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STABILIZATION TO TRAJECTORIES FOR PARABOLIC EQUATIONS

DUY PHAN AND SERGIO S. RODRIGUES

ABSTRACT. The feedback exponential stabilization to trajectories for semilinear par-
abolic equations in a given bounded domain is addressed. The controls take values
in a finite-dimensional space and are supported in a small region. Both internal and
boundary controls are considered.
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2 D.PHAN AND S. S. RODRIGUES

1. INTRODUCTION.

We consider controlled parabolic equations, for time ¢ > 0, in a smooth domain Q) € R?
located locally on one side of its boundary I' = 02, with d a positive integer, either of
the form

M
Oy — vAy + f(y, Vy) + Y u; & = 0; ylr = g; (1)
=1
or of the form
M
oy — vAy + f(y, Vy) = 0; Ylp :g+zui\1/i~ (2)
i=1

In the variables (¢, z,z) € (0, +00) x Q2 x I, the unknown in the equation is the function
y = y(t,z) € R. The diffusion coefficient » > 0 is a positive constant; the functions
g=g(t,z) € Rand f: R x R? — R are fixed.

In system the functions ®; = ®;(z) are given and will play the role of actuators,
while in system that role will be played by the given functions ¥; = W,;(z). Finally,
M is a positive integer and, in either system, u = u(t) € R is a (control) vector function
at our disposal.

The problem we address here is the local exponential stabilization to trajectories for
systems and (2)). That is, given a positive constant A > 0 and a solution §(t) = §(t, -)
of the (uncontrolled) system with v = 0, we want to find a control function u such that
the solution y(t) = y(t, -) of the system, supplemented with the initial condition

y(0) = y(0,z) = yo(z),

is defined on [0, +00) and approaches §(t) exponentially with rate %, provided y(0) — g(0)
is small enough. In other words, for a suitable Banach space X and positive constants C'
and e, we want to have that

ly(t) = 3(1)]x < Ce™ |y(0) = §(0)[5 . provided |y(0) = H(0)|y < (3)

with € small enough. Notice that, the constants C' and € may depend on A, but neither
on ¢(0) nor on y(0).

We are particularly interested in actuators which are supported in a small domain:
either supp®; C w C Q or supp ¥; C O CT', where w and O are given open subsets of {2
and I, respectively.

By following the arguments in [BRS11, [KR15b, [KR15a, BKR15] we shall conclude
that the answer is affirmative, for the case of system (1) under suitable conditions on
the family of internal actuators C, = {®; | i € {1,2,..., M}}. Moreover the stabilizing
control can be taken in feedback form u(t) = K;(y(t) — §(t)).

For the case of system the answer is less straightforward from the available results
in the Literature, however we shall show, by combining some of the arguments in [Bad09,
Rod14, [Rod15a], that the answer is again affirmative provided suitable conditions are
satisfied by the family of boundary actuators Cr, = {¥; | ¢ € {1,2,..., M }}. In this case,
the control can be taken in integral feedback form y|. (t) = vy + f(f K (y(t) —y(r))dr,
where vy may/must be taken in an appropriate space.

Considering finite-dimensional controls is important for applications because usually
we have at our disposal only a finite number of actuators which we can tune. Suppose
we can choose those (either internal or boundary) actuators from a family

C+OO = {@z | 1€ No},
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STABILIZATION TO TRAJECTORIES FOR PARABOLIC EQUATIONS 3

then we may ask how many of these actuators we need to stabilize the system. That
is, what is M such that CM = {0, | i € {1,2,..., M}} allow us to stabilize the system.
This question will be answered for suitable complete families. In this way we arrive to an
estimate on the number of actuators we need to stabilize the system.

We will start by considering the linearization of systems and around ¢y and
construct a feedback rule stabilizing globally the solution v of the linearized system to
zero. That is,

B < Ce™ [u(0)[ - (4)

Another question we will address is how the constant C' = C(A), in (), does depend
on \. Some estimates will be given and the results of some numerical simulations will
be presented for Riccati based feedback. This is motivated by a sufficient condition
for exponential stabilization given in [BKRI5| for the FitzHugh-Nagumo and Rogers—
McCulogh systems. Another motivation is that in general, the value € in (3) will decrease
as C'in increases, that is the feedback control will work, for the nonlinear system, in
a bigger neighborhood for a smaller C'.

The rest of the paper is organized as follows. In Section [2] we reduce our problem
to the stabilization to zero of the difference z = y — g, and write the system for z in
an appropriate way. In Section [3| we deal with the internal stabilization to zero of the
linearized system for the difference. In Section 4| we deal with the internal stabilization
to zero of the nonlinear (full) system for the difference, under some conditions on the
nonlinearity. In Section [6] as an example, we check the conditions in Section [ for
some nonlinearities of polynomial type. In Section [7| we deal with boundary controls.
Finally, Sections [§ and [9] are concerned with the discretization of our equations and the
presentation of the results of some numerical simulations.

Notation. We write R and N for the sets of real numbers and nonnegative integers,
respectively, and we define R, := (a, +0o0) for all @ € R, and Ny := N\ {0}. We denote by
Q C R", n € Ny, a bounded domain with a smooth boundary I' = 9€2. Given a function

v: (t,z1,29,...,2,) — v(t,x1,Ta,...,27,) € R, defined in an open subset of R x €2, its
partial time derivative % will be denoted by 0,v.

We use the standard notation for Bochner spaces LP(€2, X)) where 2 C R" n € Ny,
p € [1,+00], and X is a Banach space. The spaces LP(2)™ = LP(2, R™) will be denoted
by simply LP whenever there is no ambiguity neither concerning the domain €2 nor the
superscript m € Nj.

Given an open interval I C R, and Banach spaces X and Y, we write W (I, X,Y) :=
{f € L*(I,X) | &,f € L*(I,Y)}, where the derivative 9,f is taken in the sense of
distributions. This space is endowed with the natural norm |f|w xy) == (|f ]%Q( x) t

0,132 ( Ly))l/ ?. The space of continuous linear mappings from X into Y will be denoted
by L£(X,Y). In case X = Y we write £(X) := L£(X,X) instead. If the inclusion

d : .
X CY is continuous, we write X — Y; we write X — Y, respectively X < Y, if the
inclusion is also dense, respectively compact. The kernel and range of a linear mapping

A: Z — W, between vector spaces Z and W, will be denoted Ker A := {x € Z | Az = 0}
and Ran A := {Ax | x € Z}, respectively.

ﬁ[ah...,ak] denotes a function of nonnegative variables a; that increases in each of its
arguments, and C,C;, 1 = 1,2, ..., stand for positive constants.
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4 D.PHAN AND S. S. RODRIGUES

2. REDUCTION TO STABILIZATION TO ZERO

Let g(t) solves the uncontrolled system. We we want the solution y(¢) to go to the
reference trajectory ¢(t) exponentially, thus it is natural to consider the dynamics of the
difference y — 9.

2.1. The case of internal controls. By direct computations, we find that z .=y — ¢
solves

M
Oz —vAz+ f(y,Vy) — f(9,Vy) + Zu@i =0, zlp = 0.

Writing (£1,£2) € R x R? we denote 0, f = of and 0o f = 5~. Formally, we can write
g1 Og2

Fw,Vy) = f(5.V9) = [01f|lgvs %2flgvp) [VZZ} + Fy(2)
=az+ V- (b2) = N(2).
with
a = alf|(g,vg) -V a2f|(g,vg) b= a2f|(y,vg) , and /\7(75> = —Fy(2), (5)
where N/(-) : R — R is a nonlinear function if so is y — f(y, Vy).

Rescaling time. By technical reasons, in order to use available results in the Literature
(for the case v = 1), it is convenient to rewrite the system as

(‘92—Az+1Az+V (bz)—kzﬂflivsz —ll//\A/'(Z'), Zlp =0, (6)

which we can do by rescaling time ¢ = * and setting p(7) := p(%), for a function p defined
for ¢t > 0.

2.2. The case of boundary controls. As in the internal case, by direct computations
we find that 2(7) = (y — 9)(5) solves

05— Ai+ 145+ V. (585) S IN(2); Ee =M, i, (7)
2.3. Stabilization to zero. We can see that our goal is to find the control u, in
either system @ or system , such that
15(7) % < Ce |2(0))%, provided |2(0)|y < e.

with A = 2, for suitable positive constants C' = C and € = ej.
We will follow a standard procedure. We will start by proving the global stabilization

result for the linearized system, that is, in the case N =0. Then, the local stabilization
result will follow by a fixed point argument.
3. INTERNAL STABILIZATION OF THE LINEARIZED SYSTEM

We consider a system in the form @, without the nonlinearity. In order to study such
system we start by denoting the Hilbert space H := L?(, R) which we will consider as a
pivot space, H' = H. We also denote V := H}(Q,R) and D(A) := V N H*(Q,R), which
are supposed to be endowed with the scalar products

(v,w)y = (Vv,Vw)2orey and (v,w)pn) = (Av, Aw)g

1 1
and corresponding norms [v]y, = (v,v){ and [v|pa) = (v, V)
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Moreover we have the inclusions
d, d, d, d,
D(A) <5V <S5 H S v ES DAY,
the increasing sequence of repeated eigenvalues «;, i = 1,2, ..., of —A satisfy
O<ayp<as<ag<..., lim a; = 400
1—>+00
and we have
(v,w)yry = (v,w)g, forall (v,w)e HxXV.

Boundedness assumption. For m € Ny, in order to simplify the writing we denote

W’ = L2(J,LYQ,R) x L*(Q,R?)) )
W = L2(Ry, LYQ,R) x L®(Q,RY)) (8)

where J C (0, 4+00) is an open interval.
We also fix a and b, which may depend on time and space, and a constant Cy, > 0,
satisfying

1
2 2 2
[(a,b)]yy = <’a‘L°°(R0,Ld) + ‘b’ng’(RO,LW)> < Ow. 9)

Remark 3.1. (A technical measurability detail). The space L°(Rg, L>(£2, R)) is the
Bochner-like notation for L>(Ry x €, R), where the subscript w stands for weak measur-
ability. Bochner spaces are usually defined for strongly measurable functions, see [Boc33,
Section 2]. The Bochner space L>((a,b), L>*(€2,R)) consisting of strongly measurable
functions is strictly contained in L (Rg, L=(Q, R)) = (L*((a,b), L*(2,R))), see [Fat99,
Example 5.0.10]. This is due to the fact that L>°(£2, R) is not separable. Recall also [Pet38),
Theorem 1.1] for a relation between strong and weak measurability. However, the norm
in L ((a,b), L>(£2, R)) is essentially the usual norm of L>((a,b), L>(£2, R)), see [Fat99,
Lemma 9.1.2 (ii)], [Fat05, Lemma 4.1.1], and the miscellaneous notes at the end of Sec-
tion 4.1 in [Fat05]. Hereafter, we are going to use some arguments from [Rod15al [KRI5D,
KR15a], whose results should be understood with the subscript w in [Rod15a, Equa-
tion (2.2) and Remark 2.15], [KR15b, Equation (2.1)], and [KR15al Equation (5)].

3.1. Weak solutions. Let us consider the interval I = (sg, s1) with 0 < sy < s;, whose

length we denote by || := s; — so. Here we recall some regularity results for the weak
solutions for systems as @ We start considering the more general system
Oz —Az+az+ V- (bz)+ f =0, (10a)
zlp =0, 2(0) = zo. (10b)

where the control is replaced by a general external force.

Lemma 3.2. We have, for z € V

11
(az, 2)vr v < Clalpalzly 2]y, lazly, < C'lalga|2]F |25 for de{1,2}.
(az,z)vy < Clalpalzly |21y, |az]y, < Clalgalz]y, for d=3.
(V- (b2), oy € Clblym 2l 2ly . IV 02)y < Clblm |2l for d> 1,

for a suitable constant C' > 0, depending only on (£2,d).

Proof. Concerning the reaction term, in the case d = 1, and Q = (I, r) with [ < r, from
4 22 = 2z 2 we can see that for z € V and s € Q, since z(l) = z(r) =0,

[2(s)Ie = |2(s)[g — |2(D)]z = Q/l AT) a2 (1) A1 < 202l 2y [3r2] 2o
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6 D.PHAN AND S. S. RODRIGUES
That is, we have the Agmon inequality

11
2l <27 2|3 |23, for d=1. (11)
Therefore, it follows that

N N |
(az, wvry <lalp 2] pe [w0] g < 2lal 215 215 [0l 0] -

For the cases d > 2, we will use suitable Sobolev embeddings (cf.[DD12, Corol-

lary 4.53]). For d = 2, from Hz(Q,R) — L*,R) and an interpolation argument
(cf. [LMT2al chapter 1, section 9.1]), we find

111
(az, wvry < lal gz 2] g Jwl e < Colalpe |2l 213 [wl [w]y-
For d > 3, from H*(Q),R) — L%(Q,R), we find
{az, 2)vrv <lalpal2| 4 22 < Cslalpalz]y |2]y -

Finally, writing (V - (bz), 2)v+v = (bz, Vz)[2(qra), it Will follow the estimates for the
convection term. U

Lemma 3.3. Given f € L*(I,V') and 2y € H, there is a weak solution z € W(I,V,V’)
for . Moreover z is unique and depends continuously on the data:

2 - 2 9
=l < Cinew (1203 + a0 ) -

The procedure is well known, yet we will recall some steps of the proof since some
estimates from the proof will be used later on.

Weak solutions for system are understood in the variational sense. We will restrict
ourselves to the derivation of some a priori (like) estimates. In fact those estimates will
also hold for Galerkin approximations of the system, for example using a basis of eigen-
functions of the Laplace operator A, thus the estimates can be used to precisely derive
the existence of weak solutions. See [Lio69, Chapter 1, Section 6], [Tem95, Chapter 1,
Section 3], and [Tem01, Chapter 3, Sections 1.3, 1.4, and 3.2] for more details on the
procedure.

We start with the following auxiliary result.

Corollary 3.4. We have, for z € V
2(az + V- (02), 2)viv < Drea [(a, ) oy |215 + 2 |2[3
2(az + V- (02),2)viv < D |(a, D)3y |2[5 + 2 1215
for suitable constants Dy. < Di.1 depending only on (€2, d).

Proof. From Lemma 3.2 and for any a > 0, we have 2(az + V - (b2), 2)yv < 2C(|a| 4 +
Bl o) 12l 12l < 3C2(lal g+ 1Bl o) |2l +a ]zl < 2C%(Jala+ (b7 |2l +2a |2l . O

Proof of Lemma (3.3 Multiplying (10a]) by 2z, formally we find

d

a 215 + 2 |2ly = 2(az + V - (b2), 2)vrv + 2(f, 2)vry,
from which, by appropriate Young inequalities, we can obtain

d
&|Z|§{+‘Z|%/ < Dica | b))y |2l +2|f 15 (12a)

d
3 2l < Decl(@ D)y 2l + 2171 (12D)
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By (12b) and the Gronwall inequality, it follows that for all s € I
2 el (@) 2 (s—s 2 2
253 < ePl0DB0 (1) 2 42 FLagry) (13)
and integrating (|[12al),
2 2 2
|2() o + 1212 (50,917 < [2(50)[r + Dret

From ([10al) and Lemma [3.2| we can also derive

2 .12 2
(a, b)|w|Z|L2(1,H) +2|f|L2(17V’)‘ (14)

= 2
’atZ|L2(I,V’) < ‘Z|L2(I,V) + Clew) |Z’L2(I,H) + ’f|L2(I,V’) )

from which, using and we can conclude that

2 = 2 2
|Z|W(I,V,V’) < Clsi—s0,0m] <|Z(80)|H + |f|L2(I,V’)> :

Finally the uniqueness of z, follows from the fact that if Z is another weak solution, then
e =z — Z, solves with e(sg) =0 and f = 0. From it will follow that |e(s)|,; = 0
for all s € I. O

3.2. Null controllability. Here we recall the relation between null controllability of
system ((10) and a suitable observability inequality for the adjoint system.
Consider, in the bounded cylinder I x €, I = (sq, s1), the controlled system

Oz — Az +az+V - (bz) + Bn =0, (15a)

z2lp =0, 2(s0) = 2o, (15b)

where now our control is a function n € L*(I, H) and B € L(H) with adjoint denoted by
B*. Let us also consider in I x ) the adjoint system

—0iq—Aq+aqg—b-Vq=0, (16a)

qlr =0, q(s1) =q € H, (16b)

and let z(zo,m)(t) == z(t) and ¢(q1)(t) = q(t) denote the solutions of and ((16)), for

given data (zo,u) and ¢, respectively. Notice that, proceeding as in section m, we can
prove the existence of weak solutions ¢ € W (I, V, V") for system ({16]).

Definition 3.5. (i) We say that is null controllable in I if there exists a fam-
ily {n(20) | 20 € H} C L*(I, H) such that z(z9,7(20))(s1) = 0, for zo € H.

(ii) We say that is B*-observable in [ if there exists a constant C.,s > 0 such that
for all ¢; € H we have that the corresponding weak solution ¢ satisfies the inequality

19(q1)(50) [ g < Cobs |B*Q(QI)|L2(I,H) . (17)

The constant Cg,s in depends, in general, on €2, w, I, B, and also on the coefficient
functions a and b.

The following lemma, can be proven by a standard procedure. For details, we refer
to [AKBGBdT11) Section 2], [Cor(07, Chapter 2].

Lemma 3.6. System 1s B*-observable in I if, and only if, system 15 null
controllable in I and the family of controls {n(zy) | zo € H} can be chosen as a bounded
linear function of zy:

|77(ZO)|L2(I,H) < Cobs |20] gy » where Cops is as in .
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8 D.PHAN AND S. S. RODRIGUES

Controls supported in a subset. Given an open subset w C €2, then from [DZZ08], Theo-
rem 2.1] and [DECGBZ02, Theorem 2.3 (e.g., reversing time in system ({16))) we have that
there exists a constant C,, o > 0, depending on w and 2, such that the weak solution ¢

for satisfies

|Q(0)|§{ < eCw,Q@(|I\7|G\Loo(1,Ld)v|b|Lﬁ,°(I,L°°)’d> |Q|i2(I,L2(UJ7R) .

with
2 2 1 2
O(r, 01,0, d) =1+ 63 +dbf; + — + 7 (01 + db) (18)

forr >0, 60; >0 <060y, and d € Ny.
Therefore, in the case we take B = 1, € L(H) with

o), frew
L) = 07 T EGe

then we have B* = B and |q|22(17L2(w7R)) = |B*Q|i2(11H)’ and we can conclude that
holds with Cys = eC“’Qe(“M“lL""U»Ld)"b|Li’v°<’vL°°)’d). Therefore we have the following.
Theorem 3.7. Let B = 1, and let I = (sg, s1) be arbitrary, then, there exists a fam-

ily {n(20) | 20 € H} C L*(I,H) such that the solutions z(29,m(z)) to (15) satisfy
2(20,m(20))(s1) = 0 and, for a constant C' = C’(w ), we have that

’n(zo)’LQ(I,H) < ’ZO‘H7
with © = O (\I[, |a] oo (mg, £y + 0] Loo (Ro, 10 ,d) given by (18).

