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Abstract

Binary information table, multi-valued information table and set-valued information table are three kinds of in-
formation systems often encountered in information processing. For any information system, we can often induce
different information granular structures, and then construct the corresponding rough set models. Generally speaking,
for the same information system, three models of Pawlak rough set, covering rough set and multi-granulation rough
set can be induced according to different rules. These three kinds of rough set models are effective tools for data
mining and information processing. This paper studies the relationship among Pawlak rough set, covering rough set
and multi granularity rough set induced in binary information table, multi-valued information table and set-valued
information table, and obtains many important conclusions. The research content of this paper effectively connects
the theories, methods and applications of Pawlak rough set, covering rough set and multi granularity rough set, which
not only enriches the rough set theory, but also expands the application prospect of rough set.
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1. Introduction

In todays society, people are facing the problem about how to deal with large-scale complex data. In order to find
useful knowledge from data conveniently and effectively, people often get a granular structure by granulating data
according to the characteristics of data. Then, based on the granular structure, the corresponding granular computing
model is constructed to deal with various data analysis problems. Therefore, this idea of granulating and processing
the complex data is called granular computing method. In recent years, granular computing has become a popular
research branch in the fields of knowledge discovery and data analysis.

In 1979, Zadeh et al.(1979) published a paper entitled fuzzy sets and information granularity, in which they first
proposed the concept of information granule. Since then, people have been interested in using information granules
to represent data information in information systems (Li et al. 2019, 2020 a, 2020 b, Xu and Li. 2016). Therefore,
a series of granular computing models are defined based on various information granules. In 1985, Hobbs (1985)
discussed the decomposition and merging of granules, and how to get granules with different sizes, and proposed a
model to generate granules with different sizes. In addition, in order to deal with the problem solving, the quotient
space model is proposed (Zhang and Zhang 1992). The idea of quotient space theory is that different quotient spaces
can be constructed for the same problem, so as to get different solutions from various angles and levels. Finally,
based on these solutions, the solution of the original problem can be accurately described. Lin (2000) discussed the
granular computing model in binary relation, and discusses the granular structure, granular description, and granular
application. On the basis of Lin’s work, Yao (1998, 2001) proposed the granular computing model based on neigh-
borhood system. This model led to solve the problem of consistent classification by using the lattice composed of
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all partitions and provided a new method and perspective for knowledge mining. Based on probability theory and
fuzzy mathematical theory, Li et al. (1995) introduced the cloud model which can realize qualitative and quantitative
mutual conversion. An and Wang et al. (2005) put forward a granular computing model based on tolerance relation.
To sum up, we can see that scholars define information granules by different methods and then build corresponding
granular computing models to solve various theoretical and practical problems. As a wonderful number, “3” plays an
important role in people’s daily life and work. Three-way decisions are ternary or ternary thinking, which can also be
understood as a granular computing model based on three granules. By adding the “uncommitted” option to the tradi-
tional “accept” and “reject” options, Yao (2010, 2012, 2016, 2018) proposed a three-way decision model by dividing
the research objects into three disjoint parts, which can effectively avoid the loss caused by the false acceptance or
rejection under the uncertainty of object cognition, and improve the accuracy of decision.

When dealing with data mining and knowledge discovery with granular computing method, we find that different
granular structure can be induced in the same information system. Based on these granular structures, various granular
computing models can be defined to solve the practical problems. For example, Pawlak (1982) proposed the rough
set model in 1982. Its essential idea is to define two exact sets (upper and lower approximation sets) to describe a set
with fuzzy boundary by using a partition on the universe. Rough set model can effectively analyze data without any
prior knowledge, so it has been widely concerned and studied as soon as it is proposed. In order to better describe and
reflect the characteristics of data, Zakowski (1983) extended the partition of the universe to the covering in 1983, and
established the covering rough set model. Covering rough set model is one of the most important models in rough
set theory. Until now, it is still a hot topic to analyze data with covering rough set models (Xu and Zhang 2007, Zhu
and Wang 2012, Wang et al. 2015). Sometimes, based on the different attributes of information system, we can get
a serious of partitions. In order to integrate these partitions to obtain the required knowledge, Qian et al. (2010 a,b)
established a multi-granulation rough set model based on multiple partitions. This multi-granulation rough set model
provides a very effective method to solve the problem of information fusion (Li 2016, Xu and Guo 2016, Xu and Yu
2017, Kong and Xu 2019, Sun et al. 2019, Yang et al. 2020). In particular, many scholars have extended multiple
partitions to multiple coverings, and further proposed and studied the multi-granulation rough set models based on
multiple coverings (Lin ea al. 2013, Liu et al. 2014, Qian et al. 2014, Zhang and Kong 2016, Kong and Xu 2018).

Although rough set theory has been widely studied, there are still many deficiencies to be solved. On the basis
of previous studies, this paper attempts to discuss the following problems. For instance, through the above analysis,
four kinds of granular structures can be induced by an information system, which are granular structures based on
one partition, one covering, multiple partitions and multiple coverings, respectively. Furthermore, the Pawlak rough
set model, the covering rough set model, the multi- granulation rough set model based on multiple partitions and
the multi-granulation rough set model based on multiple coverings are established, respectively. These four kinds of
granular structures and rough set models have their own advantages and disadvantages in solving practical problems.
So we naturally raise a question: how many kinds of granular structures can be induced from the same information
system? At the same time, what is the relationship among the rough set models based on these granular structures?
Finally, as the reduction theory is a very important research topic of granular computing method (Kong et al. 2020,
Long et al. 2020, Wang et al. 2020), then what are the similarities and differences of the reduction theories of
these granular structures? If these three questions can be answered well, we would have a deep understanding of the
interrelationship between the granular structures and the rough set models. The purpose of this paper is to highlight
the advantages of each granular structure and granular computing model and overcome their own shortcomings.
When we analyze data and discover knowledge, three kinds of information systems are often involved, which are the
binary information system, the multi-valued information system and the set-valued information system, respectively.
Based on the data characteristics of these three kinds of information systems, there will be many differences in the
information granules and granular structures induced from these information systems. The rough set models based on
these granular structures are also different. Finally, there are many similarities and differences among the reduction
theories of these granular structures. In this paper, the induced granular structures in binary information system, multi-
valued information system and set-valued information system, the relationship among the rough set models based on
these granular structures, and the similarities and differences among the reduction theories based on these granular
structures are deeply studied, respectively.

The rest of this paper is organized as follows. In Section 2, the concepts of information granules and four kinds
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of granular structures induced by information system are reviewed at the beginning. And then the rough set models
generated by these four kinds of granular structure are introduced. Finally, the concepts of reduction related to
these four kinds of granular structures are shown. In Section 3, four kinds of granular structures induced by binary
information system are studied. At the same time, the relationship among the rough set models related to these
granular structures is discussed systematically. Then the reduction theories among the four kinds of granular structures
are compared. In Section 4, three kinds of granular structures induced by multi-valued information system are studied.
Then the rough set models and reductions based on these granular structures are comparatively studied. In Section
5, the granular structures induced by set-valued information system are studied. Then, the corresponding rough set
models and reduction theories are further comparatively discussed. Section 6 gives a brief review and summary of
this paper and introduces the follow-up research works.

2. Preliminaries

Generally speaking, an information table or an information system can be defined by a tuple as follows (Pawlak
1981): I = (OB,AT,{V,|la € AT},{f,la € AT}), where the universe OB = {x;,x, -+ ,X,} iS a nonempty finite
set; AT = {ay,az, -+ ,a,} is a nonempty attribute set; V = Ugear Ve, Vi, = Va1, Va2, ,vail,.} is the domain of
attribute a;; f, : OB — V,, is an information function. We use f, (x) to denote the value of object x on attribute
ai,i=1,2,---,m.

2.1. granules and granular structures induced by the information system

Based on different data characteristics and considerations, multiple granular structures are often induced from
the same information system. Then, according to these granular structures, the corresponding rough set models are
established to deal with the data problems in various environments. Next, the concept of elementary information
granules in information system is introduced, and then several kinds of granular structures induced from the same
information system are shown.

Definition 2.1 Suppose that I = (OB, AT,{V,la € AT}, {f,la € AT}) is an information system. gﬁ‘a”_ ={x € OBlv,,; €
£ i (x)} is called an elementary information granule with respect to a; and v,,j, i = 1,2,--- ,mand j=1,2,--- ;.

Definition 2.2 Suppose that I = (OB, AT, {V,|la € AT}, {f,la € AT}) is an information system. Par = {g1,82, - ,&s}
is called a partition of OB with respect to AT, if (1) for any g € Par and any x,y € g, fo.(x) = fo.,(v),i = 1,2,--- ,m.;
(2)forany g',g" € Par,any x € g and any y € g, there exists a € AT such that f,(x) # f,(y); (3) U g; = OB.

Definition 2.3 Suppose that I = (OB, AT, {V,la € AT}, {f.la € AT}) is an information system. C, is called a covering
of OB with respect to AT, if (1) C47 is a family of nonempty subsets of OB; (2) UC47 = OB.

Based on any attribute a in an information system, a partition $, of OB can often be induced. In this way, m
partitions Pg,, Pa,, -+, Pa, of OB can be developed according to the attribute set AT = {a;,az, - ,a,}. Then a
multi-partition granular structure Par = {Py,, Py, - - - » Pa, } Will be developed.

