Asset Allocation and Liquidity Breakdowns:
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1 Introduction

Over decades the assumption that investors can trade continuously has been central to the
theory of modern finance. In the history of trading at the stock exchanges, there are however
examples where liquidity tried out or trading has been (virtually) not possible for a number of
reasons, including political turmoil, war, or hyperinflation. For instance, after World War II,
the Tokyo stock exchange was closed from August 1945 until May 1949 and it reopened with
a loss of 95% compared to the pre-war stock prices. Besides, the stock exchanges of European
countries that had been invaded by Germany were closed down for some months. The same is
true for the German stock exchanges that were closed for at least sixth months. Even the Swiss
Stock Exchange closed from 10 May 1940 until 8 June 1940 and reopened with a loss of over 20%.
Similarly, during the First World War several European stock exchanges were temporarily closed
and even the NYSE closed for 4.5 months (31 July 1914 - 28 November 1914). Recently, the
NYSE was closed for four days after the terrorist attacks of 9/11 and reopened on 17 September
setting a record volume of 2.37 billion shares. The US stock market lost almost 10% of its value.
This example shows that trading breaks can induce strong wishes to rebalance portfolios and
may be accompanied by sharp price drops. The goal of this paper is to analyze the portfolio
decision of an investor facing the threat of trading interruptions. As documented in the data,
we allow for jumps in the market prices at the advent and the end of a trading interruption.

The following table summarizes some examples.!

Exchange Trading Break Comment
London 07/1914 - 01/1915 WW I
New York 08/1914 - 11/1914 WW I
Zurich 05/1940 - 06,1940 WW II (Mobilization)
Frankfurt 04/1945 - 09/1945 Aftermath of WW 11
Tokyo 08/1945 - 05/1949 Aftermath of WW II
New York | 09/11/2001 - 09/14/2001 Terrorist Attack

Table 1: Examples for Major Trading Breaks

There are several related papers modeling liquidity effects explicitly. One strand of literature
weakens the assumption that investors are price takers. In these models, trading takes place

continuously, but large traders cannot trade without inducing price impacts. Papers dealing

1See, e.g., Frey and Kucher (1999), Jorion and Goetzman (1999), Siegel (2002). The are several other examples.
For instance, Jorion and Goetzman report that in Germany, Italy, and German-occupied territories dealing in

shares was subject to strict controls during WW 1II leading to a sharp fall in liquidity.



with this issue include Bank and Baum (2002) and Cetin et al. (2004), among others. A second
strand of literature introduces transaction costs into the model implying that it is not optimal
for investors to trade continuously. Papers in this area include Duffie and Sun (1990), Davis and
Norman (1990), and Korn (1998), among others. Besides, Longstaff (2001) looks at the portfolio
problem of an investor who can only implement portfolio strategies with finite variation and thus
faces liquidity constraints. Schwartz and Tebaldi (2006) assume that an investor cannot trade
a risky asset at all, i.e. the trading interruption is permanent. Examples are human wealth
or housing. Closely related to our paper are the papers by Kahl et al. (2003) and Longstaff
(2005). Kahl et al. (2003) consider an investor’s portfolio problem where the advent of a trading
interruption is known and Longstaff (2005) analyzes the implications for the equilibrium prices
of assets in such a setting. The problem presented in Kahl et al. (2003) can be solved recursively
(firstly solve the problem in the absorbing state and then solve the problem for the non-absorbing
state by using the solution of the absorbing state as boundary condition). In contrast to that,
to the best of our knowledge, our paper is the first one solving a problem where both states
(trading and non-trading state) are recurrent. This is particularly relevant from an economical
point of view, since during political turmoils or wars markets may close and reopen several times
and nobody knows in advance how often this will take place. For instance, after 9/11 it was not
obvious whether a second wave of terrorist attacks could soon hit the United States of America.
Besides, the problem is mathematically more involved, since it cannot be solved recursively any

more.

Furthermore, our paper is also related to the asset pricing literature dealing with the equity
premium puzzle. In particular, Rietz (1988) and recently Barro (2005) point out that the puzzle
can (partly) be resolved if investors take into consideration the potential for a rare economic
disaster occurring with a small probability. Barro (2005) writes that “a worthwhile extension
would deal more seriously with the dynamics of crisis regimes”. Since we model two distinct
regimes explicitly (normal and illiquidity), our paper also contributes to this strand of literature.
Additionally, a later section demonstrates how our model can be extended to include three
regimes (normal, crisis, illiquidity).

Our paper contributes to the existing literature in multiple ways: The efficiency loss due to
illiquidity is addressed and we are able to quantify the impact of illiquidity on an investor’s
portfolio decision. We show that the efficiency loss for a logarithmic investor with 30 years
until the investment horizon is a significant 22.7% of current wealth if the illiquidity part of the
model is calibrated to the Japanese data of the aftermath of WW II. Besides, we demonstrate
that the threat of illiquidity can change the demand for risky securities tremendously. Finally,
we are able to solve a continuous-time multi-state portfolio problem and present an (almost)

closed-form solution to a system of coupled Hamilton-Jacobi-Bellman equations.

