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Abstract

In 1995 Kim famously proved the Ramsey bound R(3,t) > ¢t/ logt by constructing an n-vertex graph
that is triangle-free and has independence number at most C'v/nlogn. We extend this celebrated result,
which is best possible up to the value of the constants, by approximately decomposing the complete
graph K, into a packing of such nearly optimal Ramsey R(3,t) graphs.

More precisely, for any € > 0 we find an edge-disjoint collection (G;); of n-vertex graphs G; C K, such
that (a) each G; is triangle-free and has independence number at most Cey/nlogn, and (b) the union of
all the GG; contains at least (1 —¢) (g) edges. Our algorithmic proof proceeds by sequentially choosing the
graphs G; via a semi-random (i.e., Rdl nibble type) variation of the triangle-free process.

As an application, we prove a conjecture in Ramsey theory by Fox, Grinshpun, Liebenau, Person,
and Szabd (concerning a Ramsey-type parameter introduced by Burr, Erddés, Lovdsz in 1976). Namely,
denoting by s,(H) the smallest minimum degree of 7-Ramsey minimal graphs for H, we close the existing
logarithmic gap for H = K3 and establish that s,(K3) = ©(r?logr).

1 Introduction

The 1947 paper of Erdés [I0] on the diagonal Ramsey number R(t,t) is often considered the start of the
probabilistic method, where R(s,t) is defined as the smallest integer n € N such that every red-blue colouring
of the edges of the complete n-vertex graph K, contains either a red K  or a blue K;. In general, the
estimation of R(s,t) and other Ramsey-type parameters is known to be notoriously difficult.

One of the celebrated results in Ramsey theory is R(3,t) = O(t?/logt), and this special case has re-
peatedly served as a testbed for the development of new tools and techniques in probabilistic combinatorics.
Indeed, complementing the basic bound R(3,t) = O(t?) of Erdés and Szekeres [14], in 1961 Erdés [I1] used
a sophisticated random greedy alteration argument to prove R(3,t) = Q(t2/(logt)?). This lower bound was
subsequently reproved (or only slightly improved) using the Lovédsz Local Lemma [31], a basic analysis of
the triangle-free procesd!| [I3], large deviation inequalities [21], and differential equations [32]. Furthermore,
in 1980 Ajtai, Komlds, and Szemerédi [Tl 2] invented the influential semi-random method (nowadays also
called Rodl nibble approach) to prove the upper bound R(3,t) = O(t?/logt). But it was not until 1995,
when Kim [20] famously proved the matching lower bound R(3,t) = Q(t?/logt) by analyzing a semi-random
variation of the triangle-free processﬁ (combining several of the aforementioned ideas with martingales con-
centration); for this major breakthrough he also received the Fulkerson Prize in 1997. But the story does not
end here: advancing the differential equation method, in 2008 Bohman [5] reproved R(3,t) = Q(t?/logt) by
analyzing the triangle-free process itself (and his analysis was recently further improved in [7} [15]).

In this paper we refine the powerful techniques developed for R(3,t) = ©(t?/logt) to determine the
order of magnitude of another Ramsey-type parameter introduced in 1976 by Burr, Erdds, and Lovasz [§],
proving a conjecture of Fox, Grinshpun, Liebenau, Person, and Szabé [16] (in particular, analogous to Kim’s
R(3,t)-result, we again remove the last redundant logarithmic factor from existing bounds).
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IThe triangle-free process (proposed by Bollobds and Erdés) proceeds as follows: starting with an empty n-vertex graph, in
each step a single edge is added, chosen uniformly at random from all non-edges which do not create a triangle.

2Kim’s semi-random variation proceeds similar to the triangle-free process, but intuitively adds a large number of carefully
chosen random-like edges in each step (instead of just a single edge); see Section [2] for more details.


http://arxiv.org/abs/1711.05877v1

1.1 Main result: packing of nearly optimal Ramsey R(3,t) graphs

Kim and Bohman both proved the Ramsey bound R(3,t) = Q(t2/logt) by showing the existence of a triangle-
free graph G C K, on n vertices with independence number «(G) = O(y/nlogn), which is best possible up to
the value of the implicit constants. Our first theorem naturally extends their celebrated results, by approxi-
mately decomposing the complete graph K, into a packing of such nearly optimal Ramsey R(3,t) graphs.

Theorem 1. For any € > 0 there exist no,C, D > 0 such that, for all n > ng, there is an edge-disjoint
collection (G;)iez of |Z| = [Dy/n/logn] triangle-free graphs G; C K, on n vertices with max;cz a(G;) <
Cy/nlogn and Y-, .7 e(Gi) = (1—€)(3).

Our algorithmic proof proceeds by sequentially choosing the |Z| = ©(y/n/logn) edge-disjoint triangle-free
subgraphs G; C K, \ Up<;.; Gj with a(G;) = O(v/nlogn) via a semi-random variation of the triangle-free
process akin Kim [20] (see Sections and 2] for the details). In particular, we do not only show existence
of the (G;)iez, but also obtain a polynomial-time randomized algorithm which constructs these subgraphs.

Theorem [limproves a construction of Fox et.al. [I6, Lemma 4.2], who used the basic Lovdsz Local Lemma
based R(3,t)-approach to sequentially choose ©(y/n/logn) edge-disjoint triangle-free subgraphs with «(G;) =
O(y/nlogn). Tt is natural to suspect that applying a more sophisticated R(3,t)-approach in each iteration
ought to give an improved packing (with smaller independence number than the LLL approach), and here
the usage of the triangle-free process was proposed by Fox et.al. [16, Section 5] as early as 2013 [22] 26]. One
conceptual difficulty of this approach is to control various error terms over many iterations of the triangle-free
process (so that these always stay small enough to carry out the next iteration), which in turn is the main
technical reason why for Theorem [I] we instead iterate a semi-random variation.

It would be interesting to know if Theorem [I] also holds with € = 0, i.e., if one can completely decom-
pose K, into nearly optimal R(3,t) graphs. Perhaps rashly, we conjecture that this is indeed possible (it
might be insightful to first prove a variant of Theorem [Il where the constant C' does not depend on ¢).

1.2 Application in Ramsey theory: s,(K3) has order of magnitude r?logr

Turning to our main application, we say that a graph G is r-Ramsey for H, denoted by G — (H),, if any
r-colouring of the edges of G contains a monochromatic copy of H. Most fundamental questions and results
in Ramsey theory can be formulated in terms various parameters of the class

M, (H):={G: G— (H), and G’ » (H), for all ' C G}

of graphs which are r-Ramsey minimal for H. For example, Ramsey’s theorem [28] states that |[M,.(H)| >0
for all graphs H, which for cliques was strengthened to |M,.(K3)| = co by Rédl and Siggers [29]. Furthermore,
the archetypal problem of estimating various Ramsey-type parameters also corresponds to the study of certain
extremal parameters of M,.(H), since, e.g., R(t) = R(t,t) := minge,(x,) v(G) is the famous diagonal
Ramsey number [14] 10, [, R.(t) = R(t,...,t) := minge m, (k,) v(G) is the r-coloured Ramsey number [9],
and R,(H) := minge um, () €(G) is the widely-studied r-size-Ramsey number of H (see, e.g., [12] 4, B0, []).

In 1976 Burr, Erdds, and Lovész [8] initiated the systematic study of other extremal parameters of M,.(H),
including the smallest minimum degree of all -Ramsey minimal graphs for H, denoted by

sp(H) == Gerj\%lljl(H) 0(G).

As usual, the clique-case H = K, is of particular interest, where r(t — 2) < s,.(K;) < R,.(t) is easy to
see (cf. [I7,[33]). Perhaps surprisingly, for r = 2 colours Burr et.al. [8] were able to prove so(K;) = (t — 1)2,
showing that the simple exponential upper bound Ry (t) = R(t) = 29® is far from the truth. For r > 2 colours
the behaviour of s,(K;) was recently investigated in detail by Fox et.al. [I6]: they proved super-quadratic
bounds of form s,.(K;) = r? - polylog r for fixed t > 3, and also determined s,.(K3) up to a logarithmic factor
(by sharpening their general estimates). In particular, they showed cr?logr < s,(K3) < Cr?(logr)?, and
conjectured that their lower bound gives the correct order of magnitude, see [16, Conjecture 5.4].

Our second theorem proves the aforementioned conjecture of Fox, Grinshpun, Liebenau, Person, and
Szabé for s,.(K3), i.e., we close the logarithmic gap and establish s,.(K3) = O(r?logr).



Theorem 2. There exists C > 0 such that s,.(K3) < Cr?logr for all r > 2.
Corollary 3. We have s,(K3) = O(r?logr) forr > 2.

Using a reformulation of s,.(K3) from [I6], Theorem [ follows easily from our main packing result. Indeed,
applying Theorem [ with ¢ = 1/2; say, it is routine to see that there is a constant A > 0 such that the
following holds for each r > 2: there exists a collection of edge-disjoint triangle-free graphs G1,...,G, C Ky,
on N, := | Ar?logr| vertices with independence number a(G;) < N,./r (as N, > ng, Dy/N,./log N, > r and
Cv/N,lTog N, < N, /r all hold for A = A(ng,C, D) large enough). By Theorem 1.5 and Lemma 4.1 in [16]
(with n = N, and k = 2) this immediately implies s,(K3) < N, establishing Theorem 2]

Note that the above deduction of Theorem B did not use ;.7 e(Gi) > (1 —€)(}), i.e., that the nearly
optimal R(3,t) graphs (G;);ez approximately decompose the edge-set of K,,. It would be interesting to find
applications (e.g., in Ramsey theory or extremal combinatorics) where this natural packing property is useful.

1.3 Main tool: pseudo-random triangle-free subgraphs

The R(3,t)-proofs of Kim and Bohman both in fact construct a triangle-free graph G C K,, with pseudo-
random properties (see also [32], B8] [7, [15]). Our third theorem extends their intriguing results to host
graphs H C K, which are far from complete, by showing that one can again construct a triangle-free
subgraph G C H with pseudo-random properties. Here the crux is that Theorem M holds under very weak
assumptionsE and that G resembles a random subgraph of H with edge-probability p = ©(y/(logn)/n).