Definition 2.4 Suppose that I = (OB, AT, {V,la € AT}, {f,la € AT}) is an information system. Par = {Py,, Pa,, - » P, }
is called a multi-partition of OB with respect to AT, if for any P, € Par, P, is a partition of OB.

For any attribute a in an information system, sometimes a covering C, of OB will be induced. Then, m coverings
C4,sCays -+, Cq, of OB can be developed according to the attribute set AT = {aj, ay, - ,a,}. Then a multi-covering
granular structure Car = {C,,, Cy,, - -+, Cy, } Will be built.

Definition 2.5 Suppose that I = (OB,AT,{V,la € AT},{f,la € AT}) is a set-valued information system. Cur =
{Cay>Cays -+ 5 Cy,,} is called a multi-covering of OB with respect to AT, if for any C, € C4r, C, is a covering of OB.

2.2. Rough set models based on different granular structures

For a granular structure, a rough set model can be proposed by defining the lower and upper approximation opera-
tors. In this subsection, four kinds of rough set models are reviewed in turn: Pawlak rough set model, covering rough
set model, multi-granulation rough set model based on multiple partitions, and multi-granulation rough set model
based on multiple coverings.
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Definition 2.6 Suppose that [ = (OB, AT,{V,|la € AT}, {f,la € AT}) is an information system and P, is a partition of
OB with respect to AT. For any X € OB,

apr, (X) = U{P € Pur|P C X},

— /AT

aprp, (X) = U{P € Par|PN X # 0}

are called the lower and upper approximations of X with respect to the partition Py47.

In 1983, Zakowski (1983) first proposed the lower and upper approximation operators in an information system.
Obviously, covering rough set model is a direct extension of Pawlak rough set model.

Definition 2.7 Suppose that I = (OB, AT,{V,|la € AT}, {f,la € AT}) is an information system and C,r is a covering of
OB with respect to AT. For any X C OB,

= c
apr AT(X) U{K € CarlK C X},
aprc,, (X) =~ apr, (~X)
are called the lower and upper approximations of X with respect to the covering C47.

Different from Pawlak rough sets based on single equivalence relation, Qian et al. (2010a,b) proposed two rough
set models called the optimistic and pessimistic multi-granulation rough sets by using multiple equivalence relations.

Definition 2.8 Suppose that I = (OB, AT, {V,la € AT}, {f.la € AT}) s an information system and Par = {4, Pay, ** » Pa,,}
is a family of the partitions of OB with respect to AT. For any X € OB,

@5 X)=U{x e OBI(x e PI(EPy) CX)V(x€PyUEPy) CX) V- -V (xePueP,) X))}

aprg,, (X) =~ apr (~X)
are called the optimistic lower and upper approximations of X with respect to the family of the partitions P47.

Definition 2.9 Suppose that I = (OB, AT,{V,|a € AT},{f,la € AT}) s an information system and Py = {P1, P>, -+ ,P;}
is a family of the partitions of OB with respect to AT. For any X € OB,

@QT(X) =U{x € OBl(x e Pi(ePy) SX)AN(x € Pr(e Py) SX)A - Ax € Pp(e P,,) € X)),

aprs, (X) =~ aprf (~X)
are called the pessimistic lower and upper approximations of X with respect to the family of the partitions P47.

Multi-granulation rough set model based on multiple coverings is proposed in recent years. The three kinds of
rough set models mentioned above can be regarded as its special cases.

Definition 2.10 Suppose that I = (OB, AT, {V,la € AT}, {f,la € AT})is an information system and Car = {C,,,Cq,, - ,Ca,}
is a family of the coverings of OB with respect to AT. For any X C OB,
aprg (X)=U{x € OB|(x € K1(€ C,)) SX)V (x € K2(€Cyy) SX)V -+ V (x € Kpp(€ Cy,) € X)),

apre,, (X) =~ aprg (~X)

are called the optimistic lower and upper approximations of X with respect to the family of the coverings Cyr.
Definition 2.11 Suppose that I = (OB, AT, {V,la € AT}, {f,la € AT})is an information system and Car = {C,,,Cq,, -+ ,Ca,}
is a family of the coverings of OB with respect to AT. For any X C OB,

@«’;AT(X) =U{x e OBlI(x e Ki(€Cu) CX)N(x € K2(€Cl)) SX) A+~ A(x € Ky(€ Cp,) C X)),

aprc.,, (X) =~ aprf, (~X)

are called the pessimistic lower and upper approximations of X with respect to the family of the coverings Car.

2.3. Reducts based on different granular structures

Reduction is always a very important research content of granular computing theory. No matter what kind of
granular computing model, its results of reduction theory are very rich. Here, we give the concepts of reduction for
the four kinds of granular structures mentioned above.
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Definition 2.12 Suppose that I = (OB, AT,{V,la € AT}, {f.la € AT}) is an information system and P47 is a partition
of OB with respect to AT. For any a € AT, if Par = Parj(q), We say that a is a reducible attribute of AT with respect
to Par, and a is denoted by dreduciy,, ; Otherwise, we say that a is an irreducible attribute of AT with respect to P4z
If AT C AT meets two conditions: (1) for any a € AT /AT', a is the reducible attribute of AT with respect to Par; (2)
for any a € AT', a is not the reducible attribute of AT with respect to Par. Then AT’ is called the reduct of AT with
respect to P47, and denoted by reduct(AT)p,, .

Definition 2.13 Let I = (OB, AT,{V,|la € AT}, {f.,la € AT}) be an information system and C47 a covering of OB with
respect to AT. For g € Cyr, if g is the union ( or intersection ) of some sets in C/{g}, we say that g is the union ( or
intersection ) reducible element of C47, and g is denoted by (g),edm.,cﬂu (or (g),educm“n ); Otherwise, we say that g
is the union ( or intersection ) irreducible element of Ca7. If ' € C4r meets two conditions: (1) for any g € Cur/C ’,
g is the union ( or intersection ) reducible element of C47; (2) for any g € c, g is not the union ( or intersection )
reducible element of Ca7. Then C’ is called the union ( or intersection ) reduct of Cs7, and denoted by reduct(Car)u
(or reduct(Car)n).

Definition 2.14 Suppose I = (OB, AT, {V,la € AT},{f.la € AT})is an information system and Par = {Ps,, Pay, -+ » P, }

is a family of the partitions of OB with respect to AT. For any a € AT and any P € P,, if there exist IP’;‘T C Par/{P.}

andP CPe IP/AT (orP ePe P;ar) such that P = Uz .y (UP) (or P = Npep: P'), then a is called the union ( or
AT AT

intersection ) reducible attribute of AT with respect to P47, and a is denoted by Areducts ( or Areducty ., ). Other-

wise, a is called the union ( or intersection ) irreducible attribute of AT with respect to P47. If AT’ C AT meets two
conditions: (1) for any a € AT JAT', a is the union ( or intersection ) reducible attribute of AT with respect to Par; (2)
for any a € AT, a is not the union ( or intersection ) reducible attribute of AT with respect to P47. Then AT" is called
the union ( or intersection ) reduct of AT with respect to P47, and denoted by reduct(AT)p,,.u (or reduct(AT)p,, ).

3. The granular structures induced by the binary information systems

For an information system I = (OB, AT,{V,la € AT},{f.la € AT}), where AT = {a;,a3,--- ,au}, [ is called the
binary information system or a 0 — 1 information table, if for each a € AT,V, = {0, 1}, where f,(x) = 1 means that
x has the attribute a, f,(x) = 0 means that x does not have the attribute a. In this section, we mainly pay attention to
the study of granular structures induced by the 0 — 1 information table, and suppose that for each x € OB, there exist
a,a € AT such that f.(x)=1and fa (x)=0.

In this section, we first introduce the induced elementary information granules and four kinds of granular structures
induced by the 0—1 information system, then explore the inclusion relationship among the rough set models developed
from these granular structures, and finally compare the relationship among the reductions based on these four kinds
of granular structures.

3.1. Granules and granular structures induced by the binary information systems

From the 0 — 1 information table, the elementary granular structures first can be induced as follows:

g:{g‘;" ={xe€OBIf (0)=jlli=12,---,m,j=0,1}

For any a € AT, g{ is the set of all objects with attribute a, and g is the set of all objects without attribute a.

Based on the 0—1 information table and the elementary granular structures, four kinds of special granular structures
can be explored as follows:

(1) The partition of OB with respect to AT':
Par = 181,82, .85} Eq.(1)

where for any x,y € g € Par, fu(x) = fo.(v),i = 1,2,--- ,m.Forany g ,g" € Par,any x € g andany y € g, there
exist a € AT such that f,(x) # f,(y). And U} g; = OB.

(2) The covering of OB with respect to AT
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CAT = {gblll s ggl s g({27 ggzr Y g(|lma ggm } E‘[(z)

Car consists of all elementary information granules in the information system.
(3) The multi-partition of OB with respect to AT:
IP)AT = {pul s Pay ] ('Da,,,} EC](3)

where P, = {g{'. g5’} i=1,2,--- ,m.
(4) The multi-covering of OB with respect to AT:
Car ={C1,Co} Eq.(4)
where C; = {g1', 81", , "}, and Co = {g¢', 85>+ - &5')-
Based on the above analysis, a binary information table can induce four kinds of granular structures. In the

following, we give an example to explain the induced elementary information granules and granular structures in the
binary information table.

