A Performance Comparison of Robust Adaptive Controllers:
Linear Systems

Ahmad Sanei* Mark French*

31st March 2005
Revised manuscript.

Abstract

We consider robust adaptive control designs for relative degree one, minimum phase
linear systems of known high frequency gain. The designs are based on the dead-zone
and projection modifications, and we compare their performance w.r.t. a worst case tran-
sient cost functional with a penalty on the £°° norm of the output, control and control
derivative. We establish two qualitative results. If a bound on the £°° norm of the dis-
turbance is known and the known a-priori bound on the uncertainty level is sufficiently
conservative, then it is shown that a dead-zone controller outperforms a projection con-
troller. The complementary result shows that the projection controller is superior to the
dead-zone controller when the a-priori information on the disturbance level is sufficiently
conservative.
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1. Introduction

It is well known that adaptive controllers are suitable for systems whose nominal mathe-
matical model contains an uncertain parameter . A common feature of adaptive designs is
the construction of a time varying parameter é() whose value is controlled by an adaptive
law. In contrast with most adaptive control mechanisms which would attempt to ‘identify’
or ‘estimate’ the uncertain parameter 6 of the plant by a ‘parameter estimator’ é(), the ob-
jective of a ‘non-identifier-based’ adaptive controller is to use certain information about the
plant to find suitable methods of system regulation. In other words, the adaptive law makes
no attempt to identify or estimate the unknown plant parameter 6, but merely attempts to
seek out a stabilising value for the so-called ‘tuning function’ 4(-). See eg. [M, WB] and [12]
for an overview.

However, this method, like other adaptive controllers, is susceptible to phenomena such
as parameter drift even when small disturbances are present. To overcome such problems,
a number of standard techniques are widely utilised, such as dead-zones, o modification,
projection modification, etc. [NA].

Each of these techniques has advantages and drawbacks. For example, dead-zone modi-
fications typically require a-priori knowledge of the disturbance level, and only achieve con-
vergence of the state/output/error to some pre-specified neighbourhood of the origin (whilst
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keeping all signals bounded). In particular if the disturbance vanishes, then the dead-zone
controller does not typically achieve convergence of the output to zero, the convergence
remains to the pre-specified neighbourhood of the origin. On the other hand, projection
modifications generally achieve boundedness of all signals, and furthermore have the desir-
able property that if no disturbances are present, then the state/output/error converges to
zero, however, an arbitrarily small £ disturbance can completely destroy any convergence
to zero.

This illustrates that in the case of asymptotic performance, there are some known char-
acterisations of ‘good’ and ‘bad’ behaviour. However, there are many situations in which we
cannot definitively state whether a projection or dead-zone controller is superior. Although
the asymptotic performance of such modifications has often been investigated, very little of
this research is concerned with transient performance. Furthermore, the known results, see
e.g. [KKK], as with most results in adaptive control, are confined to singular performance,
i.e. without any consideration of the control signal. The primary results of this paper take
control effort into account.

The present paper extends the line of our work on developing a comparison theory of
robust adaptive controllers [F, SF, XF]. We compare dead-zone and projection based adaptive
controllers for finite dimensional, minimum phase, linear systems of relative degree one with
positive high frequency gain. The comparison has been made with respect to a worst case non-
singular transient cost functional P penalising the state (x), the input (u) and the derivative
of the input (@) of the plant. We will identify circumstances in which the dead-zone controller
is superior to the projection controller with respect to P and vice versa.

The paper is structured as follows. In Section 2 we introduce the system class and the ba-
sic adaptive controller. Section 3 defines two standard classes of robust modifications to the
basic adaptive controller, namely the dead-zone modification and the projection modification,
and states their main properties. The proofs of these results are deferred to Appendices A
and B. Our main results are presented in Section 4, where situations are described in which
the dead-zone controller outperforms the projection controller and vice-versa. Section 5 and
6 contain the proofs of the results of Section 4, and Section 7 contains a short discussion on
alternative choices of dead-zones. Section 8 contains a brief summary and conclusions.

2. System and Basic Control Design

Suppose X is a SISO linear time invariant plant described by

bp—18"" 4 bp_os" 2 4+ by
= d 1
y= e e T ) 1)

where a;,b; € R, 0 < i < n—1, are unknown constants and d(-) belongs to a class of bounded
disturbances D C L>® = L>®[R>g] = £>]0,00). Note that for notational convenience, we
adopt the standard shorthand of letting u, y, d denote both the time domain signal and cor-
responding element in frequency domain. We assume that only the output y(-) is available
for measurement. Consider the following assumptions:

C1. The plant is minimum phase i.e. b,_15" "' + - 4 by is Hurwitz.
C2. The plant order n is known, and the high frequency gain is positive (i.e. b,—1 > 0).

It is convenient for the analysis in this paper to consider two different state space represen-



tation of (1). The observer canonical form is obtained as follows:

¥ (xo,0,d(-)) : x(t) = Az(t) + B(u(t) + d(t)) z(0) =29 € R", d € D,

(2)
y(t) = Ca(t),
in which z(¢), B,CT € R", A € R™" and
[ —an_1 1 0 ... 0] b

~ap2 01 0 0 e
A=| 1 ipo i LB L 0=[10 o], 3

—a; 0 0 ... 1 bl

| —ap 0 0 0 | 0

where
0 = (ag,...,an-1,b0,...,bp_1) €S, S :={0 e R?" | 2(,0,-) satisfies C1,02}, (4)

and 6 € S represents the uncertain system parameters. We emphasise that by non-identifier-
based control, we will not be estimating unknown parameter 6.

