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A NOVEL APPROACH ON DECISION SUPPORT SYSTEM
BASED ON TRIANGULAR LINGUISTIC CUBIC FUZZY DOMBI
AGGREGATION OPERATORS

MUHAMMAD QIYAS*, SALEEM ABDULLAH, RONNASON CHINRAM, AND MUNEEZA

ABSTRACT. The triangular linguistic cubic fuzzy sets (TLCFSs) can express
the fuzzy data easily, and also very useful in modeling of uncertain data in
decision making (DM) problems. First of all, on the basis of Dombi t-norm
and t-conorm (DTT), we propose novel operational rules of triangular lin-
guistic cubic fuzzy numbers (TLCFNs). We propose some new aggregation
operators of TLCFNs based on the newly-developed operations, i.e., triangu-
lar linguistic cubic fuzzy Dombi weighted averaging (TLCFDWA), triangular
linguistic cubic fuzzy Dombi weighted geometric (TLCFDWG), triangular lin-
guistic cubic fuzzy Dombi order weighted averaging (TLCFDOWA), triangular
linguistic cubic fuzzy Dombi order weighted geometric (TLCFDOWG), trian-
gular linguistic cubic fuzzy Dombi hybrid weighted averaging (TLCFDHWA),
and triangular linguistic cubic fuzzy Dombi hybrid weighted geometric (TL-
CFDHWG) operators. Furthermore, a new method is proposed with the help
of the proposed operators to solved the decision making problem. Finally, a
numerical example is provided to illustrate the effectiveness of the new method.
Comparative analysis is used to demonstrate the proposed method’s superior-
ity.

1. INTRODUCTION

Decision-making (DM) has played a key role in daily life, such as engineering,
economics, medical, education, etc. In DM, one of the problems is the compilation of
several information sources, giving the end result via aggregation process. Because
of the complexities of management experience and decision-making issues, experts
can give their ratings or decision to some degree, but may not be so sure of their
judgments. In other words, there could be some degree of ambiguity which is a very
important factor to consider when trying to develop very suitable strategies and
solutions to the problems of decision. These ambiguities are seen effectively with
intuitionistic fuzzy sets (IFSs) instead of precise numerical values. The definition of
intuitionistic fuzzy sets (IFSs) [1] is the generalized type of Zadeh fuzzy sets (FSs)
[56]. In IF set, the ordered pair denotes each number as positive grade and negative
grade, and the sum of the positive grade and negative grade is less than or equal
to one. Several researchers have made a valuable contribution to the improvement
of the IF set and its applications, resulting in great success in the theoretical and
technical aspects of IF sets.

Jun et al. [22] introduced cubic set, which are the theories of FS and IFS. Khan
et al. [28] later on proposed aggregation operators for cubic sets. Mahmood et al.

Key words and phrases. Triangular linguistic cubic variable, Dombi operations, Triangular
linguistic cubic variable Dombi averaging aggregation operators, Triangular linguistic intuitionistic
cubic variable Dombi geometric aggregation operators.
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[35] presented cubic hesitant fuzzy sets and its application to MADM problems.
Aliya et al. [11] proposed a new concept called triangular cubic fuzzy number,
along with their operational laws, hamming distance and aggregating operators.
Aliya et al. [12] developed the TCFHA operator and utilized it in WAR method
to solve MADM problem. Aliya et al. [16] presented the gray relation analysis and
cubic TOPSIS method. Shakeel [44] developed the arithmetic averaging operators,
that are CWA operator, COWA operator and CHWA operator. Aliya et al. [17]
developed TCFEHWA operators and applied them to MADM problems. Later on
Amin et al. [2] proposed a new concept namely triangular cubic linguistic hesi-
tant fuzzy sets (TCLHFSs) achieved by the generalization of TLHFS and TILHFS.
And also established the TCLHFA operator, TCLHFG operator, GTCLHFWA op-
erator, GTCHFWG operator, GTCLHFHG operator and GTCLHFHA operator.
Aliya et al. [13] also developed three arithmetic averaging operators, CFEHWA
operator, CFEWA operator and CFEOWA operator, to aggregate CF information.
Aliya et al. [15] combined the Einstein operations and power average operator to
create a cubic uncertain linguistic environment and proposed new operators, which
are CULFPEA operator, CULFPEWA operator, CULFPEG operator and CULF-
PEWG operator. Amin et al. [3] proposed an approaches to MAGDM based on
triangular cubic linguistic uncertain fuzzy aggregation operators. Senapati et al.
[26, 45, 46, 47] applied cubic set theories in various algebraic structures. Muneeza
et al. [5, 6] presented a new approach to intuitionistic cubic fuzzy set theory and
applied the new structure in multicriteria group decision making. By using this
concept, different problems arising in several areas can be solved by means of cubic
sets as in the works of Rashid et al. [41], Ma et al. [36], Jun et al. [23, 24], Rashid
et al. [42], Alhazaymeh et al. [4], and Fu et al. [14].

Zadeh [57], first time defined the linguistic variable that can estimate object
evaluation. In many real-world cases, we still used linguistic terms like ”excellent”
and "bad” to describe a cricket player’s success and can’t convey few qualitative
details with some numbers. Nevertheless, when linguistic variables are used to state
qualitative information, this means that the degree of positive membership belongs
to a language term and cannot be expressed in the degree of negative membership.
To minimize this drawback, Wang and Li [48] implemented the intuitionistic lin-
guistic set (ILS) by integrating the IFS with the linguistic variables. The example
we described above can be given an ”excellent” evaluation value for cricket player
performance. This evaluation has an eighty percent degree of certainty, however,
and the degree of negation is ten percent. Intuitionistic linguistic fuzzy collection
can be used to guide the results of the assessment. This result can not, however,
be conveyed through linguistic variables or intuitionistic fuzzy collection. In ad-
dition, [20, 53] linguistic information allows us more space to evaluate ambiguous
and imprecise information. Xu [51, 52] proposed linguistically weighted and ordered
weighted average and geometric aggregation operators in the linguistic knowledge
aggregation method. Chen et al. [8] applied linguistic intuitionist fuzzy sets (LIFSs)
by taking positive and negative membership grades after their work and proposed
their corresponding aggregation operators. Zhang [58] also described a number of
LIFS aggregation operators. In the LIFS context, Peng et al. [37] defined Frank
operations and Frank Heronian mean operator with application for assessing coal
mines safety. Garg and Kumar [18] proposed a potential grade and average of
LIFS operators. Wu and Xu [49] proposed an approach focused on distribution to
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solve MADM problems with unclear linguistic knowledge. Wang et al. [50] learned
linguistic details about the MADM issue with IVIF. Xian et al. [54] proposed a
problem-solving method under the linguistic picture fuzzy information, there are
several methods for solving the MADM problem. Bordogna et al. [7] developed the
linguistically ordered weighted average operators . Liao et al. [30] provided a model
for selecting an ERP framework based on linguistic fuzzy knowledge. Multi-criteria
linguistic decision-making model is proposed by Rodriguez et al. [39] in which ex-
perts provide their evaluations by obtaining description of languages. Herrera et
al. [19] 2-tuple linguistic representation model to prevent the loss and misinterpre-
tation of information during the processing of linguistic information. Martinez et
al. [34] performed a survey of the 2-tuple linguistic model to rely on words when
making decisions: extensions, implementations and challenges.

In 1982, Dombi [10] firstly defined Dombi norms, that have a great inclination
of inconsistency with the operational parameters. Liu et al. [32] presented Dombi
operations for IFS to solve MADM problems by establishing a Dombi Bonferroni
mean operator. Chen and Ye [9] further generalized the Dombi operations to a
single-valued neutrosophic set. He [21] developed Dombi hesitant fuzzy informa-
tion aggregation operators and utilized it in Typhoon disaster assessment. Lu and
Ye [33] proposed Dombi aggregation operators for the linguistic cubic variables
(LCVs) and applied them to DM problems. Shi and Ye [43] also extended Dombi
operations to NCSs and established MADM problem. Under Picture fuzzy knowl-
edge, Jana et al. [27] provide Dombi aggregation operators with the DM methods
to analyze the different preferences of the alternatives. Based on standard arith-
metic, geometric and Dombi operations, Jana et al. [25] described some bipolar
fuzzy Dombi aggregation operators. Recently, Ahmed et al. [29] proposed MADM
problem utilizing Pythagorean Dombi averaging (PDA) operator and Pythagorean
Dombi geometric (PDG) aggregation operator.

