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Modified approaches to solve matrix games with payoffs of single-valued trapezoidal
neutrosophic numbers
Kirti, Tina Verma, Amit Kumar!
School of Mathematics

Thapar Institute of Engineering & Technology, Patiala, Punjab, India

Abstract Seikh and Dutta (Soft Computing (2022) 26:921-936) pointed out that there does not exist
any approach to solve single-valued trapezoidal neutrosophic (SVTN) matrix games (matrix games
in which each payoff is represented by a SVTN number). To fill this gap, Seikh and Dutta proposed
two approaches to solve SVTN matrix games. Brikaa (Soft Computing (2022) 26:9137-9139)
pointed out that it is inappropriate to use Seikh and Dutta’s first approach as a mathematically
incorrect result is considered in it. Brikaa also modified Seikh and Dutta’s first approach to resolve
its inappropriateness. In this paper, it is pointed out that it is also inappropriate to use Brikaa’s
approach as some mathematically incorrect results are considered in it. Also, it is pointed out that it
is inappropriate to use Seikh and Dutta’s second approach as a mathematically incorrect result is
considered in it. Furthermore, Brikaa’s approach and Seikh and Dutta’s second approach are
modified to resolve their inappropriateness. Finally, the correct results of a SVTN matrix game,
considered by Seikh and Dutta to illustrate their proposed approaches, are obtained by the modified
approaches.
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1 Introduction

On the basis of the existing results (Bector and Chandra, 2005, Section 1.4, pp. 6-7), it can be

easily concluded that if in the payoff matrix A = (ai j)mxn of a matrix game, a;; represents the

payoff of Player-I corresponding to the it" strategy of Player-I and the j strategy of Player-II, m
represents the number of strategies of Player-I and n represents the number of strategies of Player-II.
Then, the optimal strategies u;,i = 1,2, ..., m of Player-I can be obtained by solving the crisp
mathematical programming problem (MPP) (P1) and the optimal strategies v;,j = 1,2,...,n of
Player-II can be obtained by solving the crisp MPP (P2).
Problem (P1)
Minimize((X2; anu)vs + (B2 apu)vs + -+ (Ck aim)vy)
Maximize Subject to
?=1vj =1,v,20,j=12,..,n
Subject to
Tuwu=1,u=20i=12..,m

Problem (P2)

Maximize ((Z}l:l ajv;)uy + (Z}Ll AV Uy + - + (Z?:l amjvj)um)
Minimize Subject to
Tu=1Lu=20i=12..,m

Subject to
}lej =1,v,20,j=12,..,n
In the literature (Bector and Chandra, 2005, Section 1.4, pp. 6-7), it is also shown that the crisp
MPPs (P1) and (P2) are equivalent to the crisp linear programming problems (CLPPs) (P3) and (P4)

respectively. So, to find the optimal strategies u;, i = 1,2, ..., m of Player I is equivalent to find an



optimal solution of the CLPP (P3) and to find the optimal strategies v;,j = 1,2, ...,n of Player II is
equivalent to find an optimal solution of the CLPP (P4).
Problem (P3)
Maximize (0)
Subject to
Liagu; =2 0,i=12,..,m,
= =1,
u, =20,i=12,..,m.
Problem (P4)
Minimize (¢)
Subject to
Te1aijv; < 9, ) =12,.,m,

n —

On the same direction, Seikh and Dutta (2022) claimed that if in the payoff matrix A = (di j)

mxn
of a SVTN matrix game, the SVIN number &;; represents the payoff of Player-1 corresponding to
the i*" strategy of Player-I and the jt" strategy of Player-II, m represent the number of strategies of
Player-I and n represent the number of strategies of Player-II. Then, the optimal strategies u;, i =
1,2,...,m of Player-I can be obtained by solving the SVITN MPP (P5) and the optimal strategies

v;,j = 1,2, ...,n of Player-II can be obtained by solving the SVTN MPP (P6).



Problem (P5)
Minimize((Zﬁl Apu)vy + ity dpu)v, + -+ XL, ainui)vn)
Maximize Subject to
?=1vj = 1,17]' > 0,] = 1,2, ., n
Subject to
mTu=1Luy;=20,i=12,..,m

Problem (P6)

Mazximize ((£}-1 G179 )us + (Zfer @20z + -+ (Zfor Gmyvyum)
Minimize Subject to
Tuy=Ly;=20,i=12,..,m

Subject to
}lej = 1,17]' > 0,] = 1,2, o, N

It is obvious that to find an optimal solution of the SVTN MPPs (P5) and (P6), there is a need to
compare SVTN numbers. Keeping the same in mind, Seikh and Dutta (2022) considered the
following two approaches for comparing two SVIN numbers A; = ((A11, A12, A13, A14); 11, My, 1)
and A, = ((Az1, Azz, Az, Aza); L, My, my).

First comparing approach

According to the first comparing approach, for a specific value of p € [0, min{l,, [,}],

o € [max{m,;,m,},1],7 € [max{n,,n,} 1].

A, < A, if (Al)p < (Az)p, (A1), < (4) (A1) < (&),

e, [(AD)ip, (A)rp] < [(A2)1p (A2)rp) [(AD) 16, (A1)ro] < [(A2)ig (A2)ro), [(A1)ir, (A1) rc] <
[(A2)1z, (A2)rc]

ie.,

(A1)1p < (A2)1p, (A1rp < (A2)rp, (A1 < (A6 (A1) ro < (A2)re (A ir < (A2)1r, (Ar)re <

(Az)r‘r



where,

_ (1-0)A12+(0-m1)Aq1,
1)10 -

(Al)lp _ (l1=p)A11+pAs; , (Al)rp _ (li—p)A14+pAs3 (A

ly ly ’

1-mq

)

(1-0)A13+(c—m4)A (1-1)A1,+(t—n1)A (1-1)A13+(t—n,)A
(Ay),, = LD (4, = LDt Cmn (g5 - BoDhst e

)

_ (lz—-p)Az1+pAs; __ (z=p)Azs+pAzs _ (1-0)Az+(0—-m3)Az,
(Az)lp - L ’ (Az)rp - L ’ (Az)la - 1-m,

_ (1-0)Az3+(0—-m;)Az,

(Az)rcr -

_ (-1 Ay +(t—nz)Az, _ (1-1)A3+(t—n3)Az,

and (Az)lr = ’ (Az)r‘r =

1—m2 1—7’12

1-n,
Second comparing approach

According to the second comparing approach, for a specific value of @ € [0,1]

A < 4, if,(4,) < M, (4y).

where,

M (4,) = (A11+2(A126+A13)+A“) [a(L,) + (1 —a)(1 —m)2+ (1 — a)(1 —ny)?,

M, (4,) = (A21+2(A226+A23)+A24) [a(1?) + (1 — )1 —mp)? + (1 — )1 —ny)?].

It is pertinent to mention that

(1) According to the first comparing approach, to find an optimal solution of the SVIN MPP (P5) is
equivalent to find an optimal solution of the interval MPP (P7) and to find an optimal solution of
the SVTN MPP (P6) is equivalent to find an optimal solution of the interval MPP (P8).
Problem (P7)

(Minimize((T, dnu)vy + (B, Gpu)vy + -+ C0, dmui)vn)p‘
Minimize((T%, i u)vy + (B2, Gpu)dvy + -+ (E, ainui)vn)a
Maximize Minimize((Z?;1 diu)v, + QR dpu)v, + -+ R, dinui)vn)T

Subject to
\ Ty =L120,j=12,..,n )

v~

Subject to

ymou=1u;=20,i=12,..,m



(i)

@

Problem (P8)

(Maximize ((Z}Ll dljvj)ul + (Z}Ll dzjvj)uz + -+ (Z;Ll dmjvj)um)p\

Maximize ((Z};l ayjv;)uy + (Z’]-Ll iV Uy + -+ + (Z;Ll dmjvj)um)a

Minimize < o I I I ’
Maximize ((ijl aljvj)ul + (Zj=1 azjvj)uz + -+ (Zj=1 amjvj)um)T
Subject to
\ mTu=Luy;=20,i=12,...m J
Subject to

}lej = 1,17]' > 0,] = 1,2,...,71.

According to second comparing approach, to find an optimal solution of the SVTN MPP (P5) is
equivalent to find an optimal solution of the crisp MPP (P9) and to find an optimal solution of the
SVTN MPP (P6) is equivalent to find an optimal solution of the crisp MPP (P10).

Problem (P9)

Minimize (Mo ((Zy Gu)vy + (T Gpu)v, + -+ (B @) v,))
Maximize Subject to
;-lzlvj = 1,Uj = O,] = 1,2, e, n
Subject to

YRiu=1u20,i=12..,m
Problem (P10)
Maximize <Ha ((Z}l:l ay v Jug + (XFeq dzv )up + - + (X7y dmjvj)um)>

Subject to
Yriw=Lu;=0,i=12,..,m

Minimize
Subject to
}‘zlvj =1v,20,j=12,..,n

Seikh and Dutta (2022) shown that to find an optimal solution of
The interval MPPs (P7) and (P8) is equivalent to find an optimal solution of the CLPPs (P11) and

(P12) respectively.



(i1) The crisp MPPs (P9) and (P10) is equivalent to find an optimal solution of the CLPPs (P13) and
(P14) respectively.

Problem (P11)

Blp+910'+61‘[ n 91p+9rp+6w+9m+9”+9”)}

. . 1
Maximize {— (
2 3 6

Subject to

2?;1 ((ll] — p)aijl + p(al-jz)) Uu; > (lij)Hlp , ] = 1,2, ., n,

?;1 ((1 - T)aij3 + (T - nl-j)al-j4) Uu; = (1 - nij)HrT , ] = 1,2, e, n,
=1,

u =0, i=12,..,m.

Problem (P12)
Minimize {% (¢lp+¢la+¢lr‘;¢rp+¢ro'+¢rr + ¢rp+¢;o'+¢rr)}

Subject to

21 ((ll-,- —p)aij + P(“iﬂ)) v < (L), i=12,.,m,

}1=1 ((1 - O')al'jz + (O' - ml-j)aijl) Uj < (1 - ml-j)q,’)la , [ = 1,2, ., m,
((1 — O')aij3 + (O' — ml-j)aij4) Uj < (1 — ml-j)qu , i = 1,2, e, m,
((1 — T)al'jz + (T — nij)aijl) 17]' < (1 — nij)¢l‘r , i = 1,2, e, m,

;-lzl ((1 - T)al'j3 + (T - nij)aij4) 17]' < (1 - nij)¢7"[ , i = 1,2, ., m,

n —



where,

(@) p€ lO, minimumlsism(lij)l;

1<jsn

(b) o€ [maximumlsigm(mij), 1],
1<jsn

(c) T€ [maximumlsism(nij), 1].
1<sjsn

Problem (P13)

Maximize {P,}

Subject to

(TR Ajw)=PLj=12,..,n
Yriw=1lu; =0,i=12,..,m
where,

nj = [a(minimum 1sism{lij})2 + (1 — &)(1 — maximum 15ism{mij})2 +(1-a)(1-

maximum 1si5m{nij})2]1

_ aij1+2ai]-2+2aij3+aij4
iy 6 '

A
Problem (P14)
Minimize {P,}
Subject to
Ni(Xho14ijvj) S P i=12,..,m,
v =1Lv$20,j=12,..,n
where,
n; = [a(minimum 15j5n{lij})2 + (1 — &)(1 — maximum 1Sj5n{mij})2 +(1-a)(1-

maximum 1sj5n{nij})2]'



aij1+2aij2+2aij3+aij4

Aij - P

Brikaa (2022) pointed out that as Seikh and Dutta (2022) have considered a mathematically
incorrect result to transform the interval MPP (P7) into the CLPP (P11) as well as to transform the
interval MPP (P8) into the CLPP (P12). So, the crisp MPPs (P11) and (P12) are not equivalent to
interval MPPs (P7) and (P8) respectively.

Brikaa (2022) also pointed out that in actual case
(1) The CLPP (P15) is equivalent to the interval MPP (P7).

(1i1) The CLPP (P16) is equivalent to the interval MPP (P8).