The remainder of the paper is structured as follows. Section 2 describes the continuous-time

framework. Section 3 introduces the investor’s portfolio problem and derives its solution. In



Section 4, our results are illustrated by numerical examples and the efficiency loss due to illig-
uidity is analyzed. Section 5 briefly discusses an extension of our model to a setting with three

regimes. Section 6 concludes. All proofs can be found in the Appendix.

2 Continuous-Time Framework

We consider a simple two-asset securities market. The first asset is a (locally risk-free) money
market account and the second one is risky (stock or stock index). The economic regimes are
characterized by a finite set of states, where, by convention, 0 is the initial state at time 0. The
process Z(t) denotes the state at time ¢ and we assume that Z is a right-continuous process

with left limits. The associated (J + 1)-dimensional counting process N = (N*)cs defined by
NE(t) = #{sls € (0,1], Z(s—) # k, Z(s) = k}

is also right-continuous with left limits. Note that N* counts the number of transitions into
state k. For reasons that become clear later on, we do not restrict our model to only two states.?

The money market account (syn. bond) and the stock index (syn. stock) possess the dynamics
dM = Mrzdt,

M(0) = 1, and?
s = S [uzdt tozdW — sz,ch’“},
k#£Z-
S(0) > 0, where W is a Brownian motion and we allow the interest rate rz, the expected mean
pz, and the volatility oz to depend on the economic regime. The constant L;; models the jump
size of the stock price upon transition from state j into state k. The wealth dynamics of an

investor putting his funds into bonds and stocks read

dX =X |(rz + maz)dt + nozdW — Z nLz- . dN*|,
kAZ-
where az = iz — rz denotes the excess return and 7 denotes the proportion of wealth invested
in stocks. Denoting the number of shares of the risky asset by ¢, we thus have 7 = ¢pS/X.
We restrict our set of admissible trading strategies to those satisfying 7 € [0, 1], i.e. short sales
of the risky asset are prohibited.* This assumption also excludes any strategy that allows the

possibility of zero wealth, which is in line with Dybvig and Huang (1988). Furthermore, it is

2For instance, jumps within a state can be modeled by an enlargement of the state space such that a two
state model turns into a four state model. This is so because a Poisson process can be represented by a two-state
Markov chain.

3To shorten notation, we usually write Y instead of Y (t) and Y~ instead Y (t—) if Y is a stochastic process.
4Proposition 3.2 provides a sufficient condition such that short sales are not optimal. Our numerical results

show that for reasonable parametrizations of the model short sales are not optimal.



assumed that the investor maximizes expected utility from terminal wealth at final time 7" with
respect to a logarithmic utility function U(x) = In(x). Such an investor is characterized by the
fact that, in general, he makes myopic portfolio decisions if he can trade continuously. As will

be shown later on, this result breaks down if he faces the threat of illiquidity.

As in Merton (1969, 1971), in normal times trading takes place continuously. However, there is
a threat that a catastrophic event like a war or a terrorist attack hits the economy triggering
a shutdown of the exchange where the risky asset is traded. In this case, the investor is not
able to buy or sell his assets and is forced to stick to the portfolio that he has chosen before the
liquidity breakdown. If the investor reaches his retirement age while the exchange is closed, then
he can liquidate his risky assets only by suffering a loss of [pS = In X, where | € [0,1] denotes
the loss rate. For instance, if [ = 1, then the investor would lose all his money invested in stocks.
We emphasize that, as long as the exchange is closed, the proportion invested in stocks is not
a choice variable, but exogenously given. The following lemma provides an explicit solution for

its dynamics.

Lemma 2.1 (w-dynamics) For a fized number of stocks, the proportion invested in stocks

follows the dynamics

dr=n"(1—7") [(az —o%m)dt + ozdW — Y %dm}, (1)
k#Z—

This stochastic differential equation (SDE) has the closed-form solution w(t) = 1/(1+ Z(t)) with

iz =7~ {(0—22 —az)dt —ozdW + Y gﬁdm]
kA2

Remark. This lemma shows that 7 remains between 0 and 1 if this is so for the initial value
and the loss rates L;;. Note that Z becomes a geometric Brownian motion if the loss rates are

Zero.

3 Portfolio Decision

By assumption, the investor maximizes expected utility from terminal wealth with respect to a
logarithmic utility function U(x) = In(x). We firstly consider a model with two regimes, normal
(state 0) and illiquidity (state 1), and assume that trading comes to a halt in the illiquidity
regime.® The liquidity breakdown occurs with intensity Ag1, whereas a subsequent recovery of
the economy can happen with intensity A;g. We allow the stock dynamics to follow a jump-

diffusion process in state 0 and denote the corresponding jump size by Ly and the jump intensity

5In a later section, we include a crisis regime in which trading is still possible. This could be done by adding

a state to the state space J.



by Xg.5 Upon transition into the illiquidity state, the stock price may also jump by Lg; and
the diffusion parameters change from ag and oy into a7 and o;. In the illiquidity state, the
stock also follows a jump-diffusion and the corresponding jump is denoted by L; and the jump

intensity by Aj.
[INSERT FIGURE 1 ABOUT HERE]

Denoting the investor’s indirect utility function (syn. value function) in the normal regime by’
JO(t,x) = max Eg"[U(X™(T))],
it thus satisfies the Hamilton-Jacobi-Bellman equation (HJB)
0 = max {Jto + 2(ro + aom)J2 + 0.52%7%(00)2 T2, (2)
o1 [T (t, 2(1 — 7Loy), G=FT) — JO(t,2)] + Ao[JO(t, 2(1 — wLg)) — JO(t, x)]}
with terminal condition J°(T,x) = U(z). Here,
JH(t @, m) = By [U(XT(T))]

denotes the investor’s indirect utility function in the illiquidity regime (state 1). We emphasize
that, in this regime, the proportion invested in stock, , is not at the discretionary of the investor
any more and thus becomes a state variable.® This also implies that the last argument of J! in

the HIB (2) equals %, since

o eSS (1-Lo) i (1—Loi)
X X7(177T7L01) 17L0171'7.