The model’s key benefit is that it allows for the consideration of a wide range
of situations depending on the decision maker’s. It not only provides for the gen-
eralization of several helpful current aggregation operators, but also for the identi-
fication of some noteworthy operators and results. Motivated and inspired by the
above discussion, in the present article we propose new operators using the Dombi
norm and conorm for triangular linguistic cubic fuzzy variables (TCLFVs). The
aggregation operators play an important role in aggregating the fuzzy data, during
the DM process. In this study, we proposed some averaging and geometric aggre-
gation operators for the TLCFVs using Domi operation laws, such as; triangular
linguistic cubic fuzzy Dombi weighted average (TLCFDWA), triangular linguistic
cubic fuzzy Dombi order weighted average (TLCFDOWA), triangular linguistic cu-
bic fuzzy Dombi hybrid weighted average (TLCFDHA), triangular linguistic cubic
fuzzy Dombi weighted geometric (TLCFDWG), triangular linguistic cubic fuzzy
Dombi order weighted geometric (TLCFDOWG) and triangular linguistic cubic
fuzzy Dombi hybrid weighted geometric (TLCFDHG) operators. After that, we
use the proposed Dombi operators to construct a triangular linguistic cubic fuzzy
MADM problem. A numerical illustration shows how efficient our proposed ap-
proach is, and helps us to use triangular linguistic cubic fuzzy data in DM problem.

The remaining article is arranged as follows: In Section 2, we briefly introduce
basic knowledge about the linguistic term set, linguistic fuzzy set (LFS), linguistic
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cubic variable and triangular linguistic cubic fuzzy variable. In Section 3, we pro-
posed new operation laws for triangular linguistic cubic fuzzy variables (TLCFVs)
using Dombi t-norm and conorm. The aggregation operators and the properties of
TLCFVs are discussed in Section 4. In Section 5, an approach for MADM prob-
lem are discussed. A numerical application is presented in Section 6. Finally, we
discussed the benefits and conclusions of the proposed study in Section 7.

2. PRELIMINARIES

Some basic concepts and knowledge regarding triangular number, linguistic cubic
variable and Dombi operation are briefly described in the following.

Definition 1. [19]Let S = (s1,...,s;) are the finite order distinct term set. The
term S is called the linguistic term set, and t is called the odd cardinality, e.g.,
3,5,..., whent =5, then S can be defined as S = (s1, s2, S3, S4,S5) = (poor, slightly
poor, fair, slightly good, good)
The linguistic term set S satisfies the following properties;
(1) Ordered : s; < s < i <1
(2) Negation: neg (s;) = s¢—1—4
(3) Maximum: (s;,s;) = s;, iff i > 1
(4) Minimum: (s;,s;) = s;, iff 4 <.
Continues linguistic term set (CLTS) is the extended form of a discrete term set
S and defined as S* = {sy|so < sy < 54,9 € [0,1], if sy € S* then sy is known as
original term otherwise, the virtual term.
Definition 2. [57]Let R # ¢ be a set. A linguistic fuzzy set R in R is described as
follows;
(2.1) R =A{(r, sap (r))Ir € R},
where Sz : R — [0,] is the linguistic membership grade of R.
Definition 3. [55] A linguistic cubic variables R in R # ¢ is given as follows;
(2.2) R = {(r [, (1).5,5 () 520 ()l € R,

where the first element in linguistic cubic variables denotes the grade of linguistic
membership and second is a simple linguistic fuzzy number.

Definition 4. Let S* = {sylso < sy < 54,1 € (0,1], be a continues linguistic term
set. Then, a triangular linguistic cubic fuzzy variable (TLCFV) is defined as;

(2.3) R = {<[sx_ s Sy 8] [Spts sy+,sz+}> $ 836,84, Sp }-

Where the first element in triangular linguistic cubic fuzzy variables denotes the
grade of triangular linguistic membership and second is a simple triangular linguis-
tic fuzzy number. If 2= +y~ +27 < x4+ o+ <z +yT + 2%, then R =
{<[sx7,sy7 v 82—, [Sa+s sy+,sz+]> i 83,86, Sp} is an internal TLCFVs, and if s+ ¢+

o < Ay +z7 orxtoto >ty Tzt then R = {{[s,-, 5y, 5.-], [Sr, Syt . S2+]) 5 S50 S, S }

is an external TLCFVs.

Definition 5. Let i = {<[5T7 y Sy 521, [sz+,sy+,sz+]> i 83,56, 5o} be a triangular

linguistic cubic fuzzy variable. Then, the score function is defined as;

T4y 2 tatFyt et x—g—o S
9t ’

(2.4)  Sc(R) = (R) € [-1,1].
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Definition 6. Let ; = {<[s —,8,~,8 ]7[3961* s +,szﬂ>;sm,s¢l,s%} and

Ty 7Ty 0 TR Py

Ry = {<[s S~y 8,~] [sm; s ;,sz;]> $ 3001 S¢95 S0y} are the two triangular lin-

Ty ' TYy T2y 7y,

guistic cubic fuzzy variables. Then, their score value comparison rules are defined

as;
. If SC(%l) > SC(%Q), then R > §R2;
< If Sc(R1) < Sc(Ra), then Ry < Ry;

. If SC(%l) = SC(%2>7 then %1 = %2.

3. DoMBI OPERATION FOR TRIANGULAR LINGUISTIC CUBIC Fuzzy VARIABLES

Definition 7. [10] Let we have two real numbers A and A. If (A, A) €

Then, Dombi t-norm and t-conorm is defined as;

1

e {(120) + (03}

(3.1) Dom(A,A) =

1+ {(25) + ()}

where, p > 0, Dom(A, A) € [0,1] and Dom®(A,A) € [0,1].

(3.2) Dom®(A,A) =

b

D=

Definition 8. Consider two triangular linguistic cubic fuzzy variables Ry = {<[s

and

Ry = {<[5x; s 525]7[Sz§v5y;752;]>55%2v5¢2’5@2}v with p > 1, A\ > 0. Then,

) y;’

the operation laws of triangular linguistic cubic fuzzy variables based on Dombi

operations define as follows;

[0,1] [0, 1].

.8 —,5 - s ]
Ty 7Y Ty N Z;r]>’ .

(1) B o, = () ()
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(2) R1Ry =

(3) ARy =

(4) R =

o |-

Theorem 1. Let three triangular linguistic cubic fuzzy variables R, = {<[sm; 18y Sz;]» [sz;r, Syt SZT]> § 8315 Sy s

Ro = {<[5m;7$y;asz;]a [Szjasy;asz;]> 3 Sseo
with p > 1, 1, Ao > 0. Then, we have

YRR =R Ry

)RR =R @Ry

) A (R @ Ra) = MRy @ ARy

) ()\1 ©® )\2)%1 =R D ARy

5) (R @ R)M = R @ Ry

) Ryt Ry = R

; RiDR2) DR =1 @ (N2 & N3)

(
(
(
(
(
E
( (5}%1®§R2)®§R3:§R1®(§RQ®§R3)

6
7
8

2 S¢ys Sy } and N3 = {<[51;;,3y;75z;

]’ [sx;7sy;’sz;]> ;5%37S¢7375993}
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Proof.

have

R1®R2 =

(1) Let Ry and Ry be the triangular linguistic cubic fuzzy variables and
A1 > 0. Then, using the operational laws of addition of two TLCFVs, we

I
=
@
&

which show that 1 & Ro = Re & R
(2) The proof of part (2) is obvious.
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(3) Let R; and Ry be the triangular linguistic cubic fuzzy variables and A\; > 0.

Then, we know from the operation laws of TLCFVs,

)\1(%1 D ?RQ)
St— : T 7st— L p T’
z] =5 B vl vy P
14+4 A1 — | + = 144 A1 — | +
t—xy t—xg t—yq t—yqy
S t
t
-\~ N
z B
1 t—2y
S t S t
t o . , 5 % » 9t 1/+ . . B %7
_ 144 A 1 144 A 1 2
Sy t .
zf’ 4 z; r P
144 A1 - + -
t—zl t,—zz
S t - , S t -
t— P (t— P15 t—d1\P  (t—d2\P1 5
() (552" () (5552)
S t

() ()}

Now, again from the TLCFVs operational laws, we have

Al @ AR,
Sp— t - s Sp— t - 3 S t . 5
£ A vy Ay z e
14+¢ A 1 14 [ 21— 144 2 1
t—xy =Yy t=zy
Sf_ t 7St— t VSt— t
2t \* )P =\ P
14+ A = 144 A = 144 A T
t—zl tfyl tle
S t S t S t
t—e \P & ’ - \PY ’ t—p1\P1 S
() b a5 e (5"}

S t . 3 Si— t . s St— t .
T\ lr vy 1P A )
t—zgy =y =2y
53]

Sy t - 3 St t - s Sy t .
1442 = \°l» 144 x v )17 1442 =3 )\

L t—1‘2+ L t—y; L t—z;

S t , S t , S t
t—325 \P 1 t—do \P 1 t—po \P 1
{a(552) b a(52) e e (52)" )
= )\1(5}%1 D ?RQ)

which show that )\1(§R1 D %2) = )\1%1 D A1§R2.
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Then, we know from the operation laws of TLCFVs,

(4) Let Ry be the triangular linguistic cubic fuzzy variable and A1, Ay > 0.