The second useful state space form is obtained by utilizing the coordinate transformation
matrices:

S:=[B(CB), 1], S§'=[cT NT]", (5)
where

_bn—2/bn—1

- [ 0...0 ] -
In—l ’

_bO/bn—l
Applying (5) to (2), we have

Z(t) == (y(t), ()T = S~ a(t), schsz[bnol 8} SlAS:[AS AJ, (6)

where a; € R, AT A3 e R""! and A4 € RM=Dx(n=1)  Thig gives

y(t) = &1y(t) + AQZ(t) + bp—1 (d(t) + u(t)) , y(O) = Czy,

5() = Asy(t) + Aaz(0), +(0) = N ™)

It has been shown that Ay is stable [I2], i.e. there exists a positive definite matrix
R = R" > 0 satisfying the Lyapunov equation

RAy+ ATR=—1,_,. (8)
Note that there exists kj > 0 such that for all k& > kj,
(71 (A - kBC)S)' P+ P(S™'(A - kBC)S) < —Q,

where the symmetric positive definite matrices P, () are defined as

SIS}



This can be shown by observing that for all £ > kj and for all z € R",

' ((S™Y(A - kBC)S )TP + P(S7'(A - kBC)S))z
—(bp—1k — a1)y? +y(A2+2ATR)Z— [ElE

< ~(bnrk— M) — 127,
< -7'Qx
where B o,
M :=|ai| + (|| A2|| + 2||R|| |As]))" /2, Kk := (M +1/2)/bp_1. (10)

Therefore, by considering the Lyapunov function V(z) = z7 Pz, it follows that if § € S
then the system (2) is high-gain stabilizable, i.e. it is stabilized by the feedback u = —ky for
sufficient large k.

It was shown by Willems & Byrnes [WB] that disturbance free (D = {0}) systems of
the form (2), i.e. 3(xo,6,d(-)) which satisfy C1,C2, are stabilised by the following simple
adaptive high-gain controller:

) (11)

Special features of this strategy are its simplicity and the absence of any plant identification
mechanism. This idea formed the foundation of the theory of ‘universal adaptive control’
which has continued to develop since 1985 in the areas of linear systems, nonlinear systems,
and infinite dimensional systems, see for example [T, IT, R, LT] for some representative pa-
pers, and [I1] for an early survey. These controllers have also been considered for application
studies [LK, GI]J.

3. Robust Modifications to the Control Design

For systems of the form (2), it is well known that even a small £ disturbance can cause a

drift of the tunable function 4(-), see e.g. [E, NA]. To overcome this problem, two distinct
approaches have been proposed [NA]: (i) using an appropriately rich reference input, and
(i1) modifying the adaptation law. In this section we briefly explain two common methods in
modifying the adaptive law, in particular dead-zone and parameter projection modifications
(see e.g. [NA] for details).

Whilst a subset of results on asymptotic behaviour of dead-zone and projection modifi-
cations presented in this section is known, we remark that the boundedness properties of the
closed loop signals (properties D2 and P2 of Theorems 3.1 and 3.2) do not appear in the
literature, to the best knowledge of the authors. Moreover these properties play a key role in
the main results.

3.1 Dead-zone Modification

Consider the unmodified adaptive law of the form §(t) = y(t)2, §(0) = 0. The idea of
the dead-zone is to modify the adaptive law so that the adaptive mechanism is ‘switched
off” when system output y(-) lies inside a region where the disturbance has a destabilising



effect on the dynamics [PN]. A-priori knowledge of the size of the disturbance is typically
used to define the size of the dead-zone. Let dpax be the a-priori known upper bound of the
disturbance level, i.e. dmax > ||d(-)||ze for all d(-) € D. For SISO output feedback systems
(2), the standard definition of the modified adaptive law is

5(t) = y() Dy(y(®),  5(0)=0, 1= duax >0 (12)

where Dy (y) := 0if y € [-n, ] and D, (y) := 1 if y & [-n, 5], n > 0. It should be observed
that there are other valid choices for 7, see Section 7 where this is discussed further.

Note that the discontinuous switching activity of the above definition introduces a r.h.s.
discontinuity in the related differential equations resulting in the need for a more delicate
analysis. In this paper, we take the advantages of so-called ‘smooth dead-zone’ for which, the
local existence and uniqueness of the solution of the corresponding closed loop system follows
directly from the classical theory of differential equations. However, modulo these technical
issues, the authors expect that similar results to those in this paper can also be obtained for
the ‘standard dead-zone’ (12). The smooth dead-zone is defined by

], y € [=n,n
Dnly) = { yl—n  y&[-n, ) 19)

where 17 > 0 and leads to the modified adaptive law of the form,

ED(Clmax) : u(t) = _S(t)y(t) (14)
0(t) = ly(t)] Dy(y (1)), 6(0) =0, 1 := dmax > 0.

The following theorem establishes the properties of such controllers:

Theorem 3.1. Consider the closed loop system (3(xo,0,d(+)), Ep(dmax)) defined by (2)-(4)
and (14), where zo € R™, 0 € S, d(-) € L™ and dpax > 0. Then the following properties hold:

D1. There exists a unique solution (z(-),8(-)) : Rsg — RO,

D2. There exists a continuous function M : R" xS x R>g x R>¢g — R>q such that the closed

loop signals x(-),0(+),u(-) satisfy

lz()llzo + 18C) |z + l[u( e < M (o, 6, |d()] £, dmax)

D3. hmtﬁoo infCCG[—dmax,dmax] |y(f) — I‘| =0.

Proof. See Appendix A. O

3.2 Projection Modification

The projection modification [KN] is an alternative method to eliminate parameter drift by
keeping the adaptive parameter within some a-priori defined bounds. In ‘identifier-based’
adaptive control, this can be accomplished by projecting the parameter estimator into a
given compact convex set containing the true parameter vector. The general definition for
such method can be found in e.g. [KKK, page 511]. In our ‘non-identifier-based’ case, the



definition is as follows. Let dymax > kj where kj is defined by (10). The modified adaptive
law is defined by

N t)? 5(t) < Smax
o {0 () )
0 O(t) > dmax
Given an output y:[0,w) — R, where w € [0,00] = [0,00) U {o0}, we define the projection
controller as follows:
Ep(Gmax) + u(t) = —5(t)y(t)
6ty =y(t)’, 8(0)=0,  VEE[0,Tn), (16)
5(t) =0, Vt € [Ty, 00),

where T}, = inf{t € [0,00] | 6(t) = Omax}. Note that T}, is the first time instance that
5 hits the boundary dmax, and after this time 5 remains at constant level Omax and hence
the adaptive law in (16) coincides with (15). We denote the respective closed loop system
by (X(x0,0,d(-)),Ep(dmax)). The stability of the closed loop is examined in the following
theorem.

