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SOME TOPOLOGICAL PROPERTIES OF TOPOLOGICAL ROUGH

GROUPS

FUCAI LIN*, QIANQIAN SUN, YUJIN LIN, AND JINJIN LI

Abstract. Let (U,R) be an approximation space with U being non-empty set and
R being an equivalence relation on U , and let G and G be the upper approximation
and the lower approximation of subset G of U . A topological rough group G is a
rough group G = (G,G) endowed with a topology, which is induced from the upper

approximation space G, such that the product mapping f : G × G → G and the
inverse mapping are continuous. In the class of topological rough groups, the relations
of some separation axioms are obtained, some basic properties of the neighborhoods
of the rough identity element and topological rough subgroups are investigated. In
particular, some examples of topological rough groups are provided to clarify some
facts about topological rough groups. Moreover, the version of open mapping theorem
in the class of topological rough group is obtained. Further, some interesting open
questions are posed.

1. Introduction

Rough set, as a mathematical theory for dealing with imprecise, uncertain and in-
complete data, was first introduced by Pawlak [20] in 1982. Its main idea is to use the
known incomplete information or knowledge to approximately describe the concept of
imprecise or uncertain, or to deal with ambiguous phenomena and problems according
to the results of observation and measurement. After more than 30 years of research,
the theory of rough set has been continuously improved and widely expanded in ap-
plications, see [27]. At present, it has been successfully applied in machine learning
and knowledge discovery, information system analysis, data mining, decision support
system, fault detection, process control, pattern recognition, etc.

In the past 30 years, the rough sets has been combined with some mathematical
theories such as topology and algebra [1, 3, 5, 6, 9, 12, 13, 17, 21, 22, 23, 27, 28, 29, 30].
The algebraic structures of rough sets are interesting topics, which have been studied by
many authors, for example, [6, 12, 21]. In 1994, Biswas and Nanda [5] introduced the
notion of rough group and rough subgroups, which depends on the upper approximation
and does not depend on the lower approximation. Then many authors improved the
definitions of rough group and rough subgroup, and generalized the definitions of rough
group and rough subgroup (such as, rough ideal, rough semigroup, etc) and prove some
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new properties, see [1, 4, 7, 8, 14, 15, 16, 24, 25]. However, the definition of rough group
has some defects, which lead to many gaps in the proofs of some papers. In 2011, Wu
and Huang in [26] revised the definition of rough group that resolve the defects of the
definition of rough group.

In [3], Bagirmaz et al. introduced the concept of topological rough group, and ex-
tended the notion of a topological group to include algebraic structures of rough groups.
In addition, they presented properties and some examples. However, they use the con-
cept of rough groups which was introduced in [5], which leads to some defects. In this
paper, we study the topological rough groups base on the concept of rough groups which
has been revised in [26]. We mainly discuss some topological properties of topological
rough groups. In particular, we investigate the separation axioms, the neighborhoods
of the rough identity element and the rough subgroups of topological rough groups. In
Section 2, we introduce the necessary notation and terminologies which are used for
the rest of the paper. We also make some remarks about topological rough groups. In
Section 3, we investigate the separation axioms for topological rough groups. We mainly
provide some examples and prove some theorems to illustrate the relations of some sep-
aration axioms among topological rough groups, such as, T0, T1, T2, etc. Section 4 is
devoted to the study of some basic properties of topological rough groups. We mainly
discuss the neighborhoods of rough identity element of topological rough groups. In
particular, we study the extremally disconnected topological rough groups. In Section
5, we investigate some basic properties of topological rough groups, and discuss that
when the closure of a topological rough subgroup of a topological rough group is a topo-
logical rough subgroup. In Section 6, we redefine the concept of rough homomorphism,
and prove the version of open mapping theorem in the class of topological rough groups.

2. Preliminaries

In this section, we introduce the necessary notation and terminologies. First of all,
let N, ω, Z and R denote the sets of all positive integers, non-negative integers, all
integers and all real numbers, respectively. Let X be a topological space and let A be
a subset of X. The closure and interior of A are the smallest closed set containing A
and the largest open set contained in A respectively, and are denoted by Ac and Int(A)
respectively. For undefined notation and terminologies, the reader may refer to [2], [10]
and [27].

First, we give the definition of rough groups introduced by Wu and Huang in 2011.
Let (U,R) be an approximation space such that U is any non-empty set and R is an

equivalence relation on U . We denote the equivalence class of object x in R by [x]R.
For a subset X ⊂ U ,

X = {x ∈ U : [x]R ∩X 6= ∅}

and

X = {x ∈ U : [x]R ⊂ X}.

are called upper approximation and lower approximation of X in (U,R), respectively.
Assume that (∗) is a binary operation defined on U . We will use xy instead of x ∗ y

for all composition of elements x, y ∈ U as well as for composition of subsets XY , where
X,Y ⊂ U .

Definition 2.1. [26] Let S = (U,R) be an approximation space, and let (∗) be a binary
operation defined on U . A subset G of universe U is called a rough group if the following
properties are satisfied:



SOME TOPOLOGICAL PROPERTIES OF TOPOLOGICAL ROUGH GROUPS 3

(1) ∀x, y ∈ G,xy ∈ G;

(2) ∀x, y, z ∈ G, (xy)z = x(yz);

(3) ∃e ∈ G such that ∀x ∈ G, ex = xe = x, where e is called the rough identity
element of rough group G;

(4) ∀x ∈ G,∃y ∈ G such that xy = yx = e, where y is called the rough inverse
element of x in G, we denote it by x−1.

Definition 2.2. [5] A non-empty rough subsetH = (H,H) of a rough groupG = (G,G)
is called a rough subgroup if it is a rough group itself.

A necessary and sufficient condition for a subset H of a rough group G to be a rough
subgroup is characterized as follows

Theorem 2.3. [5] A rough subset H is a rough subgroup of the rough group G if the
following two conditions are satisfied:

(1) ∀x, y ∈ H, xy ∈ H;

(2) ∀y ∈ H, y−1 ∈ H.

Definition 2.4. [18] A rough subgroup N of rough group G is called a rough normal
subgroup, if for each g ∈ G, gN = Ng.

Definition 2.5. Let G be a rough group and A ⊂ G. We say that A is symmetric if
A = A−1.

Definition 2.6. [3] A topological rough group is a rough group (G, ∗) together with a
topology τ on G satisfying the following two properties:

(1) the mapping f : G × G → G defined by f(x, y) = xy is continuous with respect
to product topology on G×G and the topology τG on G induced by τ ;

(2) the inverse mapping g : G → G defined by g(x) = x−1 is continuous with respect
to the topology τG on G induced by τ .

Proposition 2.7. [3] Let G be a topological rough group. Then, every rough subgroup
H of G with relative topology is a topological rough subgroup.

Let G be a topological rough group and let π : G × G × G → G3 be defined by
π(x, y, z) = xyz for any x, y, z ∈ G. Put G3

0 = π−1(G3 ∩G).

Definition 2.8. A strongly topological rough group is a topological rough group G
together with a topology τ on G satisfying the following property (♯).

(♯) The mapping h : G3
0 → G defined by h(x, y, z) = xyz is continuous with respect

to the product topology of G×G×G induced on G3
0 and the topology τG on G induced

by τ .

Remark 2.9. (1) Let G be a topological rough group. Clearly, G2 ⊂ G. If G = G2 then
it follows from the definition of topological rough group that G is a topological group.