(M & A2)Ry
Sp— t T s Se— t .,
xT Ple y L
A @)
t—az] t—y;
Si_ t . ’
N
z P
)T
tle
Sy t Sy t
= (M @A) RIS g
4 P Yy P
1+ T 1+ -
t—a t—y]
Sy t
1
z?— L »
I+ t—z+
1
S t S t S t
t—3c1 \P T’ t—d1 \P T’ t—p1 \P 1
HEE) e oA A=)
St t I ) St t T
x A vy A
149 A1 +Ao " 1_ 144 A1+ 2o " 1/7
—z] b~y

S t , S t , S t

{5} () (R
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Sp— t - y Sp— t . y Sp— t . s
27 \°) P v \°l” = \\”
144 A 1 148ag [ —2— 144 A 1
f*tl tfyl tle .
)
St— t . 7St7 t . 7St7 t .
< \°\*» v \7 P =\ P
144 2 T 144 == 144 2 T
t—a] t—y] t—z]
S t . ;S t . , S t .
t—31 \P 15 t—d1\P1 5 t—p1\P1 5
1+{A1( 1 ) }p 1+{A1( P1 ) }p 1+{A1( @1 ) }p

Sy t . 3 Sp t . y St— t . s
xq AN Yy i 2] e
14+4 Ao 1+ A | —— 144 A2 —
t—z] t—y] t=zy .
)
53]
Sy t - s Sy t - y Sy t .
<7 \°\» v\ \P =\ e
1+< Ao T+ 14+ Ao = 1+4 A2 F
t—J_l tfyl tle
S t . s S t . s S t .
w2 eSS eSS0
= )\13%1 ©® )\2%1

Hence, it proved that (/\1 D )\2)%1 =R D AR
(5) Let 1 and Ry be the triangular linguistic cubic fuzzy variable and Ay > 0.
Then, we know from the operation laws of TLCFVs,

A
(R @ Ra) ™
s Pt Y ' - pt -\~ T’
(R e ST O (it S T RN (it e
Eh LN Yy Yo
S t . ’
t—27\” t—z [y
1+ 1 + Z2
zl 22 .
J— S t T 78 t T b) ’
- P PY 5 p PY 5
- t—at N tfig' L tfif' N t—ig' iz
1 T2 Y1 Y2
S t .
t zfr 4 t—z; A
1+ T H—F
1 Z2
Sy t . y St— t T y St L T
3¢ 4 2 Pl ¢ P ¢ Pl o @ P © AR
1+{<i*’141) +(‘*’242) }p 1+{(f ;51) Jr(tféz) }p 1+{(t*<}’1) +(t7i2> }p
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1 1
Y 5 —\r -\PY%
P - - P
149 A1 s +A1 L 14921 ! % +A1 #
1 1 Y1 Y2
S t
1
t—z7 \* t—zy \* P
144 A - A1 =
#1 Z2
S t , S t

(525 ) o (£225) )

° t—=t pt t—=1\" %
() ()
S¢_ t T 3 Sp— pt —T
() o (Z5) 0 () e (25)
Sy t

1 1 1
b t—y \? P t—=7\" P
144 Ap ¥ 1+{ Aq -
Yy #1

S t . , S t . , S t - |
t—ax ar t—ys \) P t—z Ay
144 A —1 144 A1 -2 144 A ~2
1 Y2 #2
02y
S t . ;S t . , S t .
N f,—m,:{ L N t—y;r 1p N t—z;r L
1 l;_ 1 4y;_ 1 z;—
S¢— L I y St— ’; I y St— t T
P 5 P 5 @® P p
(%) e e{n(+2%;) e {n(£3;) )7
_ A1 A1
= RN RR)

Hence, it proved that (R; @ R)M = R @ R

11
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(6) Let Ry and Ry be the triangular linguistic cubic fuzzy variable and Ay, Ay >

0. Then, we know from the operation laws of TLCFVs,

3%T1 @>g%?2 _

oy I
t—y, P
I+qA1+r2 | —=—
Y1

t,—a‘;» 4
144 A1 +Ao T
1

Sy t

t—=z
1449 A1 +Ag T
1

=+

» St t ) St t

1 1
P t—yfr 1P
LI A+ | —

Y1

I

>

()

: 1+{A1+A2(tfé1)p} 1+{A1+A2(

A1+
g%g 1+A2)

Hence, it proved that R}* @ R}? = §Rg’\1+/\2).

el
t—p1

(7) Let Rq,R2 and R be the triangular linguistic cubic fuzzy variables and
A1 > 0. Then, using the operational laws of addition of two TLCFVs, we
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have
Sy t )
— \~r - \P) ¢
T To P
f—1:1 t—m2
Sy
= \”
| —=) +
tle
Sy t .
= \* = \"\7»
RioR)ORy = H — + t—af
Sy 3
z+ e
1+ L)+
tle
S t .
t—sc1 \P t—33 \P 1
{(5) + (552) )
S
t—p1 \P
H () +(
St— t_ Py L » St
t—za
S
S t . y St—
=25 \° P
1+ % 1+
tfzs
S t . ;S
t—3\P\ 5
H552) e
S¢— t . s Sp— t
3 == \°) P 3 v
1+ X ©; L 1+ X ©; L
=1 t—z7 i=1 t—yt
S t
t_
3 Y
1+4 >3 9| —*—=
i=1 t—z,
. St t T ) St t
- 14 2 o = \"l» 14+ 2 o ol
iS1 \t—a) =1 \t—yl
Sy t .
1+ > 9, &
i=1 t—z]
S t . , S t . , S
t—a; \P | P 3, (t—¢pi\P P )
2o ()} e Bea(5n) ) e 2 e
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Now,
St t . y Se— t . y St t . s
=7 \P) P P = \°\r
1+ L 1+ 1 1+ 1
t—a] t—yq t—zy
%1@(%2@&33) e
Stf t . 75257 t . ,Sti t .
L «F 7P v \7 e =\ P
+ T 144 | =2 1+ ¥
t—a] t—y] t—z]
S t . y S t S t .
t—s1 \P\ 5 t—¢1 \P t—p1\P 13
1+{( 3 ) }p 1+{( b1 ) }p 1+{( Y1 ) }p
Sy t s St t
T T
z, s To A y y A
1+ 2| 4 3 1+ 2 + 3
t—zg t—a3 t—y, t—yg
St— t
. 4 Zao 4 %
t—z2 tfzS
S¢— t . s Se— t -
3 + \")7» + \°)7»
@ 1+ d 4 Za _ 1+ 2 Y3 _
t— + tf.t; tﬁy;r t—y;
Sp— t T
3 4 \P) 5
14 2 + 23 _
t—z] tfz;
S t . ;S t -
t—39 \P  (t—3x3\P\ 3 t=#2 \P_ (t=#3\P1p
1+{( EZ) ) +( >3 ) }p 1+{( P2 ) +( ¢3 ) }p
S t
T
t—pa \P, (t—p3\P1 5
H{(552) - (552)
St t — T s St— t — >
3 x P 3 v B
i=1 t—x i=1 t—y;
bl
Sy t .
144 X ©; t—
i=1 t—z; .
)
St— L > St— L T
= 3 2t Pl e 3 v [y
1+{ > o i 1+¢ > o i
i=1 t—x; i=1 t—y,
Sp— t .
g e ()
iS1\ bz
S t s S t s S t
3 t—sc; \P % 3 t—; \P % 3 t—p; \P %
1+{i§1(—)i( "il) } 1+{i§19i( ‘i’il) } H{iglei( ‘”z) }

Which show that (3‘%1 (&) ?Rg) OR3s =1 D (%2 &, 5}%3) .
(8) The proof part (8) is same as part (7).
(I

4. TRIANGULAR LiNnGuisTiCc CUBIC Fuzzy DOMBI AGGREGATION OPERATORS
4.1. Triangular Linguistic Cubic Fuzzy Dombi Averaging Aggregation

Operators.

x0Ty ey Y
be a collection of triangular linguistic cubic fuzzy variables. Then, the triangular

Definition 9. Let?}ti:{<[s 8,~18,—|,[5,+,5 +,sz+]>;s%i,s¢i,sw}(i: 1,...,n)
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linguistic cubic fuzzy Dombi weighted average (TLCFDWA) operator is described

as;
(4.1) TLCFDW Ao (Ry, ..., Rn) = Y _(O:iR:).
i=1
Where the weights of R;(i = 1,...,n) are © = (O, ...
> e,=1.
i=1

Theorem 2. Let R; = {<[sw;,sy;,sz;], [sﬁ,syj,szjw $Saey S¢S J(1 = 1,...,m)

be a collection of triangular linguistic cubic fuzzy variables. Then, their aggregated

value is also a TLCFVs using the TLCFDWA operator, and

n
(4.2) TLCFDW Ao(R1, ..., Rn) = > _(O;R))
i=1
S;_ s
T ET T
14+ > e i 14+ > e i
i=1 t—a; i=1 t—y;
s )
= { n (t z. )p}%
1 > e —i—
i=1 t*zi
Sy ) Sy
B t n : 1)+ P % t n . y+ P %
- NERICOR LRI EON
Sy t
! {n ( o+ )P}%
14+ > @l T
=1 tfzi
S L T )8 L T )8 L T
1+{‘§1@i(%)"}5 1+{-§16i(t;fi)p}; 1+{§:lei(%)ﬂ}5
Where © = (01, ...,0,,)T be the weight vector of R®;(i = 1,...,n), with ©; > 0
n
and > ©; =1.
i=1

