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Abstract

We study a random graph model called the “stochastic block model” in statistics and the
“planted partition model” in theoretical computer science. In its simplest form, this is a random
graph with two equal-sized classes of vertices, with a within-class edge probability of ¢ and a
between-class edge probability of ¢'.

A striking conjecture of Decelle, Krzkala, Moore and Zdeborova [9], based on deep, non-
rigorous ideas from statistical physics, gave a precise prediction for the algorithmic threshold
of clustering in the sparse planted partition model. In particular, if ¢ = a/n and ¢’ = b/n,
s=(a-b)/2 and d = (a +b)/2 then Decelle et al. conjectured that it is possible to efficiently
cluster in a way correlated with the true partition if s> > d and impossible if s? < d. By
comparison, until recently the best-known rigorous result showed that clustering is possible if
52 > Cdlnd for sufficiently large C.

In a previous work, we proved that indeed it is information theoretically impossible to cluster
if s2 < d and moreover that it is information theoretically impossible to even estimate the model
parameters from the graph when s? < d. Here we prove the rest of the conjecture by providing an
efficient algorithm for clustering in a way that is correlated with the true partition when s2 > d.
A different independent proof of the same result was recently obtained by Massoulié [21].
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1 Introduction

1.1 The stochastic block model

We consider the simplest version of the stochastic block model, namely the version with two sym-
metric states:

Definition 1.1 (The stochastic block model). For n €N and q,q" € (0,1), let G(n,q,q") denote the
model of random, +1-labelled graphs on n vertices in which each vertex u is assigned (independently
and uniformly at random) a label o, € {1,-1}, and then each possible edge {u,v} is included with
probability q if o, = 0, and with probability q' if oy # 0.

If g = ¢’, the stochastic block model is just an Erdés-Rényi model, but if ¢ > ¢’ then one expects
that a typical graph will have two well-defined clusters.

Theoretical computer scientists’ interest in the average case analysis of the minimum-bisection
problem led to intensive research on algorithms for recovering the partition [316]&]10,16,22] (al-
though not all of these works used the same model as us; for example, [6] considered random regular
graphs with a fixed minimum bisection size). At the same time, the model is a classical statistical
model for networks with communities [I5], and the questions of identifiability of the parameters
and recovery of the clusters have been studied extensively, see e.g. [2L25]27]. We refer the readers
to [23] for more background on the model.

1.2 The block models in sparse graphs

Until recently, all of the theoretical literature on the stochastic block model focused on what we
call the dense case, where the average degree is of order at least logn and the graph is connected.
Indeed, it is clear that connectivity is required, if we wish to label all vertices accurately. However,
the case of sparse graphs with constant average degree is well motivated from the perspective of
real networks, see e.g. [19,28].

Although sparse graphs are natural for modelling many large networks, the stochastic block
model seems to be most difficult to analyze in the sparse setting. Despite the large body of
work about this model, until recently the only result for the sparse case q,q" = O(%) was that
of Coja-Oghlan [7]. Recently, Decelle et al. [9] made some fascinating conjectures for the cluster
identification problem in the sparse stochastic block model. In what follows, we will set ¢ = a/n and
q' = b/n for some fixed a,b. It will be useful to parameterize these by d = (a+b)/2 and s = (a—-b)/2.
Note that with these parameters, s? > d implies that s,d > 1.

Conjecture 1.2. If s> > d then the clustering problem in G(n, ol %) s solvable as n — oo, in the
sense that one can a.a.s. find a bisection whose correlation with the planted bisection is bounded

away from 0.

Decelle et al.’s work is based on deep but non-rigorous ideas from statistical physics. In order to
identify the best bisection, they use the sum-product algorithm (also known as belief propagation).
Using the cavity method, they argue that the algorithm should work, a claim that is bolstered by
compelling simulation results. By contrast the best rigorous work by Coja-Oghlan [7] showed that if
52> Cdlogd for a large constant C, then the spectral method solves the clustering problem. (After
the current article first appeared as a preprint, independent works [141[31] gave simple algorithms
that work when s? > Cd.)

What makes Conjecture even more appealing is the fact that if it is true, it represents a
threshold for the solvability of the clustering problem. Indeed it was conjectured in [9] and proved



in [23] that if s? < d then the clustering problem in G(n, e %) problem is not solvable as n — oo. It
was further shown in [23] that s? = d represents the threshold for identifiability of the parameters
a and b as conjectured by [9].

The threshold d = s? can be understood both in terms of spin systems and in terms of random
matrices. It was first derived heuristically as a stability condition for the belief propagation algo-
rithm [9]. Around a typical vertex, the joint distribution of the graph labeled by the clusters is
asymptotically (in the sense of local weak convergence) a Galton-Watson branching process labeled
with the free Ising model. The threshold d = s corresponds to the extremality or reconstruction
threshold for the Ising model, the point at which information on the spin at the root can be re-
covered over arbitrarily long distances. In [23] this property was used to show the impossibility of
reconstructing clusters when s? < d.

In [I8] the threshold was heuristically derived by considering the spectrum of the matrix of
non-backtracking walks. On an Erdos-Rényi random graph the bulk spectrum of this matrix has
radius d'/2. When s2 > d there is a natural construction of an approximate eigenvector of eigenvalue
s which thus escapes from the bulk exactly at d = s>. The random matrix interpretation plays a
central role in our anaylsis and is discussed further in Section 2.3]

1.3 Notation

We write graphs as G = (V, E), where V is a vertex set and E is the set of edges. We write v ~ w
if {v,w} € E. If we need to speak about several graphs at the same time, we may write V(G) or
E(G) in order to be clear that we are referring to the vertices (or edges) of the graph G. If o is a
labelling on V and U c V, then we write oy for the restriction of o to U.

In order not to be overwhelmed with quantifiers, we make heavy use of the asymptotic notations
0,0,w, and €, including in the antecedent. For example, the statement that “a, = O(b,) implies
that ¢, = O(d,)” means that for every C7 > 0 there exists some Cs > 0 such that a, < C1b, for all
n implies that ¢, < Cad,, for all n. Given a collection of sequences (a, ) depending on some other
parameter v, we say that they satisfy some asymptotics uniformly in v if the hidden constants or
rates of convergence do not depend on v. For example, “a,, = o(b,) uniformly in v” means that
there is some sequence ¢, - 0 such that a, /b, < ¢, for all v and all n.

We write that a sequence of events holds asymptotically almost surely (or a.a.s.) if their prob-
abilities converge to one.

2 Our results

Our main result is a proof of Conjecture

Theorem 2.1. If s> > d then the clustering problem in G(n, - %) is solvable as n — oo, in the
sense that one can a.a.s. find a bisection whose correlation with the planted bisection is bounded
away from 0.

Our algorithm is also computationally efficient, and can be implemented in almost linear time
O(nlog2 n). We recently learned that Laurent Massoulié independently found a different proof of
the conjecture [21].

We note that our proof of Theorem [2.1] actually gives slightly stronger results. First, a and b
do not need to be fixed, but may grow slowly with n:

Theorem 2.2. If a,b = no(M/leglogn) 44 s2/d > X\ > 1 for all n then the clustering problem in

G(n, 2, %) is solvable as n — oo, in the sense of Theorem 21



Moreover, although our proof of Theorem 211 does not give particularly good bounds for the
size of the correlation, it does show that the correlation tends to 1 as s?/d grows.

Theorem 2.3. If a,b = n°(1/10818") 4nd s2/d — oo then the clustering problem in G(n, ol %) is
solvable as n — oo, in the sense that one can a.a.s. find a bisection that agrees with the planted
bisection up to an error of o(n) vertices.

2.1 Proof strategy

It was conjectured in [9] that a popular algorithm, belief propagation initialized with i.i.d. uniform
messages, detects communities all the way to the threshold. However, analysis of belief propagation
with random initial messages is a difficult task. Krzakala et al. [I8] argued that a novel and very
efficient spectral algorithm based on a non-backtracking matrix should also detect communities all
the way to the threshold. Unfortunately we were unable to follow the path suggested in [I§] and
our algorithm for detection is not a spectral algorithm. Still, our analysis is based on the non-
backtracking walk and we show that it can be implemented using matrix powering. The algorithm
has very good theoretical running time O(nlog?n) but the constant in the O needed for the proof
that the algorithm is correct is very large, so the algorithm described is not nearly as efficient as
the one in [I§] (nor have we implemented it).

Definition 2.4. A path is a sequence uy, ..., ux of vertices such that for all i, u; # u;—1. (Note that
we do not require vertices in a path to be connected by an edge in any given graph; thus, it might
be more standard — but also rather longer — to use the term path in the complete graph instead.)
We write E() for the set of {u;_1,u;} and V (v) for the set {ug,...,u}.

A non-backtracking path is a path ug,...,u such that for every 0<i <k —2, u;  ujyo.

A self-avoiding path is a sequence of vertices ug,...,ux that are all distinct.

The basic intuition behind the proof is that we should be expecting a larger number of non-
backtracking paths of a given length k£ in the graph between two vertices v and v if they have the
same label, while a smaller number of non-backtracking paths in the graph is expected if the nodes
u and v have different labels.

Instead of working with the number of non-backtracking walks in the graph, it is more convenient
to work with a rank one correction, where an edge is represented by 1 - d/n and a non-edge by
—d/n. With this alteration the expected weight of each edge is 0.

Definition 2.5. Let We = 1(.cp(q)) — d/n. For a non-backtracking path 7 = ug,...,uy, let

k
Xy = H W(Ui—l,ui)'
i=1
Let F}j}i , denote the set of non-backtracking paths of length k from u to u' and let

Nﬁv): Z X’Y'
oA

vyell
Where k is clear from the context, we will sometimes just write Ny, ,.