Theorem 4. There exist By, Do > 0 such that, for all 7,6 € (0,1], B € (0,80) and C > Do/ (6*\/B7), the
following holds for all n > ngy(v,0,5,C), with p := +/B(logn)/n. For any n-vertex graph H, there erists a
triangle-free subgraph G C H on the same verter-set such that

¢a(A, B) = (1 + 8)pen(4, B) 1)
for all disjoint vertex-sets A, B C V(H) with |A| = |B| = [Cy/nlogn] and ex (A, B) > v|A||B|.

Our proof uses a semi-random variant of the triangle-free process to construct G C H, extending and
simplifying Kim'’s approach for the complete case H = K,, (see SectionsPH3land Theorem[dfor the details). In
particular, besides handling the difficulties arising due to incomplete host graphs H C K,, (by, e.g., exploiting
a ‘stabilization mechanism’ to keep various parameters under control), the major technical difference lies in
the way we analyze the properties of all large vertex-sets (by, e.g., focusing on bipartite subgraphs, applying
a concentration inequality of Warnke [37], and showing concentration in () instead of just eq(A, B) > 1).
Together with some streamlining of Kim’s arguments (by, e.g., using fewer variables, applying convenient
bounded differences inequalities, and some changes to the semi-random construction), this leads to a shorter
and hopefully more accessible proof even in the complete case H = K,. As a by-product, we also obtain a
randomized polynomial-time algorithm which constructs G C H efficiently (see Remark [I0).

Theorem (] will be the main tool for establishing our main packing result Theorem [Il Let us briefly
sketch the argument (deferring the details to Section[[H]). The idea is to sequentially choose the triangle-free
subgraphs G; C H; = K, \ U0§j<i G; via Theorem [ with 6 € (0,1), using the pseudo-random edge-
estimate () to inductively control the number of remaining edges (between large sets) in H; as

en,(A,B) = (1 —(1468)p)" - |A||B| for all disjoint A, B C V(H) of size s := [C/nlogn], (2)

stopping when the right hand side of [2]) drops below €| A||B| after I = ©(log(1/¢€)/p) = O(y/n/logn) steps.
A double counting argument will then show that the leftover graph H; contains at most e(g) edges, so
that Yoo, e(Gs) = e(K, \ Hy) > (1 —€)(5). Furthermore, eg, (A, B) = (14 6)pen, (A, B) > 0 implies
a(G;) < 2s = O(y/nlogn), completing this rough proof sketch of Theorem [] (assuming Theorem [)).

We believe that variants of Theorems [l and @l also hold for many other forbidden graphs (using semi-
random variants of the H-free process [25] [6 4] [35] [27]); we hope to return to this topic in a future work.

3Note that Theorem Ml does not require the host graph H to be approximately degree or codegree regular. Furthermore,
even if G C H was a random subgraph with edge-probability p, then by standard calculations we would only expect the edge-
estimate () to hold for vertex-sets A, B C V(H) where the number of edges ey (A, B) is reasonably large (see Remark [[1] and
Footnote @ on page @ which also indicate that the constant C in Theorem ] has the correct dependence on 7, §, 3).



1.4 Organization of the paper

The remainder of this paper is organized as follows. In Section we use Theorem Ml to state and prove
some extensions of our main packing result Theorem [Il In Section 2] we introduce a semi-random variation
of the triangle-free process and state our main result for this Rodl nibble type construction (that implies our
main tool Theorem [l see Section 2.4)), which is then subsequently proved in Section

1.5 Further results

Our methods allow us to extend Theorem [Il to R(3,t)-packings of graphs which are far from complete. Our
fourth theorem shows that if H C K, only satisfies certain uniformity conditions on its edge distribution (that
resemble a weak form of pseudo-randomness, see (@) below), then we can still approximately decompose H
into a packing of nearly optimal Ramsey R(3,t) graphs (again by an efficient randomized algorithm).

Theorem 5. For all €,£,Cy > 0 there exist ng,Cy,D > 0 such the following holds for all n > ngy. If H is
an n-vertex graph satisfying
min cu(4, B)
disjoint A, B C V(H): |A||B|
|A|=|B|=[Cov/nlogn]
then there is an edge-disjoint collection (G;)iez of |Z| = [Dy/n/logn] triangle-free subgraphs G; C H
with V(G;) = V(H), max;er a(G;) < Cry/nlogn and ), re(Gi) > (1 —€)e(H).
Note that the case H = K,, and £ = Cj = 1 implies Theorem[Il Furthermore, the case H = G,, ;,, £ = p/2
and Cy = 1 routinely implies the following sparse analogue of Theorem [I] for binomial random graphs G,, ,.

> ¢, (3)

Corollary 6. For any p € (0,1] and € > 0 there exist C, D > 0 such that, with probability at least 1 — o(1),
the following event holds: there exists an edge-disjoint collection (G;)icz of |Z| = [D+/n/logn] triangle-free
graphs G; C Gy, on n vertices with max;er o(G;) < Cy/nlogn and Y, 7 e(Gi) = (1 +€)p(}).

We conjecture that Corollary [0 (with |Z| = [Dp+/n/logn] and constants C, D > 0 depending only on ¢)
holds for much sparser random graphs G, , with edge-probabilities of form p = p(n) > n=1/2+0(1), say[]

We conclude the introduction with the short proof of Theorem Bl which proceeds by sequentially choosing
the graphs G; C H \ y<;-; G; via Theorem [ (generalizing the argument sketched in Section [L3). The
reader mainly interested in the proof of Theorem Ml may perhaps wish to skip straight to Section

Proof of Theorem[3 (assuming Theorem[§)). We may assume € < 1 (as decreasing e gives a stronger conclu-
sion). For concreteness, set § := 1/4, v := €2£, B := Bo/2 and C := max{Cy, Do/(6%\/B7)}, where 3y, Dy are

defined as in Theoremdl Let C; := 3C, s := [Cy/nlogn], p:= /B(logn)/n, and I := [log(1/€)/(p(1—14))].

Define Hy := H. Let & denote the set of all pairs (A, B) of disjoint vertex-sets A, B C V(H) with
|A] = |B] = s. Combining a ‘handshaking lemma’ like double counting argument with the assumed lower
bound (@), writing ¢ := [Chv/nlogn] it follows that

eny(AB) _ Lacascoiap-cnAB) ())&

|4l1B] 2 (120 (G0 ~ ()60

The plan is to sequentially choose the graphs (G;)o<i<r with G; C H; such that, setting H;+1 := H; \ G;
(which ensures that all the G; are edge-disjoint), for all 0 < i < I we inductively have

en, (A, B)

en, (A, B)

Turning to the details, note that inequality (Bl) holds trivially for ¢ = 0. Given H; with 0 < i < [ — 1

satisfying (@), by combining the definition of I with (1 + 2§)/(1 — ) = 2 and (@) it follows for n > ng(3)
that, say,

—¢  forall (4,B) €. (4)

€ [(1 —(1+0)p), (1-(1- (5)p)z} for all (4, B) € &. (5)

en, (A, B) o (1+20)p(1-1)  CHo (A, B)
| Al Bl |AllB
4The range of p = p(n) in this conjecture is essentially best possible, since it is well-known that typically a(Gr,p) > v/nlogn

for p < y/(logn)/n. Furthermore, although we have not checked all details, it seems that our proofs can be modified to verify
3 where § > 0 is some small constant; so the main question is whether p > n~=1/2+°(1) suffices.

>.¢=~ forall (4,B)€6. (6)

the conjecture for p > n—



Using Theorem[d] for n > ng(e, &, 0, 8, C') we can thus find a triangle-free subgraph G; C H; with e, (A, B) =
(1 +d)pen,(A,B) > 0 for all (4,B) € &. Hence a(G;) < 2s < 3Cy/nlogn, say. Furthermore, noting
em,., (A, B) =epq, (A, B) —eq, (A, B), it is immediate that H;;1 = H; \ G; maintains (&l).

Finally, for the number of edges of J,<;.; Gi = Ho \ Hr, by (B]) and definition of I it follows that

e\t (A, B) > (1 —e =90 ey (A, B) > (1 - €)en,(A,B)  forall (4,B) € 6. (7)
Using a double counting argument similar to [)), in view of () and Hy = H we infer

Z(A,B)GG eno\u; (A, B) . E(A,B)GG en(A, B)

e(HO \ HI) = 2(11:2) (n—2—js—1)) = (1 - 6) 2(11:2) (n—2—js—1)) = (1 - e)e(H),
completing the proof of 3, ; e(G;) = e(Ho \ Hy) > (1 — €)e(H). O

2 The nibble: semi-random triangle-free process

The remainder of this paper is devoted to the proof of our main tool Theorem [l Given an n-vertex graph H
with vertex-set V- = V(H) and edge-set F(H ), inspired by Kim [20] our strategy is to incrementally construct
the triangle-free edge-set of G C H using a semi-random variation of the triangle-free process (adding large
chunks of random-like edges in each step; see also Footnotes [IH2l on page[Il). One key difference to [20] [5] is
that our approach only uses edges from the host graph H (and not the complete graph K,,). In particular,
deferring the details to Section 2] the rough plan of our Rodl nibble type construction is to step-by-step
build up a ‘random’ set of edges F; C E(H) and a triangle-free subset T; C E;; we also keep track of a set

O; C{e€ E(H)\ E; : e does not form a triangle with any two edges of E;} (8)

of ‘open’ edges that can still be added. The idea of each step is to choose a small number of random
edges I';41 € O; so that only a few new triangles are created in E; 1 = E; UI';;1. This allows us to find an
edge-subset I} | C 'y 1, with I}, || = |T'y41], such that T;; = T; UT, | remains triangle-freeﬁ After

1= [n] )
such alteration-method based steps, we eventually obtain a triangle-free graph G = (V,T;) C H, which
intuitively ought to be ‘random enough’ to resemble (many features of) a random subgraph of H.
2.1 Details of the nibble construction
Turning to the details of the nibble construction, consistent with (8) we start with
Op:=E(H) and FEy:=Tp:=Ty:=2. (10)
In step ¢ +1 > 1 we then set
By :=FE, Uiy, (11)
where each edge e € O; is included in I';; 1, independently, with probability
pi=a/Vn. (12)

(The definition of the deterministic parameter o < 1 is deferred to (34]) in Section 231) Note that T; UT;44
is not necessarily triangle-free, since two or three edges of a triangle could enter via I';;1 C O; (one edge is
not enough by @) and T; C E;), i.e., via the following set of ‘bad’ pairs and triples of T';;1—edges:

Bit1 = {{wu,wv} CTiy1: wo € Ty, {u,v,w} =3} U {{uv,vw,wu} CTitpq: {u,v,w}| =3}, (13)

5For the construction of T;+1 it might seem overly complicated to define O; with respect to E; (and not T;). However,
this slightly wasteful definition actually simplifies the analysis: e.g., for the purpose of tracking various auxiliary variables, it
intuitively is easier to understand the effect of adding the random edges I';41 (rather than some subset F§+1 C Tit1). Using
an inclusion in (8) might also seem overly complicated, but it again simplifies the analysis: by removing some extra edges it
actually becomes easier to prove concentration (see the ‘stabilization mechanism’ discussion around (ZII) and Lemma [I3]).



where we write zy = {x,y} for brevity. To avoid triangles in T;11 by alteration, we thus take D;11 to be
a maximal collection of pairwise edge-disjoint elements of ;41 (say the first one in lexicographic order to
resolve ties; any other deterministic choice also works, see Remark [l and Section 3], and then setd

Tit1 =T, U (Tiz1 \ E(Dis1)), (14)

where we write F(Dj41) := UaeDHl « for the set of edges in the pairs and triples of D;;1. Note that T4
is indeed triangle-free by maximality of D;;1 C B; 1. Turning to the open edge-set O; 11 C O; \ T';41, by @)
the set Oi1+1 U C’fle of newly ‘closed’ edges (that form a triangle with some two edges of E;;1) is given by

Oil-i-l = {f €0;: Yf(l) N # @}, (15)
Yo (i) :={uw € O; : vw € E;} U {vw € O; : uw € E;}, (16)
CEH :={uv € O; : there is w s.t. uw € Tjy1, vw € Tiq1}. (17)

Mimicking a technical idea of Alon, Kim and Spencer [3], we intuitively increase the set of closed edges (via
the random set S;11 below) in order to add a ‘stabilization mechanism’ to our constructionﬂ and define

Ci+1 = Oil-i-l U Si+1, (18)
Oip1:= 0;\ (Ti41UCip1 UCE,), (19)
where each edge e € O; is included in S;41, independently, with ‘stabilization’ probability

Peii=1— (1 — p)ymax{2ai(mitVo)Vn—|¥e (@), 0} (20)

(The definition of the deterministic parameters ¢;, m; is deferred to ([Ba)—(B0]) in Section [Z3l) Roughly put,
the main point of the technical definitions of S;;1 and p. ; will be that all the conditional probabilities

Ple & Cit1 | 05, ;) =Ple € Clyy | 04, Ey) - (1 — pei) = (1 — p)moxaitmitvalvm Ve (D)} (21)

can inductively be made equal and thus independent of the history (by only maintaining a weak upper bound
on max, |Ye(7)|; see (@), (6I)) and Lemma [I9]), which in turn helps to keep various error terms under control.

Remark 7. Note that each step of our nibble construction requires only randomized polynomial time (since

we can easily find a maximal edge-disjoint collection D;1 C Biy1 by a deterministic greedy algorithm,).

2.2 Pseudo-random intuition: trajectory equations

In this informal section we give a heuristic explanation of the differential equation that predicts the behaviour
of (0;, E;) for 0 < i < I ~ n®. Inspired by [32,[20], our main non-rigorous ansatz is that the edge-sets (O;, E;)
should resemble properties of a random subgraph of H with two types of edges, where

Ple€eO;)~¢q and Pe€E;)=m/Vn (22)

are approximately independent. We now derive properties of ¢;, m; that are consistent with this ansatz. For
example, combining F;1 = F; UT'; 1 with the random construction of I';11 C O;, we expect to have

P(e S EfL'Jrl) — P(e S Ez) = ]P)(e S FfL’Jrl | e c OZ)P(G S Ol) Xp-q; = qu/\/ﬁ, (23)
which together with ([22]) and Ey = @ suggests that

Ti+1 — T = 0G; and o ~ 0. (24)

6The standard alteration approach of removing one edge from each element of B; 1 seems harder to analyze: e.g., removing
the edges of a maximal edge-disjoint collection D; 11 C B;41 greatly facilitates the technical calculations in Section

"Kim uses a different stabilization mechanism in [20, Section 5.1]: instead of introducing the random sets S, he determinis-
tically modifies the underlying graphs in each step (by temporarily adding some extra edges and vertices), mimicking an earlier
‘regularization’ idea from [19]. We find our randomized approach more elegant, and easier to implement algorithmically.



Furthermore, with lots of hand-waving, by (I9) we intuitively have O; \ O;41 = ;41 U Ciy1 U Oi2+1 ~ Cit1
(since each closed edge in C?, | requires the presence of at least two random edges from I'i 11 C O;). As (22)
suggests E|Y, (7)| < 2g;m;/n, by the stabilization mechanism (ZI) and p = o/y/n we thus loosely expect that

Ple € Ois1 | Oi, Bi) m P(e & Ciyr | Oi, By) = (1 — p)* @ " HVOVE & 1 — 26g;m;  for e € O,
where we bluntly ignored the /o in the exponent. Similar to ([23)), using [22)) we thus ought to have
Giv1 — ¢ ~Ple € Oi11) —Ple € 0;) ~ —20¢;m; - Ple € O0;) = —20¢7T;. (25)

To extract the behaviour of 7 from (24]) and (28), we further assume that m; ~ ¥(io) holds for some smooth
function ¥(z), where o < 1 is tiny. Using Taylor series, in view of (24 and Oy = E(H) this suggests that

¢ ~¥(ic) and qo~1. (26)

Together with (25) and the initial values from ([24) and (2], this leads to the second order differential
equation ¥ (x) = =20/ (x)?¥(z) with ¥/(0) = 1 and ¥(0) = 0, which in turn reduces to the simple ODE
U'(z)=e V@ and T(0)=0. (27)

Noting the implicit solution x = fo‘y(m) et2dt, it now is easy to derive that ¥(z) = logz as & — oo (see,
e.g., the proof of (G6) in Appendix [A]). Since I ~ n” is sufficiency large compared to ¢ (which will be of
form o = (logn)~®W) | see (34) in Section ZJ)), this makes it plausible that

71 =~ U(Io) ~ /log(Io) ~ /Blogn. (28)

Finally, since by construction we expect |F;11 \ F;| & |Ti+1 \ T3] to hold for all 0 < i < I, the edge-sets E;
and T7 ought to share many properties. Together with ([22) and (28] this intuitively suggests

Ple € T1) = P(e € Er) =~ /B(logn)/n, (29)
making the pseudo-random edge-estimate () plausible for G = (V,Tr) with Tr C E; C E(H).

2.3 Definitions and parameters

In this section we formally define several variables and parameters used in our analysis of the nibble con-
struction. We start with two standard notions from graph theory: for any edge-subset S C (‘2/) we write

S(A,B) :={abe S: ac A, bec B}, (30)
Ng(v) :={w eV :vweS} (31)

where A, B C V are vertex-disjoint. For all pairs of distinct vertices u,v € V we then define

Xuuli) = No,(u) 1 No, (v), (32)
Zuw(1) := Ng,(u) N Ng, (v), (33)

where | X, (i)] and | Zy, (i)] intuitively correspond to an ‘open codegree’ and the usual codegree, respectively
(note that |V, ()| corresponds to a ‘mixed codegree’; see ().

Guided by Section [Z2] we define ¥(z) as the unique solution to the differential equation ¥'(z) =
exp(—¥?(z)) and ¥(0) = 0 from ([27)). With the heuristics [22) in mind, we introduce the parameters

o = (log n)_2, (34)

gi o= W'(io) = e (), (35)
i—1

i 1204—20%‘ =mi—1+0gi-11(>1y, (36)
j=0



making (24 and (26) rigorous (starting with mo = o > 0 leads to cleaner formulae later on). With foresight,
for i < I we also introduce the ‘relative error’ parameter
om; 00q;i—1

=Ti—1 —
271’] 27T]

Tii=1-— L1y, (37)

which slowly degrades from 79 = 1 — 0(0) to 77 =1 — §/2.
With an eye on Theorem [4] for concreteness we introduce the absolute constant

Dy :=108 and [y:=1/14, (38)

as well as the set-sizes (with sp < s) and idealized edge-probability

s := [Cy/nlogn], so = |oq}s], and p:=+/B(logn)/n, (39)

and, recalling Oy = E(H), the collection of ‘relevant’ pairs of large vertex-sets

S, :={(4,B) : disjoint A, B CV with |A| =|B| = s and |Oy(A, B)| > v|A||B|}. (40)

2.4 Main nibble result: pseudo-random properties

In this section we state our main nibble result Theorem B which implies our main tool Theorem [ and
establishes various pseudo-random properties of (O;, E;, T;,T';)o<i<s. The following event is of core interest:

Ti = {|T1(A, B)| = (1 +6)p|Oo(A, B)| for all (A,B) € S,}. (41)

Indeed, it implies the conclusion of Theorem [ with G = (V,T}) since the edge-set Ty C E; C E(H) = Oq
is triangle-free. To get a handle on 77, in view of Section 2] it is natural that we also require some control
over the other edge-sets (E;, O;,T;)o<i<r. To this end we introduce the ‘good’ events

X =NiNPinQfNQ; and Xg= () X (42)

0<j<i
where the following auxiliary events encapsulate various pseudo-random properties:

N; = {|No,(v)| < gin and |Nr, (v)| < 20¢;—1+/n for all v € V'},
P = {|Xuw (i) < @1, Yo ()] < 2¢imiv/n, and | Zy, (i)] < i(logn)? for all u,v € V with u # v},
9 :={|0i(A, B)| < ¢;|A||B| for all disjoint A, B C V with |A[,|B| > so},

(
(
(
Q, = {Tiqi|Oo(A,B)| <|0;(4, B)| < ¢|Og(A, B)| for all (A, B) € 65}. (

N
(@)

In words, the above events give bounds for degree-like variables (NV;), codegree-like variables (P;), and the
number of open edges (Q; and Q;). A subtle but important point is that N;, P; and Q; only guarantee
one-sided concentration, i.e., ensure upper bounds but no matching lower bounds (which can fail badly, for
example, |Yy, ()| = 0 holds when wv € E;). Merely Q; guarantees two-sided concentration, which is harder
to prove, but crucial for establishing the edge-estimate from 77 (see the heuristic below Theorem [)).