Notice that since . ) holds Wlth Cobs — ¢C® and B = 1, ProgeedingAas in [BRS11,
Section A.2] we can conclude that ( also holds with Cg,s = CXeCX@ < eP® and B*q =

x1l,q = 1,x1,q, where D= log(C,, ) + C and y € C>=(f) is any given smooth function

with ) # w Nsuppy. Here D = D(X,w ) > 0 depends only on (x,w,2). Notice
that @(T’, 01,02,d) Z 1

Corollary 3.8. Theorem holds in the more general case B = 1,x1,, with D in the
place of C'.

3.3. Stabilization to zero by finite dimensional controls. Here we analyze the case
when Stabilization of system can be achieved by finite dimensional control action,

of the form Z u;(t)®;(x). Following the ideas in [KR15bl [KR15a, [BKR15|, we consider
a family C, = {<I> € HI|icec {1,2,...,]\/[}} C H and denote by Py the orthogonal

pl"OJeCthIl in H onto &g = spanC
Let us also fix a positive constant A > 0 and consider, in R,, x €, the system:
Oz — Az +az+ V- (bz)+ 1,xPul,n =0, (19a)
z|lp =0, 2(s0) = 2o. (19b)
Definition 3.9. We say that ( is exponentially stabilizable to zero, with rate —, if

there are a constant C' > 0 and a famlly {n=mn(z2)]|20€ H} C LQ(RSO,H) such that
the corresponding global solution z(t) = z(20,7(20))(t) satisfies

l2(t)|f < Ce™ Alt=so !zgﬁ{, for all t > sg.
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Notice that the stabilizing control in (19a)) takes its values in the finite dimensional
space 1,xS¢, = span{l,x®; € H | i € {1,2,...,M}}, for all t € R,,.

M M
LoxPulyn = 1,x Z 77161' = Z u; ®;
i1 i=1

with u; == n; and ®; == 1,xP;, i € {1,2,..., M}

Remark 3.10. Without loss of generality we can suppose that the family CAw is linearly
independent and orthonormal. In that case 7;(t) = (n(t, s CT)Z)
H

In the following, the function © and the constant D are as in Theorem and Corol-
lary . Let x € C*(Q) satisfy () # w N supp x, and consider the system

Oz — Az + (a — %)Z + V- (bz) + 1luxlyn =0, (20a)

zlp =0, 2(s0) = zo. (20b)
Lemma 3.11. Let I = (so,s1). The solution of system , in I x Q, with the control n
given by Corollary[3.8, satisfies

N 2
=297 |2 (s0) %

by 2 ~
(a_§7b)|WT+D9<‘I‘7|G‘LOO(RO’Ld>7‘b‘L,?UO(]R07LOO)7d> |

|2(s0 + 7) |3 < &P

Drc

2 2
+2|L|£(H,V’)e 2(80)|H7

for all 7 € I, where v: H — V' stands for the inclusion mapping 1z = z.

Proof. Straightforward, from . Notice that Corollary still holds true with a — %
O

in the role of a.

Inspired by Lemma [3.11] and the procedure in [BKRI15, [KR15a], we consider the
function =: (0, +00) — (0, +00) defined by

Drc

E(1) =2 |L|2( ye (a%’b)&”ﬁ@(m’h%|L°°<R0,Ld>’|b‘L%°<R07L°°)’d)
= T L(H)V'

which we can extend to a function Z%: [0, +-00] — (0, +00], by setting

cex/y ) 2(7), i 7€ (0,400),
=%(T) =3 mZ(), if 7€ {0, +oo}.

t—T1

The minimum and minimizer of =% are denoted by T and T, respectively. From

dz
dr }th 2 N —2 ’ N ‘ 2

—_ " = DI‘C D _t I d b o] S ’
2(t) ( w ( TR oy T lrzs o

we can conclude that T, > 0 can be defined by

~

D

(a—3.b)

T? = 5 : (21)
A ) A 2
Dre |(a =35, b)‘w b (‘a B E‘LOO(RO,Ld) o |b|L3JO(RO’LDO)>
Further T, = +o0 if, and only if, both a — % and b vanish.
Thus, if T, € Ry, we have that the minimum Y = Z%(7}) is given by
6( a2 bl poo g ooy | (a=2 0|, .d
T=2 Mi(H,V/) e (‘a #luoog pay Plags o ooyl (e=3.0), ), (22a)
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10 D.PHAN AND S. S. RODRIGUES
and, if T, = 400 by
T =2 tf3 .y € (22b)
where
(61,62 &5, d,v) = D (1+ & +ded) + 2D)} (Dol + D (61 + df%)f (23

The following result gives us a sufficient condition on the family C., for the existence of
a stabilizing control. The proof can be done following the arguments in [KR15a, BKR15].

Theorem 3.12. Let us be given x € C=(Q) satisfying ) # w N supp x. If
T, €Ry and |Lox(1— Py)lulzgryn < T (24)

with T, as in (21) and Y as in (22a), then system is stabilizable to zero with rate
Moreover, we can set the stabilizing control function n = n(zy) such that

2O < (o + Y Bulzyn ) e Lol Jort 2 50

N>

< 1 2D0O.

) -~
—G o= 2ol s for X < A,

‘e;n(zo) ‘;(RSO,H)

3 2 —
with Tg = " (=2 DT g 0, =0(T,, |a — %‘
L°°(R, L4)

If T, = 400, then setting n = n(z0) = 0 the solution z of system satisfies |z(t)|3 <
e~ AMt=s0) |z0|§1, fort > sg.

) |b|L$(R0,LOO) 7d)

3.4. The dimension of the control. Families é\w which satisfy do exist, for
example in the case the control domain is an open nonempty rectangle w = wgr =
[15—1(j1,152) € Q. We give two examples

Exl. 0 # x € C®(Q) such that suppy C wx and C, = {\/I}R,l- | i€ {1,2,...,M}}
for big enough M, where {Ug; | i € No} is a complete system of eigenfunctions of the
negative Laplacian —A in wr with homogeneous Dirichlet boundary conditions, which are
ordered according to the increasing sequence of the (repeated) eigenvalues: 0 < A\j < Aiy1,
Ex2. y = lq and we consider a family C, = {®; = 1x, |i € {1,2,...,M}} € H where
the R;s are the sub-rectangles in a uniform partition of wg, and

1, O
lo(z) = {0: Zi E 97\5, for an open subset O C €.
That is, each interval (1;1,1;2) is divided into p; intervals: Ly = (L1 + kij%, i+ (kj +
1)1%), with k; € {0,1,...,p; — 1} and l; == ljo — lj1. In this way, our rectangle is
divided into M = H;.lzlpj sub-rectangles {R; | i € {1,2,...,M}} = {[[;, i, | k; €
{0,1,...,p; — 1}}.

Proceeding as in [BKR15, Example 2.14], we can see that in the case of example
above, condition is satisfied provided that 4|X|?:1(§) Ay + 1)71 < Y71 that is,
provided Ay +1 > 4])(%1@ T. Furthermore, from [LY83| Corollary 1] we have the
asymptotic behaviour Ay > DgM i with

Dy=— 25
T (@1 2)lwnl 3 (B2 (25)
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where |wg| = H;.lzll} is the volume of wg and |By| is the volume of the unit ball By =
{z € R?| |z|gs < 1}, we can also arrive at the sufficient condition

d
M 2 Dy * (x| )%, (26)
which gives us an upper bound on the number M of actuators which are needed to
stabilize the system.
We recall that |B;| = 2, |[Bs| = m, and |Bs| = 37, and in general |Byy| =

ket g 2(k") (4)
also |B2k+1| F(k‘+2) = ((216)(+1' )

See [Fol01l, Corollary] and [Birl3l Eq. (10)]. Notice that we can prove the last identity

by induction using I'(k+3) =Tk + 3+ 1) = (k+ $)I'((k— 1)+ 2) and I'(3) = 3.
Proceeding as in [BKR15, Example 2.15], we can see that in the case of example [Ex2]

condition is satisﬁed provided that the partition is fine enough, so that (pym?)~t <

YT~ where 13 = min { 4 je{l,2,. M}} Notice that pym? is the smallest nonzero

N
e — w and

k € N, where I" stands for the Euler gamma function.

elgenvalue of the (negatlve) Neumann Laplacian in each rectangle R;. Thus ) holds
provided 2 z—g > L, where p == min{p; | j € {1,2,...,M}} and | = max{lj | j €
{1,2,...,M}}. Then we conclude that Jl‘gd > Td is sufficient for (24)), and thus so is

2 )2
M > (;T) (27)
Notice that, from (22) we can see that the above estimates for M depend exponentially
on ‘a —2| and |bl,ya. In the one dimensional case, in [KRIED] it is conjectured that
w
a better estimate might be possible (depending polynomially in ‘a - %‘W and |, like
as in below), and this conjecture is supported from the results of some numerical
simulations. Later on, we will present some further simulations, for the two dimensional

case, that again support this conjecture.

The particular case w = Q. Proceeding as in [KR15b] section 3.1] we can see that in case
there is no constraint in the support of the control, and we take y = 1g, then we can
find a better estimate.

Theorem 3.13. Let (a,b) € W and A > 0. Let us also take x = lq and a family
Co ={V; |ie{1,2,...,M}}, where {U; | i € Ng} is a complete system of eigenfunctions
of the negative Laplacian in Q2 ordered as in example above. If we take

@30, (28)

then for any given zy € H, there is a control n = n;\’“’b(s(], 20) € L*(Ry,, H) such that the
corresponding solution z of system (19)), satisfies the inequality

M > (Drce (d+2) )

(1) < 2 (e% + 1) e A=) |12 >, (29)
Furthermore,
~ _ 2 1
A(—s0), Na,b e2 N 3
ez ms0)phabis) 7o) B < O3 |zO|H, forall X<\ (30)

Proof. We may proceed as in [KR15b] Section 3.1]. We just recall the main steps. The
main idea is to find a suitable time T, > 0, such that for all 55 > 0 we can find a control

defined in (3¢, So+7%) such that at time 5o+ 7, > 0 we have e%T*z(Eo +T%) u < 12(30)| -
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12 D.PHAN AND S. S. RODRIGUES

For a given forcing f, let us consider the system
Oy —Ay+(a—=3)y+V-(by)+f=0, yle=0, y(5)=uy. (31)

Let w solve in the time interval (5o, 4+ 7)) with f = 0. Then, §(t) = 2t=w(t),
t € [So,30 + T, solves with f = %w. Let 6, solve with f = %PMw where Py,
stands for the orthogonal projection in H onto the space span{\fli |ie{1,2,...,M}}
spanned by the first eigenfunctions of the Dirichlet Laplacian in 2.

It follows that d = § — 05y solves with f = %(1— Py)w and by it follows that
for all s € [So,50 + T

2 Dic|(a=20)|° T 2 2
|d(s)|3 < q%e (=20, (1= PM)|L(H,V’) |w|L2((§0,§0+T),H)
2Dxc CL*z,b ? T 2 2
< Ze =20y [(L = Par) [0y [0l -

Therefore, setting T' = T, minimizing the right hand side, that is, setting
2

(=30 )7

T, = (2Drc
w

we find

2 2 2 _
W |(L = Par)l vy [olz s s € [So, 50 + T2

|d(s)[3 < 4Dyee’ |(a = 3,b)

Hence, we will have
(63 (30 + Tl < lyol s
provided

(1= Pulcliyy 2 4Dt | (= 3.0)] (32)

Thus, from |(1 — PM)'Z(H,V’) = a7, and [LY83, Corollary 1], see (25]), we have that
follows from

ISYIN)

4dm?
——— M
(d+2)[2]d |Bg|d

that is, (32)) follows from (28)).

By (13) and , we can also obtain
[ ()| < 216057+ 21d(s)]7 < 2[w(s)[5 +21d(s)[,

by 2
(a=3.b)|,, T

> 4D,e! ‘(a— 2 b)‘ :

S 26Drc

ol + 212003 =2 (o2 +1) lwol? . s € 50,50 + 2.

We observe that the control 7, = %w associated with ;s satisfies

— 2 1 2
|77M<807y0)|L2((so,so+T*),H) < %*ez |y0|H :

We also see that T}, does not depend on 5y. Then, for any given zy € H, we can define
the concatenated control 77 = 7%%(sg, 2) in the half line Ry, = (sg, +00) time interval
as follows

{ 77|(50750+T*) = 77M(807 ZO),
77|(so+iT*,so+(i+1)T*) = nur(so + iT%, y(20, nl(so,soJriT*))(SO +1T%)), i€ Ny,

where y(zo, 77} )(t) stands for the solution of (B1), with the setting (So,vo, f) =

50,50+1T%)
(807 20,1 |(SO,50+’5T*) .
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In this way we have that

ly(so + 7% )|§{ |y(so)]§{, for all i€ N,
ly(so + T +7)[3, < 2 e? + 1) ly(s0)|% for all 7€ [0,7,],
1 2 .
|77‘L2 ((s0+iTw,s0+(i41)T),H) = TLeQ ly(s0)l3 5 for all 7€ N.

Finally, we can conclude and from the fact that z = e_%('_SO)y solves
in R,, with x =1 and n;\’@b = e*%('*s(’)ﬁ. ]

Also, concerning the example above, again in the case w = 2 and xy = 1, an
estimate similar to will follow, for example, in the case () is convex and we take
piecewise constant controls related to a partition of 2 = Uf\il (}; into suitable small
convex sub-domains ;. Now, if D is the diameter of Q we can cover Q with n¢ copies
(obtained by suitable translations) of the rectangle []_,[0,1], with [ = L and whose
diameter is dzl. Taking the intersection of these rectangle copies with 2 we still have
that we can cover Q with M < n¢ convex domains {€; | i € {1, 2, ..., M}}, each with
diameter not bigger than dzl. Proceeding as in the proof of Theorem w we arrive to
the sufficient condition for stabilization

2
(1 = Par)l iy 2 ADice!

A
,0)| .
( 2 )W
Now we follow [KR15al, Section IV.A] and [BKR15 Section 2.3, Example 2.15] to
|1 lo, |1 e {1, 2,. M}GH,
w =), and y = 1. For given v € V and z € H we find that
(1o(1 = Par)lyz, U)V/,V = ((1 = Pu)z, U)\//,V = (2, (1 = Pu)v)y

M M
= (5 0= X0 Wn¥) = (2la, 1) 1y -

i=1 =1

compute |(1 — PM)|Z(2H,V’)' Let us set C = {\IJ

where ¢; = vl — (v

O Vilg )2 Vilg, = vlg, — ﬁ(vb , 1)12(q,) has zero aver-

age in ;. This allows to conclude that |Vgoz\ L2y = M |g02| 12()" where 1y ; is the
first nonzero eigenvalue fi;; of the Neumann Laplaman in €. Recall that in this case,
from [PW60, Equation (1.9)], we know that p;; > Thus, we find for z € H and
v eV with |z|; =1, |v],, = 1 the estimates

2
2d-

M 1
(1u(1 = Par)lyz, U)V/,V < ;ul,z? ‘z

L -1
L2(9;) ‘VU‘Q,-}LQ(QZ,) <dzlm™.

Therefore |(1 — PM)@(H,V/) < I?772d, and we can conclude that

2
172 > 477 2dD,.e*

(a=3.0)

is a sufficient condition for stabilization. That is, the M < n¢ = D%~ piecewise constant
actuators in C above are able to stabilize the system. That is, it is enough to take

w

M > (125)E piat

piecewise constant actuators as above to stabilize the system.
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14 D.PHAN AND S. S. RODRIGUES

3.5. Feedback stabilizing rule and Riccati equation. From Theorem [3.12| we know
that system is stabilizable with rate %, provided holds true. Here we recall that

in that case the control can be taken in feedback form, i.e.
n = Fx(t)z = BylIx(t)z,
with
By o= 1,xPyle,. (33)

Actually, the procedure is standard. We have just to follow the arguments in [BRS11,
BKRI15], by considering suitable minimization problems to conclude the following results.

Lemma 3.14. Let (M,R) = (1,1) or (M,R) = ((—=A)z,1), where 1 here stands for
identity operator. Then there exists a function I1: s — Il(s), s > 0, which belongs to

P(t) is self-adjoint positive definite for all t > 0,
P = P e LRy, L(H)) |the family {P(t) | t > 0} is continuous in the
weak operator topology

and satisfies the differential Riccati equation
IT + A% + AP TT — TIBy, R B}, 1 + NI + M*M = 0, (34)
with A%’z == Az —az — V - (bz). Moreover, 11 = Iy is the unique solution of in the

class P. Furthermore there is a constant U[C A1 such that
WX
()| gy < U[CW;\%], for all s> 0. (35)
We recall that the obtained feedback control is the one that minimizes the cost function
+oo
I = Ien)m) = [ IME + Ralr)n()dr (30
50

Let us now consider the closed-loop system
87 — Az + (a— 22+ V- (b2) + ByR™'BjI132 = 0, (37a)
2|F = 0, 5(80) = 20- (37b)

Theorem 3.15. Let x and Py satisfy the conditions in Theorem[3.13, let (M, R) = (1,1)
or (M,R) = ((=A)z,1), and let zo € H. Then the solution % for is defined for all
t > so, and it satisfies

~12 -~ 2
|Z|W(RSO,V,V’) < C[CW,X, ] |20l - (38)

P

Notice that that Z solves if, and only if, z = e~ ("750)2 3(¢) solves
Oz — Az +az+ V- (b2) + ByR ™ 'Bj 152 = 0, (39a)
z|p =0, 2(s0) = 2. (39b)
Therefore we can conclude the next result.