Proof. By using the mathematical induction, we have;

(i) If n = 2, then by using Dombi operation of TLCFVs, we have

TLOFDW Ao (R1, %) = (R1 @ Rs)

St— t
1+ L)+ 2=
t—zl t7z2
o Sp_ t s St— t

,0.)T, with ©; > 0 and
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Sy t - 3 St t . s St t .
2 x. "o Y. 1p 2 z. P1p
1+ > e i 14+ o; i 14+ > e i
i=1 t—ax; i=1 t—y; i=1 t—z;
Sy t . » St t . » St t .
2 5 \?)» 2 IR 2 2\
1+ > o, [ —i 44 ¥ oy —ip 144 2 0| —tp
i=1 t—z i=1 t—y; i=1 t—z]
S t ;S t ;S t
2 t—se; \P % 2 t—p; \P % 2 t—@; \P %
i Fea(520) ) e £ ei(t5e) e £ ei(5)")

Hence, Equ. (4.2) is true for n = 2.
Let Equ. (4.2) is hold for n = k. Then, by the Equ. (4.2), we get

k
TLOVDW Ag(R1, ... Re) = > _(O:R;)
i=1
St t - s Se— t )
k =27\~ k v\ 1P
14+ X 0| ——= 14+ X ;| ——=
i=1 t—x; i=1 t—y;
)
Si_ t .
o))
1+{ > ©; =
i=1 t—z; .
Sy t - 3 St t - !
= L ko = \\* L koo v\ P
R s TR
St— +
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Now, for n = k + 1, we get

TLCFDW Ao(R1, ... R, Ri1) = > OiRi @ Op 1R

=1
Sp— t . s St— t >
k =7 7P k v \?\?
14 5 ey | i o
i=1 t—a; i=1 t—y;
Sp_

1
S t S t
t— 3 7 °t — T
P y P
1+{@k+1( ktl ) } 1+{@k+1< ktl ) }
LY L)
St t
o V)P
144 Ok 4 *
t—zp
Sp— t y St t
1 1
S »F L Y y;:+1 2%
R o 1+{ Ok 11 o
k+1 Y41
t
K + oy L
z P
k41
S t . , S t - , S t
t*;‘kﬁ—l P ° ¢k+1 P o
Okt T 1+{el‘+1( Prt1 ) } R S Ay

Thus, Equ. (4.2) is true for all n = k + 1. Which is required.

Theorem 3. (Idempotency) Let R; = {<[

St t - s Sp— t B
k41 =7 \7\» k41 v \\~P
144 3 0; —i= 1+ 3 ;| —i=
i=1 t—x; i=1 t—y;
b
St— t -
k41 == \°) e
1+ X ©;| ——=
i=1 tfzi .
)
Si_ t . y St— t -
= k+1 =5 \?)» k41 T \?)»
144 > ©,; L 149 3 0| —ip
i=1 t—a] i=1 t—y]
Sy t .
k41 =\ P
1+ e,
= % t—zy
S t - s S t . , S t .
k31 t—se; \P | P kg1 t—¢;\P P kg1 t—p;\P| P
1+{i§1 (—)‘( B2 ) 1+ igl @1( ¢i7) 1+ igl ei( Pi )

Sm;’sy;7sz;]’ [ij,sy;r,sz;r]>

i=1

;57’!7‘,7S¢1‘,7S¥71‘,}(i =

1,...,m) be a family of triangular linguistic cubic fuzzy variables, with the weight vec-
n

tor are © = (04, ...,0,,)T with ©; > 0 and Z O, = 1, all are identical i.e., R; = R.
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Then,
(4.3) TLCFDW Ao(R1, ..., Ry) = R.
Proof. Sience, R; = {<[5I;,sy;,sz;],[szj,syj,szj]>;sxi,sdgi,sw}(i = 1,...,n).

Then, by Equ. (4.4), we have

TLCFDW Ao(R1, .., Rn) = > _(O;R))

1
= \P1r
1+4 > ©; L
=1 t—zz
S t , S t , S t
P PR P
i Bei(520) b e B ei(t5e) ) a8 ei(t5)”)
Since, for all i,R; = R, i T=a,yt =ty =y, =2t =
mcee, ror all 2,¥ = J, 1e, x, =T ,Yy, =Y,y =Yy ,r, =T,z =

27,z =2t

tag}

Sy t + y Se— t T s Sp— t T )
{( /D: )p}E {( y: )p}; {< z; )p}z
1+ — 1+ — 1+
t—x t—y t—z
i i i
Sy t s Sy t y Sy t
Ay FRRE ERRY:
19 | —Lg 9| —F |l i
t—a] t—y, t—z;
S t . ) t . ;S t .
t—3; \P\ 5 t—¢i \P1p t—vi \P1p
HED o H{E) T SR

= {<[Sz*asy*>8z*]a[sx+asy+7sz+]>a5%75¢asap}

= R

Theorem 4. (Boundedness) Let &, = {<[s —,5,~,8

) ) -
T; Y, Zi

]’ [ng

73yi+

O

’szj]> ;S%i7s¢i7s¢i}(i =

1,...,n) are the family of triangular linguistic cubic fuzzy variables, and the weight

vector of R; are © = (0y,...,0,)T, with ©; > 0 and >_ ©; = 1. Then,
i=1
(4.4) R* < TLOFDW Ag(R1, ..., Rn) <

R
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Proof. Let ®* = min(Ry, ..., R,,) and R** = max(RNy, ...,N,,). Then, we have

»
o
"
IN
»
~
IN
»
o
"

»
<
-
IN
»
<
N
IN
»
<&
o

V2]
oy
INA
V2]
~
o+
IN
V2]
~
o+

»
K
o
IN
»
&
N
IN
»
&
o

»
&
N
IN
»
<&
N
IN
»
o~
N

Therefore,
R* < LICFDW Ao (R4, ..., Ry) < R

T T
T Al T Y s | T s "
i1 \e-zfT i1 \t—z) iS1 \e—ztT

Theorem 5. (Monotonicity) Let R; = {<[s —,8,—8,~],[5,+,5 +,sz_+}> § Sseis Sy Sepy J (1 =

) T . 9
T Yi Zi Yi

1,...,n) are the family of triangular linguistic cubic fuzzy variables, and the weight

vector of R; are © = (01,...,0,)T, with ©; > 0 and > ©; = 1. Then,

=1
(4.5) TLOFDW Ag(R1, ..., Rn) < TLOFDW Ag(R%, .., R:).
Proof. Science, ®; < RF,Vi =1, ...,n, there exist Y O;R; < > O,;R7. Hence,
i=1 i=1

TLCFDWAg(Ry,....Rn) <TLCFDW Ao (R7, ..., R}).
Where R} (i = 1,...,n) are the permutation of ®,(: = 1,...,n). O
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Definition 10. Let R; = {<[sx;,sy;,sz;], [ijvsyj’szj]> $Saey S S J (1 =1,...,m)
are the family of triangular linguistic cubic fuzzy variables. A triangular linguistic
cubic fuzzy Dombi order weighted average (TLCFDOWA) operator is a function

TLCFDOWA : Q"™ — Q, and is defined as below,

(46) TLCFDOWA@(?RM,%,Z) =R ®...00;R

oq)

Then, the operator TLCFDOWA is called triangular linguistic cubic fuzzy Dombi

order weighted average operator of dimension n,Vi, Ro,_,, > Ro(,) (0(1), s 0(n))

is the permutation of (1,...,n). Also, the weighting vector of R;(i = 1,...,n) is
n

0 = (04,...0,)T with 3. 0; = 1 and ©; € [0,1]. Moreover, the TLCFDOWA
i=1

operator converts to the TLCFDA operator of dimension n if w = (1/n,...,1/n)T,

which is given as,

(4.7) TLOFDOW Ag(Ry, ..., Rn) = 1/n(R1 @ ... & Ry).

JON

Theorem 6. Let R; = {<[S$;,sy;,sz;], [sm?,syj,szj]> $Ssey S¢S J(1 = 1,...,m)
are the family of triangular linguistic cubic fuzzy variables. Then, their aggregated

value by utilizing the TLCFDOWA operator is also a TLCFV and as;

(4.8)  TLCFDOW Ae(R1, ... Rn) = > (0:Ry()

Rl
—_—
N
-
¥
—_——
o
M=
u
o
/
-
| Q<:+
<@
AHS
N
~
>
——
Nl

|

T’ T
n t—uau))/)}; { n (t—¢n(i)>ﬂ ° { n (t—¢0<i))ﬂ}
1+ o, —=Y 14+ e, 1+ e, —=4
{i§1 ( o (i) 1;1 Po (i) igl Po(i)

Also, the weight vector of ®;(i = 1,...,n) is © = (04, ...,0,,)T with > 6, =1
i=1
and ©; € [0,1], the order represented by permutation (o (1), ...,0(,)) of (i = 1,...,n)

subject to Ry(,_,) >R

—1) =

9(4)

forall (i=1,..,n).