With 7; & 1 and Oy = E(H) C E(K,,) in mind, most of the bounds in {I]) and {@3)-EE) can easily be
guessed by the pseudo-random heuristics (22) and 29) from Section[Z2] (the | Nt, (v)|-bound is one exception:
based on E|Nr, (v)] = p-E|No,_, (v)], it contains an extra factor of 2 to avoid additive error terms; another
exception is the |Z,,(i)|-bound: it relaxes the prediction E |Z,,(i)| < 72 = O(logn) for technical reasons).

Inspecting (@3)-@Q) in the special case i = 0, it is not difficult to see that the good event Xy = X<q
always holds (by combining go = 1 > 79 and o, ¢_1, 79 > 0 with Ey =Ty =Ty = 9).

Remark 8. The event Xy holds deterministically for any n-vertex host graph H.

Our main nibble result (which is at the heart of this paper) states that, under fairly natural constraints,
the pseudo-random events 7; and X<; both hold with very high probability. Recall that I ~ nb.

8To make this paper easier to read, we have made no attempt to optimize the constants Do, 8o in ([B5).



Theorem 9 (Main nibble result). For all 7,8 € (0,1], 8 € (0,80) and C > Do/(6*\/B7), the following holds
forn >no(v,6,8,C): we have P(Tr N X<r) > 1 —n~*W for any n-vertex host graph H.

Proof of Theorem[4) If the event T; holds, then the triangle-free graph G := (V, T7) has the claimed properties
by @), V=V (H) and Ty C E; C E(H) = Og, so Theorem [0 completes the proof. O

Remark 10. In view of I = O(n™) and Remark [7, the nibble thus yields a randomized polynomial time
algorithm (with error probability < n=*W)) for constructing the triangle-free G C H from Theorem ik

Remark 11. The heuristic edge-estimate [29) suggests that the constraint C = Q(1/(6%\/B7)) from Theo-
rem [ is best possible: it would also arise if G = (V,Tr) € H was a random subgraph with edge-probability p

We defer the proof of Theorem [ to Section Bl and now just outline a brief heuristic argument that
illustrates how the event X<; C ﬂo <i<1 Qi is instrumental for establishing the edge-estimate from 77 (which
seems informative). Similar to ([23)), in view of Section 2] we expect that in each step only few edges are
removed due to the creation of triangles, which intuitively suggests

ITi1(A, B)\Ti| = |Eir1(A, B) \ Eil.
Combining the construction of E;11 \ F; = ;11 C O; with the event Q; and 7; = 1, we also expect that
|Eiv1(A, B)\ Ei| = [Tis1(A, B)| = p- |0i(A, B)| = p - ¢:|O0(4, B))|.

Recalling p = o/y/n and p = y/B(logn)/n, using the definition [BE) of 7; and the approximation 7; =
VB logn from ([28) it now becomes plausible that

ZO§i<I 0dqi

NG

s
—=100(A, B)| = p|0(4, B)|.

|T1(A, B)| = Z |Tiv1(A, B)\ T;| = Jn

0<i<I

as suggested by 77 (Section contains a rigorous version of this heuristic argument).

2.5 Tools and auxiliary estimates

In this preparatory section we gather, for later reference, some results that will be used throughout the proof
of Theorem [0 (mostly probabilistic and combinatorial tools, and ending with some auxiliary estimates). On
a first reading the reader may perhaps wish to skip straight to Section [Bl

We start with a convenient version of the bounded differences inequality [23, 241 [36] for Bernoulli variables.
Note that the upper tail estimate (@) for decreasing functions does not have an extra Ct term in the exponent
like [@8). Remarks are well-known, see, e.g., [24, Theorem 2.3, 3.8, and 3.9] or [36, Corollary 1.4].
Inequality (@) can be deduced from the arguments in [23] Lemma 7.14], but this monotone version does not
seem to be widely known; in Appendix [A]l we thus include a simple proof for completeness.

Theorem 12. Let (£4)acz be a finite family of independent random variables with &, € {0,1}. Let f :
{0,1}21 = R be a function, and assume that there exist numbers (cq)acz such that the following holds for
all 2 = (2a)aez € {0,137 and 2 = (21)aez € {0, 1} |f(2) — £(2')] < cp if 2o = 2., for all @ # . Define
X = f((§a)aecz) and X := Y 7 A P(&q =1). Then, for all t >0,

PIX>EX +1) < exp(—%) (47)

if the function f is decreasing (i.e., that f(z) < f(2') whenever zo > 2!, for all a € T).

Remark 13. Define C' := maxqaez co. If we drop the assumption that f is decreasing, then

P(X <EX — 1) gexp<_m> (48)

9For all (A, B) € G, the expected number of edges between A and B would then be at least Aa g = E|T7(4, B)| =
p|lO0(A, B)| > p-vs? > /ByC - slogn. Using a union bound and standard Chernoff bounds, the probability that 77 from (@)

fails would thus be at most 374 pyees, e~©(6*A4,B) < 25— VBICs) = o(1) for C = Q(1/(6?\/B~)) large enough.




Remark 14. In the special case X = ) 7&n we have C = co = 1 and X = EX. Standard Chernoff
bounds (or applying [@T)-ES) to the decreasing function —X ) then show that in this case P(X < EX —t)
and P(X > EX +t) are at most the right hand side of [@T) and @), respectively.

For random variables with a special combinatorial form (based on the occurrence of events with ‘limited
overlaps’) we shall use the following Chernoff-type upper tail inequality, which is a convenient corollary of a
more general result by Warnke [37, Theorem 9]. Note that the exponent of ([@9) scales with 1/C.

Theorem 15. Let (&)ics be a finite family of independent random variables with & € {0,1}. Let (Ya)acz
be a finite family of variables Yo := Li¢,—1 for ali ica) With Y c7EYa < p. Define Zc := max} ., Ya,
where the mazimum is taken over all J C T with maxgey [{a € J :aNB # @} < C. Then, for all C,t >0,

P el (ntt)/C 2

PZec>p+t)<e M. [ —— <e - . 49
Vezpri=c (u+t> - Xp< 2C(u+t)) )
The following simple combinatorial lemma formalizes the intuition that we expect ) . |U;| = O(|U])

whenever the subsets U; C U are nearly disjoint (i.e., have small pairwise intersections).

Lemma 16. Suppose that (U;)icz is a family of subsets U; C U with |U;] > z > 0 and |U; NU;| <y for
all i # j. Then z > \/4|Uy implies |Z| < 2|U|/z and Y, ., |Ui| < 2|U|.

Proof. Aiming at a contradiction, suppose that |Z| > 2|U|/z. Then there is J C 7T with |J| = |[2|U]/z] + 1.
Observe that, for any i € 7,

S U0l < (1] - Dy < 2|Uly/2 < 2/2 < Uil /2. (50)
JET i#]
So we obtain a contradiction by noting that
oz |Jul =Y (o= > wnul) = Y w22 1712/2 > Ul (51)
i€J €T JET i#] €T

With |Z| < 2|U|/z in hand, after replacing J with Z, note that (50) and the first three inequalities of (&)
remain valid, completing the proof of » ;. |U;| < 2|U]. O

Our final auxiliary result contains a number of convenient estimates involving the parameters g;, 7;, o, [
defined in Section 2.3 Roughly put, (54))-(E6) state that ¢; ~ giy1, 1 —20¢;m ~ ¢i11/¢; and 77 ~ \/log(Ilo),
as predicted by (28) and (28]). The technical estimates ([B2)—(53]) can safely be ignored on a first reading. The
proof of Lemma [I7is based on elementary calculus and thus deferred to Appendix [A] (it also establishes ¢; >
qr = n~P*t°M which together with I ~ n® and (G3) motivates our choice of Sy = 1/14).

Lemma 17. If 8 € (0, By), then there exists T,ng > 0 such that, for alln > ng and 0 < i <1,

max{ max {qﬂrf}, \/Em-} <1, (52)

je{0,1,2}
min{ min{q/ Vi), 2Vi/1. 4} Vi/VI| 2. (53)
Jje
0 < ¢ — git1 < 4o -min{q;, ¢i+1, ¢imi}, (54)
|(1 = 20¢;m:) — qiv1/ai| < 80%q, (55)
|71 — \/log(Io)| < 2. (56)

As a simple application, for 0 < ¢ < I we now bound the stabilization probability p.; defined in (20)).
Since ([B3) implies g;/ov/n > 1, by applying (1 —p)" >1—pr =1—or/y/n (valid for r > 1) we infer

Pei <1 — (1 —p)?@mtVOVE < 950,(m + /o) < g, (57)

where we used y/om; <1 and 0 < 1 (see (B2)) and (B4) for the last inequality.
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3 Analyzing the nibble

In this section we prove our main nibble result Theorem [ (which in turn implies our main tool Theorem @]
see Section [Z4]) as a corollary of the following auxiliary lemma.

Lemma 18. Under the assumptions of Theorem[d, for n > ny(v,0d,8,C) we have

P(~Xiy1 | X<i) <n @D forall0<i<I-1, (58)
P(ﬁlrj N :{S[) < niw(l). (59)

Proof of Theorem[3 Recalling I < [nf0] = n©M) and X<; = No<j<i Xj, note that P(=Xo) = 0 (see Re-
mark B) and (B8) readily imply P(=X<;) < n~“(") which together with (53) completes the proof. O

The remainder of this section is devoted to the proof of Lemma [I8 the proof of (E8) with —X;1; =
~WNip1U=Pi1U~Q;  U~Q;11 is spread across Sections B2HZ4], and the proof of (BJ) is given in Section BH

3.1 Preliminaries: setup and conventions

To avoid clutter, up to (and including) Section B4l we shall suppress the conditioning in the notation:
we will write P(-) and E(-) as shorthand for P(- | ;) and E(- | F;), where (F;)o<i<; denotes the natural
filtration associated with (O;, E;, T3, T, S;)o<i<1, as usual. We will also tacitly assume that the F;-measurable
event X<; holds. Conditional on F;, note that by construction of the random edge-sets I';y; and Si41,
the (conditional) probability space formally consists of the 2|0;| independent Bernoulli random variables

(]]-{eeFi+1}7 1{665i+1})6€0m with ]P)(e € Fi-i-l) =DpP= 0/\/ﬁ and ]P)(e € Si-i-l) = ﬁeﬂ' < gi, see (EZD
Using the above setup and conventions, we shall repeatedly consider random variables of form

X = f((]]-{eef‘i+1}v ]]-{eESprl})eeoi)' (60)

To get a handle on the (conditional) expectation E X we will often use O;11 C O; \ C;11 together with the
following key lemma, which hinges on the stabilization mechanism to equalize all (conditional) probabili-
ties P(e & Cit1), see (@) below. (The extra /o term in (20)) ensures that P(e & Ci+1) < ¢i41/¢; holds with
plenty of elbow room, which is convenient for avoiding ugly error terms in the upper bounds of ({@3])—(E4).)