Corollary 3.16. Under the assumptions of Theorem let TI5 € P be the unique
solution of . Then for any zy € H, the solution z of 1s defined globally and
satisfies, for all t > sq,

t
—s0))\ 2 T—50)\ 2 2 C 2
at=s0)A 12() % +/ ol 0))‘(|Z(T)\V + |0w2(7)|},) dT < O[CW,SJ\%} |20/ -

S0
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3.6. Dependence of the transient bound on the exponential rate. From Theo-
rem we have that, for a suitable open-loop control 7, the solution of system
satisfies

|2(t)[3 < Cre ) 20| 7 for t > s, (40a)

where

Cs, < eTo2tTiaX?, (40b)

for suitable posmve constants 72 and 7 2, which can be taken mdependent of . Takmg,
for example, A = 2, again by Theorem , we have that J(z(n),n) < Cxe  t=%0) |z,

with C < eT“JrT”’\ and J as in (36)). In particular, the solution of the closed-loop
system (37)) also satisfies

E0)% < Cxlaly,  Cs < eloatTial (40¢)

Remark 3.17. In the case a € L*>(1, L) we have a slightly different observability inequal-
ity (cf. [DZZ08]), and we can also prove that we can take Ty = eA1AB2)T- for suitable
constants A; and A,, in Theorem [3.12] In this case we would arrive to an estimate in
the form Cy < e’01%71.12 Notice that in either case we have a term \® with e > 1.

Of course, the constants Cf, 5;\, and 6;\ above are related to each other.

1
We will prove that we can have (40b)) with C5 < RS
study are the following:

. The motivations of this

e a sufficient condition, on the smallness of %, given in [BKR15] for the stabiliz-
ability of the FitzHugh—Nagumo system.

e we need to know the constant 5;\ to guarantee that at time t = 7 > sy we
will be closer to zero than we are at time t = sy, because from |3(1)[3, <
Ce7=%) |2(s0)|%, it follows that

B < 5(so)5, it T > sp+ 28C)
e as we will see, the value € in (3) will decrease as C’,\ increases, that is the lin-
earization based feedback control will work, for the nonlinear system, in a bigger

neighborhood for a smaller C’/\ (cf. Remark {4 - below).

Remark 3.18. Notice also that necessarily CA > 1. Then A 5 oo as A — 0. It follows
~ <1
that, if C,\ ~ T 037 for big A, then the functlon =2 has a strictly positive minimum.

That is, =* cannot be made arbitrarily small by the ch01ce of \.

Following [HPPO1], since associated to a closed-loop system we will call the constant

5; the transient bound associated to that system. The following Theorem is, however,
concerned with open-loop controls and with no restriction on the dimension of the control.

Theorem 3.19. There exist T... > 0 and nonnegative constants ’757%, and ’7'17%, such that

for a suitable control function n, the solution of system , with B = 1, satisfies for
all zo € H

-1
282 < e/o3TThEN e Mms0) 102 for g > 5, (41)

and z(t) =0 for all t > so + Tys.
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Proof. Given T > 0 and taking s; = so + T, by Lemma m (extending the control by
zero for t > s1) we have

|2(8)]% < Pl @b T |2 (50) 2,

+ 20z o Drel @D T+DO (Tifal oo g pay bl (g, 250 ) =(s0)|3
for all t > s¢, and z(t) = 0 for all £ > sy + 7. Thus we can write

|2(t)[3; < P TP ENT (5032

for suitable nonnegative constants py and p; (depending on |(a,b)|,,, and d, but neither

on T nor on 5\).

po(1+1)+p1(1+X)-

Taking the minimizer T, > 0 of e is given by £ = p;(1+ A), we find

[N
Nl

|Z(t)|§{ < eP0+2(Popl)%(1+5\) e*X(t*SO) ‘ZO@I < epo+2(P0P1)%+2(Poﬂ1)%5\ efx(tfso) ’Z()ﬁ{;

for all t > sg, and z(t) = 0 for all t > sg + Tis- O

3.7. Remark on the viscosity coefficient. In section [2 we have rescaled time to
normalize the viscosity parameter. We recall that the dimension of the stabilizing control
may depend on the viscosity parameter. If we are given the system

M
atz—l/Az—l—az—{—V-(bz)—{—ZuiCDi =0; z[p=0.

=1

after rescaling time ¢ = ~ we arrive to system
; M
v
i=1

with f(7) == f(Z). Then if we want to have
[2(0)l < Ce™ [2(0)[5

then we must have

A

2T < Ce™v7 [2(0)] -

From Theorem [3.12 condition (24) is sufficient for stabilization. That condition reads

now
wi 7d7I/)

A b
(%—57;)‘W1,d,ll>

Y

b

v

- _@ %_% oo )
|1UJX(1 - PM)L’J’E(H,V’) S 2 ‘L‘ﬁ(QH,V’) e <| 2vipoo(1,Ld)

-

with © as in (23)). Therefore, Py, must be closer to the identity operator for smaller v.
This is natural, because for smaller v the system is “less stable”. In other words, in
order to stabilize the system, we expect to need more controls as v decreases. Recall the

estimates and in the examples in section .

i_ X b
(%_57;)

L3P (1,L%°)

2 ‘2‘
2v Loo(IyLd)’ v LS (1,L>°)’

<o

—2
=2 |L|£(H,V’)
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4. LOCAL INTERNAL STABILIZATION OF THE NONLINEAR SYSTEM

Here we show that the feedback rule —B),R~'B;II5(t) constructed to stabilize expo-
nentially the linear system to zero, with rate %, also stabilizes the nonlinear system

Oz — Az +az+ V- (bz) + ByR Bz = N(2), (42a)
z|p =0, 2(80) = 20- (42D)

to zero, with the same rate, provided zj is small enough (cf. System@), and provided
the nonlinearity N satisfies suitable boundedness properties.

We follow a standard procedure by using a suitable fixed point argument. To deal with
the nonlinear system we will need to ask more regularity for the reference trajectory,
or more precisely to the function b we obtain in the convection part of the linearized
system (|10al), after linearization around that reference trajectory.

This additional regularity will allow us to construct appropriate Banach spaces where
we can construct an appropriate contraction mapping, whose fixed point is the solution
of the nonlinear system (|42)).

Implicit boundedness assumption on the the reference trajectory. Consider the spaces

W = {be W' |V-be L¥(J, L}, R)},
Wi = {beW|V-be L®Ry, L*(Q,R))},

Wi = {beW’|V.-be L2(J, L*(QR)},
Wi = {beW|V-be LE(Ry L¥(QR))] |

(cf. ) which are supposed to be endowed, respectively, with the norms

de{1,2,3), (43a)

d > 4, (43D)

1

@By = (@B + 19 6iirr)

b, = (@B + 1V b))

with » = 2 for d € {1, 2,3}, and r = oo for d > 4. The spaces are defined essentially
for us to be able to derive the existence of strong solutions. Notice that for 1 < r < 400
we have Ly (Ro, L") = L>(Ro, L"), because L™ and L™, with ; 4+ -+ = 1, are both
separable. See [Fat99, Lemma 9.1.2] and [Fat05, Section 4.1].
Now, we have the following estimates for the convection term
V- (b2)|y = [(V-0)z+b- V| <|(V D)2 [2] e + [b] e |21y
and, by using the Agmon inequality (cf. and [Tem97, chapter II, section 1.4)),

V- (0l < CIUV D)z |21 21 + 1Bl [21y for d=1

V- (0l < OV -)lga |21 12l ) + 1Bl 121y for d=2.
1 1

IV (0| < CIV D)o |21 [2lpmy + bl 2]y for d=3.

For d > 4, the Agmon inequality does not allow us to bound the L*-norm by the D(A)-
norm. This is the reason we (need to) take different spaces in (43b]). Notice that

|V - (02)| g < C|V bl o |2 + 0] 1o 12]y for all d> 1.
where C' > 0 is a positive constant.

Remark 4.1. Considering we will be able to treat a wide class of nonlinearities.
However, it may happen that we do not need to deal with strong solutions (see for
example the case of 1D Burgers equation considered in [KR15b]), or it may happen that
that we do not need to ask extra regularity for (a,b) to have strong solutions (see for

Preliminary version — September 28, 2018 — 15:46



18 D.PHAN AND S. S. RODRIGUES

example the case the convection term takes the form b- Vz as in [BKR15|, suitable to
deal with Neumann boundary conditions). That is, depending on the particular system
we are dealing with, we may consider different (less regular) spaces (43)).

Boundedness assumption on the nonlinearity. We suppose the nonlinearity N (z) in sys-

tem satisfies for a suitable constant C' > 0, and all (z,2) € D(A) x D(A), the
estimates

M) = N < Olz = 212 (14 |22 + 21 (Iefsy + 12l
+ Clz = 2l (213 + 121). (44)
with {1,625} € [0,400), and {e3,e4} € [2,+00). Notice that implies that
N(2) =N(2),2 = 2)y
<20 (J2f52 + 121 + (12 + 128) (1 + 1215 + 21) (1efa) + b)) 12— 210
< G (U 1217 + 31 (12lha) + 13l ) 12 — 21 (45)
for suitable {e5,e6} € [2,+00).

4.1. Strong solutions for the linearized systems. We fix a and b, which may depend
on time and space, and a constant Cyy ¢ > 0, satisfying

lal,y, + |b|wgt < Cwst- (46)

We present now some results, whose proofs can be done by following the arguments
in [BKR15, section 2].

By multiplying by —2Az, instead of by 2z as in the proof of Lemma , we can
also obtain the following.

Lemma 4.2. Given f € L*(I,H) and 29 € V, there exists a strong solution z €
W (I,D(A), H) for system (10), which depends continuously on the data:
2 = 2 2
|Z|W(1,D(A),H) < O[m,cw,st] <|Z(50)|v + |f|L2(I,H)> :
The next lemma shows a certain smoothing property of system ([10)).

Lemma 4.3. Given f € L*(I, H) and zo € H, let z be the weak solution for system ([10)).
Then y(t) == (t — s0)z(t) is in W(I,D(A), H) and satisfies the estimates

2 = 2 2

’y|W(I,D(A),H) < C[m,cw,st] ((51 - 50)2 |f’L2(I,H) + ’z‘L2(I,H)>

< 6[\1|,0W,5t] <|Z(30)\§1 + |f|iz(1,H)> .

Definition 4.4. For f € L} (R,,, H) and yo € H the function z defined in Ry, x 2 by

the property that Z|(50,T) coincides with the weak solution of in (sg,7), for all 7 > s
is well defined. It is called the global weak solution of in Ry, x €.

We have the following property for the solutions of on the infinite time inter-
val Ry, = (80, +00), 59 > 0.

Lemma 4.5. For f € L*(R,,,V') and zo € H, let z be the global weak solution of

S0

in Ry, with z(so) = 20. If z € L*(Ry,, H), then z € W(R,,,V,V’), and

S0

al 2 2 2
‘Z’W(RSO,V,V/) < C[Cw,sc] <’Z(80)’H + |f’L2(RSO,V’) + ’Z‘LQ(RSO,H)> :
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STABILIZATION TO TRAJECTORIES FOR PARABOLIC EQUATIONS 19

Strong solutions for the closed-loop linear system. The above Lemmas allow us to conclude
the next result (cf. [BKR15, Corollary 2.19]).

Corollary 4.6. Under the assumptions of Theorem[3.15, let I1 € P be the unique solution

of , and let (a,b) satisfy . Then for any zy € V', the solution z of is defined
globally and satisfies, for all t > sq,

2 2 = —(t=s0)X | |2
12Oy + ’Z‘LQ((t,tJrl),D(A)) < C[CW,S“Z\%]G (17502 |20y -

4.2. Fixed point argument. We start with the following result which follows from

Corollary and Lemma [£.2]

Corollary 4.7. Under the assumptions of Corollary [{.6, with zg € V, the solution z
of is defined globally and satisfies,

i 2
sup [N 750 z(1)

t>so

2
W((t’t+1)7D(A),H) CW,st7>\, ] |ZO’V .

Inspired from Corollary [4.7] taking sy = 0, we define the Banach space
2N = {z € L2, (Ro, H) ‘ |2] 25 < oo}

. We also set
W ((r,r+1),D(A),H)

endowed with the norm |z|zx = sup,q [}z

zZ) = {zeLfOC (Ro, H)) ‘ ’ex'z‘ < o0, for alerO}.

W ((r,r+1),D(A),H)

For a given constant o > 0 and 2z, € V' we define the subset
Zé\ = {z ez | |z|22A < Q|20|%,},

and the mapping ¥: Zé_\ = 2 Ees z, taking a given vector z to the solution z of

loc»
Oz —vAz +az+ V- (b2) + ByR ™ 'Bj Iz = N(2), (47a)
z|lp =0, 2(s0) = 2. (47b)
Lemma 4.8. Under the hypotheses of Corollary [{.7, there exists o0 > 0 such that the
following property holds: for any v € (0,1) one can find a constant € = €, > 0 such

that, for any zy satisfying and |z|y < €, the mapping V takes the set Zg‘ into itself and
satisfies the inequality

[U(21) — U(%) 53 S V|71 — Zalpn forall 2,5 € 2. (48)
Proof. We sketch the proof into [3| main steps:

(8) Step 1: a preliminary estimate. Consider the system

Oz —vAz+az + V- (bz) + ByR B}z = f, (49a)
z|lp =0, 2(0) = 2. (49Db)

where f € L2 _(Rg, H). If z is the solution of system with f = 0, by Corollary 4.7
Sglo) |e>\'z(')|12/V((r,r+1),D(A),H) < U[Cw,st,x%] |20l (50)

Proceeding as in [BRS11, [KR15b, BKR15, [Rod15bl, it follows that for nonzero f we
also have

_ k+1
A 2 sl 2 4)\s 2
SUP [ 20w (i < Clow ] (|Z°|V+?e1§/k e |f(8)|Hd8) . (5D
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20 D.PHAN AND S. S. RODRIGUES

(8 Step 2: ¥ maps Zg‘ into itself, if |zo|y is small. We will replace f by N (Z) in (51)).
From (44)), with (z, Z) = (2,0), we find that

k+1
sup / PN (2) ()] ds
k

keN

B B k+1
<sup sup € (|5 + MR+ H0)P) [ el ds

keN selk,k+1]
< Gy (Il + 2150 + 121577

because W((k,k +1),D(A),H) — C([k,k + 1],V) uniformly with respect to k& € N.
Thus, inequality with f = N (2) and z € Z) gives us

(22 < U[Cw gti\i] <|ZO|%/ +C (|5| + 255 + |2 |€3+2))

g3+
<Gy (14 Plaoft + 0 F 12057 + 0™ |20l 20}

- 441 _83+2
and if we set o = 4C5 and € < min {Ql, o 2@+e1) o 2 } , then we obtain

3+2

W) < Co (L4 g% + 077 0 4 075 e ) <dCilaol} = olaoly  (52)

if |20|v < €, which means that ¥(z) € ZZ;\'

® Step 3: V is a contraction, if |zo|y is smaller. It remains to prove . Let us
take two functions z;, zy € Zg‘ and let W(z;) and ¥(Z;) be the corresponding solutions
for (47). Set e = z; — z, and d¥ = ¥(z;) — ¥(22). Then d¥ solves with d¥(0) = 0
and f = N (z1) — N(2). Therefore, by inequality (51]), we have

(z) ~ W) < Cleyyn1] SUP / PN (21)(s) — N (22)(s) % ds.

t>0
and from
MNIN(21)(s) — N(2)()[%

€1

< lere(s)lp (14 [ez1(s)
Vv

+ ’e)‘sz (s)

€2 - 2
V) (‘e’\szl(s)
+lee() B (I 21 5)IF + 2 ()5
it follows that
W(z1) = W(2)[20 < CalelZs (1412115 +121% ) (1812 + |22 + 2105 + 205
and since z; and Z» are both in Zé, we arrive to
0% 25 < Calels (1+ 0% oolg + 0 ool ) (20fuol? + 0% ool + 0% [uofit)

Choosing € > 0, smaller than the one in Step [2 such that

N———

_Ater e3+2 9 1
IS

€< min {Qla Q72(2+El)79_ 23 797%7 (1g_c3)%g_%v (9703) 3Q_%7 (9%3)514@_;} ,

then we have that ¥ maps Zg into itself and

d¥[25 < Calel2s (14 0% e + 0% ) (202 + 0% ¢ + 0] < Gylel2:332,
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provided |z|? < e. That is holds true: |[U(z) — W(Z)[25 < 7|21 — 22|,
The proof of Lemma [4.8|is complete. U

The following result says that the feedback control locally stabilizes exponentially the
nonlinear system , is locally exponentially stable with rate %

Theorem 4.9. Under the hypotheses of Corollary[{.7, there is e > 0 with the following
property: if |zo|y < €, then there exists a solution for the system , m Rg x Q, which
belongs to L2 (R, D(A)) N C([0,+0),V), is unique, and satisfies

loc
lz(t) ]y < C’e_j‘(t_s(’)|z0|v, for all t > sq, (53)
for a suitable constant C' independent of (e, zg).

Proof. From Lemma and the contraction mapping principle it follows that if zp € V'
is sufficiently small, ||y < €, then there exists a unique fixed point z = ¥(z) = z € 2
for W. Tt follows from the definitions of ¥ and Z; that z solves the system , with
Z = z. We can conclude that z solves .

Further, inequality can be concluded from .

Finally, it remains to prove the uniqueness of the solution for in the space Z =
L .(Ro,D(A) x H)NC([0,400),V x H) D Z¢. Let z and z9 be two solutions, in Z,
for (42)). It turns out that e = z; — 25 solves with f = N(z1) — N(22), Using
and (45]), we can obtain

(ByR™'BiyIe, e)yrv < Cley, 511 lenliy

A 5 2 2 2
(F(21) = Flz), ehvry < Co (L 2l + 122 (Jrfa) + 22l ) lefi

from which we can derive, proceeding as in the proof of Lemma (3.3)), that

d o _ = 2 2 2

- leli < Cpenyont ) L+ 1207 +120) (albes) + 122l ) leli
Notice that the function

Val € € 2 2
s 6(3) = Tl n1.2] A+ 12T + 125 (12105) iy + 122(8) o)
is locally integrable, which allow us to write
le(t)[%, < eJo 99035 |e(0)%, =0, forall t>0.