Our basic method is to show that ngkv) is correlated with o0, for some k ~ logn. In order to
do this, we would like to compute the expectation and variance of the N, ,. There is an obstacle,
however, which is that on some very rare event there are many more paths in the graph than there



should be; this event throws off the expectation and variance of N, ,,. For intuition, take k = [aclogn|
for some large constant « (in order to make our method work, we will need « arbitrarily large if
s? is arbitrarily close to d). As we will show later, Ny, is of the order sk /n with high probability.
However, the expectation of N, , could be much larger. Indeed, the probability that an m-clique
containing u and v will appear is at least n~m" = em*1o8n  Op the event of its appearance, there
are at least (m—-2)* = e(m=2)alogn non hacktracking paths of length k from u to v that stay entirely
within the graph; each of these paths v has X, ~ 1. If log(m - 2) > 2log s and alog(m - 2) > 2m?
(which can be achieved by first taking m large enough depending on s and then taking « large
enough depending on m), then these paths contribute an expected weight of at least

1

2
ealog(mf2)logn—m logn > e3

alog(m-2)logn - Salogn _ Sk
which is of a larger order than s* /n. For this reason, our argument for controlling N, , will be
divided into two parts: we will use the second moment method to control the part of N, , that
involves “nice” paths, and we will control the other paths by conditioning on an event that excludes
cliques, along with some other problematic structures which we call tangles.

Definition 2.6. An (-tangle is a graph of diameter at most 2¢ that contains two cycles. We say that
a graph is {-tangle-free if if does mot contain any £-tangles as subgraphs; i.e., every neighborhood
of radius £ in the graph has at most one cycle.

Standard random graph arguments imply that sparse graphs are ¢-tangle free with high prob-
ability, for some ¢ depending on the sparsity. Indeed, we will show later (Lemma [6.2]) that with
the following choice of parameters (which we fix for the rest of this article), G is (-tangle-free with
probability 1 —n~1+e();

Assumption 2.7. Assume that s,d = n°(/1981987) " 4nd fir a sequence ¢ = £, satisfying loglogn <

< +/logn.

Roughly speaking, our main technical result is that N, , is correlated with 0,0, and that as u
and v vary then the variables IV, , are essentially uncorrelated.

Theorem 2.8. Assuming that s?/d > X\ > 1, choose o so that n>d*1°8" < s2*18™ for every n. Let
u,v,u’,v" be distinct vertices, and let FQSL{},W be the set of self-avoiding paths from w to v of length
k = [alogn]. Suppose that U,U" ¢ V contain {u,v} and {u',v'} respectively, and that both have
cardinality at most n°1) . Let Yo = Xyersaw Xy. Then, uniformly over u,v,u',v", and all labellings

ou,oyr on U and U’,

Sk

E[Yuo | ov] = (1+n o0 220 (1)
E[Y?,|ov] £(1+0(1))2(;—2)ﬁ (2)
’ s2—d) n?
E[YuoYur o | ovou] = (1 +n " NE[Y,, | ov, 00 JE[Yww | ov,007] (3)
P [|N£kv) =Yl 2 shn~4/3 | O'U] < p~1/3+e(1), (4)

It follows easily from Theorem 8 that if s?/d — co then we can get very accurate estimates

of 0,0, by computing ngkv) . To achieve non-trivial estimates of ¢,,0, in the case s> /d > 1 is more
complicated. We will explain the procedure roughly in the next section.



2.2 Almost linear time algorithm

Theorem 2.8 suggests a natural way to check if two vertices are in the same cluster; this is the basis
of the algorithm we develop to cluster the graph. We further show how to efficiently perform the
algorithm using matrix powering.

Theorem 2.9. There is an algorithm that runs in time O(nailog2 n) and satisfies the following

guarantee: for any \ > 1 there is an € > 0 such that if s*/d > X\ > 1 for all n then the algorithm,
a

given G ~G(n, =, %), produces a labelling T satisfying
‘ 1
- Z Oy Ty
n v

with probability 1 —o(1), where o is the true labelling of G.

>e>0,

With more care in the analysis the running time could be reduced to O(ndlogn) for a slightly
modified algorithm.

2.3 Connections with random matrix theory

Let A be the adjacency matrix of a graph G from G(n, &, %) One standard spectral algorithm for
community detection takes the top eigenvector of A — %]1 (where 1 is the n x n matrix filled with
ones) and rounds it to reconstruct approximations of the clusters. To analyze this algorithm (see,
e.g. [24]), consider the labelling o as an vector in {1,-1}"; then conditioned on o, the random matrix
M = A—%]l - %UO’T has independent, zero-mean entries. If ¢ and b are growing not too slowly with n
then one can show a Bai-Yin theorem for M, and it follows that the top eigenvector of the rank-one
perturbation M + %UO’T =A- % 1 is correlated with the true labelling o. The random matrix aspects
of this analysis have received substantial attention in recent years. For example, semi-circle laws
and local statistics are now known whenever a and b are growing at least logarithmically fast in
n [30] (following earlier work that required polynomially fast growth [11,29]), and also for matrix
ensembles with more general i.i.d. entries. These ideas were used in [24] to establish the block
model threshold conjecture in the case where a and b grow at least logarithmically in n.

The preceding arguments — and also the more general random matrix theory — break down in
the sparse case, where a and b are O(1). One reason for this is the presence of high-degree vertices:
with high probability there exist vertices with degree Q(logn/loglogn), and these play havoc with
the spectrum of A. We emphasize that this is not merely a looseness in the analysis: naive spectral
algorithms genuinely fail for sparse graphs, see e.g. [18] for a discussion of why this happens for
the stochastic block model, or [13] for a quite different example of the connection between vertex
degree and spectrum in random graphs.

Some attempts were made to modify spectral methods. A popular idea is to prune all nodes
whose degree is larger than some big constant. This idea was pioneered by Feige and Ofek [12] for a
different application, and studied in our context by Coja-Oghlan [7], who gave a spectral algorithm
that succeeds on sparse graphs but not all the way to the threshold: it requires s?> > C'dlogd for
some constant C'.

Krzakala et al. [I8] suggest quite a different way to “fix” the spectrum of A: instead of A, they
consider a non-symmetric matrix that avoids the contribution of high-degree vertices by counting
non-backtracking paths in the graph instead of all paths in the graph. Although simulations
strongly suggested that the non-backtracking matrix had desirable spectral properties whenever
52> d, the proof remained elusive until very recently (and after the first appearance of this work),
when Bordenave et al. [5] gave a solution. Their result required new developments in random



matrix theory, partly because the non-backtracking matrix is very sparse and partly because its
entries are far from i.i.d. These methods were further developed by Bordenave [4], who gave a new
proof of Alon’s conjecture for the second eigenvalue of random d-regular graphs.

In an independent (and concurrent) work, Massoulié [21] gave a proof of Theorem 2.1] using a
spectral algorithm. He considered the matrix M where M, is the number of self-avoiding walks
between v and v of length alogn, for some not-too-large constant «. This “regularized” matrix
has several advantages over the non backtracking matrix we consider. The matrix is quite dense
(all degree are polynomial) and in fact is close to regular. Moreover, the matrix is symmetric which
allows standard perturbation theory to apply. On the other hand, the entries of the matrix are not
independent. Still, Massoulié showed how to apply the trace method and analyze the spectrum
of the matrix. He proved that if s> > d then M has a separation between its second- and third-
largest eigenvalues, and that the second eigenvector is correlated with the true labelling. Hence,
the spectral algorithm that rounds the second eigenvector of M succeeds down to the threshold.
We note that the algorithm we describe is much more efficient than the one by [2I], which might
not even be implementable in polynomial time (for example, counting self-avoiding walks is #P-
complete [20] even for fairly simple families of graphs); in any case, simply writing down the dense
n x n matrix in [21] will take time O(n?).

3 The algorithm and its running time

In this section, we will describe the algorithm and give its analysis assuming Theorem [2.8] We will
begin by describing how to use the quantities ngkv) to estimate the graph labelling. In Section [3.2],
we will show how these quantities may be computed efficiently, thereby completing the description
of our algorithm. In Section 3.3l we prove the algorithm’s correctness.

3.1 The algorithm

Recall that our random graph model adds a within-class edge with probability a/n and a between-
class edge with probability b/n, where a and b are parameters that may grow slowly with n. We
set d = (a+b)/2 and s = (a - b)/2, and assume that s2/d > A > 1 for all n.

We begin by describing a simplified version of our algorithm. This simplified version runs more
slowly, but it is more intuitive and will serve to motivate the main algorithm. The basic idea is to
fix a very slowly increasing sequence, say R = R,, = 2[loglogloglogn]|. We write B,(v) for the set
of vertices whose path distance to v in G is at most 7, and we write S, = Br(v) \ Bg-1(v). Fix
a node w* with large degree (at least \/loglogn, say). For every other node v, consider the graph
H = H(v) obtained by removing w* and Br_1(v) from G. Our estimate for o, will be

Ty =Sgn( Z Z Ngg),

u~w* weSy

where k = ©(logn) and ngku)} is computed with respect to the graph H. After observing that H is
essentially distributed according to the stochastic block model, Theorem 2.8 and the fact (coming
from the theory of multi-type branching processes) that },,cs, oy is typically of a larger order than
\/@ together imply that 7, = sgn ¥, .« ywes, Oudw With probability going to 1. The theory of
branching processes also implies that when s? > d then the sign of ¥, s, is non-trivially correlated
with o,. Hence, 7 is non-trivially correlated with o.

The preceding algorithm has two flaws that we will correct shortly. First, the distribution of
H is slightly painful to work with, because after removing the node w* the remaining edges are no



longer independent. Second, the running time of the algorithm above will be about O(n?logn),

because we must compute the numbers ngku)} (each of which takes time O(nlogn)) with respect
to O(n) different graphs H(v). This could be fixed by handling several nodes simultaneously: we
could remove U, Bg-1(v) from G, where the union is taken over, say, n/logn vertices v. This is
almost the approach that we will take, but we need to be careful that whatever we remove, the
remaining graph is almost distributed according to the stochastic block model. We will ensure
this by a slightly convoluted plan: instead of removing specific nodes and neighborhoods, we will
remove dn vertices from G uniformly at random and look for nodes and neighborhoods that are
contained in the removed part. The precise description of our algorithm follows:

Let R = 2[loglogloglogn]. Let 6’ >0 be chosen so that s?(1 —¢")% = d(1-§") and let 6 = §/2.
We will choose constants x and k depending on s’ and d’ (the precise dependence will be given
later). Then, we proceed as follows:

e Remove at random [/n] vertices V" from the graph , leaving the graph G’ = (V', E’)

e Let w* be a node in V" whose number of neighbors in V' is closest to [v/loglogn]. Let S,
be the set of its neighbors in V.

e For each v € V' denote S, = Br(v) ~ Bp_1(v).

e For each 1 < j<logn, let U; be a uniformly random set of [nd] - [\/n] vertices of V' \ S,; set
Vi = V' N (S, UU;).

e For each v € V' and 1 < j <logn define

rk+R+1

NED & ns—|s*|sj,v) ,

ueSxnVj,u'eSynVj

where &, are i.i.d. random variables uniform on [-1,1] and

(k.g) _
Nu,u’ - 2 X’Yvd"
weFNB
kyu,u’

Vi
Here, we define the function sgn so that sgn(0) = 0.

e For each v € V' let J, be the first j such that Br_1(v) nV; = @ and (S, U Ss) ¢V}, and 0 if
no such j exists. Then set 7(v) =77, , when J, # 0 and 7, , # 0. For all other v € V, choose
7(v) at independently at random uniformly from {1,-1}.