(2) Let S = (U,R) be a topological group. If G is a symmetric subset G of S such
that xy ∈ G for any x, y ∈ G, then G is a topological rough group.

(3) Each strongly topological rough group is a topological rough group. Indeed, there
exists a topological rough group which is not a strongly topological rough group, see
Example 3.1.

(4) There exists a strongly topological rough group which is not a topological group,
see Example 2.10.
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(5) Throughout this paper, we always assume the upper approximation space G with
a topology τ and the topological rough group G with the topology τG induced from
(G, τ). If A is a subset of G, then we always denote the closure of A in (G, τG) and
(G, τ) by Ac and Ac

τ respectively.

(6) Throughout this paper, the rough identity element of a topological rough group
is denoted by e.

Example 2.10. There exists a strongly topological rough group G which is not a topo-
logical group

Proof. Let U = {0, 1, 2} be a set of surplus class with respect to module 3 and let (∗) be
the plus of surplus class. A classification of U is U/R, where E1 = {0, 1} and E2 = {2}.
Let G = {1, 2}. Then G = U . Then it is easy to see that G is a strongly topological
rough group which is not a topological group since the rough identity element 0 does
not belong to G. �

3. Separation axioms of topological rough groups

In this section, we discuss the separation axioms of the topological rough groups.
First of all, we recall some concepts.

Let X be a topological space. Then

(1) X is called a T0-space [10] if for every pair of distinct points x, y ∈ X there exists
an open set containing exactly one of these points.

(2) X is called a T1-space [10] if for every pair of distinct points x, y ∈ X there exists
an open set U ⊂ X such that x ∈ U and y 6∈ U .

(3) X is called a T2-space [10], or a Hausdorff space, if for every pair of distinct points
x, y ∈ X there exist open sets U1, U2 ⊂ X such that x ∈ U1, y ∈ U2 and U1 ∩ U2 = ∅.

(4) X is called a T3-space [10], or a regular space, if X is a T1-space and for every
x ∈ X and every closed set F ⊂ X such that x 6∈ F there exist open sets U1, U2 ⊂ X
such that x ∈ U1, F ⊂ U2 and U1 ∩ U2 = ∅.

(5) X is called a T3 1

2

-space [10], or a Tychonoff space, or a completely space, if X is a

T1-space and for every x ∈ X and every closed set F ⊂ X such that x 6∈ F there exists
a continuous function f : X → I such that f(x) = 0 and f(y) = 1 for y ∈ F , where I is
the unit interval.

Clearly, we have
T3 1

2

→ T3 → T2 → T1 → T0,

and none of the above implications can be reversed.
It is well known that each T0-topological group is completely regular. For topological

rough group the situation with the separation axioms is worse. The following example
shows that there exists a T0-topological rough group which is not a T1-topological rough
group.

Example 3.1. There exists a T0-topological rough group (G, τG) such that e 6∈ G and
τG is not T1.

Proof. Let U = {0, 1, 2, 3, 4, 5} be the set of surplus class with respect to module 6 and
let (∗) be the plus of surplus class. A classification of U is U/R, where

E1 = {0, 1, 2} and E2 = {3, 4, 5}.

Let G = {2, 3, 4} and τ = {∅, G, {2}, {4}, {2, 4}, {2, 3, 4}}. Obviously, G is a rough
group. Since G = U and τG = {∅, {2}, {4}, {2, 4}, {2, 3, 4}}, it is easy to see that (G, τG)
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is a topological rough group. Clearly, τG is T0 and not T1 since the set {4} is not closed
in τ . �

Remark 3.2. (1) From the following Theorem 3.14, we see that the topological rough
group G in Example 3.1 is not a strongly topological rough group.

(2) In Example 3.1, the space G is not T0. If G is a T0-space, then the separation
axiom T0 implies T1 in G, see Theorem 3.3.

Theorem 3.3. If G is a topological rough group with G being T0, then G is T1.

Proof. It suffices to prove that each point of G is closed in G. Assume there exists a
point g ∈ G such that {g} is not closed in G, then there exists a point x ∈ G \ {g}
such that x ∈ {g}c. Hence, for any open neighborhood Vx of x in G, we have g ∈ Vx,
then g−1 belongs to the open neighborhood V −1

x of x−1 since the inverse mapping is
a homeomorphism. Clearly, x−1g 6= e and each open neighborhood of (x−1, g) in the
product space G × G must contain the point (g−1, g). Because f : G × G → G is
continuous at the point (x−1, g), it follows that each open neighborhood of x−1g in
G contains the point e, hence x−1g ∈ {e}cτ . Moreover, Because f : G × G → G is
continuous at the point (g−1, g), each open neighborhood of e in G contains the point
x−1g, thus e ∈ {x−1g}cτ . Hence x−1g ∈ {e}cτ and e ∈ {x−1g}cτ . However, G is T0, which
is a contradiction. �

In Example 3.1, the rough identity element e does not belong to G. If e ∈ G, does
the separation axiom T0 imply T1 in G? Indeed, we have the following example which
gives a negative answer to this question.

Example 3.4. There exists a T0-topological rough group G such that e ∈ G and τG is
not T1.

Proof. Let U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and let (∗) be the binary operation on U as
follows:

a ∗ b =

{

a× b, if a× b < 11,
a× b (mod 11), if a× b ≥ 11.

A classification of U is U/R, where E1 = {1, 2, 5}, E2 = {3, 8, 9} and E2 = {4, 6, 7, 10}.
Let G = {1, 2, 5, 6, 9}. Then G = U . Let

B = {{1, 7, 8}, {3, 4, 10}, {2}, {6}, {2, 5}, {6, 9}}

be a base of the topology τ on G = U . It is easy to see that τG has a base

BG = {{1}, {2}, {6}, {2, 5}, {6, 9}}.

Obviously, G is a T0-space and e ∈ G. However, G is not T1 since the set {2} is not
closed in G. �

In Example 3.4, we see that the set {e} is open and closed in G. Indeed, we have
the following Corollary 3.7. First, we give some propositions, which are interesting
themselves.

Proposition 3.5. Let G be a T0-topological rough group. If e ∈ G then {e} is closed
in G.

Proof. Assume {e} is not closed, then there exists a point g ∈ G\{e} such that g ∈ {e}c.
Since the inverse mapping is a homeomorphism, then it is easy to see that g−1 ∈ {e}c.
Hence e ∈ V and e ∈ W for any open neighborhoods V and W of g and g−1 in G,
respectively. Because f : G×G → G is continuous at the point (g, g−1), it is easy to see
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that {g, g−1} ⊂ U for any open neighborhood U of e in G. However, since G is T0 and
{g, g−1} ⊂ {e}c, there exists an open neighborhood W of e such that W ∩{g, g−1} = ∅,
which is a contradiction. �

Proposition 3.6. Let G be a T0-topological rough group. If e ∈ G then e 6∈ {g}c for
each g ∈ G \ {e}.

Proof. Assume that there exists a point g ∈ G \ {e} such that e ∈ {g}c, then each
open neighborhood of e in G contain the points g and g−1. Because f : G × G → G
is continuous at the point (e, g), each open neighborhood of g must contain the rough
identity element e, hence g ∈ {e}c, that is, the set {e} is not closed in G, which is a
contradiction with Proposition 3.5. �

From Propositions 3.5 and 3.6, if G is a finite topological rough group, then the set
{e} is open and closed in G, see Corollary 3.7.