Theorem 3.2. Consider the closed loop system (X(zg,0,d(-)), Zp(dmax)) defined by (2), (16),
where g € R",0 € S, d(-) € L™ and let dmax > kj where kj > 0 is given by (10). Then the
following properties hold:

P1. There exists a solution (z(-),5(-)) : Ry — RO,

P2. Let V = {(0,0max) € S X Rsg | kj < dmax}. Then there exists a continuous function

~

M :R" xV x R>o — Rx>g such that the closed loop signals x(-),0(-),u(-) satisfy
() e + 18C) e + llu()llz < M (20,8, 6max, Id]).

Proof. See Appendix B. O

4. Statement of the Main Results

A goal in control theory is to design control laws which achieve good performance for any
member of a specified class of systems. Consider a system ¥ which belongs to the set of all
admissible systems S*. The performance of a controller = is measured by a cost functional .J
dependent on some measurable signals (state/output/input). In this paper, we are interested
in a worst case scenario, i.e. a performance P which is defined over the power set of $* and is
formulated as a supremum of all possible costs. Furthermore, the non-singular performance
measure will penalise the state () and the input and its derivative (u, @) of the plant;
specifically we will consider cost functionals of the form:

P(2(X0(7),A,D(e),E) = sup sup sup (|lo()llcoe + [[u()llcoe +[la()]c>) (17)
z0€Xo(y) €A dED(e)
where
Xo(7) :={xo € R" | [lzol| <}, 7 >0, as)
D(e) :={d(-) € L2 | [ld(-)llc= <€}, €=0,
and A is any compact subset of A(d), where
A):={0eS | ky <6}, 6>0, (19)



where A, B, C are defined in (3) and 6 is given by (4). Note that A(d) is not bounded, and
that there are elements on the boundary of A(d) which do not satisfy C1,C2 and for which the
closed loop is not stable, hence generating an infinite cost. Therefore the second supremum
cannot be taken over A(d). This is reflected in the bounds obtained in Theorems 3.1 and 3.2
(see relations A-11, A-18, and B-5).

4.2 Main Results

Both designs considered require particular types of a-priori information on the system
or disturbance environment. The projection based design requires an explicit a-priori upper
bound dax on the stabilizing value of §, whereas the dead-zone design requires an explicit
a-priori bound dpax on the magnitude € of the disturbance signals d € D(e). We therefore
consider the situations where either dyax Or dmax are large with respect to the ‘true’ values
6 or € respectively. This corresponds to the cases where the control designer has made
conservative choices for the projection/dead-zone levels.

The following theorems are the main results of the paper:

Theorem 1. Consider the system X(xo,6,d(-)) and the controllers Zp(-) and Zp(-)
defined by (2), (14) and (16) respectively, where xy € R",0 € S, d € L>*. Let §,e > 0 and
0 # A C A(0) be compact. Consider the transient performance cost functional (17). Then
for all dmax > €, there exists 0% ... > 0 such that for all dmax > 0

— max max’

P( b <X0(7)7 Aa ,D(ﬁ))a EP((SmaX) ) > P( b <X0(7)7 A, D(e)), ED(dmaX) )

This theorem can be interpreted as stating that if the a-priori knowledge of the paramet-

ric uncertainty level dpay is sufficiently conservative (dmax > 05, ), then the dead-zone based

design will out-perform the projection based design, see figure 1(left).

Projection Dead-zone

Dead-zone Projection

> >
> >

* *
5max Omax dmax dmax

Figure 1: Statement of the main results: Theorem I (left), Theorem II (right)

Theorem II. Consider the system ¥(zo,0,d(-)) and the controllers Zp(-) and Zp(-)
defined by (2), (14) and (16) respectively, where o € R", 0 € S, d € L. Then for all € > 0



there exists § > 0 such that for all dmax > O, there exists d¥ .. > € > 0 such that for all

PR d;knax’ max
P(E (XO('Y)’ A’ D(E))7 ED(dmax)) > P(E (XO('V)a A’ D(E))7 EP(émaX))7

where P is the transient performance cost functional (17), A C A(9) is compact and A ¢ A(0).

This theorem can be interpreted as stating that above a certain uncertainty level 4, if the
a-priori knowledge dpax of the disturbance level is sufficiently conservative (dmax > df .y,
then the projection design will out-perform the dead-zone design, see figure 1 (right).

As an aside, we observe that it is natural to ask whether there is any benefit of adaptive
control when a bound d,,,x is known, as with this information, the natural static output feed-
back u(t) = —dmax¥y(t) achieves stabilization. One scenario in which adaptive strategies can
be shown to outperform such memoryless feedbacks is when dpax is a conservative estimate
for 6, see, e.g. [F] for such an argument in a related context. In the context of this paper,
similar arguments also show that one should utilize dead-zone adaptive controllers in prefer-
ence to memoryless feedbacks in the scenario whereby dmax is a conservative estimate for 4,
and dpax i1 small. In the scenario where dp,.x is a conservative bound on ¢, the motivation
for adaptation e.g. using the projection design over the memoryless design is less clear-cut.
However, if both §,,.x and diax are conservative estimates of  and e respectively, and classes
of disturbances are considered in which adaptive law does not drift, (as for example in the
disturbance free case), the projection design will in general not cause & to reach the projection
value dmax, and hence can be expected to generate a lower cost than the high gain memoryless
design.

5. Proof of Theorem I

Firstly, we show that P = oo for the unmodified design (11), (Proposition 5.3). From
this we can show that the projection modification design, Zp(dmax) has the property that
P — 00 as dmax — 00 (Proposition 5.4). Finally we show that P < oo, and that the bound
is independent of dyax, for the dead-zone design, Zp(dmax) (Proposition 5.5). This suffices
to establish Theorem I.

Proposition 5.1. Consider the closed loop system (X(xo,0,d(-)),E) defined by (2), (11),
where xg € R™, 0 € S. Let d(-) = € for some € #0. Then

|z(t)]| — 0 as t — 0o <= §(t) — oo as t — .

Proof. Let (2T,6)" denote the unique global solution [WB] of the closed loop (2(z, 0, d(-)), Z)
given by equations (2), (11).