Lemma 19. We have P(e € Cit1) — qiv1/q € [=30°%%q;, —0®/%¢;] for all e € O;.

Proof. For any e € Oy, since |Ye(i)| < 2¢;mi/n by X<; C Py, by definition of Cy11 = Oi1+1 U S;11 we have

Pe & Ci1) =Ple & Clyy) - Ple & Siga) = (1 = p) Ol (1= pei) = (1 = p)?almtvolve o (61)
It is well-known (and easy to check) that 1 —rz < (1 —2)" < 1—ra + (})2? for all z € [0,1] and r > 2.
Using v/np = 0 < 1 and max{q;, ¢;m, ¢im2} < 1 (see (52)), it follows that
]P’(e € Ci+1) — [1 — 2UQi(7Ti + \/E)} ‘ S 202qi2(7ri + \/5)2 = 0(0'2%) = 0(0’3/2(]1').

This completes the proof since 1 — 20¢;m; = qiy1/q + o(03/%¢;) by ([G3). O

To deduce concentration properties of such random variables X we shall frequently rely on the bounded
differences inequality (Theorem [I2)). In those cases we will bound the associated parameter A via

A= Z APeeTi) + Z ZPeeSiy)<p Z 2+ q Z e (62)

ecO; ecO; ecO; ecO;

where the edge-effect c. is an upper bound on how much X can change if we modify the indicator 1i.cr,, 3
(alter whether e is in I';4; or not), and the stabilization-effect é. is an upper bound on how much X can
change if we modify the indicator lyceg,,,} (alter whether e is in S;;; or not). Moreover, the following
simple observation will later allow us to control the above sum (62]) of these effects.
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Lemma 20. If X<; holds, then Y .o |Ye(i) N J| < 2qimi/n - |J| for any edge-subset J C (%)
Proof. For any e € O;, note that f € Y. (i) implies e € Yy (i). As Y;(i) C O;, we infer
Do@ONII=30 Y Lygevion < D0 D Leevyan = Y Y5 ().
e€0; feT e€O; feT e€O; fer

This completes the proof since X<; C P; implies |Y;(2)| < 2¢;mi/n. O

3.2 Event N;;;: degree-like variables |No,,,(v)| and |Nr,,, (v)|
Lemma 21. We have P(=Njy;) < n~<M),

Proof. We start with |No,,, (v)|. Note that O;y1 C O; \ Ciy1 implies

|N0i+1 (1})| < Z ]]-{vaCHl} = X. (63)
wENo, (v)

Since X<; C N; implies |[No, (v)| < ¢;n, using Lemma [I9 we obtain

EX= Y PowéCin)<|No, ()| (g:41/a — 0*a:) < giyan — a**¢in. (64)
weNo, (v)

Gearing up to apply Theorem[I2to X, we now bound the associated parameter A <p>- .o €2+ Y .0, ¢
from ([62)). Set X, := {v}x Np,(v) C O;, and recall that C; 11 = C}HUSiH, where Cil—i-l depends only on I';4 1
and thus is independent of S;y;. The edge-effect c¢. (an upper bound on how much X changes if we alter
whether e € I'; 11 or e € I';41) is thus at most the number of changes to C}HﬂXU ={vw € Xy : Yoo (1)1 #
@}. Since e € Yy, (i) implies vw € Yo (i) when vw € X, we infer ¢, < |V (i) N Xy| < [Ye(i)| < 2qimi/n
by X<; C P;. Using Lemma B0, |X,| = |No, (v)| < ¢in, and ¢;7? < 1 (see (E2)), it follows that

P Z cg <p-2qmi/n - Z [Y.(i) N &, < o/vn- (2qm’i\/ﬁ)2 ] < 4aq§’7rl-2n3/2 < 4aqi2n3/2. (65)
ecO; ecO;

By our above discussion, the stabilization-effect é. (an upper bound on how much X changes if we alter
whether e € S;1 or e € S;11) is at most the number of changes to S;11 N &,. Hence ¢c < L{.cx,}, so that

G Y & <qi | X < gin < ogin®?.
eeO;

Noting that X is a decreasing function of the edge-indicators (Ljeer,,,}, 1{ecs,;1})eco;, using Theorem
together with the A-bound @2) and ¢?n'/? > n™ (see ([3)) it follows that

3.4,2
P(|No,,, (V)] = gis1n) <P(X > EX + 03/2qfn) < exp —% <p—v),
2 - bogin3/?

Taking a union bound over all vertices v completes the proof for the |[No,,, (v)| variables.
Finally, note that [Nr,,, (v)| is a sum of independent Bernoulli random variables with

ElNFi+1(U)| = |NO¢(’U)| p< Qin'o/\/ﬁ: O'qi\/ﬁ =N,

where we used X<; C N; to bound | Np, (v)| < ¢;n. Applying standard Chernoff bounds (see, e.g., Remark[I4)),
using g;/n > n" (see (B3))) it is routine to deduce that p > logn and

2
BN, (0] > 20003/) = BN (0] 2 20) < exp (=575 ) =oxp (=) <t

Taking a union bound over all vertices v completes the proof for the |[Nr,, (v)| variables. O
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3.3 Event P;;: codegree-like variables | X,,(i + 1)|, |Yu(i + 1)| and |Z,,(i + 1)|
Lemma 22. We have P(=P;y;) < n~<M),

Proof. We start with | X, (i + 1)|. Recalling O;11 C O; \ Cit1, note that by construction

|*Xru'u(Z + 1)| S Z l{uwgciﬂ and vwgCiq1} =: X. (66)
WE Xy (1)

To estimate E X, note that the event f & Cl, = {f € O; : Yy(i) NTip1 # @} is determined by the
values of the independent indicator variables (]].{eeri +1})eeyf(i). In view of the reasoning (&1l) for the value
of P(e & C;41), it follows by construction of C;y1 = Ci1+1 U S;4+1 that

P(uw & Ciy1 and vw & Cip1) = Pluw & Cip1) Plow & Cigq) - (1 — p)~ Ve @Yo @1 (67)

Since X<; C P; implies |V (1) N Yo (1) < | Zuo(i)| < I(logn)? and | Xy, (i) < ¢Zn, by combining ([67) with
Lemma [[9it follows that

. —I(logn)®
EX < |Xuwo(i)| - (gi41/q — 0*2q:)? - (1 — p)~10oem)” < g2 in — 0®2g)n, (68)

where for the last inequality we used pI(logn)® < ¢%/2¢? < 1 (since ¢3v/n/I > n™ by [B3)) and o3¢} <
o32¢} ~ 03¢ 17 (see BD)-GA). With an eye on Theorem M2 we now bound the parameter A\ <
P> eco, A+ q > eco, ¢2 from ([B2). Set X, = {u,v} X Xup(i) C O;. Analogous to the proof of Lemma 2]
for [No,,,(v)|, here we have edge-effect c. < |Yo(i) N Xyo| < |Ye(i)| < 2¢imiy/n and stabilization-effect
Ce < lgecx,,y- Similar to (63)), using Lemma 2O [Xy,| = 2 - [ Xy (1)] < 2¢?n and ¢;7? < 1 it follows that

Py & <a/Vn-2amivn)? - |Xu| < 8ogimin®? < 8ogin®/. (69)
ecO;

Furthermore, ¢; 3 ¢2 < qi|Xuo| < 2¢n < 0¢?n®/?2. Noting that X is a decreasing function of the edge-
indicators (Leer,, 1, Licesi,1})eco,, using Theorem M2 and ¢in'/? > n” (see (G3)) it follows that
3.6,2

. a’qfn w

Taking a union bound over all pairs of vertices u,v completes the proof for the |X,, (i + 1)| variables.
Turning to the more involved |Yy, (i + 1)| variables, note that by construction

|Yuv (7’ + ]‘)| S Z ]]'{uwel_‘i+1 or vwEFHl} + Z ]]'{fQC»H,l} = Y’u:ii»} + YJ’U (70)
wE Xy (1) FEYuy (4)

(To clarify: Y, and Y% are defined by the first and second sum in (7Q), respectively.) Using Lemma

together with 0¢? = 0qigit1 + o(03/2¢?m;) (see (B4)) and m;git1 = Gip1Tit1 — 0Gigiv1 (a8 Tip1 = m + 0G;
by B4)), it follows that

E(YJ} +Y5) < | Xuww(@)] - 2p + [Yuu(9)| - (git1/0 — 03/2%’)
< 20¢;v/n +2m/n(gir1 — 0°2q7) < 2qia7ii1v/n — 0¥ P g mi/n

We now estimate Y, and Y, separately. Noting EY,! < 20¢?\/n and o%¢?m;\/n = o(cq?/n) (see (52)),
using standard Chernoff bounds together with 72 > 72 = 0% and ¢?v/n > n™ (see (B3))) it follows that

(71)

PV,

uv

2021 /m)? 52
> BV, + oatn/i) < exp (%) S e ) E N

For Y, we shall apply Theorem [[2, and we thus now bound X < p3 .o €2+ ¢ Y .o, ¢2 from [@2). As
usual, we have edge-effect c. < [Ye(i) N Yy (4)| < |Ye(i)| < 2¢4miy/n and stabilization-effect ¢, < Lycey,, (i)}
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Here we can significantly improve the simple worst case estimate c. < |Ye(i)] when e # wv. Indeed, if
e = wywsy does not intersect uv, then ¢, < 4 since Y, (7) N Yy (4) € {u,v} x {wy,ws}, say. Furthermore, if
e = wyws intersects uv in one vertex, say u = wy, then ¢, < maxy |Z;(i)| < I(logn)? since Y (i) N Yy (i) C
{u} x [Ng, (w2) " Ng, (v)]. To sum up, for e # uv we have c. < max{4, I(logn)} < o~°I, say. Similar to (G5)
and (69)), using Lemma 20 and |Yy, ()| < 2g;m;4/n it follows that