Corollary 3.7. Let G be a T0-topological rough group. If e ∈ G and G is finite, then
the set {e} is open and closed in G.

The following example shows that a T1-topological rough group G with e 6∈ G need
not to be Hausdorff.

Example 3.8. There exists a T1-topological rough group G such that G is not Hausdorff
and e 6∈ G.

Proof. Let U = Z be a set of integer number and let (∗) be the usual addition. A
classification of U is U/R, where

E1 = {4k + 1, 4k + 2 : k ∈ Z} and E2 = {4k + 3, 4k + 4 : k ∈ Z}.

Let G = {2k + 1 : k ∈ Z}. Then G = Z and 0 6∈ G. Now we endow G with a topology
τ as follows:

For each x ∈ Z \G, the point x has a neighborhood base {Z};

For each x ∈ G, the point x has a neighborhood base consisting of the sets of the
form (G \ F ) ∪ {x}, where F is an arbitrary finite subset of Z.

Clearly,

τG = {∅} ∪ {G \ F : F is a finite subset of G}.

It is easy to check that G is a T1-topological rough group. However, G is not Haudorff.
�

The following theorem shows that G is Hausdorff if {e} is closed in G.

Theorem 3.9. If G is a topological rough group such that {e} is closed in G, then G
is Hausdorff.

Proof. Assume that G is not Hausdorff, then there exist two distinct points x, y ∈ G
such that x and y cannot be separated by open neighborhoods in G. Clearly, xy−1 ∈ G.
We claim that xy−1 ∈ {e}cτ in G, which will obtain a contradiction since {e} is closed in
G. Indeed, take an arbitrary open neighborhoodW of xy−1 in G. Since f : G×G → G is
continuous at point (x, y−1), there exist open neighborhoods U and V of x and y−1 in G
respectively such that UV ⊂ W . Because the inverse mapping is a homeomorphism, V −1

is an open neighborhood of y in G. Since U ∩V −1 6= ∅, there exists a point z ∈ U ∩V −1,
then (z, z−1) ∈ U × V , hence W contains the point e. Therefore, xy−1 ∈ {e}cτ . �

By Theorem 3.9, we have the following corollary.
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Corollary 3.10. If G is a topological rough group with G being T1, then G is Hausdorff.

Remark 3.11. By Theorem 3.3, if G is T0 then G is T1, but we cannot say that G is T1,
see Example 3.1; otherwise, G is Hausdorff by Corollary 3.10. Moreover, the following
example is a complement of Example 3.8.

Example 3.12. There exists a T1-topological rough group G such that e ∈ G and G is
not Hausdorff, thus G is not regular.

Proof. Take the same approximation space in Example 3.8. Let

G = {2k + 1 : k ∈ Z} ∪ {0}.

Then G = Z and 0 ∈ G. Now we endow G with a topology τ as follows:

For each x ∈ Z \ (G \ {0}), the point x has a neighborhood base {(Z \G) ∪ {0}};

For each x ∈ G, the point x has a neighborhood base consisting of the sets of the
form (G \ F ) ∪ {x}, where F is an arbitrary finite subset of Z.

Then

τG = {∅, {0}} ∪ {G \ F : F is a finite subset of G}.

It is easy to check that G is a T1-topological rough group. However, G is not Haudorff.
�

From Example 3.12, a T1-topological rough group G need not to be Hausdorff. How-
ever, we have the following result.

Proposition 3.13. Let G be a T1-topological rough group. If e ∈ G then for each
g ∈ G \ {e} there exist open neighborhoods U and V of e and g in G respectively such
that U ∩ V = ∅.

Proof. Suppose not, then there exists a point g ∈ G \ {e} such that U ∩ V 6= ∅ for any
open neighborhoods U and V of e and g in G respectively, where we may assume that U
is symmetric. Hence the intersection of any open neighborhood of the point (e, g) in the
product space G ×G with the set {(z, z−1) : z ∈ G} is non-empty. By the continuous
of the mapping f : G×G → G at point (e, g), each open neighborhood of g in G must
contain the point e, hence g ∈ {e}c. However, {e} is closed in G since G is T1, which is
a contradiction. �

If G is a T0-strongly topological rough group, then the situation is quite different.

Theorem 3.14. If G is a T0-strongly topological rough group then G is Hausdorff.

Proof. Assume that G is not Hausdorff, then there exist two distinct points x and g in G
such that U ∩V 6= ∅ for any open neighborhoods U and V of x and g in G respectively.
We claim that g ∈ {x}c and x ∈ {g}c, which is a contradiction with the T0-property of
G. Indeed, we prove that g ∈ {x}c, and the proof of x ∈ {g}c is similar. Take any open
neighborhood W of g in G. Clearly, any open neighborhood of the point (x, x−1, g)
in the subspace G3

0 of the product space (G × G × G) ∩ G3
0 must contain some point

of the form (x, z−1, z). Since G is a strongly topological rough group, the mapping
f : G3

0 → G is continuous at the point (x, x−1, g), then W contains the point x, thus
x ∈ W ∩ G. Therefore, g ∈ {x}c. For the proof of x ∈ {g}c, we only note that any
open neighborhood of the point (x, g−1, g) in the subspace G3

0 must contain some point
of the form (z, z−1, g). �

However, the following two questions are open.
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Question 3.15. Does there exist a Hausdorff topological rough group G such that G is
not regular?

Question 3.16. If G is strongly topological rough group G with G being Hausdorff, is
G regular?

4. Basic properties of topological rough group

In this section, we study some basic properties of topological rough groups. We mainly
discuss the neighborhoods of rough identity element e of topological rough groups.

Let τ be an arbitrary topology on G. For any g ∈ G, denote some neighborhoods
base of g in G by τ(g), and put τG(g) = {U ∩ G : U ∈ τ(g)}. Then it follows from the
definition of topological rough group, we have the following theorem, and the proof is
obvious and we leave it to the reader.

Theorem 4.1. Let G be a rough group and let τ be a topology on G. For each g ∈ G∪G2,
if we can choose a neighborhoods base τ(g) of g in G satisfies the following conditions,
then G is a topological rough group.

(i) For any g ∈ G, τG(g)
−1 = τG(g

−1);

(ii) For any g, h ∈ G and W ∈ τ(gh), there exist U ∈ τG(g) and V ∈ τG(h) such that
UV ⊂ W .

In [3], the authors gave the following proposition.

Proposition 4.2. [3, Proposition 17] LetG be a topological rough group and letW ⊂ G
be an open subset with e ∈ W . Then there exists an open set V with e ∈ V such that
V = V −1 and V 2 ⊂ W .

However, we find that the proof of this result has a gap when e 6∈ G. Indeed, we have
the following counterexample.

Example 4.3. Let U = Z be the set of all integer number and let (∗) be the usual
addition. A classification of U is U/R, where

E1 = {4k + 1, 4k + 2 : k ∈ Z} and E2 = {4k + 3, 4k + 4 : k ∈ Z}.

Let G = {2k + 1 : k ∈ Z}. Then G = Z and 0 6∈ G. Now we endow G with a topology τ
as follows:

For each x ∈ Z \ (G ∪ {0}), the point x has a neighborhood base {Z};

For x = 0, the point 0 has a neighborhood base {(Z \ (G ∪ {2})) ∪ {4k + 1 : k ∈ ω}};

For each n ∈ ω, the point 2n + 1 has a neighborhood base {{4k + 2n + 1 : k ∈ ω}},
and the point −2n− 1 has a neighborhood base {{−4k − 2n− 1 : k ∈ ω}}.