That is, the uniqueness holds true: z; — 2z, = e = 0. Il

Remark 4.10. Notice that from the proof of Lemma we see that o increases and e
decreases as the transient bound C', 51 in increases.
5670

5. LOCAL INTERNAL STABILIZATION TO TRAJECTORIES

As a straightforward corollary to Theorem it follows the stabilization to trajectories

for system .
Let us be given a solution ¢ for the uncontrolled system (with u = 0) with go ==

9(0) € H and such that the vector functions in are such that A satisfies and
, and (a,b) satisfies , for suitable nonnegative constants C' and Cyy . Notice

that, recalling the notation in section , in this case N == %/\A/ also satisfies and ,
and (a,b) = (%é, %I;) also satisfies (46)),
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We consider system

Oy — vAy + [y, Vy) + BuR By I(y — §) = 0; (54)
Yl = 9; y(0) = yo.
with ﬁA solving

T, + MHAZY + AT, — T, By R B,y + ATy + MM =0, (55)

with A%z = vAz — az — V - (b2).

Observe that 2(7) == (y — 9)(%) solves

z
8,7 — A2+ a2+ V- (b2) + LByR By I = N(3);
7:'|r =0; 2(0) = yo — o,

and II, (1) = ﬁ,\(f) solves (34]) with a different pair (R, M):

N[
<
*
—~
—~
|~
~—
D=
<
I
jan)

%ﬁA LA + A%, — IXIABM(VR)”BXAXL + gﬁA +((2)
Therefore, from Theorem [4.9] we have that
HP)E < Ce v TIHO)2, for all 7 > 0,
provided |2(0)|y is small enough. This implies that
ly(t) — 9B < Ce™yo — Goli, forall t >0,
and we can conclude that the following theorem holds true.

Theorem 5.1. Under the hypotheses of Theorem[].9, there exists € > 0 with the following
properties. If yo € H is such that

Yo—Go €V and |yo — doly <
then the solution y of the system goes exponentially to y with rate %, that is,
ly(t) — 9|3 < Ce Myo — Gol¥, for allt >0,

for a suitable constant C' independent of (€,yo — Jo). Furthermore, the solution y is, and
is unique, in the affine space § + LE . (Ro, D(A)) N C(]0, +0), V).

loc

Notice that the feedback control stabilizes the linearized system to zero globally, that
is, we have the following theorem.

Theorem 5.2. Under the hypotheses of Theorem[{.9, given zy € V', the solution of

Oz —vAz+az+ V- (bz) + BMR_IBX/[ﬁ)\Z =0; (56)
z|lp = 0; 2(0) = zo,
satisfies
|2(t)|3 < Ce™M|20|,  for allt >0,
for a suitable constant C independent of zy. Furthermore, the solution z is, and is unique,

in the space L2 (Ry,D(A)) N C([0, +0), V).

loc
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6. EXAMPLE. POLYNOMIAL NONLINEARITIES

Many systems modelling real evolutions involve polynomial nonlinearities, for example
the Fisher-like equations [Fis37, [VP09] modelling population dynamics and the Burgers-
like equations [KR15bl BRT15] modelling fluid (e.g., traffic) flow. Here we check the
previous assumptions for the case the function f(y, Vy) takes the form f.(y) + f.(v) - Vy
where f. and f. = [fo; fes ... feq)', are polynomials:

P Pk
fily) = ijyj and  fo,(y) = Zrk,jyj7
=0

J=0

with 7; and ry ; real numbers, and p, € N for k € {1,...,d}.

For illustration, we consider here the case d = 3. The following estimates will be also
valid for d € {1,2}, though in those cases better estimates may hold true. On the other
hand some of the following arguments will not work in dimension d > 4, in that case
some changes are needed.

It is enough to analyze the case of monomials, with degree greater than or equal to 2:

fly) =y" withn > 2
and

fy) =y 0y = A50:y™",  with n > 1 for some k € {1,...,d}.

In this case, recalling the notation in Section [2] for a given trajectory gy, we obtain
respectively either

a=ng"' and b=0,
or

0 ifk#Ek,

a=0 and 1;:[1;1 1;2 I;d]Tv with [;’f_{g” if k=k.

Observe that in the case of a reaction nonlinearity f(y) = y”, condition (9) is satisfied

provided § € L> (R, L*@~V). In the case of a convection nonlinearity f(y) = 9, y"*!,

conditions (9) and are satisfied provided § € L°(Ry, L) N L=(Ry, W3(Q, R)).

The nonlinearity. Concerning , we need to be more careful, and need a bit more of
work. Again we consider only monomials. We also consider the case § € Li°(Rg, L™).

Ezample 6.1. In the case N'(z) = §™2% m € N, holds true. We may write
N(2) = NEg = 19" = 2)(z + 2)ly < |z = 2l 1§ 1w |2 + 2l
and
(2 (2 <12 2 )
N (2) = N < Cl™ e 2 = 2 (12 + 12 )
which shows that holds true.

Ezample 6.2. In the case N (2) = §™2", m € N and n = {3,4,5}, holds true. We
may write, for suitable nonzero constants r;,

n—1

N(2) = N(E) = 7z = ) ¥ ryaizn1

Jj=0
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where in the sum we have monomials of degree n—1. For example for 2'2"~2, by standard
(yet appropriate) Young, Holder, Sobolev, and Agmon inequalities, we may write

(2= 2)2' 272}, = (2 = 2228274 < |2 = 2 2l e 2l e 22777
~ ~ 2n—>5
§01|Z_Z‘V|Z_Z|D | |V| |DA)| |V| |DA)| 2| |2 |72‘(2n 5)
and, since H'(Q,R) — LS(Q,R) — L5 (O, R),
~ _9212 1+2(2n—5
‘(Z—Z)len 2|H < %| Z|V‘Z|D(A Z[pga) + C2 |2 — Z|D(A |Z|v| Zly FaEn=s)
~ ~ 4dn—6 4An—6
< G lz =2l (lalhs) + rzm) + Cylz = 2l (121 +12177)

For the other monomials we can obtain analogous estimates, which give us

N () = NG < Cal™ (e 2 = 215 (12l + D))

4n— 6+| |4n 6)7

~Am |2
+ O |9 |2 = Zlp(ay (1217

which shows that holds true.

Example 6.3. In the case N(z) = §™2°, we were not able to derive (44]). Proceeding as
above, for suitable nonzero constants r;,

N =) = 7= 2) 3 1yl

where in the sum we have now monomials of degree 5. If for example for 2!z*

as above and write

, we proceed

1~4‘2 _

(z — 2)2'2 g (= — 2)22228‘L1 <z = 22 2] oo | 2] oo |z§7|L1

i1 1 .
< Cilz =2y |2 = Zlpay 218 12130 1217 1215 [227 | 11
we cannot bound the term |2Z7|;, by the V-norms of z and Z (for d = 3). Trying to use

again the D(A)-norms, we were not able to arrive to (44)) (the D(A)-norms will appear
with a power strictly greater than 2).

Ezample 6.4. In the case N'(2) = V - (g(9)2"), where n € {2,3} and g: R — R® is a

smooth function, estimate holds true provided ¢(y) € Wy. We consider only the
case n = 3. We write, for suitable nonzero constants r;,

N =N = V- (9= - 2) 3 ry220)

J=0
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where in the sum we have monomials of degree 2. For example for zZ we find
V- (9(9) (= = 2)22) [
AN |12 ~ ~
< [(V-g(@))(z = 2)%2°2%| , +19(0) |1 |(V((2 = 2)22))?]
< (V- 9@))zs |2 = 216 |22
AN\ |2 ~ ~12 ~
9@ ([(V0 = 2020 |22 o + |2 = 2 |(9(22))] )
S22 212 - - 2 12 2 22
< Clz =2y |21 |21 + Clz = 2|y |2 — Z|D(A) (|Z’v |2[e + [2]700 |Z’V)
~12 2 2 2 ~2
< Culz =31 (128 + 12) (12fa) + EDs))
- - 2 (2 o= )
+ il = 2y 12 = 2l (1205 121y 12lna) + 2y 12l 1217)
12 2 2 2 <12 <12 6 <16
< Cale = 23 (12 + 12 + 1) (Ialds) + b)) + ol = 23y (1215 +1215)
We can obtain analogous estimates for the other monomials, and conclude that
N () = NGy < Colz = 2 (12l + 12l + 1) (el + 12 )
<12 6 <16
+ Cs |z — Z’D(A) (’Z‘V + ’Z‘V) :
which shows that holds true.

7. BOUNDARY STABILIZATION

We start by considering a linear system in the form , without the nonlinearity, which
we rewrite in the more general form

Oz —Az+az+ V- (b2)=0; z|p = Br(;

o7
2(0) = 2. (57)
where now our control is a function ( € Z, where Z is an Hilbert space, and Br €
‘C’(Z Glloc(ROa )) with
Gloe(Ro, T) := () G'((0,T),
T>0

Gl((80,81>,F) = W((80781>’H1(Q7]R>7V,)|F = {U|F | v E W((80,81>,H1(Q,R),V,)},

for all s > so > 0.

7.1. Weak solutions. Let us consider the more general system
Oz —Az+az+ V- (bz)+g=0, (58a)
zlp =7, 2(0) = zo. (58b)

with an external body forcing g and where the control in is replaced by a general
external boundary forcing ~.

Notice that for I = (sg,s1) and for given v € W(I, H'(,R),V’), we have v|, = 0
if, and only if, v € W (I, V,V'). Therefore since v € W(I,V,V’) is a closed subspace of
W(I,HY(Q,R), V") we have that the function

Ey: GYI,T) — W(I, H'(Q,R),V');

v Ery € WLV, V), with Ei(y)|p =7
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is well defined. Notice also that in this case we can see that the trace space G'(I,T) is
an Hilbert space, with the scalar product

(% §)G1(1,r) = (El (7)7 Eq (5))W(1,H1(Q,R),V')~

The corresponding induced norm corresponds to the trace norm (or range norm, cf. [Rod14],
Lemma 3.1])

|7|Gl(1,r) = Vl_nf ‘U|W(I),H1(Q,R),V’)‘
Definition 7.1. We say that z is a weak solution for system ify=2—FEyvisa

weak solution for the system with f =g+ 0, F1y — AE1y + aFEyy+ V- (bE1y), and
y(0) = 20 — E1v(0).

Lemma 7.2. Given (a,b) € W satisfying (9), g € L*(I,V'), v € GY(I,T) and 2, € H,
there exists a weak solution z € W (I, H'(Q,R), V") for ([10). Moreover z is unique and
depends continuously on the data:
2 Yal 2 2 2
|Z|W(I,H1(Q,R),V’) < Clnewl <|Z(80)|H + |9|L2(I,V') + |7|Gl(1,r)> :
Proof. The proof is straightforward from Definition [7.1) and Lemma (cf. [Rod14, The-
orem 3.2]). O

7.2. Strong solutions. In order to define strong solutions, we introduce

Ce(Bo.T) = () G'((0.7).T),
T>0
G*((s0,1),T) = W ((s0,51), H* (2, R), H) 1.,
for all s; > sg > 0, and consider the extension
Ey: G*((s0,51),T) = W((s0,81), H*(Q, R), H);
v = Eyy € W((s0,51), D(A), H):,  with  Ey(v)|p =7

The trace space G*((sg, s1),T’) is endowed with the scalar product

(7 )62 ((s0,51).1) = (E2(7); Ba(&))w((s0,01), H2 (R, 1)
and induced norm

|7|G2((50,51),r) = ,lenj |U|W((so,sl),H2(Q,R),H) .
T

Definition 7.3. We say that z is a strong solution for system (58]) if y = z — Eyy is a
strong solution for the system with f = g+ 0y Foy — AEyy + aFEyy+ V- (bEyy), and
y(0) = 2o — Eoy(0) € V.

Lemma 7.4. Given (a,b) € Wy satisfying [46), g € L*(I,H), v € G*(I,T) and z €
H'(Q,R), with zo— Eyy(0) € V, then there exists a strong solution z € W (I, H*(2,R), H)
for . Moreover z is unique and depends continuously on the data

2 = 2 2 2
2w i om),m < O[|1\,owﬁst] <|Z(SO>|H + 1902 m) + |7|c2(1,r)> :
Proof. The proof is straightforward from Definition [7.3| and Lemma |4.2] O
Also in the case of nonhomogeneous boundary conditions, we have the following smooth-

ing property.
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Lemma 7.5. Let us be given (a,b) € Wy satisfying [46), 20 € H, g € L*(I,H), and
v € G*(I,T)); then for the weak solution z of system (58), we have that (- — sg)z €
W(I,H*(Q,R),H), and
= 2
(I(- = SO>Z|%/V(I,H2(Q,R),H)) < C[CW,St] (|ZO|12H + |9|L2(1,H) + M%ﬂ([,r)) :

Proof. Since z solves (5§)), it turns out that also w = (- — so)z does, with different data:

Ow — Aw+aw+ V- (bw) + (- — s9)g — 2 =0,

wlp=(-=s50)y,  w(0)=0.
Then, from Lemma [7.4] we can derive that

2 = 2 2 2
(Wl w2 r) m) < C[m,cw,st] (\( = 50)9|r2.my + 2|2y + (- — 50)7\G2(1,r)> :

Thus, the result follows from |z

T2 < 2l ) i1 my) and from Lemma ﬁ O

Lemma 7.6. Let (a,b) € Wy satisfy . Let z solve system , with g € L*(Ry, H)
and v € G*(Ry,T). If z € L*(Ry, H), then z € W(Ry, H(Q,R), H (2, R)), with

= 2
|2 (o, 111 (), -1 (0,R)) < C[CW,st] <|ZOMQH + |2l T2 mym) + |91 72(Rg 1) T ”Y%%ROJ)) :
Proof. From Theorem [3.3] we find

2l 2
’Z’%/V((O,l),Hl(Q,R),H*l(Q,R)) < C[cw,st] (’ZO\%{ +19122(01),v) T \7\%}1((0,1),r)> (59)
and, from Lemma [7.5] we have that for all ¢ > 1

val 2
|Z(t)|?{1(Q,R) < C[Cw,st] <|U(t - D[+ ‘g|L2((t—1,t),H) + |7|é2((t—1¢),r)) )

which allow us to obtain

272 (Ry,H'(2,R)) Z| |L2 ((n,n+1),HL(2,R))
S(JchtE:/ t_1|H+|g|L2(t1t +|7|G2t1t)r)d

IN
Ql

n+1
2
[Ow ] ('Z (22 o,m) + Z / 90221000y T 1B (10,1220, dt)
n=1vY"

IN

+oo
el 2
C[CW,“] <|Z’%2(RO,H) + Z 19122 (= 1,m41), 1) T ’Eﬂ\124/1((n_1,n+1),H2(Q,R),H)) :

n=1

Hence, it follows
el 2
2220, < Cloy ] (|ZV%2<R0,H> + 29012 @y m) + 21 B2y |12/V1(R0,H2(Q,R),H))
Vol 2
< 2070, 01 (120 + 19120, + Mo ) -
which, together with gives us

= 2
|Z’%2(R0,H1(Q,R) < C[CW,st] (‘ZOBT{ + |Z|%2(]R0,H) + 19|72 (Ro,1) |’7‘2G?(R0,F)> :
Since z solves system , we can obtain that
104272 o 111 (0. 1)) < U[CWM] 2|72 o, 111 (1))

which finishes the proof. U
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7.3. Null controllability. Consider, in the bounded cylinder I x Q, I = (sq, s1), the

controlled system . and also the adjoint system (|16)).

Let z(-) = 2(z0,¢)(-) and ¢q(-) = q(q1)(-) solve and ([L6]), respectively. Thus,
integrating %(z, q), we find following the arguments in [Rod14l section 4] and in [Rod15a,
section 3.1] that

(2(31)7 Ql)H - (207 Q(30)>H = <Il - Vg, BFC)Gl((80781),F)’7G1((50781)7F)
- <Bl>|:‘ © (n ' v)Qa C)Z’,Z

where By € L(G'((s0,51),T), Z’) is the adjoint of Br, and the symbol o stands for the
composition of two operators.
Also in the boundary case we have the following lemma (cf. Lemma .

Lemma 7.7. System is Bf o (n-V) observable in I with

19(q1)(80) 7 < Cops |Bro (- V)q(q1)lz (60)

if, and only if, system is null controllable in I and the family of controls {u(zy) |
20 € H} is a bounded linear function of zy:

1C(20)] z < Cobs 20|y » where Copg is as in .

Controls supported in a subset. Given an open subset I'. C I', we define the spaces
G (0, 51),T) = {7 € G ((50,51).T) | Ylryre = O},
G2((50,51),T) == {7 € G*((s0,51),T) | 7l = 0}

From the results in the section and following the arguments in [Rod14] section 4] we
have that we can construct open subsets @ with QN© = ) and I'Ndw = I, leading to the
existence of a constant Cg o > 0, depending on @ and €2, such that the weak solution ¢

for (16)) in I x Q with Q = QUw UT,), that is, § solving
0d— Aj+ag—b-Vi=0,
Cﬂr = 07 Cj(sl) = (jla
satisfies
~ CL;, (€] I,a 0o ,b o) %) 7d ~
|Q(O)|i2(§~2,R) < Can (111 lal, (1,0dy:[blLge (1, 100y ) |q|i2(I,L2(®,R)'
with © as in ((18). Here the functions @ and b are extensions of a and b by zero outside €.

