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Admissibility of retarded diagonal systems with
one-dimensional input space

Rafal Kapica! Jonathan R. Partington’ and Radostaw Zawiskit®

Abstract

We investigate infinite-time admissibility of a control operator B in a Hilbert space state-
delayed dynamical system setting of the form 2(t) = Az(t) + A12(t — 7) + Bu(t), where A
generates a diagonal Cop-semigroup, A; € £(X) is also diagonal and u € L?(0,00;C). Our
approach is based on the Laplace embedding between L? and the Hardy space H2(C, ). The
results are expressed in terms of the eigenvalues of A and A; and the sequence representing
the control operator.
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1 Introduction

State-delayed differential equations arise in many areas of applied mathematics, which is
related to the fact that in the real world there is an inherent input-output delay in ev-
ery physical system. Among sources of delay we have the spatial character of the system
in relation to signal propagation, measurements processing or hatching time in biological
systems, to name a few. Whenever the delay has a considerable influence on the outcome
of the process it has to be incorporated into a process’s mathematical model. Hence, an
understanding of a state-delayed system, even in a linear case, plays a crucial role in the
analysis and control of dynamical systems, particularly when the asymptotic behaviour is
concerned.

In order to cover a possibly large area of dynamical systems our analysis uses an abstract
description. Hence the retarded state-delayed dynamical system we are interested in has an
abstract representation given by

2(t) = Az(t) + A1z(t — 7) + Bu(t)
2(0) == (1)
20 = fa

where the state space X is a Hilbert space, A : D(A) C X — X is a closed, densely defined
generator of a Cy-semigroup (7'(t))¢>0 on X, A1 € L(X) and 0 < 7 < oo is a fixed delay
(some discussions of the difficulties inherent in taking A; unbounded appear in Subsection
. The input function is u € L?(0, 00; C), B is the control operator, the pair x € D(A) and
f € L*(—7,0; X) forms the initial condition. We also assume that X possesses a sequence of
normalized eigenvectors (¢ )ren forming a Riesz basis, with associated eigenvalues (Ag)ren-

We analyse from the perspective of infinite-time admissibility which, roughly speak-
ing, asserts whether a solution z of follows a required type of trajectory. A more detailed
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description of admissibility requires an introduction of pivot duality and some related norm
inequalities. For that reason we postpone it until Subsection where all these elements
are already introduced for the setting within which we analyse .

With regard to previous admissibility results, necessary and sufficient conditions for
infinite-time admissibility of B in the undelayed case of , under an assumption of diagonal
generator (A, D(A)), were analysed e.g. using Carleson measures e.g. in [13] [14} 28|. Those
results were extended to normal semigroups [29], then generalized to the case when u €
L?(0,00;t%dt) for a € (—1,0) in [31] and further to the case u € L?(0, 00; w(t)dt) in [16} [17].
For a thorough presentation of admissibility results, not restricted to diagonal systems, for
the undelayed case we refer the reader to [I5] and a rich list of references therein.

For the delayed case, in contrast to the undelayed one, a different setting is required.
Some of the first studies in such setting are [12] and [§], and these form a basis for [5]. In
this article we follow the latter one in developing a setting for admissibility analysis. We also
build on [24] where a similar setting was used to present admissibility results for a simplified
version of (1)), that is with a diagonal generator (4, D(A)) with the delay in its argument
(see the Examples section below).

In fact, as the system analysed in [24] is a special case of , the results presented here
contain those of [24]. The most important drawback of results in [24] is that the conditions
leading to sufficiency for infinite-time admissibility there imply also that the semigroup
generator is bounded. Thus, to obtain some results for unbounded generators one is forced
to go though the so-called reciprocal systems. Results presented below are free from such
limitation and can be applied to unbounded diagonal generators directly, as shown in the
Examples section.

This paper is organised as follows. Section [2| defines the notation and provides prelimi-
nary results. These include a general delayed equation setting, which is applied later to the
problem of our interest and the problem of infinite-time admissibility. Section [3] shows how
the general setting looks for a particular case of retarded diagonal case. It then shows a
component-wise analysis of infinite-time admissibility and provides results for the complete
system. Section [f] gives examples.

2 Preliminaries

In this paper we use Sobolev spaces (see e.g. [10, Chapter 5]) W12(J, X) := {f € L*(J,X) :
45 e L*J,X)} and Wy 2(J,X) = {f € Wh2(J,X) - f(dJ) = 0}, where 4 fis a weak
derivative of f and J is an interval with boundary 0.J.

For any o € R we denote the following half-planes

Cq:={s€C:Res<a}l, ga::{SEC:Res>a},

%
with a simplification for two special cases, namely C_ := go and C; := Qo. We make use
of the Hardy space H?(C) that consists of all analytic functions f : C; — C for which
[e.e]
sup/ |f (o +iw)|? dw < 0. (2)
a>0J -0
If f € H?(Cy) then for a.e. w € R the limit
f(iw) = liir& fla+iw) (3)

exists and defines a function f* € L?(iR) called the boundary trace of f. Using boundary
traces H2(C, ) is made into a Hilbert space with the inner product defined as

+oo
(fs 9>H2(<C+) = <f*vg*>L2(iR) = %/_ [ (iw)g" (iw) dw Vf,g € H2(C+)' (4)

For more information about Hardy spaces see [23], [I1] or [22]. We also make use of the
Paley—Wiener Theorem (see [25, Chapter 19] for the scalar version or [2], Theorem 1.8.3] for
the vector-valued one)



Theorem 1 (Paley—Wiener). Let Y be a Hilbert space. Then the Laplace transform L :
L?(0,00;Y) — H?(Cy;Y) is an isometric isomorphism.

2.1 The delayed equation setting

We follow a general setting for a state-delayed system from [5, Chapter 3.1|, described for
a diagonal case also in [24]. And so, to include the influence of the delay we extend the
state space of . To that end consider a trajectory of given by z : [-7,00) — X.
For each t > 0 we call z; : [-7,0] = X, z(0) := z(t + o) a history segment with respect
to t > 0. With history segments we consider a so-called history function of z denoted by
h. :[0,00) = L*(—7,0; X), h.(t) := 2. In |5, Lemma 3.4] we find the following

Proposition 2. Let 1 < p < o and z € Wﬁ;f(—r,oo;X). Then the history function
h, :t — z of z is continuously differentiable from Ry into LP(—7,0; X) with derivative

0 0
ahz(t) =5

To remain in the Hilbert space setting we limit ourselves to p = 2 and take

Zt-.

