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Abstract

It follows from the Golod—Shafarevich theorem that if k¥ € N and R is an associative algebra

2
given by n generators and d < - cosz(kL_H) quadratic relations, then R is not k-step nilpotent.
We show that the above estimate is asymptotically optimal. Namely, for every k € N, there is a

sequence of algebras R, given by n generators and d,, quadratic relations such that R, is k-step

. . dn 1 —2(_m
nilpotent and nh_)rrgo & = 7CO0S (—k+1).
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1 Introduction

Throughout this paper K is an arbitrary field, Z, is the set of non-negative integers and N is the
set of positive integers. For a set X, K(X) stands for the free associative algebra over K generated
by X. We deal with quadratic algebras, that is, algebras R given as K(X)/I, where I is the ideal
in K(X) generated by a collection of homogeneous elements (called relations) of degree 2.

Algebras of this class, their growth, their Hilbert series and nil/nilpotency properties have been
extensively studied, see [I1],[12],13] and references therein. One of the most challenging questions in
the area (see [12], 15]) is the Kurosh problem of whether there is an infinite dimensional nil algebra
in this class. A version of this question dealing with algebras of finite Gelfand—Kirillov dimension
was solved in [8]. The Golod—Shafarevich type lower estimates for the dimensions of the graded
components of an algebra play a crucial role in the study of quadratic algebras. These estimates
have many other applications, for instance, to p-groups and class field theory [5] [16].

Recall that a K-algebra R defined by the set X of generators and a set of homogeneous relations
inherits the degree grading from the free algebra K(X). If X is finite, one can consider the Hilbert

series of R: -
Z d1m R,)
q=0

where R, is the ¢ homogeneous component of R. The original Golod-Shafarevich theorem pro-
vides a lower estimate for the coefficients of Hgr. In the case of quadratic algebras the theorem
reads as follows [l [11]. For two power series a(t) and b(t) with real coefficients we write a(t) > b(t)
if a; > b; for any j € Z,, while |a(t)| stands for the power series obtained from a(t) by replacing
by zeros all coefficients starting from the first non-positive one.

Theorem GS. Let, n € N, 0 < d < n? and R be a quadratic K-algebra with n generators and d
relations. Then Hg(t) > |(1 —nt + dt2) 1.

In particular, Theorem GS provides a lower estimate on the order of nilpotency of R.

Definition 1.1. A graded algebra R is called k-step nilpotent if R, = {0}.
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Analysing the series K (t) = |(1 — nt + dt?>)~!| in a standard way, one can easily see that it is a
polynomial of degree < k if and only if

d 1
2 > ¢k, where ¢ = ZCOS_2<I€L+1)' (1.1)

o
For the sake of convenience, we outline the argument. If (1 —nt+dt?)~! = 3 ¢,,t™ (the Taylor
m=0
series expansion), then K () is not a polynomial of degree < k precisely when ¢, > 0 for 0 < m < k.
Next, if 22 — nz +d = (z — a)(z — b) (a and b are complex numbers in general), then an easy

computation yields that ¢,, = (m +1)(n/2)™ if a = b and ¢, = %:gmﬂ otherwise for m € Z,..

It follows that ¢, > 0 for all m € Z if a and b are real, which happens precisely when d < "Tz. If

n?>d> %27 then a,b = V/de*®, where o = arccos %. Hence ¢, = %:gmﬂ = dm/zw
for m € Z,. Clearly ¢, for 0 < m < k are positive precisely when (k + 1)a < 7. After plugging in
Q= arccos %, (LI) follows.

Formula (LI]) together with Theorem GS and the obvious fact that the sequence {¢y} decreases

and converges to % implies the following corollary, which can be found in [11].

Corollary GS. If R is a quadratic K-algebra given by n generators and d < ppn? relations, then

dim Ry > 0, where @y, is defined in (ILI)). That is, R is not k-step nilpotent. In particular, if
2

d < 7, then dim Ry, > 0 for every k € N and therefore R is infinite dimensional.

Asymptotic optimality of the last statement in Corollary GS was proved by Wisliceny [14].