By Lemmas 7.7 and ﬁ we can find a control 7 € L2(I, L*(Q,R)) such that the corre-
sponding solution of the system

0F—AZ+az+V-(b2) + 157 =0,
§|f = O, 2(80) = 50,
where Zj is the extension of zy by zero outside 2, satisfies
212 = C.00Y [3(c \|2
1l a0 @yt @y < Cliniowt (14 €75°9) 2(s0) |2 -
Therefore z := Z|, solves with v = Z| € GL((s0, s1),T) satisfying
2 2l 5 ~ 2 Vol 5 2
Ve (o) < CClirow) (1 +€7299) [2(s0) 2@ my < Clinnewie™ 2(s0)ly

Since the choice of such subset @ is at our disposal, and using Lemmas [3.6) and [7.7] we
can conclude that there exists a constant Cr, o > 0 depending on I', and €2, such that

’q(o)ﬁ{ S aHI"CW}eC’Fc,Q@(U|7|a|Loo(I,Ld)’|b‘Lﬁ,°(I,LOO),d) |11‘*C (1’1 . vq<QI))|2G%((So,51),F)’ s (61&)
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if (a,b) € W. Further, if (a,b) € Wy (cf. [Rod15a, Remark 3.3]) we can derive that

2
11.Cw,st] G2((s0,51).1)" * (61b)
Thus, in the case we take Br = i, € L(G¢((s0,51), 1), G'((s0,51),T)), 7 = 7, as
the inclusion operator, then we have Bj, = 1r, and we can conclude that holds

. C oI o ,0] 100 ,d i
with Cyps = Ce T (H2hlal oo 1,y oo 1, moc) ) Therefore we have the following.

|q(0)|§—1 S 6[ eCFc,Qe(‘I|7|a‘L00(1,Ld)’|b|Lﬁ,°(I,LOO)vd> |1FC (n . Vq<q1))

Theorem 7.8. Let (a,b) € W and Br = ur.. Then, there exists a family {((z) | 2o €
H} C GX((s0,51),T) such that the solutions z(z29,((z)) to satisfy z(zo, ((20))(s1) =0
and, for a constant C' = C(I'., Q) = Cle,,), we have that

- Yal co
’C(ZO)’Gg((so,sl),F) < Clome 20l 5

with © = © <|I|, |a|Loo(R0,Ld) ) |b|L5;>(R0,Loo) ,d) given by '
Furthermore, if (a,b) € Wy then there exists a family {((z0) | z0 € H} C G?*((s0,51),T)

such that, still z(z9,((z0))(s1) =0, and we have

= ol ce
‘C(Z())‘Gz((%,sn,m =C ¢ [0l -

‘I|7CW,st

Given a nonzero smooth function xr: I' — R with supp xr C T, we also have the
following (cf. [Rod15al, section 3.3]).

Corollary 7.9. Theorem[7.§ holds in the more general case
Br = 1r.xrlr. € L(Ge((50,51),T), G*((50, 1), 1)),
with D = lA?(XF,FC,Q) > 0 in the place of C.

7.4. Stabilization to zero by finite dimensional controls. Now we consider the case
M

of finite dimensional controls, of the form _ u;(¢)®;(x). Let us consider a family Cr =
i=1

{U, € H5(I,R) | i € {1,2,..., M}} satisfying 1r.xrCr C H2(I',R), and denote by Py
the orthogonal projection in L*(T', R) onto Sz = spanCr.
Let us also fix a positive constant A > 0 and consider, in R,, x 2, the system:
Opzx — Azz + (a — %)z; + V- (bzx) =0, (62a)
zxlp = Iroxr Pulr G, zx(s0) = 2o. (62b)
Definition 7.10. We say that is exponentially stabilizable to zero, with rate 0, if
there are constants C; > 0 and Cy > 0, and a bounded family {¢ = ((z)) | 20 € H} C
G:A: (R(]? F)?
2 2
‘C(ZO)|G(1:(RO,F) < C1 |zl
such that the corresponding global solution z5(t) = 2z5(z0, ((20))(t) satisfies
|25 ()3 < Calz0l3, for all t > sq.

Notice that we may write

M M
Ir.xr Pulr.¢ = Ir xr Z GV, = Zuijz
i=1 i=1
with U; = (z and \IIZ = 1FXF(I;'L'7 1€ {]_,2, e M}
Henceforth we use the control operator

B]I\‘/[ = ]-FCXFPM]-Fc' (63)
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Further © and D are as in Theorem and Corollary 7.9

Let z5 solve (57) with Br = 1. xrlr, and (¢ — %) in the place of a, and with the

corresponding control ¢ = ((z) € G2((so,51),I") given by Corollary [7.9] and let 2y
solve also with ( = ((29). Then, d = z — z); solves

Oid — Ad + (a — 3)d +V - (bd) = 0,
dlp = Iroxr(1 = Pu)lr((20),  d(so) = 0.
If (a,b) € Wy satisfies (46), from Lemma and Corollary it follows

2 —_ 2 2
|d’W(I,H1(Q,R),V’) < Er(]) Mr.xr(1 - PM)lrc‘c(Gg((so,sl),r)),Gg((so,sl),r) |ZO‘H

_ . De <7’,
:p(T) = C[|I|70W,st]e

We can see that when (a — %, b) = (0,0) then (62) is exponentially stabilizable to zero,

with rate 0, just by setting ((zo) = 0 for all 2o € H. Therefore from now we consider the
case (a — 3,b) # (0,0) where we can see that it holds

with

N>

a—

7bl°OR 1007d
L (]RvL(i)“u](O7 )>

7> 0.

Tl_lgrnoo Er(r) =400 and ll_r}(l) Er(1) = +o00.

Hence we can set T, > 0 such that Zp(7}) = migl =r(r) = Yr.
T>

This allow us to derive the following result on a sufficient condition on the family Cr
for the existence of a stabilizing control. The proof can be done following the arguments
used in the internal controls case as in in [KR15a, BKRI5].

Theorem 7.11. Let us be given a nonzero xr € C*(Q) satisfying supp xr C I'c. If

2 _
[Lroxr (1 = Par) el 6z ((soss0.m), (o)) < LT (64)
then system 15 stabilizable to zero with rate 0.

7.5. Feedback stabilizing rule and Riccati equation. Here we follow the ideas
from [Bad09, Rod15b], by considering a suitable extended system. This is done in order
to be able to use the Dynamical Programming Principle.

Here we suppose that holds true, so that from Theorem we know that there
exists ¢ € G*((so, 51), ') stabilizing system to zero with rate 0. Writing

M
Ir.xrPulr.C = ZUﬂFCXF‘I’i,
i=1
we know that Eylr, xr Pylr.C € W((so, s1), H*(2,R), H), but we do not have necessarily
that u; € H'((so,51),R), for each i € {1,2,...,M}. Though, we can say that u; €
H1((so,51),R), see [LM72D, chapter 4, section 2.2].

Since we would like to follow the procedure in [Rod15b] we need u; € H'((so, 51), R).
This regularity in time could be guaranteed (for a suitable class of actuators) by follow-
ing the arguments based on suitable truncated observability inequalities, in both space
and time variable, from [Rodl5al, section 4.3], see also [Shill]. Skiping those techni-
cal details, we would arrive to the following result for a suitable projection P]’i;f defined
in L?((so, 1), R), with range contained in H*((so, s1),R).

Proposition 7.12. Let us be given xr as in Theorem|7.11. If
<t (65)

¢ 2
[troxe (= PiPan) b g ca s caensnn < T
then system ((62)), with P]tV[PM in the place of Py, is stabilizable to zero with rate 0.
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Remark 7.13. A characterization of G%((sg, s1),[') in terms of fractional Sobolev spaces
can be found in [LM72Dh, chapter 4, section 2.2]. However, we do not know a similar
characterization of GL((sg, s1),I"). Thus, we cannot follow word by word the procedure
in [Rod15al, section 4.3], but we can use the main idea. Starting by writing 1 — P]%[PM =
1—Py+(1- P]tV[)PM, we find (using the identity Py = Py Pyy)

t
|1F°XF(1 = Py Par)lr. L(G2((50,51),1)),GL((s0,51).T)

< e X (T = Par)lrc| 262 ((s0,50)0).G1 ((s0.51).0)

+ |1 x(1 = Py,) Py p [Pl

(G2 ((s0,51)T)).GE ((s0,51), £(GE ((s0,51).0)).G1 ((s0,51).T)
< X (T = Par)lrc| 262 ((s0,50).0).G1 ((s0.51).0)
+ CXF,M }(1 — P;;[

) ‘E(H%((so,sl),R))’H% ((s0,51),R)) |PM1FC|

9

£(GE ((50,51).0)).G} ((s0,51).T)

3
where GZ((s0,51),T) == [G*((s0,51),T), GL((s0, 51), F)]% is an interpolation space in the

—1
sense of [LM72a]. If Py, satisfies with, say, % in the place of T1!, then we can

set P;Z (i.e., set M big enough) such that holds true. Finally, notice that with
X = W(s,51), H*(Q,R),H) and Y = W((s¢,51), H'(,R), H (2, R)) we have (us-
ing some results from [LM72bl chapter 4, section 2.2])
3
G ((s0,51). 1) = [X, Y],
C 3 C

GZ((s0,51), ) = G&((s0,51), ) = Ge((s0,51),T),

HQR), H) | = L((s0, 1), H' (T, R)) N B3 ((s0, 1), L*(T, R)),
(Q

W ((so,51), R), H
7R)=H)|F = [Xv Wl((soﬂsl)le(QvR)7H)]%|1"

H
Wl((So, 81), H

Njw

<5 G2((50,51),T),
((s0,51),R) <> H3 ((s0, 51), R).

W

H

7.5.1. The auziliary extended system. Once we have that u; € H'((so,s1),R), for each
i€{1,2,..., M}, then we can rewrite in the variables (yx, k3) = (25 — Bukx, K1),
as the extended system

05 — Ays + (a — 3)ys + V - (bys) — ABuks + aBuykz + V - (bBykz) + Btz = By,
oKy — %/15\ + SRy = 213, (66)
Yx(s0) = Yo = 20 — Buko, K (S0) = Ko, yalr =0,

where By : RM — H?(Q,R) is given by

M
B\I;Ii = Z ﬁi\iiu with i\I}Z € HQ(Q,R>, Ejz|r = \I]z = ].FCXF{I\/Z‘, (67)

i=1

where the extensions W; of the U;s are fixed. Recall that by assumption ¥; € H %(F7 R) =
H?*(Q,R)| for all i € {1,2,..., M}. Furthermore, ¢ € R is a parameter at our disposal,
notice that it does not appear in .

From Proposition[7.12] we can conclude that there exists k = u € H'((so, s1), RM) such
that system is stabilizable to zero with rate 0, provided holds true.
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Hereafter we will use a particular extension, namely, the given actuators ¥;, defined
on the boundary I', are extended to ¥;, defined in €2, by solving the elliptic system

AU+, =0, U, = 0, (68)

The following discretization is valid only for this particular extension, which as we see
leads to suitable simplifications on the corresponding Riccati equations, namely the 2nd
order space derivatives term —ABgx disappears in (66), because (A*" + <) By reduces
to aBg + V - (bBg). To simplify the exposition, we rewrite system {(66]),(68)}, for
(y,k) € Hx RM as

s —A+ Ko Kb [ys] [Byl] yx(s0)| _ %o
O |:/£j\:| +[ 0 Y R 1] =0 ka(s0)| — |Ko)’

where ¢ and K" € L(V + BgRM V'), for r > 0, are given by
G =¢—1%, K" = aw +V - (bw) — %. (69)

As in the internal case we can prove that the control can be taken in feedback form,

st = Fx(t)(ya, k3) = =B, T () (ys. £3),

with B}, = Bl‘l’ , with adjoint Bf," = [Bj 1]. Furthermore the operator II} can be
chosen to satisfy a differential Riccati equation

d a,b a,b* — * *

&Hg +IGASY + AT T — T3 By R By, 115 + MM =0, (70)
with

A‘f’b _ —A+ Ka,b,?\ Ja:b.0
A< 0 S ’

and for suitable R € L(RM) and M € L(V xRM — V' xRM). In this case, the obtained
feedback control is the one that minimizes

[ ]

HxRM

+ 565(7) " Roex (7)dr.

For example we can take R = 1 and M = (_OA)2 ﬂ as in [BRS11, [KR15D]. From
Lemma |7.6| we can also take M = [(1) (1)] instead (cf. [Rod15b, BKR15]).
It follows (cf. Theorem and Corollary|3.16|) that the solution (y5, x3) of the system
Ys| _pab |Yn By | 1 s rlus| _ yx(s0) | _ |vo
g8 e B L S e o o B

remains bounded: |(yx, £3)| 5. g < U[CW AL | (30, Koo g - Therefore, the solution of

1
'X

S L B

0

N>l

goes exponentially to 0 with rate Notice that (ys,k5) solves if, and only if,

(4, 7) = e (5, 55) solves (D).
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7.5.2. From the auxiliary to the original system. Once we have the feedback rule
IDY T,
L7 15
ra* A
I, 5 2,2

I = € L(H x RM)

we observe that
* Yy % A ra* w« 02 X
== [B\I/ 1} Hg [K] = _(B\IIHI,I + H1,2 )y — (B\I/HI,Q + H2,2)’%
and that z5 = y5 + Bykj solves for time t > s

Orzy — Azy + (a — %)Zi\ + V- (bzy) =0, zx(s0) = yo + Buko, (73a)

Zp = By (egtﬁo —/ e <=9) [By 1] ITS (s) {y;\(s)] ds) , (73b)
50 K (s)
and remains bounded. Here B} : RM — span 1r, Xré\r stands for the mapping
M
B\II;U — Zuilrc)(F{I\/i.
i=1

Notice that, without loss of generality, we can suppose that the functions ¥; are linearly
independent. In this case, we have that V N BgRM = (. Thus, since for a.e. t > sq
we have z(t) € V + ByRM  we can write z(t) = y*(t) + Byr*(t) = 0 in a unique
way, with (y*(t),x*(t)) € V x RM. That is, y5(s) and k;(s) appearing in can be
constructed from z5(s).

A procedure to construct the mapping z — (y*, k%) is the following: we orthonormalize
(e.g., by applying Gram—Schmidt procedure) the family \Tli, say in the H-scalar product.
In this way we arrive to the orthonormal family C = {; | i € {1,2,..., M}}, Now we
can write v = w + Zf\il &0, with & = (v, \TIZ)H Finally, we construct ¢ by a matrix of
change of coordinates Zf\il aﬁfi = Zf‘il fi‘i/i, and still have v = w + Zf\il O’Z"AI}Z'. That
is, denoting y* = w and x* = o, the mapping z(t) — (y*®, xk*®) is well defined and we
can rewrite the integral feedback rule in as

_ T 2(s)
z|p = BY (e—cmo — / et [By 1] 5 (s) {M ds> , (73c)
S0

which underlines the (integral) feedback nature of the control, also as a boundary control.

7.6. The nonlinear systems. As we have done for the case of internal controls, under
suitable conditions on the nonlinear function N/ we can derive also that the local sta-
bilization result holds for nonlinear system in the form with N as a perturbation

Orzx + A%z5 — 25 = N(zx),  2xlp = Byks, 2x(s0) = yx(s0) + Bukx(so), (74a)
Oums — A+ s — — [By 1] IE [T B ) — b
iRy — 5Kx TSR = [ o } b y . kx(s0) = Ko, (74b)

The procedure is analogous to the one in section 4| (cf. [Rod15b]), so we will not repeat
the details here. However, it is important to recall that since we need (in general) strong
solutions to deal with the nonlinearity, it is important that the initial condition satisfies
the compatibility condition 2(sg) = 2o € V + ByRM (cf.Lemma [7.4). This means that
when dealing with stabilization to trajectories (cf. section , for the internal controls
case), we need the compatibility condition

(y(s0) — §(s0)) |- € BERM = span{1lr xr¥;}. (75)
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At this point we also recall that the solutions given in Lemmas[7.2]and [7.4]do not depend
on the extension E; and Fy, respectively. See [Rod14, Remark 3.2].

Similar estimates on the transient bound, and on dimension of the control like
and , depending exponentially on the data, can also be derived.

It turns out that, in both internal and boundary cases, numerical simulations do suggest
that a better estimate on the number of needed actuators might exist, like the one in (28)
depending polynomially on the data. So, we would like to finish this section with two
very particular questions:

e Can we find a particular case, in the boundary setting, leading to an estimate

like ?
e How does the observability constant Cop,g in “looks like” when the control
acts on all the boundary? Can we get, in this case, a constant which is “better”

than those in ?

Remark 7.14. Though the closed-loop systems {, } and are formally equiv-
alent, the latter may have some advantages for numerical simulations, because the dy-
namical equation in is relatively easier to discretize than the integral equation
in . Hereafter, we will consider only the discretization of .

7.7. Back to original time. Stabilization to trajectories. Let us be give a solution ¢
for the uncontrolled system (2| . with u = O) with gy == 9(0) € H and such that the vector

functions in (5)) are such that N satisfies (44) and (45), and (@ b) satisfies (46]), for suitable
nonnegative constants C and C’W ot Notlce that, recalling the notatlon in section 2, in

this case N == %/(\/' also satisfies (44)) and (45)), and (a,b) = (1a L 1b) also satisfies

We consider system with a dynamlcal feedback as follows

Oy — vAy + f(y, Vy) =0, ylr = g — Byr, (76a)
~ — 44— BT
O+ sk =— By 1]TI [y yﬁ w]) y(0) = o, (76b)
with 11 A solving
- -~ a,b,v abr s - _ * 1T *
ST+ TIRAS Y + ALY TS — T By, /R By, 15 + MM = 0, (77)

with R and M as in and with
v |—UA 4 KobA b0
S 7
and K@ and ¢y defined as in
Observe that (2, k)(7) = (y — 9,k )(E) solves, with

0.5 — Af+ai+ V- (b%) = N(2); %= —BLk

o= [f- Bl ) )
— By 1}1’15{ rf\p}’ 2(0) = yo — Yo,

Ok + =k

NIl

and ﬁE(T)_I ﬁg(g) solves with a different pair (R, M). Indeed, from (77)), we obtain
that for (A, <) = (2, <),

viv

M)*((1)zM) =0.

N|=

LIL + THAGY + ALY My — LBy (vR) B3, 11, + ((2)
Therefore, we can conclude that

15(7)[2 < Ce™|2(0)[2, for all 7 > 0,
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provided |2(0)|y is small enough. This implies that

ly(t) — 905 < Ce ™|y — Goliy,  for all £ >0,
and we can conclude that the following theorem holds true. Recall the operators
and .
Theorem 7.15. Under the hypotheses of Proposition[7.12, with

Ran Py = span {W; | i € {1,2,...,M}} € H¥(T,R),
there exists € > 0 with the following properties: if yo € H s such that
Yo —Uo €V + ByRM and  |yo — Uoly < e,

then the solution y of the system goes exponentially to y with rate %, that s,

ly(t) — 95 < Ce ™M yo — Goli,  for all t >0,

for a suitable constant C' independent of (¢,yo — 9o). Furthermore, the solution y is, and
is unique, in the affine space § + L (Ro, D(A) + BgRM) N C([0, +00),V + BgRM).

loc

Notice that the feedback control stabilizes the linearized system to zero globally, that
is, we have the following theorem.