Clearly, G is a topological rough group under the topology τG. However, the neigh-
borhood V of e in G is (Z \ (G∪ {2})) ∪ {4k + 1 : k ∈ ω} and V ∩G = {4k + 1 : k ∈ ω}
are all not symmetric. Moreover, 2 ∈ (V ∩G)2, but 2 6∈ V , hence (V ∩G)2 * V .

But we have the following proposition.

Proposition 4.4. Let G be a topological rough group. If e ∈ G and U is an open
neighborhood of e in G, then there exists an open set V in G with e ∈ V such that
V = V −1 and V 2 ⊂ U .

Proof. Since e ∈ G and f : G × G → G is continuous, f−1(U) is open in G × G and
(e, e) ∈ f−1(U). Therefore, it follows from Theorem 4.1 that there exists a symmetric
open neighborhood V of e in G such that V 2 ⊂ U . �
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Recall that a topological space X is said to be homogeneous if for every ∈ X and
every y ∈ X, there exists a homeomorphism f of X onto itself such that f(x) = y. It is
well known that each topological group is a homogeneous space. However, there exists
a topological rough group which is not a homogeneous space, see Example 3.1. In [3],
the authors proved the following proposition.

Proposition 4.5. [3, Proposition 13] Let G be a topological rough group and fix a ∈ G.
Then

(a) The mapping La : G → G defined by La(x) = ax is one-to-one and continuous,
for every x ∈ G;

(b) The mapping Ra : G → G defined by Ra(x) = xa is one-to-one and continuous,
for every x ∈ G;

(c) The mapping f : G → G defined by f(x) = x−1 is a homeomorphism, for every
x ∈ G.

Therefore, it is natural to pose the following question.

Question 4.6. When is a topological rough group a homogeneous space?

Next we give some partial answers to Question 4.6.

Proposition 4.7. Let G be a topological rough group such that G is open in G and
e ∈ G, and let B be a family of open neighborhood base of e in G. For each g ∈ G, put

Lg = {(aU) ∩G : U ∈ B} and Rg = {(Ua) ∩G : U ∈ B}.

Then Lg and Rg are two families of neighborhood bases of g in G.

Proof. We prove that Lg is a family of neighborhood base of g in G. The proof of Rg

is similar.
Since the mapping f : G ×G → G at point (g, e) is continuous and G is open in G,

it suffices to prove that each gU ∩G is a neighborhood of g in G for each U ∈ B. Take
an arbitrary U ∈ B. Then there exists V ∈ B such that V ⊂ U and gV ⊂ G. We claim
that gV is open in G. Indeed, from Proposition 4.5, the mapping Lg−1 is one-to-one

continuous from G to G, then L−1
g−1(V ) is open in G since V is open in G (thus in G).

Since Lg−1 is an one-to-one mapping and gV ⊂ G, it follows that L−1
g−1(V ) = gV , hence

gV is open in G. From gV ⊂ gU and gV ⊂ G, it follows that gU ∩G is a neighborhood
of g in G. �

Proposition 4.8. Let G be a topological rough group such that G is open in G and
e ∈ G. For each g ∈ G and U ⊂ G, if the interior of gU ∩ G is non-empty in G, then
the interior of U is also non-empty in G.

Proof. Let w ∈ Int(gU ∩ G) ⊂ G. Then there exists a point u ∈ U such that w =
gu. Since the multiplication is continuous and G is open in G, there exists an open
neighborhood V of u in G such that gV ⊂ Int(gU ∩G), hence gV ⊂ gU , which implies
that V ⊂ U since V = g−1gV ⊂ g−1gU = U . Hence the interior of U is also non-empty
in G. �

Proposition 4.9. Let G be a topological rough group such that G is open in G and
e ∈ G. If A is a subset of G and U an open neighborhood of e in G. Then both the sets
AU ∩G and UA ∩G are the neighborhoods of A in G.
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Proof. By Proposition 4.7, for each g ∈ A there exists an open neighborhood Vg of e
such that gVg is a neighborhood of g and gVg ⊂ (G ∩ gU). Hence

⋃

g∈A gVg ⊂ AU ∩G,
that is, AU ∩ G a neighborhood of A in G. A similar argument applies in the case
UA ∩G. �

If (G,σ) is a topological group and A ⊂ G a subset of G, then the closure of A in G is
precise the set

⋂

{AU : U ∈ σ(e)}, where σ(e) is the set of all neighborhoods of e in G,
see [2, Theorem 1.4.5]. For topological rough groups, we have the following proposition.

Proposition 4.10. Let G be a topological rough group such that G is open in G and
e ∈ G. If A is a subset of G, then Ac =

⋂

{AU : U ∈ B}, where B is a family of open
neighborhood base of e in G such that each element of B is symmetric.

Proof. We first prove that Ac ⊂ AU for each U ∈ U . Take an arbitrary g ∈ Ac.
By Proposition 4.7, gU ∩ G is a neighborhood of g in G, hence gU ∩ A 6= ∅, then
g ∈ AU−1 = AU . Thus Ac ⊂ AU . Next we prove that

⋂

{AU : U ∈ B} ⊂ Ac.
Indeed, it suffices to verify that if g is not in Ac then there exists U ∈ B such that

g 6∈ AU . Since g 6∈ Ac, it follows from Proposition 4.7 that there exists U ∈ B such
that gU ∩A = ∅, then g 6∈ AU−1 = AU . Therefore, Ac ⊂ AU . �

Remark 4.11. (1) In Proposition 4.10, the conditions “G is an open subset” cannot
be omitted. Indeed, let A = {2, 6} in Example 3.4. Then Ac = {2, 5, 6, 9} 6= A and
⋂

{AU : U is an open neighborhood of e in G} = A{1} = A.

(2) If a topological rough group G satisfies the conditions in Proposition 4.7, then
G is locally homeomorphic. Moreover, from the definition of topological rough group
and Proposition 4.7, it is easy to see the following theorem. We leave the proof to the
reader.

Theorem 4.12. Let G be a topological rough group such that G is open in G and e ∈ G,
and let B be a family of open neighborhood base of e in G. Then:

(i) for each U ∈ B, there is an element V ∈ B such that V 2 ⊂ U ;

(ii) for each U ∈ B, there is an element V ∈ B such that V −1 ⊂ U ;

(iii) for each U ∈ B and x ∈ U , there is an element V ∈ B such that V x ⊂ U ;

(iv) for each U ∈ B and g ∈ G, there is an element V ∈ B such that gV g−1 ⊂ U ;

(v) for any U, V ∈ B, there is an element W ∈ B such that W ⊂ U ∩ V .

Remark 4.13. (1) For any a group U and any symmetric subsetG of U , if for an arbitrary
topology τ on U such that each point of G∪{e} is isolated point in U and G2 ⊂ G, then
G ∪ {e} is a topological rough group and satisfies the conditions in Theorem 4.12; in
particular, any finite topological rough groups G with G being T1 satisfy the conditions
in Theorem 4.12.

(2) In Theorem 4.12, the condition “e ∈ G” cannot omit. Indeed, the topological
rough group G in Example 2.10 is open in G; however, there does not exists a neigh-
borhood base which satisfy the conditions in Theorem 4.12.