Theorem W. For every n € N, there exists a quadratic K-algebra R given by n generators and d,
1

relations such that R is finite dimensional and lim Z—g =7
n—oo

More specifically, Wisliceny has constructed a quadratic algebra given by n generators and
{"QTTQ"] semigroup relations (that is, every relation is either a degree 2 monomial or a difference of
two degree 2 monomials), which is finite dimensional. Note that here and everywhere below |¢] is
the largest integer < t, while [¢] is the smallest integer > ¢, where t is a real number. The authors
[7] have improved the last result by showing that the minimal number of semigroup quadratic
relations needed for finite dimensionality of an algebra with n generators is exactly [#1 The
number {%w remains a conjectural answer to the same question in the class of general quadratic
(not necessarily semigroup) algebras.

1.1 Results

Note that if R is k-step nilpotent, then R,, = {0} for m > k and therefore R is finite dimensional
provided | X| < oo, where X is the set of generators of R. Thus R is k-step nilpotent if and only if
Hp, is a polynomial of degree < k.

In this article we show that the first statement in Corollary GS is asymptotically optimal for

every k > 2. In order to formulate the exact statement, we shall introduce the following numbers.
For n e Nand k > 2 let

dn’k - n:a1$l..l.1—l|—ak71 léI}léalgi—l(al et aj)(aj o ak_1)7 (1.2)

where a; are assumed to be non-negative integers. It turns out that the integers d,, ;, are not too
far from pn?.

Lemma 1.2. For each n,k € N with k > 2,

prn? < di g < ppn? + TEER 4 1 (13)

In particular, lim d"'kz =1 for each k > 2.
n—oo PN



We have defined the numbers d,, ;. since they feature in the following theorem.

Theorem 1.3. Let k > 2. Then for every n € N, there exists a quadratic K-algebra R given by n
generators and dy i relations such that R is k-step nilpotent.

Corollary GS, Theorem [[.3] and Lemma imply that the first statement in Corollary GS is
asymptotically optimal. Note that Anick [T, 2] conjectured that for any n € Nand 0 < d < n?, there
is a quadratic K-algebra R with n generators and d relations such that Hg(t) = |(1 — nt + dt?)71|.
The problem whether this conjecture is true remains open. Theorem [[L3] can be considered as an
affirmative solution of its natural asymptotic version. It is also worth noting that for k = 2, the
statement of Theorem [[3]is trivial, while the case k = 3 was done by Anick [I]. It is also worth
mentioning that the asymptotic optimality of the first statement in Corollary GS for k£ = 4 and for
k =5 in the case |K| = oo was earlier obtained by the authors [6] building upon the ideas set in [3]
and using a completely different approach. We refer to [I0] for a result on asymptotic optimality
of Theorem GS in a completely different sense.

Curiously enough, for some pairs (n, k) the estimate provided by Theorem [[.3] hits the mark.
We illustrate this observation by the following result dealing with the cases k = 4 and k = 5. Note
that ¢4 = 3—7\/5 and 5 = % Recall that Fibonacci numbers are the members of the recurrent
sequence defined by Fop = Fy =1 and F,, = Fj,_1 + F,,_5 for n > 2.

Theorem 1.4. The equality dy, 4 = {3_7‘/57121 holds if and only if n is a Fibonacci number. The
equality dp 5 = {%21 holds if and only if n € {1,2} or n is divisible by 6.

Note that Theorem [[L4], Theorem [[.3] and Corollary GS imply that if & = 4 and n is a Fibonacci
number or if £ = 5 and 6 divides n, then the minimal number of quadratic relations needed for the
finite dimensionality of an algebra with n generators is exactly [¢rn?]. The proof of Theorem [
is based upon the following general result. We start by introducing some notation.

Definition 1.5. Let X be the union of pairwise disjoint sets A1, ..., A, and

M=MAy,...,Ay) = | AgxA4; CX xX. (1.4)

1<i<gsn

We introduce the following partial ordering on M, generated by the partition {A1, ..., Ax}. Namely,
for distinct elements (a,b) and (c,d) of M, we write (a,b) < (c,d) if (a,b) € A; x A; and (c,d) €
Ap X A, withm>r>12> 7.

Definition 1.6. For a homogeneous degree 2 polynomial g in the free algebra K(X), the (uniquely

determined) finite subset S of X x X such that g = ) ¢, 2y with ¢, € K\ {0} is called the
(z,y)eS
support of g and is denoted S = supp (g).