The HJB in the illiquidity state reads

0 = J}+a(r +aim)J! + 052202 (01)2TL, + 2m(1 — 7)(01)?JL, (3)
+7(1 = m) (s — (01)*7)JE +0.57%(1 — m)%(01)?TL,
+A10[JO(t, 2(1 — wL1g)) — JH(t, z, )]
AT (21— wLy), SRy g e )

) 177!‘L1

with terminal condition J(T,z,m) = U(z(1 — Im)), where | models liquidation costs. We
conjecture JO(t,z) = In(z) + fO(t) and J(¢t,z,7) = In(x) + f1(¢,7) with fO(T) = 0 and

SFrom now one, we use a mixture of a jump-diffusion model and a two-state Markov chain for notational
convenience. As mentioned in Section 2, the jumps can equivalently be modeled by enlarging the state space of
the Markov chain, i.e. by considering a four state Markov chain.

"The notation E;’m means that expectation is taken under the assumption that at time ¢t the Markov chain is
in state j and that the investor’s current wealth equals z.

8Note the difference between the state variables of an HJB and the state of a Markov chain.



fYT,7) =1In(1 — Im). Then HIB (2) becomes
0 = max {fto + 70 4+ agm — 0.572(09)? 4)
—|—)\01 |:hl(1 - 7TL01) + fl(t, %) - fo(t):| + )\0 111(1 - FLQ)}.

This leads to the following first-order condition (FOC) for the optimal stock proportion 7* in
state 0.

— _ 2, % _ L01 1 (17L01)7T* 17L01 _ LU
0=ao—aom Aot T=n+Lor T Aorfr (t’ 1-Loym~ ) (1—Loy7*)? Ao 1—m*Lo" (5)

It is well-known that, in general, a logarithmic investor makes his investment decisions myopi-
cally if continuous-trading is possible. The FOC, however, shows that the threat of illiquidity
turns this myopic behavior into a non-myopic one. Note that 7* is a deterministic function of
time ¢. We shall later prove that under some technical conditions the FOC has a unique solution.

Furthermore, (3) becomes
0 = fi = Xoft +a(l—=m) (a1 = (01)*) fr +0.57° (1L = 7)*(01)* frr
+A1[f1 (¢, Trl(i;ﬁﬁ)) — At )] + g1 () + Ao fO,

where g1 (y) = r1 + a1y —0.5y(01)? + A\ In(1 —yL1) + Ao In(1 — yL1g) is a real-valued function.

For this reason, we get the following stochastic representations for f and f..

Proposition 3.1 (Indirect Utility in the Illiquidity Regime) (i) The function f! possesses

the stochastic representation
’ t (s—1) t Aro(T—t)
fitm) = / (Ai0f%(s) + ET7[g1(7(s))]) e 1007 ds + By [In(1 — 17 (T))] e o0,
t

where 7(s) = 7/(7 + (1 — 7)Z(s)),

dZ = Z"[(07 — o1)ds — o dW + lflleN]7 Z(t) =1,

and N is a Poisson process with intensity A1 .

(ii) The derivative fl is given by

6f1(t’7'(') r w | Of(s ~ — s— T | O — —
T:/t Eb [ agr)gll(ﬂ'(s))]e Mo(s=1) g — Eb [ B(TrT) 1_hl?(T) e~ Mo(T—1)

where O7(s)/0m = Z(s)/(m 4+ (1 — 1) Z(s))? denotes the derivative of the process & with respect
to its initial value 7(t) = m. Consequently, the derivative fl does not depend on f° and thus

(5) provides an algebraic equation for w*.

Remarks. a) Note that 7 is an auxiliary process with dynamics

di = 7(1 — 7) [(m — 027)dt + o dW — 1}.7;L1dN] . A =n() =,



and that Z(s) = e(0-50i—a)(s=) =1 (W(s)=W (1) /(] Ll)(N(S)—N(t)).

b) In order to calculate f! numerically, the following representation is useful.

8f1 t,ﬂ' = T _ Ss— +ee T S,w ~
LR S [ emletpts) [ Pl g 15,01 ) s
n=0"1t -
0 400
— — o7ty (t,T,w
M0 S 0, 7) [ DT () d
n=0 -0
where?
9/1 (y) = a1 — (0_1)2y -\ 1_LylL1 — Ao 1_1;1[0,107 yEe [0’ 1]7
. —X1(s—t) A —_ )"
put,s) = PN(s—t)=n) =" (nf(s )iy
(@) % |
ul\W = e 2u,
v V2Tu
ﬁ-n(ta S, w) = ~ ~ 9
7+ (1 —m)Z,(t, s,w)
O7tn (t,s,w) _ 2n(ta S w)
om (m4+ (1 —7m)Z, (L, 5,w))2’
) e(O.Sof—al)(s—t)—alw
Zn(t, s,w
( (AL

One central motivation for modeling the randomness of stock dynamics via Brownian motions
is that continuous trading activity of market participants creates this kind of dynamics.!® In
state 1, however, trading is interrupted and thus it seems to be reasonable to set the diffusion
term in state 1 to zero. Besides, we think of state 1 as a regime where the economy is hit by
an extreme event such as a war or a political turmoil. Consequently, it might also be plausible
to assume that a; < 0. As the following proposition shows, these assumptions together with
(6) are sufficient for the existence of a unique smooth solution of the investor’s portfolio choice

problem.

