosets of S,,. O

We now use Lemmas and to show that a subset of S, with small edge-
boundary in the transposition graph, has characteristic vector which is close to U;.

Lemma 22. Let n >4, and let A C S, with |A| = ¢(n — 1)!, and with

Al(n! — | A
|(9A| < % +(5’rL|.A|.
Then 5
9 n c
- < —.
114 = Po, (L)l < ——
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Proof. By Lemma 20} the transposition graph has ps = n and up = 2n — 2, the
0-eigenspace of its Laplacian is Uy, and the n-eigenspace is U(,_1,1), so the subspace
U in Lemma[I9is U;. If A is as in the statement of the lemma, then we may apply
Lemma [[9 with v = dn, giving

as required. O

We now combine Lemma 22 and Theorem [ to give the following very rough struc-
tural description of subsets of S;, with small edge-boundary in the transposition graph.

Proposition 23. There exists 69 > 0 such that for each ¢ € N, the following holds.

Let A C S, with |A| = c¢(n —1)!, and with

LAl(n! = JA)
(n—1)!

If 6 < 6o, then there exists a family B C Sy, such that B is a union of ¢ 1-cosets of S,
and

04| < +onlA.

|JAAB| < C12(8Y2 +1/n)(n — 1)),
where C1 > 0 is an absolute constant.
Proof. Suppose that A C S, with |A| = ¢(n — 1)! for some ¢ € N, and with
|A[(n! - |A])
(n—1)!

Our aim is to show that .4 must be close to a union of ¢ 1-cosets of S,,. Note that we
may assume that n > £Cjc, otherwise we have C1c?(n — 1)!/n > 2¢(n — 1)1, so the
conclusion of the proposition holds trivially whenever |A| = |B| = ¢(n — 1)L

It follows from Lemma 22] that

10A| < +onlAl.

on c
114 = Py, (1)]l5 <

n—2n’
ie. 14 is close to Uy. Let f =14, and let f1 = Py, (1.4); then we have

on c

E[(f - A1)’ =If = full3 <

n—2n’
so A satisfies the hypotheses of Theorem [l with € = 0 —"5. Therefore, by Theorem [
there exists a family B C S,, which is a union of ¢ 1-cosets of S,,, and

JAAB| < Coc?((6n/(n —2))Y/2 +1/n)(n — 1)! < V3Coc? (612 +1/n)(n—1)!,
using the fact that n > 3. This proves the proposition. |
We will now use a combinatorial stability argument to strengthen the bounds in

the conclusion of Proposition 23] proving Theorem [3]
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Proof of Theorem[3: Suppose that A C S,, with |A] = ¢(n — 1)! for some ¢ € N, and
with

|Al(n! — |A])
(n—1)!

Then by Proposition 23] there exists a family B C S,, such that B is a union of ¢
1-cosets of S;,, and

|0A] < + dn|Al.

A\ B| = ¢(n— 1)},

where

Y < CLe2(0Y? +1/n) < 1/3,

provided § < O(c™*) and n > Q(c?). We proceed to obtain a better upper bound on
1 in terms of .

Let &€ = A\ B; then || = ¢(n —1)!. Write B = By UBy U...U B, where the B;’s
are 1-cosets of Sy, let M = B\ A, and let M; = B; \ A denote the set of permutations
in B; which are missing from A. Let N; = M, \ (Uj»; B;), and write |[N;| = v;(n— 1)L

We now give a lower bound on |0.A| in terms of ¢. Observe that

0A| = [0B] + |9€] — 2¢(€,B) — e(M, Sy \ (BUE)) + e(M, B\ M) + e(E, M)
— 0B + |9€| — 2¢(E,B) — e(M, Sy \ B) + e(M, B\ M) + 2¢(€, M)
> |0B| + |9€] — 2¢(E, B) — e(M, S, \ B) + e(M, B\ M).

By definition, we have €N B; = () for each ¢ € [¢]. If B; = Tpy and 0 € &
then o(p) # ¢, and so the only neighbour of o in B; is o(p o7 1(g)). It follows that
e(&, B;) < |€] for each 4. Summing over all 4, we obtain:

e(&,B) < e(&, Bi) < cl€] = etp(n — 1)\,

i=1

Similarly, each o € B; has at most n — 1 neighbours in S,, \ B;. Indeed, if B; = T,
then the neighbours of ¢ in S,, \ B; are {o(p r) : r # p}. It follows that

e(M, S\ B) < (n—1)|M|.
By Theorem [I7, we have
10€] = ¥(n — 1)l(n — o).