We will prove Theorem 2.9]in Section [3.3] by showing that the output 7 of the algorithm above
is correlated with the true partition with high probability. In the following section we describe how
to evaluate the 7 in time O(ndlog®n).

3.2 Efficient implementation of the algorithm

The main computational step in the algorithm above is to compute N, ~”;
J ) is just Nikg, computed on the subgraph

in this section, we will

describe how to do so. First, however, note that Nsku
induced by V' \ (S, uVj). In particular, it is enough to show how to compute N, iku), efficiently.
Let V' be the vertex set and A the adjacency matrix of the graph G. We recall the definition of

Nékv) and introduce some related matrices



Definition 3.1. Let I denote the n x n identity matrixz, let D be the n x n diagonal matriz whose
uth diagonal entry is the degree of the vertex u, and let 1 be the n x n matriz all of whose entries
are 1. Define the n x n matriz N*) by

Néfﬂv) = Z X’ya

~e'NB

k,u,v

with the convention that N(©) = I. For peR, define the n x n matrix QP by
lk/2] ,
QYD = Y pIN{) (5)
b ‘]:0 b

(where an empty sum is defined to be zero, so Q%) s the zero matriz for k < 0), and define the
4dn x dn matrices

(1-d/n)A -(1-d/n)>(D-1) -(d/n)(L-A-TI) -(d/n)*((n-1)I-D)

) I 0 0 0
M= (1-d/n)A —(1-d/n)?D —(d/n)(1-A-1) —(d/n)*((n-2)I-D) |’ (6)
0 0 1 0
(1-d/n)A —(1-d/n)>D —(d/n)(1-A-1) —(d/n)*((n-1)I-D)
~ 0 0 0 0
M= 0 0 0 0 -
0 0 0 0

Finally, define the 4n x n matriz O by
Qk=( QkA=d/n)  Q(k-L1-d/n) —y(k,—d/n) —(k-1,~d/n) )T (8)

Lemma 3.2. We have
MOy = Qpi1

and ) .
MQ=( N®D 0 0 0) .

Proposition 3.3. For a graph on n vertices and m edges and for every vector z the matriz N* z
can be computed in time O((m +n)k).

Proof. The proof follows from the fact that (by Lemma B3:2) Nz is the first n coordinates of
MMk_l Q()Z,

and that each of the matrices M, M and Qy is made of at most 16 blocks, each of which is a sum
of a sparse matrix with O(n +m) entries and a rank 1 matrix. Therefore, the displayed expression
above can be computed with k + 1 matrix-vector multiplications, each of which requires O(n +m)
time. ]

We can now prove the running time bound in Theorem 29 Indeed, in iteration j of the

algorithm, the sum Y. SV e Sy Niku’g ) is the non-trivial computation that needs to be done.

This sum can be read from the entries of Nz, where N is computed on the graph with the
removed nodes and z is the indicator of the vertices in S,. By Proposition B3] the running time of
iteration j is O((n+m)k). Since there are logn iterations and we have m = O(nd) and k = O(logn)
we obtain that the running time of the algorithm is O(nd log? n).

It remains to prove Lemma



Proof of LemmalZ 2 We will write NMU to denote the N&f‘i}, but with the sum restricted to
non-backtracking paths which move to w on their first step. Then we have the recursion

N8 - 3 N,
wEY ’
= g W{u,w} (Nz(ulfgl) - W{u,w} (Ngﬂviz) észv)))
= (k-1) _ (k-2) N(E-2)
- u;u W{uvw}Nw,U wzi:u W{u w}N + u;u W{u w} w,W,v

By expanding the terms of the form NQSZZ?U) repeatedly, we obtain by induction that

NG _ Z (L(kzlz)/ Wit pr(k-1- 2j))_ (l(’fz?:)/ JW2+2] N(k 2- 2j))
U L {u,w}” WV & (w0}
[ (202 | L) | |
= Z ( Z (1- d/n)1+2JNL(UI7f;1—2])) _ ( Z (1- d/n)2+2]NL(L{cU—2—2J)):|
w~U | ,7:0 ]:0
[ [(k-1)/2 k-2)/2
. Z ([( Z:)/ J(—d/n)1+2jN1(uk;1_2j)) ~ ( L( Z:)/ J(_d/n)2+2quSkv_2_2j)):|
sl 7 | i |

The recursion above can be written using the matrix @ from (&) in the following way:

N® = (1-d/n)AQH 4" — (1 - d/n)* DRI~/
— (d/n)(1 - A- Q¥ —(d/n)?((n -1)I - D)QH2~4/m
Moreover,
Q(kvl—d/n) - NF 4 (1- d/n)2Q(k—2,1—d/n)
= (1=d/n)AQU 14" — (1 - d/n)*(D - )QW>1-4m
— (d/n)(1 - A- Q¥4 _(d/n)*((n - 1)I - D)QH24m)
and
Q(krd/n) - N®) 4 (d/n)2Q(k72,fd/n)
= (1 - d/n) AQU11=U — (1 — dfn)> DQU-21-dIm)
—(d/n)(1 - A-D)Q¥ L4 —(d/n)?((n-2)I - D)Q*=4m),

Written in terms of the matrices Q from (&) and M, M defined in (6l) and (), the recursions above
can be written as MQy = Qgyq and MQy, = ( NGED 9 0 0 )T, as claimed. O

3.3 Correctness of the algorithm

In this section, we will prove the correctness of the algorithm assuming Theorem 2.8l We begin with
some preliminary observations about the distributions of various subgraphs of G. The distribution
of G' is simply a stochastic block model with fewer vertices, that is G(n - [\/n],a/n,b/n). Let
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G; = (Vj,E;) denote the graph obtained at iteration j; G; is also distributed as a stochastic
block model, but we will need to say more because we will need to use G; conditioned on some
extra properties. In particular, we need to argue that conditioned on a vertex neighborhood being
removed, the distribution on the remaining graph is drawn (approximately) from the block model.
The technical issue here is that the removed vertices are correlated and moreover we need to
condition on some of their labels. Nevertheless, this can be handled because the neighborhood of
a single vertex does not contain too many other vertices.

For a vertex v in Gj, let U = U(v) denote the set S, u S,. We will be interested in the
distribution of (G;,U,0r) and we would like to couple it with a configuration of (G',U’,0y;/)
drawn from G(n - [dn],a/n,b/n) and U’ is some fixed set of vertices of size |U].

Lemma 3.4. Fiz a vertexv e V' and a labelling T of V. Let Py denote the distribution of (Gj,0v;)
conditioned on S, U S,, the graph structure of Br(v) and the events

|Br(v)| < ’I’Lo'l, Br-1(v) n Vi=0, Sy © Vi, ou=1u, OBp_1(v) = TBr_1(v)>

where U = S, U S,.

Given a set U’ of vertices and a labelling 7', let Py denote the distribution of (G',0") ~ G(n —
[on],a/n,b/n) conditioned on oy, = 7. Suppose that we can identify V(G') and V(G) in such
a way that U = U’ and 7 agrees with 7" on U. Then for large enough n, the measures P; and Py
satisfy that

dTv(Pl,Pg) < n 93,

Proof. The proof will couple ¢’ with oy, and the edges of G’ with the edges of G;. The coupling
proceeds in the following way:

e We take ¢’ and o to be equal on U = U’ (neither one is random in either measure).
e Then we try to couple all other labels so they are completely identical.

e Finally, if the labels are identical, we will include exactly the same edges. This is possible
since different edges are independent and the probabilities of including edges just depend on
the end points.

The only non-trivial part of this proof is showing that we can perform the second step with high
probability. Note that in Py, all of the labels outside U’ are independent and uniformly distributed.
The conditional distribution outside U in G; under the conditioning is also i.i.d. (since no edges
are revealed). However, in Py the labels are biased, since we know they were not connected to the
vertices of Br-1(v). Indeed, for each vertex u outside U we have that

where n, is the number of +1 labels in o, | (). Thus
1 1 -0.9
Pi[ow = +] = 5 + OB(v, B)|/n) = 5 + O(n ™).
It is well known (see e.g. [26]) that

drv (Bin(n,1/2),Bin(n,1/2 + z)) = O(a/n)

which therefore implies that dpy (P1,Py) < O(n™%%) <n™%3, as claimed. O
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Next we note that with high probability |S.| = [\/loglogn] since the probability that there
exists a vertex in V' with that number of neighbors tends to one; we will condition on this event.
Also, we may assume without loss of generality that o, = +. We will denote

M, = Z oy and M, = Z Oy (9)
veSy veSy

Note that M, is a sum of i.i.d. signs, each of which has expectation % (since we conditioned on

ow+ = +). Hence, a.a.s.
s
M= =184l < EARAS

which means in particular that M, a.a.s. has the same sign as s.
Before we proceed to the estimates that apply specifically for our algorithm, let us note a simple
corollary of the first three statements of Theorem 2.8k

Lemma 3.5. Take disjoint sets Uy,Us c V that have cardinality n°V; let U = Uy uUs. Under the
notation and assumptions of Theorem [2.8, if Y = ¥ e, vev, Yuw then uniformly for all labellings
oy on U,

k
E[Y |oy]=(1+ n_1+0(1))8— > ouoy
n uelUy ,veUs

S2k
Var 0] = 0 (002031 0 5 ).
Proof. By Theorem 2.8]
_ _ -1+o0(1) S_k
E[Y|ouvl= >, E[Yuslov]l=1+n ) > ouoy,
uelUy,veUsz n uelUy ,veUs

as claimed.
For the second moment,

E[Y?|oy] = > E[Yu Y lovl.

u,u'elUr,v,0"'elUsz

We divide the sum into three parts: the first part (containing |U;||Us| terms) sums over u = ' and
v =v'; for this part, we apply (). The second part (containing less than |U; [?|Us| +|Us|?|Us| terms)
sums over indices with either u = u’ or v = v'; for this part, we use the bound

E[Yu,qu’,v’ | UU] < E[Yuz,y | UU]1/2E[Yu2’,v’ | UU]1/2

and then apply (2]) to each term on the right hand side. Finally, the third part ranges over distinct
u,u’,v,v" (less than |Ui[2|V1|? terms), and we apply (B]) Putting these three parts together,

o 82 82k‘
E[Y?]ou] < (1+o(n M) (U][Ua] + U2 U] +|U1||U2|2)2(82 —d) 2

S2k
+ o) Z Z Juavauravr].

u#u’ vEv!