X=X x L*(-71,0; X) (5)

as the aforementioned state space extension with an inner product

() 0D, = e rawcann 0

Then (X, ||-||x) becomes a Hilbert space with the norm || (?) 1% = llzll%k +]|f]|2:. We assume

that a linear and bounded delay operator ¥ : W12(—7,0; X) — X acts on history segments
z; and thus consider in the form

2(t) = Az(t) + U2z, + Bu(t)
z2(0) =z, (7)
20 = fv

where the pair + € D(A) and f € L?(—7,0; X) forms an initial condition. A particular

choice of ¥ can be found in below. Due to Proposition 2| system may be written
as an abstract Cauchy problem

{ o(t) = Av(t) + Bu(t) (8)

where v : [0,00) 3t — (Zz(f)) € X and A is a linear operator on D(A) C X, where
D(A) = {(I) € D(A) x Wh2(—7,0; X) : f(0) = :17} 9)

s
a=(4 1) (10

do

and the control operator is B = (ff). Operator (A, D(A)) is closed and densely defined on
X [B, Lemma 3.6]. Note that up to this moment we do not need to know more about U.
Concerning the resolvent of (A, D(A)), let

Ag = —, D(Ap) = {z € W' (—7,0; X) : 2(0) = 0},
be the generator of a nilpotent left shift semigroup on L?(—7,0; X). For s € C define

es : [-7,0] = C, es(0) := e*?. Define also ¥y € L(D(A),X), ¥z := U(es(-)x). Then [5]
Proposition 3.19] provides



Proposition 3. For s € C and for all 1 < p < oo we have
s€p(A) if and only if s € p(A+ Ty).
Moreover, for s € p(A) the resolvent R(s, A) is given by

R(s,A+W,) R(s,A+WU,)TR(s, Ay) )

R(s, A) = ( €sR(s, A+ W,) (e,R(s, A+ V)W +I)R(s, Ap) -

In the sequel we make use of Sobolev towers, also known as a duality with a pivot (see
[26, Chapter 2] or [, Chapter IL.5]). To this end we have

Definition 4. Let 5 € p(A) and denote (X1, |-||1) := (D(A),||-]]1) with ||z|1 := ||(BT —
A)zx|| (x € D(A)). Similarly, we set ||z]|_; := ||[(8] — A)~'z| (x € X). Then the space
(X_1, |I-ll=1) denotes the completion of X under the norm ||-||—1. For ¢ > 0 we define T_1 ()
as the continuous extension of T'(¢) to the space (X_1,|-[|-1)-

The adjoint generator plays an important role in the pivot duality setting. Thus we take

Definition 5. Let A: D(A) — X be a densely defined operator. The adjoint of (A, D(A)),
denoted (A*, D(A*)), is defined on

D(A*) :={y € X : the functional X > z — (Az,y) is bounded}. (12)

Since D(A) is dense in X the functional in has a unique bounded extension to X. By
the Riesz representation theorem there exists a unique w € X such that (Az,y) = (z,w).
Then we define A*y := w so that

(Az,y) = (x, A%y) VaeD(A) Vye DAY). (13)
We have the following (see [26, Prop. 2.10.2])

Proposition 6. With the notation of Definition[4] let (A*, D(A*)) be the adjoint of (A, D(A)).
Then B € p(A*), (XL, |[I9) == (D(A"), |-|4) with |e]d == [[(B] — A%)al| (= € D(A"))
is a Hilbert space and X_1 is the dual of X{ with respect to the pivot space X, that is
X_1=(D(4")).

Much of our reasoning is justified by the following Proposition, which we include here
for the reader’s convenience (for more details see [9, Chapter I1.5] or [26] Chapter 2.10]).

Proposition 7. With the notation of Definition [{] we have the following
(i) The spaces (X1,||-|l1) and (X_1,||-||-1) are independent of the choice of B € p(A).
(11) (T1(t))i>0 is a Co-semigroup on the Banach space (X1,||-|1) and we have |T1(t)|1 =
IT@)| for all t > 0.
(i11) (T_1(t))i>0 is a Co-semigroup on the Banach space (X_1,|]|=1) and [|[T-1(t)||-1 =
IT(@)| for allt > 0.

In the sequel, we denote the restriction (extension) of T'(t) described in Definition 4| by
the same symbol T'(¢), since this is unlikely to lead to confusions.

In the sequel we also use the following result by Miyadera and Voigt [9, Corollaries
I11.3.15 and 3.16], that gives sufficient conditions for a perturbed generator to remain a
generator of a Cy-semigroup.

Proposition 8. Let (4, D(A)) be the generator of a strongly continuous semigroup (T'(t))
on a Banach space X and let P € L(X1,X) be a perturbation which satisfies

t>0

to
[ IPr@slar < dlal o e D) (14)
0
for some tg > 0 and 0 < q¢ < 1. Then the sum A + P with domain D(A + P) :=
generates a strongly continuous semigroup (S(t))i>0 on X. Moreover, for all t > 0 the

Co-semigroup (S(t))t>0 satisfies

St)r =T(t)x + /Ot S(s)PT(t — s)xds Va € D(A). (15)

4



2.2 The admissibility problem

The basic object in the formulation of admissibility problem is a linear system and its mild
solution

(t) = Az(t) + Bu(t);  2(t) = T(t)zo + /0 T(t — 5)Bu(s) ds, (16)

where z : [0,00) = X, u € V, where V is a normed space of measurable functions from
[0,00) to U and B is a control operator; xy € X is an initial state.

In many practical examples the control operator B is unbounded, hence (16]) is viewed
on an extrapolation space X_; D X where B € L(U, X_1). Introduction of X_, however,
comes at a price of physical interpretation of the solution. To be more precise, a dynamical
system expressed by describes a physical system where one can assign a physical mean-
ing to X, with the use of which the modelling is performed. That is not always true for
X_1. We would then like to study those control operators B for which the (mild) solution
is a continuous X-valued function that carries a physical meaning. In a rigorous way, to
ensure that the state x(¢) lies in X it is sufficient that fot T_1(t — s)Bu(s)ds € X for all
inputs u € V.

Definition 9. Let B € L(U,X_1) and t > 0. The forcing operator &, € L(V, X_1) is given
by
t
Dy (u) := / T(t — 0)Bu(o) do. (17)
0
Put differently, we have

Definition 10. The control operator B € L(U, X_;) is called
(i) finite-time admissible for (T(t)),., on a Hilbert space X if for each ¢ > 0 there is a
constant K; such that

t>0

[@:(u)l[x < Killullv VueV; (18)
(i) infinite-time admissible for (T(t)):>o if there is a constant K > 0 such that

[®]lzov,x) <K VE>0. (19)

For the infinite-time admissibility it is convenient to define a different version of the
forcing operator, namely @, : L?(0,00;U) — X_1,

Do () = /O ") Bu(t) dt. (20)

The infinite-time admissibility of B follows then from the boundedness of @, in taken as
an operator from L?(0,00;U) to X. For a more detailed discussion concerning infinite-time
admissibility see also [15] and [26] with references therein.

3 The setting of retarded diagonal systems

We begin with a general setting of the previous section expressed by with elements
defined there. Then, consecutively specifying these elements, we reach a description of a
concrete case of a retarded diagonal system.