Example 3.1 Here is a 0 — 1 information table I = (OB, AT,{V,|la € AT},{f,la € AT}), where OB = {x|, x2,- - , xg},
AT = {ay, a», a3, as}. More details can be shown in Table 1 as follows.

Table 1. A 0 — 1 information table

OB ay a as ay
X1 1 1 0 0
X2 0 1 0 1
X3 0 0 1 1
X4 1 1 0 0
X5 0 1 0 1
X6 0 0 0 1
X7 1 0 0 1
X8 1 1 1 0

Based on the Table 1, all of the elementary granules can be shown as follows:

gl = L xax7,x8), 800 = (o, x5, X5, X6} 810 = X1, X0, x4, X5, x8), 857 = {x3, %6, X7} €70 = {x3, x4}, 850 =

{x1, %2, X4, x5, X6, X7); g1" = {x2, X3, X5, X6, X7}, 85" = {1, X4, X5}
According to these elementary granules, four kinds of granular structures can be induced as follows:
(1) The partition of OB with respect to AT':
Par = {{x1, x4}, {x2, x5}, {x3}, {x6}, {x7}, {xs}};
(2) The multi-partition of OB with respect to AT':
]PAT = {Pal’ Pazs SDap Pa4}
={{gtf]’ggl}y {8(112’882}» {g?»g?;L {g‘im’ g84}}
={{{x1, x4, 7, x8}, {x2, X3, X5, X6}}, {{x1, X2, X4, X5, X8}, {x3, X6, X7}}, {{x3, x8}, {x1, X2, X4, X5, X6, X7}},
{{x2, x3, x5, X6, X7}, {x1,%4,X8}}};
(3) The covering of OB with respect to AT:
Car = 1g}', &' &> 85> &1 &> &> &'}
={{x1, x4, x7, x8}, {x2, X3, X5, X6}, {X1, X2, X4, X5, X8}, {X3, X6, X7}, {x3, X8}, {X1, X2, X4, X5, X6, X7},
{x2, x3, X5, X6, X7}, {X1,%4,X8}};
(4) The multi-covering of OB with respect to AT:
Car ={C1,Co)
= {{g]". &%, 81 81"} {8y 807 8075 80 )
={{{x1, x4, x7, x8}, {x1, X2, X4, X5, X8}, {x3, X8}, {X2, X3, X5, X6, X7}}, {{x2, X3, x5, X6}, {x3, X6, X7},
{x1, X2, X4, X5, X6, X7}, {x1,X4,X8 }}}.

6
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3.2. The relationship among the rough set models induced by the binary information systems

We know that four kinds of granular structures can be induced from a binary information table, and then four rough
set models can be constructed according to these granular structures. In this subsection, we study the relationship
among these rough set models.

Proposition 3.1 Suppose that I/ = (OB, AT, {V,|a € AT},{f,la € AT}) is a 0 — 1 information system. For any X C OB,
the following results hold.

()apr® (X)=apr? (X)=apr, (X)Capr, (X)

(2) apry,, (X) € apre, (X) = aprg,, (X) = apre,, (X)

Proof. Tt is clear from the definitions of equations (1)-(4).
Example 3.2 (Continued from Example 3.1) For X = {x|, x2, x4, x5}, we have that @ZCAT(X) = M.EPAT(X) =
0 capr, (X,

For Y = {x3, X6, X7, X3}, we have that apry, (Y) = apryyp, (Y) = apre, (Y) = OB,aprp, (Y) = {x3, X6, X7, Xs}.
So aprp,,(X) € apr, (X) = aprg, (X) = apr,, (X).

— — 0 — 0] —_
MCA.,(X) = W,MPM_(X) = {x1, X2, X4, x5}. Then a_prCM_(X) = @P”(X) =apr.

What is the relationship between aprg (X)and a pré X)) ( aprfé“ (X)anda prf;” (X)). Let’s illustrate this problem
— AT —%AT
with an example.

Example 3.3 On the one hand, suppose that g{' = {x1, X2, x3}, g5' = {x4, X5, X6, X7, X}, 81> = (x4, X5, X6, X7, X3}, 83" =
X1, %2, %3}, 87 = {x1, x2, x3, x4}, 82 = {xs, X6, X7, X3} are the elementary information granules of an information sys-
8 8o ary g y
tem. For X = {x{, x», x3}, we have that apr]g X)) c apr(’; (X) and aprgAT(X) C aprﬁ;AT(X).
—ILAT — AT

On the other hand, let gi' = {x1,x2,x3},85' = {x, x5}, 87 = {x1,x2,x3},85 = {x4, x5} be the elementary in-

formation granules of some information system. For X = {xs, x4, xs}, we have that apré X)) c aprg (X) and
AT —IaATr

apre_(X) C apre., (X).

3.3. The relationship among the reducts induced by the binary information systems

Reduction is a hot issue in granular computing theory. Based on the binary information system, four kinds of

granular structures can be induced. In this part, we first give the definitions of reductions on the corresponding
granular structures, and then compare the relationship among the reductions.
Definition 3.1 Suppose that I = (OB,AT,{V,|la € AT},{f.la € AT}) is a 0-1 information system, and Car =
{81 8087+ 80 > -81"-8y"} is a covering of OB with respect to AT. For any a € AT, there exist C; € Car/{g5. g5}
such that g¢ = Ugec,g (0r g = Ngec,8), Where i = 0, 1, then a is called the union ( or intersection ) reducible attribute
of AT with respect to C47, and denoted by Areductc,; ( or Areductc, ). If AT" € AT meets two conditions: (1) for
any a € AT/AT', a is the union ( or intersection ) reducible attribute of AT with respect to Cy7; (2) for any a € AT,
a is not the union ( or intersection ) reducible attribute of AT with respect to C7. Then AT  is called the union ( or
intersection ) reduct of AT with respect to Car, and denoted by reduct(AT)¢,, v ( or reduct(AT)c,,.n )-

Definition 3.2 Suppose that I = (OB, AT, {V,|a € AT},{f,la € AT}) is a 0 — 1 information system and C,7 = {C}, Cp}
is a multi-covering of OB with respect to AT. If g‘}‘. is the union ( or intersection ) of some sets in C;/ {g?} (where
Cj € Cyr), then g‘Jf is called the union ( or intersection ) reducible element of C47 with respect to C;, and is
denoted by (8))reductc,yo ( (8Dreductc,, )» Wherej = 0.1, and a € AT. Meanwhile {reduct(Cy)u, reduct(Co)u} (
{reduct(Cy)n, reduct(Co)n} ) is called the union ( or intersection ) reduct of Cs7, denoted by reduct(Car)y ( or
reduct(Car)n ).

Definition 3.3 Suppose that I = (OB, AT, {V,la € AT},{f.la € AT}) is a 0 — 1 information system and C,7 = {C;, Co}
is a multi-covering of OB with respect to AT. For any a € AT, and any g{ € C;, there exist C; C Ci/{g!} (where
Ci € Cyr) such that gf = U eeC' 8 (orgl=n eC' 8 ), i = 0,1, then a is called the union ( or intersection ) reducible
attribute of AT with respect to C47, and denoted by Areductc . (or Areductc .0 ). If AT C AT meets two conditions:
(1) for any a € AT/AT', a is the union ( or intersection ) reducible attribute of AT with respect to Car; (2) for any

7
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a € AT, a is not the union ( or intersection ) reducible attribute of AT with respect to Car. Then AT’ is called the

union ( or intersection ) reduct of AT with respect to C47, denoted by reduct(AT)c,, v ( or reduct(AT)c,, n )-

Firstly, we study the influences of reductions among these rough set models, and find that different reductions have

different effects on these rough set models. The detailed conclusions are presented as follows.

Proposition 3.2 Suppose that I = (OB, AT,{V,|la € AT}, {f,la € AT}) is a 0 — 1 information system. For any X C OB,

the following results hold.

(1) apr L veducATYp, (X) =apr, (X), apPrrequciary,, X) = aprp,, (X);
(2) apr ———reduct(AT )¢, X) = a_prcﬂ X), a_prreduct(AT )Car Y (X) = apre,, (X);
(3) apr s, X) = apr, (X, TP uciicon,X) = aPre,, (X):
“@a p reduct(AT)pAT X) = Mg” X), a_pri(’)educt(AT)p ATV X) = a_prgAT(X);
(5) apr; duct(AT)pAT X) = MII;M X, a_l”’feduczmr)mru (X) = apry,, (X);
(6) apr reduct(C,\T) X) = M&T(X) ap rreduct(CAT)u(X) = apr L (X);
(memmm:@@wwmmmmm=ﬁmﬂx
®) apr? reduct(AT)CAT (X) = @&T(X)’ m}(")educz(AT)cAT‘u (X) =aprg, (X);
©) apr; I educt(AT ),y (X) = a_préAT(X), a_mfeducz(AT)CAT_u X) = G_PVEAT(X).

Proof. Tt is clear from the definitions of reductions and approximation operators.