Proposition 3.2 (Optimal Portfolio) Assume that oy <0 and o1 = 0.

(i) The investor’s indirect utility in state 1 is decreasing and concave, i.e. the derivatives f and

1
T

are negative.
(ii) If there exists'' a solution m* to the FOC (5), then ©* is unique and corresponds to the
inwvestor’s optimal portfolio strategy. Besides, ©* is a deterministic function of time that is

continuously differentiable.

9n the definition of 1)y, the variable 7 equals the constant 3.141... and should not be mixed up with the
stock proportion.

10See, e.g., Foellmer and Schweizer (1994) and the references therein.

HFormally, this means that for each ¢t € [0, T] there exists a 7*(t) € [0, 1] such that 7*(¢) solves the FOC (5).



(iii) A solution exists if the right-hand side of the FOC is positive for m = 0 and negative for
m=1, e foralltel0,T]

o — AoLo — Ao1Lor + A1 fr(t,0)(1 — Lo1) > 0, (6)
L L 1
2 0 01 1
— - A - A A t,1 < 0
Qo — 0g T I, 0117L01+ 01/ (1, )1—L01 =

Remark. Condition (6) can be rewritten more explicitly as

0 < ag—AoLo—Ao1Lor — Ao1(1 — Loy )IEYC[1/Z(T))e= Mo (T=1)
-‘r)\ol(l — LOl)(Oé — ML — )\10L10) ftT Et,o /Z( )} —A10(s— t)ds,
1

0 > ap—0f — Aot — Aot 29— — Ao 1 LBV Z(T))e Mo
+>‘01m<0‘1_01 — M5 — MoTEe ) SBR[ Z(s)Jem Mol D s,

Note that the assumptions a; < 0 and o7 = 0 are by no means necessary, but they imply that
fLand fL_ are negative, which are the key properties used in our proof. Besides, we remark
that condition (6) is satisfied for reasonable choices of ag. However, if o is “too large” or “too
small”, then it can happen that this condition is not satisfied. For instance, if o is negative,
i.e. an investment in stocks is strictly inferior compared to an investment in bonds, then the
optimal proportion held in stocks is zero, which is a corner solution. These kinds of degenerated
cases are excluded by (6). The following proposition provides an explicit representation of the

investor’s indirect utility function in the normal state.

Proposition 3.3 (Indirect Utility in the Normal Regime) The investor’s indirect utility

in state 0 is given by

)\01 T _ )\10 T
JO(t,z) = In(x) + 760‘01‘”10”/ F(s)e 1%ds + 7/ F(s)eMo%ds,
(&) (=) Ao1 + Ao ¢ (s) Aot + Ao Sy (s)

where
T ~
F(t) = 90(7T*(t))€_)\10t+)\01/ Ei’m}(t)[91(7?(8))]6_)\108618
t
A EYO (1 — 17(T)))e T

and #o(t) = (1—Lo1)m*(t) /(1= Lo1m*(t)), go(m*) = ro+aom* —0.5(7*)(00)? + Ao In(1 —7* Lg) +
)\01 ln(l - 7T*L01).

Usually, one has to solve the integrals in the representation for J° numerically. There is however
a particular situation where an explicit formula for the investor’s indirect utility is achieved. This
is the case for oy = a1y = Ly = Ly = Lg1 = 0. Then the FOC simplifies into

L l
0=ap— o7 + Aot ((eklo(Tt) B 1)ﬁl’?Lm - eAm(Tt)l—w*l) .



If additionally [ = Lyq, then we get

L

2, % 10
O:OéQ—O'ﬂ' —/\017
0 ].7’/T*L10

and the investor’s indirect utility is explicitly given by

Aot Ao1 1 B B
ot = 0 Qatho) ) 4+ —= AN — (Mo1+A10)t _ (No1+A10)T
F®) Aot + Ao ‘ ((go(ﬂ' ) A10 (7)) Aot + Ao (e ¢ )
+(ln(1 — Lloﬂ-*) (ﬂ_*))e—)\wT(e—Amt _ e—)\mT))

A
LMo
Ao1 + A1o

* Aot *
Hoolr) + T2 ()T 1)),

- —
/\1og

A 1
(o1 (1 = Lagm) = S ga(r))e™ 0T = (MoT — et
)\10 /\10

where go(y) = 70 + oy — 0.5y%03 and g1(y) = r1 + Ao In(1 — yLio).

We now shift our attention to the important question of whether the Hamilton-Jacobi-Bellman

equations have smooth solutions. This is established in the following proposition.