Problem (P15)
Maximize {% (91P+9;0+911 + elp+9Tp+ela;'9ro'+elr+9r‘r)}

Subject to
(minimumyciemf{ Uij} — p) T4 (aijn)ui + p X4 (aij2)us = (minimumy g em{ 1)) 61
j=12,..,n,
(minimum, ienf{ Uij} — p) Tt (aija)wi + p X1 (aijz)u; = (minimumy giemf 1:;}) 67,
j=12,..,n,
(1-0) I (aij)wi + (0 — maximum yqicm{mi;}) B4 (aijs Jui = (1 — maximum 1o
{mij})0i, j=12,..,m,
(1-0) I (ai3)w; + (0 — maximum yqicm{mi;}) 21 (aije)u; = (1 — maximum 1o
{mii}rs j=12,..,m,
(1-1) X% (aijz)w; + (v — maximum qiem{ni;}) T (aijr Jw; = (1 — maximum 1qiop
{(nij}0wj=12..,n
(1 —1) X% (aijz)u; + (v — maximum 1 em{n;}) Tt (aie)u; = (1 — maximum jgiop

{nij}0e.j =12,..,1m,



Yhu=1Lu; =20, i=12,..,m

Problem (P16)
Mmlmlze {l (¢lp+¢la+¢lr+¢rp+¢ra+¢r‘r + ¢rp+¢ra+¢r‘r)}
2 6 3

Subject to
(minimum, <jen{ lij} = ) Xj=1(aijn)v; + p Ejcs(aij2)v; < (minimum, cjen{ 1;}) 1,
i=12,..,m,
(minimum, cjen{ U} = p) Zjer(aija) vy + p Zjor(aijs)vy < (minimumygjen{ i} by,
i=12,..,m,
(1 - 0) X7y (aij2)v; + (0 — maximum ¢ jep{mi;}) Xioq(aijn) v; < (1 — maximum 1jcp
(N i=12,..,m,
(1 —0) Xio1(ays)v + (0 — maximum 1 <jen{my;}) B7-1(aija)v; < (1 — maximum 1<jen
{mij}ére, i=12,..,m,
(1 — ) ¥y (aij2)vy + (v — maximum 1 jep{ng;}) Xioi(aija)v; < (1 — maximum ;<<
(i, i=12,...,m,
(1 — 1) X7y (ais)vy + (1 — maximum 1< jen{ni}) 2ieq(aija) vy < (1 — maximum ;jep
{nijDre, i=12,..,m,
nv=112>0j=12.,n

where,

(a) p€|o, minimumlsism(lij)]
1<jsn

(b) o€ [maximumlsism(mij), 1]
1<sjsn

(c) T€ [maximumlsism(n”), 1]
1<js<n

In this paper, it is pointed out that

10



@

(ii)

(iii)
(iv)
(v)

As Brikaa (2022) have considered some mathematically incorrect results to transform the interval
MPPs (P7) and (P8) into the CLPPs (P15) and (P16) respectively. So, Brikaa’s (2022) approach is
not valid.

As Seikh and Dutta (2022) have considered a mathematically incorrect result to transform the
crisp MPPs (P9) and (P10) into the CLPPs (P13) and (P14) respectively. So, Seikh and Dutta’s
(2022) second approach is not valid.

A modified approach is proposed corresponding to Brikka’s (2022) approach.

A modified approach is proposed corresponding to Seikh and Dutta’s (2022) second approach.
The correct results of the existing SVTN matrix games (Seikh and Dutta, 2022, Section 5.1,
Example 1, p. 929) are obtained by both the modified approaches.

Brikaa’s approach

Brikaa (2022) proposed the following approach to find the optimal strategies u;,i = 1,2, ..., m of

Player 1, vj,j = 1,2, ...,n of Player II, the minimum expected gain of Player I and the maximum

expected loss of Player II with the help of the interval MPPs (P7) and (P8).

Step 1: Using the expression,

(CRyanu)vy + CRy dpudv, + -+ R, dinui)vn)k = Q2 Gpu)devy + B2, iu)k v, +

o+ (B AinUi) kv, k = p, 0,7, to find an optimal solution of the interval MPP (P7) is equivalent

to find an optimal solution of the interval MPP (P17) and using the expression ((Z?zl a, jvj)ul +

(X1 82jvy)Jus + -+ (Z}‘zldm,-vj)um)k = (Zferayyy) w + (Efer @ojvy) Uz + - +

(Z}‘zl am jvj)kum, k = p, 0,1, to find an optimal solution of the interval MPP (PS8) is equivalent to

find an optimal solution of the interval MPP (P18).

11



Problem (P17)
(Minimize((XT, Giw) vy + (B, Giptty) p¥p + -+ + (0 Ginth) p0n))
Mlnllee((Z:il dilui)()'vl + (Zyil diZui)UUZ + -+ (Z{Z1 dinui)avn)
Maximize { Minimize((X7%, Ai1u;) v + (X, Ait) Vs + -+ 0 GinUi) V)
Subject to
Yiav=14,v20,j=12..,n
Subject to

Yhiup=1Lu; 20, i=1.2,..,m
Problem (P18)
(Maximize ((Z?ﬂ dljvj)pu1 + (27, dzjvj)puz +- 4+ (27, dmjvj)pum)\

Maximize ((Z;;l dljvj)oul + (Z;Ll dzfvj)auz Tt (Z?=1 amjvj)oum)

Minimize < . _ _ 3 >
Mazimize ((£7-1G19)) wn + (Sfea Gjvy) 2 + -+ (Zfr Gmyvy) i)
Subject to
\ Riup=1u;20,j=12,..,n )

Subject to

v =1Lv,20,j=12,..,n
Step 2: Since (X%, @i u) V1 + Oty i) kVa + - + (X% Ginli) Uy 1S @ convex linear
combination of (X2 @;1u)k, (XiZ1 Gi1U) ks -n -, (Xing Ginidk, k = p, 0,7 and (27=1 dlj”j)kul +
(Z;‘zl da, jvj)kuz + . 4+ (Z}l:l Am jvj)kum is a convex linear combination of
(Z;‘zl &1jvj)k, (Z}l:l dzjvj)k, e (Z’}zl dmjvj)k, k = p,a,7. So, to find an optimal solution of the
interval MPP (P17) is equivalent to find an optimal solution of the interval MPP (P19) and to find an
optimal solution of the interval MPP (P18) is equivalent to find an optimal solution of the interval
MPP (P20).
Problem (P19)

Minimum((E, @) p (B i) py oo s (B4 Ginth) )
Maximize { Minimum((Q2 Gi1ui)g, Oty GiUi) gy o Qg Gintti) o)
Mlnlmum((zgl dilui)‘[l (Zﬁ1 dizui)‘[’ ey (Z‘{Zl dinui)-[)

Subject to

12



Piw=1Lu;=0,i=12..,m
Problem (P20)
Maximum ((2}21 dljvj)p, (X7 dzjvj)p, s (BT21 dmjvj)p)
Minimize { Maximum ((27};1 dljvj)o_, (X7 dzjvj)o, e (B0y amjvj)o)l
)

\ Maximum ((Z}Ll dljvj)r, (X7 deVj)T» s (204 dmjvj)f)

Subject to

=V =11v20,j=12,..,n
Step 3: Assuming, Minimum((X{% @i u) i, (X GpUis - g Gintt)di) = Ok, k = p,0,7
to find an optimal solution of the interval MPP (P19) is equivalent to find an optimal solution of the

interval MPP (P21). Also assuming,

Maximum ((Z};l dljvj)k, (X7 dzjvj)k, e (Bey dmjvj)k) = ¢y, k = p, 0,7, to find an optimal
solution of the interval MPP (P20) is equivalent to find an optimal solution of the interval MPP
(P22).

Problem (P21)

Maximize {0,,0,, 0.}

Subject to

(2 dijui)p >0, j=12,..,n

(Z:Zl diju,:)o_ > gg, j=12,..,n,

(Z:Zl dijui)r = ér, j=12,..,n,
mw=Lu =0 i=12.,m

Problem (P22)

Minimize {$,, §5, P}

Subject to

(1 ayvy) < @p 1=12,.,m,

13



(Z;'l=1 dijvj)o < (ﬁa, i=12,..,m,
(Zer@iyyy), < ey i=12,,m,
v =1v,20, j=12,..,n
Step 4: Using the expression
iz Giju; = Zﬁ1(aij1,aijz;aij3; Aija; lij:mij’nij)ui =

Zﬁ1(aij1)ui»2?;1(aijz)ui ’Zﬁl(aijs)ui ’2ﬁ1(aij4)uﬁ . ) )
o ] ) to find an optimal solution
mmlmumlsism{ ll-j}, maximum 1sism{mij}, maximum 1sism{nij}
of the interval MPP (P21) is equivalent to find an optimal solution of the interval MPP (P23). Also,

using the expression
n ~ —_ n . —
Zj:l a;;v; = Zj:l(aijb Qij2, Ajj3, Ajja; lij;mij;nij)vj =

< Z;lzl(aijl)vj ' 2?=1(aij2)vj ’ 2?:1(%1'3)17]' ’ 2?:1(61”4)77] ’ > to find an optimal solution of
minimumlsjsn{ ll-j}, maximum 1Sj5n{ml-j}, maximum 1sj5n{nij}

the interval MPP (P22) is equivalent to find an optimal solution of the interval MPP (P24).

Problem (P23)
Maximize {0,,0,, 0.}
Subject to

< Zﬁl(aiﬂ)ui ) Zﬁl(aijz)ui ,Zﬁ1(aij3)ui ,Zﬁl(am)ui ; )
p

minimumlsism{ lij}, maximum 1Si5m{mij}, maximum 1Sism{nij}

minimumlsism{ ll-j}, maximum 15ism{mij}, maximum 1sism{nij}

( Z£1(aij1)ui ) 271'7;1(611'12)“1 , Z?i1(aij3)ui ’ Z?i1(aij4)ui ; ) ~
o

< Zﬁ1(aij1)ui ) Zﬁ1(aijz)ui ,Zﬁl(aiﬁ)ui ,Zﬁl(aiﬂ)ui ; ) g

minimumlsism{ ll-j}, maximum 15i5m{mij}; maximum 1sism{nij} T

m — [ —
iz =1lLu;=20,i=12,..,m

14



Problem (P24)
Minimize {,, $s, P}
Subject to

< Yi1(aij) vy, Bia(@ij2) vy, B (aijs) vy, B (@ija) vy >
p

minimumlsjs,l{ ll-j}, maximum 15j5n{mij}, maximum 1San{nij}

< Yi-i(ain)vi, Eiea(aij2) vy, Xea(aijs) vy, Xiei(aja) vy s >

minimumlsjs,l{ ll-j}, maximum 15j5n{mij}, maximum 1San{nij}

IA

( i)y, Xiea (@) vy, X1 (aijs) vy, Biei(aija) vy ) Foi=12,..,m,
T

minimum, < j<p{ 1;;}, maximum ; <, {m;;}, maximum | {n;;}

?zlvj =1,v20, j=12,..,n

Step S: Using the expressions

(ﬁij)p = [(ﬁij)lp' (ﬁij)rp] ,(By), = [(:30')10: (/3ij)m] and (B;), = [(ﬁij)h.' (ﬁij)”] to find an
optimal solution of the interval MPP (P23) is equivalent to find an optimal solution of the interval
MPP (P25) and to find an optimal solution of the interval MPP (P24) is equivalent to find an optimal
solution of the interval MPP (P26).

Problem (P25)

Maximize {|6,,, 0;,], (015, 6ro], 617, Orc]}

Subject to

( Zznil(aijl)ui ) Zlnil(aijZ)ui , Zﬁ1(aij3)ui , Zﬁ1(aij4)ui ; > ]
minimumlsism{ lij}, maximum 1sism{mij}, maximum 15ism{nij} o ' [9 ; ]
= lp»Yrpl»

( Zgl(aijl)ui ’2ﬁ1(aijz)ui ;Z?i1(aij3)ui ;Z?i1(aij4)ui ; )
TP

minimumlsism{ ll-j}, maximum 1sism{m”}, maximum 1sism{nij}
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minimumlsism{ lij}, maximum 1Si5m{mij}, maximum 15ism{nij}

( erzl(aijl)ui ) Z?i1(aijz)ui ) Z?i1(aij3)ui ) Z?i1(aij4)ui ; >
)
lo

> [014)0r5],
< Zﬁ1(aij1)ui'Zﬁ1(aijz)ui;Z?i1(aij3)ui;2?i1(aij4)uiJ > o ¥re
ro

minimumlsism{ ll-j}, maximum 1Si5m{mij}, maximum 1Si5m{nij}

( Z?Q(“ijl)”i ) Z?i1(aijz)ui ) Zyil(aiﬁ)ui ) Zyil(aijzt)ui ; >
minimumlsism{ lij}, maximum 1Si5m{mij}, maximum 15ism{nij} IT'

> [0, 6,-],
< Zﬁ1(aij1)ui'Zﬁ1(aijz)ui;Z?il(aiﬁ)ui;zyil(am)uiJ > o
rT

minimumlsism{ ll-j}, maximum 1sism{mij}, maximum 1sism{nij}

m — 7 —
s =lLu;=20,i=12,..,m

Problem (P26)

Minimize {[¢lp' ¢rp]; [¢lm ¢ra]: [(nbl'rr (:brr]}

Subject to

( z:71‘1=1(ai11)”j , z:?=1(ai12)vj 'Z?=1(ai13)vj 'Z?=1(aij4)”j ; ) ]
)
lp

minimum, < j<p{ i}, maximum | <<, {m;;}, maximum 1< ;. {n;;}

< Yoi(ain)vy, Biai(aij2) vy, Xiea(aija) vy, X-i(aija) vy )
P

minimumlSan{ lij}, maximum 1Sj5n{mij}, maximum 1Sj5n{nij}

—

( 2711=1(ai11)”j , Z?ﬂ(aiﬂ)"j 'Z?ﬂ(aijs)vj ,Z?zl(ai,-4)vj ; )
minimumlSan{ lij}, maximum 1Sj5n{mij}, maximum lstn{nij} w'

< [¢lm d)ra]'

[
|
[ < 2?:1(611-,-1)17,' '2}1=1(aij2)vj '2}1:1(%1'3)171' .27}=1(aij4)17j; > J

minimumlSan{ lij}, maximum 1Sj5n{mij}, maximum 1Sj5n{nij}
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( Z?=1(aij1)vj ) Z?:l(aijz)vj 'Z?=1(aij3)vj ,Z?=1(aij4)17j ; )
minimum, < j<p{ ;;}, maximum ;¢ <, {m;;}, maximum ;< ;. {n;;}

It < b2,
( 27=1(aij1)”j'Z7=1(aij2)vj»2?:1(61“'3)17]',27=1(aij4)vj; > < [Prr, bre]

minimum, ¢ j<p{ i}, maximum ; ¢ j<,{m;;}, maximum ;< {n;;} .