Proposition 4.14. Let G be a topological rough group. Then we have the following
properties:

(1) If e ∈ G, then for each open neighborhood U of e in G, there exists a symmetric
open neighborhood V of e in G such that V 2 ∩G ⊂ U .

(2) If {e} is open in G, then G is a discrete space.
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Proof. (1) Take an arbitrary open neighborhood U of e in G. Then there exists an open
neighborhood W of e in G such that U = W ∩ G. Since f : G ×G → G is continuous
at point (e, e) and the inverse mapping is a homeomorphism, there exists a symmetric
open neighborhood V of e in G such that V 2 ⊂ W , hence V 2 ∩G ⊂ U .

(2) It suffice to prove that {g} is open in G for any g ∈ G. Take an arbitrary g ∈ G.
Since f : G×G → G is continuous at point (g, g−1), there exists an open neighborhood
V of g in G such that V V −1 ⊂ {e}, then V V −1 = {e} because V V −1 6= ∅. By
the uniqueness of the rough inverse element of each element of G, we have V = {g}.
Therefore, G is discrete. �

Finally, we discuss the extremally disconnected topological rough group. We recall
that a space X is extremally disconnected if the closure of any open subset of X is open.
The following theorem is important in our proof.

Theorem 4.15. [11] Let X be an extremally disconnected Hausdorff space, and let h be
a homeomorphism of X onto itself. Then the set M = {x ∈ X : h(x) = x} of all fixed
points of h is an open and closed subset of X.

Theorem 4.16. Let G be a Hausdorff extremally disconnected topological rough group.
If G is open in G and e ∈ G, then there exists an open and closed Abelian neighborhood
O of e in G such that a2 = e, for each a ∈ O.

Proof. The mapping h : G → G defined by h(g) = g−1 for each g ∈ G is a homeo-
morphism of G. It follows from Theorem 4.15 that the set U = {g ∈ G : g2 = e} is
an open and closed neighborhood of the rough identity element e. Since e ∈ G and
G is open in G, there exist symmetric open neighborhood V and W of e in G such
that W 2 ⊂ V ⊂ V 2 ⊂ U . By Proposition 4.10, W c ⊂ W 2. Since G is extremally
disconnected, W c is open in G. Clearly, W c is symmetric.

Next it suffices to prove that every two elements a and b of V commute. Indeed,
abab = e since ab ∈ U . Now from a2 = e and b2 = e it follows that ab = ba. Therefore,
V is Abelian, thus W c is Abelian. Now let O = W c. It is just the requirement in our
theorem. �

Corollary 4.17. Let G be a Hausdorff extremally disconnected topological rough group.
If G is open in G and e ∈ G, then, for every element g of G of order 2, there exists an
open neighborhood V of the rough identity element e such that g commutes with every
element of V ∪ gV .

Proof. By Theorem 4.16, the set U of all elements of G of order 2 is open in G. Take an
arbitrary g ∈ U . Since e ∈ G and G is open in G, there exists an open neighborhood V
of the rough identity element e such that V ⊂ U and gV ⊂ U . Take any a ∈ V . Then
ga ∈ U and, therefore, gaga = e. Since g2 = e and a2 = e, it follows that ga = ba.
Hence g commutes with every element of V .

Now, let c ∈ gV . Hence c = gb for some b ∈ V, and

gc = ggb, cg = gbg = ggb.

Thus, gc = cg. �

Theorem 4.18. Let G be a Hausdorff extremally disconnected topological rough group.
For any g ∈ G, if gG = Gg, then the set Gg = {x ∈ G : xg = gx} is an open and closed
neighborhood of g.

Proof. Since gG = Gg, it is easy to see that the mapping φ(x) = g−1xg is a homeomor-
phism of the space G onto itself. Then it follows from Theorem 4.15 that the set F of



12 FUCAI LIN*, QIANQIAN SUN, YUJIN LIN, AND JINJIN LI

all fixed points under φ is open and closed. It suffices to prove that F = Gg. Indeed,
φ(x) = x if and only if x = g−1xg if and only if gx = xg. �

Theorem 4.19. Let G be a Hausdorff extremally disconnected topological rough group.
For any g ∈ G, if gG = G, then the set Mg = {x ∈ G : x2 = g} is an open and closed
set in G.

Proof. Since gG = G, it is easy to see that the mapping φ(x) = gx−1 is a homeomor-
phism of the space G onto itself. Then it follows from Theorem 4.15 that the set F of
all fixed points under φ is open and closed. Hence F coincides with Mg. Indeed, for
any x ∈ G, x ∈ G if and only if φ(x) = x if and only if x = gx−1 if and only if x2 = g if
and only if x ∈ Mg. �

Remark 4.20. It should be noted that if G is an extremally disconnected Hausdorff
topological rough group with e ∈ G and G being open in G, then the set L = {x ∈ G :
x3 = e} need not be open inG. Indeed, assume that L is open, hence L is a neighborhood
of e; then Me ∩L is also an open neighborhood of e in G (see Theorem 4.19). However,
it is clear that L ∩Me = {e}; thus e is isolated in G, which implies that G is discrete
by Proposition 4.7.

5. Topological Rough subgroups of topological rough groups

In this section we discuss some properties of topological rough subgroups of topolog-
ical rough groups. First, we prove the following proposition.

Proposition 5.1. Let G be a topological rough group. If e ∈ G and G is open in G,
then H =

⋂

{U : U ∈ τG(e)} is a topological group.

Proof. Since e ∈ G, it follows from Proposition 4.5 that H is symmetric. It suffices to
prove that H2 = H. Clearly, H ⊂ H2. Take any x, y ∈ H. We prove that xy ∈ H.
From x, y ∈ H we have x, y ∈ U for each U ∈ τG(e). For each U ∈ τG(e), since G is a
topological rough group and G is open in G, there exists V ∈ τG(e) such that V V ⊂ U ,
thus xy ∈ V V ⊂ U . Then xy ∈

⋂

{U : U ∈ τG(e)}. Therefore, H
2 ⊂ H. �

In [3], the authors proved that the intersection of two topological rough subgroups H1

and H2 of the topological rough group G is a topological rough subgroup if H1 ∩H2 =
H1 ∩H2. However, the condition “H1 ∩ H2 = H1 ∩H2” is only a sufficient condition
but not a necessary, see Example 3.4. Indeed, put H1 = {2, 6} and H2 = {5, 9}. Then
H1,H2 and H1 ∩H2 = ∅ are all topological rough groups. But H1 ∩H2 = {1, 2, 5} 6= ∅.
Therefore, it is natural to pose the following question.

Question 5.2. Let G be a topological rough group and let H1,H2 be two rough subgroups.
How to characterize the properties of H1,H2 such that H1∩H2 is also a rough subgroup?

In [1], the authors proved the following result.

Theorem 5.3. [1, Theorem 3.2] Let G be a topological rough group, and let H be a
rough subgroup. If Hc

τ in G is a subset of G, then Hc
τ is a rough subgroup in G.

However, we also find that the proof this result has a gap. Indeed, we have the
following counterexample.