D Z E<o/vn- ((2qi7ri\/ﬁ)2 +07°T - 2qmin/n0 - |Yuv(z)|) < 8o 1¢ZniI/n.
ecO;
Furthermore, using 7; > o and I > 1 we obtain ¢; Y, ., ¢ < ¢i|Yuu(i)| < 2¢7mi/n < 0~ *¢in}1/n. Noting
that Y, is decreasing, using Theorem [2 and ¢?\/n/I > n™ (see ([B3)) it follows that
4,42

* % 2 2 0 q;mmn —w(1)
P(Y) >EY,) +0°q¢mvn) <exp <—2 : 904q1-27rl»2]\/ﬁ> <n ) (73)

Combining the probability estimates (72) and (Z3) with inequalities (Z0)-(ZI) and 0% < ¢*/2, now a union
bound argument (to account for all pairs of vertices u, v) completes the proof for the |Y, (i + 1)| variables.
Finally, for |Z,,(i + 1)| note that the one-step difference

AZ = |ZUU(Z + 1)| - |Zuv(2)| = Z ]]-{uweFi+1 and vwel;41} + Z ]]-{fGFi+1} (74)
WE Xy (1) fEY b (3)
is a sum of independent Bernoulli random variables with
E(AZ) = | Xy ()| - p* + Yo ()] - p < 0%¢F + 20q;m; < 30 < 1, (75

)
where we used | X, (1)| < ¢2n and Yy, (i)] < 2¢;mi+/n for the first inequality, and max{q?, ¢;m } < 1 (see (52)))
and 0 < 1 for the last two inequalities. Inspecting (74)), note that X<; C P; implies |Z,,(i + 1) <
AZ +i(logn)?. Applying standard Chernoff bounds, using E(AZ) < 1 it readily follows that, say,

P(|Zuo(i+ 1) > (i + 1)(logn)?) < P(AZ > (logn)?) < n~w®,
Taking a union bound over all pairs of vertices u, v completes the proof for the |Z,,(i + 1)| variables. O

Remark 23. If desired, it would not be difficult to establish the better upper bound |Z,,(i)| < (logn)?, say
(using the stochastic domination arguments leading to @) in Section[TH; in view [TA)—(TE) the main point
is that, for 0 <i <1, the event X<; implies o< ;<;(|Xuu(5)|P* + [Yuu (7)Ip) = O(logn)). This in turn could,
e.g., be used to increase the constant By slightly (as we could then remove I = [n?] from constraint (53))).

3.4 Event Qf, N Q;;1: number |O;4(A, B)| of open edges between large sets

Turning to |O;41(A, B)|, note that one edge e € T’y can add up to [Yc(i) N O;(A,B)| < >, . |NE, (w) N
(AUB)| edges to C}, (A, B) C Oi(A, B)\ O;41(A, B), which can potentially lead to large edge-effects c.. To
sidestep such technical difficulties, we now introduce the following auxiliary variables for vertex-sets A, B C V'
with |A| = |B| (to avoid clutter we suppress the dependence on A, B, i in parts of our notation):

2= oq?| Al
Wi :={weV: |Ng(w)n(AUB)| >z},
Wy :={weV:|Np,, (w)n(AUB)| > z},
Cly = {uww € 0; : there is w ¢ Wy s.t. [{uw,vw} NTiyq| = |[{uw,vw} N E;| = 1},
CA'-2+1 :={uv € O; : thereis w & Wy s.t. uw € T'iyq, vw € Tiy1},

A
Cit1:=Ci USiq1.

Note that C’gﬂ C Cgﬂ for j € {1,2}, and that C;; C Ciy1. Furthermore, recalling ¢; > ¢; (see (54)), using

inequality (G3) it is routine to check that so > 1 holds, that |A| > so implies z >> 1, and moreover that

|£I|11>n 2/VIAIL > o*¢? 50/ VT > o83 n/VI > n"/2. (76)
~S0
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Lemma 24. We have ]P’(—Q;Q_l

) < n—wd)

Proof. Mimicking the double counting argument from (@), it follows that the special case |A| = |B| of Qf

implies the event Qf ; in full. Hence —Qf | implies that |01 (A, B)| < giy1|A||B] fails for some disjoint

vertex-sets A, B C V with |A| = |B| > so, and we shall below estimate the probability of this special case.
Recalling C;11 C Cit1, noting O;41 € O; \ Cit1 € O; \ Ciy1 we obtain

0i41(A, B)| < [0;(A,B)\ Cipal = > Tipge = X (77)
feO0;(A,B)

To estimate E X, recall thaf Chy={f€0;:Ys(i)NTip1 # ?} Note that if the event Qf := {(f x W) N
I'i41 = @} holds, then f ¢ Ci1+1 implies f ¢ Ci1+1= sothat f ¢ C;;q implies f ¢ Ci1q1 = Ci1+1USi+1' Since f ¢

Ci1+1 and Qy are both monotone decreasing functions of the edge-indicators (Lcer,,,}, L{ecs; 1} )eco;, using

Harris’s inequality [I8] and P(Qy) > (1 — p)?W1l it follows that

P(f ¢ Cit1) >P(f ¢ Ciy1 and Q) > P(f ¢ Cip1)P(Qy) > P(f ¢ Cipr) - (1 — p)2™il,

Note that X<; and i < I imply |Ng,(u) N Ng, (v)| = |Zuw(i)| < I(logn)? =: y when u # v, and that (76)
implies z > /|AUBJy. Using the definition of W7 and Lemma (with Z = Wy, U = AU B and
Uy = Ng,(w) NU), we infer |Wy| < 2|AU B|/z = 4/(0*¢?) < qio/n by ([B3), say. Similar to (68), using
Lemma [ |0;(A, B)| < ¢;|A||B], p|W1| < qio? < 1 and ¢;qi1 ~ ¢? (see (B4)) it is routine to deduce that

EX <|0i(A B)| - (gi41/a — 0*q;) - (1 = p)2"W1h <JA[|B] - (gis1 — 0247 /2). (78)
Gearing up to apply Theorem 2] we now bound A <p - .. c+q Y eco, 2. Noting Ciy1 C Cyy1, as usual

we have edge-effect c. < |Y.(i) N O;(A, B)| and stabilization-effect ¢. < licco,(a,p)}- Here the definition

of C'i+1 allows us to improve the simple worst case estimate ¢, < |Y.(7)|. Indeed, inspecting the corresponding
argument for [No,., (v)| from Lemma 2T} we see that the edge-effect c. (an upper bound on how much X
changes if we alter whether e € T';11 or e € I';41) is at most the number of changes to

C’ilﬂ NO;(A, B) = {uv € O;(A, B) : there is w ¢ W1 s.t. either uw € I'iy1, vw € E;

79
or vw € I'j41, quEi}. (79)

Since any w ¢ W1 has at most z neighbours in AU B via F;,—edges, we infer that ¢, < 2z (the factor of two
takes into account that each vertex of e could potentially play the role of w in ([{9) above). Similar to (G5
and ([69)), using Lemma 0] om; < /o < 1 (see (B2)), and |0;(4, B)| < ¢;|A||B] it follows that

D Z 2 <o/vn-2z-2qmiv/n - |0i(A, B)| < 2q;|0:(A, B)| < zq?|A||B|.
ecO;

Furthermore, using z > 1 we obtain ¢; > ¢ < ¢;|0;(4, B)| < 2¢:|0:(A, B)| < 2¢?|A||B|. Noting that X is
decreasing, using Theorem [[2 and the A-bound (62]) it follows that

P(|0i+1(A, B)| > ¢;i+1|A||B]) < P(X > EX + 0*/2¢?|A||B|/2)

(03/2¢2|A]| B| /2)* o%¢?| A||B| (80)
- 3 i _ g < (B
= ( 2227 Al B] o ( 162 > =t

where for the last inequality we used z = 0*¢?|A| and 0~ > logn. Finally, taking a union bound over all
disjoint vertex-sets A, B C V with |A| = |B| > so completes the proof (as discussed). O

For the ‘relative error’ 7; used in the event Q;, see ([B7), we now record the following convenient bounds:
1>7n>m=1-0/2>1/2 forall 0 <i <1 (81)

Lemma 25. We have P(=Q; 1 N Njy1 NPiyq) < n~wW),
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The proof strategy is to estimate the different contributions to O; 11 = O; \ (I'i4+1 UC;+1 UC: +1) separately
(here Q] will be crucial for bounding some of the large edge-effects ignored in Lemma [24)).

Claim 26. Let Q4 p be the event that the following bounds hold:

X1 :=|04(A,B)\ Cis1| € [|0i(A, B)| - (gi+1/a: — 40°%q;), |0i(A, B)| - gis1/ai],
Xy = |0;(A,B) N C}y, | < |04(4A, B)| - 20°g;,

X3 :=|0;(A,B)NTi1] < |0:i(A, B)| - 20%q,

Xy = |0i(A, B) N (Cis1 UCH )\ (Cisa UCH,)| < 36067Vl Al

Then P(=Qa 5 NNit1 NPit1) < n=v) for all vertez-sets (A,B) € 6,.

Before giving the proof, we first show that Claim 26 implies Lemma 25l Using a union bound argument
(to account for the |Ss| < n?* vertex-sets (A, B) € &), it is enough to show that Q4 p N X<; implies
Ti+1qi+1|OQ(A, B)| S |Oi+1 (A, B)l S qi+1|OQ(A, B)| By definition of Oi+1(A7 B) we have

X1 —Xo— X5 — X4 <|0:41(A,B)| < X;.

Combining Q4 p with the fact that |O;(4, B)| < ¢;|O¢(A, B)| by X<; C Q;, we readily infer the upper bound
|0i+1(A, B)| < ¢i4+1|00(A, B)|. Turning to the lower bound, using Q4,5 it follows that

X1 — Xo— X3 — X4 > |0:i(A, B)| - (qit1/a — 803/2(1‘) — 360¢;v/n| Al

360¢?
141 \Ye 1 -8 3/2 ———) - O A B
= (Tq (Q+1/q o ) 70\/@) | 0( ) )|
45UQi
> (7~ o) @100(4 B)| 2 741 - 4i1a|00(A, B,

where for the second inequality we used |0;(4, B)| > 7,¢;|Oo(A, B)| (by X<; C Q;) and |Oy(A4,B)| >
v|A||B| > vCy/logn - \/n|A|, for the third inequality we used 7; < 1 (see &I)), o'/? <« 1/y/logn, and
¢i ~ gi+1 (see (54)), and for the last inequality we used v/logn ~ +/log(Ic)/B ~ 71 /+/B (see {B0)), vC/v/B >
Dy/6? > 91/6 (by assumption and B8)) and 7; — dog; /71 = Tip1 (see (D). This completes the proof of

Lemma 23] (assuming Claim 286]).