The next result is one of the main tools in the proof of Theorem [L.3l

Theorem 1.7. Let k € N, {Ay,..., Ax} be a partition of a set X and M be the set defined in
([T4l). Assume also that {fa}aen is a family of homogeneous degree 2 elements of the free algebra

K(X) such that |J supp (fo) = M and each supp (fa) is a chain in M with respect to the partial
a€A
ordering < on M, generated by the partition {Ay,..., Ax} as in Definition [LBl Then the algebra

R=K(X)/I with I =1d{f,: « € A} is (k+ 1)-step nilpotent.

We conclude the introduction by providing a specific example of an application of Theorem [I.7]



Example 1.8. Let X = {a,b,¢,p,q,x,y,z} be an 8-element set partitioned into 3 subsets Ay =
{a,b,c}, As = {p,q} and As = {x,y,z}. Let M and the partial ordering < on M be as in
Definition [IL3l. Consider the following 25 quadratic relations:

fi=zc, f2 = za, f3=ap+ab, fa=yz+qc, f5 =g,
fe =y, fr=ya, fs =yp +bb, fo=yy + qb,

fio = zc, fi1 = za, fi2 = 2p +cb, f13 = yx + qa,

fi4a = xb, J15 = xq + ac, Ji6 = xz + pe, fir =22+qq+ ca,

J1s = yb, J19 = yq + b, Ja0 = xy + pb, fo1 =2y +qp + ba,

fa2 = zb, fo3 = 2q + cc, fos = zx + pa, fos = zx + pp + aa.

It is straightforward to verify that the support of each f; is a chain in (M,<) and that the union
of supp (f;) for 1 < j < 25 is M. Theorem [l ensures that the algebra given by the 8-element
generator set X and the relations f; with 1 < j < 25 is 4-step nilpotent. Incidentally, 25 = {@4-821,
which means (see Corollary GS) that a quadratic algebra given by 8 generators and < 24 relations
1s never 4-step nilpotent.

2 Combinatorial lemmas

Theorem [[.7] allows us to construct k-step nilpotent quadratic algebras with few relations. In order
to do this, we need an estimate on the number of relations in an algebra featuring in Theorem [L.71
Recall that the width w(X, <) of a partially ordered set (X, <) is the supremum of the cardinalities
of antichains in X.

Lemma 2.1. Let k € N, {Ay,..., A} be a partition of a finite set X and M C X2 be the set
defined in (L4l) with the partial ordering < introduced in Definition [l For 1 < q < k, let
B,= U A4; xA,,. Then w(M,<) =max{|Bi|,...,|Bxl}.

Jjzqzm
Proof. 1t is a straightforward exercise to verify that each B, is an antichain in (M, <) and that
every antichain is contained in at least one of the sets B,. O

We also need the following observation.

Lemma 2.2. Let k > 2 and ag, a1, ...,ax_1 = 0 be defined by the fromulae ag = 0, a1 = g and
aj = 1_“2’;_71 for2<j<k—1. Then
O:a0<a1<...<ak_1:1, (2.1)
aj(l—oj_1) =g for1<j<k—1
and max (o — aj—1) = @y, (attained for j =1 and for j =k —1). (2.3
1<i<k—1

Proof. Obviously, ([22)) is a direct consequence of the definition of ;. Next, ([23) follows easily
from (2I0). Indeed, assuming that (2.I]) holds, we have ap_1 = 1, which implies ap_o = 1 — py.
Since oj — aj_1 = 1_06’;71 —oj_pand 0 < aj1 <1 -y for 1 <j<k—1, Z3) follows from the
elementary fact that the function {#& — x on the interval [0,1 — ;] attains its maximal value at
the end-points.

Thus it remains to verify (ZI)). For 0 < ¢ < 1 consider the rational function f;(z) = - and for

11—z
m € Zy let ft[m} be the m™ iterate of f;: ft[o} (x) = z and ft[m} = fto...o fy m times for m € N.
We start with an elementary observation




if 0 <t <1, then the sequence { ft[m} (0)}mez., is strictly increasing
1

—\/2@6 [0, 3] of fi.