Proposition 3.3 Suppose that I = (OB, AT,{V,|la € AT}, {f.la € AT}) is a 0 — 1 information system. For any X C OB,

the following results hold.
() apr X) Capr, (X). TP rauearso,,X) 2 AT, (X):

——reduct(AT)c .0

(2) apr reduct(CAT) (X) c apr:,AT (X)’ mreduct(c,\r)n (X) 2 a_prCAT (X)’
P —=F —P .
3)apr” L, X capry (X, @PTyegucnarys,,,(X) 2 apre,, (X);

0] —0 —0 .
(4) P T educt(ATYs ;. m(X) c MPAT (X)’ aprreduct(AT)[PAT,m (X) 2 aprIF’AT(X)’
(5) apr®

(6) apr® 00 aprd (X). Py, X) 2 @PTC,, (X):
P ——P ——P .
(7) p —reduct(Car)n (X) < @CAT (X)’ aprred”Cf((CAT)n (X) 2 apr(CAT(X)’

0] —0 —0 .
(8) apr reducr(AT)LATm(X) c ﬂcﬂ (X), ‘117'"mzm-z(AT)CA,I,‘ﬂ X)2 apre,, (X);

—p —p
) apr® X) ﬂ’gﬂ(x)’ aPT reduc(AT)c,, (X)) 2 apre,, (X).

——reduct(AT)c 70

P ——p —p )
——reduct(AT)p,, (X) < MIPAT X, aprred”ct(’qT)PAT.ﬁ (X) 2 aPTpy; (X);

reducz‘(CAT)

Proof. Tt is clear from the definitions of reductions and approximation operators.

Based on the granular structure C47, the definitions of four kinds of reduction are proposed, from which four kinds
of covering rough set models can be developed. Then the relationship among the approximation sets of these four

kinds of rough set models is discussed.

Proposition 3.4 Suppose that I = (OB,AT,{V,la € AT},{f,la € AT}) is a 0 — 1 information system and Cur is a

covering of OB with respect to AT. For any X € OB, the followmg results hold.
(1) apr X) € apr X) € apr X) € apr X);

——reduct(Car)n ——reduct(AT)c, 7.0 —reduct(Car)u ——reduct(AT)c,y.u

() aPT equcratye,, (XD S AP reduerCar), (X) S APT reduenatc,, o (X) S AP reuen(Capy, (X)-
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Proof. (1) Firstly, based on the definitions of reduct(Car)~ and reduct(AT)c,,n, for each g € reduct(Car)n,
there exists a € reduct(AT)c,,n such that g = g{ or g = gj. Then according to Definition 2.7, we have that

apr (X) S apr X)

——reduct(Car)n ——reduct(AT)c .0

Secondly, since reduct(Cur)y is the union reduction of C, for each X C OB, equation AP erCany X)) =
reduci AT JU

(X) holds. And because reduct(Cur)y is the intersection reduction of C, for each X C OB, one can find
(X) Capr, (X) holds. So apr X) ¢ X

reduct(CAr)u

that apr
—reduct(Car)n reduct(Car)n

Finally, based on the deﬁmtlons of reduct(Car)y and reduct(AT)¢,,.u, for each g € reduct(Car)u, there exists
a € reduct(AT)c,, u such that g = g or g = g{. Then according to Definition 2.7, we have that apr X) c

——reduct(Car)y
apr reduct(AT)c, 7.0 (X)

(2) The proof of (2) is similar to that of (1).

According to the granular structure P57, the definitions of four kinds of reduction are introduced, from which four
kinds of multi-partition rough set models can be developed. Then the relationship among four kinds of rough set
models is discussed.

Proposition 3.5 Suppose that I = (OB,AT,{V,la € AT},{f,la € AT}) is a 0 — | information system and P47 is a
multi-partition of OB with respect to AT. For any X C OB, the following results hold.

(D) apr” X)<cap X) € apr? X);

reduct(AT)pAT n reduct(AT)ypAT u reduct(AT)pAT U
(2) aprreduct(AT)pAT U(X) c aprreduct(AT)]pA,l U(X) c aprreduct(AT)pATﬂ (X)’
(3) apr® X) < (X) € apr? (X);

reduct(AT)pAT n reduct(AT)]pAT n reduct(AT)]pAT U
(4) aprreduct(AT)pAT»u (X) < aprreduct(AT)]pATn (X) < aprreduct(AT)pATm (X)

By the granular structure C,r, the definitions of two kinds of reductions are proposed, from which four kinds of
multi-covering rough set models can be explored. Then the relationship among the approximation sets of these four
kinds of rough set models is discussed.

Proposition 3.6 Suppose that I = (OB,AT,{V,la € AT},{f,la € AT}) is a 0 — 1 information system and Cuy is a
multi-partition of OB with respect to AT. For any X C OB, the followmg results hold.

(1) apr reduct((CAr)m( ) - reduct(AT)cATm(X) - reduct(AT)CATu( ) - reduct((CAT)U( );
(2) aprreducz((CAT)u (X) = aprreduct(AT)@AT U(X) < aprreduct(AT)[CAT ,—,(X) < aprreducr((CAT)n (X)’
(3) apr reduct((CA-r)m( ) - redutt(AT)CATﬁ( ) - reduct(AT)CATU( ) = p reduct((CAT)U (X)’

(4) apr., reduct(Capy, (X) = apr., reduct(AT )¢y (X) c apry, reduct(AT) ey (X) c apry, reduct(Cap)n (X)-

According to Example 3.1, we have Parj(4,) = Par, 1.€. a4 is areducible attribute of AT with respect to P47. Then,
for any X € OB, apr X) = apr, (X) and aprPAT/W(X) = aprp,,(X). So, for any X C OB, do the upper and
— — AT

P AT {ag)
lower approximation sets of X shown from definitions 2.3-2.11 remain unchanged? The following example answers

this question.
Example 3.4 (Continued from Example 3.1) According to Definitions 2.3-2.11, we have the following results.
(1) For X = {x1, x2, x4, xg}, we have that apr. X) = {xl,x4,xg},aprc (X) = 0, then apr., X) # apr, X);
—LAT — —LAr

AT /{ay) AT [{ag)

Similarly, a_prCAT " (X) # apre,, (X).
(2) For X = {x1, x2, x4, x3}, we have that aprO (X) = {x1, x4, X3}, apr (X) = 0, then aprg (X) # aprg X);
/\I/(a4) E— A]/(a4) —LAT
Similarly, aprPAT/W(X) * aprPAT X).
(3) For X = {x1, x2, x4, X5, xg}, we have that apr’ (X) = {x1, x4, x3},apr’  (X) = 0, then apr? (X)) #
—Par ——Par/iay) ——Par/iay)

ﬂ;ﬂ (X); Similarly, a—mgAW(X) # aprp, (X).
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(4) For X = {x1,x, x4, xg), we have that aprg X) = {xl,x4,xg},aprg (X) = 0, then aprg X) #
apre.. apr apr

AT /{ag) AT [{ag)

0 Qi —0 —0
%CAT (X); Similarly, apr(CAT/M(X) #apr¢,, (X).

(5) For X = {x1,x2, x4, X5, xg}, we have that apré X) = {x1,x4, x8),aprf  (X) = 0, then aprg X) #
arre., apr apr

AT/lag) AT /{ay)

@(’;AT (X); Similarly, W&T/W(X) * a_prgAT X).

Based on Example 3.4, for any X C OB, before and after attribute a4 is deleted from Table 1, the lower and upper
approximations of X defined from Definitions 2.3-2.7 may be changed.

In the above, we mainly study the relationship of different reductions from the perspective of rough set model.
Next, we will compare and study the relationship among the different reduction elements or reduction attributes.

Proposition 3.7 Suppose that I = (OB, AT, {V,|la € AT},{f.,la € AT}) is a 0 — 1| information system. If a € AT is a
union ( or intersection ) reducible attribute of AT with respect to P47, then the following results hold.

(1) a € AT 1is a reducible attribute of AT with respect to Par;

(2) a € AT is a union ( or intersection ) reducible attribute of AT with respect to Car;

(3) g; and g are both the union ( or intersection ) reducible elements of Car.

Proof. Here, we prove the theorem only when a is an union reducible attribute of AT with respect to Par. In the
case that a is an intersection reducible attribute of AT with respect to P47, the proof of the theorem is omitted.

(1) Let P47 be the multi-partition of OB. For each P € £, € P47, there exists S € U(Par/P,) such that P = US.
For each x € P, there are a set family £ C G and a set P € P, so that x € P = NP. Denote S, = {g € S|lx € g},
one can find that for each g € Sy, g € P. Since a € AT is a union reducible attribute of AT with respect to P4z, so
S, UP C P. Thatis to say that P = NP = NS, N PN (P/(Sx U P)) =NS, N (P/(S, U P))=N(P/P). Therefore, based
on Definition 2.12, a € AT is a reducible attribute of AT with respect to Psr.

(2) If a € AT is a union ( or intersection ) reducible attribute of AT with respect to P47, according to Definitions
2.12 and 2.13, it is easy to see that a € AT is a union ( or intersection ) reducible attribute of AT with respect to Car.

(3) Based on Definitions 2.12 and 3.1, it is clear that the conclusion is true.
Proposition 3.8 Suppose that I = (OB, AT,{V,la € AT}, {fsla € AT}) is a 0 — 1 information system. If a € AT is a

union ( or intersection ) reducible attribute of AT with respect to P47 if and only if a € AT is a union ( or intersection
) reducible attribute of AT with respect to Car.

Proof. Based on the structure characteristics of P47, Car, and Definitions 2.14 and 3.1, it can be seen that the
proposition is obviously correct.
Proposition 3.9 Suppose that I = (OB, AT, {V,|la € AT},{f.,la € AT}) is a 0 — 1| information system. If a € AT is a
union ( or intersection ) reducible attribute of AT with respect to C4r, then the following results hold.