Definition 11. LetR; = {<[s S,-,5

—,8, —, 8 —
Ty’ Y T

]a[sxjas

i

521} 35500080, i = 1)

are the family of triangular linguistic cubic fuzzy variables. A triangular linguis-
tic cubic fuzzy hybrid average (TLCFDHA) operator is a function TLCFDHA :

Q" — Q, with the associated weight vector @ = (w1, ...,w,) and > w; = 1 and
i=1

w; € [0,1], such that,

(4.9) TLOFDHAg »(R1, .. R) = 01R0,, @ ... ® OiRs,, -
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Here, %g(i) is the i*" biggest value of the weighted triangular linguistic cubic fuzzy

values R;. Also, the weight of R; is © = (01, ...,0,)T with Y. 0, =1 and ©; €

=1
0,1], i.e., R; = nwo;N; = S~y S, Sam St , St , S 185,87 ,85. ¢ (1 =
[ ’ ]7 » Il Il 700y 0% | m:m yiﬂ Z;r 19325 90 2P (

1,...,n). Where, Sz = St ¢ 1 Sy = Si— ¢ 1 55 =
t—x] t—yy
Sy t > S~1+ = S;_ t > Sﬂf = S t T
= \°\e =5 \7\» v 1P
14+4 nw; — 144 nw; — 144 nw; —
tle 1,7.1:1 t,fyl
Sx+ = S t yS=— = 8§ t , 87 = S8 t
z; T 7 T ®i T
K + PY %5 K PY S, (t—=$1\P1 H»
H{Wi( 21_> } 1+{wi(t—4) } v (501) )
tle >y
and sz, = s ¢ . Here, n is the balancing coefficient, especially the

e (2]}

TLCFDHA operator will get the form of a triangular linguistic cubic fuzzy Dombi
average (TLCFDHA) operator of dimension n if w = (1/n,...,1/n)T.

Theorem 7. Let R; = {<[sm;,sy:,sz;], [Szjvsyjﬁszjb $ S35 Shis S (i =1,..,n)

are the family of triangular linguistic cubic fuzzy variables. Then, their aggregated
value by utilizing the TLCFDHA operator is also a TLCFV and as;

n
(410) TLCFDHA =Ry, ... Ru) = 3 (O:R0)
=1
Sp— t s Sy t
n 2\ P n s \7) 7
14] 5o | 2 144 3 e |
i=1 t—F; i=1 t—7;
Sy t T
e
1+ ¥ ©; —=
=1 tfzi
b
S t S t
— t = 5 % ) 9t — % ’
11 e, Lo 1+l & oo, te@
=1 \ t—% =1 \ -7
o (i) Yo (i)
St— +
n 2.+ e %
S t s S t s S t
oo (tFem |\ B 0 (t=F.m )\ | P 2 2o \P\ 7
1+ <} ~ o, %G 1+ <} _
{1:1 l( o (i) ) } 1+{L§ Ol( o (4) ) } {L* 1( (i) ) }

n
Also, the weight vector of ®;(i = 1,...,n) is © = (04, ...,0,,)T with > 6, =1

=1
and ©; € [0,1], the order represented by permutation (c(1y,...,0¢,)) of (i =1,...,n)
subject to Ry, _,) > Ry, for all (i=1,..,n).

I(4)

4.2. Triangular Linguistic Cubic Fuzzy Dombi Geometric Aggregation
Operators.

LTI TS 7Y
be a collection of triangular linguistic cubic fuzzy variables. Then, the triangular
linguistic cubic fuzzy Dombi weighted geometric (TLCFDWA) operator is described

Definition 12. Let R; = {<[s —,8,— 8, ], [S,+,5 +,sz+]> $ 83y S¢S J (1 =1,...,m)
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as;
(4.11) TLCFDWGo(Ry, ..., R,) = [ (%)%
i=1
Where the weights of R;(i = 1,...,n) are © = (04, ...,0,)T, with ©; > 0 and
> 0,=1.
i=1

Theorem 8. Let R; = {<[s N N E +,sz+]> $Sses S¢S J(1=1,...,m)

Ty Tz > 7Y,
be a collection of triangular linguistic cubic fuzzy variables. Then, their aggregated
value is also a TLCFVs using the TLCFDWA operator, and

n
(4.12) TLCFDWGe(Ry, ..., Rn) = [ (%)
i=1
S t T 75 t T )
n t—z \P) P n, t—y )
o)) s )
S t , ’
(e (=)
1+ > e, ~i
i=1 z; .
S t , S t , ’
= n t—a‘j’ e % n f—yj P %
A (T e ()
Sp_ :
! n, ft—7+ 3 %
Al
Stf t I ,Sti t . 7St7 t .
w{BeZg)t w{Ee() ) ez}’
Where © = (04, ...,0,)T be the weights of R;(i = 1,...,n), with ©; > 0 and

S0 =1
1=1

Proof. By using the mathematical induction, we have;
(i) If n = 2, then by using Dombi operation on TLCFVs, we have

TLOFDWGo (%1, R2) = (1 @ Re)

S t . , S t -
-\~ PY 5 -\~ PY 5
1 T2 Y1 Y2
S t .
-\~ PY 5
zl 22 .
J— S t T 78 t T b) ’
T F F
1 T2 Y1 Y2
S t -
f—zfr 4 t—z; A
1+ T +| —F
1 Z2
Sy t y St— t s St t
1 > )P 2 P% 1 ¢1 P 2 /’% 1 Y1 P P2 P%
Jr{<i*%1) +(t*%2) } +{(f ¢1) Jr(t7¢>2) } +{(‘*‘P1) +(t7¢2> }
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Hence, Equ. (4.12) is true for n = 2.
Let Equ. (4.12) is hold for n = k. Then, by the Equ. (4.12), we get

TLCFDWGe(Ry, ... Ry) = Y (R)

=1
S t P T 78 L - l’
k t—x, P k. t—y P
145 > ©; —t 1+ > O, L
i=1 xz, i=1 Y,
S t ’
1
k t—27\"\ P
1+{ = ei( - ) }
i=1 z; .
S t . s S t - ’
= k t—=t\?) P k t—yF\? P
4] 3 0| — 144 > 0| —%
i=1 z; i=1 Y,
S t
1
1+ f ° t—z:r an
i1\ o
S t . 3 Sp— t . y St t -
LA s \P| P ko $; \P\lP ko ei \PlP
(= L LR R =) 2 e ()

Now, for n =k + 1, we get

TLOFDWGe(R1, ... Rie, Ris1) = [[ (R @ (Resn)

i=1

23
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T L T’
{ k (t_x.*>p}5 { k <t_y.*>"}5
1+9 X ©; — 1+4 X ©; —
i=1 T i=1 Y.
i i
S t ’
1
k. t—2-\")7»
1+{ > ©; Zi
i=1 Zi
S t , S t s
— 1 1
= k t—at \7 )P k t—yF 7\ P
1+ X 6| —— 1+ X ;| —F—
i=1 @] i=1 ]
S t
1
14l & e =) "1 7
=
Sy - t T s St— - t T 3 St - t T
o B PP . ¢ PP " o [ pLP
1*{21(%(?_"%7) } 1+{l§101 f&) } 14 iglo[(r&i) }

1
- kfle -z \7 7
=
Sy t - . t . y St t .
k41 i \pl P k41 6. \P\ P k+1 0, \p\lP
w{Ze=m)y) {2 .z ()

Thus, Equ. (4.12) is true for all n = k 4+ 1. Which is needed.

Theorem 9. (Idempotency) Let R; = {<[s -8

xz; ) y;’sz;]’ [Sm+7sy;r’szi+]> ;S%ws%vs%}(i =

1,...,n) be a family of triangular linguistic cubic fuzzy variables, with the weight vec-

0,7 with ©; >0 and Y. ©; = 1, all are identical i.c., R; = R.

tor are © = (O, ..
Then,

i=1

(4.13)

i

TLCVDWGe(Ri, ..., Rn) = R.

O
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Proof. Since, ; = {<[s — 8,8, ], 5,4, +,5Z_+]> $ 831564, S} (1 =1,...,n). Then,

b ) - b

by Equ. (4.4), we have

1
- i o t—ziJr A
i=1 i zj»
St— t - St— t - St— t T
x> \Ple n ¢ ple N ple
{Ee(Zn) ) e {Eel) ) B e
Since, for all i, R, = R, ie, z; =,y =yt,yo =y .27 =2tz =
) ) (A y Lol 7 - ayi - y 7yi - y it - y~q -
27,z =2t
S t , S t y S t 5
1 1 1
t—a \7) P t—y\’) 7 t—z \" 1P
1+ i 1+ Yy 1+ i
z; Y; ;i .
b
S t . , S t - , S t -
t—at \P P t—y i\ P t—zT\")»
9| —F— 1+ —F= 1+ —F
@] y: P
K2 k2 K2
St— L T y St— L I ) St— t T
i \P1 % ?i \P1lp ®i \P1p
HEE) Y H{ER) Y H{GER) )

= {<[sa:_78y_asz_]v[Sw+a$y+7sz+]>;vasd)ascp}

= R

Theorem 10. (Boundedness) Let ; = {<[sf S~y 8.~ [ij75ijszj]> $Ssciy Sehis Sy J (1 =

) ) -
s Yi 2

1,...,n) are the family of triangular linguistic cubic fuzzy variables, and the weight
n

vector of R; are © = (01,...,0,)T, with ©; > 0 and > ©; = 1. Then,
i=1

1=

(4.14) R* < TLOFDWGo(Ry, ..., Ry) < R
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Proof. Let ®* = min(Ry, ..., R,,) and R** = max(RNy, ...,N,,). Then, we have

IN
»
IN
»

IN
»
IN
»

INA
»
INA
»

IN
w
IN
w

IN
»
IN
»

IN
o
IN
w

i ° t—z:+
1+
i=1 ‘ z:+

Therefore,

R* < TLCFDWGo(R1,..., Ry) < R*.