(2.4)

and converges to the fixed point wy =

For instance, to justify (24), one can use induction with respect to m to prove the chain of

inequalities 0 < ft ( ) < ftmﬂ( 0) < wy.
Next, it is easy to verify that if + <t < 1, then f;(x) > z for = € [0,1). Hence,

f[m—l—l]( ) > f[m]( ) provided 0 < ft[m}(o) < 1. (2.5)

For each m € Z,, we consider the rational function h,,(t) = t[m](O) of the variable t. Now we
observe that (2.3)) follows from the claim

for every m € N, ¢, 41 is the smallest solution of the equation hy,(t) =1 on (%, 1]. (2.6)

Indeed, assume that (Z6) holds. By (Z4), 0 < hn,(t) < 3 for every m € N and t € (0,1]. Since
the sequence {¢,,} is decreasing, h;(t) < 1 whenever j < m and 0 < t < @p41. Using (2.0) with
m =k — 1 and (2.5]), we now have

0= fL0) < o) <... < fE0) = hy_1(pr) = 1.

On the other hand, by definition of a;, o = by ]( 0) for 0 < j <k—1and (23) follows
Thus it remains to prove (2.6]). Using the 0bv1ous recurrent relation hjy1(t) = = h 0,0 together
with the initial data hg = 0, one can use the induction with respect to m to verify that

m

hm(t):tamaﬂ;“m+1 formeZ; and t € [4, ],Wherea:a(t):L V24t_1.

Hence for t € [%, 1],
h(t) =1 <= (a/a)™ = (@—t)/(a —t) < el = Bl) (2.7)

where

a(t) = 2arccos 2%/2 and B(t) = 2r — 2arccos (% — 1)

are the arguments of the unimodular complex numbers a/a and (@ —t)/(a — t). The case m =1
is trivial. Assuming that m > 2 and using (2.7)), we see that the smallest t € [i, %] satisfying
hi(t) = 1 must satisfy ma(t) = B(t). Since the function ma(t) — B(t) on the interval [7, 3]
is strictly increasing (look at the derivative) and has values of opposite signs at the ends, there
is exactly one t,, € E, %] satisfying ma(t,,) = B(ty). Then t,, is the smallest solution of the
equation h,,(t) = ¢ on the interval [1,1]. Since @11 € [1, 1], @8) will follow if we show that
ma(©m+1) = B(pm+1)- This is indeed true: plugging in ¢,,+1 = m, we have

moz((Pm+1) =2m arccos(cos(m+2)) — T2n7r_$;

B(@m+1) = 2 — 2arccos(2 cos? (?) 1) =2r— 2arccos(cos(m2—_7;2)) =2 — I = 2,

Hence ma(pm+1) = B(¥m+1), which completes the proof. O

3 Proof of Theorem [1.7

For k € N, we denote Ny = {1,2,...,k}. Assume the contrary. Then the set Q of j = (j1,...,Jk+1) €

NZH such that there are 1 € A, ..., 241 € A;, ., for which z; ... 2541 ¢ I is non-empty. We
Nk+1
k

Jk+1

endow with the lexicographical ordering < counting from the right-hand side. That is, j < m



if and only if there is [ € N1 such that j; < m; and j, = m, for » > [. Since < is a total ordering
on the finite set N’,ﬁ“ and Q C N’,ﬁ“ is non-empty, {2 has a unique element j minimal with respect
to <. Since j € €, there are x1 € Aj,, ..., xp41 € Aj,, for which z1... 231 ¢ I

Now we shall construct inductively my,...,mgy1 € Ny and monomials uy,...,ux1 in K(X) of

degree k + 1 such that

my >my_q if 1 > 2; (3.1
up & I
U] = VWIT|41T142 - - - Ty, Where w; € Ay, and v; is a monomial of degree [ — 1. (3.3)

We start by setting u; = x1...2ky1 and m; = j; and observing that (BIH33]) with [ = 1 are
satisfied. Assume now that 2 <[ < k+ 1 and that mq,...,m;_1 and wq,...,u;_1 satisfying the
desired conditions are already constructed.