J= v =1Lv,20,j=12,.

Step 6: Using the relation [('Bij)lp’ (’Bij)rp] > [(yij)lp' (yij)rp] = (Bij)lp > (yl-]-)lp, (ﬁij)rp
(Vij)rp' [(ﬁij)w; (ﬁi,-)m] = [(Vij)lo' (Vij)m] = (Bij),, = i), (Bij),, =

(i), and [(ﬁij)h’ (ﬁij)ﬂ] = [(Vij)lr' (Vij)”] = (By),, = (viy) » (Bij),, = (vi)),, to find an
optimal solution of the interval MPP (P25) is equivalent to find an optimal solution of the interval
MPP (P27) and to find an optimal solution of the interval MPP (P26) is equivalent to find an optimal
solution of the interval MPP (P28).

Problem (P27)

Maximize {|6,,, 0;,], (015, 6ro], 617, Orc]}

Subject to

( 271'21(611'11)“1' ) 27&1(%12)“1 , Z?i1(aij3)ui , Z?i1(aij4)ui ;

. ] . 2 05,) = 1,2,.
mlmmumlsism{ ll-j}, maximum 15ism{mij}, maximum 1sism{nu}

inNnj : . 2 rp_]—lz,...,n,
minimum, ¢;em{ i}, maximum ;e {m;;}, maximum ;o {n;;}

ini : , 910]_12,...,7’1,
minimum, ci<m{ ll-j}, maximum 1Sism{mij}, maximum 1Si5m{nu}

Z?i1(aij1)ui ) Zﬁl(aiﬂ)ui ,Z?i1(aij3)ui ,Z?i1(aij4)ui ;

minimumlsism{ ll-j}, maximum 1sism{mij}, maximum 1sism{nu}

271'21(611'11)“1' ) 27&1(%12)“1 ) Z?i1(aij3)ui ) Z?i1(aij4)ui ; )

< Zﬁl(ain)ui ) Zﬁl(aijz)ui ,Zﬁl(aijg)ui ,Zﬁl(aiﬂ)ui ;
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< Zﬁ1(aij1)ui ) Z?i1(aij2)ui ,Z?i1(aij3)ui , Z?i1(aij4)ui ; )

MIRMUMy sigm{ Lij}, maximum ; <igm{my;}, maximum 1iem{ni;}/ .

< Zﬁ1(aij1)ui ) Zﬁ1(aij2)ui , Z?i1(aij3)ui , Z?i1(aij4)ui ; )

minmumy iem { Lij}, maximum y igm{my;}, maximum 1giem{n;}/

Yhiup=1Lu; 20,i=12,..,m
Problem (P28)

Minimize {[‘plp' ¢rp]J [(plm (.bra]' [¢lrr ¢r‘r]}

Subject to

( ;L l(aijl)vj ) 7]1 1(aij2)vj; ;l 1(aij3)vj, ;l l(a'ij4-)vj; > < d) l _q 2
minimum, < j<n{ li;}, maximum 1<, {my;}, maximum 1< n{ni;}) ~ 1ps 2, ..

( DY CT DY ECTRIID Y CIALE ) < ¢rpi =12
minimum, < j<p{ 1;;}, maximum ; ¢, {m;;}, maximum 1< {n;;} TP’ e

< Z?zl(aijl)vj ’2}1=1(ai1‘2)”j '2?=1(aij3)”j :2?=1(aij4)vji > < ¢ i =12,
minimum, <jen{ l;;}, maximum 1 {my;}, maximum 1 ;e {ni;}), ~ o

< Z?zl(aijl)vj  2j=1(i2) v, 21 (aijs) vy, =i (@ija) vy > < o i = 1,2,
minimum, < j<p{ li;}, maximum 1<, {my;}, maximum 1 n{ni;}) . 7

< Z?zl(aijl)vj  2j=1(ij2) vy, Bioa(ais) vy, =i (@ija) vy > < ¢, i=12,.
minimumlsjsn{ ll-j}, maximum 1Sj5n{ml-j}, maximum 1Sjsn{nl] -

< 2aa(aua ) Zia(au2) vy i aya) vy Zjalasa) vy > < ¢pni=12,.
minimumlsjsn{ ll-j}, maximum 1Sj5n{ml-j}, maximum ISan{nlj - e

= 117]—117]20] 1,2,..,n.

(i=p)Air +pAiz _ (li=p)Aja+pAi3
’ (Ai)rp - 5.

Step 7: Using the expressions (4;);, = » 3

)

)

(1-0)Aj+(0-m4; (1-0)Ajz+(6—-mpA; (1-D)Aj+(T—-n)A;
(4),5 = i — L (4)ys = i_mi 2 and (4;) = i_ni 1
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_ (1-1)Ajz+(T-n)Aj,

(Ai)r‘r -

, to find an optimal solution of the interval MPP (P27) is equivalent to find

1-ny
an optimal solution of the interval MPP (P29) and to find an optimal solution of the interval MPP
(P28) is equivalent to find an optimal solution of the interval MPP (P30).

Problem (P29)

Maximize {[6,p, 6], (15, Oro), [61r, Orc]}

Subject to

(minimum, cem{ 1ij} = p) Bi21 (@i )ws + p X1 (aij2)u; = (minimum; <ien{ 1i;}) 61,

(1 -0) X% (aij)wi + (0 — maximum ygiem{m;;}) T (aijn)w = (1 — maximum ;¢icp
{mi}Dos j=12,..,1,
(1 -0) X2 (aijz)wi + (0 — maximum g em{m;;}) T (aija)w = (1 — maximum ;¢icp
{mij}brs, j=12,..,1m,
(1 -0 I (ai)w; + (r — maximum yicm{n;;}) T (ai))w = (1 — maximum 4o
{nijDéi, j=12,..,m,
(1 —1) X% (aijz)u; + (v — maximum jicm{ni;}) T4 (ai)w; = (1 — maximum 1o
{nij})0re j=12,..,1m,

mou=1u=0i=12..,m

Problem (P30)
Minimize {[¢1pr ¢rp]: [(pla: ¢ra]' [(]511-, ¢r‘c]}
Subject to

(minimumycjen{ j} = p) Xjca (@i )y + p Ljes(aij2) vy < (minimum<jen{ 1} dip,
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i=12,..,m,
(minimum, cjen{ U} = p) Zjzr(aija) vy + p Zjos(aijs)vy < (minimumygjenf ;) by,
i=12,..,m,
(1 = 0) X-i(aij2)v; + (0 — maximum 1<jen{mi;}) Xj-y(@ijn) vy < (1 — maximum 1<jep
{miDow, i =12,..,m,
(1 = 0) Xjai(ays)y; + (0 — maximum y<jen{my;}) Xica(aia) vy < (1 — maximum 1<,
{mij}ére, i=12,..,m,
(1 — ) ¥y (aij2)vy + (v — maximum 1 jep{n;;}) Xio1(aij1)v; < (1 — maximum 1<y
(i, i=12,...,m,
(1= 1) Ts(ays)v; + (¢ — maximum yojenfni;}) Son(ays); < (1 — maximum 1o
{(nij Db, i=12,..,m,

?zlvj =1,v20,j=12,..,n

Step 8: Aggregating the objective functions of interval MPPs (P29) and (P30), to find an optimal
solution of the interval MPP (P29) is equivalent to find an optimal solution of the interval MPP
(P31) and to find an optimal solution of the interval MPP (P30) is equivalent to find an optimal
solution of the interval MPP (P32).

Problem (P31)

.. O1p+015+0 1 Orp+0yrs+0
Maxlmlze{[ £ 3" £ e ;a ”]}

Subject to
Constraints of the Problem (P29).

Problem (P32)

Minimize { [¢1p+¢za+¢zr brp +¢ra+¢rr]}

3 ! 3
Subject to
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Constraints of the Problem (P30).
Step 8: Applying the concept of Ishibuchi and Tanaka (1990), to find an optimal solution of the
interval MPP (P31) is equivalent to find an optimal solution of the interval MPP (P33) and to find an

optimal solution of the interval MPP (P32) is equivalent to find an optimal solution of the interval

MPP (P34).
Problem (P33)
Maximize {61"+93l"+9“, 91p+9rp+91029m+9n+9rr}

Subject to
Constraints of the Problem (P29).

Problem (P34)

¢lp +¢rp+¢la+¢ra+¢lr+¢rr d’rp +¢ra+¢rr}
6 ! 3

Minimize {
Subject to
Constraints of the Problem (P30).

Step 9: Using the weighted average method, to find an optimal solution of the interval MPP (P33) is
equivalent to find an optimal solution of the CLPP (P15) and to find an optimal solution of the

interval MPP (P34) is equivalent to find an optimal solution of the CLPP (P16).

91p+910'+91‘r
3

Step 10: Find the optimal values of w;,i = 1,2, ...,m, 6,,, 0., 0,4, Or5, 017, 0, and % ( +

p’

61p+9rp+9la+9ra'+9lr+9rr
6

) by solving the CLPP (P15) for some specific values of

p €10, minimumlsism(lij) ,0 E [maximumlsism(mij), 1l]andt € maximumlsism(nij), 11.
1<jsn 1<js<n 1<jsn
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Step 11: Find the optimal values of wv;,j=12,...,n,¢,,, ¢rp dis) Pro bre) bre and

1 (¢lp +¢rptPiotPro+Pirtdre
2

+ ¢Tp +¢rotdrr

- . ) by solving the CLPP (P16) for some specific values of

pE [0, minimumlsism(lij)l ,0 E [maximumlgism(mij), 1l]and T € maximumlsism(nij), 11.
1<sjsn 1<jsn 1sjsn

Step 12: The optimal values of u;,i =1,2,...,m, obtained in Step 10, represents the optimal
strategies of Player I for the considered SVTN matrix games and the optimal values of v;,j =
1,2, ...,n, obtained in Step 11, represents the optimal strategies of Player Il for the considered SVTN

matrix games.

1 (91p+910'+9h' + 91p+9rp+ela'+9ra+elr+9rt

Step 13: The optimal value of 3 3 S ), obtained in Step 10,

represents the minimum expected gain of Player I and the optimal value of

2 (¢zp *OrotPiotbrotbutdre | Sro +¢;”+¢”), obtained in Step 11, represents the maximum expected

2 6

loss of Player II.
3 Invalidity of Brikaa’s approach

If Brikaa’s (2022) approach is valid then the minimum expected gain of Player I should be equal
to the maximum expected loss of Player II. However, in this section with the help of a numerical
example, it is shown that the minimum expected gain of Player I is not equal to the maximum
expected loss of Player 1. Hence, Brikaa’s (2022) approach is not valid.
Seikh and Dutta (2022, Section 5.1, Example 1, p. 929) considered the payoff matrix A =

(((175, 177,180,190); 0.6,0.3,0.3) ((150,153,156,158);0.5,0.2,0.3)

((125,128,132,140); 0.9,0.1,0.5) ((175, 185,195, 200); 0.5,0.4,0.5)) of a SVIN matrix game

to illustrate their proposed approaches.
It can be easily verified that for the considered SVTN matrix game, the CLPPs (P15) and (P16)

are transformed into the CLPPs (P35) and (P36) respectively.