Finally, note that the second term above differs from (E[Y | op])? by at most 2|U||Us|(|U1| +
[U3])s?* /n2. Subtracting (E[Y | or/])? from the displayed equation above thus proves our claim
about the variance of Y. d
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We may apply the previous lemma with (@) and Chebyshev’s inequality to show that

Zo= ¥ NG

ueS«nVy, u'eSynVy,
can be used to estimate the sign of M, (which, recall, was defined in ([@)).

Lemma 3.6. For a random vertex v and any € >0, conditioned on J, 0,

1

Proof. We condition on J, = j # 0 and work with the measure Py from Lemma B.4t we will also
condition on the (high probability) event that |S,|? < |S,| = n°"). Hence, we can apply Lemma 3.5
to the graph G; with Uy = S, U = S, and with slightly different graph parameters: n—[dn| is the
number of nodes, and the parameters s and d are replaced by s” and d'. Setting Y, = ¥ cs, wes, Yuuw
(where Yy, . is now computed with respect to the graph G;), Lemmal3.5land Chebyshev’s inequality
give that for any ¢ > 1,

.

Next, we control Z, —Y,. By () and a union bound,

1k

s 1k+R
Zy——M,M,
n

€S

>

|S*|:| -0 asn — oco.

1k ots'*

n—on

Y, - M, M,]| >

n-on

IS*I] <O (ISu] + [Su/1S:1))-

1k

ts' ts
Py | |Zy, - Yy 2 Sel] < Pol||Zyw —Yuur| 2 =———m—| -
2[| v U| n_6n| |] uesgles* 2[| o w | |Sv|(n_6n)]

Since |S,| and |S,| are n°"), @) implies that for any ¢ > 1, the right hand side above converges to
zero. Putting it together and setting ¢ = es’ R (which is at least 1 for large enough n),

S/k 6S/kJrR
Py |2, - M, M| > |S.| | = 0.
n-on n—on
By Lemma B.4] the same statement holds under Py, conditioned on J, = j. U

3.3.1 Branching processes

The purpose of this section is to show that M, can be used to estimate o,. We will do this by
exploiting the connection between neighborhoods in G and multi-type branching processes. Since
this section is the only place where we will use the theory of branching processes, we will give only
a brief introduction; readers unfamiliar with this theory should consult the book by Athreya and
Ney [].

For notational simplicity, we will assume for now that s > 0. The case s < 0 will be discussed
at the end of the section. For the rest of this section, T" will denote a Galton-Watson branching
process with Poisson(d) offspring distribution rooted at p. We will assign three random labellings to
the vertices of T in the following way: first, divide 7" into connected components by running bond
percolation: deleting each edge independently with probability s/d. Then, for each component
choose a label uniformly in {+1} and assign that label to all vertices in that component. We
define n,n*, and n~ respectively to be the configurations generated this way where the connected
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component of the root is labelled randomly, labelled +1, or labelled —1 respectively. Let ¢ =17, let
VR =Y yesp(p) Mo and define W3 similarly.

It is well-known (and not hard to check) that the random labelling n may also be generated
in the following way: choose 7, uniformly at random. For every child u of 7, independently, let
Nu = Np With probability —% and otherwise let 7, = -1,. Then recurse this process down the tree:
for every child w of u independently, let 7, = 7, with probability -+ and otherwise let 7, = —1,.
The processes n* and n~ may be generated similarly, except that instead of beginning with 7,

labelled randomly, we fix n; = +1 and 7, = -1.

Lemma 3.7. Let £ be a uniform random variable on [-1,1] that is independent of T, n, and n*.
There exist k>0 and € >0 such that

P[UF > Ers®] 2 = + 2. (10)

1
2
Proof. By symmetry, Wg is symmetric about 0 and so if £ is an independent uniform on [-1,1]

then for any x > 0,
1

P[Ug > Ers] = 5
Moreover, analysis of multi-type branching processes going back to Kesten and Stigum [I7] shows
that E\I/% = O(szR) provided s? > d. Also, with percolation construction above, it is clear that
U, — W, is simply twice the size of the percolation component of p intersected with level R. This
is exactly given by a branching process with Poisson(s) offspring distribution so

lim inf P}, - U, < s> 6

R

for small enough & > 0. By Chebyshev’s inequality, both ¥} and ¥y belong to [-rs’, ksft] with

probability 1 - O(x72). Then

v v
P[—% << R] > ZB[W) - W < 5] - P{IUR] 2 5] - PWR| 2 "] 2 25 - O(x?).
RS RS K

Finally, symmetry of ¥ and ¥ implies that

1 \J oh] o1 _
P[W}%zgnsR]z§+P[m—§s§<ﬁs§] 5+ —5 O(k72),

which completes the proof if « is a sufficiently large constant. O

Lemma 3.8. For 1 <i<logn let (T;,n;) be iid copies of (T,n) above for R = 2[loglogloglogn].
For vy,...,vogpn be uniformly chosen vertices in 'V,

drv ({(Ti,m) }1<ictogns { (Br(vi),0(Br(v:)) }i<ictogn) = 0

as n —> oo,

Proof. This argument is a minor variation on a well-known argument showing the local tree-like
structure of sparse graphs. We will give only a sketch, but a much more detailed argument (although
for only one neighborhood) is given in [23].

We establish the result by coupling the two processes By Markov’s inequality, with high
probability Zlog"|T| < log?n and Zlog"|BR(vz)| < log?n. Moreover, by standard arguments in
sparse random graphs, U Br(v;) is a disjoint union of trees with high probability.
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We reveal the branching process trees by sequentially revealing for each vertex how many
children of each label it has (Poisson(a/2) of the same label and Poisson(b/2) of the opposite label)
down to level R in a breadth-first manner.

Similarly, we can reveal the neighborhoods of the v; and their labels in G by sequentially
revealing the neighbors and labels of the currently revealed vertices. Suppose that we condition
on the labels of all vertices and on the graph structure that was revealed so far, and suppose that
we want to reveal the neighbors of a given vertex uw. With high probability, none of these revealed
neighbors will belong to the already-explored set and so we will focus on u’s neighbors among the
unexplored vertices. If n* are the numbers of +1-labelled vertices that have not yet been explored,
then u has Bin(n?“,a/n) neighbors of label o,, and Bin(n*,b/n) neighbors of label -o,. Note that
n* are both in n/2 + n2/3 with high probability, because the original labels were biased by at most
O(n'/?) and we have revealed at most log®n of them.

We couple these two processes with the usual coupling of Poisson and Binomial random vari-
ables. In each step we fail with probability O(n’l/ 3) and (since there are at most log2 n steps) the
coupling altogether fails with probability o(1). O

Consider the estimator
Aj o = sgn(M, + msR§j7v).

Using the coupling between graphs and trees, we will show that A;, is a good estimator for o.
Later, we will show that A;, usually agrees with our previous estimator 7; .

Lemma 3.9. We have that
1

Pl—: > 0uAju2(3/2)e|—1
|V | veV/!
Proof. Let v1,...,viog, be a uniform sample without replacement from V’. Take the coupling in

Lemma[3.8] and let Up; = YoveSp(ps) vy Where p; is the root of T;. Set

A;',Ui = Sgn(\IIR,i + ’{ngj,vi)'

logn logn
P[ )" 0vAjw 21.9elogn] =P[ Y v, A}, 2 1.9¢logn] +o(1)
i=1 i=1

By (I0), Ploy,sgn(Vr,; + rsft¢;)] > 2e. By Hoeffding’s inequality, since the A;-M are independent,

logn

P[ )} 0u A, 2 1.9elogn] - 1.
i=1

By Lemma [B.8] the same holds for Aj;,,. If we now partition V' to sets of size logn and use the
fact that o, A}, are +1, we obtain the claim of the lemma. O

Recall that we have been assuming s > 0. In the case s < 0, Lemma [3.9] (which is the only
result from this section that we will use later) remains true. Indeed, in order to generate the 7'
and 7 for the case s < 0, one can generate them for |s| and then flip the sign of every label in an
odd generation. Since R is even, level R of the tree is unchanged and s = |s|®. Thus, Lemma [3.9]
remains true.
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3.3.2 Accuracy of the estimator 7, ,

Recall that 7, was defined as

(k y S,k+R+1
Tjv = Sgh Z N, f +K T 1S«1&0 |

UES K, u'€Sy

and that J, is the first j such that Bg_1(v) nV; = @ and (S, u S.) c Vj, and J, = 0 if no such j
exists.

Lemma 3.10. We have that for a random v e V', P[J, =0] - 0.

Proof. Recall that with high probability we have that |S.| = \/loglogn. With high probability
|Br(v)| < d*. Condition on |Br(v)| < d*®. The probability that Bpr_i N Vi=g@ and S,uS, cVj
is bounded below by e~(¢*"+IS:]) > (logn)~/2. Since these are independent events given [Bg(v)] it
follows that with probability tending to one J, # 0. U

We now show that the indicators Ay, , and 7, , usually agree.

Lemma 3.11.