— ) Suppose for a contradiction that 6(t) 4 co. Then §(t) — §* < oo, since 4(-) is mono-
tonically increasing by (11). Therefore since by assumption £ — 0 and since the r.h.s.
of (2),(11) is continuous, it follows that (x(-),d(-)) = (0,6*) is an equilibrium point of
the closed loop (2(zo,6,d(-)),Z). Hence (z(-),5(-)) = (0,6*) must be a solution of the
following equations:

l’g(t) — an,1$1(t) + bn,1(€ — (S(t)ﬂfl (t)) = 0,

A~

—aoxl(t)+bo(e—(5(t)x1(t)) = 0, (20)
Jfl(t)z = 0.



But by # O since the system is minimum phase. We also have e # 0. Therefore
(z(-),d(-)) = (0,0*) cannot be a solution of (20), hence contradiction.

— ) Let ¢ >0 and recalling that y = Cz, z = Nz, define

Ly? + 20 R=(t), >0,

vt =3

where R is defined by equation 8. The time derivative of V' along the solution of (7),(11)
is
V() = 90) (@ = buabO)(t) + Ax(0) + boor €) + 290 AT R(0) + ()T (AT R+ RAY=(1)
. b, _ _
= —(ba-10(t) — a1)y(t)* + \/Zly(t) VCe+y(t) (A2 + 245 R) 2(t) — ||2(t)|°

< ~(baa8(6) — MYy(t)? — 3= + 3¢,

2 _ _ ~
where M := |d1|+b3—21+(\|A2|| +2||R|| ||A;3H)2 /2. We choose t¢ > 0 such that b,_16(t)—
M >1/2 for all t > t;. Therefore

V(t) < —aV(t) + %g vt >t

where o = min{1,1/2\(R)}. It follows that

li V(t) < (e

oo P - 20
Since ¢ is arbitrary, this proves lim; .o V() = 0, hence limy o (y(t), z(t)T) = 0. This
completes the proof.

O

Proposition 5.2. Consider the closed loop system (X(xo,0,d(+)),Z) defined by (2), (11),
where xg € R™, 0 € S. Let d(-) = € for some € # 0. If x(-) is uniformly continuous, then

lz(®)|| — 0, S(t)—>00 as t — oo.

Proof. Let (zT,6)7 denote the unique global solution [WB] of the closed loop (2(z, 6, d(-)), Z)
given by equations (2), (11), and recall that y = Cz, z = Nx. Firstly we show that y(t) — 0
as t — o0o. From this we will prove that ) (t) — oo and finally by Proposition 5.1, we conclude
that ||z(t)|| — 0 as t — oo.

Suppose for a contradiction that y(¢) / 0 as ¢ — oo. Then there exists M > 0 and a
positive sequence {t;}r>1 , tx — 00 as t — oo for which y(tx) > M. Since, by assumption,
z(+) is uniformly continuous, it follows that y(-) is uniformly continuous, and hence

M
Jw > 0s.t. V7 € [0,w], and V¢ > 0, ly(t) —y(t+ 1) < - (21)

Therefore |y(tx) — y(tr + 7)| < M/2 and since y(tx) > M, we have that y(tx +7) > M/2 i.e.
y(t) > M/2 for all t € [ty, tx +w]. Without loss of generality, we may assume tgq1 — tx > w.
It follows that

. tetw . tp+w M2
5ty +w) = / 5(r)dr = / P r)dr > =k, (22)
0 0

9



$0 (t) +w) — oo as k — oo, hence §(t) — oo as t — co. It follows by Proposition 5.1 that
|x(t)|] — 0 as t — oo, therefore y(t) — 0 as t — oo by (2), hence contradiction.

Now we have y(t) = x1(t) — 0 as t — co and we claim §(t) — oo as t — co. Suppose for
contradiction 6(t) # oo as t — co. Then §(t) — 6* < oo as t — oo, since (+) is monotonic
by (11). Substitute this into (2), we have .

S'Cl(t) = xg(t) - (an_l + o* bn_l)l'l(t) + bn_le, (23)

in(t) = —(ag+ 0" bo)a1(t) + boe, (24)

where by minimum phase assumption, bje # 0, i € [0,n — 1]. Since z1(t) — 0 as t — oo,
equation (24) implies that z,,(t) — oo as t — o0, since z(-) is uniformly continuous. It follows
that x,—1(t) — oo as t — oo, and cascading the argument shows to z1(t) — oo as t — oo,
hence contradiction. Therefore d(t) — oo as t — oo. From this and Proposition 5.1, the
claim of the Proposition follows. O

Proposition 5.3. Consider the closed loop system (X(xo,0,d(-)),E) defined by (2), (11),
where zg € R™,0 € S, d € L>®. Let d,¢,v > 0 and suppose ) # A C A(d) is compact.
Consider the transient performance cost functional (17). Then

P(2(Xo(7), A, D(e)), E) = oo. (25)
Proof. Let lim denote limsup. Let 2o € Xp(y) and 6 € A. Let di(-) = ¢ # 0, and consider

t—oo

(X(z0,0,d1),Z). Consider the two cases: either 1. lim ||@:(t)| = co or 2. lim ||&(¢)|| < oo:
1. Suppose lim ||(¢)|| = oo, i.e. lim ||Az(t) + Bu(t) + Be|| = co. Therefore either
(a) lim ||z(t)|| = oo, which implies that ||2(-)||z~ = oo, or
(b) lim ||z(t)|| < oo, therefore lim u(t) = oo i.e. ||Ju(-)||ze = oo.
2. Suppose lim ||#(t)|| < co i.e. z(-) is uniformly continuous. Therefore by Proposition 5.2

V6* >0 3T >0 st. Vt>T 6(t) > 6*. (26)

Now we choose da(t) :=€, Vit <T, da(t) := —e, for all t > T'. Note that da(t) = di(t)
for all ¢t < T and d2 € D(e). Consider (X(zg,0,d2),=). With this choice, and by
continuity and causality, we have that

lim z(t) = «(T), lim 6(¢) = 0(T) (27)

t—T+ t—T+

where lim; 7+ denote lim;_.7~7. It follows that

(tg% u(@) —a(T) = 26(T)CBe > 26*b,,_1e. (28)

By choosing a suitable 5*, it follows that 6 (T') can be made arbitrarily large and hence
the difference (28) is arbitrarily large. Then either (7T is large or lim;_,p+ @(¢) is large,
therefore ||a(-)||z can be made arbitrarily large.