Let the delay operator ¥ be a point evaluation i.e. define ¥ € L(W2(—7,0; X), X) as

U(f) == Arf(=7), (21)

where boundedness of W results from continuous embedding of W2(—7,0; X) in C([—7, 0], X)
(see e.g. [6l, Theorem 8.8], [1, Theorem II1.4.10.2] or [10, Chapter 5.9.2]).

With the delay operator given by we are in a position to describe pivot duality
for X given by with (A, D(A)) given by (10)-(9) and with B = (]g). Then, using
the pivot duality, we consider on the completion space X_; where the control operator
B e L(U,X_1). To write explicitly all the elements of the pivot duality setting we need to
determine the adjoint (A*, D(A*)) operator (see Proposition [6).



Proposition 11. Let X, (A4, D(A)) and A; be as in (1) and (A, D(A)) be defined by (L10)-
©) with ¥ given by [1). Then (A*, D(A*)), the adjoint of (A, D(A)), is given by

D(A") = {(lg’) € D(A*) x Wh2(—1,0;X) : Aty = g(—T)}, (22)

o()-(12)

where (A*, D(A*)) is the adjoint of (A, D(A)) and A3 is the adjoint of A;.

Proof. Let F be the set defined as the right hand side of (22). To show that D(A*) C F
we adapt the approach from [19]. Let v = (f(fo)) € DA), w= (z) € D(A*) and let

o (521)

By , @ and the adjoint Definition [5| we get
0
At = (A0 FO) + [ {(A0)(0), () do

0
= (1 ATO) + AT+ [ a0 58 do

and boundedness of the above for every v € D(A) implies that y € D(A*). Observe also
that

-7

[ (@ s o= [ (o510 - [ Lrerae) ao
o 0 0 0 7
~ [ (A0 @10 do = [ ((Aw)ia) [ L) o

o ’ (25)

_/OT<(A* ) (o) da—L/ ((Aw dgf(£)>xdod€
:</O (A"w)! () do [(0)) -~ / </ (A*w)}(o )do,d%f(f)>xd§-

-7 -7 —T

Putting the result of into and rearranging gives that for every v € D(A)

0
(o) + [ (Aw)o)ds — Ay~ Ay, £0)
0 U_T d (26)
[ {[ @w© e aiy+g0). (@) do
where we used the fact that f(—7) = f(0) — f _ L f(o)do. As for every constant f :
[—7,0] = D(A) we have (fscO)) € D(A), there is

0
(A"w)0 = A%y + ATy — / (A*w) (o) do, (27)

and then "
9(0) = Ajy - / (A*w) () dE, Vo € [~r,0]. (25)

Equation (28]) shows that w = (g) € D(A*) implies g € W2(—7,0; X). Taking the limits
gives
g(=7) = Aly (29)



and

(A"w)? = A%y + g(0). (30)
Differentiating with respect to o we also have
d
(A*w)t = ——g. (31)
do

To show that D(A*) D F let w = ( ) € Fand v = (f) (f(o)) € D(A). By (13) we need
to show that (A*w,v)r = (w, Av)X, where A*w we take as given by . We have

wrwae = (7500, (79) >X = (400,50 + [ OT (- g p)gdo

dog
0 0
d
- [ ey

—T

= (A", £(0))  + (9(0), FO)) s + (= 9. f)

= (A9 SO + (o7 ST+ {01,

= (A", FO) 5 + (A1, )y + (00 f)

= <yvAf(0)>X + <y7A1f( > + <gv i >L2 - <waAU>X

O

Denoting D(A*)’ for the dual to D(A*) with respect to the pivot space X, by Proposi-
tion [6] we have

X_y = D(A"). (32)

System represents an abstract Cauchy problem, which is well-posed if and only if
(A, D(A)) generates a Cy-semigroup on X'. To show that this is the case we use a pertur-
bation approach. We represent A = Ag + Ay, where

A 0
Ao:(o d), (33)
do
with domain D(Ag) = D(A) and
0 v
avi= (g % ) (34)

where Ay € ﬁ(X x W2(—7,0; X), X). The following proposition [5, Theorem 3.25] gives
a necessary and sufficient condition for the unperturbed part (A, D(Ap)) to generate a
Co-semigroup on X.

Proposition 12. Let X be a Banach space. The following are equivalent:
(i) The operator (A, D(A)) generates a strongly continuous semigroup
(T(t))t>0 on X.
(i) The operator (Ay, D(Ag)) generates a strongly continuous semigroup
(%(t))t>0 on X x LP(—7,0; X) for all 1 < p < oc.
(iii) The operator (Ao, D(A)) generates a strongly continuous semigroup
(%(t))t>0 on X x LP(—1,0; X) for one 1 < p < 0.

The Cy-semigroup (%(t))t>0 is given by
T(t) 0
t) .= Vi >0 35
o= (18 oy ) o (3)
where (So(t))t>0 is the nilpotent left shift Cy-semigroup on LP(—1,0; X),
| f(s+t) if s+te]-1,0],
sa ()= { J00 (36)



and Sy : X — LP(—7,0; X),

(Sex)(s) := { g(s )z z; __Tt;fz (37)

Proposition |8| provides now a sufficient condition for the perturbation (Ag, D(A)) such
that 4 = Ap + Ay is a generator, as given by the following

Proposition 13. Operator (A, D(A)) generates a Cy-semigroup ('T(t))t>0 on X.

Proof. We use Proposition [§] with (A, D(A)) given by (10)- (9) and represented as sum
of and with ¥ given by (2I). Thus a sufficient condition for (A, D(A)) to be
a generator of a strongly continuous semigroup (T(t)) on X is that the perturbation

Ay € L(X x WH2(—7,0; X), X) given by satisfies

to
/0

for some tg >0 and 0 < g < 1.
Let (?) € D(Ap) and let 0 < t < 1. Then, using the notation of Proposition [12[ and
defining M := max { supeo 1 7(s)], 1} we have

t>0

AvTo(r)e|| dr <alvlx Vo€ D(Ao)

/Ot HA\ﬂB(T)vHX dr = /Ot”\I/(STm + So(r)f)||x dr
= [+ Ao () -

t t
< Al / IT (=7 + r)allx dr + A / 1F (=7 + )l dr
0 0

— T+t —T7+t
= [l A ]] IT(s)xllx ds + [ A 1f(s)llx ds

—T T

—T+t 3/ oTHE 3
StM|A1||||x|X+|A1||< / If(S)IIf;(dS) ( / 12ds)

1 1
< M| Axflllellx + 2 [ Axllll fllze < 2 MIA (2] x + 11 £]22)
< (2)% M| A [ffv]|x,

where we used Holder’s inequality and the fact that
(l2llx + 1fllz2=r0x))* < 200205 + £ 172 (—r0x))s
with [[v|lx = (|z|% + ||f||2L2(_T O_X))%. Setting now ¢, small enough so that

1
q:= (2tp)2 M|| 41| < 1
we arrive at our conclusion. O

Remark 14. The operator ¥ defined in (21)) is a special case of a much wider class of operators
that satisfy and thus (A, D(A)) in (10) remains a generator of a strongly continuous
semigroup (7 (¢))i>0 on X. For the proof of this general case see [0, Section 3.3.3].