Theorem 11. (Monotonicity) Let R; = {<[s —,8,— 8, ], [5,+,5 +,sz+]> $ Sseis Sy Sepy J (1 =

1

) T )

,--, 1) are the family of triangular linguistic cubic fuzzy variables and the weight

vector of R; are © = (01,...,0,)T with ©; > 0 and > ©; = 1. Then,

i=1

(4.15) TLCFDWGe(R1, ...,R,) < TLCFDWGe (R}, ..., R).

n

Proof. Science, ®; < RF,Vi =1, ...,n, there exist Y O;R; < > O,;R7. Hence,

i=1 i=1

TLOFDWGeo(R1, ..., Ry) < TLCFDWGe(R, ..., R).

Where, (i =1, ...

,n) are the permutation of R;(i = 1, ...,n). O
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Definition 13. Let R; = {<[sx7,sy 18] (84,84, +]> $Ssess Sehir S H(T =1,...,n)
are the family of triangular linguistic cubic fuzzy variables. A triangular linguistic

cubic fuzzy Dombi order weighted geometric (TLCFDOWG) operator is a function
TLCFDOWG : Q™ — €, and is defined as below,

(416)  TLCFDOWGe(Ri,.,Rn) = (Ro) ™ ® oo @ (Roy,))

Then, the operator TLCFDOWG is called triangular linguistic cubic fuzzy Dombi
order weighted geometric operator of dimension n, Vi, §R%71) > 9?%) (T@Yys s O(m))
is the permutation of( wyn). Also, the weight vector of ®;(i = 1,...,n) is © =

(©1,...,0,)T with Z ©; =1 and ©; € [0,1]. Moreover, the TLCFDOWG operator

©;

converts to the TLC’FDG operator of dimension n if w = (1/n,...,1/n)T, which is
gien as;

(4.17) TLCFDOWGe(Ry,....,Rn) =1/n(R1 @ ... @ Ry).

Definition 14. LetR; = {<[sw7,sy '5,- 1, [ij7syj7szj]> $Saey Sehis S J (1 =1,...,m)
are the family of triangular linguistic cubzc fuzzy variables. Then, their aggregated
value by using the TLCFDOWG operator is also a TLCFV and as;

n

(418’ LCFDOW G (Ry, ..., Rn) = [ [(Ro(i)®

=1
S t , S t s
T 1
{ (f_T;(i))p}; { (f_y;(b))p};
1+4 X 6 = 1 > e =
i=1 x, Y;
S t .
oy L
el
i=1 27 .
’
S t , S t s

Sy t s St t , S t
) R, o) \? % | 2o a() \° % L 2o Yoy \* %
+{i§1 1(‘*%@)) } +{i§1 (f ¢a<>) } +{'§ 1(‘*%@)) }

Also, the weighting vector of R;(i = 1,...,n) is © = (01, ...,0,,)T with Z 0,=1

and ©; € [0,1] the order represented by permutation (o(1y,...,0(m)) of (z = 1 ,n)
subject to Ry, ) > Ry, for all (i =1,...,n).

Definition 15. Let R; = {<[ 5,1, (5, £ 8yt S +]>;s%i,s¢i,s%}(i =1,..,n)

z; y 12 ) 2y
are the family of triangular lmguzstzc cubzc fuzzy variables. A triangular linguistic
cubic fuzzy Dombi hybrid geometric (TLCFDHG) operator is a function TLCFDHG :

n
Q" — Q, with the associated weighting vector @ = (w1, ..., ,)T and Y w; = 1

i=1
and w; € [0, 1], such that,

(4.19) TLCFDHGo o (R, ..., R) = (ieg(l))el ®.® (a},m)@i.
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Here, R

9(4)

is the i*" biggest value of the weighted triangular linguistic cubic fuzzy

values R;. Also, the weight of R; is © = (©1,...,0,)T, with Y. 0, =1 and ©; €

K3
. oo nw; __ .o~ ~ ~ ) —
[0,1], i.e., ®; = (R) = {<[si;75§;’55;} , {Szjasgjvszj}>,Smasqai’sw]} (i=
1,...,n). Where, S5~ =8 ¢ oSy =8 ¢ L85 =8 ¢ R
t—z \’ )P t—yT \) P t—=7 \°\ P
144 nw; —1 144 now; [ — 144 nw, 1
T1 Y1 #1
S t l,S:y-;r—S t ;’Ej_s t ;78’7;_8t_ t
t—2 \* )P t—y\" P ==z \"\ P ey
1+{nw; — 1+qnw; | ——— 1+4 nw; — 1+{ nw, —
3 Yy zq t7%1
Sy ¢ and sz, = 8;_ ¢ . Here, n is the balancing coef-

o

b1

P

t—¢y

P

v (57) )P

w
ficient, especially the TLCFDHG operator dill get the form of a triangular lin-
guistic cubic fuzzy Dombi geometric (TLCFDHG) operator of dimension n if w =
(1/n,...,1/n)T.

Theorem 12. Let R; = {<[sz‘_,syf7szf], [sm+,sy+,sz+]> S35 84518, H(E=1,...,n)
are the family of triangular linguistic cubic fuzzy variables. Then, their aggregated
value by utilizing the TLCFDHG operator is also a TLCFV and as;

n

(4.MCFDHG@,‘W(%1? ceey %n> = H(%U(Z))el

S t . , S t )
= n t—§+<.) e () Ay
Y 0| —7 1+ > e —
i=1 x . i=1 Yy

o (i) o (i)
S t .
n t—E:— £ P

% E
Sy t 3 St t s St t

1
Lo ( Pa V1P
H—{igl Ol("’%(i)) }p
i=1
and ©; € [0, 1] the order represented by permutation (o(1y,...,0(,)) of (i =1,...,n)
subject to R >Ry, forall (i=1,..,n).

n 3 (i) P 1
1 S 9 LA ) }”
+{i§1 <t*”a(i)

Also, the weighting vector of ;(i = 1,...,n) is ©® = (6, ..

T(i-1)

5. APPROACH FOR MADM MAKING USING TRIANGULAR LINGUIsTIC CUBIC
Fuzzy VARIABLES

In this section, we use triangular linguistic cubic fuzzy Dombi weighted aver-
age and geometric aggregation operators for multi-criteria decision making MCDM
problem. Assume that, we have n alternatives & = {Sy,...,S,} and m criteria

N = {Ny,...,N,,, } to be evaluated with associated weight vector © = (01, ...,0,)%,

where ©; € [0,1] and > ©; = 1. To evaluate the performance of the alternative
j=1
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35 on the basis of criteria N;, these have provided the information about the al-
ternative 3; satisfying the criteria N;. The rating of alternatives 3; on criteria N,
given by experts in the form of triangular linguistic cubic fuzzy variables as §; =

{{sw;,sy;,sz;} , [sw;,sy;,szﬂ ;s%j,s%,sw} (¢t =1,.m;5 = 1,...,m). Thus, a

MCDM problem can be briefly expressed is an triangular linguistic cubic fuzzy vari-

.. . e _ .
ables decision matrix, D = (Ji;)nxm = {[s S — _7] , {sx+_,s 4,8 +} ,S%U,s@j,s%j}

T Vi) TR i’ Yis T Fij
1,..,n;5=1,...m).

Step 1. Make triangular linguistic cubic fuzzy variable decision matrix. D =
(Sij)nxm = {[sm;,sy’;,sza} , {%Z’S?ﬁ;’sz;} $ 851> Sbiss S }nxm (i=1,.,n;5 =
1,...,m).

Step 2. Usually, the criteria can be classified into two types, benefit criteria
and cost criteria. Using the below formula, if the decision matrix has both types

- 4, if the criteria is of benefit type
of criteria; Dy; = ‘\‘ﬁfj, if the criteria is of cost type
of ;. Hence, we obtain the normalized triangular linguistic cubic fuzzy variable
decision matrix. The normalized triangular linguistic cubic variable decision matrix
is denoted by D™.

Step 3. Using the proposed aggregation operators to find the TLCFVs (i =
1,...,n) for the alternatives ;(i = 1,...,n). i.e., the developed operators to stem
the collective total preference values $;(i = 1,...,n) of the alternatives 3, where
O = (04, ...,0,)T is the weights of the criteria.