(1) a € AT 1is a reducible attribute of AT with respect to Par;

(2) a € AT is a union ( or intersection ) reducible attribute of AT with respect to Pz

(3) a € AT is a union ( or intersection ) reducible attribute of AT with respect to Car;

(4) gg and g are both the union ( or intersection ) reducible elements of Csr;

(5) g§ and g are the union ( or intersection ) reducible elements of C47 with respect to Cy and C, respectively.

Proof. According to Proposition 3.7 and other relevant definitions, all conclusions are obvious.
Proposition 3.10 Suppose that I = (OB, AT, {V,la € AT}, {fula € AT}) is a 0 — 1 information system. If g§ and g are

the union ( or intersection ) reducible elements of C4r with respect to Cy and Cy, respectively, the following results
hold.

(1) a is a union ( or intersection ) reducible attribute of AT with respect to Car;
(2) a is a union ( or intersection ) reducible attribute of AT with respect to Car;
(3) g; and g are both the union ( or intersection ) reducible elements of Car.

Proof. Obviously, all the conclusions are true.
10
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Proposition 3.11 Suppose that I = (OB, AT,{V,la € AT},{f,|la € AT}) is a 0 — | information system. If a € AT is a
union reducible attribute of AT with respect to C47 if and only if @ € AT is an intersection reducible attribute of AT
with respect to Cur.

Proof. Based on the structure characteristics of C,7 and Definition 3.3, it can be seen that the proposition is
obviously true.

Through the discussion from Propositions 3.7-3.11, the relationship among all reductions is systematically dis-
cussed. In order to know the relationship among all reductions better, a relationship diagram among these reductions
are shown as follows.

Figure 1. The relationship among the reducible attributes (or elements) in the O — 1 information system

(g(ll)reductcA,l._U and (gg)reductcm, u < areduct)cAT‘u areduct)cA,l,m < (glll)reductc”_n and (gg)reductgm.ﬂ
areducz)]pAT_u areducr)]pATﬂ

(g(ll)reducrcuyu and (gg)reductc“,u S areduct)CA,l.,u areduct)CA,,._n < (gC],)reductcA,m and (gg)reductcA,m
Areduct)p AT Areduct)p AT

4. The granular structures induced by the multi-valued information systems

For an information system I = (OB, AT,{V,la € AT},{f.la € AT}), where AT = {a;,a3,--- ,au}, I is called the
multi-valued information system or the multi-valued information table, if for each a; € AT, V,, = {v41, V42, -, v, L=
1,2,--- ,m. In this section, we mainly pay attention to the study of elementary granules and granular structures in-
duced by the multiple-valued information table.

In this part, we first study the induced elementary information granules and three kinds of granular structures
coming from the multi-valued information system. Then we discuss the inclusion relationship among the rough set
models obtained from these granular structures. Finally we will comparatively researched the relationship among the
reductions according to these three kinds of granular structures.

4.1. Granules and granular structures induced by the multi-valued information systems
From the multi-valued information table, the elementary granular structures first can be induced as follows:

g = {gﬁju/ = {x € OBlf;l,(-x) = Vaij}li = ]’2’ e »msj = ]72,' o sli}
In the last section, we know that four kinds of granular structures can be induced in binary information system. In
the multi value information system, only three kinds of granular structures can be induced as follows.
(1) The partition of OB with respect to AT':
Par = 181,82, » &5} Eq.(5)

where for any x,y € gi, fo,(x) = fo,(0),i=1,2,---,5;j=1,2,--- ,m. For any 8.8 €Parandforany x € g,x €
g/, there exists a € AT such that f,(x) # f,(x). And U, g = OB.
(2) The covering of OB with respect to AT
Car ={g li=1,2,--,mj=1,2,--- ;) Eq.(6)

(3) The multi-partition of OB with respect to AT:
]P)A'/' = {plap'Z?“' 7{}))71} E‘I(D

11
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aj 2 a

a a a an
where P1 = {8y, 15 8vans > 8vayy b P2 = 810,15 8vapos 5 8vay b P = {8

um urn urn
v

Va1 8 am?2? ’ gVUW/m }

In the 0-7 information table, we regard all information particles with attribute values of 0 as a covering, and all
information particles with attribute values equal to / as another covering. In this way, the two coverings are put
together to obtain multiple coverings of OB. However, for a multi-valued information table, because attribute values
are multi-valued, what rules are used to define multiple coverings? This question is difficult to answer.

Example 4.1 Here is a multi-valued information table I = (OB,AT,{V,a € AT}, {f.la € AT}), where OB =
{x1,x2,-- ,x3}, AT = {ay,az, a3, as}. More details can be shown in Table 2 as follows.

Table 2. A multi-valued information table

OB aq an as ay
X 1 1 2 3
X 2 3 1 1
X3 2 2 1 2
X4 3 1 2 3
X5 1 1 2 3
X6 3 1 2 3
X7 2 2 1 2
Xg 1 4 1 3

Clearly, all elementary granules induced by Table 2 can be shown as follows:

gl = s, x5, 85 = {2, x3,x7), 85 = (s xeks g1 = X1, xa, x5, X6}, 857 = {x3,x7), 857 = (%2}, &) = {xs);

gy = {xa, x3, 07, X8}, 85" = {x1, X4, X5, X6 }; 81" = {2}, 85 = {x3, %7}, 85" = {x1, X4, x5, X6, Xg ).
According to these elementary granules, several special granular structures can be induced as follows:
(1) The partition of OB with respect to AT':
Par = {{x1, x5}, {x2}, {x3, %7}, {x4, x6}, {x8}};
(2) The granular structure based on a covering of OB with respect to AT
Car = (87", 8585 .81, 85.85.8,-81.85 - 81 85" 85"}
={{x1, x5, x8}, {x2, x3, X7}, {x4, X6}, {x1, X4, X5, X6}, {x3, 27}, {x2}, {8}, {x2, X3, X7, x8}, {1, X4, X5, X6, X3}};
(3) The multi-partitions of OB with respect to AT
PAT = {Pm 5 Paz s Pap PLM}
={{g]". 85, 85 1 187, 857, 857, g ) (g1 &5 (g1, 85" &5 1)
={{{x1, x5, x8}, {x2, X3, X7}, {x4, x6}}, {{x1, X4, X5, X6}, {x3, 27}, {22}, {x8}}, {{x2, X3, X7, X8}, {x1, X4, X5, X6},
{{x2}, {x2, x3, X7}, {x1, X4, X5, X6, X3}};

4.2. The relationship among the rough set models induced by the multi-valued information systems

Three kinds of granular structures can be obtained from the multi-valued information system. Similarly, three kinds
of rough set models can be constructed naturally from these three kinds of granular structures. Next, the relationship
of the upper and lower approximation sets in these three rough set models is discussed.

Proposition 4.1 Suppose that I = (OB, AT,{V,la € AT},{f,la € AT}) is a multi-valued information system. For any
X C OB, the following results hold.
(X Capr, (X);

P 0 _

(D) apr, (X) Capr, (X)=apr,
(2) apryp,, (X) Capre, (X) = aprq,, (X) C aprp,, (X).

Proof. Tt can be easily proved based on the definitions of equations (5)-(7).

For any X C OB, there is no explicit inclusion relationship among the pessimistic lower and upper approximations
of X, which are listed in Definitions 2.5 and 2.7. Let’s illustrate this problem with an example.

12
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Example 4.2 (Continued from Example 4.1) For X = {xi, X2, x5, X5}, we have that apr]'; X) = 0, aprg X) =
—AT —LAT
= = . P C 0 = C .
apr, (X) ={x} apr, (X)={xi,x,xs}. Thenapr, (X)Capry (X)=apr, (X)Capr, (X)
For Y = {x3, x4, X7, X3}, we have that aprp, (Y) = {x3, X4, X6, X7, Xs}, apre,, (¥) = apre, (Y) = {x1, X3, X4, X5, X6, 17,
xg), a_mﬂf;M(X) = OB. So aprp, (X) C apry,,(X) = apr¢, (X) C apry, (X).

4.3. The relationship among the reductions induced by the multi-valued information systems

Based on the multi-valued information system, three kinds of granular structures can be induced. In this part,
we first add a concept of attribute reduction based on covering granular structure, and then comparatively study the
relationship among the reductions based on these granular structures.

Definition 4.1 Suppose that I = (OB AT, {V,la € AT}, {f.la € AT}) is a multi-valued information system, and
Car = {g’v‘;[fli =1,2,---,m,j=1,2,---,1;} is a covering of OB with respect to AT. For any a € AT, any v, € V,, and
any gy . j €(1,2,---,1;}, there exist CW C Car/Pa (where P, € Pyr) such that g¢ = Ugec,,,8 (01 &4, = Neec,,8 )
then a is called the union ( or intersection ) reducible attribute of AT with respect to C47, and denoted by Areductc, ;. (
O Qreductc, ., ). If AT" C AT meets two conditions: (1) for any a € AT/AT', a is the union ( or intersection ) reducible
attribute of AT with respect to Car; (2) for any a € AT’, a is not the union ( or intersection ) reducible attribute of AT
with respect to C4r. Then AT’ is called the union ( or intersection ) reduct of AT with respect to C47, and denoted by
reduct(AT)¢,,.u (or reduct(AT)c,; n )-

The following results focus on the inclusion relations of the upper and lower approximation sets of different rough
set models developed from equations (5)-(7).