We obtained results in Proposition [[I]and Proposition [I3]only by specifying a particular
type of delay operator in the general setting of Section[2} Let us now specify the state space
as X := [? with the standard orthonormal basis (ex)xren, (A, D(A)) is a diagonal generator
of a Cy-semigroup (T'(t));>0 on X with a sequence of eigenvalues (A;)ren C C such that

sup Re A\, < o0, (38)
keN



and A; € £(X) is a diagonal operator with a sequence of eigenvalues (v )ren C C. In other
words, we introduce a finite-time state delay into the standard setting for diagonal systems
[26, Chapter 2.6]. Hence, the Cp-semigroup generator (A, D(A)) is given by

D(A) = {Z S ZQ(C) : Z(l + \)\k|2)|zk|2 < OO}, (Az) = A2k (39)
keN

Making use of the pivot duality, as the space X; we take (D(A), ||-|l4r), where the graph
norm ||-||g4» is equivalent to

21T = D (1 + Al 2l

keN
The adjoint generator (A*, D(A*)) has the form
D(A*) = D(A),  (A"2)k = A2 (40)
The space X_; consists of all sequences z = (2 )yen C C for which
|2k )
d g <, (41)
2
i 1 ]

and the square root of the above series gives an equivalent norm on X_;. By Proposition |§|
the space X_; can be written as (D(A*))’. Note also that the operator B € L(C, X_;) is
represented by the sequence (bg)reny C C as L(C, X_1) can be identified with X_;.

This completes the description of the setting for a diagonal retarded system. From now
on we consider system reformulated as (@ and its Cauchy problem representation as
defined with the diagonal elements described in this section.

3.1 Analysis of a single component

Let us now focus on the k-th component of , namely

26(t) = Mz (t) + yrzn(t — 1) + bru(t)
2(0) = zy, (42)
20, = fk,v

where A\, Vi, b, v € C, fr == (f, k) 12(—r,0,x)lx With [}, being the k-th component of an
orthonormal basis in L?(—7, 0; X) (see [4, Chapter 3.5, p.138] for a description of such bases).
Here b, is the kth component of B.
For clarity of notation, until the end of this subsection, we drop the subscript k£ and
rewrite in the form
2(t) = Az(t) + Uz + bu(t)

A0) =1, (13)
20 = fa
where the delay operator ¥ € L(W2(—7,0;C),C) is given by
U(f)=7f(=1) VfeW"(-1,0,C). (44)

The setting for the k-th component now includes the extended state space
X :=C x L*(-7,0;C) (45)

with an inner product

<<§>» <gg/> >x =z + (f,9)L2(~r,0,0) V(;), @) €X. (46)

The Cauchy problem for the k-th component is

{ o(t) = Av(t) + Bul(t)
v(0) = (%),

9



where v : [0,00) 3t (Zz(f)) € X and A is an operator on D(A) C X defined as

D(A) = {(;) €Cx W2(=7,0;C) : f(0) = x} (48)
(1 3)

and B := (8) € L(C, X_1). By Proposition |§| and Proposition for the k-th component we
have

X, = D(AY). (50)
where D(AY) = {(g) ECx W(-7,0;C) : 7y = Q(T)}v (51)
" (z) _ ( Ay_J}UgS(IO) ) ’ (52)

and D(A*) is the dual to D(A*) with respect to the pivot space X in (45). As the proof is
essentialy the same, we only state a k-th component version of Proposition [[3] namely

Proposition 15. The operator (A, D(A)) given by [{8)-([9) generates a strongly continu-
ous semigroup (’T(t))t>0 on X given by . O

Now that we know that the k-th component Cauchy problem is well-posed we can
formally write its X_;-valued mild solution as

v(t) =T (t)v(0) + /0 T(t — s)Bu(s) ds, (53)

where the control operator is B = ({) € £(C,X_;) and T (t) € L(X_;) is the extension of
the Co-semigroup generated by (A, D(A)) in (48)-(49).

The following, being a corollary from Proposition [3] gives the form of the k-th component
resolvent R(s, A).

Proposition 16. For s € C and for all 1 < p < oo there is
s € p(A) if and only if s € p(A + ¥y). (54)

Moreover, for s € p(A) the resolvent R(s, A) is given by

fi(s, A) = ( fg(?;f \13) iij%ésxqﬂp{%iﬁo))zz(s,/xo) ) ! (55)
where R(s, A+ U,) € £(C),
R(s, A+ 0,) = ﬁ Vs € Cpapap (56)
and R(s, Ag) € L(I2(—7,0;C)),
R(s, Ao)f(r) = /TO U f(t)dt e [-7,0] Vs € Capiy- (57)

Proof. The proof runs along the lines of [24, Proposition 3.3] with necessary adjustments
for the forms of diagonal operators involved. O
By Proposition the resolvent component R(s,\ + U,) is analytic in g\/\lﬂ’v\' To

ensure analyticity of R(s,\ + ¥y) in C,, as required to apply H(C, )-based approach, we
introduce the following sets.

Remark 17. We take the principal argument of A to be Arg A € (—, 7.
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Let D, C C be an open disc centred at 0 with radius r > 0. We shall require the following
subset of the complex plane, depending on 7 > 0 and a € (—o0, %] and shown in Fig.
namely:

e for a < 0:

AT,a ::{77 € C\D\a\ :Re77+a <0, |77| < |777T|7

(58)
1
|Argn| > 74/ |n|? — a? + arctan ( - a\/|17|27—(12)} UD)q,
where 7, is such that
1
VIn=|? — a®7 + arctan ( — =% = a2> =T
a
e for a =0:
T ™
Ao ={n € CV(0} s Ren <0, lnl < . Areal > 7ol + 3 69
o for0<a< %
Ara ::{7] €C:Ren+a<0,|n <,
(60)

1
|Argn| > T\/W—F arctan ( — 7\/|17|27_a2) + w},

a

where 7, is such that || > a and

1
vV Nz |? — a7 + arctan ( — g\/ 0|2 — a2> =0.

The analyticity of R(s, A+ ¥,) in C, follows now from the following [18]

Proposition 18. Let 7 > 0 and let A\,v,n € C such that A\ =a+ib € Q%- Then
(i) every solution of the equation s —a —mne " =0 belongs to C_ if and only if n € Ar4;
(ii) every solution of
s—A—vye T =0 (61)

and its version with conjugate coefficients

s—A—7e T =0 (62)
belongs to C_ if and only if ye~ € A, ,.