Therefore at least one component of (17) is unbounded, hence

P(E(X(7), A, D(€)), E) = oo

10



Proposition 5.4. Consider the closed loop system (X(zo,0,d(-)), Zp(dmax)) defined by (2),
(16), where xg € R",0 € S, d € L. Let d,e,7 > 0 and suppose ) # A C A(d) is compact.
Consider the transient performance cost functional (17). Then

P(Z (X0(7)7A7D(6))7 Ep(émax)) — 00 as  Omax — OO.

Proof. Let M > 0. By Proposition 5.3 there exists zg € Xy(y), d(-) € D(e), 0 € A so that
the closed loop (X(xg,0,d(+)), E) satisfies

[2() |22 0,00y + ()l 0,00y + ()l 2010 00) = 2.
It follows that 31" > 0 s.t. [lz(-)[|zeoo 7y + llu()llzoomy + @)oo = M. By choos-

ing Omax = 20(T), we have that dymax > 6(T), hence the solutions (X(zo,6,d(-)),=) and
(3(z0,0,d(+)), ZEp(fmax)) are identical on [0,7], and therefore

P(E(X(7),A,D(€), Ep(0max)) = ()l oo r1 + 1wl e o,y + 10l oy = M-
Since this holds for all M > 0, this completes the proof. O

Proposition 5.5. Consider the closed loop (3(x0,60,d(+)),Ep(dmax)) defined by (2), (14),
where xg € R",0 € S, d € L. Let d,e,7 > 0 and suppose ) # A C A(d) is compact.
Consider the transient performance cost functional (17). Then

P(Z (Xo(v), A, D(€)),Ep(dmax)) < 00, Vdmax > € > 0. (29)

Proof. Let xg € Xp(y), 0 € A and d € D(e). A direct application of Property D2 of Theorem

3.1 guarantees the boundedness of x(-),d(+), u(-) as a continuous function of xg, 0, dyax. Since
a(t) = —y(t)2Dg.._(y(t)) — 8(t)C <<A . 5(t)BC’> (t) + Bd(t)) . V>0
it follows that ||u(+)|| 2 is bounded in terms of a continuous function of z¢, 6, dyax. Therefore
P(3(20,0,d(:)), Ep(dmax)) < M(x0,0, dmax),

for some continuous function M : R" x § x R>y — R>g. Taking the supremum over system
parameters xq, 0, d implies that for all dp.x > €,

P(E(X(7), A, D(€)),Ep(dmax)) < sup sup sup M(zg,0, dmax) < 0.
zo€Xo(y) 0€EA deD(e)

Proof of Theorem I.
This is a simple consequence of Proposition 5.4 and Proposition 5.5. U

6. Proof of Theorem I1

In order to prove Theorem 11, we first give the following Propositions:
Proposition 6.1. Consider the closed loop system (3(xo,6,d(-)), Ep(dmax)) defined by (2),
(14), where xg € R",0 € S, d € L. Let d,e,7 > 0 and suppose ) # A C A(d) is compact,
and A ¢ A(0). Consider the transient performance cost functional (17). Then 36 > 0 such
that

P(E(Xo(7),A,D(€)),Ep(dmax)) — 00, as dmax — 0.

11



Proof. Since A ¢ A(0), there exists # € A such that A has an eigenvalue with strictly
positive real part or a purely imaginary eigenvalue. In either case it follows that there exists
xo € Xo(y)N[—n, n] and d € D(e) such that limsup |Z(t)| = co where Z(-) is the solution to:

t—00
i(t) = AZ(t) + Bd(t)  #(0)=z9 t€[0,00).
Consider the closed loop system (X(zo, 0,d(-)), Zp(dmax)) and define 7 as follows:

B 00 if y(t) € [=n,m] Vt>0
inf{t >0 |y(t)| > n}, otherwise.

Note that by dead-zone definition (14), S(t) — 0 for all ¢t € [0,7), hence §(t) = 0 for all
t € [0,7) since 0(0) = 0. Therefore
z(t) = Ax(t) + Bd(t) x(0) = xo vVt € [0,7).
Since x(t) = z(t) for ¢t € [0, 7) it follows by the observability of (A, C) that y(t) = Cz(t) hits
the boundary of [—n, 1] in finite time, i.e. 7 < oo. It follows that
(e = [y(T)] = 1 = dinax-
Hence P(X(x0,0,d(+)),Ep(dmax)) — 00 as dmax — 00, and therefore
P(E(Xo(v),A,D(€)),Ep(dmax)) — 00  as dmax — 00.
U

Proposition 6.2. Consider the closed loop (X(x0,0,d(+)), Ep(dmax)) defined by (2),(16),where
xg €ER" O €S, de L Letd, e,y >0 and suppose ) # A C A(0) is compact. Then for all
(5maX Z 67

P(E (XO(’Y)v A’ D(é)), Ep(émaX)) < o0. (30)

Proof. Let zg € Xo(7v), 0 € A, d € D(e). A direct application P2 of Theorem 3.2 guarantees
the boundedness of signals z(-), d(-), u(-) of the closed loop (X(z¢,6,d(:)),Zp(dmax)) as a
continuous function of xg, 0, ||d||, dmax. It follows that

at) = —y(t)® = 8(1)C (Az(t) + B(u(t) + d(t)))
is bounded in terms of a continuous function of xg, 8, ||d||, dmax, hence
P(E(an (9, d())a Ep(émax)) < M($07 9a 5max7 HdH) < 00, (31)

where M : R" x V xR>y — R is continuous. Taking the supremum over system parameters
xg, 0, d implies that for all dyax > 6

P(E(X(7),A,D(€)),Ep(dmax)) < sup sup sup M(z,0, dmax, ||d||) < oc.
w0EXo(7) OEA deD(e)

O

Proof of Theorem II.
This is a simple consequence of Proposition 6.2 and Proposition 6.1. Il

The proof of Theorem II is heavily based on the natural assumption that the size of
dead-zone 7 is chosen to be equal to the a-priori bound on the disturbance level dpyax. In
particular, 1 := dpax implies that P(3 (Xp(7y), A(0), D(€)), Ep(dmax)) — 00 as dmax — 0.
In the following section we show that the other choices of 1 also yield the similar results.
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7. Alternative Choices of Dead-zones

In this section we consider alternative choices for the dead-zone, and variations on the
definition of the controller. We consider the following smooth dead-zone controller (compare
to equation (14)):

ED,o(dmax) : u(t) = =6(t)y(t))
8(t) - ‘y(t)’ Dﬁ(y(t))a 8(0) =0, n:= Q(dmax)

where g : [0,00) — [0, 00), noting that we have previously considered the case where o(r) = r.
We consider two possibilities for the growth of the function o:!