Proposition 4.2 Suppose that I = (OB, AT, {V,la € AT},{f,la € AT}) is a multi-valued information system. For any
X C OB, the following results hold.

(D) apr AP s etuct AT, (X) =apr PAT(X)’ a_prreduct(AT)pAT (X) = aprp,,(X);
@ apr, ATy, u(X) =apr, (X), P requenary,,,(X) = apre,, (X);
(3) apr L X) = apr, (X). AT reguciican,X) = AT, (X0;

@) apr® . X) = apr? (X). AT puqueiarye,, X) = apr,, (X);
S apr? . 0= aprl X). AT iary,,, (X) = TP, (X0

Proposition 4.3 Suppose that I = (OB, AT, {V,la € AT},{f,|la € AT}) is a multi-valued information system. For any
X C OB, the following results hold.

(a apr ——reduct(AT)c ;. Q(X) < _(apr AT X, W”’d"Ct(AT)CAT.m X) 2 a_prCAT X);
(2) apr

reduct(CAl) (X) < —Capr AT (X)’ mreduct((}”)m (X) = a_prCAT (X),

P —P ——P .
(3) P L eductATYs, ;. (X) c %PAT (X)’ aprreduct(AT)rp’AT,u (X) 2 aprIP’AT (X)’

@apr® (X) @gAT(X), mgmw)mm()() > apry, (X);

reduLt(AT)]pAT n

(5) apry 22 reduct(AT)p 7.0 X) < @{; (X), apPTrequenarys 7 (X) 2 aprp, . (X);

Proposition 4.4 Suppose that I = (OB, AT, {V,|a € AT},{f,la € AT}) is a multi-valued information system and Ca7 is
a covering of OB with respect to AT. For any X € OB, the following results hold.

(1) apr —reduct(Car)n (X) - reduct(AT)CATQ(X) - reducl(CAT) (X) = apr reduct(AT)cATu(X);

(2) aprreduct(AT)CAT U(X) < aprreduct(CAT)u (X) < aprreducI(AT)cAT n(X) < aprreduct(C,\T)ﬁ (X)
Proposition 4.5 Suppose that I = (OB, AT, {V,|a € AT},{f,la € AT}) is a multi-valued information system and P47 is
a multi- part1t10n of OB with respect to AT. For any X C OB, the following results hold.

(1) apr® X) < X) < X

——reduct(AT)p,p 0 redz uct(AT)p, 70 reduct(AT)]pAT U

13
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—0 —P —P .
(2) aprreducz(AT)pAT_u (X) < aprreduct(AT)]pAT,U (X) - aprreduct(AT)pATﬂ (X)’

3) apr” X) C apr? X) € apr® X);

——reduct(AT)p 7 n ——reduct(AT)p 7 n ——reduct(AT)p 7 u
——0 —0 —p
(4) aprreduct(AT)pAT,u (X) < aprreduct(AT)]pATﬁ (X) < aprreduct(AT)pATm (X)
The following two propositions show the relationship among the attribute reductions of different granular structures
from equations (5)-(7).

Proposition 4.6 Suppose that I = (OB, AT, {V,|a € AT}, {f,la € AT}) is a multi-valued information system. If a € AT
is a union (intersection) reducible attribute of AT with respect to P47, then the following results hold.

(1) a € AT 1is a reducible attribute of AT with respect to Par;
(2) a € AT is a union (intersection) reducible attribute of AT with respect to Car;
(3) g; and g{ are both the union (intersection) reducible elements of Car.
Proposition 4.7 Suppose that I = (OB, AT, {V,|a € AT}, {f,la € AT}) is a multi-valued information system. If a € AT

is a union (intersection) reducible attribute of AT with respect to P47 if and only if a € AT is a union (intersection)
reducible attribute of AT with respect to Car.

Figure 2. The relationship among the reducible attributes (or elements) in the multi-valued information system

Areduct)p ;. Areduct)p,
a a a a
(gl)reductcATM and (go)reductcATM < areduct)CAT_u areduct)CATm o (g] )reductcATﬂ and (go)reductCAT_n
Areduct)p,, Areduct)p,,

5. The granular structures induced by set-valued information systems

For an information system I = (OB, AT,{V,la € AT},{f.la € AT}), where AT = {a;,as,--- ,a,}, I is called the
set-valued information system or the set-valued information table, if for each a; € AT,V = {va1,Va2, -+ v, 1}, and
for each x € OB, f,(x) € V,,i = 1,2,--- ,m. In this section, we mainly pay attention to the study of elementary
granules and granular structures induced by the set-valued information table.

In this section, we first study the induced elementary information granules and four kinds of granular structures
based on the set-valued information system, then research the inclusion relationship among the rough set models
developed by these granular structures, and further discuss the relationship among the reductions based on these four
kinds of granular structures.

5.1. Granules and granular structures induced by the set-valued information systems

From the set-valued information table, the elementary granular structures first can be induced as follows:
G=1{gl,, ={(x€O0Bvy; € fNi=12---,mj=12-- [}
Similar to the induced granular structures in the multi-valued information systems, four types of granular structures
can be induced in the set-valued information systems as follows.

(1) The partition of OB with respect to AT
Par =181.82,-+, 85} Eq.(8)

where for any x,y € g, fo,(x) = f,,j=1,2,--- ,5;i = 1,2,--- ,m. For any 2.8 € Purand forany x € g, x €
g , there exists a € AT such that f,(x) # f.(x). And U g = OB.
(2) The multi-partition of OB with respect to AT:
14
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Par = {Pal s 7)(13, T, Pam} E([(g)

where for any P € P, and any x,y € P, f,.(x) = f,.(y). And for any P, P € P, and any x € P,x € P’, one can find
that f,(x) # f,(x),i=1,2,-- ,m.

(3) The multi-covering of OB with respect to AT
CAT = {Cupcug,"' aCa } Eq(]O)

where C,, = P,, U C,, and C,, needs to meet two conditions: (1) For each K € C,,, there exists v,,; € V,, such that
Vaij € Nxek fa;(x); (2) For each y € OB/K, fu,(y) N (Nxek fa, (X)) # Nyek fu,(x), where i = 1,2,--- ,m; j=1,2,--- ;.
(4) The covering of OB with respect to AT
Car ={Ki, Kz, -+, Ki} Eq.(11)

where any K € C4r needs to meet two conditions: (1) K # 0; (2) There are Klf €C, € Cyr,i=1,2.--- ,mso that
K=K nK,n---nKk,.

In order to better understand the elementary information granules and granular structures obtained from set-valued
information systems, we will use the following examples to illustrate them.

Example 5.1 Here is a set-valued information table I = (OB, AT, {V,|la € AT}, {f.la € AT}), where OB = {x1, x2, -+ , Xg},
AT ={ay, a», a3, a4}. More details can be shown in Table 3 as follows.

Table 3. A set-valued information table

OB
X1
X2
X3
X4
X5
X6
X7
X3

2
Q
&)
Q
Q
=

—
[\

—_—
—_—

—_—
—_ [\®]
—— ——
—_~
N —
-
— o
~ W = ) = =
-

—

—_—
—_——— e 1O —m 1O = =

—_ o

—_~
—— ey
N o

-

—_—

—_—
—_— e e e =
-
—_—
-

W W W~

—_— —— [\)vl\)—,-—w-— N —
—_

—_— N =~ = L) = —— W

—_—

—_ DD = e e e e -

Based on the Table 3, all the elementary information granules can be got as follows:
a a a L, a _ o —
g1 = {x1, xa), 85 = {2, x3, x5, 851 = {x3, X5, X6, X7, X8}; &7 = {x2, X3, X5, X6}, 85" = {X1, X2, X4, X5, X6, X7, X8}; 81" =
a a .o as as __ as _
{x]7-x3’x4ax6’x7}’g23 = {x2’x59x7’x8}’g33 = {xlax4}7 g14 - {x1’x27-x4’x65'x8}9g24 - {'x67'x7}7 g’.),4 - {x3$'x5’x7ax8}'

According to these elementary information granules, several special granular structures can be induced as follows:

(1) The partition of OB with respect to AT':

Par = {{x1, x4}, {x2}, {x3}, {xs}, {x6}, {7}, {xshhs

(2) The multi-partition of OB with respect to AT:

IP>AT = {PuI»Paz’Pa3:Pu4}

={{{x1, x4}, {x2}, {x3, x5}, {x6, x7, X33}, {{x1, X4, X7, X8}, { %3}, {x2, X5, X6}}, {{x1, X4}, {x2, X5, 8}, {X3, X6}, {271},
{{x1, x2, x4}, {x3, x5}, {x6}, {x7}, {xg}}};

(3) The multi-covering of OB with respect to AT:

(CAT = {Ca1 s C(lz? Cap Ca4}

={{{x1, x4}, {x2}, {x3, x5}, {x2, x3, x5}, {X6, X7, X8}, {X3, X5, X6, X7, X8}}, {{x1, X4, X7, X8}, {x3}, {x2, X5, X6}, {x2, X3, X5, X6},
{x1, X2, X4, X5, X6, X7, X8 }}, {{X1, X3, X4, X6, X7}, {X1, Xa}, {x2, X5, X8}, {x3, X6}, {x7}, {x2, x5, X7, x8}}, {x1, X2, X4}, {3, x5},
{x6}, {x7}, {xsh, {1, x2, x4, X6, X8}, {x6, X7}, {X3, X5, X7, X8}}}3

15



O Joy b WN

(4) The covering of OB with respect to AT
Car = {{x1, x4}, {x2}, {x3}, {x5}, {x6}, {7}, {8}, {x5, %7, x8}, {x6, X7}, {7, x8}}.