In relation to the form of R(s, A + U,) consider the following technical result based on
[27], originally stated for real coefficients, that for complex ones becomes

Lemma 19. Let 7 > 0 and A,y € C such that A\ = a + ib with a < 1, b € R and

ye " € A, .. Then .
- Jas |y < lal
1 dw ’
= %/ Ere B i o
—o0 J’y7 |PY‘ > ‘a’|
where
1
J, =




Figure 1: Outer boundaries for some A, sets, defined in f with n = u +dv, for 7 =1

and different values of a: solid for a = —1.5, dashed for a = 0 and dotted for a = 0.25.

1 ar — 1
e = Re(ye ) ra’ (65)
and
PAPS S
2V - o .

L asin(y/RP =) - VP = cos(y/pP = a?r)
Re(ye~ ) +acos(v/hPP —a?r) + /R = sin(y/ P = a7)’

The proof of Lemma is a rather technical one and so it is in the Appendix section.
We easily obtain

Corollary 20. Let 7 >0, A=0 and vy € A;y. Then

1 [ dw cos(|y|T
JO = 7/ ] —iwT |2 = (|’Y| ) : (67)
21 J o liw —yemiT | 2(Re(7) + |y|sin(|y|7))

O

Referring to and the mild solution of the k-th component the infinite-time
forcing operator ®., € L(L?*(0,00;C), X_1) is given by

@@@:Amﬂmmn% (68)

_( Tu(t) Tt b\ [ bTu(t)
T(t)B = ( Ta®) T J\ 0 )=\ 0T )
Hence the forcing operator becomes

Jo© Ta(t)bu(t) dt
Do (u) = € X 1 = D(A"Y. (69)
1o T (t)bu(t) dt

where

12



We can represent formally a similar product with the resolvent R(s,.A) from , namely

Rn(s) ng(s) b b 1
R B= = 70
sAB= (g T (0 )=t (L) @
where the correspondence of sub-indices with elements of is the obvious one and will
be used from now on to shorten the notation.

The connection between the Cy-semigroup 7 (¢) and the resolvent R(s,.A) is given by the
Laplace transform, whenever the integral converges, and

o L(Ti1)(s)
R(s, A)B = / e~ T(r)Bdr = b € £(C, X 1), (71)
0 L(T21)(s)

Theorem 21. Suppose that for a given delay T > 0 there is A = a + i € g; and

ve T € A,,. Then the control operator B = (8) for the system is infinite-time
admissible for every u € L*(0,00;C) and

1Po ()% < (1 +7) 0P [[ull72(0,0010)

where J is given by .
Proof. 1. Let the standard inner product on L?(0,00;C) be given by (f,g)r2(0,00:c) =

> £(t)g(t) dt for every f,g € L?(0,00;C). Using (69) and (50) we may write for the
Jo ft)g v g g y
first component of @, (u)

/ Tia (0)bu(t) dt = b(Tir. @) 2 0.0ei0) (72)
0

assuming that 7;; € L?(0, 00; C). This assumption is equivalent, due to Theorem to
L(T11) € H?(C,), where the last inclusion holds. Indeed, using and we see
that £(T11)(s) = bR11(s) = ﬁ The assumptions on A and « give that Ry; is
analytic in C,. The boundary trace R}, = L£(711)* is given a.e. as

1
iw—X—ye W

L(Tn)" (iw) =

Lemmanow gives that £(771)* € L2(iR) and thus, by (), R11 € H*(Cy).
2. Again by Theorem [I| and definition of the inner product on H?(C), in we have

[ 1 —

b(T11, W) 12(0,00,0) = o L(u)" (iw) dw.

oo fw— N —yeTiwT

The Cauchy—Schwarz inequality now gives

e 1 ey
%/ ——L(1)" (iw) dw

oo W — A —yeTwT

1 [t 1
S |b| (2/ ‘ ;y —iwT
T ) oo llw—A—re

1
= |b| J>? ||U’HL2(0,00;(C)a

) (& e

with J given by . Combining this result with point 1 we obtain

2

o
‘ / Toa(bu(t) dt]| < BTl 0 mc (73)
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3. Consider now the second element of the forcing operator 7 namely
(o]
/ To1()bu(t) dt € W,
0

where we denote by W the second component of X_; = D(A*)". If we assume that
T21 € L?(0, 00; W) then using the vector-valued version of Theorem this is equivalent
to L(T21) € H?(Cy, W), but the last inclusion holds. Indeed, to show it notice that
Ro1 = €,Rq11 where

es(0) :=e*7, o e[-T1,0],

is, as a function of s, analytic everywhere for every value of o, and follow exactly the
reasoning in point 1.

4. We introduce an auxiliary function ¢ : [0,00) — C. For that purpose fix 721 €
L2(0,00; W) and o € W and define ¢(t) := (T1(t), zo)w. Then ¢ € L*(0,00;C), as
the Cauchy—Schwarz inequality gives

/ (Tax (8), o) 2 dt < / 1 Tar ()13 dtl|zo 3y < o.
0 0

5. Consider now the following;:

/ o(t) dtfb/oo<7'21(t),x0>wu </ To1 (t)u(t) dt x0>W.

We also have

b [ G(tyult) dt = b(o,@) 20 merc) = BILD)" £(8)") 12m.

0

To obtain the boundary trace £(¢)* notice that

£ = [ e T = ([ e Tl dna )
= (L(T21)(8), xo)w = (Ra1(s), zo)w-
Using now yields the result

w

iw— A — yeiwr 0

L0 i) = (Bisliwhzadw = (52— >W.

Finally we obtain
1 [t —
< / Tor (Du(t) dt x0> - < / R, (iw) Z(8)* (iw) dw,x0>
w 21 ) oo w

oo +00 L
/0 Tor(Bu(t) dt = % Ry () L@)" (i) de € W. (74)

and

6. By the definition of the norm on L?(—7,0;C) we have

2 1 0 12
J— w
_‘iw_)\_,yefiwr|2/77_|e | dt

eiwt

0
IR @) o = [

o |tw — A —yemwT
T
CJiw — A — yemiwT |27

14



The Cauchy—Schwarz inequality gives

b3 [ :’o Ry (i) E(@)" (i) do

L2(—7,0;C)

1 [t ——
<lblor [ IR @)oo [T i) e

— 00

400 7_% 7
e / Z(@)" (iw) | dw

oo Jiw = A= yeTiwT |

1 [t T3 2 T/ T, 2 H
Sw(%nlw QmAvewq)d4)<wﬂﬁwycm)um\m0

1
= [b () [Jl 2 (0.00:0).

with J given by . Combining this result with point 5 gives

”Agammwﬁ2

L2(—7,0;C)

7. Taking now the norm ||-||x resulting from and using (69), (73), and Lemma

19 we arrive at
([ oo (u) IX_‘/ Tr1(t)bu(t dt /751 t)bu(t dt
L2(—7,0;C)

= (14 7)b* T [ullZ2 (0 00ic)- (76)
O

< ‘b|27—']Hu”2L2(0,oo;(C)' (75)