(32)

(i) Timy—oo o(r) = o0,
(%) lim, oo (1) < ¢ for some constant ¢ > 0.
In case (i) it is straightforward to observe that
P =P (X (X(),A,D(€),Ep,o(dmax)) — 00  as dmax — 00, (33)

by the same argument as in Proposition 6.1.

Choice (ii) is also a viable option, since Zp ,(dmax) = Zp(0(dmax)), and by Theorem 3.1,
P (E (Xo(")/), A, D(G)), ED,g(dmax)> < oo and lims_, infxE[_Q(dmax)yg(dmax)] ’y(t) —[I}‘ = 0. This
choice has been extensively studied in the context of tracking, where the case o(r) = A is
known as A-tracking [IR]. The next result shows that if ¢ is too small, then the projection
controller out-performs the dead-zone design. For simplicity we consider a scalar system:

Proposition 7.1. Consider the system X(xo, (a,1),d(-)) and the controllers Zp ,(-) and
Ep(-) defined by(2), (32) and (16) respectively, where zo € R,a € R, d € L and where
lim, o0 0(1) < ¢ for ¢ > 0. Let 6,¢ > 0 and let A = {(a,1) € R? : |a| < 6}. Consider the
transient performance cost functional (17). Then for all dymax > €, and for all dymax > 0, there
exists ¢ > 0 such that for all 0 < ¢ < c¥,

P (X (X0(7), A, D(€)); Ep o(dmax)) > P(E (X0(7), A, D(€)), Zp (Omax) )-

Proof. Let 9 € Xy(y) and suppose (a,1) € A is such that a > 0. Let d(-) = € > 0 be
constant. Consider (X(zo, (a,1),d),Zp,o(dmax))- Since y(t) — [—o(dmax), 0(dmax)] as t — oo,

there exists 7' > 0 such that y(7T') < 20(dmax) and %%y(T)2 =y(T)y(T) < 0. It follows that,

>_ ¢
~ 20(dmax)’
Define da(-) as in Proposition 5.3 and consider (X(z,6,d2), Ep o(dmax)). It follows that

(8(7) —a)

2 2

€ €
P
C

0(dmax)
Hence for all P* > 0, there exists ¢* > 0 such that for all 0 < ¢ < ¢*,

P(E(X(7),N,D(€)),Ep,o(dmax)) = sup sup sup |a(-)]ze,
z0€Xo(v) 0€A deD(e)

> P (34)
The proof is completed by choosing P* = P( X (Xy(7), A, D(€)), Ep(Omax) ) < 00. O

< lim a(t)> —a(T) = 26(T)e =

t—T+

!Other cases such as oscillatory but unbounded o(-) can be handled suitably by considering monotonic
subsequences.
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Similar results can be obtained in the tracking setting, where the error signal e(-) =
y(+) — yret (+) replaces the state z(-) = y(-) and Gref(+) — Oyrer(+) plays an analogous role to the
disturbance d(-). See [S], [SF] for further discussions.

8. Conclusion

In this paper we have established two rigorous results to demonstrate situations in which we
can compare the transient performance of projection and dead-zone based controllers of non
identifier based adaptive designs. We have shown that

e The dead-zone based controller outperforms the projection based controller when the
a-priori information on the uncertainty level is sufficiently conservative.

e The projection based controller outperforms the dead-zone based controller when the
a-priori information on the disturbance level is sufficiently conservative.

Our results are based on the a-priori information dpax and .. We have also shown
that other choices of controllers with differing dependence on a-priori information such as
A—tracking controllers can be driven to similar conclusions.

There are a number of directions in which the result can be generalised, for example:
(i) generalisation of the result for adaptive controllers for higher relative degree plants, (i)
generalisation of the results for nonlinear systems in the form of integrator chain [S], or in
the strict feedback form, and (74i) establishing whether the same results can be given for the
alternative costs, for example, P = [|z(-)||zoc + [|u(:)]| zoe-

It would also be of interest to determine explicit tight bounds on d}; .., 05 .x, Dote however
that this is challenging as it would require tight upper and lower bounds on performance of
both controllers.

Acknowledgements. We would like to express our gratitude to the reviewers for their
perceptive comments and detailed reading of the draft manuscript.

Appendices

The proofs of Theorems 3.1 and 3.2 are given in this part.

Appendix A. Proof of Theorem 3.1

Before we give the proof, we first present a preliminary Lemma:
Lemma A-1. Suppose M € R™™ "™ n > 1 is an stable matrixz. Let the positive definite matriz
G € R™" be the solution of the Lyapunov equation

GM + MTG = —1.

Then for allt > 0,

HeMtH <lkre ™, k= 1/XG), k1:=\/XG)/AG),

where A(G), \(G) denote the minimum and mazimum eigenvalue of G respectively.

14



Proof. The proof is elementary and omitted for brevity.

O

The proof of Theorem 3.1 is derived from the technique used in the proof of ‘A-tracking’

based on [I2](pages 112-117) but with a significant extension to obtain property D2.

Proof of Theorem 3.1. The continuity of D, implies by classical result of differential equa-

tions that there exists a unique solution (z(-),d(-)) over a maximal interval of existence [0, w)
for some w € (0,00]. Using the transformation defined by (5), we obtain

g(t) = (dl—bn_1$(t)> y(t) + Aoz(t) + bprd(t),  y(0) = Co,

D) = Agylt) + Asx(0),
5(0) = [9(0)] Dayor w(2).

Define the C! function

where the continuous function ¢ : [0,w) — R is

0’
()] =gy

Note that by (14)

y € [-n,nl,

y & [-n,nl,

Vt € [0,w),

y(t) € [=n, nl.

y(t) & [-n, nl.