Step 4. By the uses of Equ. (2.4), find the scores of the alternatives ;.

Step 5. Finally, give ranking to the alternatives, and choose the best one.

e
; Jf; 1s the complement

6. EXAMPLE

In the following section, we apply our developed concept of the TLCFVs to a
practical problem of purchase selection. We consider the example from the field of
the marketing.

6.1. Purchase Satisfaction Problem. Purchase Satisfaction or more specifically
post-purchase product satisfaction or post-purchase satisfaction is a marketing term
which shows the satisfaction or the pleasure a customer gets after purchasing a
specific product of his choice from the market. We make use of the TLCFVs to
determine the level of the satisfaction a customer gets after buying a mobile set
from the market. More information on purchase satisfaction can be found in [38].
In this example, we use the TLCFVs data. We have three expert as listed in the
set:
E = {Sheraz, Anosha, Mustfa}

They want to buy four mobile phone is given as:

$ = {Mobile — 1; Mobile — 2; Mobile — 3; Mobile — 4}
one each from a market. Since, the consumers’ purchasing decisions are dependent
on their choices, so they purchase mobiles through prioritizing their choices. Each
customer is interested in prioritizing the four features in a mobile, in accordance
with his/her satisfaction, given in the set,

N = {Price; Storage; Camera; Looks}

nxm

(i
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The four features are respectively measured as price in dollar, storage in Giga-
bytes (GB), camera in pixels and looks as excellent or very good or good or fair with
the weight vector are © = (0.3,0.2,0.1,0.4)7. The data from the five customers
about the four features of the mobiles is collected on four questionnaires [40]. After
preliminary statistical analysis like that of Likert Scale [31], the experts decided to
give the evaluation value in the way of triangular linguistic cubic fuzzy term and
the linguistic evaluation set S = {s1, 82, 83, 84, S5, S6, 57, S8, S9} and the associated
weights are @ = (0.3,0.2,0.3,0.2)7 in the decision Table 1, 2, 3.

Step 1. The experts have given their decisions in Table 1.

Table 1. The triangular linguistic cubic fuzzy variables decision matrix

N; Ny

S (G R I (s R

Iy [EZ:ZZ”Z]]’ ; 83,81, Ss [[27,245’,211]]7 ; 53,57, 58

% (g Jmes) (RN Jimesen

T (s DI N (W e D L
N3 Ny

S (e Yisnsiss ) (BT ) s

S (il Iy RN B (L A R

S0 (el s . ) EETT

Sy [[256’7‘2)” 231]]’ ; S3, 85, 87 [[261: 22’722]]’ ; 84, 86, 51

Step 2. As all the criteria have the same type (benifit), so the normalization is
not needed.

Using Triangular Linguistic Cubic Fuzzy Dombi Weighted Averaging
(TLCFDWA) Operator

Step 3. Using TLCFDWA operator (Equ. 4.2), having 1 = (0.3,0.2,0.1,0.4)7
as weight vector, we get the collective TLCFVs for the alternatives $;(i = 1,...,4).

Sy = (([35.9237 57.037, 84.005] s [84.5977 53.909, 85.64o]> ; $3.0995 $3.409; 82.702)
Sp = (<[53.915> 53.896 84.890] > [55.6487 54.597, S5.363]> $54.0195 52.245, 54.705)
33 = (<[83.9027 55.4705 55.391] s [57.0207 55.6405 55.769]> 582,127, 54.935, 83.614)
Sy = (<[55.8587 52.478, 55.629] ) [56.0007 57.0645 53.527]> ; $3.0925 $5.570, 51.913)

Step 4. Using Equ. (2.4), compute the scores Sc(S;) of $;(i = 1,...,4) as
follows;

Se(S1) = 0.3478, 5¢(S2) = 0.3131, S¢(S3) = 0.3305, S¢(Sy) = 0.3243
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Step 5. Ranking of the alternatives according to the scores are & > J3 >
Sy > Sg9. Thus, 3 is the best choice.

Table 2. Ranking of the alternatives using different values of

parameters p based on TLCFDWA operator

p Sc(Sy) Se(Sa) Sc(S3)  Se(Sy) Ranking

1 03478 0.3131 0.3305 0.3243 9 > Q3> Sy > B
5 0.4273 0.4134 0.4036 0.4011 1 >S5 > Qg > B
10 0.4423 04215 04322 04234 1 > Q3> 8y > B
25 0.4512 0.4462 0.4356 0.4359 1 > Q3> Sy > B
50 0.4536 0.4402 0.4501 0.4416 ;> Qg >y > Qo

Using Triangular Linguistic Cubic Fuzzy Dombi Ordered Weighted
Averaging (TLCFDOWA) Operator

Step 3. Using TLCFDOWA operator (Equ. 4.8), having ¢ =
as weight vector, we get the collective TLCFVs for the alternatives (7 =1, ...,

R
2 =
33 =
NS4 =

9

2

2

Step 4. Using Equ.

follows;

(<[35.3637 56.3755 52.683] » [54.4935 53.9095 55.146]
<[54.1617 53.480, 34.275]
[ ]

]

(
(
(

< 53.703, 85.5715 85.243| , [56.661, $5.799, $5.557
<[56 0225 $3.214, $4.683] 5 [56.894, 56.1155 52.385

(2.4), compute the scores Se(S;) of (i = 1,...,

)

[
[
[
[

55.891, 54.493, 36.600]

]
]

)
)
)
)

52.989, §2.054, 53. 409)
53.700, 53.8885 52. 580)
51.851554.8725 S3. 468)
53.409, 54.904, S3. 010)

Se(S1) = 0.3247, 5¢(So) = 0.2914, S¢(Ss) = 0.3222, S¢(Sy) = 0.3062

(0.3,0.2,0.1,0.4)7

4).

4) as

Step 5. Ranking of the alternatives according to the scores are &1 > Q3 >
Sy > o, Thus, 3 is the best choice.

Table 3. Ranking of the alternatives for different parameters p

based on TLCFDOWA operator

p o Sc(Sy) Se(Sa) Sc(S3)  Se(Sy) Ranking

1 03247 0.2914 0.3222 0.3062 $q > Q3> Sy > g
5 03770 0.3499 0.3691 0.3581 1 > 3> Sy > o
10 0.3952 0.3396 0.3502 0.3480 9 > V3 > 4 > Vo
25 0.4468 0.4101 0.4399 04177 1> 3> Sy > o
50 0.5287 0.4683 0.5021 0.4971 Sy > Qg >y > Qo

Using Triangular Linguistic Cubic Fuzzy Dombi Hybrid Averaging
(TLCFDHA) Operator

Step 3. Using TLCFDHA operator (Equ. 4.10), having ¢ =
as weight vector, we get the collective TLCFVs for the alternatives (i = 1, ...,

2L
[ R R

W

Step 4. Using Equ.

follows;

= (
= (
= (
=

SC(%l

54.433, 53.972, 55.383] 5 |53.443, 54.849; 53.456]

([
<[83 1295 52.498, 53.259] 5 |$3.119, $5.456 84.730]
(l

]
]
55.366, 54.143, S3. 329]
]

) = 0.2756,

(2.4), compute the scores Sc(S;) of I;(i = 1,...,

SC(%Q) = 02413, SC(%3

)

[
[
[
[

54.647,54.734, $3.538
<[53 290, 52.244, 55.635] , [54.875, 54.531, 52.383

]
]

)
)
)
)i

) = 0.2549, Sc(Sy

54.327, 54.794, S2. 909)
55.760, 54.889, 53. 507)
53.189, 53.874, 54.416)
55.494, 53.963, 54.175)

) = 0.2506

(0.3,0.2,0.1,0.4)7

4).

4) as
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Step 5. Ranking of the alternatives according to the scores are &3 > & >

Sy > Jg. Thus, I3 is the best choice.

Table 4. Ranking of the alternatives using different values of

parameter p based on TLCFDHA operator

p Se(S1) Se(Sa) Sc(S3) Se(Sy) Ranking

1 0.2756 0.2413  0.2549 0.2506 3> > Sy > Sy
5 03276 0.2891 0.3095 0.2983 3> 1> Sy > o
10 0.3658 0.3133 0.3323 0.33890 3> Q1 > By > By
25 0.4068 0.3717 0.3998 0.4391 Q3> > Sy > B
50 0.4785 0.4189 0.4528 0.4363 3> > Fy > S

Using Triangular Linguistic Cubic Fuzzy Dombi Weighted Geometric

(TLCFDWG) Operator

Step 3. Using TLCFDWG operator (Equ. 4.12), having ¢ = (0.3,0.2,0.1,0.4)7
as weight vector, we get the collective TLCFVs for the alternatives (i = 1, ...,4).