E[|V'| > AsaTiwli, ;&0}] - L (11)

veV’

Proof. By Lemma B.10} the probability of J, = 0 goes to zero, and therefore Lemma implies

that
"k+R
> & |S*|}] -0 (12)
n

The event A, , # 7, , is equivalent to &, , falling outside the interval with end-points —M,/(xs"®)
and

1k
S NG Z
’ n

ueSx,u’'eSy

[{J—O} { #0 and

! (kva)
d'n ZUES*,u’ESU Nu u!

|S*|Hslk+R+1

Since with high probability M, is concentrated around %’|S*|, Lemma [3.6] implies the latter end
point converges in probability to

A SISM, M,

g1, s

s "k+R
n

Therefore the probability that -, , falls in the interval converges to 0 as needed. U
We can now complete the proof of Theorem 2.9
Proof of Theorem[2.d. Combining Lemmas [3.9], 3.11] and 3.10] we have that with high probability

> 7(v)o(v) > en.

veV

yielding an algorithm recovering the a constant correlation with the true partition. The running
time bound was proved in Section O

The proof of Theorem [Z3] (i.e., when we are far above the threshold) is rather easier, and doesn’t
require the branching process tools:
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Proof of Theorem [Z.3. We consider a simplified version of the main algorithm, with R =0 and x =0
(so that S, = {v}). (In fact, the algorithm as stated also works, but the analysis is more tedious,
since it requires reproving Lemmas 3.8 and with accuracy going to one.) Theorem 2.8 implies

that Néﬁ,’j ) - (1+ 0(1))0,0,5" /n with probability tending to 1. Together with Lemma BI0, this
implies that P[o, = 7,] = 1. O

4 Combinatorial path bounds

A crucial ingredient in the proof is obtaining bounds on the number of various types of paths (in
the complete graph) in terms of how much they self-intersect, either by intersecting a previous
vertex on the path or by repeating an edge of the path.

Definition 4.1. Given a path v = (vy,...,v;), we say that an edge (v;,vit1)
e is new if for all j <i, vj # v
e is old if there is some j < i such that {v;,vis1} = {vj,v41}.
e Otherwise, we say that (v;,vi+1) is returning (in this case vi1 = vj for j <i but {v;,vis1} is
not one of the previous edges).
Let kn(7), ko(y) and k() be the number of new, old, and returning edges respectively.
Definition 4.2. We say that a path v is (-tangle-free if the graph (V (), E(7)) is £-tangle-free.

For the rest of this subsection we fix o and set k = [awlogn]. Note that for every new edge in a
path, the number of distinct vertices in the path increases by one, as does the number of distinct
edges. For a returning edge, only the number of edges increases, while for an old edge, neither
increases. Therefore we easily see that:

Claim 4.3. The number of vertices visited by the path v is kn(v) + 1 and the number of edges is
kn(7) + K (7).

Our first bound is a fairly crude one that will allow us to assume that k, is smaller than some
constant. Note that there is no non-backtracking restriction yet.

Lemma 4.4. For any constant C, if k. > 1 and n is sufficiently large then there are at most
nkn+kr/2+C log(2¢k:)

paths v of length at most C'logn, with a fized starting and ending point, and satisfying kn(7y) = kn
and k. () = k.

The point of Lemma [4.4] is that it implies that paths with large k, are so rare that they do not
contribute any weight. Indeed, for some « to be determined choose k* large enough (depending on
«) so that

4dalog(2d) + dalog(2ek™) — k™ /2 < 4. (13)
It then follows from Lemma [£4] that if T is the collection of all paths of length at most 4alogn
with k() > k* then

( 2_d)kn(v)+kr(w) < Z e d)4alognn4alog(2ekr)*kr/2
yel \ T2 sk
_ n4o¢ log(2d)+4alog(2ekr)—kr /2
kr>k*
_ n—4+o(l)‘
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Note that for any path + and any labelling o,

24\ Fr (M +kn(7)
ELY, o] < (=)

(since k() + kn(y) is the number of edges in ). Hence, we have:

Corollary 4.5. Let k* = k*(a, d) be defined in ({13). Then

> IELX, o] < n o,
~

where the sum ranges over 7y of length at most 4alogn and with k() > k*.

Proof of Lemma[{.4] Consider paths of fixed length k; later, we will sum over all k£ < Clogn.
Suppose that for all i, we decide in advance whether (v;,v;+1) will be new, old, or returning. There
are at most (kn Z:O kr) ways to make this choice. Fix an ¢ and suppose that v; has already been
determined. If (v;,v;41) is new then there are at most n choices for v;11. If (v;,v;41) is returning
then there are at most |V (v)| =k, + 1 < k choices for v;;1. Otherwise, (v;,v;41) is an old edge, and
there are at most k, + 2 choices for v;,1 because k, + 2 bounds the maximum degree of the final
path. Hence, the total number of choices is at most

k nknk,kr'(k + 2)ko < kk0+kr nk‘nk,k)r(2k )k‘o
ky ko ky " = kolk,! "
g, K (2K, )R
T R

IN

e (k2" (261@1% )’f

oy ko
— pnthr ﬁ o (2€kkr )ko
- nk, ko ‘

(In the case k, = 0, we adopt the convention (y/0)° = 1.) Now, the quantity (y/x)* is increasing in
x as long as x < y/e. Applying this with y = 2ekk, and the values x = k, < k < y/e we have

ko
(2€kkr) < (261{77«)k < (ZGkT)CIOgn _ nClog(2ekr).

o

On the other hand, ek?/(nk,) < n~23 for sufficiently large n. Hence, the total number of paths of

length k is at most
nkn+k7-n—2kr/3n0 log(2ek) )

Summing over k < C'logn introduces an extra factor of C'logn, but this factor is cancelled out by
n~#/% for sufficiently large n. U

The bounds of Lemma [£.4] are not accurate when k, is small. Essentially, we require bounds of
nkn=1+o(1) in order to make the rest of our argument work (certainly, we can’t expect any better
bounds, since every new edge but the last one has almost n choices). In order to achieve this bound,
we need to introduce extra structure into our paths: they need to be non-backtracking and without
many tangles.
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Definition 4.6. Consider the path v as a multigraph (i.e. each edge has a multiplicity according
to the number of times v crosses it). We say that a path has t (-tangles if t is the minimal number
of edges (counting multiplicity) that need to be deleted from ~ in order to make it {-tangle-free.

Lemma 4.7. If k. > 1 then there are at most

[ Sk C+8krt - k=1

paths with t {-tangles that have a fixed starting and ending point, and that satisfy k,(y) = k, and
k() = ky.

In order to see the use of Lemma [£.7] note that if k = O(logn), k, = O(1), and ¢ = w(loglogn)
then the bound in Lemma[L T is of the order k€ pkn=1+0(1) W will argue later that having many
tangles results in a small path weight with high probability, and so our bound is effectively of the
order pkn-1+o(1),

Proof. First, note that if we specify which edges are returning and we also specify the first new
edge after each returning edge, then we have also determined which edges are old (because every
edge after a new edge but before the next returning edge is new). Therefore, the number of ways
to specify which edges are old, new, or returning is at most k2. Then there are at most k** ways
to choose the returning edges and at most n*»~! ways to choose the new edges (since one of them
must hit the final vertex, so it has no choices). So far, we have made at most k3Frnkn=1 choices,
and these choices determine the edges traversed by ~.

Having fixed the edges traversed by ~, we will now count old edges. We denote by d(v) = d(v,)
the degree of v in v: that is, the number of w € 7 such that {w,v} € E(y). Let Vi3 be the set of
vertices with degree at least 3. Note that because v is non-backtracking, if an edge (v;, vi+1) is old,
then v;,1 is already determined by the path up to v; unless v; € Vs3.

Let T be the collection of minimal sets 7' c E(~) such that E(v) ~ T has no ¢-tangles. Given
T € T, we say that a neighbor w of v € Vi3 is short if there is a cycle in E(v) \ T that contains
the edge {v,w} and has length at most 2¢; we say that w is tangled if it is not short, but there is
a cycle in ~ that contains the edge {v,w} and has length at most 2¢; otherwise we say that w is
long. Note that the set of long neighbors is independent of 71", and that every v € V53 has at most
two short neighbors. Now we change the order: for every v € V53 choose up to two of its neighbors
to be short, and say that T € T is compatible with this choice if the chosen short and tangled
neighbors agree with the definition above. Note that there are at most []geyz, d(v)? ways to choose
the collection of all short neighbors for all v € V53. For a choice of short neighbors, we say that ~y
has t £-tangles with respect to this choice if there exists some T compatible with the choice of short
neighbors that is crossed at most ¢ times. Note that if v has ¢ /-tangles then there is some choice
of short neighbors such that + has t /-tangles with respect to that choice.

Now fix a choice of short edges for every v € V53; we will bound the number of v that have ¢
(-tangles with respect to this choice. For a given v € Vi3, let m(v) be the number of times that v
was visited. Let mi,(v) be the number of times that v was visited from a long or tangled neighbor
and Mgyt (v) be the number of the times we move to a long or tangled neighbor. Note that when ~
arrives at v on an old edge from a short vertex and leaves on an old edge to another short vertex,
then the edge leaving v is determined by the fact that v has exactly two short neighbors. At all
other times that v leaves v on an old edge, there are at most d(v) choices for the outgoing edge.
Thus the total number of ways to chose old edges starting at v is bounded by

m(v)mout(v)erin(v)d(v)min(v)+mout(v) < m(v)2mout(v)+2min(v)’
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where m(v)™out(V)*min(v) hounds the number of ways that we can intersperse the short arrivals and
departures among all visits to v, and the second inequality follows from the fact that d(v) < m(v).
Repeating this for all v € Vi3, we see that the number of ways to choose all the old edges in d is at
most
H m(v)2mout(v)+2min(v)'
veVssg

Next, we use the tangle structure to bound mi,(v) and meyu(v). Indeed, after leaving v via a
long neighbor, we must wait at least 2¢ steps before visiting v again; after leaving v via a tangled
neighbor, we must either wait at least 2¢ steps before returning or else for every T € T that
is compatible with the choice of short neighbors, we must pass through an edge of T. Hence,
Mout (V) < k/(20) +t. A similar argument shows that my,(v) < k/(2¢) +t, and hence the number of
ways to choose the old edges is at most