22



Problem (P35)

Maximize {% (91p+9;a+9h 4 elp+erp+elazem+elr+ew)}
Subject to

(0.6 — p)(175u, + 125u,) + p(177u, + 128u,) = 0.6 010,
(0.6 — p)(190u; + 140u;) + p(180u; + 132u,) = 0.6 6,
(0.5 — p)(150u; + 175u;) + p(153u; + 185u;) = 0.5 6,
(0.5 — p)(158u; + 200u,) + p(156u; + 195u,) = 0.5 6,
(1— 0)(177u, + 128u,) + (o — 0.3)(175u, + 125u,) = 0.76,,,
(1 - 0)(180u, + 132u,) + (o — 0.3)(190u, + 140u,) = 0.76,,,
(1 —-0)(153u,; + 185u,) + (0 — 0.4)(150u, + 175u,) = 0.66,,,
(1-0)(156u; + 195u,) + (¢ — 0.4)(158u, + 200u,) = 0.66,.,,
(1-1)(177uy + 128u,) + (t — 0.5)(175u, + 125u,) = 0.56,,,

(1 —7)(180u, + 132u,) + (r — 0.5)(190u, + 140u,) = 0.56,,,

(1 —7)(153u, + 185u,) + (t — 0.5)(150u,; + 175u,) = 0.56,,,

(1 —-1)(153u; + 195u,) + (r — 0.5)(158u, + 200u,) = 0.56,,

u+u, =1, uy =20,u; =0.

Problem (P36)

Minimize {% (¢lp+¢rp+¢laz¢ra+¢lr+¢rr n ¢rp+¢;a+¢rr>}

Subject to

(0.5 = p)(175v; + 150v,) + p(177v; + 153v;) < 0.5 ¢y,
(0.5 — p)(190v; + 158v,) + p(180v; + 156v,) < 0.5 by,
(0.5 — p)(125v; + 175v,) + p(128v; + 185v;) < 0.5 ¢y,
(0.5 — p)(140v; + 200v,) + p(132v; + 195v,) < 0.5 ¢,

(1 — 6)(177v; + 153v,) + (0 — 0.3)(175v, + 150v,) < 0.7 ¢y,
(1 — 0)(180v; + 156v,) + (o — 0.3)(190v, + 158v,) < 0.7 ¢,
(1 — 0)(128v; + 185v,) + (0 — 0.4)(125v, + 175v,) < 0.6 ¢y,
(1-0)(132v, + 195v,) + (0 — 0.4)(140v, + 200v,) < 0.6 ¢,.5,
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(1 - T)(177v1 + 153172) + (T - 04)(175171 + 150172) S 06 ¢l‘L"
(1 -1)(180v, + 156v,) + (t — 0.4)(190v,; + 158v,) < 0.6 ¢,
(1—-1)(128v, + 185v,) + (t — 0.5)(125v, + 175v,) < 0.5 ¢y,
(1-1)(132v; + 195v,) + (t — 0.5)(140v, + 200v,) < 0.5 ¢,,
vyy+v,=1, v;=0,v,=0.
It is pertinent to mention that the CLPP (P35) is same as the existing problem (Seikh and Dutta,
2022, Section 5.1.1, Problem 13, p. 930) and the CLPP (P36) is same as the existing problem (Seikh
and Dutta, 2022, Section 5.1.1, Problem 14, pp. 930-931). So, on solving

(1) The CLPP (P35), the existing results (Seikh and Dutta, 2022, Section 5.1.1, Table 1, p. 931),

shown in Table 1, will be obtained

. 1(01p+015+6; 01p+6,p,+015+0,5+60+6
Table 1 Optimal values of u,, u, andz( e ”)

3 6
(p,0,0) | (upuz) |61, 6r,] | (61 Ors] [0, 0,;] 015015461
L 3
- +
2\ 01p+0,p 460154075401 +6,;
6
0,1,1) (0.6667, | [158.3333, | [158.3333, [158.3333, 161.749975
0.3333) 172] 172] 172]
(0,0.8,1) (0.6667, | [158.3333, | [159, [158.3333, 161.91665
0.3333) 172] 170.6667] 172]
(0,0.6,1) (0.6667, | [158.3333, | [160.3333, [158.3333, 162.249975
0.3333) 172] 165.33333] | 172]
(0,1,0.8) (0.6667, | [158.3333, | [158.3333, [159.2667, 161.783325
0.3333) 172] 172] 169.6]
(0,1,0.6) (0.6667, | [158.3333, | [158.3333, [160.2, 161.705541
0.3333) 172] 172] 165.8667]
0.2,1,1) (0.6667, | [159.1111, | [158.3333, [158.3333, 161.796125
0.3333) 170.2222] | 172] 172]
04,1, (0.6667, | [159.8889, | [158.3333, [158.3333, 161.73146
0.3333) 167.1111] | 172] 172]
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(0.3,0.4,0. | (0.7077, |[160.3338, | [162.3521, | [162.3521, 163.079275
5) 0.2922) | 168.5486] | 167.3169] 165.9718]
(0.5,0.4,0. | (0.7084, | [162.3306, | [162.3306, | [162.3306, 163.47505
5) 0.2916) | 167.3717] | 167.3494] 166.0041]

(ii) The CLPP (P36), the existing results (Seikh and Dutta, 2022, Section 5.1.1, Table 2, p. 931),

shown in Table 2, will be obtained.

Table 2 Optimal values of v, v, and % ((mp oo +¢l”;r¢ra+¢”+¢” 4 Pro +¢;a+¢”)
(.0, 1) | Wuv2) | [bipdrp] | [BiosBro] | [Prr Br] LA AL AL L
- +
GrptProtdre
3

0,1,1) (0.4565, [161.413, |[161.413, [161.413, 169.809775
0.5435) 172.6087] | 172.6087] | 172.6087]

(0,0.8,1) | (0.4565, |[161.413, [162.1398, | [161.413, 169.466617
0.5435) 172.6087] 170.9938] | 172.6087]

(0,0.6,1) | (0.4565, |[161.413, [162.8665, | [161.413, 169.12345
0.5435) 172.6087] 169.3789] | 172.6087]

(0,0.4,1) | (0.4565, |[161.413, [163.5932, | [161.413, 168.780283
0.5435) 172.6087] 167.764] 172.6087]

(0,1,0.8) | (0.4565, |[161.413, [161.413, [162.2609, 169.409408
0.5435) 172.6087] 172.6087] | 170.7246]

(0,1,0.6) | (0.4565, |[161.413, [161.413, [163.1087, 169.48005
0.5435) 172.6087] 172.6087] | 168.8406]

(0.3,04, | (0.4517, |[162.8211, [163.4764, | [163.4157, 166.9354

0.5) 0.5483) 169.0858] 167.6424] | 167.776]

(0.5,04, |(0.4483, |[163.7586, [163.3941, | [163.3333, 166.37508

0.5) 0.5517) 166.7586] 167.5567] | 167.6897]
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It is obvious from the results, shown in Table 1 and Table 2, that for a specific value of p, g, 7, the
optimal value of the CLPP (P35) is not equal to the optimal value of the CLPP (P36) i.e., the
minimum expected gain of the Player I is not equal to the maximum expected loss of Player II.

For example, for p = 0,0 = 1,7 = 1, the optimal value of the CLPP (P35) is 161.749975 i.e., the
minimum expected gain of the Player I is 161.749975 and the optimal value of the CLPP (P36) is
169.809775 i.e., maximum expected loss of Player Il is169.809775.

This clearly indicates that the minimum expected gain of the Player I is not equal to the maximum
expected loss of Player II. So, Brikaa’s (2022) approach is not valid.
4 Reasons for the invalidity

Brikaa’s (2022) approach is not valid as the following two mathematically incorrect results are
considered in it.

4.1 First mathematically incorrect result

It is obvious that in Step 1 of Brikaa’s approach (2022), discussed in Section 2, the relation
(G, anu)vs + G,y dpu)v, + -+ R, dinui)vn)k = (Ui%1 @puvy + (B @pu v, +
o+ R, Ainli) kv, k = p, 0,1, is used to transform the MPP (P7) into interval MPP (P17).

However, the following example clearly indicates that ((Zﬁl nu)vs + QR apu)vy + -+
(O dinui)vn)k # (Uis1 A uevr + Qi Aiu vy + -+ Uil GV k = p,0,T.

((175,177,180,190); 0.6,0.3,0.3) ((150,153,156,158);0.5,0.2,0.3)

Let 4= (((125, 128,132,140);0.9,0.1,0.5) ((175,185,195,200);0.5,0.4,0.5)

) be the payoff
matrix of a SVTN matrix game. Then,

(CR anu)vy + CRyGpudvy + -+ CRy Apudvy) = G, Guu)vy + CE, dpu)v,

= ((((175, 177,180,190); 0.6,0.3,0.3) u; + ((125,128,132,140); 0.9,0.1,0.5) u,)v; +

({(150, 153,156, 158); 0.5,0.2,0.3) u; + (175, 185,195, 200); 0.5,0.4,0.5) u,)v,)
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= (((175uy + 125u,, 177u, + 128uy, 180w, + 132uy, 190w, + 140u,); 0.6,0.3,0.5) Jv, +
(((150uy + 175u,, 153u4 + 185u,, 156u, + 195u,, 158u,; + 200u,); 0.5,0.4,0.5) v,

175u,v; + 125u,v; + 150w, v, + 175u,v,,
177uyvq + 128u,v, + 153u4v, + 185u,v,,
180u vy + 132u,v; + 156u4v, + 195u,v,,
190u,v4 + 140u,v; + 158u,v, + 200u,v,

= ;0.5,0.4,0.5)

wIinN

o 1 2 _ 1
Substituting, u; = U =31 =3, 12 =3

= ((149.985,154.3179,159.3174, 166.4278); 0.5,0.4,0.5)

Therefore, ((Z:’ll c"iilui)vl + (Z‘{;ll dizui)vz + -+ (Z:ﬁl dinui)vn)p = ((le=1 c"iilul-)vl +

(212:1 dizui)vz)p

= ({(149.985,154.3179,159.3174,166.4278); 0.5,0.4,0.5)) ,

[74- .9925+4. 3329p 83.2139-7.1104 p]
- 0.5

(1
While,

X1 Aiu) pv + il Appuy) pvp + o+ (B2 Ainlty) pVn = (05 A uy) pvy + (05 AioU;) pv2
= ({(175,177,180,190); 0.6,0.3,0.3) u; + (125,128,132, 140); 0.9,0.1,0.5) u,) ,v; +

({(150, 153,156, 158); 0.5,0.2,0.3) u; + (175,185, 195, 200); 0.5,0.4,0.5) u,) , v,

= (((175uy + 125uy, 177u; + 128u,, 180u; + 132wy, 190w, + 140u,); 0.6,0.3,0.5)) ,v; +
(((150u; + 175uy, 153uy + 185u,, 1561, + 195u,, 158y, + 200u,); 0.5,0.4,0.5)) ,v,
Substituting, u; = é,uz = g, v, = %, v, = §

= (((141.666, 144.333, 148, 156.666); 0.6,0.3,0.5)),, () +

({(166.666,174.333,182 ,185.999); 0.5,0.4,0.5)),, G)
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[(0.6—p)141.666+144.333 p (0.5-p)166.666+174.333 p

_ 0.6 ’ (2)+ 0.5 ! (l)
- (0.6—p)156.666+148 p 3 (0.5—p)185.999+182 p 3
0.6 0.5

)

_ [56.6603+1.7778 p 62.6537—5.7767p] [27.774—8+2.5554p 30.9965—1.3328p]
- 0.6 0.6 0.5 ’ 0.5

2)

[44.9950+2.4221p 49.9247—3.6879p]
0.3 ! 0.3

It is obvious from (1) and (2) that (X%, @i u) vy + (T, dpu)v, + -+ (O, dinui)vn)k *
Ol dnu)vy + Gy dinu)gvs + -+ ORy Ginui)kVn, k = p, 0, 7. So, the interval MPP (P7) is
not equivalent to the interval MPP (P17).

Furthermore, it is obvious that in Step 1 of Brikaa’s approach (2022), discussed in Section 2, the
relation ((Z}‘zl ayjvp)ug + (B @av)up + -+ (B7y dmjvj)um)k = (27, dljvj)kul +
(Z;‘zl dzjvj)kuz + -+ (2?:1 dmjvj)kum, k =p,o0,1, is used to transform the MPP (P8) into

interval MPP (P18). While, it can be easily verified that ((2;;1 ayjvp)ug + (B ajv))up + - +

(Xf dmjv,-)um)k # (Lo1 @yvp) wa + (T B2vp) iz + -+ + (Bt @myvy) U k = p,0, 7.
So, the interval MPP (P8) is not equivalent to the interval MPP (P18).
4.2 Second mathematically incorrect result
It is a well known fact that if a4, a,, ..., a,, are real numbers. Then,
(i) 6 = Minimumf{a,, a,, ...,a,} will be one of the real numbers aq,a,, ..., a,. Therefore, the
relations a; = 6,a, = 0, ...,a, = 0 are valid.
(i) ¢ = Maximum{a,,a,, ...,a,} will be one of the real numbers a,,as,, ..., a,. Therefore, the
relations a; < ¢, a, < @, ..., a, < ¢ are valid.