5.2. The relationship among the rough set models induced by the set-valued information systems

Here, we will focus on the inclusion relationship among the upper and lower approximation sets in the rough set
models obtained from the set-valued information system.

Proposition 5.1 Suppose that I = (OB,AT,{V,|la € AT},{f,la € AT}) is a set-valued information system. For any
X C OB, the following results hold.

P — P C 0 - 0 C —
(D apre, X0 =apry (X)<apry (X)=apry X)Capr, (X =apr, X

(2) aprp,, (X) = apr¢,, (X) C apre, (X) = apre, (X) € apry,, (X) = apre,, (X)
Proof. 1t is easy to be proved by equations (8)-(11).

Example 5.2 (Continued from Example 5.1) For X = {xs, X, xg}, we have that aprP X) = aprP X) =
aprg (X) =apr] (X) = {xe, xh, apr, (X) =apr, (X) = {xs, X6, xs). Thenapr( (X) —apr” 0 Capro <X> =
0 C —
apry (X)Capr, (X)=apr, (X).
Meanwhile, for ¥ = {x,, x3, x4, X7}, we can get aprp, (Y) = apr¢,, (Y) = {x1, X2, X3, x4, X7}, apre, (Y) = apre, (¥)
= {il,xz,x3,x4,;c5,x7}, aprp, (Y) = apre, (Y) = OB. So, aprp, (Y) = apre, (Y) C apry, (Y) = apre, (Y) C
aprp, (Y) = apre.,, (Y).

5.3. The relationship among the reductions induced by the set-valued information systems

Based on the set-valued information system, four kinds of granular structures can be induced. In this part, we
first add a concept of attribute reduction based on covering granular structure, and then comparatively study the
relationship among the reductions based on these granular structures.

Definition 5.1 Suppose that I = (OB, AT, {V,la € AT}, {f,la € AT}) is a set-valued information system and C,r is the
covering of OB with respect to AT. For any a € AT, one can find that P47 C Car/(q. then a is called the reducible
attribute of AT with respect to Ca7, and denoted by Areductc, - If AT C AT meets two conditions: (1) for any
a € AT /AT, a is the reducible attribute of AT with respect to Car; (2) forany a € AT, a is not the reducible attribute
of AT with respect to C47. Then AT is called the reduct of AT with respect to C4r, and denoted by reduct(AT)c,, -

Definition 5.2 Suppose I = (OB, AT,{V,la € AT}, {f,la € AT}) is a set-valued information system and C,y =
{Ca;»Cays -+, Cq, } 1s afamily of the coverings of OB with respect to AT. Then we call {reduct(Cq, )y, reduct(Cg,)u, - - -

reduct(Cy,, )y} the union reduct of C47, and denoted by reduct(Car)y. Meanwhile, we call {reduct(C,, )n, reduct(Cy,)n,
, reduct(C,,, )n} the intersection reduct of C,7, and denoted by reduct(Car)n.

Definition 5.3 Suppose I = (OB,AT,{V,la € AT},{f,la € AT}) is a set-valued information system and C,y =
{Cay»Cays -+ ,Cy,,} is a family of the coverings of OB with respect to AT. For any a € AT and any g € C, € Cyr, if
there exist C,; € Car/{Ca} and K C K e C),; such that K = U;(E%(UW/;;(W/) (orK = ﬂ,;(E(c;T(ﬂ,K,E;(‘K’) ), then
a is called the union ( or intersection ) reducible attribute of AT with respect to C47, and a is denoted by Areductc,
(or Areductc . ). Otherwise, a is called the union ( or intersection ) irreducible attribute of AT with respect to Ca7.
If AT" C AT meets two conditions: (1) for any a € AT/AT', a is the union ( or intersection ) reducible attribute of
AT with respect to Cu7; (2) for any a € AT’, a is not the union ( or intersection ) reducible attribute of AT with
respect to C47. Then AT’ is called the union ( or intersection ) reduction of AT with respect to C47, and denoted by
reduct(AT)c,,.u (or reduct(AT)c, ;.1 )-

According to the definition of each rough set model and the reduction of the related granular structure, it is easy to
see that the conclusions of propositions 5.2-5.6 are true. So the proof of these propositions is omitted.

Proposition 5.2 Suppose that I = (OB, AT, {V,|la € AT},{f,la € AT}) is a set-valued information system. For any
X C OB, the following results hold.

(H aprreducz‘(‘PAT)(X) = %PAT X0, a_prreduct(PAT)(X) = a_prPAT X);
16
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@apr o (X)=apr, X). TFrequcncy,X) = TTg,, (X);
B P carre, OO =0T OO, TP, gucar,, O = TP, (X;
@) ap rreduct(]P‘A LX) = @%r X0 TP rugucacery, X0 = aprg,, (X;
(5) “P",edMPAT) X) = apry (X). AT pugueup,),(X) = AP, (X);
(6) apr® e X) = apr? (X, @pTrenc,,X) = apre,, (X);
(7) apr” Dt X) = aprf (X). @PF egenc,p),(X) = TPTC,, (X):
®) apr reduct(C,\T) X) = M&T(X)’ a_prroeduct(CAT)u X) = a_P”«O:AT X;
9 apr” X) = aprf, (X). @D egencyp),(X) = TPTC,, (X).

reduct(Car)n

Proposition 5.3 Suppose that I = (OB, AT, {V,|la € AT},{f,la € AT}) is a set-valued information system. For any
X C OB, the following results hold.

(1) apr X) Capr, (X)s @ eiucican,X) 2 @Pre,, (X0;
@a pr,edm%) X) 2 apry (X), @ regucey, X) S AT, (X);
G) ap reduct(@AT) X) < 0 (X) aprrOEduCt(PAT)” (%) 2 a_pr]gAT(X);
4) apr? (X< 0  C0: BP0, (X) 2 APPE,, (X0
) apr” X ¢ ggﬂ(xm DT ctucn e (X) 2 APTL,, (X0
©) apr” X) 2 apri (X), WP peaiencan,X) € @PTC,, (X);
(7) apr X) Caprd (X). @pTrenc,,X) 2 Gpre,, (X).

Proposition 5.4 Suppose that I = (OB, AT, {V,|a € AT},{f,la € AT}) is a set-valued information system and Ca7 is a
covering of OB with respect to AT. For any X € OB, the following results hold.
(1) apr X) < (X) = apr X;

reduct(AT)c
(2) aprreduct(AT)cA., (X) = aprreduct(CAT)U (X) < a_prreduct(CAr)n (X)
Proposition 5.5 Suppose that I = (OB, AT, {V,|la € AT}, {f,la € AT}) is a set-valued information system and P47 is a
multi- partltlon of OB with respect to AT. For any X C OB, the following results hold.

(1) apr® X)<cap (X) C apr® X

——reduct(AT)p, 70 reduct(AT)]pAT U ——reduct(AT)p, .0

—0 .
(2) aprreduct(AT)pAT U(X) < aprreduct(AT)]pAT U(X) - aprreduct(AT)pATﬂ( )’
(3) apr® (X) c apr® (X) C apr? X);

reduct(AT)pAT n eduLt(AT)]pAT n reduct(AT)]pAT U

(4) aprreduct(AT)PAT U(X) < aprreduct(AT)]pAT n(X) < aprreduct(AT)pAT m( )

——reduct(Car)n

reducl((CAT)
reduct(C AT )N
reducl((CAT)

reduct(C AT )N

—reduct(Car)n redm t(Car)u

Proposition 5.6 Suppose that I = (OB, AT, {V,|la € AT},{f.la € AT}) is a set-valued information system and Ca7 is a
multi-partition of OB with respect to AT. For any X C OB, the followmg results hold.

(1) apr reduct((CAT)m( ) - reduLt(AT)cAT " (X) - redmt(AT)CAT U (X) reduct((CAT)U( );
(2) aprreducz((CAT)u (X) = aprreduct(AT)@AT U(X) < aprreduct(AT)[cAT ,—,(X) < aprreduct((CAT)n (X)’
(3) p ——reduct(Cy7)n (X) - redmt(AT)CAT n (X) - prreduct(AT)CAT U (X) =apr reduct((CAT)U( );

(4) aprred:,tct((CAT)U (X) = aprreduct(AT)CATvu (X) c aprreduct(AT)CATm (X) c aprreduct((CAT)m( )

The following two propositions show the relationship among the attribute reductions of different granular structures
proposed above.

17



O Joy b WN

Proposition 5.7 Suppose that I = (OB, AT,{V,la € AT}, {f.la € AT}) is a set-valued information system. Then the
following results hold.

(1) reduct(Car)u = Par;

(2) redMCI(Credttct(AT)gAT Ju = Par;

(3) reduct(Car)y = Par;

(4) reduCt((Creduct(AT)pAT,u)U = IP)i’educt(AT)]pAT_U;

Proof. (1) suppose that Car = {K1, K3, - , K;} is the covering of OB with respect to AT. Then for any K € Cyur,
there exist K; € C,, € Car,i = 1,2.--- ,msuch that K = K, N K, N --- N K,,. Since Cal =P, UC,,ifC, =0,
then one can find that there are P; € Py, € Par, i =1,2,--- ,msothat K = Py N P, N---N P,. That is to say that
Par C Car. In addition, based on the structure of C;[, for each K~ € C;[ [P, there is P C P4 so that K’ = UpepP.
In conclusion, equation reduct(Car)y = Par holds.