2k [0+4¢

velsg

To put everything together, there were at most k>*"n*»~1 ways to fix the edge types and the

edge set of y. Then there were at most [Tyey,, d(v)? < [Tyeys, m(v)? ways to choose the short

. . 2k/0+4
neighbors. For each such choice, there were at most (Hvevz3 m(v)) fexat ways to choose old edges

such that the resulting path would have ¢ /-tangles with respect to the choice of short neighbors.
All together, this gives at most

2k [0+2+4t
) (14)

k3krnk”1( H m(v)

velsg

paths.
By the AM-GM inequality,

[Vs| 1 2k,
> m(v)) S(|v>3| > m<v>) ,

veVss veVss

1
[T m(v) < (|v>3|

velss

where the second inequality follows because every time the walk returns to its old path, it creates
at most two vertices of degree higher than two (one when the walk returns, and one when it leaves
again). Since m(v) < k for every v, the quantity above is bounded by k. Plugging this back
into (I4]), we get the claimed bound. O

4.1 Pairs of self-avoiding paths

When we take second moments over various sums over paths, we will end up having to control the
number of pairs of paths with certain properties. In what follows, we take two self-avoiding paths,
~v1 and 79, of length k. We will refine Definition [£.1] by saying that a (directed) edge (u,v) of s is
new with respect to v1 if v ¢ V(v1). We say that (u,v) is old with respect to ~; if the (undirected)
edge {u,v} appears in ;. Otherwise, we say that that (u,v) is returning with respect to 7. We
write kp~, (72)s Koy (72), and Ky 5, (72) for the numbers of edges of these three types in 7.

Lemma 4.8. Fiz vertices u,u’,v,v" (not necessarily distinct). There are at most

2(k+1)( F )( k )(2k)kr,’ylnk*—kn,'ﬂ—l—lu/ﬂum}
kpy ) \kpqyy +1

20



pairs (y1,7v2) of length-k self-avoiding paths where v, goes from u to v, vy goes from u' to v', and
where ky , (72) = knyy and kyqy, (72) = Krqy -

Proof. For this proof, whenever we speak of old, new, or returning edges of +5, we mean with
respect to 7.

First, assume that v’ is not an interior node of ;. There are at most n*~! such choices for
~1; fix one and consider v5. Every sequence of old edges in 5 either occurs at the beginning of

~a, or it is preceded by a returning edge. Hence, there are at most (k kﬁ )( k f +1) choices for the
71 71

edge types of 7o: ( kﬁﬁ) choices for which edges are returning, and at most ( kmkl +1) choices for the
end of each Sequencé of old edges. Each new edge has at most n choices for its endpoint. In the
case that v’ ¢ {u,v} then (since it is also not an interior node of ;) the last edge is new, but it
has no choices. Hence, there are at most n*1 2/¢u+} choices for the new edges. Each returning
edge has at most |E(71)| = k choices for its endpoint, and every sequence of old edges has at most
2 choices: it must follow the (self-avoiding) path 71, but it may do so in either direction; moreover,
there are at most k;.., + 1 distinct sequences of old edges. Hence, the total number of choices for

~2 is bounded by
( k )( k: )2k7‘7,71 +1 kkrﬂ/l nkn,'yl .
ky,"ﬂ/l kT,’Yl + 1
Therefore there are at most

2( ' )( ' )(2k‘)kmlnk+k"”1_1_1”'¢{“’”}
kr;ﬂ kT’,’YI +1

pairs that satisfy the conditions of the lemma, and also the additional constraint that v" is not an
interior node of ;.

Now suppose that v’ is an interior node of 4;. There are at most kn*~2 ways to choose such a
~v1. We may repeat the previous paragraph to bound the number of choices of 79, except that this
time there will be up to n*»7 choices for the new edges, because the final edge of 75 may not be
new. Hence, there are at most

%( k )( k )(%)kmnmzfm—z
kpny ) \kypqy +1

pairs of paths of this form, where v" is an interior node of 7;. Combined with the other case, this
proves the claim. O

5 Weighted sums over self-avoiding paths

In this section, we consider the behavior of weighted sums over self-avoiding paths. In particular,
we will prove (), (), and (B]) from Theorem 2.8l

5.1 The weight of self-avoiding walks and simple cycles

Eventually, we will need to bound (or bound) the expected weight of complicated paths. Our basic
building block for these computations is the expected weight of a self-avoiding path.

Lemma 5.1. Let { be either a self-avoiding path or a simple cycle. Let z be the length of ¢ and let
u,v be the endpoints. If pmz = n°Y) then uniformly with respect to ~y

gudys’ ifm=1
E HWem | O-mo'v:| = { " —1+0(1)\ ouoys®+d?
[ (1+n7tro(D))guousrd

eeC meZ 2
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Proof. First, consider the case m = 1. For any labelling 7 that is compatible with o, and o,
E[[TW.|r|= [T =2
eeC @y "

Since ( is a path, if x is an interior vertex of ¢ then 7, appears exactly twice in the product above.
Since 72 = 1, these terms all cancel out, leaving

TuTvS”
E|[TWe.|r|= 22,
Lc ) ] s

which proves the claim in the case m = 1.
For the case m > 2, note that

m m TeTyS +d mTaTys +d A TeTyS +d
E[W(zy | 1= (=d/n) (1—y—)+(1-d/n) yT=(1+O(dn )y e—.
Hence,
2 d
E[]‘[th]:um(dn-l))mz [T === (15)
6E< (m,y)e(

Now we take the average over all assignments 7 that agree with o, and o,:

o (z-1) Z 1_[ TyTyS +d _ 0uOyS° + d?

n n

)

T (zy)e
where the sum ranges over all 2°7! labellings 7 on ¢ that agree with o, and ¢,. Combining this
with (I5]) completes the proof. O
5.2 Decomposition into segments

Although our current goal is to understand the contribution of self-avoiding paths, in order to
compute the second moment in Theorem 2.8, we will need to consider the concatenation of two
self-avoiding paths (which may not be self-avoiding). Therefore, we introduce the following method
for decomposing a general path into its self-avoiding pieces. This decomposition will also be useful
in Section [6 where we consider more complicated paths.

Definition 5.2. Consider a path v. We say that a collection of paths ¢, ... .¢(") is a SAW-
decomposition of v if

e cach ¢ is a self-avoiding path;

e the interior vertices of each C(i) are not contained in any other C(j), nor is any interior vertex
of ¢ equal to the starting or ending vertez of ~v; and

e the () cover v, in the sense that E(y) = UiE(C(i)).

Given a SAW decomposition as above, we let Vg denote the set of vertices that are the endpoint
of some ¢ and we let m; denote the number of times that (9 was traversed in v.
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Note that since ¢ and ¢() share no interior vertices, every time that the path 4 begins to
traverse ()| it must finish traversing ¢(?). Moreover, the fact that () and ¢() share no interior
vertices implies that they are edge-disjoint, and so for each fixed i, every edge in ¢ (1) is traversed
the same number (i.e. m;) of times.

There is a natural way to construct a SAW-decomposition of a path . Consider a path ~
between u and v, and let V53 be the subset of 7’s vertices that have degree 3 or more in . Let

Vend = Vaz U {u, v} u{w € v :v backtracks at w}. (16)

Then « may be decomposed into a collection of self-avoiding walks between vertices in Vgnq. To be
precise, suppose that v is given by u = ug,u1,...,u; = v. Let j1 >0 be minimal so that u;, € Vong
and let 7(1) be the path ug,...,u;,. Inductively, if j;_1 < k then let j; > j;_1 be minimal so that
uj; € Venga and set ’y(i) to be the path wj, ,,...,u;,. It follows from this definition that the interior
nodes in each y(i) are degree 2 in ~; hence, each y(i) is self-avoiding, and any pair v(i),y(j ) are
either identical, or their interior vertices are disjoint. Finally, let {¢(V),..., ¢} be {4}, but with
duplicates removed.

Definition 5.3. We call the preceding construction of (V... (") the canonical SAW-decomposition
of v.

We remark that the same construction works for any set V,q that is larger than the one defined
in (I6)).
Definition 5.4. For a set of vertices U, if we run the preceding construction, but with

Vend = U U Vagu{u,v} u{w e~y :vy backtracks at w}.

instead of as defined in ([L6l), then we call the resulting SAW-decomposition the U-canonical SAW-
decomposition of ~.

Lemma 5.5. If ¢V, ... ¢ is the canonical SAW-decomposition of v then r < 2k, (v) + B(y) + 1,
where B(7) is the number of backtracks in .
If ¢, ¢ s the U-canonical SAW-decomposition of v then r < 2k.(v) + B(y) + 1 +|U].

Proof. Every returning edge in +y increases r by at most 2, since it can create a new SAW component,
and it can split an existing component into 2 pieces. Every backtrack in v increases r by at most
1, since it can create a new SAW component. This proves the first statement; to prove the second,
note that each vertex v € A creates at most one new component, since if v € V53 then it has no
effect, while if v ¢ V53 then it has degree at most 2 in v and so splitting the path that goes through
v introduces at most one new component. ]

5.3 The weight of a SAW-decomposition

We can compute the expected weight of a SAW-decomposition by simply applying Lemma [5.1] to
each component. We state the following lemma slightly more generally, so that we may also apply
it to subsets of the SAW-decomposition of a path.