Example 5.4. Let U = Z be a set of integer number and let (∗) be the usual addition
‘+’. Let G = {2k + 1 : k ∈ Z} and H = {8k + 1 : k ∈ ω} ∪ {−8k − 1 : k ∈ ω}. A
classification of U is U/R, where E1 = {8k + 1 : k ∈ N}, E2 = {−8k − 1 : k ∈ N},
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E3 = {1,−1} ∪ (H + H), E4 = {6,−6, 5, 7} and E5 = Z \
⋃4

i=1 Ei. Clearly, G = Z,
H =

⋃3
i=1Ei and 0 6∈ G. Now we endow G with a topology τ as follows:

For each x ∈ Z \G, the point x has a neighborhood base {Z \G};

For each n ∈ H, the point n has a neighborhood base {H};

For each n ∈ {3,−3}, the point n has a neighborhood base {{n} ∪H};

For each n ∈ G \ (H ∪ {3,−3}), the point n has a neighborhood base {{n}}.
Clearly, G is a topological rough group under the topology τG, and H a topological

rough subgroup. Clearly, the closure of H in G is the set H∪{3,−3}, which is contained

in G. However, 3 ∈ H ∪ {3,−3} and 6 6∈ H ∪ {3,−3} = G \ {6,−6, 5, 7}. Therefore,
Hc

τ = H ∪ {3,−3} is not a topological rough subgroup in G.

Therefore, it is interesting to discuss the following question.

Question 5.5. Let G be a topological rough group and let H be a rough subgroup of G.
When is Hc

τ a topological rough subgroup?

In general, an open topological rough subgroup is not closed in a topological rough
group, see [3]. Hence it is natural to consider the following question.

Question 5.6. Let H be an open topological rough subgroup of a topological rough
subgroup of G. When is H closed in G?

Next we discuss Question 5.6 as follows.

Definition 5.7. [4] Let U be a topological group. Let N be a normal subgroup of U
and let G be a nonempty subset of U . A classification of U is U/R = {uN : u ∈ U}
(that is, the set of coset space). If G is a topological rough group, then we say that G
is a topological rough group with respect to the normal subgroup N .

Proposition 5.8. Let U be a topological group, N an open normal subgroup of U and
G a topological rough group with respect to N . If H is a topological rough subgroup
of G with respect to N , then the following statements hold.

(1) Hc
τ = Hc

τ ∩G = H = HN .

(2) The closure of H in G, Hc
τ , is a topological rough group with respect to N , and

Hc
τ = H = HN .

(3) The closure of H in G, Hc, is a topological rough subgroup of G with respect to
N , and Hc = H = HN .

Proof. (1) Clearly,

HN = H ⊂ Hc
τ ∩G ⊂ Hc

τ .

From [2, Theorem 1.4.5], it follows that

Hc
τ = G ∩

⋂

{HW : W is any open neighborhood of e in U}

and G = GN , then Hc
τ ⊂ GN ∩HN = HN = H. Hence

Hc
τ = Hc

τN ⊂ HNN = HN = H.

Thus Hc
τ = Hc

τ ∩G = H = HN .
(2) Since H is a topological rough subgroup, H is symmetric and H2 ⊂ H = HN .

Since the inverse mapping is a homeomorphism and GN a symmetric set, Hc
τ is sym-

metric. Next it suffices to prove that (Hc
τ )

2 ⊂ Hc
τ .



14 FUCAI LIN*, QIANQIAN SUN, YUJIN LIN, AND JINJIN LI

Take any x, y ∈ (Hc
τ )

2. Then x, y ∈ HN since (Hc
τ )

2 ⊂ Hc
τ , Hence

xy ∈ HNHN = H2N ⊂ HN = HNN = HN ⊂ Hc
τN = Hc

τ .

Therefore, Hc
τ is a topological rough subgroup with respect to N .

(3) By (2), Hc is symmetric. It suffices to prove that (Hc)2 ⊂ Hc. Take any x, y ∈
(Hc)2. By the proof of (2), we have xy ∈ H, thus xy ∈ Hc by (1). �

Let G be a topological rough group and let H be a symmetric subset of G. We say
that H is n-order if

n = min{m ≥ 2 : Hm = H,m ∈ N},

where n ∈ (N \ {1}) ∪ {∞} Obviously, H is a group if and only if H is 2-order, and a
3-order H subset of G is a group if and only if e ∈ H. The set of all odd integers is a
3-order, but not 2-order.

Lemma 5.9. Let G be a topological rough group and H be a 3-order subset of G. Then,
for each g, h ∈ G, we have gH = hH or gH ∩ hH = ∅.

Proof. Take any g, h ∈ G. Assume that gH ∩ hH 6= ∅. We prove that gH = hH.
Indeed, take an arbitrary x ∈ gH. Then there exists h1 ∈ H such that x = gh1.
Since gH ∩ hH 6= ∅, it follows that there exist h2, h3 ∈ H such that gh2 = hh3, then
g = hh3h

−1
2 . Hence x = (hh3h

−1
2 )h1 = h(h3h

−1
2 h1) ∈ hH since H is 3-order. Thus

gH ⊂ hH. Similarly, we have hH ⊂ gH. Therefore, gH = hH. �

Theorem 5.10. Let G be a topological group, and let H be an open topological rough
subgroup of G with respect to an open normal subgroup N of G. If H is 3-order, then
H is closed in G.

Proof. By Proposition 5.8, Hc is a topological rough subgroup of G. Since H is open
in G and Hc ⊂ G, it follows that H is open in Hc. For each g ∈ G, Lg is a topological
homeomorphism. By left transformation Lg(H) = gH is open in G since H is open in
G. Fix an arbitrary h ∈ H. For any g ∈ Hc, since g ∈ Lg ◦ Lh(H) and Lg ◦ Lh(H)
is open in G, Hc ∩ Lg ◦ Lh(H) is open in Hc. Therefore, it follow from H = H3 and
Lemma 5.9 that the family {Hc ∩Lg ◦Lh(H) : g ∈ Hc} consists of disjoint open subsets
and covers the set Hc. Hence, each element of the family {Hc ∩ Lg ◦ Lh(H) : g ∈ Hc}
is also closed, then H is closed in Hc. Since Hc is closed in G, the set H is closed in
G. �

Proposition 5.11. Let G be a topological rough group with G open in G and e ∈ G,
and let H be a discrete normal rough subgroup of G. Then for each x ∈ H there exists
an open symmetric neighborhood V of e in G such that xy = yx for any y ∈ V .

Proof. IfH = {e}, there is nothing to prove. Hence suppose that the subgroupH 6= {e}.
Fix an arbitrary element x ∈ H \ {e}. Since the rough subgroup K is discrete, there
exists an open neighborhood U of x in G such that U ∩H = {x}. Clearly, x ∈ U and
U is open in G since G is open in G. By the continuity of the mapping f : G×G → G,
there exist open neighborhoods V1,W of e and x in G respectively such that WV1 ⊂ U .
Similarly, there exists an open symmetric neighborhood V ⊂ V1 of e in G such that
V x ⊂ W . Then we have (ex)e = x ∈ V xV ⊂ WV1 ⊂ U . Let y ∈ V be arbitrary. Then
yxy−1 ∈ H since H is normal. Moreover, it is obvious that

yxy−1 ∈ V xV ⊂ U.

Thus yxy−1 ∈ H ∩ U = {x}, that is, yxy−1 = x. �
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Remark 5.12. From the proof above, this proposition holds when G is a topological
group.

Finally, we discuss the connectedness of topological rough groups in this section. Let
G be a space. For each point g ∈ G, the connected component or, simply, the component
of G at point g is the union of all connected subsets of G containing g, denote it by
CG(g). Since the union of any family of connected subspaces containing a given point is
connected, it follow from the definition of topological rough group and the connectedness
being preserved by continuous mapping that it easily to verify the following proposition,
we leave the proof to the reader.