(2) Based on Definition 5.1, one can find that Ps7 C Crequcr(at)c,, - At the same time, the relation Cyeauciar),, S
Car also holds. That is to say that Par C Credua(AT)cAT C Cur. Then Par C reduct(C,-ed,,cl(Ar)CAT)u C reduct(Car)y.
Because reduct(Car)y = Par, we can get that reduct(Creucr(at)g,, Ju = Par-

(3) According to the structures of C47 and P47, the conclusion is obvious.

(4) Based on the third conclusion in this proposition, the result obviously holds.

Proposition 5.8 Suppose that I = (OB, AT, {V,|la € AT}, {f.la € AT}) is a set-valued information system. If a € AT
is a reducible attribute of AT with respect to Par if and only if a € AT is a reducible attribute of AT with respect to
Car.

Proof. (=:) Since a € AT is a reducible attribute of AT with respect to Par, then Par/iy = Par. Meanwhile,
based on the construction of C4r, we have that Pur/q) € Carjey- Then we can get that Par C Caryyq- Therefore,
a € AT is a reducible attribute of AT with respect to Cyr.

(&) If a € AT is areducible attribute of AT with respect to Car, then Par C Caryjay- This shows that Parje =
Par. So, a € AT is areducible attribute of AT with respect to Pyr.

Proposition 5.9 Suppose that I = (OB, AT, {V,la € AT},{f.la € AT}) is a set-valued information system. If a € AT
is a union or an intersection reducible attribute of AT w1th respect to P47, then a € AT is a reducible attribute of AT
with respect to Par;

Proof. The proof of this proposition is similar to that of the first conclusion in Proposition 3.7.

Proposition 5.10 Suppose that I = (OB, AT, {V,|la € AT},{f,la € AT}) is a set-valued information system. If a € AT
is the intersection reducible attribute of AT with respect to C47, then a € AT is the reducible attribute of AT with
respect to Par.

Proof. For each g € Par, there are P; € P, € Par so that g = PNP,N---NP,. Without loss of generality, suppose
that a; € AT is the intersection reducible attnbute of AT with respect to C4r. Then there exist C a7 € Car/{Cy,} and
K cKe (CAT such that P; = OKE(CAT(OK EKK) Let’s mark U(C ={K,K>,--- ,K;}. Sog=P NnP,N---NP, =
KinKy,n---nK)ynP,NnP3Nn---NP,). Based on the structures of Kj,j=1,2,--- 1, for each K;, one can find
that there is P; such that P; C K;. Then g = P, N--- N P,,. Therefore, a € AT is the reducible attribute of AT with
respect to Pyr.

Proposition 5.11 Suppose that I = (OB, AT, {V,|la € AT},{f.la € AT}) is a set-valued information system. a € AT is
a union reducible attribute of AT with respect to P47 if and only if a € AT is a union reducible attribute of AT with
respect to Cyr.

Proof. (=:) Obviously.
(<) For each P € P, € Par, it can be found that P € C, € Cyr. If a € AT is a union reducible attribute of
AT with respect to C4r, then there exists K = {K, K5, ,K,} € UCyr suchthat P = KUK, U--- U Kp, where

Ki€Cq4,i=1,2,---, p. According to the definition of Cy7, for each K € %K, one can find that an attribute a € AT /{a}
and a subset famlly Py CP, sothat K = USD . That is to say that K is the union of some sets in #, . Then, P is the
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union of some sets in UP47/(,. Therefore, we know that a € AT is a union reducible attribute of AT with respect to
Par.

From Proposition 5.11, we know that a € AT is a union reducible attribute of AT with respect to P47 if and only
if a € AT is a union reducible attribute of AT with respect to C47. What is the relationship between the intersection
reducible attribute of AT with respect to P4 and C47? Next, let’s use Examples 5.4 and 5.5 to answer this question.

Example 5.4 Suppose that I = (OB, AT, {V,la € AT},{f,la € AT}) is a set-valued information system. The details are
shown in Table 4.

Based on the Table 4,
Par = {Pu» Pay» Py}
where
Pa, = Hx1, xa}, {x2, x5}, {x3}, {xe}, {7}, {xshh,
Pa, = {{x1, xa}, {x2, X3, x5}, {x6, X7}, {x8}},
Pay = Hx1, x3, x4}, {x2, x5, X7}, {x6, x5}}.
Cuar =1{C4,,Cay,Cay}
where

Cay = {{x1, x4}, {x2, x5}, {3}, {x6}, {x7), {xs}, {x1, x4, X6, X8}, {x2, X3, X4, X5}, {x3, X6, X7}},
Cag = {{.X], .X4}, {x27 X3, xs}’ {-xﬁa X7}, {XS}’ {-xz’ X3, X5, X6, .X7}, {-xla X2, X3, X4, X5, x8}7 {.X], X4, X6, X7}},
Cay = {{x1, x3, x4}, {x2, X5, %7}, {x6, X8}, {x1, X3, X4, X6, X3}, {x1, X2, X3, X4, X5, X7}, {x2, X5, X6, X7, Xg}}.

Clearly, a; € AT is an intersection reducible attribute of AT with respect to P47, but a; € AT is not the intersection
reducible attribute of AT with respect to Ca7.

Table 4. A set-valued information table

OB aj a as
X1 {1,2} {2,3} {1,2}
X {2} {1,2} {2,3}
X3 {2,3} {1,2} {1,2}
X4 {1,2} {2,3} {1,2}
X5 {2} {1,2} {2,3}
X6 {1,3} {1,3} {1,3}
x7 {3} {1,3} {2,3}
Xg {1} {2} {1,3}

Example 5.5 Suppose that I = (OB, AT, {V,la € AT},{f,la € AT}) is a set-valued information system. The details are
shown in the Table 5.

Table 5. A set-valued information table

OB ai ay as
x| {1} {1,2} {1}
x {2} {3} {2,4}
x3 {2} {3,4} {1}
X4 {1} {1,2} {1}
Xs {2} {3} {2,4}
Xe {3} {1,4} {3,4}
x7 {3} {1,4} {2,4}
X3 {3,4} {1} {3,4}
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Based on the Table 4,
]P)AT = {Palspazapag}
where
Pa, = {{x1, x4}, {x2, x3, x5}, {x6, X7}, {x8}},
Pa, = Ux1, xa}, {x2, x5}, {x3}, {x6}, {x7}, {xs}},
Pay = {x1, x3, x4}, {x2, X5, X7}, {x6, X3}}.
CAT = {Calvcag,cm}
where

Ca, = {{x1, x4}, {x2, X3, x5}, {x6, X7}, {x8}, {x6, X7, X5}},
Ca, = {{x1, xa}, {x2, x5}, {x3}, {xe}s {07}, {xs ), {x3, x6, 27}, {2, 23, x5}, {01, x4, X6, X7, x5},
Cu; = {{x1, X3, x4}, {x2, X5, X7}, {x6, X8}, {x2, X5, X6, X7, X8} }.
Clearly, a; € AT is an intersection reducible attribute of AT with respect to C4r, but a; € AT is not the intersection
reducible attribute of AT with respect to P47.
According to the above two examples, we know that there is no inevitable relationship between the intersection
reducible attribute of AT with respect to C47 and Pa7.

From Propositions 5.8-5.11, and Examples 5.4 and 5.5 the relationship among all kinds of reducible attributes
based on different granular structures is deeply explored. Next, a figure is used to show the relationship among these
reducible attributes.

Figure 3. The relationship among the reducible attributes in
the set-valued information system

Areducic,,

Areductc,, o = Areductp,, — Areductp,; n
a .
reductp, ;. v

areductcAT,U

6. Conclusion

Binary information system, multi-valued information system and set-valued information system are three kinds of
important information systems which are often used in data mining and knowledge discovery. When these information
systems are processed by granular computing method, four kinds of granular structures can be obtained, which are
one partition, one covering, multiple partitions and multiple coverings, respectively. For a long time, the researches
on these granular structures and their corresponding granular computing models have been carried out independently.
In many models of granular computing, we take rough set as an example to compare and study the relationship among
these rough set models. In addition, the reduction theories of these granular structures are also discussed. In this
paper, we compare the induced granular structure in the same information system, the relationship among the rough

20



O Joy b WN

set models defined by these granular structures and the relationship among the reducts of these granular structures.
This paper aims to study the relationship between different rough set models induced from the same information
system, so that different rough set theories can be integrated and learn from each other. It is of great significance to
improve the ability of data mining and information processing.

Due to the length of the manuscript, this paper only makes a preliminary discussion on the comparative study of
different rough set theories, and there are still many problems to be further studied. For example, we can study the
measurements and information entropies among these granular structures, the algebraic properties and topological
properties of the rough set models defined by these granular structures and so on. Meanwhile, in addition to the
rough set model studied in this paper, based on the theoretical development and practical needs, many other rough set
models have been proposed, and the relationship between these models still needs to be studied. we can also consider
the granular structures induced by the information system in fuzzy environment, and the relationship among granular
computing models based on these granular structures. And different rough set models can also be compared in rule
extraction. All of these works are worthy of further study.
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