Lemma 5.6. Suppose (V... (") are self-avoiding paths, where ¢ is a path of length z; between
w; and v;. Suppose also that no (D intersects an interior vertex of any other ). Let mq,...,my <
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n°M) be positive integers. Suppose that J; C(i) has at most n°) edges. Let Veng = {u1,v1,...,Up, 0y }.
Ifdy;m;z = n°D) then, uniformly over v and over all labellings oy, on vertices in Veng,

m; _ ~1+o0(1) Oy;Oy; S Oy;Oyp; 87" +
E\TT IT W [ove [ = (1en™ ) T ——2— ] ————.

i eeC(®) img=1 n i >1 n
Moreover,

< (1+0(1))2"s"n 1FOI,

E[H H Wemi |O-Vcnd:|

1 eeC(®)

where k=Y; Leect Me-

Proof. To get the first claim, note that conditioned on oy, ,, the terms [] eec® W[ are independent

as i varies and apply Lemma[5.1] to each ¢(9).
For the claimed inequality,

2 %+ % g% d#

T 11 <2 1

Zi Zi 2
im;=1 n« im;>1 n« im;=1 n=

s d
ERIENIE
eey n eey n

me=1 me>1

< 2Tn_|E('Y)|Sk7

. Zi
im;>1 n

where the last inequality follows because 1 < d < s2, and so m, > 1 implies d < s? < s™e. O

5.4 Proof of (I)—(3)

Now we prove the first three parts of Theorem 2.8 The claim (Il) about the first moment follows
from Lemma [5.11

5.4.1 The second moment

For the second moment, we will expand the square in Yuzﬂ,. Suppose 1 and 7, are a pair of self-
avoiding paths of length k£ from u to v. By reversing v, and appending it to 71, we obtain a single
path (v, say) from u to itself which passes through v and backtracks at most once (at v). We
consider the set of all v that can be obtained in this way, and divide them into four classes:

e Iy is the collection of such paths with k,.(v) = 0. These paths begin with a self-avoiding walk
from u to v, after which they backtrack at v and walk back to u along exactly the same path.
They have k edges, k — 1 vertices, and every edge is visited twice.

e I'y is the collection of such paths with k. = 1. These paths consist of a simple cycle that is
traversed once, with up to two “tails” that are traversed twice each.

e I'5 is the collection of such paths with 2 < k, < k™.
e I'3 is the collection of such paths with k, > k*.

First, we consider I'g. By Lemma [BE1l if U does not intersect the interior of v € I'g then
IE[X, | ov]| = (1 +0(1))2(d/n)*. There are at most n*~! such paths, giving a total weight of at
most (1+0(1))2d*/n. On the other hand, the contribution of v whose interiors do intersect with
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U is negligible: by Lemma applied to the U-canonical SAW-decomposition of v, E[ X, | or/] =
(1+0(1))2"(d/n)*, where r is the number of interior vertices of v that intersect U. On the other
hand, the number of such paths v is at most [U["n*17"; since ¥,5; 2"[U["n™" = n7*°(1) | we see that
these contribute only a lower-order term. Hence,

S E[X, |or]| < (1+0(1))2d"/n < (1+0(1))25%n?,

7€elo

where the second inequality follows from our choice of k£ in Theorem 2.8 In particular, this term
is of a lower order than the bound claimed in the theorem.

Next, we consider I'y. Recall that the first k& steps of v € I'; make up a simple path. Let i
be minimal so that the (k + i+ 1)th step of v is new; let j be such that the 2k — jth step of v is
returning. It follows that the first j edges of v consist of a simple path where each edge is traversed
twice. The same holds for edges k& —¢ + 1 through k — 1. The rest of v consists of a simple cycle
of length 2k — 2(i + j), each edge of which is traversed once. Let I'1(4,5) denote the set of such
paths. By Lemma [5.0 if +’s interior does not intersect U then the expected weight of v € I'1 (4, 5)

is bounded by N -
IE[X, | ov]l < (1+0(1))2(d/n) " (s/n)?k=20+D),

Now, [T'1(i,7)| = (1 + 0(1))n?$7773-2 because v € T'; (i, ) has 2k —i — j distinct vertices (including u
and v), and once those vertices and their order is fixed then ~ is determined. As in the argument
for I'g, the paths whose interiors intersect U provide a negligible contribution, and hence

SN i+j
= (14 0(1))20" 252D g = (14 0(1))2n 252 (i) ,

> ELX, | o] .

vel1(4,5)

Summing over ¢ and j, we have

>, E[Xy |ov]
vyel'y

o 1 ] \it 2 \?
S(1+0(1))2n_232k2(8—2) =(1+o(1))2n—282k(m). (17)

1,7=0

Hence, I'y provides the main term in the claimed bound.

Next, we consider I'y, which we will split up according to the number of new edges: let I'y 5, be
the set of v € 'y with &y, (7) = ky. To estimate the size of I'y ., we apply LemmaL.8 with «" = u and
v’ =w. Since k,(7) = k—1+ky ~, (72) and &y, (72) < k* = O(1), LemmaES yields [Ty, | < nFn=1+o(),
On the other hand, Lemma implies that for v € Ty, E[X,, | op] < s2n ke =kr(+0(1) gince
kn(7v) + kr(7) is the number of distinct edges in ~, and since r in Lemma is bounded by
4k, +1<4k* +1=0(1). Recalling that k,.(v) > 2 for all vy € 'y,

S E[X, | op] < s2Fphr()-1re() ¢ g2hpy=3re()),
7€l &y,

Summing over the k choices of k,, shows that the paths in I'y contribute a smaller order term than
the paths in I'y.
Finally, we bound I'3 using Corollary [£.5 these terms also contribute a smaller order term.

5.4.2 The cross moment

To compute the cross moment in Theorem 2.8 we expand the product Y,, Y,/ and divide pairs

of paths v, € FQSL{},W, g € I‘Effy into three groups:

25



e I'y are the pairs of paths that do not intersect.
e I'y are the pairs of paths that do intersect, and that satisfy &, ,, (72) < k™.
e Iy are the pairs of paths that satisfy k; ., (72) > k*.

For (v1,72) € I'y, the variables X,, and X, are independent, and hence
E[Xy, Xy, | ov,001] = E[Xy, | ov, 00/ JE[ X, [ o, 007]-

We recall from (IJ) that the right hand side above is of the order s?#1n72: in order to prove the claim
about the cross moments, we need to show that the contributions of I'y and I'y are of the order
g2k =3+o(1)

To control T'y, we split pairs of paths according to ky ~, (72). If Ik, is the set of pairs of
paths in I'y with k., (72) = kn5, then Lemma L8 implies that [y, | < nFtknay =2+0() (when
applying Lemma [£8] recall that v’ is distinct from w and v). By Lemma [5.6] and noting that
|E(71) UE(72)| 2 k + ky 5, + 1 because k., (72) > 1,

2 E[X“/lX’YQ |O-U7O-U’] an_k_kn,'yl—l‘*'o(l) < San—3+o(l)‘

(71,:72)€l 1 oy

<k 8

Summing over the k possible values of &, ,, adds another n°) factor, and we conclude that Ty is
a lower order term.

Finally, we control I's. For each pair (y1,72) € ', we may create a new path + by joining the end
of 1 to the beginning of 75. Then v has length 2k + 1 and k,(y) > k. Note that |X,| > %|Xﬁ,1 X
because the new edge that we added always has [W| > 1. Hence,

Z ]E[X'YIX'Y2 | UUaaU’]
(y1,72)€l2

< HZEHX»” | O'U,O'UI],
v

where the second sum ranges over all v of length 2k + 1 satisfying k,.(v) > k*. But by Corollary [.5]
the last quantity is at most n=3t(M) " and so T'y contributes a lower order term.

6 Weighted sums over complicated paths

In this section, we will prove (@) by controlling the sum of X, over all non-self-avoiding paths (in
other words, we will show that the random variable [N, , — Y, ,| is small). The basic idea is the
following: letting = be the event that the graph is (-tangle-free, we will show that 1=(Ny, — i)
has a small second moment. We will do this by constructing, for each path -, a cover of Z containing
events of the form “the edges in F' are banned,” where F' is some subset of possible edges. On each
of these events, the fact that some edges are banned will help us show that X, is small.

For the rest of the subsection, we fix the following notation: Let v be a path of length k with ¢
(-tangles; let k. = k() and k,, = k(). Take ¢ ¢ to be the canonical SAW-decomposition
of , and let V,q be its set of endpoints. Let 2P = Zshort(4) be the collection of ¢ () that have
length at most 4¢ and let Z'°"8 = Z!°"2(~) be the other (V). We write F(Z%hrt) = Ucezsnort ¢, and
similarly for F(Z!°"8). Define

f:}"(fy):{FCE(ZShort): Zmeztand |F|Sk’r—1}-
ecF
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For F c E(Z%ht), let Qp be the event that no edge of F appears in G, and let

Qr=U Or.
FeF
For some intuition on Qz(,), note that if v has no ¢-tangles then #(y) = 0 and so @ € F(v).
Hence, Qx(,) is the entire probability space. On the other hand, if v is a figure-eight-shaped
graph consisting of two short (e.g. length ¢) cycles that share a vertex, then F(+) is the collection
{{e} ree E(v)}, and Qz () is the event that some edge in E(v) fails to appear.
Recall that = is the event that G contains no ¢-tangles.

Lemma 6.1. For any path vy, Zc Qx().

Proof. Fix the path v. With the notation preceding the lemma, take some G € = and let F' be
a minimal subset of E(Z%°"*(y)) \ E(G) such that v \ F has no /-tangles; to see that F is well-
defined, note that there exist subsets F’ of E(Zh"*(~))\ E(G) such that v\ F’ has no /-tangles:
since G is (-tangle-free, E(Z%%°" (7)) \ E(G) is such a set. Since F n E(G) = @, clearly G € Qp.
We claim that I € F(); this will imply that G € Qz(,), completing the proof.

Since y\ F' is {-tangle-free, the fact that ¢ is the number of /-tangles in v implies that Y .z m. > t.
In order to see that |F| < k, — 1, we claim that no connected component of v\ F is a tree, and
that therefore v\ F' has at least as many edges as vertices. Indeed, v is connected and so if v\ F’
has some connected component ; that is a tree then F' must contain an edge connecting ; to
some other component of v\ F. Adding this edge back into vy \ F' cannot introduce any tangles,
contradicting the assumption that F' was minimal. We conclude that v \ F' has at least as many
edges as vertices, and so |F| < |E(v)| - |V ()| =k, - 1. O

Lemma 6.2. If flogd = o(logn) then P[E] > 1 —n~1*o),

Proof. Let H be any fixed graph with m vertices and m + 1 edges. There are at most n™ ways to
embed H into G, and for each of those embeddings, the probability that all edges in H appear is at
most (2d/n)™. By a union bound, the probability that H is a subgraph of G is at most n~*(2d)™.