On the same direction, in Step 3 of Brikaa’s (2022) approach it is assumed that
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() 6 = Minimum((ER, diu) e My )k o EM, @inti)i), k = p, o, T will be one of the
intervals (7% @i Ui, O GiaUi) i ) QBinq AinU;) - Therefore, the relations (X% djq i) =
O, O, Apu)i = 0k ey O @iy g = 0y are valid.

(i) ¢, = Maximum ((Z};l dljvj)k, (X7, dzjvj)k, s (Bey dmjvj)k),k = p,0,7 will be one of
the intervals (27=1 dljvj)k, (2}21 dzjvj)k, - (27=1 dmjvj)k. Therefore, the relations

X7y c”iljvj)k < ¢ ()4 dzjvj)k < s s (Xfs dmjvj)k < ¢y are valid.
While, in actual case, if d;, @,, ..., d, are SVTN numbers. Then,
() 0, = Minimum{@a,,a,, ..., d,},where k = p,o,7 will not necessarily be one of the SVIN
numbers d,, d,, ..., d,. Therefore, the relations a; = 0,d, = 6, ..., d, = 0 are not always valid.
(i) ¢, = Maximum{@y,,d,, ...,d,},where k = p,o,t will not necessarily be one of the SVTN
numbers d,, d,, ..., d,. Therefore, the relations d; < ¢, d, < ¢, ..., d, < ¢ are not always valid.

The following clearly indicates that the above-mentioned claim is valid.

Let M = ((2,4,8,10); 0.6,0.5,0.4) and N = ((1,5,7,9); 0.6,0.5,0.4) be two SVTN numbers. Then,

M, = [Myp, Myp] = [2 422,10 - 2], R, = [Ny, V] = |1+ 22,9 - 2]

Substituting p = 0.6, M, = [4,8],N, = [5,7]

Therefore,

Minimum{M,, N,} = [Minimum {M,,, N}, }, Minimum{M,,, N, ,}| =

[Minimum {4,5}, Minimum{8,7}] = [4,7]

Maximum{M,, N,} = [Maximum {M,,, N, }, Maximum{M,,, N, ,}| =

[Maximum {4,5}, Maximum{8,7}] = [5,8]

It is obvious that Minimum{M,,N,} # M,, Minimum{M,,N,} # N, and Maximum{M,,N,} +
M,, Maximum{M,,N,} # N,.

29



Similarly, it can be easily verified that M inimum{IVIG, IVJ} + M, M inimum{Ma, IV(,} #+ N, and
Maximum{IVI(,, IVG} + M,, Maximum{Ma,IVg} # N, and
Minimum{]WT, NT} + M, Minimum{IVIT,IVT} + N, Maximum{IVIT,IVT} *
M., Maximum{IVIT, NT} + N,.
5 Seikh and Dutta’s second approach

Seikh and Dutta (2022) proposed the following approach to find the optimal strategies u;, i =
1,2, ...,m of Player I, vj,j = 1,2, ...,n of Player II, the minimum expected gain of Player I and the
maximum expected loss of Player II with the help of the crisp MPPs (P9) and (P10).
Step 1: Using the relation Ha(Z?ﬂ(Zlel a;ju;) vj) = Yi=1 M, (T, d;u;) v, to find an optimal
solution of the crisp MPP (P9) is equivalent to find an optimal solution of the crisp MPP (P37) and
using the relation Ha(Zﬁl(Z}Ll aijv)w) = Xy Ha(z;l::[ d;jv;) w;, to find an optimal solution of
the crisp MPP (P10) is equivalent to find an optimal solution of the crisp MPP (P38).
Problem (P37)

Minin'u'ze(Z?;1 M, (Xr, dl-jui) vj)

Maximize Subject to
vy =1Lv,20,j=12,..,n

Subject to
Yo =1u; =>0,i=1.2,...,m.
Problem (P38)

Maximize(X, Ha(Z?zl a;jvi) u;)
Minimize Subject to

mw=1Lu;>0,i=12,..,m
Subject to

}‘zlvj =1v,20,j=12,..,n
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Step 2:  Since, =1 M, (X7, a; jui) v; is a convex linear combination  of
Mo (B @aup), Mo (B @puy), -, Mo (B @nu;) and X2 1, (X2, @;5v;) u; is a convex linear
combination of Ha(Z}l:l dljvj), Ha(2?=1 dzjvj), - Ha(Z;—;l dmjvj). So, to find an optimal
solution of the crisp MPP (P37) is equivalent to find an optimal solution of the crisp MPP (P39) and
to find an optimal solution of the crisp MPP (P38) is equivalent to find an optimal solution of the
crisp MPP (P40).

Problem (P39)

Maximize {Minimumlsjsn (na(zﬁl dl-jui))}

Subject to

Yimiu;=1u; =20,i=1.2,..,m

Problem (P40)

Minimize {Maximumlsism (Ha(Z?zl dl-jvj))}

Subject to

Yi=vi=1Lv;20,j=12,..,n

Step 3: Assuming Minimum, <<, (Ha(Zﬁl dl-jui)) = P, and Maximum, <<, (Ha(Z?zl dijvj))
= P,, to find an optimal solution of the crisp MPP (P39) is equivalent to find an optimal solution of
the CLPP (P41) and to find an optimal solution of the crisp MPP (P40) is equivalent to find an
optimal solution of the CLPP (P42).

Problem (P41)

Maximize {P,}

Subject to

Ha(2ﬁ1(<(aij1’aijz’aijs,aijzx): lij’mij;nij))ui) =>P,j=12,..,n,

mow=1u=0i=12..,m
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Problem (P42)

Minimize {P,}

Subject to

Ha(27=1(((aij1» aijz:aijs»aij4)} lij’mij’nij))vj) <P,i=12..m,
Yiavy=Lv20,j=12..,n

Step 4: Using the expression

iy (((aij @iz, agjs, agja); Lijymi,mg) Jug =

aiiu;, ajU;, aiizU;, A;isU;
( (21 1 %1% Zl 1 %ij2% 21 1 %ij3%i Zl 1%ija ) )‘[O find an optimal solution
minimum i< {l;;}, maximum ;e {my;}, maximum 1 i {n;;}
of the CLPP (P41) is equivalent to find an optimal solution of the CLPP (P43). Also, using the

expression
Z’,-Ll(((aijp Qij2, Ajj3, aij4)i Lij, myj, "iJ‘))vj =

( (21 1 Aij1V), M= Qij2Vj » =1 Qij3Vj, Xj= 1 Qijavy);

) to find an optimal solution
minimum ;< {li;}, maximum , ¢ j<,{m;;}, maximum ¢ {n;;}

of the CLPP (P42) is equivalent to find an optimal solution of the CLPP (P44).

Problem (P43)

Maximize {P;}

Subject to

1 < (Zl 1al]1ulizl 1al]2u1121 1al]3ul'zl 1al]4-u)

) =>P,j=12,..,n,
minimum 1<l<m{lu} maximum 1<l<m{mu} maximum 1<l<m{nu}

mTu=1Luy;=20,i=12,...m
Problem (P44)
Minimize {P,}

Subject to
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1 < (27=1 aij1Vj, Z;'l=1 A;j2Vj )2?=1 Q;j3Vj 2?:1 aijo)J

. ) ) )) <P,i=12..,m,
minimum 15j5n{ll-j}, maximum 15j5n{mij}, maximum 15j5n{nij}

’};117]- = 1,17]' > 0,] = 1,2, e, N

Step 5: Using the expression

m m m m
Yty agjiui+2(30 i+ N agjzu)+ X, aij4ui)

Ha(2ﬁ1(<(aij1' Qij2,Aij3, aij4)i lij'mij»nij))ui) =Tj ( .
where, 1; = [a(minimum 15i5m{lij})2 +(1- a)(l — maximum 15i5m{mij})2 +(1-
a)(1 — maximum ;g {n; j})z] to find an optimal solution of the CLPP (P43) is equivalent to find

an optimal solution of the CLPP (P45). Also, using the expression

Ha(Z?ﬂ(((aiﬂ; Qij2, Aij3, aij4)i lijr mij, nij))vj) =

n n n n
<Zj=1 aij117j+2(2j=1 Aij2Vj+¥jq aijsvj)+2j=1 aij4vj>
i

6

where, 1; = [a(minimum rejen{li )’ + (1 — @) (1 — maximum ;< jepfmy; ) + (1 -

a)(l — maximum ;< an{ni j})z] to find an optimal solution of the CLPP (P44) is equivalent to find
an optimal solution of CLPP (P46).

Problem (P45)

Maximize {P;}

Subject to

m m m m
' (Zi=1 aijrui+2(X0 g agjui+ Y0 i)+ X0 ajau;
]

- Y2 Py j=12,.,m,

m — [ —
iz =1lLu;=20,i=12,..,m

Problem (P46)
Minimize {P,}

Subject to
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n n n n
i1 aij1vj+2(2j=1 Aij2Vj+Yj=q aijsvj)+2j=1 AijaVj

ni( & >SP2, i=1,2,...,m,

;lej =1,v20,j=12,..,n

Step 6: Using the expression

m m m m
Ny ajiui+2(R0 agjpui+ Xt agjsw) + X2 agjau; ym (aij1+2aijz+2aij3+aij4
— 4i=1

P G )ui = Z:il Aijui, to find an

optimal solution of the CLPP (P45) is equivalent to find an optimal solution of the CLPP (P13).
Also, using the expression

n n n n
Zj:l aij117j+2(2j=1 aijz”j+2j=1 aij3”j)+2j=1 QAijaVj ajj1+2aij;+2a;j3+0a;j4

6 = Z?=1( 6 )vj = Z?=1Aij vj, 1o find

an optimal solution of the CLPP (P46) is equivalent to find an optimal solution of the CLPP (P14).
Step 7: Find the optimal values of u;,i = 1,2, ..., m and P; by solving the CLPP (P13) for some
specific values of a € [0,1].
Step 8: Find the optimal values of vj,j = 1,2,...,n and P, by solving the CLPP (P14) for some
specific values of a € [0,1].
Step 9: The optimal values of u;,i = 1,2, ..., m, obtained in Step 7, represents the optimal strategies
of Player I for the considered SVTN matrix games and the optimal values of vj,j = 1,2,..,n,
obtained in Step 8, represents the optimal strategies of Player II for the considered SVTN matrix
games.
Step 10: The optimal value of P;, obtained in Step 7, represents the minimum expected gain of
Player I and the optimal value of P,, obtained in Step 8, represents the maximum expected loss of
Player II
6 Invalidity of Seikh and Dutta’s second approach

If Seikh and Dutta’s (2022) approach is valid then the minimum expected gain of Player I should

be equal to the maximum expected loss of Player II. However, in this section with the help of a
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numerical example, it is shown that the minimum expected gain of Player I is not equal to the
maximum expected loss of Player II. Hence, Seikh and Dutta’s (2022) approach is not valid.
Seikh and Dutta (2022, Section 5.1, Example 1, p. 929) considered the payoff matrix

i= (((175, 177,180, 190); 0.6,0.3,0.3) ((150,153,156,158);0.5,0.2,0.3)
~ \((125,128,132,140);0.9,0.1,0.5) ((175,185,195,200); 0.5,0.4,0.5)

> of a SVTN matrix
game to illustrate their proposed approaches.

It can be easily verified that for the considered SVTN matrix game, the CLPPs (P13) and (P14)
are transformed into the CLPPs (P47) and (P48) respectively.
Problem (P47)

Maximize {P;}
Subject to

(1079u4 +785u;)(0.74—0.38a)
6

=Py,

(92611 +1135u,)(0.61-0.36a)
6

u+u, =1, u; =20,u, =0.

=Py,

Problem (P48)

Minimize {P,}
Subject to

(1079v,+926v,)(0.98-0.73)
6

< P,

(78511 +1135v,)(0.61—-0.36ax)
6

v1+v2 = 1,171 = 0,1)2 = 0.

<P,

It pertinent to mentioned that the CLPP (P47) is same as the existing problem (Seikh and Dutta,
2022, Section 5.1.1, Problem 15, p. 931) and the CLPP (P48) is same as the existing problem (Seikh
and Dutta, 2022, Section 5.1.1, Problem 16, p. 931). So, on solving

(i) The CLPPs (P47) and (P48), the existing results (Seikh and Dutta, 2022, Section 5.1.1, Table 3, p.