Proposition 3.4 (Classical Solutions) Under the assumptions of Proposition 3.2, the func-
tions fO and f' are classical solutions of the HJBs, i.e. fO € C* and f! € C12.

In our applications, we wish to quantify the utility loss of an investor facing the threat of illig-
uidity. For the reader’s convenience, we briefly establish the investor’s indirect utility function
in the case that trading is allowed in both states. The investor’s indirect utility functions in
states j € {0,1} are then given by J/(t,r) = max, EE’I[U(X”(T))] leading to the following

result.
Proposition 3.5 (Optimal Solution without Illiquidity) The first-order condition for the
investor’s optimal portfolio strategy 75 in state j € {0, 1} is given by

Li . L
M—mL; M1 -m Ly

The investor’s indirect utility in state O reads

)\01 r _ /\10 T
Jo t,x) = In(z) + 7€(A10+>\01)t/ F(s)e )\01st+ 7/ F(s)e o5 ds
(t.) (@) Aot + Ao ¢ (s) Aot + Ao Sy (®)
where
A
F(t) = go(ﬁa‘)ef)\lot + T(l)(l)gl(ﬁf)(ef)\mt . efAmT)7
9i(y) = ri+a;y—05y°07 + A In(1—yL;) + Ajr In(1 — yLjp).



4 Numerical Illustrations

One important example for a major trading break is the aftermath of World War II in Japan. At
that time, the Tokyo Stock Exchange was shut down for almost four years reopening with a loss
of more than 90%. Rietz (1988) and Barro (2005), among others, emphasize that these kinds of
events can have a significant impact on security prices in an economy. For this reason, we wish
to quantify the investor’s utility gain expressed in terms of his initial capital when he is able to
trade even in the illiquidity state. More precisely, we calculate the amount of initial capital that
he would be willing to pay in order to be able to trade in all states. Table 2 summarizes our
numerical results for different parametrizations of the model. The column “Az (%)” contains
the percentage by which the initial capital of 100 can be reduced in order to get the same utility

as in the model where trading is allowed in both states (see Proposition 3.5).
[INSERT TABLE 2 ABOUT HERE]

We assume that the stock dynamics follow a diffusion process in state 0 and are deterministic
in state 1, since g = 0.25, Ly = 0 and o1 = 0, L; = 0.'2 However, either when entering or
when leaving state 1 the stock loses a fraction of its value, i.e. either Lg; > 0 or L1g > 0. The
parameters A\g; and Ajg are chosen in order to mimic situations such as in Japan after WW II.
For instance, the parametrization A\g; = 0.01, A;9 = 0.3, Lo = 0, and L9 = 0.9 implies that, on
average, once in a century the illiquidity state is reached and, on average, this state is left after
3.33 years triggering a stock price decrease of 90%. In this particular case, for an an investment
horizon of T' = 30 years, the change of initial capital amounts to over 22%. This is due to the
fact that an investor who is able to trade can avoid the loss that is triggered by a jump from
state 1 to state 0. He will sell his stocks once the economy is in state 1 and thus use the money
market account as a “safe heaven”. If the investor cannot trade, he will not be able to avoid
this loss. For this reason, he invests considerably less of his wealth into the risky asset. Figure
2 depicts the function f1(0,-), as well as the right-hand side of the FOC (5) as a function of 7
with ¢ = 0. The column labeled by 7 ;,;;, contains the optimal time-0 stock demands in state
0 (liquidity) when the investment horizon is T' and trading is not possible once the economy
has jumped into state 1. In contrast to these demands, if trading is allowed in state 1, then the
investor behaves myopically and the optimal stock demand is mg ;;, = 80% except for the cases

where Lip = 0. As mentioned above, we have ﬂ-iliq =0.
[INSERT FIGURE 2 ABOUT HERE]

As A\g1 is much smaller than A\, at time T, we expect the economy to be in state 0. Therefore,

setting [ = 0 has only a small impact on the percental change of initial capital, which can be

12Drift and interest rate are in line with Barro (2005).
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seen in the third and fourth line of Table 2. However, if the loss rate Lig increases from 50% to
90%, then the percental change of initial capital increases significantly. Increasing A1g to 1 only
results in small change indicating that the effect of illiquidity is small if the investor does not
suffer additional losses. The percental change of the initial capital, however, strongly depends
on the intensity Ag; modeling the probability that the exchange is closed. If we interchange the
values of Lg; and Lig as well as Ag; and Aig, then the change of initial capital is zero. In this
case, the investor will not hold any risky assets in state 0 independent of whether he can trade
or not. This is so because short-sales are not allowed. Therefore, an investor who is exposed
to the threat of illiquidity will not have any disadvantage. If we only interchange the values
of Ly and Ljg, we get much smaller percental changes of the initial capital. In this situation,
both investors will hold less stocks in state 0. It is also interesting to note that in this case, the
percental change of initial capital decreases when the loss rate increases. For a higher loss rate
L1, an investor being able to trade loses more money when the economy switches to state 1.
Thus he will benefit less from being able to trade in the illiquidity state 1. Note that, in the
case of a; = 0, we are in the situation of the example described in Section 3 and thus have an

explicit formula for the investor’s indirect utility.
[INSERT FIGURE 3 ABOUT HERE]