(6) = () = IO y®l, vt e0.w)
and by the continuity of (A-6), |y(¢)| |C(¢)] > n|¢(t)], or

<Ol < Ol y®] = n715),  Veeow)

Substituting (A-1) in (A-5), we have for all ¢ € [0, w

);

C(t) + Aaz(t)C(t) + bn1d(t)¢(1)
+ bn-1lld()llco [C@E)] + [ A2l [ 1€ ()

V) = (a1 - bn—ls(t))?{(t)
< (@ — bnflg(t))(?(t)
< (My = b16(4)0(t) + | A2l [l2(0)] < (2],

(A-7)

(A-8)

(A-9)

where My := M1(0, dmax, |d(-)||z) := |a1| + 77 bp_1]|d(-)||z. Note that the continuous

dependency of M; on 6 € S follows from definition (4) and transformation (6) which also

depends continuously on § € S. M also depends continuously on dyax by definition (14).
Now we derive a relation between the second part of (A-9) and 4(-). Rewrite equation

(A-2) as

£(t) = Agz(t) + AsC(t) + h(t),

where

(A-10)



Note that since
Y, lyl <n

N lyl>n
|y

we have that |h(t)| < n||As||. Since A4 is exponentially stable, by Lemma A-1, for all t € [0, w)

Mye ™t > ”6A4t‘|v My := My() = %’ wi= () = 1/X(R), (A-11)

where R is defined in (8). Ms and u depend continuously on 6 € S since A4 depends
continuously on 6 € S, hence R and its eigenvalues are continuously dependent on 6 € S.
Therefore by equation (A-10), we have for all ¢t € [0,w)

t
lz@)] < 1\426_’“5|zoll+f\/f2/O e MU (|| As|| |¢(s)| + |h(s)]) ds
t
< Mze—“tlzo||+M2||A3H/ e MI=9)|¢(s) ds + Ma|| As|lnp " (1 — et
0
t
< Ms; <1+/ e_“(t_s)|C(s)|ds>, (A-12)
0

where Mz := Ms(zo,6) := My [||20]| + || A3]|(1 + nu~t)]. The continuous dependency of Ms
on zg,0 € S, dpyay follows from the definition of  and the continuous dependency of S~
and My on 6 € S. Let t € [0,w). From inequality (A-12) it follows that

/|| JICGs |ds<M3/|c +M3/|<: |/ WeDle(r) drds. (A-13)

Using the Cauchy-Schwarz inequality, we have that

/|< )| [ lemards < 16Ol H/ W= () dr

An application of the following inequality (Theorem 6.5.54)[V]

[ miemar
0 £2(0,t)

together with relations (A-13),(A-8) and (A-14), implies

£2(0,t)

<[e™* oo 16Oez,0 < HTHICO 20,0, (A-14)

[ l@ewls < an+u) [ee)+ 2 ds
0 0

IN

t
My(1 4+ ) /0 (L4 77)C(s)] y(s)] ds
Mab(t), (A-15)

IN

where My = Mjy(zo,0) := M3(1 + p~H(1 +n7t). Now, using (A-15), we can calculate a
bound on V(y(t)) in terms of §(¢) by integrating (A-9) over [0, ¢]

V®) < Vo) + [ (M = biad(s)) ds)ds + 1 Aasid(e
bn—l

< Vo + Msd(t) — —225(t)?,
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where Vy := V(y(0)), and M5 := Ms(z0, 0, dmax, |d(-)||ce) := My + ||A2||My. The positive
definiteness of V' implies that

—%é(w b MsS(t) + Vo > 0. (A-16)

Solving the quadratic inequality (A-16) for 6(t), we have that

Ms — Mg
bn—l

Ms + Mg

< 6(t) <
- 5(t) o bn—l

, (A-17)

where Mg := Mg(x0, 0, dmax, [|[d(-)||z) = /M2 +2b,_1Vy > Ms. We discard the non-
positive lower bound of (A-17) due to the fact that by (A-3), §(0) = 0 and 4(-) is non
decreasing. Therefore

Ms + Mg

0<d(t) <
bn—l

(A-18)
The continuous dependency on xg, 0, dmax of My—Mg is a consequence of the continuous
dependency of M3, and the coordinate transformation (6). We now define a continuous
function V* : R™" x § x RZO X Ryg — RZO by V*([Eg,e, Hd(')Hﬁo%dmax) =V + M5(M5 +
M@)/bn_l. Then

V(y(t)) < V*(ZL‘Oa 0, ||d(')||£°°admax) vt € [va)) (A_]'g)

The boundedness of y(-) in terms of V*(x¢, 0, ||d(-)|| zoc, dmax) on [0, w) follows from (A-4), (A-
19). Therefore by (A-6), ((-) is bounded by a continuous function of V*(x¢, 8, ||d(-)|| ze, dmax)
on [0,w). Hence by (A-12), z(+) is bounded by a continuous function of V*(xq, 8, ||d(-)|| 2o, dmax)
on [0,w). It follows by (6) that z(-) € £*°(0,w) is bounded by a continuous function of
V* (20,6, ||d(-)|| zoc, dmax). The continuity of the right hand side of equations (A-1)—(A-3) and
the boundedness of the solution (z(-),d(-)) implies that w = co. Finally the boundedness of
u(+) as a continuous function of V*(xg, 0, ||d(-)|| zoc, dmax) follows from (14), thus establishing
D1-D2. .

Since y(-) is bounded, it follows from the definition of §(-) that é(-) is uniformly con-

tinuous. Furthermore, §(-) € £', hence Barbalat’s lemma shows §(t) — 0 as t — oo. So
limy o infe[—y ) [Y(t) — 2| = 0 hence proving D3, and thus completing the proof. O

Appendiz B. Proof of Theorem 3.2

Proof of Theorem 3.2. Since the (time-varying) right hand side of the differential equa-
tions (2) and (16) is piecewise locally Lipschitz, a unique piecewise absolutely continuous
local solution exists. Let (z(-),(-)) denote a solution of closed loop (2(z0, 6, d(-)), Zp(dmax))
on a maximum interval of existence [0,w) for some w € [0,00). Using the transformation
defined by (5), we obtain

yt) = (&1—bn—13(t)) y(t) + Aoz(t) + bprd(t),  y(0) = Ca, (B-1)
2t) = Aszy(t) + Asz(t), 2(0) = Nz, (B-2)
Y B0k 5(t) < Gmax .

ot) = { . 5)> 5. 5(0) =0 (B-3)

17



A~

By definition of projection modification (16), §(t) < dmax for all t > 0. Let kj < dmax be
given by equation (10). The monotonicity of 6(-) implies that either (i) 0(¢) < kj for all
t € [0,w), or (i) there exists t* € [0,w) such that §(t) > & for all t € [t*,w).