932), shown in Table 3, will be obtained
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Table 3 Optimal values of u,, u,, P; for Player I and v,, v,, P, for Player II

For Player 1 For Player II
Values of a P (uqg, uy) P, (v, v5)
0 108.5285 (0.3230,0.6770) 151.2467 (0,1)
0.1 102.4294 (0.3077,0.69230) 139.9803 0,1)
0.2 96.3267 (0.2905,0.7094) 128.7140 0,1)
0.3 90.2198 (0.2712,0.7288) 117.4477 (0,1)
0.4 84.1078 (0.2491,0.7509) 106.1813 (0,1)
0.5 77.9896 (0.2238,0.7762) 94.9150 (0,1)
0.6 71.8637 (0.1944,0.8056) 83.6487 0,1)
0.7 65.7280 (0.1599,0.8401) 72.3823 0,1)
0.8 59.5799 (0.1187,0.8813) 61.1160 (0,1)
0.9 53.4153 (0.0689,0.9311) 51.2550 (0.1706, 0.8294)
1 47.2283 (0.0073,0.9927) 41.2322 (0.4155, 0.5845)

It is obvious from the results shown in Table 3 that for a specific value of «, the optimal value of

the CLPP (P47) is not equal to the optimal value of the CLPP (P48) i.e., the minimum expected gain

of the Player I is not equal to the maximum expected loss of Player II.

For example, for &« = 0.1, the optimal value of CLPP (P47) is P; = 102.4294 i.e, the minimum

expected gain of the Player I is 102.4294 and the optimal value of CLPP (P48) is P, = 139.9803

i.e, maximum expected loss of Player I is 139.9803.

This clearly indicates that the minimum expected gain of the Player I is not equal to the maximum

expected loss of Player II. Hence, Seikh and Dutta’s (2022) second approach is not valid.
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7 Reason for invalidity

Seikh and Dutta’s (2022) second approach is not valid as the following mathematically incorrect
results are used in it.

It is obvious that in Step 1 of Seikh and Dutta’s (2022) second approach, discussed in Section 5,
the relation M, (T2 @iu)vy + (g Gu)vy + -+ Cky Gpu)vy) = (T (CR, du)v, +
M, dpu)vy + -+ M (X, @inti)vy) is used to transform the CLPPs (P9) into the CLPPs
(P37). However, the following example clearly indicates that
N, (CR @nu)vy + Cy dpudv, + -+ CRy dnu)vy) #

(M, dpu)v, + T QR Gpu)vy + -+ Mg QR i) vp).

((175,177,180,190); 0.6,0.3,0.3) ((150,153,156,158);0.5,0.2,0.3)

Letd = (((125, 128,132,140);0.9,0.1,0.5) ((175,185,195,200);0.5,0.4,0.5)

) be the payoff
matrix of SVTN matrix game. Then,

I ((Ziz=1 A u)vy + (Biy &izui)vz)

= l'la((((175, 177,180,190); 0.6,0.3,0.3) u; + (125,128, 132,140); 0.9,0.1,0.5) u,)v; +

(((150,153, 156, 158); 0.5,0.2,0.3) u; + (175,185, 195,200); 0.5,0.4,0.5) u,)v,)

+

<(((175u1v1 + 125u,vy, 177w, v, + 128,14, 1800y v, + 132,14, 190U, v, + 140u,v,); 0.6,0.3,0.5))>
=11,
((50u v, + 175u,v,, 153u4v, + 185u,v,, 156w, v, + 195u,v,, 158u, v, + 200u,v,); 0.5,0.4,0.5))

175u v, + 125u,v; + 150wy v, + 175u,v,,
177uqv; + 128u,v; + 153u4v, + 185u,v,,

=Tl | € 180u vy + 132u,v, + 156u4v, + 195u,v,, ;0.5,0.4,0.5)
190w, v; + 140u,v, + 158w, v, + 200u, v,
. 1 2 2 1
Assuming, u; = U =501 =35, =3
38.885 + 55.55 4+ 16.665 + 38.885,
— 1, ¢ 39.3294 + 56.8832 + 16.9983 + 41.107, £0.5,0.4,0.5)

39.996 + 58.6608 + 17.3316 + 43.329,
42.218 + 62.216 + 17.5538 + 44.44
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= I1,({(149.985,154.3179,159.3174, 166.4278); 0.5,0.4,0.5))

_149.985+2(154.3179+159.3174)+166.4278 [
- 6

0.25a + 0.36(1 —a) + 0.25(1 — a)]

= 157.2805[0.61 — 0.36 a] = 95.9411 — 56.6209« 3)
and

Ma(Xio; @nudvy + M (X diu)v,

= M, (({(175, 177, 180, 190); 0.6,0.3,0.3) u, + (125,128, 132, 140); 0.9,0.1,0.5) u)v;) +

M, (({(150,153,156,158); 0.5,0.2,0.3) u; + ((175,185,195,200); 0.5,0.4,0.5) u,)v;)

175uyv; + 125u,v4, 1770404 + 128u2v1,)_ >
/Ha <((180u1v1 + 132u,v4,190u,v1 + 140u,v, ;0.6,0.3,0.5)

= +

150u,v, + 175u,v,, 153u,v, + 185u2v2,)_ )/
o (<(156u1v2 + 195u,v,, 158u, v, + 200u, v, ;0.5,0.4,0.5)

W

. 2 2 1
Assuming, u; = =, U, =, v =30, =73

<Ha(((94.435, 96.2126,98.6568, 104.434); O.6,0.3,0.5))>
= +

M, (((55.55,58.1053, 60.6606, 61.9938); 0.5,0.4,0.5))

(94.43 5+2(96.2126+98.6568)+104.434

- ) [0.36 & + 0.49(1 — @) + 0.25(1 — )]

+
) [0.25 @ + 0.36(1 — &) + 0.25(1 — a)]

(55.55+2(58.1053+60.6606)+61.9938
6

=98.1013 [0.74 — 0.38 @] + 59.1792[0.6 — 0.36 @] = 108.1024 — 58.5829« 4)
It is obvious from (3) and (4) that Ha((Z{’;l diu)vy + QR dpudvy + -+ 2, dinui)vn) +*
(Mg X1 @u)dvy + My (B @ppu) vy + -+ Mg (XL, @ipu)vy). So, the CLPP (P9) is not
equivalent to the CLPP (P37).
Furthermore, it is obvious that in Step 1 of Seikh and Dutta’s (2022) second approach, discussed

in Section 35, the relation
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Ha ((Z?:l dljvj)ul + (Z}l:l dzjvj)uz + -+ (Z?:l dm]v])um) = (Ha(z;';l dljvj)ul +
HQ(Z’};l dzjvj)uz + 4+ Ha(Z’le dmjvj)um) is used to transform the CLPP (P10) into the CLPP

(P38). While, it can be easily verified that II, ((zj-;laljvj)ul+(zj.l=1a2jvj)u2+---+

(B0 Gy Yt ) # (M (D 01ty + T (B @0 )ity + -+ + T (By V) i) So, the
CLPP (P10) is not equivalent to the CLPP (P38).
8 Modified approaches

It is obvious from Section 4 and Section 7 that neither Brikaa’s (2022) approach is valid nor
Seikh and Dutta’s (2022) second approach is valid. In this section, an approach by modifying
Brikaa’s (2022) approach as well as an approach by modifying Seikh and Dutta’s (2022) second
approach are proposed.
8.1 Modified approach-I

The following modified approach, corresponding to Brikaa’s (2022) approach, is proposed to find
the optimal strategies u;, i = 1,2,...,m of Player I, v, j = 1,2, ...,n of Player II, the minimum
expected gain of Player I and the maximum expected loss of Player II with the help of the interval
MPPs (P7) and (PS).
Step 1: Using the relation (Z;‘zl Yty dij)p = (Z;‘zl Y ((aij1, aijz, i @ija); Lij i, nl-j))p =

s (By),
where,
bi; = ((aij1, aijz) Aij3, Aijg); minimumi<ism{l;;}, maximumisism{m;;}, maximumi<ism{n;; })
1sjsn 15jsn 1sjsn

to find an optimal solution of the interval MPP (P7) is equivalent to find an optimal solution of the

interval MPP (P49) and to find an optimal solution of the interval MPP (P8) is equivalent to find an

optimal solution of the interval MPP (P50).
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Problem (P49)

melmlze( ( z1(bu) )vj)
Mmlmlze( ( 1(le) )v])

Mlnlmlze( i= 1( i=1(bij)rui) vj)
Subject to
( Xy =1120,j=12,..,n )

Maximize <

-~

Subject to

m — ] —
iz =1lLu; =20, i=12,..,m

Problem (P50)

(Maximize (Zﬁl ( ?:1(5ij)pvj) ui)w
Maximize (Z”L (Z?:l(gij)o-vf) ui)

. ~ .
Maximize ( m ( ?=1(bl-j)rvj) ui)
Subject to
\ Yy =Lu; =>0,i=12,....m J

Minimize <

Subject to

Yiavy=1L120,j=12,..,n
Step 2: Using the relation (by) = [(bij)lp' (bij)rp]'(gij)a = (b)), (b)), ], (i), =
[(bij)lr’ (bij)”] to find an optimal solution of the interval MPP (P49) is equivalent to find an

optimal solution of the interval MPP (P51) and to find an optimal solution of the interval MPP (P50)
is equivalent to find an optimal solution of the interval MPP (P52).

Problem (P51)

rMlnlmlze( ( [(bll)zp (b U)rp] )v])
MLnlmlze( ( [(bu)w (bij), ] )v])
Mlnlmlze( ( [(bu)h (bij), ] )vj) >

Subject to
\ Tivi=14v,20,j=12,..,n )

Maximize A«

Subject to
mTu=1Luy;20i=12,..,m
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Problem (P52)
(Maximize (Zi=1 (Z?:l [(bij)lp' (bij)rp] vj) ui)\
Maximize (Zi=1 ( =1 [(bij)laf (bij)ro] Uj) ui)

Minimize < g
Maximize (Z?; (Z?=1 [(bij)l’[, (bij)‘r’[] v]) ui)
Subject to
\ ru=1Luy;=20,i=12,..,m J
Subject to
n

=1V = 1,1;]- >0,j=12,..,n

Step 3: Aggregating the objective function of the interval MPPs (P51) and (P52) to find an optimal
solution of the interval MPP (P51) is equivalent to find an optimal solution of the interval MPP
(P53) and to find an optimal solution of the interval MPP (P52) is equivalent to find an optimal

solution of the interval MPP (P54).

Problem (P53)

fMinimize ( " < n [(bij)lp+(bij)la+(bij)l.[ ’ (bij)rp+(bij)ra+(bij)rrl ui) 17,)1

3 3
—
e Subject to
L ?=1Uj=1,vj20,j=1,2,...,n
Subject to

ymou=1u;=0,i=12,..,m

Problem (P54)
(bij), +(bij), +(bij), (bij)  +(bij), _+(bij)

Maximize( :’;1< ?zll 1p ;la' sz’ irp ;m Jrr v |

Minimize _
Subject to

\ YRiup=1lu;20,i=12,..,m )

Subject to
n

j=1 'Uj = 1, Vj > 0,] = 1,2, (R
Step 4: To find an optimal solution of the interval MPP (P53) is equivalent to find an optimal
solution of the crisp bi-objective MPP (P55) and to find an optimal solution of the interval MPP

(P54) 1s equivalent to find an optimal solution of the crisp bi-objective MPP (P56).
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Problem (P55)

( (bij)lp+(bij)lo.+(bij)lr )
Minimize| Y- m 3 ' u; |v;
J=1 =1 (bi') +(bi') +(bi') +(bi') +(bi') +(bi') l ]
Maximize < Hip VU rp VY 166 Hrg T\ 1T\ e [
Subject to
\ Yiav=1v20,j=12,.,n )
Subject to
Yhiw=1u;20,i=12,..,m
Problem (P56)
( (b)), *+(bij) ,+(bif) \
Maximize| X7 | X7 3 ' v |
Minimize ° ' J (bij)lp+(bij)rp+(bij)w;'(bij)ra"'(bij)lT"'(bij)rT |
Subject to
\ Yriw=1u20i=12.,m )
Subject to

Z’]lej =1v,20,j=12,..,n

Step 5: Using the weighted average method, to find an optimal solution of the crisp bi-objective
MPP (P55) 1s equivalent to find an optimal solution of the crisp MPP (P57) or the equivalent crisp
MPP (P58) and to find an optimal solution of the crisp bi-objective MPP (P56) is equivalent to find

an optimal solution of the crisp MPP (P59) or the equivalent crisp MPP (P60).

Problem (P57)
( (bij)lp+(bij)la+(bij)h 4 N
Minimize| Y ;| X = 3 u; |v;
Jj=1 i=1, b;i), +(b;ii) +(bi7), +(bi;) +(bii), +(b;; i j
Maximize < ( J)lp ( J)rp ( 1)106( ])ro' ( ])lr ( ])r.r [
Subject to
\ v =1v,20,j=12,..,n J

Subject to

muw=Lu; =0 i=12,..,m
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Problem (P58)

Minimize ( n < m <3((bij)lp+(bij)ld"'(bij)h.)"'(bij)rp"'(bij)rd"'(bij)r.,_.) ui) v,-)

j=1 12
Maximize .
Subject to

v =1v,20,j=12,..,n

Subject to

m — ;] —
e =1Lu; =20, i=12,..,m.