For our second application, we consider a model where the indirect utilities of states 0 and 1
are identical if the investor can trade in both states. This allows us to quantify the mere effect
of illiquidity. As depicted in Figure 3, we thus construct a version of our two-state model in
the following way: Consider an ordinary model where the stock dynamic follow a pure diffusion
process (Merton model). The corresponding variables are denoted by 7y, opr, aps. Obviously,
such a model yields the same indirect utility as our two-state model if the investor can trade
in both states, all jumps are set to zero, and rg = 7y = 7, 09 = 61 = op, Q9 = Q1 = Q.
We now wish to construct a pure jump model for state 1 that leads to the same indirect utility.
We thus set the volatility in state 1 equal to zero and allow for stock price jumps in state 1.
The variables of the pure jump model for state 1 are denoted by r1, o1 = 0, a1, A1 and L.
Using the conjecture for the indirect utility functions, we now compare the following HJBs for

the diffusion and the pure jump model.
0 = max{f} +# + 7%y — 057262} (7)
7y

0

max{f} + 71 +ma1 + M\ In(1 — 7 L)}
™

Note that the HIBs do not contain a jump term since, by assumption, f0 = fl = f! and the
loss rate upon transition from state 1 to state 0 equals zero. Differentiating with respect to
and 7, respectively, yields

1 A1

mn=—-—
’ 1 Ll oy
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Substituting these optimal strategies into the equations (7), the indirect utility functions in the

two states are identical if the parameters oy, A1, and L; satisfy the following requirement.

A9
. af aq Al
9 (M) ),
T’1—|—2&% 7’1—|—L1+ 1(11 o )

For simplicity, we set a; = &y, r; = 1. Then for fixed L1, one can solve the above equation
for \;. For different parametrization of the model, Table 3 provides the changes of the initial
capital. It can be seen that now the effect of illiquidity is smaller. It increases with Ag; and
decreases with A\1g. As Table 4 shows, the impact of illiquidity becomes much more relevant if
the loss rate [ is not equal to zero, i.e. if the investor loses a fraction of his funds invested in
stocks given that his investment horizon is reached while the exchange is closed. However, for
[ # 0, the model is no longer equivalent to the original Merton model. As before, throughout
Table 3 and Table 4 we have m; ;. = 80%.

[INSERT TABLES 3 and 4 ABOUT HERE]

5 Three Regimes

As a generalization of the model presented in Section 3, we now consider an economy with three
regimes, normal (state 0), illiquidity (state 1) and a third regime (state 2) in which excess return
and volatility can be different from the corresponding parameters in state 0. For instance, state
2 can model an economic crisis where trading is possible, but the excess return is lower and the
volatility is higher as in the normal state. According to Barro (2005), this is a relevant extension

of the model.

In each state, the stock follows a jump-diffusion process where «; denotes the excess return and
o; denotes the volatility, ¢ € {0,1,2}. The size of a relative stock price jump in state ¢ is denoted
by L; and its intensity by A;. Besides, A;; stands for the intensity for a regime change from
state ¢ into state j. The corresponding loss rate is denoted by L;;. As before, the investor is

not allowed to buy or sell his assets, while the economy is in the illiquidity regime (state 1).
[INSERT FIGURE 4 ABOUT HERE]

The investor’s indirect utility functions are now given by
JI(t,x) = max EJ*[U(X™(T))], j € {0,2}, J'(t,2,m) = Ey""[U(X™(T))].

For j, k € {0,2} with j # k, we obtain the following Hamilton-Jacobi-Bellman equations for
the three states.

0 = max {th(t, x) + x(rj + mja;) Ji(t, ) + 0527w 02 J1 (¢, x)

5
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+X; [F(t,x(1 —m;L5)) — J(t, @)

A [T (w1 = L), S — ()| 4+ g [TH (21— 7)) — ()] |
0 = J'ta,m)+a(r +mar)Jy(ta,m) +052°7°07 I, (¢ 2, m) + an?(1 — m)ot Jy (L, @, 7)

+7(1 — ) (s — oim)JL(t, x, ) + 0.57%(1 — )20 T2 (¢, 2, )

IS [Jl (t,2(1 — 7Ly), G=almy Jl(t,x,w)}

+A10 [Jo(t,x(l - 7T'L10)) — Jl(t,l‘,ﬂ')] + A2 [JQ(t,.’Ii(l — 7TL12)) — Jl(t,.li,ﬂ')] s

with terminal conditions J7(T,z) = U(x) and J!(t,x) = U(z(1 — Ir)), where [ again models

liquidation costs. Setting

9;(y) =71 + oy — O.E)yzcrj2 + A In(1 —yL;) + Z NeIn(l—yLji), Jj€{0,1,2},
j#ke{0,1,2}

we conjecture
JO(t,z) = In(z) + fO(t), J'(t,z,7) =1In(z)+ fL(t,7), J*(t,z) =1In(z) + f2(t)
implying
0 = max {7(0) +g5(m) + A [ £ (6 ) — P O]+ e [0 - 0]
0

fitm) + 71 = m)(on — ofm) fr(t, m) + 057 (1 = m)%0% fr (¢, 7) + gu ()
+)\1 [fl (t7 Trl(i,_réi)) - fl (t,ﬂ)} + >\10 [fo (t) - fl(tvﬂ—)] + )\12 []‘Q(t) - f (tﬂT)] )

for j, k € {0,2} with j # k. This leads to the following first order conditions for the investor’s

optimal portfolio strategies in states 0 and 2, 7§ and 73.