Proof of Claim[Z8. We start with X; = |O;(A, B) \ Ciy1]. Since s > sq, the upper tail argument for X =
X, defined in (T) carries over from Lemma B4 with EX; < |0;(A, B)|(¢it1/4 — 0/?¢;/2) and X <
22q;|0;(A, B)|, say. In particular, noting that here |0;(4, B)| > 7:¢:|Oo(A, B)| > ~7:q:|A||B], an appli-
cation of Theorem [[2] along the lines of (BQ) gives

3/2¢,10,(A, B)|/2)”
(U q| ( ) )|/ ) SeXp< ’YTZU Qz|A||B|) <n w(s), (82)

> 10; 1 /q) < -
P 2 104, B)laia /@) < exp ( 2 22¢|0:(A, B)| 162

where for the last inequality we used z = o%q2|A|, 7 > 1/2 (see 1)), yo~! > logn and |B| = s. For the
lower tail of X; we proceed similarly. Since C; 11 C Cy11, using Lemma [I9 we obtain

EXi= Y, PlegCiy)> D PlegCi)>|0i(A B)| (gr1/a— 30" ).
ecO;(A,B) e€0;(A,B)

Furthermore, the edge-effect and stabilization-effect estimates from the proof of Lemma 24] again carry over,
giving A < 22¢;|0;(A4, B)| and max.co, max{c.,é.} < 2z, say. Applying inequality ([@8) of Remark
(with C' = 2z), it follows similarly to (82)) that

P(X1 < |0i(A, B)|[(qis1/a: — 40°/%q;)) < P(X1 <E Xy — 0%2¢;|05(A, B)|)

<exp - (+*4|04(A, B))”
= P\ T 2(224:]0:(4, B)| + 22 03/24,|05 (A, B)|) (83)

’YTZU qz|A||B| <n —w(s)
8z - '

< exp
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Turning to Xo = |0;(4, B) N Oi2+1 |, note that by construction of Oi2+1 we have

Xo= D lpeexy S D D Nwawncriy = X5 (84)
e€0,;(A,B) abe0; (A,B) weV\Ws

Gearing up to apply Theorem [I3] to X2+ , in view of I';11 C O, we define

7 := {{wa,wb} C O; : ab€ O;(A,B), w €V, {a,b,w}| =3},
K := {{wa,wb} € T: w & Ws, {wa,wb} CT;y1}.

Since p? - | X (i)| < 02¢? < 0%q; by X<; CP; and ¢; < 1 (see (52))), we obtain

S Eljcrag =0 Y. Y Lfwaenycon =9 Y. [ Xa(i) < 0% |0:(A, B)| = p.
a€el abeO;(A,B) veV ab€O,(A,B)

Furthermore, since K only contains edge-pairs {wa,wb} with {a,b} C Nr,,,(w) N (AU B) where the ‘central
vertex’ w satisfies w ¢ Wa and thus |Nr,,, (w) N (AU B)| < z, for all 3 € K we see that

faek:ang#ol <Y Haek: fea <3 3 [N, ()N (AUB)[<2-2.2
fep feBvef\Ws

It follows that X5 = Y i Liacr;,,} < Zaz, where Zy. is defined as in Theorem Applying first ([84)
and then inequality {@9) with C' = 4z, using |O;(A, B)| > y7;¢;|A||B| it follows similarly to (82]) that

2

2621411
> 942 iO; < L > < (_Mi) < (_%) < pw(s) 85
P(X5 > 207°¢;|O:(A, B)|) < P(Z4, > 2u) < exp 34z 20) = exp 162 <n (85)

We next turn to X3 = |0;(A, B) NT41], which is a sum of independent Bernoulli random variables with
E X5 = |0i(A,B)| - p < 0%¢;|O:(A, B)| =: t, as ¢iv/n > n” by (B3). Applying standard Chernoff bounds,
using |0; (A4, B)| > v7iq;|A||B| and z > 1 it follows by comparison with the last inequality of (&3] that

) SeXp(—WTiazq?AHB') <), (36)

t2

2.2t

P(X3 > 202;|0i(A, B)|) < P(X3 > E X3 +1) < exp(—

Finally, X, is a more difficult variable: assuming that AN;i1 NP1 N X<; holds, we shall bound X4
by deterministic counting arguments (here the edge-effects can potentially be fairly large, so concentration
inequalities seem less effective). Noting Cj11 \ Ciy1 = C}y \ C}y4, similarly to ([&4) we obtain

X4 S Z ]l{eecil+1\éil+1} + Z ]]-{eeczz+l\éz'2+l}
e€0;(A,B) e€0;(A,B)

< 3" (10N, (w) 0 A, Nig, (w) 0 B)| + |0i(N., (w) N B, N, (w) 1 4))) (87)
weWy
+ Z |Oi(NFi+1 (w) N A, NFi+1 (w) N B)'

weWs

Using the upper bound estimate from X<; € QF when min{|Nr,,, (v) N A,|Ng,(v) N B[} > 2 holds (note
that z = U4qi25 > sp), and a trivial estimate otherwise, it follows that
|Oi(NFi+1 (w) NnA, NEg, (w) n B)|
< qi|NFi+1 (w) n AHNEx (w) n B| + Zma“x{|NFi+1 (w) n A|7 |NE¢ (w) n Bl} (88)
< (Qi|NFi+1(w)| + Z) : |NEiUFi+1 (’LU) N (A U B)|
With an eye on (1), we note that an analogous estimate also holds when we reverse the role of A and B

in (88). Furthermore, ¢;|Nr,,, (w)| < 20¢?y/n by Ni11, and z = o¢?s = O(03¢?/n) < 0¢?/n. Recalling
E; UTi11 = Ejq1, observe that Py and i +1 < I imply [Ng,ur,,,(u) N Ng,ur,, (V)] = [Zuw(i + 1) <
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I(logn)? =: y when u # v, and that (Z6) implies z > \/|AU Bly (as |A| = s > sq). Using the definition
of W1 and Lemma [I6 (with Z = W;, U = AU B and U, = Ng,ur,,, (w) NU), it follows that

>~ (10(Nr () N A, Ni,(w) 0 B)| 4 [0:(Nr.., (w) 0 B, N, (w) 0 4)])

weW;

(89)

<2-30g;vn- Y [Ngur,,, (w) N (AUB)| < 2-30¢}v/n-2|AU B| < 240q7/n|Al.

weWy
Proceeding analogously to (B8)—(89), using the definition of W5 and Lemma [I6] we similarly obtain
Z |Oi(NFi+l (’LU) nA, NFi+1(w) n B)|
weWs (90)
<30givn- Y |Nr,,(w) N (AUB)| <30g}vn - 2|AU B| < 1204]v/n|A.

weWs

To sum up, inserting the bounds BI)—([@0) into [T), we showed that Ri;p1 N Pir1 N X<; implies Xy <
360q?\/n|A|. This completes the proof together with the probability estimates (82), B3), 85), and B8). O

Remark 27. If desired, it would not be difficult to extend the event Q; to larger vertex-sets (A, B) € &> :=
Us<y<n Gr (the above arguments all carry over, except for the modified bound X4 < 3 -maxy,(q;|Nr,,, (w)| +
2) - 2|AU B| < 360¢? max{\/n, 03| B|}|A|, which is still strong enough to deduce Lemma[28). This in turn
could, e.g., be used to also extend the event Ty to (A, B) € G>4 (the proofs in Section[31 then carry over).

Remark 28. Under a mild extra assumption such as |Og| > on, say, it would not be difficult to add two-
sided bounds for the total number of open edges |O;| and edges |Tr| to the events Q; and Tr. For example,
much simpler variants of the above arguments then imply 1;¢;|Oo| < |0;| < ¢;|Oo| (by directly estimating
|0\ Civ1| = Tiga| = [C24| < 10ig1] < |0i\ Ciyi|, without using Cis1 or C'Z+1, nor a union bound over all

vertex-sets), which in turn gives |Tr| = (1 £ 8)p|O¢| by straightforward variants of the proofs in Section [
3.5 Event 7;: number |17(A, B)| of edges between large sets

For |T7(A, B)| it is convenient to think of the entire nibble construction as one evolving random process.
Thus, in contrast to previous sections, in Lemma 29 and Claim B0 below we shall not tacitly condition on F;.

Lemma 29. We have P(=7T; NX<y) < n—w@)

Since Tt = Uy<; < (Ti+1 \ T;) forms a partition, the proof strategy is to estimate the two contributions to
Tiv1 \T; = Ti41 \ E(D;41) separately (here the deleted edges F(D;1) will have negligible impact).

Claim 30. Let Ta,p be the event that the following bounds hold:

X = Z 0:(A, B)NTisa| € [(1—6/2)u™, (1+6/2)p7],

0<i<I

Y= Z |0i(A, B) N E(Diy1)| < 6°17 /9,
0<i<I

where p* = 302 116i|00(A, B)l]p and p~ = 3o, [7i4i|Oo(A, B)[1p. Then P(=Ta,p N X<q) < 3n~%
for all vertex-sets (A, B) € &,.