Now, if G contains an f(-tangle then it has some neighborhood of radius ¢ containing two
cycles. By taking these two cycles and (if necessary) the shortest path connecting them, we obtain
a subgraph of H of G with m < 4¢ vertices, m + 1 edges, and no vertices of degree 1. Up to
isomorphism, there are no more than O(¢3) such graphs H: indeed, all vertices of H have degree
two, except for either two that have degree three or one that has degree four. In either case, the
graph is determined up to isomorphism by specifying the lengths of the chains that connect these
vertices of higher degree. These lengths are all at most 4/, and there are at most three of them

to choose. By taking a union bound over all such H and applying the argument of the previous
paragraph, 1 —-P[E] < O(£3n‘1(2d)44) = p-l+o(1) 0

Before proceeding to bound the weight of non-self-avoiding paths, we present one more prelimi-
nary lemma. Because we will take a second moment, we will need to handle pairs of non-self-avoiding
paths. In order to do so, we need to interpret the condition Y. pme >t in the definition of F ()
for pairs of paths. In the following lemma we deal with multiple paths, so we will write m.(v) for
the number of times that the path + crosses the edge e.

Lemma 6.3. Let v1 and v be two paths from w to v of length k. Let ~ be the path from u to
u obtained by first following y1 and then following the reversal of ~o. For any Fy € F(v1) and
Fy e *7:(72)}

Y me(y) 2t(n) +t(y2) + [F1 U By - ke () + 1.
ee FlUFy
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Proof. Let F = FiUF,, F{ = (Fi~NF3)nE(v2), and Fj) = (Fo~NF1)nE(7y1). Thenset H = F\(F{UFy).
Recall that ; \ F; has at least as many edges as vertices.

YNH=(yiNFr)u(ye N F)

also has at least as many edges as vertices. Hence, |H| < k,(7y) — 1.
For every e € F!, we have m¢(7y) > me(v;) + 1. Hence,

Yome(y) = Y me(v) + Y me(y) + Y me()

ecF ecH eeFy eel)
> Y (me(m) +me(72)) + >, me(m) + Y me(v2) + [Fi| + |F
ecH ceF] eeF)
2 t(y1) +t(y2) + [Fi| + | Fy|
2t(y1) +t(v2) + [F] =k (y) + 1. O

6.1 The weight of a complicated path

Let 71 and 2 be non-backtracking paths from u to v of length k that are not self-avoiding. That is,
kr (1), kr(72) > 1. Let 7y be the path obtained by first following ; and then following -y, backwards.
Let t(7;) be the number of tangles in ~;.

Recall from (I3)) that k* is a constant (depending on s and d) such that paths with &, > k* are
irrelevant.

Lemma 6.4. Suppose that k. (v) <k*. Take U c V. If {|U| = o(logn) and t = t(y1) +t(~y2) then for
any Fy € F(y1) and Fy € F(vy2),

[E 1., 1oy, Xy [ov]| < g2k ~hn (v)—t=1+o(1)
uniformly over v and oy .

Proof. Let ¢, ... ¢ be the canonical SAW-decomposition of ~v with respect to U, and let Vepq
be its set of endpoints. Let m,. be the number of times that the edge e is traversed in ~.

Let K be the collection of ¢() that contain some edge of either E(Z5" (1)) or E(Z%°™(v,));
note that E(K) = E(2%°"(~;)) u E(2%%°"(~,)), but that K is not the same thing as Z51°t (),
because v may have some short segments that were not short in either v; or . Let L be the
collection of ¢() that do not belong to K. We split Xy = Xk X1, where Xg = [leepx) We' and
X1 = Teepry We. Note that Qz(,) for i = 1,2 only depend on the edges in E(K); hence,

‘E[lﬂﬂmlﬂﬂwz)X“f | UU” - |E[1Qf<m19f<vz)XK | JU]E[XL | UU]‘

<E[loy, loq, Xkl lov][E[X [ ov]] (18)

The term involving Xy may be bounded by Lemma (recalling that the combined path ~ has
length 2k):
IE[XL | op]| < (1+n treM)yorp B2k (19)

Next, we turn to the first term of (I8]). Recall that Qp is the event that no edge in F' appears.
Hence, if Fy € F(v1), Fy € F(72), and F = F| U F; then

E[lo,|Xkllov]=[](d/m)™ [] E[W™ |ov]
ecF eeE(K)\F

< (dfn) IO+ 02)=ke ()1 (9 1y ) EEOI=IF]

< (2d/n)/FE+t=ke ()1
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where we applied Lemma in the first inequality above. Hence,

E [|1QF(’Y1)1QF(~Q)XK| | JU] <E Z 2 1QF1uF2|XK| | ou
FieF (1) FeeF(v2)

< |F()I|F (92)|(2d n)l P Ehe ()51
< k,k?r-('Yl)‘*'kr('ﬂ)(Zd/n)|E(K)‘+t_kr('Y)+l

Combining this with (I8]) and (9],
|IE [1Qf< dog Xy | UU” < (1 + o(1))kFr(n)+hr(12) (9 q) U +ter 2h )~ EUOHE (L)t kr (1)1
gat 2 -

Now, k,(71)+k-(72) is at most the number of returning edges in -y, which is at most O(1). Moreover,
|E(K)| <4fr,t<r,and r <O(1) +|U| + 1; hence, the quantity above is bounded by
§2b 1B = E(L)] -t (1) -1+0(1)

Now, |[E(K)|+|E(L)| is the number of distinct edges traversed by 7, which is also equal to k, () +
k. (7). Applying this in the exponent of n completes the proof. O

6.2 Proof of ()

We will now combine Lemma with our earlier bounds on the number of paths (Lemma [4.7))
to show that the total weight of non-self-avoiding paths is negligible on the event that the graph
contains no tangles.

Lemma 6.5. Fiz vertices u and v, and let T%? be the set of non-backtracking, non-self-avoiding
paths from u to v of length k. For any set U ¢ V with |U| = n°®D, if k/¢ = o(logn/loglogn) then
uniformly over all labellings oy on U,

2

Before proving Lemma [6.5] note that because Z,yer‘bad X, is the same as Nékv) =Y, in The-
orem 2.8 (@) follows from Lemma [65 Chebyshev’s inequality, and the fact that (Lemma [6.2])
P(E) =1 -n 1),

Proof of Lemma[6.5 We may bound
2 2
15( > X*/) S ( > 1QF(“/)X’Y)
,Yel"bad ,Yel"bad

because both sides are non-negative and, by Lemma [6.1], they agree whenever the left hand side is
non-zero. Next, we expand the sum above as

> Loz lasye) XnXo,
~1,7y2€lPad

Combining the last two displayed equations,

E[15( Z X’Y)2 ‘ UU] g Z Z B[ (1) Loz (v2) X Xaz [ U]

,\{Er‘bad v e'bad 72,51"bad
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Let v = v(71,72) be 71 concatenated with the reverse of 5. Let A c I'P2d x I'P2d he the set of pairs
(71,72) such that ~(v;,72) has more than k* returning edges. Let Ay c (I'P2d x TPad) { A; be the
set of pairs (7y1,72) such that |(V(71) UV (v2)) nU| > 2\/logn. Let A =A; UAs. By Corollary EL5]

Z Bl o (1) Loy (r2) X X5 [ oU]] < o),
(m1,72)eM
Since |U] = n°M) < n!/? for large enough n, the fraction of 41 € ' such that |V (y1) n U] > Iogn
is at most n~°VI°8™ for some constant ¢ > 0. By Lemma 4]

( 2d )kn(v(w 2)) ke (v(71,72))

Z |E[1Qf(71)1QF(V2)X’71X“/2 lov]l < Z
(71,72)€A2 (71,72)eA2

< (2d)knfc\/m+0(1) < n—4+0(1)7

n

and so it remains to prove that

Z Z L /Y2)¢A}E[1QF(“/1)19?(’72)X’Yl Xy, |ov] < s 3ol (20)
v e['bad ,YQEFbad
We will further split this sum according to the number of tangles in v and ~9; that is, we define
F?ad to be the set of 1 € rPad with t(71) =t. We will show that for any ¢; and to,

Z Z 1{(71 ,72)¢A1}E[1Qf(’¥1)19?(’\/2)X“/1 Xy, |ou] < 5280, (21)

bad bad
Y1elPPe el

Summing over the k = n°!) possible values of t; and to, this will imply ([20) and complete the proof.

To control (2I)), fix 7; and consider the sum over 2. By Lemma (7], there are at most
pkntt2=1+0(1) choices of 7y € I‘?;d that satisfy k,(7y2) = k,, (denote this set by I‘?;%n). Note that the
fraction of 9 € I‘E;%n satisfying kn(v) = kn(71) + kn(72) — m is at most k*™(n - 2k)™™. Indeed,
m = kn(v1) + kn(72) — kn(7) is the number of edges that were new in 5 but not in . There are
at most k™ ways to choose which edges in 72 will no longer be new and each one has at most
k™ choices for a non-new step, versus at least (n — 2k)™ choices for a new step. Set Flf;%mm’,ﬂ
to be the paths 7 € I‘?;%n satisfying k,(7v) = kn(71) + kn(72) — m. Note that if (y1,72) ¢ A then
the total number of returning edges in 7 is at most k* = O(1), and the number of vertices in U
intersecting V() is at most 2v/logn. Hence, Lemma applied with U = U n V() implies that
for any v € Fl?lad and any m,

> et El s () 105 (32) X0 Xog [ 00 ] SITPR |70 7P () Rn ) emetizta el

bad

el
72 to,kn,m,v1

< |F2ﬁ |s2kn—kn(’yl )—kn(v2)-t1—ta—1+0(1)

< S2kn*kn(“ﬂ )7t172+0(1) .

Taking the sum over k, < k and m < k only contributes a factor of n°); hence,
2k, —kn(y1)-t1-2+0(1
Z 1{(“{17“/2)¢A}E[1Q]-‘(“11)19?(72)X71X’Yz |oy] <s™n (y1)-t1-2+o(1)
~yaelpad
Summing over the phntti=1+o(1) Kogsible Y1 € F}fla%n and then over the k possible values of k,, we
see that the right hand side of (ZI)) is bounded by s%*n3%°()  as claimed. O

Finally, note that we have finished the proof of Theorem 2.8 Indeed, we proved () at the
beginning of Section [5.4] (2]) in Section .41l [B]) in Section [£.4.2] and we just proved ().
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