3.2 Analysis of the whole retarded delay system

Let us return to the diagonal system reformulated as with the extended state space
X =1? x L?(—7,0;1?) and the control operator B € L(C,X_1). We also return to denoting
the k-th component of the extended state space with the subscript. By Proposition a
mild solution of is given by , that is vg : [0,00) = X,

wt®) = () = Ton(0) + [ Tte - )0t s @

Given the structure of the Hilbert space X = % x L?(—7,0;1?) in @ the mild solution
has values in the subspace of X spanned by the k-th element of its basis. Hence, defining

v:]0,00) = X,
)= > wk(t), (78)
kEN
we obtain the unique mild solution of . Using and @ we have

o= ()],

= §:|Zk(’5)|2 + Z|<Zt,lk>L2(—T,o;12)|2

keN keN

= =@ + 22 002

(79)
= (|zk<t>|2 n ||ztk.|%2<_f,0;c>)

keN
= Y o)1

keN

where we used again and notation from . We can formally write the mild solution
as a function v : [0,00) — X_q,
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t
v(t) =T (t)v(0) + / T(t — s)Bu(s) ds. (80)
0
where the control operator B € £(C, X_1) is given by B = ((b’%’ce‘“). We may now state the
main theorem of this subsection.

Theorem 22. Let for the given delay T € (0,00) sequences (Ai)ken and (Vi)ken be such
that
A =ap +1i0; € (Qi and Yk e T ¢ Aro, VEkEN,

with A o, defined in 7 . Then the control operator B € L(C,X_1) given by B =
((b"%"'EN) is infinite-time admissible for system if the sequence (Cy)ren € 11, where

Cr = |b|* Tk (81)

and Jy 1s given by for every (Mg, &), k € N.
Proof. Define the infinitie-time forcing operator for as @y 1 L2(0,00) — X_q,

D (u) ::/ T (t)Bu(t) dt.
0
From it can be represented as
Poo(u) = Z Doy, (), (82)
keN

where &, (u) is given by
Do, (1) ::/ Tr(t)Bru(t)dt, ke N.
0

Then, similarly as in and using the assumption we see that

1B ()% = 3 [ ()3 < (1 4 T>(Z|ck) 20 sy < -

keN kEN
O

Condition (Ck)ren € I of Theorem [22| may not be easy to verify given the form of Jj,
in . However, in certain situations the required condition follows from relatively simple
relations between generator eigenvalues and a control sequence - see Example below.

The I!-convergence condition was also used in [24], where the results are, in fact, a special
case of the present reasoning. This can be seen in Sections [£:2] and below.

4 Examples

A motivating example of a dynamical system is the heat equation with delay [21], [20] (or a
diffusion model with a delay in the reaction term |30}, Section 2.1]). Consider a homogeneous
rod with zero temperature imposed on its both ends and its temperature change described
by the following model

S (z,t) = %i’é’(x,t)—i—g(w(%t—ﬂ), x € (0,m),t >0,

w(0,t) =0, w(m,t) =0, t € [0,00), (83)
w(z,0) = wo(x), xz € (0,7),

w(x, t) = p(x,t) z € (0,m),t € [—,0],

where the temperature profile w(-,t) belongs to the state space X = L?(0,n), initial condi-
tion is formed by the initial temperature distribution wo € W2(0, ) N W, *(0,7) and the
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initial history segment g € W2(—7,0; X), the action of g is such that it can be considered
as a linear and bounded diagonal operator on X. More precisely, consider first without
the delay term i.e. the classical one-dimensional heat equation setting [26] Chapter 2.6].
Define
d2
D(A) :== W22(0,7) N Wy?(0,7), Az:= 5% (84)

Note that 0 € p(A). For k € N let ¢, € D(A), ¢p(x) := \/gsin(kz) for every z € (0, ).
Then (¢)ren is an orthonormal Riesz basis in X and

App = —k?¢r,  VkeN. (85)

Introduce now the delay term g : X — X, g(z) := A1z where A; € £(X) is such that
A0 = Yy for every k € N. We can now, using history segments, reformulate into
an abstract setting

2(t) = Az(t) + A1ze(—7), 2(0) =wg, 20 = o. (86)

Using standard Hilbert space methods and transforming system into the I? space (we
use the same notation for the /2 version of ) and introducing control signal we obtain a
retarded system of type . The most important aspect of the above example is the sequence
of eigenvalues (A )ren = (—k?)ren, a characteristic feature of the heat equation. Although
the above heat equation is expressed using a specific Riesz basis, the idea behind remains the
same. More precisely - one can redo the reasoning leading to a version of Theorem [22 based
on a general Riesz basis instead of the standard orthonormal basis in X. Such approach,
however, would be based on the same ideas and would inevitably suffer from a less clear
presentation, and so we refrain from it.

4.1 Eigenvalues with unbouded real part

Consider initially generators with unbounded real parts of their eigenvalues. For a given
delay 7 > 0 let a diagonal generator (A, D(A)) have a sequence of eigenvalues (Ax)gen such
that

M =ar+i8,€C_ and ap — —oc0 as k — oo. (87)

Let the operator 4; € £(X) be diagonal with a sequence of eigenvalues (yx)ren. Bound-
edness of A; implies that there exists M < oo such that || < M for every k € N. As A; is
diagonal we easily get |vx| < ||A1|| < M. Let the control operator B be represented by the
sequence (by)ren C C.

To use Theorem [22| we need to assure additionally that ~; e??+7 € As g, for every k € N
and that the sequence (Ci)ren = (|bx|*Ja, )ken € 1. However, for the former part we note
that the boundedness of A; implies that there exists N € N such that

|vel < |lax| ¥ k> N. (88)

Fix such N. By the definition of A, , in we see that (Vx)k>N C Asqy. Thus the only
additional assumption on operator A; we need is

e T e AL, Vk<N. (89)

Assume that and hold. Then the sequence (Cy)ren € ' if and only if

Do 1Ck =D bkl Tay < oe,

k>N k>N

where J,, is given by for every k > N. Let us denote rj, := y/ai — |y]?. As k — o0

we have
TR — 00, ar—TE—> —00, ar+ 71— 0.
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and thus we obtain

lim M = lim i1 ] o lber1)? 7k
k—oo  |Cll k—oo |b|?

Ja,  k—oo |bg|? Tri1

€T (apyy — Tg1) + €7 (= Qpy1 — Tg)

2Re(Ypp1 e ber1T) 4 e (apqy — Tpr) — €T (= Apgr — Thi1)
2Re(yp e rT) e (a;~C — rk) —e kT ( —ag — rk)

ersT (ak — T‘k) + e kT ( — ap — Tk)

X

2
a2 laxly/1—
:klim HE k X
2
—00 k |ak+1| 1— "Y;r"#l‘
k+1

1 — e~ 2rkf17 Ak41+TE+1

% Ak+1—Tk+1 %
1+e k1T 2Re(ypgpre” TRHLT) + e~ 2k41T Ok41+Th41

Ak+1—Tk+1 Ak4+1—Tk+1

1+ e~ TkT 2 Re(vx Ciibkf) + e—Q’r’kT ap+rg

g —Tk g —Tk
X

1 —e2reT ar+re
ap—Tk

R Ve L Y
k—o0 |bk|2 |ak+1|’

provided that at least one of these limits exists. The above results clearly depends on a
particular set of eigenvalues.