Theorem 7.16. Under the hypotheses of Proposition with
Ran Py, — span {@ lie{1,2,... ,M}} c H3(I,R),

given (2, ko) € H x RM | the solution of

Oz —vAz+az+ V- (bz) =0, z|p = —Byr, (79a)
. ~r |z — BLk 2(0 2
Ok + sk = — [By 1] [ By } [H (oﬂ _ Lz] , (79b)

satisfies
|2(t)|3 < Ce™ %)%,  forallt >0,

for a suitable constant C independent of zy. Furthermore, the solution z is, and is unique,
in the space L2 (Rg, D(A) + BgRM) N C([0, +00), V + BgRM).

loc

8. DISCRETIZATION OF THE LINEAR SYSTEMS

We explain how we discretize a linear parabolic equation with nonhomogeneous Dirich-
let boundary conditions. We will focus our simulations on the 2D case, considering our
domain to be the unit ball Q =D = {(z1,72) € R? | 22 + 22 < 1}.

Here, we focus on the approximation of the linearized closed-loop systems and

perturbed with the reaction term %z:
8tZ—VAz+(€L—%)z+V-(l§z)+F§\nz:O, z|lp =0,
(80)
2(0) = zo,
and
Oz —vAz+(a—3)2+ V- (bz) = 0, z|p = Byk, (81a)
Ok + (¢ — %)/@ + FP°(z — Byk, k) = 0, (2(0), k(0)) = (20, Ko), (81b)
with Firz := ByR™'Bj Iz and F2°(2 — Byk, k) = [By 1] TI% {Z _KB\PK}.
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Remark 8.1. Notice that we want to observe that the solutions of , respectively
go to zero exponentially with rate % Thus we want the solutions of and to

remain bounded. Indeed z solves , respectively (z, k) solves , if and only if 022
solves , respectively e%'(z, K) solves .

8.1. Discretization in space. The simulations are done in MATLAB. We approxi-
mate (2 by a polygonal domain €2p and consider a partition of {2y into nonoverlapping
triangles. For this we use the function initmesh from MATLAB. This function gives us
a mesh triple (p,e,t) where

e the point matrix p contains (information about) all the vertices of all triangles of
the partition.

e the edge matrix e contains (information about) all the boundary segments of Qp.

e the triangle matrix t contains (information about) the triangles of the partition.

Recall that given a triangle t, with vertices (P, (1), Pt,(2): Pty(3)), then any point x €
t) (inside or on the boundary of the triangle t;) can be written uniquely as a convex
combination: there are nonnegative zt%M 2t and 2*®) such that

| = ) | b 4 )
T = xtk(l)ptk(l) + xtk(Q)ptk(Q) + xtk(g)ptk(S)'

Any continuous function z € C(2, R) can, and will, be approximated by a sum

z(z) = Z(z) = Zz(pl)(gz(x), for all z € Qp,
i=1
where s, is the total number of points in the mesh; {p; | i = 1,2,...,sp} is the set of all

mesh points and the ggis are the classical piecewise linear hat functions defined as
L, if z = p;;
¢i(x) =40, if © = p; with j # i;
P xtk(l)ﬁgi(Ptk(z)), if z € ty,.

Notice that the support of ¢; consists of the triangles with the common vertex p;. We
will denote the finite-dimensional space

Vp = span{g/b\i lie{1,2,...,sp}}

In other words the function z can be approximated by the evaluation vector

z:=[2(p1) 2(P2) ... Z(PSp)}TeMspxb

where AT stands for the transpose matrix of A.
The weak discretization matriz Lp of a given operator L € L(H' — V), is defined so
that (for smooth functions)

v'Lpu = (L, )y = (0, La) g,

that is, the entry in the ith row and jth column of Lp is (Lp)g;) = (¢4, L(Ej)H.

We recall the so called mass M and stiffness S matrices are defined as

M) = (¢i,¢j)n and  Sqj) = (V¢i, Vo,)u.

Notice that M = (Id)p where Id: v — v is the identity/inclusion operator, and that S
is related to the Laplacian: for smooth (u,v) € H'(Q) x H}(Q) we have (—Au,v)yy =
(VU, VU)H ~ (Vﬂ, VlN))H = UTSﬂ.

We refer to [Che05l, Section 1.3 to 1.5] for further details.
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8.1.1. Discretization of the heat equation. We are ready to semi-discretize the system
Oz —vAz+ f =0, (82a)
Zle=9,  2(0) = 2, (82b)

provided the functions f and g are known (and continuous in space variable).

Inspired from Lemma |7.2 we look for a solution in W (I, H', V"), thus we look at
as an identity in L?(I,V’). Therefore, it is enough to test this equation with elements
w in the dual L?(I,V). Replacing z by Z and testing with a function w € C(I,Vp)
with @|. = 0, we find that z € L?(I,V) and (AZ,w) = —w 'Sz, and we arrive to

w oMz +vw'Sz+w Mf=0, Z[.=7.

Reordering the mesh points. The vector p contains both interior and boundary points
of Q (or Qp). We define the permutation matriz P such that the boundary points will
appear at the end of the vector (and the relative order of interior (resp. boundary) points
is unchanged). We can find which indices correspond to the boundary points from the
information we have in the edge vector e. In the new coordinates z, = PPz we can write
Z, = ;:;] where the vector Z,; correspond to the values at the interior points and Z,

to the values at the boundary points. Thus we arrive at

w) OM,Z, +vw,S.Z] + WM, f, =0,  Zu=7;
with M, = PIPMPP®T and S, = PPSP®T. Notice that the inverse and transpose of a
permutation matrix do coincide. Writing M, and S, in blocks notation

. M*ii M*ib . S*ii S*ib
M. = {M*bi M*bbl and 8, = [s*bi S*bb}’

and recalling that w,, = 0 we obtain

_T Zxi _T Zxi _T fa
0y [MLgsi M| | «i |S«ii Sain] |= o [Muii Muap| |27 =0,
w0 M Ma] |23] v (5 Sa] |23] Mo M) [77]
Remark 8.2. In what follows we will work in the new coordinates and for simplicity we

will skip the subscript .

Therefore, taking into account Remark [8.2] we arrive to the semi-discrete system
oMz = —1SiZ — vSizy — O Mipzy, — [Mi M| 7 (83)
which underlines that when g (i.e., Zp) is known then the number of unknowns (i.e., the

entries of Z;) is reduced to the number of interior points s, — se, wWhere se is the total
number of points in the boundary.

Remark 8.3. In the elliptic case, 0;MZ = 0, we see that reduces to vSyz; = —vSij,Zh —
[Mﬁ Mib] f which are the system we find in [FGP83| section 2] when %, is given. See
also [FGP83, section 1] for references to other methods to deal with nonhomogeneous
boundary conditions.

8.1.2. Discretization of a composition of linear operators. In order to discretize sys-

tems and we follow a simple idea. See, for example, [KR15bl Section 5.1].
Given two operators L; € L(H',Z) and Ly € L(Z,V'), where Z C H' is an Hilbert

space then the composition Ly o L; is in L(H',V’). Suppose we know the discretization

matrix (Ly)p and also an evaluation matriz Ly which approximates L, that is, [0~ Lyv.
Then we may write

ET<L2 o Ll)DE =~ (LQ ¢} le, U))H ~ ET(LQ)DL_IE
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Analogously if we know the discretization matrix (L;)p and an evaluation matrix L} of
the adjoint L3, we may write

S T
T (Lo Ly)pZ ~ (Ly o Lyz,w)y ~ <(L2)*@> (L) pZ.

Therefore we have two candidates to approximate (Lg o Ly)p:

(Lo)pLy ~ (L o L)p ~ (La)* (L1)p.

Further notice that (L*)p = L}, and that

" M~Lp~ML, L~M7'Lp,  L* ~LpM"

8.1.3. Discretization of the linear reaction and linear convection operators. We can con-
struct the discretization matrices Gy, = (O, )p, (Gu.)ij = (¢i,0n,@;)m, of the direc-
tional derivatives operators, k € {1,2}, in the same way as we construct the mass and
stiffness matrices. Then for a function w, we set w- := Dy, where D, stands for the
diagonal matrix whose diagonal is v. Observe that 2w- = ¢y o (w-) + (w-) o ty. Finally
for the linear reaction and convection operators, we take

(a—2))p~ L (MD& r+ D M) and (V- (0:))p ~ Gu,D; + G, D; |
Notice that w- = (w-)* and by taking the semi-sum above as an approximation for (w-)p
we preserve the symmetry. We must say, however that in our simulations we did not
observe much difference when we have simply taken (w-)p ~ MDz.

Notice also that the above discretization idea would lead us to take (l; V) ~ Dgl G, +
DZQGIW and that looking at the operators as L(H!, V'), we need to test the operators

with functions/vectors vanishing at the boundary. Now, for either v|p = 0 or w|p = 0,

the definition of G, , gives us (9,9, @)y = —(0,,0, W) g, that is, v' G, w = —w' G,,7.

Now our approximations give ¥' (G.,D: + G,,D: )w = w' (D: G) + D- G )v =
by b by by x2

UT(_D& G, — DEQG@)@‘ Therefore, (leDgl + Gx?D@)T =-D; G, — DEQGmm which

agrees with the fact that we have (w, V - (bv))g = (—=b- Vw, v)g.

Remark 8.4. In some situations, for example when the viscosity coefficient is small and
the exact solution is known to have some big magnitude directional space derivatives,
it may be the case that the numerical solution present some oscillations. For solving
such problems with a reasonable number of mesh points, avoiding or minimizing the
oscillations, we may need more sophisticated numerical discretizations. We refer to [JS08]
and to [JKOT7, JKO8] for such discretizations.

Remark 8.5. Below, we will consider the stabilization to a trajectory ¢ (given a priori)
whose first order derivatives are not too big, which is also motivated from the discussion
in Section [f| Therefore, remaining close to § the solutions will not present big first order
derivatives and we may expect that no big oscillations will be observed on the numerical
solution. From the control point of view, if some small oscillations do appear, then we
could thing of them as small perturbations of the solution and, since the control will
be given in feedback form, we may expect the control to be able to respond to such
perturbations. Roughly speaking, we could see those small perturbations as a further
test for the robustness of the control.
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8.1.4. Discretization of the feedback control. We start by recalling that the feedback de-
pends on the solution II of the corresponding Riccati equation and is self-adjoint, that
is, we know that IIp is symmetric. We look for an approximation of IIp by solving a
suitable matrix Riccati equation

OIlp +pX +X'IIp —IIpRR'IIp +C'C=0, >0, (84)
For r > 0, let us introduce the matrices

K, i(t) K,.un(t)
K ni(t) K,pn(t)

Internal feedback. For system (80) we need to solve . Since z|p = 0, we look for
matrices in M s, —s.)x (sp—se)

We choose the matrices C™ = I/%Smc and XIArl = X‘/\“(t) = —I/MEISH — Ki(1),
where S;; . is the Cholesky factor of Sy, which gives us (Cin)T (C™) = vS;. To con-
struct the matrix R™ we set R = 1 in and observe that we must have

MpR"R™ Ip ~ (1, xPryloR1,Puxl.ID)p.

— -1 . _.
K, (t) = M (GmDBl o+ G, Dy (t)) + Diry = [

We will also take actuators {®; | i € 1,2,..., M} which are supported in @, thus
since Py stands for the orthogonal projection onto span{®; | i € 1,2,..., M}, we may
write

(T, x Pr 1R, Parx1,I0) p &~ T plyx Parx 1,11

and observe that the natural evaluation matrix of the multiplication 1,x- = x1,- is just
the diagonal matrix D7 when we identify x1,, with the function that takes the value 1
if z € wNsuppy and the value 0 otherwise. To construct an evaluation matrix of the
H-orthogonal projection P,;, we start by orthonormalizing, in the Mj-scalar product,
the family of actuators {®; | i € 1,2,..., M}. Then we denote the orthonormal family
by {®;"|i€1,2,...,M} and set

E == PM = SMS]—\F/[MH, with SM = [31

© T ... T
which leads us to
(leXPlelePXLuH>D ~ HDDXTwSMS]—\;Mquﬁ ~ HDDXTwSMS]—\r/[DmHD
and this is the reason we propose to take the matrix
Rin = DXTWSM (85)
Therefore, as the approximation evaluation matrix of the feedback control rule we set
“Tin in in) T
7= (R") (R") TIp.
We refer to [KRI5D, section 5.3.3] for a different choice of R™™, namely the less simple
expression (Mii,cPMDXTwMiTl) i .

Boundary feedback. For system (81]) we need to solve . Notice that is related
with the extended system whose state belongs to V' x RM | thus we look for matrices

in M(sp—se+M)><(sp—se+M)~ "
First of all we given the boundary actuators ® we construct the extensions ®, defined
in 2, by solving (numerically) the elliptic system

—VACI} + §{f/i = 0, CI}Z|F = \I[z
(which is equivalent to (68)), with ¢ = <).
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We choose the matrices CP® and X5° = X5°(¢) as

N 171 PO bo _ | XY —Koul[Bzli
C—[O IM‘| andX—[O e ,

B2},

To choose an appropriate operator RP° we start again by setting R = 1 and, looking
at the nonlinear term of the Riccati equation we can formally write

(n [ﬁﬂ By L] H)D ~ I, E] B 1T

From (Byk, y)g = Z;‘il mj(‘ij, y)y we may also set By = By' M = B%M. For
given y € V and j € {1,2,..., M} we obtain

—_— _ Bii
where Iy, € M/« is the identity matrix and Bg = [\Ifl Wy ... \DM} = {[ \1/] ]

~ —T — T —T — T
(U, Y ~=V; My="T; [My My|y = (‘Ilji + W5, MbiMﬁl) My,

—_— —_ T
= (\I’ji + M;lMib\Ifjb> Miiyi.
and this is why, looking at By as an operator in L(RM, V'), we take

— = — — =T
By = [By1y Bwaz - Bwawn) and By = By My,
with By (1) = ¥, + My My 05,
Therefore, we arrive to

(H Eﬂ By Tn] H)D ~ 1 ﬁﬂ B 1] {1\6111 0 ] L.

Since F\gﬁ IO } II ~ II, we propose to take the matrix
M
bo .__ B\Il
R = 1,

and, as the approximation evaluation matrix of the feedback control rule, we set
Fio = (R™) (R™) ' .

8.1.5. The semudicrete systems. We are now ready to present the semidiscrete versions
of the linear closed-loop systems. Introducing the matrices

. 1
Ly =L 2 =4 (MDd

5 + D- AM) + Gng +G,.,D;:, L,= [LAvii L)\,ib:|
2 a_§ 1 b2

Lavi Lawb|’
system (80)) is approximated by

Mz = —vSiZ — Ly iz — MuFi'z, (86)
and system , setting ¢\ = ¢ — %, is approximated by

Otk = —G\K — F;),(k)) [2] ) (87&)
oMz = —vSyZ — Loy Law] Z — (Si + 8:Mip) Bok, (87b)
(1 oo = |Is._s. —B
with 725 = [Onrx(spse) Tar] F° { 0 L
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8.2. Discretization in time. Now to be able to solve numerically and in a
given time interval [0, T'], with 7' > 0, we need to discretize [0, 7]. We introduce a uniform
mesh [0,7]p consisting of N; + 1 > 3 points

0,T]p = (0, kT, 2kT, - , (N, — DT, T), (88)

where k = % is the time step. Any function z € C([0,7] x Q) will be approximated
by the values zf = 2(jk, p:) taken in [0,T]p x Qp, that is, we essentially approximate
z = z(t,x) by a matrix [2] = [24;)] € Mn,x(N.+1), 2Gy) = #. Notice that in the jth

column, denoted z7, we have an approximation of z at time t = jk, 27 = 2(jk, -) ~ z(jk, ).
~ 2(tp)—2(t:)

t;+t
% ~ T

We will use the Crank-Nicolson scheme taking, and

Z(ti;tf> ~ z(tf);Z(tz‘), For system , we obtain

iy

J iy Itlzitl d,in_j i linoj+1
LA ii%i +L)\ Lii 2 _ Mii]‘—g\ mzij ‘i‘]-v-[ii]:gjL mzij+
2 2 ’

%(E{H z]) _ _V82 (= —j+1 47 ) _

where, recalling that Ly ;; and Fi® (may) do depend on time, we denote L i = Li(ik)

and FJ™ = fj\“( jk). We wish to find 2" once 2/ is known, Since 2/™" is unknown we
make the following linear extrapolations

e RPN B R e T Linaj+l o hine)  i—Linej—1
| By 2Ly 7 — Loy & and F} zZ] T 2R E - F zZ . (89)

Defining A{ == (2Mj; + kvS;;) and A := (2Mj; — kvSy;), we obtain the system

APET = ARE - k(3Li i LA E ) - kMGBRME - BT, (90)
which we invert to obtaln z . To start the loop we define, at the “ghost” time instant
t = —kT, the terms Ly 17" = L3 ;2 and F; F Uzl FOIg0,

Remark 8.6. Notice that since M;; and S;; are symmetric and positive definite, then AfiB
is symmetric and positive definite (at least for small enough k). Notice also that the
idea in is proposed in [KRI5D, section 5.4], but with an extrapolation as L/t =~
(1 + k)L? — kL’~', which approaches a zero order extrapolation as k decreases to 0.
With the linear extrapolation, we observed a better accuracy/convergence performance in
some tests. Finally, the feedback part of the control in [KRI15b, section 5.4] is treated in a
different way using a preliminary “uncontrolled guess” zé“ for 2{ 1 by solving the system
with no control, the idea is to use the fact that we know F7/+1" We do not use this fact
with the linear extrapolation above. However, in the 2D boundary case, the extrapolation
seems to work better in our simulations, this is why we take the extrapolation in both
cases. Furthermore, the extrapolation approach is cheaper because we need to solve the
system only once (at each time step).

Analogously, system ([87a]) is approximated by

S IR —
(24 ko )Rt = (2 — koK — k (3.7—"3 o L{i} — ]-"f\;l’bo {31]) ) (91a)
——1 =0
with 7 FyLbo Lii_l] = f\)ZEO [ib}, from which we obtain x/*!. Then, system (87b]) is

approximated by
APZM = ATE — kS BE (k7! + K7) — 2M, BL (k71! — k)

171 1171

JHlzg+1 i =i JHL T g+l i pr,.j
— kL 57 — kL 37 — KLy, Bge’™ — kLy 3, Bgr?.