(1—L7‘1)‘“’;’) 1-Lj,
(

o2 %y, L oy Ljyv . Lk rl ;
O—Oé] J A] 1—71';ij A]11—7r]’.‘Lj1 )\]k l—ﬂ;ij +/\-71f7r(t’ 1—Lj17r; 1—Lj17r;.‘)2

J
As before, 7§ and 75 are deterministic functions of time ¢ that only depend on f!. Furthermore,

we get the following stochastic representation for f! and f1.

Proposition 5.1 (Indirect Utility in the Illiquidity Regime) (i) The function f! reads

T
FHem) = / (A10f%(s) + Ar2f?(5) + Ey7[ga (7 (s))]) e~ Mot A2 070 s

+EM In(1 — [7(T))] e~ Protra2)(T=1)
where 7(s) = 7/ (n + (1 = 1) Z(5)),

dZ:Z7[( —al)ds—aldW-i- le] Z(t):].

and Ny is a Poisson process with intensity A .

(ii) The derivative fl is given by

afl(tvﬂ—) T | OF(s ~ — s— T | OFF — —
or :L Et |: ()gl(/]r( ))} € Prothat t)d Et |: (9(71')1—l‘f~r(T) € o) t)’
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where 07 (s)/0r = Z(s)/(m + (1 — w)Z(s))? denotes the derivative of 7(s) with respect to its

initial value 7(t) = 7.

This time, substituting f! into the HJB equations for states 0 and 2 yields a linear system of
two second-order differential equations. As opposed to the setting of only two different states,
by reduction to first-order, we now end up with a four-dimensional system of first-order ODEs.
We are able to explicitly determine the roots of the corresponding characteristic polynomial of
order four and thus may derive a representation of f' by applying the variation of constants
method and Cramer’s rule. The following proposition provides such an explicit representation of
the investor’s indirect utility function in the normal regime if A\g; = A21. As mentioned before,
we think of state 1 as being triggered by a catastrophic event leading to a closure of the stock,
whereas state 2 corresponds to an economic crisis during which the investor can still trade.
Thus, A\g1 = A1 means that the occurrence of a catastrophic event does not depend on whether

the economy is currently in crisis or not.

Proposition 5.2 (Indirect Utility in Normal Regime) Assume that \g1 = A21 and let
Aj.o = Zj?ék Aji denote the aggregate intensity of leaving state j. The investor’s indirect utility

in state 0 is given by

T
JO(t,z) = In(z)+eMi(e / ePo2 A2 =A)(E=9) ([ (5) — Fy(s))ds
t

T
+62/ 1 (79 (Mg — Aa0) Fo(s) + (A2 — Aoz) Fa(s))ds

t

T
+03/ B_Al'(t_s)((Alz)\Qo + )\10)\2.)F0(S) + ()\02)\1. + )\12)\21)F2(8))d8),
t

T .
Fi(t) = gi(m}(£)e ™" + Ay / Y™ g1 (7(s))Je ™ ds + A BY™ O In(1 — 17(T)) e 7
t

and 7j(t) = (1 — Lj1)7; (t)/(1 — Lj1m;(t)). The constants c; are given by (15) (see Appendiz).

Remark. In the proof of the previous proposition, we also provide a representation for J° if
Aot # a1

The function J? possesses a similar representation as .J°. Therefore, as in the setting with two
states, we get that f° and f2 are continuously differentiable. Furthermore, by the Feynman-Kac
representation of f!, we obtain that f! € C''2. Hence the functions f°, f!, and f? are classical

solutions of the corresponding HJBs.

14



6 Conclusion

This paper studies the portfolio decision of an investor facing the threat of illiquidity. Iliquidity
is understood as a state in which the investor is not able to trade at all. Calibrating the illiquidity
part of the dynamics of the risky asset to the Japanese data of the aftermath of WW II, it is
shown that this threat has a significant effect on the investor’s portfolio decision and that the
efficiency loss is remarkable 22.7% of current wealth if the investment horizon is 30 years and
the investor has logarithmic utility. To obtain these results, we solve the corresponding control
problem explicitly, which means that we derive the solution to a system of coupled Hamilton-
Jacobi-Bellman equations. Our paper also contributes to the literature dealing with the equity
premium puzzle, since we introduce a model that is able to address the time dimension of an
economic crisis in which trading is not possible. We note, however, that our model is of partial
equilibrium type and thus our numerical results should be viewed as suggestive rather than
definitive. One possible direction for future research might be to study a general equilibrium

model with multiple agents.
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A Appendix

Proof of Lemma 2.1. Set Y = 1/X. We have

dY =Y~ [(—rz — raz + 20%)dt — mozdW + Qﬁig;kdzvk].
k£Z—

Note that ASAY is given by

7 (Lz-)?

dN*.
1-— 7T7Lz—k

ASAY = -S7Y~ Y
k£Z—

Thus, by the product rule d(SY) = S7dY + Y ~dS + d{S,Y)¢ + ASAY, we obtain

d(SY)=S"Y [(az(1 —7) —o%n(l —7))dt + oz(1 — 7)dW — q::%iz:c’“de]

k#AZ—
and the first result follows from dm = pd(SY). The second result follows by an application of
It6’s lemma to Z = 1/7 — 1. O

Proof of Proposition 3.1. The first part follows from Fubini’s theorem applied to the
Feynman-Kac representation of f! with f}(7,7) = In(1 — Im). As for the second part, note
that for 0 < Lyg, L1 < 1 we have

Ly Ly
1—-1q 1— L10

lg ()| < |aa| +oF 4+ X\

for all y € [0,1]. Acting on the tacit assumption that 7 € [0, 1], by the remark following Lemma

2.1 we obtain

~ Z(s,w)
(Z(s,w) A1)?