Since B is a union of ¢ 1-cosets of S,,, it is easy to see that
c
|B| > e(n—1)I— <2> (n—2)!,
and so Theorem [I7] implies

|0B] > ¢(1 — Q(%Jl))(n —Dl(n—c)>c(n—1)!(n—c)—0(?)(n—1),

using ¢ < n/2.
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Finally, it remains to bound e(M, B\ M) from below. To do this, note first that
B; \ M; = (B; \ V;) \ U;;B; for each 4, and therefore

{EWNG, (Bi \Ni) \ U;2Bj)) : i € [c]}
are pairwise disjoint subsets of F(M, B\ M). Observe that for each i, we have
N, BiNBy) < INi| V41,
since N; N B; = () for each j # i. Hence, we have
e(Ni, Bi N UjsiBy) < (c = DINIL.
It follows that
e(NG, (Bi \ Ni) \ UjziB;) > e(Ni, Bi \ Ni) — (¢ = 1)|Ni.

Note that T,,[B;] is isomorphic to T,,—1, and therefore we may apply Theorem [I7] in
Sn_1 to give:

e(Ni, Bi\N;) > vi(n — D1 —v3)(n —1).
We obtain

e(M, B\ M) > Z 1-v)n=1)n—-1)=(c=1)(n—-1)! ZVZ

i=1
Since |A| = ¢(n — 1)! and c(n — 1)! = (5)(n — 2)! < [B| < ¢(n — 1)!, we have

€] = (5)(n —2)! < [M] < [€]. Since the Nj’s are pairwise disjoint subsets of M, we
have

SN < IMI < €] (43)
i=1
Note also that
M\ <U ) J®BinB)),
= i#]

and therefore

< (;) (n—2)L.
x| 2 lg1 =25 ) o - 2

Zp\m > (€] _2<;> (n—2)l. (44)

()

Hence, we have

c
i=1

and therefore
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Combining {3) and @) yields
EIRTEEDED SO (45)

Putting everything together, we obtain

|0A| > c(n—1)!(n—c) —O(*)(n — D! +(n — )(n — 1) — 2cp(n —1)!

—(n—=1DIM|+ Zui(l —v)(n—1)(n—-1)!—(c=1)(n—1)! ZVZ'

i=1 1=1
>c(n—1)(n—c)— 0 (n—D!+(n—1Dl(n—v) —2ch(n —1)!

C

—(n—Dvn—-1+ Zui(l —vi)n=1Dn—-)=(c—1)(n—1l

>ce(n—1)(n—-rc)— O_(CQ)(n D=4 —D!Bc+ 1y —2)
+ (1= 1/n)n! Y vl —w)
i=1

>c¢(n—1)I(n :c) + (1 —1/n)nlp(1 — ) — O(c*)(n — 1)!
—Y(n—1)!IBc+ v —2),
>c(n—1)(n—c—1)+ (1 -2/n)nlp(1 — 1) — O(c*)(n — 1),

using > ¢, v; <1 < 1/3, and the fact that y — y(1 — y) is concave for y € [0, 1].
Hence, we have

c(n—(n—c—1)+ (1 —2/n)n(1 — ) — O(c*)(n —1)!
< |0A| < ¢(n—1)(n—c¢)+ dn|A| = c(n — 1)I(n — ¢) + enld.

It follows that

2
v —v) < 2E C{”_Zf?fc 1) < 3e5+ 0 ),
provided n > 3. Solving for v, we obtain
¥ > (14 V1 —12¢6) — O(c*/n), (46)
or
¥ < (1= v1—-12¢6) + O(c?/n) < 6¢6 + O(c* /n), (47)

using the inequality 1 — /1 —z < z for x € [0,1]. Provided n = Q(c?), @) cannot
hold (since ¢ < 1/3), and therefore (7)) must hold. Hence,

JAAB| = 2| A\ B| = 2¢(n — 1)! < (12¢5 + O(c?/n))(n —1)!,

proving the theorem. O
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5 Conclusion and open problems

Note that the conclusion of Theorem [l is non-trivial only when n is sufficiently large,
and ¢ sufficiently small, depending on c¢. We believe these restrictions to be artefacts
of our method of proof, and we conjecture the following strengthening of Theorem [II

Conjecture 24. There exists an absolute constant Cy > 0 such that the following
holds. Let A C Sy, with |A] = c¢(n—1)!, where 0 < ¢ <n, andlet f =14:5, — {0,1}
be the characteristic function of A, so that E[f] = ¢/n. Let fi1 denote orthogonal
projection of f onto Uy = Uy @ U1y If E[(f — f1)?] < ec/n, then there exists a
Boolean function h such that

E[(f —h)?] < Coec/n,

and h is the characteristic function of a union of round(c) I-cosets of S,,. Furthermore,
|¢ = round(c)| < Cye.

Note that this would be informative for all ¢ < n.
Likewise, we conjecture the following strengthening of Theorem [Bl

Conjecture 25. There exists an absolute constant Cy > 0 such that the following
holds. Let A C Sy, with |A| = ¢(n — 1)! for some ¢ € N, and with

|A[(n! - |A])
(n—1)!

Then there exists a family B C S, such that B is a union of ¢ 1-cosets of S,, and

04| < +onlA.

JAAB| < Cied(n — 1)\

Ben Efraim’s conjecture (Conjecture [[6) remains one of the most natural open
problems in the area. If this could be proved, it is likely that analogues of Theorem
could be obtained for other set-sizes.
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