Let us now look at the abstract heat equation . The sequence of eigenvalues in
ie. (A\r)ren = (—k?)ren clearly satisfies . For such (Ag)ken we have

. |Ck+1|:. |brs1]?
k— o0 ‘Ck| k— o0 |bk|2 ’

(90)

provided that at least one limit exists. By the d’Alembert series convergence criterion
limp oo I%lel < 1 implies (Cy)gen € 1.

Take the delay 7 = 1 and assume that A4; in is such that holds, i.e. there exists
N € N such that v, € Ay _j2 for every k < N and vy, € Ay _n2 for every £ > N. Then,
by Theorem ﬁ for B = ((bk%’“e\’) to be infinite-time admissible it is sufficient to take any

(bx)ken € 12 such that

2
. |br+1]

1
k—o00 |bk|2 <

Note the role of the "first" eigenvalues -y, of A; which need to be inside consecutive A, 2
regions. As A; is a structural part of retarded system it may not always be possible to

apply Theorem

4.2 Direct state-delayed diagonal systems

With small additional effort we can show that the so-called direct (or pure, see e.g. [3])
delayed system, where the delay is in the argument of the generator, is a special case of
the problem analysed here. Thus we apply our admissibility results to a dynamical system
analysed in [24] and given by

2(t) = Az(t — 7) + Bu(t)
2(0) = =, (91)

where (A, D(A)) is a diagonal generator of a Cyp-semigroup (T'(t));>0 on I2, B is a control
operator, 0 < 7 < oo is a delay and the control signal u € L?(0,00;C). Let the sequence
(Ak)ken of the eigenvalues of (A, D(A)) be such that sup,cy Re A, < 0.
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We construct a setting as the one in Section [3| and proceed with analysis of a k—th com-
ponent, with a delay operator given again by point evaluation as ¥;, € L(W2(—1,0;C), C),
Uy (f) :== M f(—7) (we leave the index k on purpose) and it is bounded as A is finite. The
equivalent of now reads

2’/€(t) = )\}gzk(t —7)+ bku(t)
z(0) = zx, (92)
20, = fka
where the role of v in is played by A\ in , while Ay of is 0 in , and this
holds for every k. Thus, instead of a collection {A; 4, }xen, We are concerned only with A, o.

Using now Corollary [20] instead of Lemma the equivalent of Theorem [21] in the direct
state-delayed setting takes the form

Theorem 23. Let 7 > 0 and take A\, € Aro. Then the control operator B = (bg) for the
system based on is infinite-time admissible for every u € L?(0,00;C) and

— cos(|A|7) s |
(Re(he) + [g] sin(hg|r)) | (©000)

[@octillfe < (14 7) bl

O

As Theorem 23| refers only to k-component it is an immediate consequence of Theorem [21]
Using the same approach of summing over components the equivalent of Theorem [22] takes
the form

Theorem 24. Let for the given delay 7 € (0,00) the sequence (Ag)ken C Aro. Then the
control operator B € L(C,X_1) for the system based on and given by B = ((b’cz)’“EN) 18
infinite-time admissible if the sequence (Cy)gen € I*, where

|2 —cos(|Ag|7)

Cr:=1b .
ko= by 2(Re(Ar) + [Axsin(|Ax|7))

(93)

O
Note that the assumption that Ay € A for every k € N, due to boundedness of the

A+ set, implies that A is in fact a bounded operator. While the result of Theorem @ is
correct, it is not directly useful in analysis of unbounded operators. Instead, its usefulness
follows from the the so-called reciprocal system approach. For a detailed presentation of the
reciprocal system approach see [7], while for its application see [24]. We note here only that
as there is some sort of symmetry in admissibility analysis of a given undelayed system and
its reciprocal, introduction of a delay breaks this symmetry. In the current context consider

the example of the next section.

Remark 25. In [24] the result corresponding to Theorem [24] uses a sequence (C)reny which
based not only on a control operator and eigenvalues of the generator, but also on some
constants 0 and my so that Cy = Ci(bg, Ak, 0k, my). As 0 and my originate from the
proof of the result corresponding to Theorem it requires additional effort to make the
condition based on them useful. In the current form of Theorem [24] this problem does not
exist and the convergence of depends only on the relation between eigenvalues of the
generator and the control operator.

4.3 Bounded real eigenvalues

In a diagonal framework of Example let us consider, for a given delay 7, a sequence
(Ak)ken € RN Ao such that A, — 0 as k — oo. In particular, let Ay := (=5 +¢)7 k™2
for some sufficiently small 0 < e < 7. Such sequence of \; typically arises when considering
a reciprocal system of a undelayed heat equation, as is easily seen by . The ratio of
absolute values of two consecutive coefficients (93)) is

(Crest| _ [biral® [eos(Ausn|)] Al [1 = sin([Axl7)]]
|| ul? [ cos(IArlT)] [Aegal [1 = sin([Agsa|7)]
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It is easy to see that
. |Cr4al o |brs1]?
k— o0 ‘Ck| k— o0 |b1€|2 ’

(94)

provided that at least one of these limits exists. By the d’Alembert series convergence
criterion limy_, oo |%,:f‘ < 1 implies (Ck)ren € I*. Thus, by for B = ((b’%’“EN) to be
infinite-time admissible for system it is sufficient to take any (by)ren € [? such that

lim |brt1[?
T

<1. (95)

5 Appendix
5.1 Proof of Lemma [19]

We rewrite J as
1 [ d
J:—/ _ Y
2 J_ oo Jiw — A — e~ |2

_ 1 e dw
21 ) (iw— A — ye i) (—jw — A — & eiwT
m( gl ) ) (96)
1 ds
D2 ) oo (s — A —ye5T)(—s — A —ye5T)
1 100
=— E E
omi | 1(s)Ea(s) ds,
where 1 )
1(s) §—A—rye ST 2(s) —5— A —7esT 07)

Note that writing explicitly E7 and Es as functions of s and parameters A, v and 7 we have
El(S, >\a Vs T) = EQ(_‘S: :\a Y, T)'

Let & be the set of poles of F; and & be the set of poles of Fy. As, by assumption,
ye T ¢ A+ o, Proposition states that & C C_ and & C C,. Thus we have that F; is
analytic in C \ C_ while F5 is analytic in C\ C,..