If my_1 < jj, then we set m; = j;, w; = 27, w; = w1 and v; = vj_jw;_1. Using the induction
hypothesis, we see that (BIH3.3]) are satisfied. It remains to consider the case m;_; > j;. In
this case w;_12; € M and therefore there is a € A such that (w;_1,2;) € supp (fo). Let S =

supp (fa) \ {(wi—1,21)}. Since fo €1,

Wj_1x] = Z capab (modl) with cqp € K.
(a,b)esS

Using ([3.3) for I — 1 and the above display, we get

w_q = Z CapVi—1abx41 ... T4 (modl).
(a,b)eS

Since supp (f4) is a chain in M with respect to <, for every (a,b) € S, either (a,b) < (w;_1,x;) or
(wi—1, 1) < (a,b). If (a,b) < (wy—1,2;), b is contained in A, with ¢ < j;. Using the definition of 2
and the minimality of j in ), we obtain

vi_1abxpyq ... xpq € 1 if (a,b) €S, (a,b) < (w1, 7).

According to the last two displays

U1 = Z CapVi—1abx 141 ... 41 (modl).

(a,b)es
(wy_1,z7)=<(a,b)

By B2) for I — 1, uy_; ¢ I. Thus, using the above display, we can pick (a,b) € S such that
(wj—1,2;) < (a,b) and vj_1abzisiq ... 2541 ¢ I. Now we set w; = v_jabxjyq...TE11, w = b,
vy = vj—1a and take m; such that w; = b€ A,,,.

Since w;—1 € Ap,_, and (wj_1,2;) < (a,b) = (a,w;), we have m; > my_;. Thus BIH33) are
satisfied. This completes the inductive procedure of constructing my,...,mg+1 and uy, ..., ugtq.

By @), m; for 1 < j < k+ 1 are k + 1 pairwise distinct elements of the k-element set Nj. We
have arrived to a contradiction, which proves that R is (k + 1)-step nilpotent.

4 Proofs of Theorem 1.3l and Lemma

Let ¥k > 2, n € Nand ay,...,ax_1 € Z4 be such that a; + ... + ax_1 = n. In order to prove
Theorem [I.3] it suffices to prove that there is a quadratic K-algebra R given by n generators and

d= . )(aj+ ... _
1<I}1£1§—1(a1 + ... 4aj)(a;+ ... +ag_1)



relations such that R is k-step nilpotent.

Let X be an n-element set of generators. Since a;+...+ax_1 = n, we can present X as the union
of the pairwise disjoint sets Ay, ..., Ag_1 with |4;| = a; for 1 < j < k—1. Consider the set M C X?
defined in (4] and the partial ordering < on M generated by the partition {A4;,..., Az_1}. For
1<j<k-1let Bj= |J Ay xA,. Clearly, |Bj| = (a1 + ...+ aj)(a; + ...+ ap—1). Hence

qzjzm

d = max{|Bi|,...,|Bg-1|}. By Lemma21] w(M, <) = d. According to the Dilworth theorem (see

[4] for a short inductive proof) the width of a finite partially ordered set P is precisely the minimal
d
number of chains needed to cover P. Hence, we can write M = |J C;, where each Cj is a chain in
q=1
M. Now we consider the homogeneous degree 2 elements of K(X) given by

fq= Z ab for 1 < ¢ <d.

(a,b)EC'q

Clearly supp (f;) = Cy. Thus the union of the supports of f, is M and each supp (f,) is a chain
in M. By Theorem [L.7], the algebra R given by the relations f, for 1 < ¢ < d is k-step nilpotent.
This completes the proof of Theorem [L.3l

Now we shall prove Lemma By Theorems GS and [[3] d,, x > ¢xn? for every k > 2 and
n € N. This proves the first inequality in (I3]). It remains to prove the second one. By Lemma [2.2]
there are o, ..., o1 € [0,1] such that 0 =g < oy < ... < ap—1 =1 and a;(1 — aj_1) = ¢, for
1<j<k—1 Nowfor0<j<k—1letb; =[na;— 21 ClearlyO—bo b1 <...< b1 =n.
Now we set a; = b; —bj_1 for 1 <j <k —1. Then a; € Zy and a1 + ...+ ap—1 = n. Hence

dop < max (a1+...+a;)(aj+...+ag_1) = max bj(n—bj_1) = max [no;—3|-[n(1—a;_1)+3].

ok 1<j<k—1 1<j<k—1 1<i<k—1
It is easy to see that for every a, 8 € [0, 1],
[na— 3] [nB+ %] —apn? < a+6n+4