Proposition 5.13. Let G be a topological rough group. Then we have the following
statements:

(1) CG(g)
−1 = CG(g

−1) for each g ∈ G;

(2)
⋃

g∈GCG(g)CG(g)
−1 ⊂ CG(e);

(3) For each g ∈ G, CG(g) is closed in G;

(4) If e ∈ G, then CG(e)
2 ⊂ CG(e);

Proposition 5.14. Let (U,R) be an approximation space endowed with a topology θ
such that the classification of U is U/R = {CU (s) : s ∈ U}. If G is a topological rough
group with θ|G ⊂ τ and e ∈ G, then CG(e) is a closed topological rough group.

Proof. By Proposition 5.13, CG(e) is symmetric and closed. It suffices to prove that

CG(e)CG(e) ⊂ CG(e). Clearly, CG(e) = CS(e). Since G is a topological rough group
and the connectedness is preserved by continuous mapping, the subspace CG(e)CG(e)
is connected in G, then CG(e)CG(e) ⊂ CG(e) = CS(e) since e ∈ CG(e)CG(e) and
CS(e) = CG(e). Hence CG(e) is a topological rough subgroup. �

Proposition 5.15. Let (U,R) be an approximation space endowed with a topology θ
such that the classification of U is U/R = {CU (s) : s ∈ U}. If G is a connected open
topological rough group in G with θ|G ⊂ τ and e ∈ G, then, for each neighborhood U
of e in G, there exists an open neighborhood V of e in G such that V is a topological
rough group.

Proof. Let U be a neighborhood of e in G. From the continuity of the multiplication
at point (e, e), there exists an open symmetric neighborhood V of e such that V 2 ⊂ U .
Then V is a topological rough subgroup. Indeed, since G is connected and V 2 ⊂ U ⊂ G,
it follows that V ⊂ G = CS(e) ⊂ V . �

Proposition 5.16. Let G be a connected topological group, and let H be a discrete
normal rough subgroup of G such that e ∈ H. Then H is contained in the center of the
group G, that is, every element of H commutes with every element of G.

Proof. Take an arbitrary x ∈ H. From Proposition 5.11 and the remark after the
proof, there exists an open symmetric neighborhood V of e in G such that xy = yx for
each y ∈ V . Obviously,

⋃

n∈N V n is an open subgroup, hence it is closed in G, then
G =

⋃

n∈N V n since G is connected. Therefore, every element g ∈ G can be written in
the form g = y1 · · · yn, where n ∈ N and {y1, · · · , yn} ⊂ V . Because x commutes with
every element of V , it follows that

gx = y1 · · · ynx = y1 · · · xyn = · · · = y1x · · · yn = xy1 · · · yn = xg.

Therefore, we have proved that the element x ∈ H is in the center of the group G. By
the arbitrary taking of the element of H, we conclude that the center of G contains
H. �
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6. Rough homomorphism on rough groups and open mapping theorem

In this section we prove the version of the open mapping theorem in the class of topo-
logical rough groups. First, we redefine the concept of rough homomorphism. Indeed,
the authors in [19] define the concept of the rough homomorphism, but this definition
has some defect, for example, this definition does not consider any information of the
upper approximation. We revise the definition as follows.

Let (U1, R1), (U2, R2) be two approximation spaces, and let ∗1, ∗2 be two binary
operations over universes U1 and U2, respectively. Let G1 and G2 be topological rough
groups. In this section, we always denote e1 and e2 are the rough identity elements of
G1 and G2 respectively

Definition 6.1. Let G1 ⊂ U1 and G2 ⊂ U2 be rough groups. We say that G1 and G2

are rough homomorphism if there exists a surjection mapping ϕ : G1 → G2 such that
the following conditions (1)-(3) hold:

(1) ϕ|G1
is a surjection mapping from G1 to G2;

(2) For any x, y ∈ G1 ∪ {e}, we have ϕ(x ∗1 y) = ϕ(x) ∗2 ϕ(y);

(3) For any subset H of G1, H = ϕ−1(ϕ(H)).

If a rough homomorphism is a bijection, then we say that G1 and G2 are rough
isomorphism.

First of all, we give some properties of rough homomorphism.

Proposition 6.2. Let G1 ⊂ U1 and G2 ⊂ U2 be rough groups that are rough homomor-
phism. If ϕ : G1 → G2 is a rough homomorphism, then ϕ(e1) = e2 and ϕ(g−1) = ϕ(g)−1

for any g ∈ G1.

Proof. We prove that ϕ(e1) = e2. Indeed, take an arbitrary y ∈ G2, since ϕ|G1
is a

surjection mapping, there exists a x ∈ G1 such that ϕ(x) = y. Then it follows from (2)
of the definition of rough homomorphism that

y = ϕ(x) = ϕ(x ∗1 e1) = ϕ(x) ∗2 ϕ(e1) = y ∗2 ϕ(e1).

By the arbitrary taking of y, it follows that ϕ(e1) = e2.
For any g ∈ G1, since ϕ(e1) = ϕ(g−1 ∗1 g) = ϕ(g−1) ∗2 ϕ(g) = e2 and ϕ(G1) = G2,

we have ϕ(g−1) = ϕ(g)−1. �

Definition 6.3. Let G1 ⊂ U1 and G2 ⊂ U2 be rough groups that are rough homo-
morphism. Then the set {x|ϕ(x) = e2, x ∈ G1} is called rough homomorphism kernel,
denoted by ker(ϕ), where ϕ is the rough homomorphism.

Remark 6.4. From the definition above, it maybe the rough homomorphism kernel is
empty. Indeed, if a topological rough group does not contain the rough identity element,
then the rough kernel of any identity mapping from G onto itself is empty.

Let G be a topological rough group and let H be a rough subgroup of G. We say
that H is weakly rough normal if (g ∗H ∗ g−1) ∩G ⊂ H for each g ∈ G.

Proposition 6.5. Let ϕ be a rough homomorphism between rough groups G1 and G2.
Then rough homomorphism kernel ker(ϕ) is a weakly rough normal rough subgroup of
G1.

Proof. Let N = ker(ϕ). We first prove that N is a rough subgroup of G1. Obviously, N
is symmetric by Proposition 6.2. Now we prove that N ∗1 N ⊂ N . Take any x, y ∈ N .



SOME TOPOLOGICAL PROPERTIES OF TOPOLOGICAL ROUGH GROUPS 17

Then ϕ(x ∗1 y) = ϕ(x) ∗2 ϕ(y) = e2 ∗2 e2 = e2 ∈ {e2}. Hence x ∗1 y ∈ ϕ−1({e2}) = N .
Thus, N ∗1 N ⊂ N . Then N is a rough group.

Next we prove that N is weakly rough normal. Take any g ∈ G1. Pick an arbitrary
x ∈ (g ∗1 N ∗1 g

−1) ∩G1. We prove that x ∈ N . Indeed, since x ∈ (g ∗1 N ∗1 g
−1) ∩G1,

there exists n ∈ N such that x = g ∗1 n∗1 g
−1. Then x∗1 g = x∗1 n, thus ϕ(x)∗2 ϕ(g) =

ϕ(x ∗1 g) = ϕ(g ∗1 n) = ϕ(g) ∗2 ϕ(n) = ϕ(g) ∗2 e2 = ϕ(g), which implies ϕ(x) = e.
Therefore, x ∈ N since x ∈ G1. �

Proposition 6.6. Let ϕ be a rough homomorphism between rough groups G1 and G2.
Then ϕ((ker(ϕ))2) = {e2}.