Let s, € &1, 1. 5, — A — e 7 = 0. Rearranging gives

I—
Sp — A
Substituting above to Ey gives
Sp — A
FEs(s,) = — = . 98
S PR TP Ve )
and this value is finite as s,, € £. Rearranging to account for gives
I -2 - A
R El(s)<Eg(s)+ _° )—El(s) _° ds
21 Jiso (s +A)(s = A) +[7]? (s+X)(s=A)+ 1P
(99)
The above integrand has no poles at the roots {z1, 22} of
(s4+N)(s—\)+y]2=0. (100)

However, as the two parts of the integrand in will be treated separately, we need to
consider poles introduced by z; and z; with regard to the contour of integration. Rewrite

also as B
(s+N)(s=A)+7*=(s—21)(s — 22) = 0. (101)
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C, C
4

Cr
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-100

Figure 2: Contours of integration in (99): part a) is used for the case |y| < |a|, part b) is used
when |y| > |a|. Both parts are drawn for a sufficiently large r so that T';(r) = C, T'(r) = Cp,
and I'r(r) = Cg and they enclose particular values of z; and z3 in and , respectively.
The location of infinitesimally small semicircles around z; and zy in part b) is to be modified
depending on the location of z; and 25 on the imaginary axis.

From this point onwards we analyse three cases given by the right side of . Assume first
that || < |a|. Then

2= a2 =2 +ib, 2= +/a® —|y]2 +ib. (102)

Figure [2a shows integration contours I'1 (1) = I';(r) + I',(r) and T'y(r) = T'y(r) + Tr(r) for
r € (0,00) used for calculation of J. In particular I'; runs along the imaginary axis, I'y, is
a left semicircle and I'g is a right semicircle. Due to the above argument for a sufficiently
large r we get

J= -1 tim (El(s) (Eg(s) +

2mi r=o0 Jp, ()

,s_)\ )—El(s) ,S_)\ )ds
(s+N)(s=A)+ 1 (s+N(s =)+ 1

1 s — A
= i Jopo, 1) <E2(3> * <—><—>) s
1 s— A
BT L) P TP L

(103)

In calculation of the above we used the fact both integrals round the semicircles at infinity
are zero as the integrands are, at most, of order s~2 and for every fixed ¢, A, v, T,

. 1

lim =0. (104)

r—oco rety —)\ — fyeﬂ”ew T

Define separate parts of (103]) as

Jr = ZLTM oo Eq(s) <E2(S) + (8—51)(:\—22)) ds (105)
and
1 5—A
Jr = 5 o Er (8)m ds (106)



and consider them separately.
To calculate J;, note that from it follows that for every s, € & the value
Sn— A
(Sn - Zl)(sn - 22)
is finite and that implies that {z1, 22} N & = (. Thus the only pole of the integrand in (105

encircled by the C' + Cp, contour is at z;. Denoting this integrand by f the residue formula
gives

EQ(Sn) = —

Res., f(s) = lim (s — 1) f(s) = Ex (1) 22

s—z1 21 — %9 ’
As the C 4 Cp, contour is counter-clockwise we obtain
zZ1 — A

JL:El(zl)Z 22.
1—

(107)

To calculate Jgr note that the only pole encircled by the C + Cg contour is at zo. Denoting
the integrand of (106]) by g the residue formula gives

Res.,g(s) = 311_{1212(3 — 22)g(s) = E1(22)Z2 .

As the C' + Cg contour is clockwise we obtain

zZ9 — A
=F . 1
Jr 1(22)Z2 _— (108)
Thus we obtain
J=Ji+Jp= (A= 20)Br(z1) + (22 = N Ea(22)), (109)
Z9 — 21

where 21, 29 are given by (102)). We substitute these values for z; and z5 and perform tedious
calculations to obtain

1
=X
2/ P
ye b (Ve (q T TP) + e VETE (o /2 P))

~ e—ibT (,fyeibf —e VPP JiT A2 —a) — eV P i P - a) + ,ye—ibr)
2y/a? =
eVa?—’r (a — a2 = |’y|2) +eVai-hl*r ( —a—+Ja2 — Mz)
2 Re(ye—ib7) +eVar=IPT (a — a2 = |7|2) —_ e~ Var=hPT ( —a—Ja2 = |’Y|2)
Assume now that |y| > |a|]. The roots {z1, 22} of (101) are

a2 —[y[2+ib, 22 =—iv/a2 — 7|2 +ib. (110)

To calculate J in (99) we now use the contour shown in Figure . We again define Jy, and
Jr as in and ([106)), respectively, but with this new contour.

As ye~®" € A, , by Proposition 1§ no pole of E; lies on the imaginary axis. Hence no
pole of the integrand in is encircled by the C' + Cp contour and this gives

Ji, = 0. (111)
For Jg the only poles of the integrand of (106|) encircled by the C' 4+ Cg contour are z; and

zo. Denoting this integrand by g the residue formula gives

Zl—)\ 22—)\

Res,, g(s) = E1(z1) ,  Res.,g(s) = F1(z2)

Z1 — %2 22721.

22



As the C' + Cg contour is clockwise we obtain

_ zZ1 — zZ9 — A
JR—El(Zl)Zl ~ —|—E1(2’2)22 . (112)
Thus we obtain
J=Jp+Jp = (()\ — 2)Ei(21) + (25 — A)El(ZQ)), (113)
Z92 — 21

where 21, 29 are given by ([110). Substituting these values, again after tedious calculations,
we obtain

1
=X
2i\/[7]? = a?
a(ei\/whazr _efi\/\w|27a2r> _ z\/m(e 2 —a?r +e,i\/|7|2,a27>

J

2Re(ye=i7) + a(ei\/mT +e_i\/m7> =iV = a2<e"'\/|7|27_a27 —e? |7|2_“27)
NG
asin (/|72 — a®7) — \/]7]? — a? cos (V/]7[? — a?7)
Re(ye®7) + acos (/|72 — a®7) + /|72 — a®sin (\/]7]? — a?7) '

For the last case assume that |y| = |a| > 0, as the assumption ye~"" € A, o excludes the
case |a] = |y| = 0 because 0 € A, . Instead of {21, 22} we now have a single double root z

of (101)) given by

20 = ib. (114)

As z lies on the imaginary axis we use the contour shown in Figure 2p tailored to the case

21 = 29 = z9. Define Jr and Jg as in (105) and (106)), respectively, but with the contour
)

tailored for zy. For the same reasons as in (| we have

J. =0. (115)
For Jgr the only pole of the integrand of encircled by the C + Cg contour is zj.
Denoting this integrand by g the residue formula for a double root gives
(aT — 1)ye~7

. d
Res.,g(s) = lm — ((s — 20)%g(s)) = Tatye T

s—zo ds

With the current assumption we have that a?> = v5. By this and the fact that the C' + Cg
contour is clockwise we obtain

ar — 1

- 11
Re(ye=®7) +a (116)

1
JR:§

As J = Jp, + Jg this finishes the proof. O
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