1
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—j+1

Extrapolating again for the unknown Ljfl zy -, with Ly =LY §iZi, We arrive to

APET = AFE — (A + kL) BoRTT + (Af — KLY ,,) Bk’

171 171

- k3Lg\ 11Z1 + kLg\ 111_'J 17

1

(91b)

which we invert to obtain the interior component Z/*' of Z7. Notice that the boundary
component is given by z/ ! = ByrIt

8.2.1. Solving the Riccati systems. It remains to explain how we compute the the feed-
backs Fi* and F° we need in and (91a)). That is, to explain how we solve the Ricatti
system (84), backwards in time and in an bounded interval of time [0, T]. We follow the
procedure in [KR15b] sections 5.3.2 and 5.3.3], with some changes.

Internal feedback. Firstly, we look for a solution IT% of the agebraic Riccati equation
in in in\ T in
IEXN(T) + X(T) '], — TLRR I}, + (C™) (C™) =0,

with R = Hy = M} . as the Cholesky factor of M, !. The main idea is to have HyH] =
M;; which corresponds to taking the identity as control operator (see [KR15bl 5.3.3] where
it is chosen HO = (Mii’cMﬁl)T).

Secondly, we connect Hy to R™ by an homotopy. In the case where we have finite-
dimensional controls R™™ is a rectangular matrix, so we add the enough zero columns to

obtain a square matrix, and we consider
H, =(1-7)*Hy+7° [Rin O] , T € [0, 1]. (92)

Discretizing the homotopy interval [0, 1]p = [0,1,2l, ..., (N,—1)l,1], N, € Nyand [ = Ni,
we compute the solution corresponding to R = H,,; from those corresponding to R =
Hi,—1y, m € {1,2,..., N}, following [KRI5D]. Let IT}, be the solution corresponding
to Hy, then since H{H] = R"R™" TIL is the solution corresponding to R = R™.

Finally, we solve the equation as in [KRI5D], with the final condition 115 (T") = 115
and using Crank-Nicolson discretization in time variable, by transforming the equation
into an algebraic Riccati equation at each time step.

To solve the algebraic Riccati equations we use the software in [Ben| (see also [Ben06]).

Remark 8.7. Notice that in [KRI5D] the solution IT% is found in three steps and R is
always set to be a square matrix, this is because we need to connect two matrices by an
homotopy. Here we find IT% in two steps and we implicitly connect the square matrix Hy
to the rectangular one R™ by connecting Hy to [Rin O] . We have used the homotopy
because in some situations we observed that we need less homotopy steps than with the
convex combination (1 —7)Hy+7 [R™ 0] like as in [KRI5b], but we cannot say a priori
which homotopy is better.

Boundary feedback. We proceed as in the internal case to find a final condition for the
differential Riccati equation. At final time ¢ = T' we start by solving the system

HX5(T) + X5(T) TG — THRR I + (C°) ' (C™) =0

1
and then set Hy = Fv{)“c IO } and H; = (1 —7)*Hy + 72 [R™ 0], 7 € [0, 1].
M
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9. NUMERICAL EXAMPLES

We present some results of numerical simulations which we have performed concerning
the stabilization of systems with internal feedback control or with boundary
feedback control to zero. Below, z, o stands for the solution of the uncontrolled discretized
systems (i.e., without the feedback term and A = 0), and z, stands for the solution of
the discretized systems under the action of a discretized feedback control. We focus on
the 2D case and our domain is the unit ball. In the internal feedback control case, we
define a rectangle subdomain w = (O, %) X (O, %) Then, we take a regular partition of
into M = mn subrectangles

Wiyl = (l12;11721_;1> X (%—Zl,é—i) , (ll,l2) < {1,2,. .. ,m} X {1,2,. .. ,n}.

We take the M actuators 1%,127 thus in each subrectangle wy, ;, the control is constant.
As an illustration, we plot a linear combination of 4 piecewise-constant actuators in
Figure[I|(a), corresponding to the arrangement (m,n) = (2,2). For the boundary control
case, our boundary, once parametrized by arc length, is I' = [0,27). We use boundary
actuators whose form is

. (0 —0
\I’Z(Q) = 1(90791) S1n (ﬁ) . (93)

with §p = 7 and 6, = %”. As an illustration, the boundary actuator W, is plotted in
Figure [1b).

— T

a4

a inear combination o piecewise-constan e boundary actuator ¥s.
Al binati T 4 pi i tant b) The bound tuator ¥
internal actuators.

F1GURE 1. Internal and boundary actuators.

9.1. Testing with a family of functions (a, I;) Weset A\ =2, v = i, , x = 1,. Next,
we choose a family of functions a, 131, and by as follows

a(t,x) = —sin(t) cos(izy) + sin(5t) sin(jxs) — 3,
by (t, ) = cos(t) sin(—kay) — cos(3t) cos(lzs), (94)
by(t, ) = sin(—t) sin(ma; ) — cos(2t) sin(nzs).

We will test firstly with 6 piecewise-constant actuators, corresponding to (m,n) = (3, 2),
and then with 6 boundary actuators ¥;, i € {1,2,...,6}. The initial condition is set
vo(x) = sin(2z1) cos(z2) and the time-interval is set [0,8]. In Figures 2(b) and [2{(c), we
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log (| zu0(t) [3/120l3) log(|z2 (8)[7,/120l7,)

log(|2x(8)[/ |20l

LLLLLL)

1,2,2,1,1,1) y

2
—(
—( 0
(2,-1,1,-3,5,1)
—(- 5 2
B 6) Y
(6,-2,5,3,4,1)
10 el [~ 11111)
—(1,2,2,1,1,1)
s -8 (2,-1,1,-3,5,1)
—(-1,5,3.1,1,5)
-10 —(1,2,3, 5)
0

o} 6,253,410

VD 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 70 1 2 3 4 5 6 7 8

(a) Without control. (b) With internal feedback. (¢) With boundary feedback.

FI1GURE 2. Stabilization rate is provided by the feedback control.

can observe that both internal and boundary feedback control is able to stabilize the
system with the desired rate % = 1 for some parameters (i, j, k,1,m,n) € P, with

Po={(1,1,1,1,1,1),(1,2,2,1,1,1), (2, —=1,1,-3,5,1),
(-1,5,3,1,1,5),(1,2,3,4,5,6), (6, —2,5,3,4,1)} .

In Figure , as well in following ones, the squared norm |z|% is understood as the discrete
approximation Z'Mz. We would like to emphasize that without any control, the system
is unstable for these parameters defined by P as we can see from Figure [[a).

9.2. Increasing the number of actuators. We compare the results we obtain by
changing the number of actuators. With no surprise, we see that with more actuators
we obtain better results. We will take one element of the family in (94)), namely the one
corresponding to (i,j,k,1,m,n) = (2,—1,1,—-3,5,1) and also take A = 2.

9.2.1. Internal feedback control. In Figure [3] we present the results for some rearrange-

ments (m,n). We observe that the cost (I1z(t), 2(t))x, understood as (t)LHD(t)z(t),
decreases as the number of controls increase, as we can see in Figure [3|(b).

Notice that we cannot say a priori which among (m,n) = (2,2) and (m,n) = (4,1) is
better because one set of actuators does not include the other. However, for the considered
example we observe that (2,2) is better than (4, 1).

The case (m,n) = (+00, +00) in Figure [3| should be understood as the case we do not
impose any restriction on number of actuators. That is, to the case we take Py, = 1,
or in other words in the case our control operator in (33)) is just 1,x1,. In this case

Rin = DXTW mn " .

log(|2a(8)[/|20l7r) log(I1(t) ) (1), 22 (1)) log(|na ()17, /120l7)

S b A b b A o 4 v ow a

C R R N S N R S -

(a) Controlled solution. (b) Cost function. (c) Control.

F1GURE 3. The convergence rate of the solution, the cost function and the control.
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Recall that our control can be written as n(t,z) = 11;1 l§1 Mt () 1y, ,, (7). For exam-
ple, in the left column of Figure [d, we plot the value of the feedback control, in the case
of a single actuator, at two time instants ¢ = 4.5 and t = 6.5. We refer also to Figure [5|(a)
for this value at all time instants ¢ € [0, 8]. Notice that, the “cusps” in Figure [3|(c), in the
case (m,n) = (1,1), are due to the fact that the control vanishes at the corresponding
time instants. In the case we take only one actuator a “cusp” will appear when the
control changes sign, because the plotted function “takes” the value —oc if the control
vanishes, see also Figure [f|(a).

In Figure [4] we plot the control at two time instants ¢ = 4.5 and ¢ = 6.5. In Figure
we plot the value of each actuator for all time instants for some rearrangements (m,n).

FIGURE 4. Feedback control at t € {4.5,6.5} for (m,n) € {(1,1),(2,1),(2,2)}.

9.2.2. Boundary feedback control. Now we consider the reference function in [9.1] corre-
sponding to (i,j,k,1,mn) = (6,—2,5,3,4,1) and we take A = 2 and ¢ = 10. We
take a family of actuators {¥; | i € {1,2,...,M}}, as in (03). We compare the re-
sult in the cases M € {1,2,4,6}. With no surprise, from Figure @(a), taking more
actuators leads to better results. The boundary feedback control here can be written
as mar(t) = oM ki(t)¥,. In Figures @(b,c) we plot the functions k; = k;(t, M) for the
cases M € {1,6}.

9.3. Comparing with another placement of the actuators. We consider another
placement of the actuators and compare the controlled solutions. We recall one member
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15 —m(t) 20 —ma(t)
® — . (t)

(a) (m,n) =(1,1), 1 actuator.  (b) (m,n) = (2,1), 2 actuators.  (c¢) (m,n) = (2,2), 4 actuators.

FIGURE 5. The magnitude(s) of the internal actuator(s).

log(|2x (8) 3,/ 20l7;)

(a) The cases M € {1,2,4,6}. (b) Magnitude for 1 actuator.  (¢) Magnitudes for 6 actuators.

FIGURE 6. Convergence rate of solutions and the magnitude(s) of the
boundary actuator(s).

of the family in (94)), namely the one corresponding to (i,j,k,1,m,n) = (1,2,2,1,1,1)
and also set \ = 2.

9.3.1. Internal feedback control. Instead of defining all actuators in one rectangle w =
(O, %) X (0, %) as in Figure (a), we define 4 piecewise-constant actuators in 4 rectangles w;
away from each other as in Figure (a). We want to say that the sum of the areas of the
four separated rectangles w; equals the area of w, that is, 3.+, |w;| = |w|. Comparing
Figures[7[b) and [3|(a), we see that the latter placement is more effective than the former

one (for this example).

9.3.2. Boundary feedback control. Here, we set ( = 10 and we use 4 boundary actuators.
Instead of defining as in , see Figure (b), using 4 frequencies of the sinus functions
in an interval (7r, %), we now define the new actuators in domains away from each other
as in Figure [§(a), where each actuator is as in (93 with ¢ = 1. Comparing Figures [§(b)
and [6](a) we see that the latter placement seems to be better than the former one (for

this example).

9.4. Dependence of the transient bound on the desired decreasing rate. Here we
consider the case of internal controls with no restriction in the dimension of the control,
we take Py =1, x =1 and R™ = Dy in . We want to check whether the transient

bound @ associated to the Riccati based feedback control does depend on the desired
exponential rate A > 0 as
OA ~ e%,a+7—1,a)\a (95)

(cf. Section [3.6), for a suitable a > 0. As we will see, the answer is not clear.
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_log(|2A(8) 5 /120l)

u 727

-101

—4 actuators in 4 separated rectangles.

1 12 —4 actuators in 1 rectangle.

time ¢

-14 1 1 1 1 L L
0 1 2 3 4 5 6 7 8

(a) New placement of 4 internal actuators. (b) Controlled solution of the 2 placements.

FiGURE 7. Compare two placements of internal actuators.

| log(‘\zx(t)‘\%{/kﬁf) :

A=2,¢=10.

|[—4 actuators in 4 separated boundary-intervals.
—4 actuators in 1 boundary-interval.

time ¢

1 2 3 4 5 6 7 8

(a) New placement of 4 boundary actuators. (b) Controlled solution of the two placements.

FiGURE 8. Compare two placements of the boundary actuators.

We set v = %, a = —104 2z + cos x2, b= (—z?, —sinxy), and we impose no restriction
on number of actuators.

Notice that (a,b) is independent of time. In the stationary case, we have “just” to
solve an algebraic Riccati equation for each A. Up to our best knowledge, even in the
stationary case it is not known how precisely the constant C depends on A\, for Riccati
based stabilizing feedback.

Figure |§| shows that the system can be stabilized with rate A € [0, 30], the figure also
shows that the constant C' increases with .

Let us observe that starting at time t = sy < T, if for all ¢ € [sg, T] we have |2(¢)|% <
C 50 M50 |2(50)|%, then we obtain the lower bound estimate

2
> > A(t—s0) |2(t) 5
C, > C)\,so = télﬁs??iif] € |z(s0)[%;
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o doa(la®f/lal)

10$(|Zu.o(t‘)|%1/|20|;1)

140

120 -

100

80~

60

40+

20

time ¢

N time ¢
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3

(a) With internal feedback control. (b) Without control.

FIGURE 9. Stabilization rate of the solution is achieved under feedback control.

FIGURE 10. m, with A € {0,3,1,2,...,29,291 30}.

599 1y 9

and, considering all sy € [0,7") we obtain

ml\?

log C\ > m) = max max ()\(t — 50) + log ( |2(2)]

50>0 t€[s0,T] |2(s0)

)

ml\.')

= max max (7x(f) —7rx(Sg)),
max max (r(t) = ra(s0))

with ry(t) == At + log (%> In Figure [10| we plot the function my, which suggests

|20l%;

that might hold with « € (0, 1], but we cannot confirm that will hold for “big A",
actually we cannot even say whether A = 30 is big. Notice that for A € [20, 30] the figure
suggests that a = 1 is the best fitting parameter. We must however say that we expect
the magnitudes of control and solution to increase as A does, so we must be careful in
reading the results for big A, because the mesh used was the same for all A\, and for
bigger A the numerical error will be more significant.

We present another example in the nonautonomous case. Notice that, this case is quite
expensive, because we need to solve a differential Riccati equation for each A. Here, we

set v = i, a = —10 + 2x1 + sin 2t cos xo, b= (—23% cos 3t, —sint sin ), and we impose
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log(laa () /|20l7) ‘ 10%(!Zu,t)(t)\%/|§(1\%z) ‘

70

60 -

50

40t

30

20 -

A=40 time ¢ time ¢
8 ‘ ‘ ‘ ; ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
o o5 1 15 2 25 3 35 4 o 05 1 15 2 25 3 35 4
(a) With internal feedback control. (b) Without control.

FIGURE 11. Stabilization rate of the solution is achieved under feedback control.

FIGURE 12. m, with A € {0,1,1,3,...,39,391,40}.
no restriction on number of actuators. Figures and show that the system can
be stabilized with rate A € [0,40] and the constant C) increases with A. Again the
Riccati feedback we use seems not to provide the behaviour “for big A\”. So one
question still remain: how small can we make the transient bound C) and/or the ratio

% (cf. Section . Which feedback (Riccati based or not) makes the ratio smaller?

In conclusion, the dependence of the transient bound GA, associated to the Riccati
based feedback control, on the desired exponential rate A > 0 is not clear yet. This
could be the subject of further researh and more simulations must be done, in particular
for finer meshes. This is however not trivial, because solving the Riccati equations is
numerically quite derr/l\anding for fine meshes. However, the simulations strongly suggest
that (unfortunately) C) depends exponentially-like on A, which suggests us that to treat
the nonlinear system we should take A relatively small, because € in will decrease

as C increases (cf. Remark [4.10)).

9.5. On the parameter ¢. Here we consider the case of boundary controls. With v
and (a,b) as in Section , we try to understand the influence of the choice of the
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log(|2x(t)1%/|20l%)

‘ A =2, 6 boundary actuators.

N
.

_10 L
.15 L
_20 L
time ¢
-25 L L L L L
0 1 2 3 4 5 6

F1GURE 13. Increasing the parameter .

parameter ¢ in the extended system . Notice that ¢ does not appear in the “original”
system (81al), it is a parameter which we can choose in the dynamics of the extension
variable s in (81b)).

We will take 6 boundary actuators and fix A = 2. Figure [L3]| suggests that taking a
bigger parameter ¢, we obtain a boundary feedback control providing a faster stabilization
of the linear system to zero. However, we must say that taking a bigger parameter ¢, the
free dynamics solution of (without the feedback control) will go faster to zero, which
suggests that for bigger ¢ we may need to take smaller time step k in the discretization
to get a good approximation of the real dynamics, which will make the simulations more
expensive.

9.6. On the feedback nature of the control. Here, we remark the importance to
have the control in a feedback form, because closed loop controls are known to be able
to respond to small disturbances. We consider the stationary case with v = %, a =
—10 + 221 + cosxy, b = (—22, —sinx,y) as in Section and with A\ = 2. However,
here we consider 4 boundary actuators and set ¢ = 10. The initial condition here is
4
i=1
In Figure [14]a), we plot the results:
e for the case of the “original” close-looped system (81)),
e for the case of the corresponding extended close-loop system (71)) (with (A,<)

in the role of (), <) and with A‘/{i’" as in in the role of Agg), and then
recovering z = yy + Byk)y, and
e for the case where we save the k) obtained for system and plug it in the

system (81al) as an open-loop control.

Notice that, we do not expect that the numerical solutions obtained by solving the original
closed-loop system will coincide with the recovering from the solution of the extended
closed-loop system (as Figure [14a) could suggest), but we do expect that they will be
close to each other, this facts are confirmed in Figure [14]b).

For a short period of time we do not see much difference among the three procedures.
For a longer period of time, the closed-loop controls are able to stabilize the corresponding
systems and while, the open-loop control is not able to stabilize the original
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log (|2 (1) 7/120l7)

25 0.05
Extended closed-loop 0.05
—Copy from extended closed-loop, original open-loop 0.045
20} |-- Original closed-loop i 0.04
0.04
0.03
0.035
0.03 0.02
time ¢

0.05 0.1 0.15 0.2

A =2,¢ =10, 4 boundary actuators.

time ¢

time ¢
0 0.5 1 1.5 2 25 3 0 1 2 3 4 5 6 7 8

(a) Solutions from the three procedures. (b) The difference between solutions from extended
and original closed-loop.