Problem (P59)
( (b)), *+(bij) ,+(bif) N \
Maximize| Y% n_ 1 3 v; |y,
Minimize 4 2iz1 J=12 (bij)lp"'(bij)rp+(bij)la"'(bij)ra'"(bij)lr‘"(bij)rr U [
6
Subject to
\ mTu=1Luy=20i=12..,m J
Subject to
7;=1 vj = 1, Uj > 0,] = 1,2, e, N
Problem (P60)
( 3((bij),, +(bij)  +(bij), )+ (bij) +(bij) _+(bij) \
!Maximize( :r;1< }1=1< ( 11p 1/ 1a J lrl)z Jrp Jrg J T‘L’) 'Uj)ui)l
Minimize
Subject to
L ﬁlui=1,ui20,i=1,2,...,m J
Subject to

?zlvj = 1,17]' > 0,] =12, ..,n

3((bij)lp+(bij)la"’(bij)h.)+(bij)rp+(bij)ra+(bij)”
12

Step 6: Since 2}21( I’;1< )ui> v; is a convex linear

combination of

m 3((bi1)lp+(bi1)la+(bil)l‘r)+(bil)rp+(bi1)ro'+(bi1)r‘r m 3((bi2)lp+(bi2)la+(bi2)l‘r)+(biz)rp‘l'(biz)ra"‘(biz)rt
izl( 12 ) i izl( 12 )ui’ ’
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m (3((bin)lp +(bin)la+(bin)l‘r)+(bin)rp+(bin)r0+(bin)rt

i1 ) u;. So, to find an optimal solution of the crisp
12

MPP (P58) is equivalent to find an optimal solution of the CLPP (P61). Also, as

12

m ( n (3((bij)lp+(bij)ld+(bi]')l1-)+(bij)rp+(bij)ro+(bij)r‘r
=1 | 2j=1

) vj> u; is a convex linear combination of

j=1 12 j=1 12

n <3((blj)lp+(b1j)la+(b1j)l‘L’)+(blj)7"p+(blj)7"0'+(b1j)r‘[> v n (3((sz)lp+(sz)la+(b2j)l‘[)+(b2j)rp+(b2j)T0'+(b2j)TT> v
j o )

3 (bm ) +(bm ) +(bm ) +(bm ) +(bm ) +(bm )
) ;‘=1< CRCORICT lTI)Z “ro Tlre - TPty So, to find an optimal solution of the

crisp MPP (P60) is equivalent to find an optimal solution of the CLPP (P62).

Problem (P61)

m <3((bij)lp+(bij)la+(bij)h)+(bij)rp+(bij)ra+(bij)r,>u_)}

Maximize {Minimum15j5n< i1 .

Subject to
mou =1y =0.

Problem (P62)

n (3((bij)lp+(bij)la"’(bij)h.)+(bij)rp"'(bij)ra"'(bij)”) v )}
J

Minimize {Maximumlsism< =1 .
Subject to

}lej =1v,20,j=12,..,n

m <3((bif)zp+(bij)za+(bif)lr)+(bij)rp+(bij)ra+(bij)rr> ui) = 0 and

Step 7: Assuming Minimum <<y, ( i1 e

n (3((bij)lp+(bij)lo"'(bij)h.)+(bij)rp+(bij)ro+(bij)r.,;

Maximumlsism< =1 . )vj> = ¢ to find an optimal

solution of the CLPP (P61) is equivalent to find an optimal solution of the CLPP (P63) and to find

an optimal solution of the CLPP (P62) is equivalent to find an optimal solution of the CLPP (P64).
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Problem (P63)

Maximize {6}

Subject to
3( (b +(b;j +(b;i +(b;i +(bj; +(bj;
&( (1) +(043),, * (013), )+ (i), +(b1), >> w20 j=12.m
12
mTu=Luy =20 i=12,..,m
Problem (P64)
Minimize {¢}
Subject to
3((bij), +\bij), +(b;; +(b;;i +(b;; +(b;;
]< (1), (01) o+ (B1) )+ (00g), , + (01, o +( )> b < i=12.m
12

}lej = 1,17]' > 0,] = 1,2, e, N

Step 8: Find the optimal values of u;,i = 1,2, ..., m and 6 by solving the CLPP (P63) for some

specific values of p € lO, minimumlsism(l”)l ,0 E [maximumlsism(mij), 1]and T €
1<js<n 1<j<n

maximumlsism(nij), 1].
1<j<n

Step 9: Find the optimal values of v;,j = 1,2,...,n and ¢ by solving the CLPP (P64) for some

specific values of p € [O, minimumlsism(lij) ,0 E [maximumlsism(mij), l]and T €
1<jsn 1<jsn

maximumlsism(nij), 1].
1<jsn

Step 10: The optimal values of u; i =1,2,..,m, obtained in Step 8, represents the optimal

strategies of Player I for the considered SVTN matrix game and the optimal values of v;,j =
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1,2, ...,n, obtained in Step 9, represents the optimal strategies of Player II for the considered SVTN
matrix game.
Step 11: The optimal value of 8, obtained in Step 8, represents the minimum expected gain of Player
I and the optimal value of ¢, obtained in Step 9, represents the maximum expected loss of Player 11
8.2 Modified approach-II
The following modified approach, corresponding to Seikh and Dutta’s (2022) second approach, is
proposed to find the optimal strategies u;,i = 1,2, ..., m of Player I, v,j=12,..,n of Player II, the
minimum expected gain of Player I and the maximum expected loss of Player II with the help of the

crisp MPPs (P9) and (P10).

T . mo) m Mo (M) _
Step 1: Using the relation l'lo((zl=1 MU) =nxit, <[alijz+(1—a)(1—mij)2+(1—a)((1—nij)2)] =
nXiz Ayj
where,

2 2 2
n=a (mln 1Si5m{lij}> + (1 - a) <1 — max 15i5m{mij}> + (1 - CZ) <1 — max 15i5m{nij})
1sjsn 1<jsn 1<jsn

and A;; = Mo () ] , to find an optimal solution of the crisp MPP (P9) is

[alij2+(1—a)(1—mij)2+(1—a)((1—nij)2)
equivalent to find an optimal solution of the crisp MPP (P65) and to find an optimal solution of the

crisp MPP (P10) is equivalent to find an optimal solution of the crisp MPP (P66).

Problem (P65)

Minimize ( ’}zl ((Z?i1 n Aij)ui) Vj)
Maximize Subject to

n

jzlvj = 1,17]' => 0,] = 1,2,...,71,

Subject to

mou=1u=0i=12..,m
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Problem (P66)

Maximize ( 4 ((Z}Ll n Aij)vj) ui)
Minimize Subject to

mu=Lu;=>20,i=12,...,m

Subject to

=V =11v20,j=12,..,n
Step 2: Since, - ((Z?;ln A; j)ul-) v; is a convex linear combination of
Clin Apu, Ciin A, ..., Gt n Aip)y;. So, to find an optimal solution of the crisp MPP

(P65) 1is equivalent to find an optimal solution of the crisp MPP (P67). Also,
e ((Z}Ll n 4; j)vj) U is a convex linear combination

of (Z’]Ll n Alj)vj, (Z?=1 n Azj)vj, ) (Z};l n Amj)vj. So, to find an optimal solution of the crisp
MPP (P66) is equivalent to find an optimal solution of the crisp MPP (P68).

Problem (P67)

Maximize {Minimum, ;<,(X%,n A;ju;)}

Subject to

mow=1u=0i=12..,m

Problem (P68)

Minimize {Maximumlsism(Z}l:l nA;v;)}

Subject to

Yi=avi=1Lv;20,j=12,..,n

Step 3: Assuming, Minimumlsjsn(Zﬁln Aijui) = P; and Mawcimumlsism(Z}‘z1 n Al-jvj) =P, to
find an optimal solution of the crisp MPP (P67) is equivalent to find an optimal solution of the CLPP
(P69) and to find an optimal solution of the crisp MPP (P68) is equivalent to find an optimal solution

of the CLPP (P70).
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Problem (P69)

Maximize {P,}

Subject to

YitinAju; = PLj=12,..,n,

m — R
e =1Lu;=20,i=12,..,m

Problem (P70)

Minimize {P,}

Subject to
Z}Lln Aijjv S P i=12,..,m,

isvi=1Lv20, j=12,..,n
Step 4: Find the optimal values of u;,i = 1,2, ..., m and P; by solving the CLPP (P69) for some
specific values of a € [0, 1].
Step S: Find the optimal values of v;,j = 1,2,...,n and P, by solving the CLPP (P70) for some
specific values of a € [0, 1].
Step 6: The optimal values of u;,i = 1,2, ..., m, obtained in Step 4, represents the optimal strategies
of Player I for the considered SVTN matrix game and the optimal values of v;, j =1,2,..,n,
obtained in Step 5, represents the optimal strategies of Player II for the considered SVTN matrix
game.
Step 7: The optimal value of P;, obtained in Step 4, represents the minimum expected gain of Player
I and the optimal value of P,, obtained in Step 5, represents the maximum expected loss of Player II.
9 Validity of the modified approaches

In this section, it is proved that the proposed modified approaches are valid.
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9.1 Validity of the modified approach-I

It is pertinent to mention that the modified approach-I will be valid if the CLPPs (P63) and (P64)
represents the primal-dual pair. Hence, the same is proved in this section.

Replacing the unrestricted decision variables 8 and ¢ with 6; — 6, and ¢, — ¢, respectively,
where 6; > 0,0, > 0,¢, = 0,¢, = 0, the CLPPs (P63) and (P64) are transformed into the CLPPs
(P63_1) and (P64_1) respectively.

Problem (P63_1)
Maximize {6; — 0}

Subject to

m (3((bij)lp+(bij)la"'(bij)lr)"'(bij)rp+(bij)m_+(bij)rr
i=1 12

>ul' 2 01 _92, ]= 1,2,...,71,

m m ;o
Y u <1L,Yt uw;=>1Lu; =20,i=12,...,m,

6, 20,6, =0.
Problem (P64_1)

Minimize {¢p, — ¢,}

Subject to

3 (bi') +(bi') +(bi') +(bi') +(bi') +(bi')

}1=1<( 11p J/1o llr) 1rp I ro 1 rt VjS¢1—¢z. i=1,2,...,m,
12

T SLYv 21,120, j=12,..,n

¢, =0,¢, =0.

Converting the sign of all the constraints of the CLPP (P63_1) into <, it is transformed into the
CLPP (P63_2) and converting the sign of all the constraints of the CLPP (P64_1) into >, it is

transformed into the CLPP (P64_2).
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Problem (P63_2)
Maximize {6, — 0,}

Subject to

_91 + 92, ] = 1,2, ., n,

m (3((bij)lp+(bij)ld"'(bij)h.)+(bij)rp+(bij)r0+(bij)r.,_.)
T 4j=1 u; <
12
T <1,-Y"ru<-1, u;=20, i=12,..,m,
6; 20,0, =0.
Problem (P64_2)
Minimize {¢; — ¢,}

Subject to

12 -1+ ¢, i=12,...,m

_yn (3((bij)lp+(bij)la'*'(bij)lt)'f(bij)rp+(bij)ra,+(bij)m_> .
v 21, =Y v =2-Ly20,j=12,..,n,
¢ =0,¢, 20.

Assuming (bu) + (bU)za + (bu) A;j, and (bu) + (bU)m + (bu) = B;; the CLPP
(P63_2) is transformed into the CLPP (P63_3) and the CLPP (P64_2) is transformed into the CLPP
(P64_3).

Problem (P63_3)

Maximize {6, — 05}

Subject to

-¥n, 2(3Al]+BU)ul_ —0,+6,, j=12,..,n,
mu<1,-Yt u<-1,u, =0 i=12,..,m,
6, > 0,6, > 0.
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Problem (P64_3)
Minimize {¢p; — ¢, }
Subject to
—3n = (BAy + By = —pi+ ¢y i=12,.,m,
7}:1 v = 1,—2}1:1 v;2-1,v,20,j=1.2,..,n,
¢, =0,¢, = 0.
The CLPP (P63_4) and the CLPP (P64_4) represents the matrix form of the CLPP (P63_3) and
the CLPP (P64 _3) respectively.
Problem (63_4)
Maximize {CX}
Subject to
AX < b,
X =0.
Problem (64_4)

Minimize {bTY}

Subject to
ATY > (T,
Y >0.
— O -
0
where, C = [0,0,..,0,1 — 1 ]1xgn+42), X =1 -
0
61
‘92‘(m+2)><1
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A=
_O_
0
b=|.
0
1
[ 1]

The CLPP (P63_4) and the CLPP (P64_4) represents the primal-dual pair and hence, the CLPPs

(P63) and (P64) represents the primal-dual pair.