ARy
=W N =
1

Step 4. Using Equ. (2.4), compute the scores Sc(S;) of $;(i = 1,...,4) as

follows;

)

[
[
[
[

(([84.947, 53.529, 83.409] ; [53.174, S2.857, 53.853
(<[53.6587 53.409, 82.682] 55.2365 53.1745 52.547
(<[53.1087 54.525, 53.294] ; |53.8705 53.853, 53.442
( ]

<[85.256, 53.0765 54.625] » [51.846, 54.800 S2.542

I
b
by
I

;84,1275 $5.0655 $3.190
;5 85.703, $4.695, S7.904
5 83.520, 55.385, 54.064

; $3.723, 56.129, 54.588

)
)
)
)

Se(S1) = 0.2176, S¢(Sa) = 0.1705, Sc¢(S3) = 0.1995, S¢(Sy) = 0.1871

Step 5. Ranking of the alternatives according to the scores are &1 > Q3 >

Sy > g, Thus, S is the best choice.

Table 5. Ranking of the alternatives using different values of

parameter p based on TLCFDWG operator

p o Sc(S1) Se(Sa) Se(S3)  Se(Sy) Ranking

1 02176 0.1705 0.1995 0.1871 &y > Q3> 8y > By
5 0.1598 0.0987 0.1139 0.1073 < > 3> 8y > S
10 0.1427 0.0802 0.0932 0.0854 1 > 3 > Sy > o
25 0.1310 0.0691 0.0815 0.0711 &y > B3 > By > B
50 0.1327 0.0653 0.0858 0.0663 <1 > T3>y > o

Using Triangular Linguistic Cubic Fuzzy Dombi Ordered Weighted

Geometric (TLCFDOWG) Operator

Step 3. Using TLCFDOWG operator (Equ. 4.18), having ¢ = (0.3,0.2,0.1,0.4)”
as weight vector, we get the collective TLCFVs for the alternatives $;(i = 1,...,4).

ey
=W N =

Step 4. Using Equ. (2.4), compute the scores Sc(S3;) of (i = 1,...,4) as

follows;

52,912, 54.312, $3.559
= <[35.519,S3.016,S3.882 5 52.9625 53.871, S1.571

)

i

[
[
[
[

$5.0975 $3.6805 51.957
5$3.934, 53.439, 53.231

<[34.6827 53.870, 52.702] » [53.6805 52.8575 $3.360
<[53.7977 52.971, 52.936]
([ ]
]

b
)
I
D

5 85.1605 $3.893 S4.005
; 84.890, $6.207, S7.644
; $3.444, S5.243, S4.127

; $3.896, 55.385, $6.101

)
)
)
)

Se(Sy) = 0.2274, 5¢(S5) = 0.1417, Se(S3) = 0.1994, Sc(Sy) = 0.1632
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Step 5. Ranking of the alternatives according to the scores are & > J3 >
Sy > Sg9. Thus, 3 is the best choice.

Table 6. Ranking of alternatives using different values of
parameter p based on TLCFDOWG operator

p o Se(Sy) Se(Sa) Sc(S3)  Se(Sy) Ranking

1 02274 0.1417 0.1994 0.1632 9 > Q3> 8y > 3y
5 0.1624 0.0954 0.1095 0.0983 1> 5> > B
10 0.1433 0.0810 0.0913 0.0819 $1 >3 > Sy > Sy
25 0.1310 0.0848 0.0807 0.0694 1 > T3> Fa > By
50 0.1192 0.0683 0.0774 0.0701 1 > T3 > g > B

Using Triangular Linguistic Cubic Fuzzy Dombi Hybrid Geometric

(TLCFDHG) Operator

Step 3. Using TLCFDHG operator (Equ. 4.20), having ¢ = (0.3,0.2,0.1,0.4)7
as weight vector, we get the collective TLCFVs for the alternatives $;(i = 1,...,4).

= (
= (
= (

(

[
[
{34.1237 53.328

L2 L
B W N =

]
]
) 82.599]
]

52.6295 54.849, 53.782] 5 |54.268, 53.8475 55.436
54.379, 54.933, 53.948] , [53.917, 53.839, 52.979
53.345, 54.149, 52.207
53.359, 54.156, S2.855] 5 [53.6215 52.189, 54.547

5 82.184, 54.8625 S3.105

)
)

1) )
1) 52.806, 55.273, 56.645)
1) 85.549, 53.263, 55.142)
1) 5 53.946, 54.341, 53.613)

Step 4. Using Equ. (2.4), compute the scores Sc(S;) of (i = 1,...,4) as

follows;

Se(S1) = 0.2399, 5¢(Sy) = 0.1841, S¢(Ss) = 0.2083, Sc(Sy) = 0.2065

Step 5. Ranking of the alternatives according to the scores are & > $3 >
Sy > Q. Thus, S is the best choice.

Table 7. Ranking of the alternatives using different values of

parameter p based on TLCFDHG operator

p Se(S1) Se(Sa) Se(S3) Se(Sy) Ranking

1 02399 0.1841 0.2083 0.2065 1 > Sz > Fy > B
5 01929 0.1354 0.1692 0.1443 1> Q3> S > o
10 0.1639 0.0938 0.1173  0.1062 Sy > Q3 >y >
25 0.1418 0.0888 0.0971 0.0897 1 >3 > g > By
50 0.1224 0.0712 0.0826 0.0784 1 > T3> Fy > B

6.2. Comparative analysis. Within this portion, we compare the result of the
defined MCDM method with some of the current methods like as intuitionistic cubic
fuzzy set (ICFS), triangular cubic fuzzy numbers (TCFNs), triangular cubic linguis-
tic hesitant fuzzy set (TCLHFS) and triangular cubic linguistic uncertain fuzzy set
(TCLUFSs). For it, first the priorities considered by the experts are translated
into IFS, TCFNs, TCLHFS and TCLUFSs. On the basis of this environment, we
applied the current methods, and their results are given as;
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Table 8. Comparison with some existing methods

Score values
R RP 33 Sy

Approach Ranking

Abdullah et al. [5] | 0.482 0.354 0.432 0.395 | S1 > O3 > Sy > O
Abdullah et al. [6] | 0.190 0.143 0.164 0.136 | S1 > S3 > Sp > Sy
Fahmi et al. [11] | 0.803 0.768 0.713 0.694 | S5 > S5 > Sy > Sy
Amin et al. [2] 0.397 0.321 0.346 0.368 | Sy > Su > O3 > Sy
Amin et al. [3] 0.638 0.595 0.542 0562 | S1 > Sy > Sy > O3

We give some characteristics comparison of our proposed method and the afore-
mentioned methods, which are listed in Table 8. The method proposed by Abdullah
et al. [5, 6] adopts ICFNs to aggregate the uncertain information using averaging
and geometric operators only by quantitative aspects. On the other hand, the
method described by the author in Fahmi et al. [11] represent the wider range of
the information in terms of the TCFN. But their approach is also limited to only
quantitative aspects and does not apply the linguistic information. Apart from
these, the method proposed by Amin et al. [2, 3] adopts TCLHFSs and TCLUFSs
to describe the uncertainties in the data as a crisp number. However, in the present
study, we proposed the TLCFSs to describe the uncertainties in terms of trainguler
linguistic interval pairs of the membership degree and nonmembership degree which
can easily express the information in a more semantics and concise way and hence
can reduce the information loss.

7. CONCLUSION

Triangular linguistic cubic fuzzy set is an effective tool to express the complex
cognitive information in MCDM problems. However, the current research results
still have many limitations for the MCDA problem of the fuzzy set analysis of
exploiting TLCFVs. Specifically, the operational rules and comparison rules of
TLCFVs are not yet complete.

In this article, we developed the notion of triangular linguistic cubic fuzzy vari-
able, also we have described their score function for the comparison of triangular
linguistic cubic fuzzy variables. Some triangular linguistic cubic fuzzy variable op-
erational laws have been developed using Dombi t-norm and conorm operation.
Also, developed a series of triangular linguistic cubic fuzzy variable aggregation
operators. i.e., triangular linguistic cubic fuzzy Dombi weighted average and geo-
metric operators under the triangular linguistic cubic fuzzy variable information.
Also, discussed some of its properties like idempotency, boundary, monotonicity
and showed a relation between these developed operators. The key feature of these
operators is that they find details on the relationship between the aggregated TL-
CFVs. To demonstrate the efficacy of these operators, we develop a multi-criteria
decision making algorithm with triangular linguistic cubic fuzzy information. A
particular example shows that the suggested operators provide an alternative way
of resolving the decision-making process more effectively. Finally, we got some com-
parison with current operators to show the validity, practicality and efficacy of the
new methodology.
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We will further apply these techniques on different applications like as machine
learning, network selection, medical diagnosis, pattern recognitions, image process-
ing, communication problems, clustering problems, computer science and other
decision making problems in our future work.
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Figure 1. Flow chart of the proposed method
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Figure 2. Graph of the score values of Table 2.
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Figure 3. Graph of the score values of Table 3.
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Figure 4. Graph of the score values of Table 4.
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Figure 5. Graph of the score values of Table 5.

0.25 ~

0.2

0.15

0.1

0.05

| Alternative 1
m Alternative 2
 Alternative3

H Alternative 4




Figure

Figure 6. Graph of the score values of Table 6.
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Figure 7. Graph of the score values of Table 7.
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