F1GURE 14. The “real” feedback to stabilize the system.

one , even though it stabilizes the “equivalent” extended system. This is due to the
fact that the discretizations errors in the original and extended systems are different, the
difference between these two errors could be seen as a small disturbance to which the
open-loop control cannot respond.

The conclusion is that it is important to have a control in feedback form in the original
system . It is not enough (at the discrete level) to find the control for an “equivalent”

auxiliary system, like (71, and plug it in (81a)).

9.7. Switching the control off/on. With the same setting as in Section , here we
perform an experiment to emphasize the importance of feedback control to stabilize the
system. We set T' = 6.

In Figure we plot the results for the 3 cases the control is switched on for time
in [0, 6], for time in [0, 3] U [4, 6], and for time in [0, 3].

Switching the control off at time instant ¢ = 3, we observe that the norm of the
solution increases, and will (likely) not remain bounded. Notice that at time ¢t = 3 we
have [2(3)]%, < e 71973 2|4 < 1.2 X 1077|29|% is already quite small. We also see that by
switching on the control again, from time t = 4 on, then we recover the stability of the
system.

Notice that at time ¢ = 3 and ¢ = 4, that is, we do not know the “analytical” expressions
for 2(3) and z(4) which come from the numerical solution. Therefore, in some sense, z(3)
and z(4) can be seen as “random” “initial” conditions showing the instability of the
system and the stabilizing property of the feedback control.

9.8. A nonlinear example. We consider the following nonlinear parabolic equation, for
time ¢ € [0, 7], again in the unit ball @ =D = {z = (z1,79) € R? | 27 + 22 < 1}.

1
Oy —vAy+esy’ + oy’ +ay+ 5V (V') + fo=0,  ylh =g, (96)
y(O,IE) = yo(l‘),

where c1, c9, and c3 are constants in R, and f; is a fixed appropriate function.
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40
_[07 6]

30+ |--[0,3] and [4, 6]
-------- (0,3]

20+

10+

A = 2,5 =10, 4 boundary actuators. ‘

20 +

time ¢
-30 :

0 1 2 3 4 5 6
FIGURE 15. Switch on and switch off the feedback control.

Let us fix a smooth function ¢ which we will take as our reference trajectory. Then, as
external forces, we (must) take the functions

. . . . . L1 9
Jfo=foly) = — (at?/ — VA + 39° + o’ + 1§ + §V : (?JQ,?JZ)) )

9=9) =9lr,
We will also set the parameters

VvV = 02, (017 62703) = (—2, —1, —3), A=1.

(97)

Remark 9.1. In order to make a smooth function §(¢, z) a solution of (96)), we have just to
set the appropriate external forces fy and g as in @ Thus, to test with other reference
trajectories, we would just have to take the corresponding f; and g.

9.8.1. Discretization. Given a triangular mesh D = (p, e, t) of D and a time step k > 0,
we discretize system as if it were the heat equation, simply looking at the nonlinearity
as an external forcing, that is, writing

1
fi(y, Vy) = c3y® + coy® + a1y + 3V (v*.v%),
f = f(y7 Vy) = fl(ya Vy) + f07

since fp and g are smooth we can take at each time step jk, as approximations of fy(jk)

and ¢(jk) the corresponding evaluation vectors fo(jk) and g(jk) at the points p of D.
For the nonlinear terms, at each time step, we take the aproximations

(e = eM@P) =y (k). 5 (Ga(#7)’ + Gou()?) = 5V - (42(5k). ¥*(5F)) ,
where (77)" means that we take the r-th power of each coordinate of 77. Hence, given

vector solution 7/, at time jk, we approximate the nonlinearity, as a function from V
into V', as

NMp(@) =M (e:(7)’ + @) + a7’) + 3 (G, () + Go (7)%) . (99)
We arrive to a semi-discretization analogously to (83)):

oMY, = —vSyl; — vSing — OMing — My M| fo — (Nip(9)), -
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where (N p(7)); stands for the coordinates of the vector Nj p(7) corresponding to the

interior points of the mesh. As before i = {g‘} = {%} .
b
Then, with Crank-Nicolson scheme, and with the notations as in (91h]), we find

+75)

AR = AT - AR+ AR -k [Ma Ma] (7

—k(WNup@ ), + Nup(@)),) -

Knowing 3/, the only unknown term in the right hand side is (M p(77*"));. To approxi-
mate this term, we take again the linear extrapolation

WNip@))i =2WNip@)i—WNip@ )i, §>0, with (Np@ ")) = (MDg([)))O))I

(99)

Therefore we arrive to the scheme

AR = AT - AGE 4+ AR~k [Ma My (7

—k BW1p@))i — Nup@ ")),

. . . —741
which we can invert to obtain 77/ *".

- 73) (101)

9.8.2. Local feedback stabilization. With the setting as in , we take T' = 8 and the
reference trajectory
§(t) = (227 + 3) sint,

which solves , provided we take the “fixed” external forces as in .

We will confirm that the feedback control is able to stabilize locally system to the
targetted trajectory g (see Theorems and with exponential rate % That is, the
solutions of the systems

Oy — vy + f1(y, Vy) + fo+ BuByIL(y—9) =0,  yl. =g,

(102)
y(0) = vo,
and
Oy —vAy + f1(y, Vy) + fo =0, z|p = Byk, (103a)
Ok + sk + F°(y — § — Buk, k) = 0, (¥(0), £(0)) = (yo, ko). (103b)

go exponential to g, with rate %, provided the initial condition yq is close enough to .
On the other hand, y, is the solution of systems and without any feedback
control.

The feedback control is found to stabilize, respectively, the linearized systems (80))
and . That is, respectively, by solving the differential Riccati equations and
with @ and b as in (5)).

Departing from ([101f), and proceeding as for the systems and , by taking a
suitable linear extrapolations at time t = (j+1)k, we arrive to the following discretizations

of the systems ((102)) and (103]).

In the internal case we arrive to

AR = ATT - AR+ AR -k [Ma Mu] (074 70)

—k (BWLp ()i = Mo )i) — kM (3FHg] — F7-ingl ),
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In the boundary case we arrive to

. . ) 77 ) 1

kIt
ALy = ATy — AY (7 + BT + AR (¢ + BLR)
—itl =) _ i
—k [My M| ( é+ + fé) —k BWip@))i = Nup @ "))),

where N; p(7) is as in and the feedback rules 7™ = Fi* and F>° = F° computed
as in Section [8.1.4]

The case of internal controls. For system (102), we take the initial condition in the
form yo = yo(x) = Yo() + evo(x), with vy chosen as

. -1
L it <5,

vo(x) =
o) 0, otherwise.

We take 6 piecewise constant actuators, as in Section [9.2.1], supported in the rectangular
subset w corresponding to the arrangement (m,n) = (3, 2).

In Figure [L6|(a), with some values of € in [—0.577,0.495], we see that the system is
stable under the feedback control action. However, in Figure (b,c), feedback control
can not stabilize anymore the system for e € {—0.578,0.496}.

In Figure [I7, we see that uncontrolled solution is not stable. Actually, we observe that
even for small e the solution explodes at some time in (0,8). We would like to recall that
such blowing-up is somehow expected. We refer to [Bal77, Section 3].

At +log(ly(t) — §(t) |5/ levol) 12 At + log(Jy(t) — §(8) 3 /levol) . At + log(ly(t) — 9()[3/levol3)
—=n .
0.
87l —e=0.95 101 [X=1. 6 piecewise internal actuators. | s [A =1, 6 piecewise internal actuators. |
=02
4ble=-02 5
—e=—0.5
Rt 4
3
0 2
2 1
0
4 nal )
time ¢ time ¢
S 2 3 4 5 6 7 8 20 05 1 15 2
(a) With e € [ — 0.577,0.495]. (b) With e = 0.496. (¢) With € = —0.578.

FIGURE 16. Internal feedback control. Convergence rate to ¢ holds for small e.

log (lyu(t) = () G/ levoli;) log (Jyu(t) — () [5/levols;) log (|yu (t) — 9() 3/ levols;)

10 12 14
s 10 12
10
8
6
8
6
4 6
4
4
2
2
2
0 0 o
time ¢ time ¢ time ¢
%0 02 04 06 08 1 12 14 16 20 0.2 0.4 0.6 0.8 20 02 04 06 08 1 12 14 16
(a) With e = 0.1. (b) With € = 0.496. (c) With € = —0.578.

FIGURE 17. Uncontrolled solution.
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Notice that, Theorem holds for vy € V. The above choice does not satisfy this
requirement, though the numerical results show that, in this example, the feedback is
still stabilizing the system locally. Next, with the same actuators, we perform another
simulation with vy € V' being the (numerical) solution of the elliptic system

—puAvg + g+ V- (Bevg) +h =0, volp =0,
observing the analogous behaviour. Here, we choose
w=0.5, Bi(xy,xo) =sin(xy) +x2, Pe(x1,22) = (20122, —2sin(xq)),
and  h(z1,29) = cos?(3y) + sin(z) + 2.
In Figure (a), we plot the solution vy of the equation above. Again, in Figure ,

we observe that for small € € [ —0.14,0.1511] the feedback control is able to stabilize the
system. In Figure [I9] the uncontrolled system is still unstable and exploding.

(104)

At +log(ly(8) — §(t) |3/ levo ) 2 At +log(ly(t) — §(t)[3/levols;)
—e=—014 [X=1, 6 piecewise internal actuators. |
10
% 1 2 3 4 5 6
. At +log(ly(t) — 5(t) [/ levol )
4
2
20 05 1 15 2 25
(a) The function vg. (b) With € € [ —0.14,0.1511].  (c) With e € {—0.142, 0.1512}.

F1GURE 18. Internal feedback control. Convergence rate to ¢ holds for small e.

o log (lyu(t) — §(t)[31/levol;) . log (lyu(t) — §(t)[31/levol3y) s log([yu(t) — ()13 /levol37)

R
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6 6
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6 5 5
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4 3 3

3
2 2

2

1 1 1

P tmet || 7 ime ' time #
% 05 1 15 2 25 3 35 % o1 o0z 03 o4 05 06 07 % o0z 04 06 o8 1 12
(a) With € = 0.01. (b) With ¢ = —0.14. (c) With e = 0.1512.

FIGURE 19. Uncontrolled solution.

The case of boundary controls. Next, we use 6 boundary actuators as in Section [9.2.2]
see . Here in order to guarantee the compability condition (75)), we take yo = 7o + €vyg
where vy is obtained by solving an elliptic equation

M
—plAvg + Brvg + V- (Bevo) +h =0,  wolp = Z 0V,
i=1

with g, B, Be, and h as in and with o= [1 1 0 0.5 0 0] . In Figure [20(a),
we plot the function vy that we get by solving the system above.

Again, solving our system for different values of €, in Figures [20(b) we observe that
under the boundary feedback control, is stable for small €. The feedback fails to stabilize
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the system for bigger ¢, as we see in Figure 20|c). In this case we take kK = k(0) = ep
in (91a)).

In Figure [21] we see that the uncontrolled solution is not stable, and it even explodes
for small e.

At +log(Jy(t) — ()15 /levolz;) log(|y(t) — §(t)[% /levol3)

€= —0.008
—e=—0.01
—e = 0.01
—e = 0.02
—ec = 0.033
—c=0.041

o - M w & a0 o N ® ©

(a) The function vy. (b) With € € [ — 0.008,0.041].  (c) With e € {—0.011, 0.0429}.

F1GURE 20. Boundary feedback control. Convergence rate to ¢ holds for small e.

log(|yu(t) = §(t)17;/levolz;) log(|yu(t) — 5[5 /levolir) log(|yu(t) = 5(t)13;/levol};)
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(a) With € = —0.01. (b) With ¢ = 0.01. (c) With e = 0.0429.

FIGURE 21. Uncontrolled solution.

9.9. The discretization error. Here we take the time interval [0,5] and consider the
function

g1, 20) = (£* — 2t) 2 sin®(x2).

Of course we expect the discrete solution vector 7 to get closer to ¢ as the triangular mesh
in D gets finer and the timestep gets smaller. Here we show, just through a simulation
that this is the case for the discretization we propose.

We check the error that we obtain as the mesh pair (D, k) is refined. We start with a
pair (Dy, k1) where D; is a triangular mesh of the cylinder D, where each edge of each
triangle in the mesh has a length bounded above by h; = 0.6, and k; = 0.01 is the time
step. More precisely Dy was generated by the MATLAB function initmesh with the
input Hmax = 0.6.

Recursively, we construct the finer pair (D41, k1) by refining regularly the triangu-
lation D,. (by connecting the middle points of the edges of each triangle), and by dividing
the time-step by 2, k.41 = 2. Hence, we want the solution y[r] obtained with (D,, k)
to converge to ¢ as r increases.

We will also compare our approach with a Newton and a Heun based approach. The
methods differ in the way we solve (99)).
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Remark 9.2. We follow [Ros08, Section 7.2.2] and [McD07, Section 4.1.2] for the termi-
nology “Heun approach” or “Heun method”. However, in different references the termi-
nology may vary, for example we find “Modified Euler method” in [BF10), Section 5.4,
or “Explicit Trapezoidal method” in [AP9S8, Section 4.1].

The Heun based approach. Here instead of the extrapolation (100)) it is used an explicit
Euler step, see [McDQT], to find a preliminary guess y* for y/ as

M7 = (Mg — kvSy) 7 + (M, — kvSy) 7

- " B} (105)
— Mg ™ =k [My My fo—k (NMip(&))

Yi

By defining yg = {ﬁj} , we arrive to the scheme

Ai@yij+1 = Ai?yij —APPT +ARY — k [Mii Mib] <_z)+1 + ?é)

—k ((Nl,D(yG))i + (NlaD@j))i) .

The Newton based approach. We solve , by a fixed point iterative procedure, see [BE10),
Section 10.2]. We write in the form

F@* =0,

1

with

o=t (]

1
—it1

Hj = Al?gf — A%ngrl + AI%EJ —k [Mii Mib} ( o T 7%) — k./\/’l’D(gj)i.

Next, we take the derivative of I at a given vector w":

w1 w® w’ w®
deO = —Alel9 —k (M (363 |:§j+1 -+ 202 §j+1 +c1 | + le §j+1 + GIQ gj-‘rl
_ AN —j+1
- Awo + B(gj )7
with
Ago = —1&1619 —k (Mii (303(100)2 -+ QCQUJO + Cl) + Gml,ﬁwo + Gm,iiwo) s
B(g™) = —k (M, (3c3(57)" + 2625’ + 1) + Goy v 7 + Gaoind )
where the powers of vectors are understood to be taken coordinate-wise.
Now we find 77" iteratively, see [GT74] or [BFI0, Section 10.2], as (or close to) the
limit of
Wt = w" — [F'(w,)] " F(wy).
By a continuity argument, if the time-step is small enough, we can expect the method
to converge when we take the starting vector w® = 7. Another option, see [McDO07,
page 88], is to take w® = ¢ as in (105]), which may allow us to reduce the number of

iterations. We used the latter in the simulations presented here. The stopping criteria
which we used was

L |w™t —w"|, . < tol.
+1_
. |“’n|wn|f;|“° < tol.

iii. F(w"™) < tol.
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with tolerance tol = eps, where eps ~ 107! is the MATLAB’s epsilon (i.e., “zero”) for
double precision. Figure (a), shows the Lo-norm, |y[r] — §|,2(¢5) r2(0.r) D the cylinder,
of the discretization error with € {1,2,3,4,5}. The Bochner norm || 5) r2(r)) 18
to be understood as the discrete approximation

T 5 2
(Ivl) Mufola ~ f3 o) alo(8) i dt = 0320 5,220

where |v|y is a column vector with N, + 1 components where each component is the

discrete approximation of the norm |v(jk)|g, that is, <]v]H> =4/ (W)T M7v/; and M
- 7

is the mass matrix associated with the regular time mesh as in (88]), with 7" = 5. That

is, (cf. [KR15D, Section 5.1])

2 1 0 0 0

1 4 1 0 0
M, F [0 4

6: . . . g

0 ... 0 1 4 1

0 ... 0 0 1 2

In the Figure 22|(b) we can see that the rate of convergence approaches 4 (i.e., second
order convergence) for all the three approaches.

It is clear that the cheapest method is the one which we propose, and that the Newton
method is the more expensive one. Of course the Newton based approach is expected to
be the most accurate. However, we observe in the Figure [22| that, for this example, the
results of these two approaches do seem to match each other.

To find a difference between these two approaches, we have to take a bigger time step.
We also take the bigger time interval [0,6] and & = 0.1. In Figure23|a) and[23|(b), we can
see that with only 60 time nodes, the Newton approach gives already almost the same
result as with 240 time nodes. While, we can clearly see that there is an error associated
with the time step for the approach that we propose using a linear extrapolation. Notice,
however that the approach we use can be less expensive for 240 time nodes than the
Newton approach with 60 time nodes, depending on the number of Newton iterations
at each time step, which is expected to increase with the time step (in our experiment
with 60 time nodes the average number of iterations was 5.233).

Another advantage of our method is that we can invert the system iteratively,
as we have done in our simulations by using the conjugate gradient method. With the
Newton approach the associated linearization matrices, at a given time ¢t = jk, may be
not symmetric and so we may need to use a direct solver, for this in our simulations we
have used the backslash “\” solver from MATLAB.

The main disadvantage of the Heun method is the fact that it uses an extrapolation
based on an explicit Euler guess for the solution ¢ at time ¢ = (j+ 1)k, which may lead
to some oscillations/fluctuations in time if the time step is not small enough. With 60
time nodes, we observed that Heun approach fails, that is, the numerical solution has
exploded. As we increase the number of time nodes to 240, in Figure 23|b) we can see
that the solution obtained by Heun approach is still the worst one. In Figure (c), with
a large enough number of time nodes, more precisely 600, we cannot see a remarkable
difference among the three approaches.
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FIGURE 22. The discretization error for the mesh pairs (D, k).
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FiGUurE 23. Comparing the three approaches for different time steps.
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