From the last two displays and the equalities a;(1 — aj_1) = ¢y, it follows that

n 1
dp 1 < gpkn2 + — max (1 + oy — aj_l) + 1

2 1<<k—1
By Lemma 2.2] the maximum in the above display equals ¢5. Thus d, ; < opn? + H‘pkn + 4,
which completes the proof of Lemma
5 4-Step nilpotency and the Fibonacci numbers
First, we derive an explicit formula for d,, 4.
Lemma 5.1. For everyn € N,
dp,4 = min{ [\[—"1 ,n{3_2‘/57ﬂ }. (5.1)

Proof. Using (I2)) with k = 4 and denoting a = a; and b = a3, we obtain
dn.4 = min{max{na,nb, (n —a)(n —b)} : a,b € Zy, a+b < n}.
An obvious symmetry consideration yields

dy,4 = min{max{na,nb,(n —a)(n —b)} :a,b € Zy, b< a, a+b< n}.



Since nb < na and (n — a)(n —b) > (n — a)? when a,b € Z, satisfy b < a < n, we have
dp.4 = min{max{na, (n — a)?} : a € Z,, 2a < n}. (5.2)

Now, assume that a € Z satisfies 2a < n. Solving a quadratic inequality we see that na >
(n — a)? holds precisely when a > p4n. Hence (5.2)) can be rewritten as

dy,4 = min{a,, by}, where
a, =min{na :a € Zy, gyn < a <n/2} and b, =min{(n —a)?:a€Zy, a < pn}.

Clearly, the minimum in the definition of a,, is attained for a = [¢4n] and the minimum in the
definition of b, is attained for a = [p4n]. Hence a,, = n[psn] and b, = [(1 — p4)n]?. Using the
equalities 4 = % and 1 — 4 = @, we see that (B.I]) follows from the above display. O

Corollary 5.2. The equality d, 4 = [cp4n21 holds if and only if either [@4712] is divisible by n or
{904712} is a square of a positive integer.

Proof. Let m = [cp4n21. From Lemma 5.l it follows that d,, 4 is always either divisible by n or is a
square. Thus the equality m = d,, 4 can only hold if either m is divisible by n or m is a square.
If m is divisible by n, we can write m = nj for some j € N. Now it is easy to see that j = [%n}
and therefore, by Lemma [5.1] d), 4 > jn = m. On the other hand, choosing a = j and using (5.2)),
we get dy, 4 < max{nj, (n — j)*} = nj. Thus d, 4 = nj = m.
If m is a square, we can write m = j2 for some j € N. Now it is easy to see that j = [@n}
and therefore, by Lemma 5.1} d,,4 > 72 = m. On the other hand, choosing @ = n — j and using

(.2), we get dn 4 < max{n(n — j),75*} = 7% Thus dp4 = j* = m. O

Proof of the first part of Theorem [L4. Let Fy, F,... be the Fibonacci sequence and ¢ = @ be

the golden ratio number. Using the formula F,, = o) together with the equality ¢4 = 2,

one can eagsily verify that [cp4F,ﬂ = sz_l if k is odd and {¢4F,ﬂ = FpFy_9 if k is even. Thus if n
is a Fibonacci number, then [904712] is either divisible by n or is a square.

To show the converse, we use the following criterion of recognizing the Fibonacci numbers due
to Mobius [9]. It says that a positive integer n is a Fibonacci number if and only if the interval
(en —n~1 pn + n~1) contains an integer. Furthermore, if m is an integer belonging to (¢n —
n~!,on +n"1), then m is the next Fibonacci number after n.

First, assume that n € N and [cp4n21 is divisible by n. Then ¢ n? + 6 = nk, where k € N
and 0 < 0 < 1. Since ¢4 = 2 — ¢, it follows that pn — (2n — k) = % and therefore 2n — k €
(en —n~Y on +n~Y). By the criterion of Mobius, n is a Fibonacci number. Finally, assume that
{@4712} is a square number. Since p; = 2, this means that %z + 6 = k2, where k € N and
0 < 6 < 1. It immediately follows that & = [%1 In other words k = % 4+ a with 0 < a < 1.