1
-1

(n+2)x1

L
_E(3A1n + Bln)

o O

0
¢

| p, ]

" 1

0 (3411 + B11) 5 (3431 + By1)
1 1

-0 (3412 + By2) -5 (343, + Byz)

)
-5 (3425 + Byy)
1
-1

(n+2)x1

9.2 Validity of the modified approach-I1

It is pertinent to mention that the modified approach-II will be valid if the CLPPs (P69) and (P70)

1

- E (3Am1 + Bml )
1

- E (3Am2 + Bmz )

. .
- E (3Amn + an )

represents the primal-dual pair. Hence, the same is proved in this section.

Replacing the unrestricted decision variables P; and P, with P;; — P, and Py — Py,

respectively, where P;; = 0, P;, = 0,P,; = 0,P,, = 0 the CLPPs (P69) and (P70) are transformed

into the CLPPs (P69_1) and (P70_1) respectively.

Problems (P69_1)

MaXLmlze {Pll - Plz}

Subject to

ZﬁlT]AUul > Pll - Plz,j = 1,2, e, n,

T <1yt w=1lu =20,i=12,..

P;; =20,P;, = 0.
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Problems (P70_1)
Minimize {P,; — P,,}
Subject to
Yi=1n Aijv; S {Pyr — Py} i=12,...,m,
7}:1 v; <1, Z}l=1 v;>21,v,20,j=12,..,n,
Py; = 0,P5, > 0.

Converting the sign of all the constraints of the CLPP (P69_1) into <, it is transformed into the
CLPP (P70_2) and converting the sign of all the constraints of the CLPP (P70_1) into >, it is
transformed into the CLPP (P70_2).

Problem (P69_2)
Maximize {P;; — P;,}
Subject to
—YinAjju; £ =Py + Py, j=12,..,n,
Tu<1,-Yru<-1Lu;=20i=12,..,m,
P;1 =0,P;, = 0.
Problem (P70_2)
Minimize {P,; — P,,}
Subject to
— 271 Ajjvj = =Py + Py i = 1,2,...,m,
}‘zlvj >1,— ;‘zlvj >-1Lv,=20,j=12,..,n,
Py; =2 0,P;, =2 0.
The CLPPs (P69_3) and (P70_3) represents the matrix form of the CLPPs (P69_2) and (P70_2)

respectively.
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Problem (69_3)
Maximize {CX}
Subject to

AX < b,

X =0.

Problem (70_3)

Minimize {b"Y}
Subject to
ATy = (T,
Y >0.
— 0 -
0
C=100,..,0,1—1]1xms) X =1 -
0
Pyq
‘P12‘(m+2)><1
—NA;n —NAxn —NAm 1 —13
—NA;z —NAx .. —NAp 1 -1
- Aln -1 A2n T Amn 1 -1
1 1 1 0 O
-1 -1 -1 0 0 Jdms2)x@m+2)
0 0
0 0
b == Y ==
0 0
1 Py
'_1‘(n+2)><1 -P22—(n+2)><1

The CLPPs (P69_3) and (P70_3) represents the primal-dual pair and hence, the CLPPs (P69) and

(P70) represent the primal-dual pair.
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10 Correct results of the existing SVITN matrix games

As discussed in Section 3 and Section 6, the results of the existing SVIN matrix games (Seikh
and Dutta, 2022, Section 5.1, Example 1, p. 929), obtained by Brikaa (2022) as well as obtained by
Seikh and Dutta (2022), are not correct. In this section, its correct results are obtained by the
modified approaches.
10.1 Correct results by modified approach-I

Using the modified approach-I, the correct results of existing SVTN matrix games (Seikh and
Dutta, 2022, Section 5.1, Example 1, p. 929), can be obtained as follows:

According to the modified approach-I, an optimal solution u;,i = 1,2, ..., m of the CLPP (P63)
represent the optimal strategies of the Player I for a SVTN matrix game and an optimal solution
v;,j =1,2,..,n of the CLPP (P64) represents the optimal strategies of the Player II for a SVIN
matrix game. Since, for the existing SVITN matrix games (Seikh and Dutta, 2022, Section 5.1,
Example 1, p. 929), the CLPP (P63) is transformed into the CLPP (P71) and the CLPP (P64) is
transformed into the CLPP (P72). So, to find the optimal strategies of Player I for the existing SVTN
matrix games (Seikh and Dutta, 2022, Section 5.1, Example 1, p. 929), there is a need to solve the
CLPP (P71) and to find the optimal strategies of Player II for the existing SVIN matrix games
(Seikh and Dutta, 2022, Section 5.1, Example 1, p. 929), there is a need to solve the CLPP (P72).
Problem (P71)

Maximize {6}

Subject to

1 (((0.5—p)(175u1+125u2)+p(177u1+128u2) n (1-0)(177uq+128uy)+(0—0.4)(175u1 +125u5,) +
4 0.5 1-0.4

(1—‘r)(177u1+128u2)+(‘r—0.5)(175u1+125u2)) n
1-0.5
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1 ((O.S—p)(190u1+140u2)+p(180u1+132u2) + (1-0)(180u;+132u;3)+(0—-0.4)(190u +140u,) +
3 0.5 1-0.4

(1-7)(180u+132uy)+(t-0.5 )(190u1+140u2))> >0

1-0.5

1 ((0.5—p)(150u1+175u2)+p(153u1+185u2)+(1—0)(153u1+185u2)+(a—0.4)(150u1+175u2)+
4 0.5 1-0.4
(1—‘r)(153u1+185u2)+(‘r—0.5)(150u1+175u2)) +

1-0.5
l((0.5—p)(158u1+200u2)+p(156u1+195u2) + (1-0)(156u1+195u;)+(0—0.4)(158u1+200u,) +
3 0.5 1-0.4
(1—1')(156u1+195u2)+(r—0.5)(158u1+200u2)) >0

1-0.5 -7
u +u, =1,
u; =20,u, =20
Problem (P72)
Minimize {¢}
Subject to
1 ((O.S—p)(175v1+150v2)+p(177v1+153v2)+(1—0)(177171+153v2)+(a—0.4)(175171+150v2)+
4 0.5 1-0.4
(1—1:)(177v1+153v2)+(r—0.5)(175v1+150v2))+

1-0.5
l((0.5—p)(190v1+158v2)+p(180v1+156v2) n (1-0)(180v;+156v,)+(0—0.4 )(190v, +158v5,) n
3 0.5 1-0.4
(1-7)(180v1+156v,)+(7—0.5 )(190v1+158v2)) < ¢

1-0.5 -
l(((0.5—p)(125v1+175v2)+p(128v1+185v2) n (1-0)(128v,+185v,)+(0—0.4)(125v1 +175v;) n
4 0.5 1-0.4

(1—1)(128171+185v2)+(1—0.5)(125v1+175v2)) 4
1-0.5
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1 ((O.S—p)(140v1+200v2)+p(132v1+195v2) + (1-0)(132v1+195v,)+(0—0.4 )(140v,+200v;) +
3 0.5 1-0.4

(1-7)(132v1+195v,)+(t-0.5 )(140v1+200v2)))
1-0.5

< ¢,
171 + vz = 1,
1% = 0, U, = 0.
It can be easily verified that on solving
(i) The CLPP (P71) for different values of p, g, 7, the optimal values of u;,u, and 6, presented in
Table 4, are obtained.
(i1)) The CLPP (P72) for different values of p, o, T, the optimal values of v;, v, and ¢, presented in

Table 4, are obtained.

Table 4 Optimal values of uq, u,, 8, v, v, and ¢

(p,o,7) 6 (ug, uz) ¢ (v1,v2)
(0,1,1) 161.8730 | (0.6624,0.3375) | 161.8730 | (0.3690,0.6309)
(0,0.8,1) 162.0765 | (0.6678,0.3321) | 162.0765 (0.3736,0.6263)
(0,0.6,1) 1622760 | (0.6731,0.3268) | 1622760 | (0.3782,0.6217)
(0,1,0.8) 162.1167 | (0.6688,0.3311) | 162.1167 (0.3746,0.6253)
(0,1,0.6) 162.3548 | (0.6752,0.3247) | 162.3548 (0.3800,0.6199)
(0.2,1,1) 162.1167 | (0.6688,0.3311) | 162.1167 (0.3746,0.6253)
0.4,1,1) 162.3548 | (0.6752,0.3247) | 162.3548 (0.3800,0.6199)
(0.3,0.4,0.5) 163.3593 | (0.7030,0.2969) | 163.3593 (0.4039,0.5960)
(0.5,0.4,0.5) 163.5681 | (0.7090,0.2909) | 163.5681 (0.4090,0.5909)
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10.2 Correct results by modified approach-II

Using the modified approach-II, the correct results of existing SVTN matrix games (Seikh and
Dutta, 2022, Section 5.1, Example 1, p. 929) can be obtained as follows:

According to the modified approach-II, an optimal solution u;,i = 1,2, ..., m of the CLPP (P69)
represents the optimal strategies of the Player I for a SVTN matrix game and an optimal solution
vj,j = 1,2,...,n of the CLPP (P70) represents the optimal strategies of the Player II for a SVIN
matrix game. Since, for the existing SVITN matrix games (Seikh and Dutta, 2022, Section 5.1,
Example 1, p. 929), the CLPP (P69) is transformed into the CLPP (P73) and the CLPP (P70) is
transformed into the CLPP (P74). So, to find the optimal strategies of Player I for the existing SVTN
matrix games (Seikh and Dutta, 2022, Section 5.1, Example 1, p. 929), there is a need to solve the
CLPP (P73) and to find the optimal strategies of Player II for the existing SVTN matrix games
(Seikh and Dutta, 2022, Section 5.1, Example 1, p. 929), there is a need to solve the CLPP (P74).
Problem (P73)

Maximize {P;}
Subject to

(10794 +785u,)(0.61-0.36a)
6

(926u1+1135u,)(0.61-0.36a)

Problem (P74)

Minimize{P,}
Subject to

(1079v, +926v,)(0.61—0.36c)
6

< P,,
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(7851, +1135v,)(0.61—-0.36ax)
6

v1+v2 = 1,171 = 0,172 = 0.

< P,,

It can be easily verified that on solving

(1) The CLPP (P73) for different values of a, the optimal values of u;, u, and P, presented in Table
5, are obtained.

(i1)) The CLPP (P74) for different values of «, the optimal values of v;, v, and P,, presented in Table
5, are obtained.

Table S Optimal values of uq, u,, P; for Player I and v4, v,, P, for Player Il

a Py (ug, uz) P, (v1,v2)

0 100.6065 (0.6958, 0.3041) 100.6065 (0.4155, 0.5844)
0.1 94.6691 (0.6958, 0.3041) 94.6691 (0.4155, 0.5844)
0.2 88.7316 (0.6958, 0.3041) 88.7316 (0.4155, 0.5844)
0.3 82.7942 (0.6958, 0.3041) 82.7942 (0.4155, 0.5844)
0.4 76.8568 (0.6958, 0.3041) 76.8568 (0.4155, 0.5844)
0.5 70.9193 (0.6958, 0.3041) 70.9193 (0.4155, 0.5844)
0.6 64.9819 (0.6958, 0.3041) 64.9819 (0.4155, 0.5844)
0.7 59.0444 (0.6958, 0.3041) 59.0444 (0.4155, 0.5844)
0.8 53.1070 (0.6958, 0.3041) 53.1070 (0.4155, 0.5844)
0.9 47.1696 (0.6958, 0.3041) 47.1696 (0.4155, 0.5844)

1 41.2321 (0.6958, 0.3041) 41.2321 (0.4155, 0.5844)

11 Validity of obtained results
It is obvious from Table 4 that corresponding to all the values of p, g, 7, the optimal value of 8 is
same as the optimal value of ¢ i.e., minimum expected gain of Player I is same as the maximum

expected loss of Player II. Also, it is obvious from Table 5 that corresponding to all the values of
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a, the optimal value of P; is same as the optimal value of P, i.e., minimum expected gain of Player I
is same as the maximum expected loss of Player II. Hence, the obtained results are valid.
12 Conclusion
It is shown that some mathematically incorrect results are considered in Brikka’s (2022)
approach as well as in Seikh and Dutta’s (2022) second approach to solve SVTN matrix games. So,
it is inappropriate to use Brikka’s (2022) approach as well as in Seikh and Dutta’s (2022) second
approach to solve SVTN matrix games. Furthermore, a modified approach corresponding to the
Brikaa’s (2022) approach and a modified approach corresponding to the Seikh and Dutta’s (2022)
second approach are proposed. Finally, correct results of the existing SVTN matrix games (Seikh
and Dutta, 2022, Section 5.1, Example 1, p. 929) are obtained by both the modified approaches.
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