Before giving the proof, we first show that Claim B0 implies Lemma 29l Using a union bound argument
(to account for the |G| < n? vertex-sets (A, B) € &), it is enough to show that T4 g implies |T7(4, B)| =
(1£6)p|Oo(A, B)|. Since all the (T';41)o<i<s are edge-disjoint, by the recursive definition (4] of T we have

X -V < [Ty B) < X. (91)
Noting = > 7ru™ = (1 —46/2)u™ (see ([®I))), it follows that T4 g implies X < (1+6/2)u™ and

X-Y>(1-0/2-6%/9)-p~ > (1—6+6/8)u’.
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It thus suffices to show that pu™ ~ p|Oy(4, B)|, where p = \/B(logn)/n. But this is routine: indeed, since
4i|Oo(A, B)| > gi-vs* > qin > /n by [B3)), and 77 ~ /log(Io) ~ /Blogn by (B8], using the definition (B8]

of m; we readily infer

pt = Z (¢ilO0(A, B)| £1)p ~ Z aqi/v/n-|0o(A, B)|

0<i<I 0<i<I (92)
= (11 —0)/Vn-|00(A, B)| ~ p|Oo(4, B)],

completing the proof of Lemma 29 (assuming Claim [B0).
Proof of Claim[30. We start with X = >, ;|0i(A, B) NT'i11]. Define

X;’;H = ]l{%i} Z ]l{eel‘i+1} and X+ = Z X;J_rl.
e€0;(A,B) 0<i<I

Note that X = X" when X<; = (y<;<; X; holds. Let AR 4 Bin(|¢;|O0(A, B)|], p) be independent random

variables (where 4 means equality in distribution, as usual). Since the F;-measurable event X; C Q; implies
|0;(A, B)| < 4;|O0(A, B)|, it is easy to see that P(X;}, >t | F;) <P(Z}, > t) for t € R. Setting

zt:= 3 25, 2 Bin( Y 1al0o(A B)I). p). (93)

0<i<I 0<i<I
a standard stochastic domination argument then shows P(X T >¢) <P(ZT >t) for t € R, so that
P(X >tand X<j) <P(XT >¢) <P(ZT >1t). (94)

Since X; also implies |O;(4, B)| > 7;,¢;|Oo(A, B)|, an analogous argument gives

P(X <tand X<;) <P(Z~ <t) with 2~ 2 Bin( 3" [riailOo(A, B)[], p). (95)
0<i<I

Combining p~ > 7™ > pt /2 (see BT)) and [@2) with |Og(A, B)| > vs?, using §2y/By - C > Doy = 108 (by
assumption and ([B8])) we have

S min{pu,put} > %/ﬁ > §p|OO(A,B)| > %x/ﬁ(logn)/n -yCy/nlogn - s > 36slogn. (96)
Using ([@3)-(@5) and E Z* = puF, by standard Chernoff bounds (see, e.g., Remark [[4]) we obtain, say,

P(X & [(1-68/2)u", (1+06/2)ut] and X<r) <P(Z < (1-6/2)u") +P(Z+ > (1+6/2)p™)

97
< exp(—0°u~/8) + exp(—52u+/12) <on~, 07

Finally, turning to Y = 3, |0i(A, B) N E(D;41)|, for brevity we define
Yit1:=|0i(A4,B)NE[Diy1)]  and  y:=6°u" /9.

Note that Y =37, ; Yiy1 and Y;y; € N. Since X<; = ﬂ0<j<i X, a union bound argument gives

IP’(Y > 6% /9 and %g[) < Z ]P’( ﬂ (Yi+1 > 941 and %§i+1))
(Y1,..yr)ENT 0<i<I
Yi<i<r Yi=[yl

< Z H P(Yiﬂ 2 Yit1 ‘ ﬂ (Yjt1 > yj1 and %§j+1))-
(y1,-..,yr)eN! 0T 0<j<i
Po<icr Vit1=[y]

(98)
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Gearing up to apply Theorem[IHlto Y;;1, with an eye on D;11 C B;41 and T; C E; (see Section 1)) we define
7 := {{wu,wv} C O; : wv € By, {u,v,w}| =3, {wu,wv} NO;(A,B) # &}
U {{wv,vw,wu} C O; : {u,v,w}| =3, {uwv,vw,wu} N O;(A, B) # @}.

Since each edge-set & € 7 contains at least one edge from O, (A, B), when the F;-measurable event X<; holds
we infer by the usual reasoning (using, e.g., P; N Q; and max{m;q;,¢?} < 1) that

S Elpcr, | F < Y Y Al Y (0l + X))

o€l e€0;(A,B) a€l:eca ecO;(A,B)
< 4ilOo(A, B)| - (2miqiv/n - p* + gin - p°) < 30 - ¢i|Oo(A, B)|p =: piiy ;.

Since D;11 is a collection of edge-disjoint elements of B;;1 (and thus {« € D;11 : anNf # @} = {B} for

all € D;y1), using E(D;y1) = Uaepi+1 aCTiy1 CO; Jal <3 and T; C E; it is not difficult to check that

Yipr = Z lanO;(A,B)[ <3- Z Liaer; ,} < 371,
a€D;y1 a€IND;t1

where Z; is defined as in Theorem [I5 Applying inequality @3) with C' =1 and p = pj,; (in the probability
space conditional on F;; cf. the beginning of Section B.]), when X<; holds it follows that, say,

ey vit1/3 Yir1/6 i *
P(Yit1 > Yig1 | Fi) <P(Z1 > yi1 /3| Fi) < (yi“/B) s o i i1 2 9/ Vo,

1 otherwise.

(99)

Comparing the definition of ), ; pi; with u=, using 7; > 77 > 1/2 (see ([BI)) and 0 < 1 we see that

Z Yir1 <9/Vo - Z i <9/V0o - bop~ < 8T /9=1y.
0<i<I: 0<i<I
yi+159#:+1/\/5

So, inserting (@9) into ([@8)), using ([@0]) and the definition of s it follows that y/logy = Q(v/n) > I and

P(Y > 62ﬂ_/9 and %SI) < Z olv1/6—o(y) < (y + 2)1 g/ 7 < e—w(ézuf) < n—w(s),

(Y1,-y1)EN
0<i<I yi+1=[y]

completing the proof together with the probability estimate (@7). O
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A Appendix

Proof of Theorem [I4. We may assume that Z = {1,...,|Z|}. Recalling X = f((&)iecz), we define
Di:=E(X |&,...,&6-1, &=1) —E(X | &,..., &1, & =0) € [—¢, 0],

where D; < 0 follows from the assumption that f is decreasing, and |D;| < ¢; follows, as usual, from
the assumed discrete Lipschitz property of f. Analogous to, e.g., the proof of [36, Theorem 1.3], writing
p; = P(& = 1) it is routine to check that

Ap i =E(X [ &,..,6) —E(X [ &,..0,&1) = Di(1 = pi)lge,—1y — Dipilge,—oy-
Since l+x<e*forxreRande®* <1+x+ x2/2 for x <0, for 0 > 0 it follows easily that

E(e" | &, 6im1) = (1—p;) - e IPP 4 py - P07P0) = e=0Dipi (] — p; 4 pie?P7)

< 679Dipi+pi(eeDi71) < e92Di2pi/2 < ee%fpi/z.

Hence E(eezief Ai) < e” M2 where \ = ez ¢2pi. Noting X —EX =Y

ieT Ci A;, we deduce

i€l

P(X>EX +¢t) = IP’(69 ez A > e@t) < E(eeziez Ai)e—ét < 692,\/2—9t _ e—tz/(2>\)
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by choosing 6 = t/\, completing the proof of (7). O

Proof of Lemma[I7 Note that the ODE ¥'(z) = e*(@) and ¥(0) = 0 has the implicit solution

3::/ et dt. (100)
0

For x > 0 it follows that ¥(z) is strictly increasing, so that ¥’(z) > 0 is strictly decreasing. Recalling ¢; =
U’ (i), we deduce ¢; > ¢;+1 and 0 < ¢; < go =1 for all 7 > 0.

To facilitate our upcoming calculations, we first prove the auxiliary claim that, for all ¢ > 0,
mi — U(io) € [o,20]. (101)

Indeed, using ¥(0) = 0 and monotonicity of W’ (for the first two inequalities) together with ¥/(0) = 1
and ¥’ > 0 (for the last inequality) it follows that

0< ( > U‘IJ'(jJ)) — U(io) < o(¥'(0) — ¥'(io)) < o,
0<j<i—1
which establishes (I0I]) by the definition [B6]) of 7; and ¥'(jo) = g;.
For (BG), note that by (I0I) and I = [n”] > 1 it suffices to show \/logz —1 < ¥(z) < \/logz+1forz > e
(with room to spare). The upper bound follows from [ o8rt gt > 2 and (I00). Using the inequality
(y —1)e ?¥*! <1 with y = y/logz, the lower bound follows from [;* 8rl o gt < 2 and (I00).

Turning to (53), note that the above calculations for (58 imply ¥/(z) = e~ ¥ @) = z=1+o() as 7 — oo,
so that q; = n~ P+ Together with ¢; > ¢z, it then is routine to see that (G3) holds for 8 < fy = 1/14.

Now we focus on (B2)). As a warm-up, note that m; < 7y for 0 < ¢ < I by the definition B8] of 7;, and
that m; < /log(Io) +2 < logn = o~ /2 by (B6), so that /om; < 1. Next, using (I0I) together with the

simple inequalities ey < 1/2 and e g2 < 1/2, we also infer that
gimi < eV (W(io) + 20) < 1, (102)
gt < e~V (i) (¥*(i0) + 400 (io) + 40°) < 1. (103)
Combined with ¢; <1 this implies qiwf <1 for all j € {0,1,2}, completing the proof of (52]).
Turning to (54)), note that ¥((i+1)o) < mj+1 —o < m; by (I0I), B4) and ¢; < 1. Since ¥ > 0 is increasing
and U’ > 0 is decreasing, using ¢; = ¥'(jo) together with U”(z) = —2¥’(2)?¥(z) and ([I02) it follows that

lgi — git1] < o <EH<1?X N 0" ()| <o- 2\11’(2'0)2 U((i+1)o)<o- 2q1-27ri < o -2min{q;, ¢;m; }. (104)
10<E<(i+1)o

Noting that ([I04]) also implies ¢; ~ ¢;+1, this completes the proof of (B4) since ¢; > ¢;11.
Finally, for (55) it suffices to show |¢; — qi+1 — 20¢?m;| < 802¢?. Since ¢; = ¥/ (io), it follows that

. o’ (i < N '
g+ V) S5 e 0O)

As U'(z) = e (@) it is routine to check that U (z) = 20/ (2)3(4¥?(z) — 1). Since ¥ > 0 is increasing
and ¥’ > 0 is decreasing, using U((i + 1)o) < 7; (as above), (I03) and ¢; < 1 we infer

max [U"(&)] < 2¥(i0)? - max{4V?((i 4+ 1)o), 1} < 2¢} max{4n?, 1} < 8¢
10<£<(i4+1)o

Furthermore, since ¥”(z) = —2¥'(2)?¥(x), using [I0I) we deduce
W (i0) — (=2¢}m:)| = |~2¢} U (io) + 2q}mi| < dog?,

which completes the proof of (B3]). O
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