Squaring the last equality, we get k? = Z—z +0= Z—z + 2"70‘ + a?. In particular, 2”70‘ < 0 < 1. Hence
pa < ‘2’42. Thus the equality & = g + « implies n = pk — pa and

2 2 2

% % %

< — = < .
7S 20 T 2k —pa) © 2(pk - 2/2n)

Since n > k, we have

TS ook — ?2k) TR
where the last inequality is satisfied for k > 2. Now the above display and the equality n = @k — pa
imply that n belongs to the interval (pk — k=1, pk 4+ k~!). By the criterion of Mdbius, both & and



n are Fibonacci numbers provided £ > 2. If £ =1 or k = 2, a direct computation yields n = 2 or
n = 3 respectively, which are Fibonacci numbers as well.

Thus we have proven that [9047121 is either divisible by n or is a square number precisely when n
is a Fibonacci number. By Lemma 5.2, dy, 4 = [@4712] if and only if n is a Fibonacci number. [

6 5-Step nilpotency

In this section we prove the second part of Theorem [[.4l As in the previous section we start by
simplification the formula defining d,, 5.

Lemma 6.1. If n € N is even, then dp5 = %[%"] If n € N is congruent to —1 modulo 6, then

dps = n["?EZ—IPW If n € N is congruent to 1 or to 3 modulo 6, then d, 5 = ”TH {fnrfﬂ

Proof. Using the symmetry in ([2)) with respect to reversing the order of a;, we have

dys =min{S(a) : a € Zi, ay +as +ag+ag =n, a; < ag}, where

S(a) = max{nay, nay, (a1 + a2)(as + ag + aq), (a1 + ag + asz)(as + aq)}. (6.1)

It is easy to see that the minimum in (6I)) can not be attained when as = 0 if n > 1 (the case
n = 1 is trivial anyway). If a; < a4 and az > 0, one can easily check that S(a’) < S(a), where
a’ is obtained from a by increasing a; by 1 with simultaneous decreasing of as by 1. Similarly, if
a; = a4 and |ag — ag| > 1, S(a’) < S(a), where o’ is obtained from a by increasing the smaller of
ae and a3 by 1 with simultaneous decreasing of the bigger one by 1. It follows that among a € Zi
for which the minimum in (6.0]) is attained there must be at least one point satisfying a; = a4 and
lag — a3| < 1. Thus the minimum in (6.1) is attained at a point a of the shape a = (o, 8,8, a) if n
is even and it is attained at a point a of the shape a = (o, f+ 1, 5, ) if n is odd. Substituting this
data into (6.I]), we get

)

dps = gmin{max{2a,n —a}:a€Zy, a<n/2} if niseven (6.2)

and
dy5 = min{max{na,(n +1)(n —a)/2} :a € Z4, a < n/2} if nis odd. (6.3)

Since max{2a,n — a} = n — a if 3a < n and max{2a,n — a} = 2a if 3a > n, (6.2)) implies that
dns = min{n {%1, 5 [%ﬂ } =3 {2?"1 if n is even (the two numbers in the last minimum are equal in
all cases except for the numbers n congruent to —2 modulo 6 in which case the second one is less
by 1).

Next, max{na, (n+1)(n—a)/2} = (n+1)(n—a)/2ifa < n?EZﬁ) and max{na, (n+1)(n—a)/2} =
"?EZIP Plugging this into ([6.3), we get d,, 5 = min{n["i,fz:i)], ntl [3%1121
the cases of n being 1, 3 and —1 modulo 6 separately, we see that d,, 5 = n[ ] if n is congruent

n(n+1)
to —1 modulo 6 and d,, = "TH{ 2n” ] ff n € N is congruent to 1 or to 3 modulo 6. O

na if a > |}. Considering

3n+1
3n+1

From Lemma [6.1]it immediately follows that d, 5 = %2 = @5n? if 6 is a factor of n. Considering

the exact formula provided by Lemma and treating the possible remainders for the division of
n by 6 as separate cases, one easily sees that d, 5 — %2 > 1 and therefore d,, 5 > [<p5n2} if n is not
divisible by 6 and n > 3. It is easy to verify that the equality d,, 5 = [905712] holds for n = 1 and
for n = 2. This completes the Proof of Theorem [[.4l

We conclude by reminding that the following particular cases of the Anick’s conjecture [I] remain
unproved.



Conjecture 6.2. There is a k-step nilpotent K-algebra given by m generators and d quadratic
relations whenever d > @pn?.

Conjecture 6.3. There2z's a finite dimensional K-algebra given by n generators and d quadratic
relations whenever d > 7.
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