Proof. Take any x, y ∈ ker(ϕ). Since ϕ is a rough homomorphism, ϕ(xy) = ϕ(x)ϕ(y) =
e2e2 = e2. �

Proposition 6.7. Let ϕ be a rough homomorphism between rough groups G1 and G2.
If H is a (normal) rough subgroup of G1, then ϕ(H) is a (normal) rough subgroup of
G2.

Proof. Assume that H is a rough subgroup of G1. Then it is obvious that ϕ(H) is

symmetric by Proposition 6.2. We need to prove that ϕ(H) ∗2 ϕ(H) ⊂ ϕ(H), that

is, ϕ(H ∗1 H) ⊂ ϕ(H). Indeed, since H is rough subgroup of G1, it follows that

H ∗1 H ⊂ H = ϕ−1(ϕ(H)), thus ϕ(H ∗1 H) ⊂ ϕ(H).
If H is normal, then g ∗1 H = H ∗1 g for each g ∈ G1. Take any h ∈ G2. Since ϕ|G1

is onto, there exists g ∈ G1 such that ϕ(g) = h. Then

h ∗2 ϕ(H) = ϕ(g) ∗2 ϕ(H) = ϕ(g ∗2 H) = ϕ(H ∗2 g) = ϕ(H) ∗2 ϕ(g) = ϕ(H) ∗2 h.

Hence H is normal. �

Proposition 6.8. Let ϕ be a rough homomorphism between rough groups G1 and G2.
If H is a (weakly rough normal) rough subgroup of G2, then ϕ−1(H) ∩G1 is a (weakly
rough normal) rough subgroup of G1.

Proof. Assume that H is a rough subgroup of G2, then it is obvious that ϕ−1(H) ∩G1

is symmetric. Next we prove that (ϕ−1(H) ∩ G1) ∗1 (ϕ
−1(H) ∩ G1) ⊂ ϕ−1(H) ∩G1.

Clearly, ϕ((ϕ−1(H) ∩ G1) ∗1 (ϕ
−1(H) ∩ G1)) = H ∗2 H ⊂ H, hence (ϕ−1(H) ∩ G1) ∗1

(ϕ−1(H)∩G1) ⊂ ϕ−1(H). Moreover, ϕ−1(H) ∩G1 = ϕ−1(ϕ(ϕ−1(H) ∩G1)) = ϕ−1(H).

Therefore, (ϕ−1(H) ∩ G1) ∗1 (ϕ
−1(H) ∩ G1) ⊂ ϕ−1(H) ∩G1. Thus ϕ−1(H) ∩ G1 is a

rough subgroup of G1.
If H is weakly rough normal in G2, then we claim that ϕ−1(H)∩G1 is weakly rough

normal in G1. Indeed, take any g ∈ G1. We prove that (g ∗1 (ϕ
−1(H)∩G1)g

−1)∩G1 ⊂
ϕ−1(H)∩G1. Let x ∈ (g∗1 (ϕ

−1(H)∩G1)g
−1)∩G1. Then there exists g1 ∈ ϕ−1(H)∩G1

such that x = g ∗1 g1 ∗g
−1 ∈ G1. Then x∗1 g = g ∗1 g1. Hence ϕ(x)∗2ϕ(g) = ϕ(x∗1 g) =

ϕ(g∗1 g1) = ϕ(g)∗2ϕ(g1), then ϕ(x) = ϕ(g)∗2ϕ(g1)∗2ϕ(g)
−1 ∈ G2 since x ∈ G1. Hence

ϕ(g) ∗2 ϕ(g1) ∗2 ϕ(g)
−1 ∈ (ϕ(g) ∗2 H ∗2 ϕ(g)

−1) ∩G2 ⊂ H, then x ∈ ϕ−1(H) ∩G1. �

Proposition 6.9. Let ϕ be a rough homomorphism between rough groups G1 and G2.
If G1 is a topological group, then G2 is also a topological group.

Proof. It suffices to prove that G2
2 = G2. Take arbitrary x, y ∈ G2. Then there exists

g, h ∈ G1 such that ϕ(g) = x, ϕ(h) = y, hence ϕ(gh) = ϕ(g)ϕ(h) = xy. Since G1 is a
topological group, it follows that gh ∈ G1, thus ϕ(gh) ∈ G2 by the definition of ϕ, that
is, xy ∈ G2. Therefore, G2 is a topological group. �



18 FUCAI LIN*, QIANQIAN SUN, YUJIN LIN, AND JINJIN LI

Finally we prove the version of open mapping theorem for topological rough groups.
We recall some concepts.

Let X be a space. We say that X is locally compact if for each point x of X there
exists an open neighborhood V of x such that V c is a compact set. X is a σ-compact
space if it is the union of countably many compact subsets of X.

Theorem 6.10. Let G1 and G2 be locally compact Hausdorff topological rough groups
and let f be a continuous rough homomorphism of G1 onto G2. If G1 and G2 satisfy
the following conditions, then f is open.

(1) e1 ∈ G1 and e2 ∈ G2;

(2) G1 and G2 are open in G1 and G2 respectively;

(3) G1 is σ-compact.

Proof. By Proposition 4.7 and the assumptions of (1) and (2), it suffices to prove that
f(U) is a neighborhood of e2 in G2 for each open symmetric neighborhood U of e1 in
G1. Let U be an open neighborhood of e1 in G1. Form Proposition 4.10 and local
compactness of G1, there exists an open symmetric neighborhood V of e1 in G1 such
that V c ∗1 V

c ⊂ U and V c is compact. Clearly, G1 = G1 ∩
⋃

g∈G1
g ∗1 V and V c is

symmetric. Since G1 is σ-compact, there exists a countable subset {gn : n ∈ N} ⊂ G1

such that G1 = G1 ∩
⋃

n∈N gn ∗1 V . For each n ∈ N, let hn = f(gn). Then

G2 = G2 ∩
⋃

n∈N

f(gn ∗1 V
c) = G2 ∩

⋃

n∈N

f(gn) ∗2 f(V
c) = G2 ∩

⋃

n∈N

hn ∗2 f(V
c)

because f is a surjective rough homomorphism. Moreover, f(V c) is compact in G2

since V c is compact, then it follows that each hn ∗2 f(V
c) is compact in G2 since the

multiplication of G2 is continuous, hence each hn ∗2 f(V
c) is closed in G2, thus each

(hn ∗2 f(V
c)) ∩G2 in closed in G2. By the local compactness of G2, there exists n ∈ N

such that the interior of (hn ∗2 f(V
c))∩G2 is non-empty in G2. By Proposition 4.8, the

interior of f(V c) in G2 is non-empty. So there exists a non-empty open subset W of
G2 such that W ⊂ f(V c). Take an arbitrary w ∈ W . Then there exists a point v ∈ V c

such that f(v) = w. Therefore,

e2 ∈ w−1 ∗2 W ⊂ w−1 ∗2 f(V
c) = f(v−1) ∗2 f(V

c) ⊂ f(v ∗1 V
c) ⊂ f(V c ∗1 V

c) ⊂ f(U),

thus f(U) is a neighborhood of e2 in G2. �
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