(i) TIf 8(t) < kj for all t € [0,w) then by (16) we have 3(75) = y(t)? for all t € [0,w). Tt
follows that

| wtsras <
0

and hence y(-) € £2[0,w). Since Ay is stable, (B-2) can be considered as an £? input
y(+) to a stable system 2(t) = Ay2(t) + Azy(t) for all 0 < t < w, from which follows that
#(-), 2(+) € £2[0,w). An explicit bound on ||z]| 2 o) can be obtained as follows. Note

that since y(-) € £2[0,w) and A4 is exponentially stable, by Lemma A-1, there exists
My, v > 0 such that for all ¢ € [0,w)

Moe ™" > |let|| My := Mo(8) = \/M(R)/A(R), v:=wv(0)=1/A(R), (B-4)
where R is defined in (8). Therefore?
A4.

20l 22100y < e 20ll 22100y + (5T — A0) ™ Al 19ll 20,0

M, i -
—llzoll + [I(sT = Ax) ™ Al .\ /5.

A bound on z(+) is also required to show the boundedness of z(-). Applying (B-4) to
the solution of (A-2), we have that for all ¢t € [0,w),

(B-5)

IN

MO ! —v(t—s A
\IZ(t>HSTH»ZoH+Mo/O e || Al y(s)| ds

t
< M <1+ / e-V<t—8>yy(s)yds>,
0

where My := M;(||zo||,0) := Mo(2||z0]| + || As]|). Since y(-) € £2[0,w), and 19ll 200,y <
kj, it follows that z(-) is bounded as a continuous function of ||zo| and 6. It remains
to show y(-) € £L>[0,w), and to construct an explicit uniform bound for y(-) which is
continuously dependent on g, 8, ||d||, dmax- To this end, consider (A-1) and define:

(B-6)

Vi) = gyt Vi€ [0w). (B-7)

The time derivative of (B-7) along the solution of (B-1)- (B-3) is bounded by:

Vi(t) = (@1 = bu—16()y(t)* + A2z(t)y(t) + burd(t)y(t)

= S + (@ Dyt — b adOu(0? + Aa=(0(t) — Sy(t)? + b 1d(Dy(0)
2
S V) @+ AR+ OP + A0 R Ve 0w) (B-8)

*Recall that [|G(-)|| yeo = ess sup |G(jw)].
weR
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where (B-8) follows from two applications of Young’s inequality and by observing that
bn—16(t) > 0 for all ¢ € [0,w). Hence for all ¢ € [0,w),

%y(t)Q < VA(t)
‘ 2
< A0+ [ I @+ 14 AP + P + A0 E) ds
y(0)? i b

<

@+ 1+ APy s + 1200 )+ 52 1) [ (B-9)

Since [|y(-)[|%2 0w) < kg which is continuously dependent on §, and we have shown that
Hz(-)||%2[0 o) is bounded as a continuous function of |zo| and 6, it follows that y(-) is

bounded on [0,w) in terms of a continuous function of xg, 8, ||d|| and dmax. It follows by
(B-6) and (6) that x(-) is bounded on [0,w) as a continuous function of xg, 0, ||d||, dmax-

Suppose there exists t* € [0,w) such that §(t) > kp for all t € [t*,w). Define the
Lyapunov function
Va(t) = z(t)T PZ(t),  Vte|0,w) (B-10)

where Z(t), P are defined by (6) and (9) respectively.
Then all t € [0,w), the time derivative of V5(t) w.r.t. (B-1)- (B-3) is given by:
Va(t) =z(t)T Pz(t) + z(t)T PE(t),
—z(1)TP (D(S(t))ae(t) + Bd(t)) + (D(s(t))f + Bd(t))T PE(t),  (B-11)

=z(t)T (PD(5(¢)) + DT(S(t))P) z(t) + 2z() T PBd(t),

where S is given by (5) and B := S7!1B, D(e) := S~}(A — e¢BC)S. Let

A
p(0, lldll) := Q) [PB|[|d()llz>,
where @ is defined in (9). Then p is continuously dependent on 6 € S by the continuity
of the transformation (6). By (9), we observe that
Va(t) < —z(t)TQz(t) +2z(t)T PBd(t), (B-12)
2V A(P) 2
< —1AQ) - PB|||d o 13]|t B-13
< <_(Q) N0l [PB[d()le | [[2(2)] (B-13)
(9, 11dl) > N
< =) 1-— , Vte[thw). B-14
< _(Q)( m)ll()l € [t",w) (B-14)

Inequality (B-14) implies that Va(t) < 0 for all Va(t) > p(6, ||d||)?, i.e
V(t) < V'(@*,0,|d]) == max{ Va(z"), u(6, [1d])*} Vte€ [t",0), (B-15)

where z* := z(t*). Therefore, by (B-10), Z(-) is bounded on [t*,w) in terms of
V/(z*,6,|d|]). A bound on Z(-) on [0,t*) and a bound on the end point Z(t*) as
a continuous function of xg, 0, ||d||, dmax follows directly by the argument of part (i)
where §(t) < k) < Omax for all t € [0,¢*). Hence by the continuity of the transformation
(6), x(-) is bounded on [0,w) as a continuous function of zg, 0, ||d||, Omax-
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The boundedness of z(-) over [0,w) implies that z(-) cannot have a finite escape time.

By definition (16), d(-) is also known never to leave the set [0, dmax]. Hence w = oo i.e.

9
~

the solution (z(-),d(-)) exists for all ¢ € [0,00). Furthermore, the solution is bounded as
a continuous function of xg, 0, ||d||, dmax. Finally, the boundedness of u(-) as a continuous

function of xg, 0, ||d||, dmax follows by (16). O
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