L L
<041|+0'%+)\111 1+)\10 10 ) (8)

or L 1— Ly

Pﬂm“”%ﬁmewé

for all (s,w) € [¢,T] x Q. Furthermore we have

‘ O (m, T, w) l Z(T,w) l

or  1- lﬁ(w,T,w)‘ T (Z(T,w)A1)21 -1 ©)

for all w € Q. Therefore, the discounted left-hand sides of (8) and (9) are uniformly bounded in

7 by integrable functions, and we can thus interchange differentiating and integrating. O

Proof of Proposition 3.2. (i) and (ii). Let a3y < 0,0, =0, 7 € [0,1] and 0 < L9, L1 < 1. We
have gi(y) <0, for all y € [0,1] and 97 (s)/d7 > 0, for all s € [¢,T]. Thus, by the monotonicity

of the integral and the remark after Lemma 2.1 we find f} < 0. Since Z(s) = % > 1,
we have - B
0°7(s) _ Z(s)(L = Z(s)) >0

4
orr T (mt (1-mZ(s)?
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Further,

and consequently

T B o} = ZE g o) + (87?(8))291'(%(5)) <0

or | Orm on
0 [0R(T) 1 _PR(T) o7 (T)\> 12 -
or | o 1—-Ix(T))  or2 1-17(T) on (1—Ix(T)2 =~
Since 7 € [0, 1], there exist constants ¢; > 0, 1 <4 < 4 such that
o (on(m, s,w) , . ~ - .
oA P2 s | < 26 (Bs.) - D+ (e (10
for all (s,w) € [¢,T] x Q and
0 [om(m,T,w) l - - - )
_ < _
o { o T T.w) H <3 Z(T,w)(Z(T,w) — 1) + c4 Z(T,w) (11)

for all w € €2. Thus, the discounted left-hand sides of (10) and (11) are uniformly bounded
in 7 by integrable functions, and as in the proof of Proposition 3.1, we can thus interchange

differentiating and integrating. This yields
anl(t ) T t 827}(5) ’ o7 (s) ? " Ao(s
) _ T ~ ~ —A10(s—t)
T — [ e [Gaaen + (52) ste)]enenas

[ llfr(T) ! (67;(:)) (1- zi?(T))ﬂe_m(T_t) =0

Taking the derivative with respect to 7 of the right hand side of the FOC we get

(1—Lo)7*\ (1—Lo1)?
1— Lgym* (1—L017T*)4

(1—7T*L01)2 0(1—71'*[/0

)2

1-L )71'* L01(17L01)

s (¢, L Lo :
+ /\Olfﬂ' ( ’ 1 —L()17T* (1 —L017T*)3

O 2 —08 - )\01

+ Xo1 fix (tv

Thus, the solution of the FOC is unique and satisfies the second-order condition. Furthermore,
by the implicit function theorem, we conclude that given the existence of the mapping 7* :
[0,T7] — [0,1], t — 7*(t) where 7*(¢) solves the FOC (5), the mapping 7* is continuously
differentiable and maximizes the HIB (4).

(iii) Under our assumptions, the right hand side of the FOC (5) is continuous and decreasing in

7. Therefore, by the intermediate value theorem, the claim follows. m|

Proof of Proposition 3.3. Recall, that the HJB equation for state 0 is given by

0= f(t) + go(m* (£)) + Aor f1 (£, 70 (1)) — Ao (1),

18



where go(7*) = ro + aon™ — %W”US + Xoln(1 — 7*Lo) + Ao1 In(1 — 7*Lg1). By Proposition 3.1,
we have
T T
Pt A1) = Ao / fo(s)em 0l 0ds + / By (g1 (7 (s)Je M0 ds
t t
+EO (1 — 17 (T))]e Mo T=0),

which yields the following integro-differential equation for f°
T
0 = ft)e Mol + go(m(t)e Mo + )\01)\10/ fO>s)e™10%ds — Ny fO(t)e Mot
t
T - ~
+Ao1 / E'iaﬂ”o(t) [91 (ﬁ(s))]eiAlOst + >\01E§7ﬂo(t) [ln(l _ lﬁ'(T))]eiAmT.
t

Substituting
T
H(t) = / fO(s)e~M0sds
t
into the equation above, we get
0 = —H//(t) — (}\10 — )\Ul)H/(t) —+ )\01)\10H(t) + go(ﬂ'* (t))e_)‘mt

T - ~
+Ao / Etlm()(t) [91 (ﬁ(s))]ei)\wsds + )\01Efi’ﬂ0(t) [In(1 — lﬁ(T))]ef)‘loT,
t

Eventually, setting

T ~
F(t) = gO(Tr*(t))ei)\mt —+ )\01/ Ei’ﬂo(t) [gl(f((s))]e*)\msds

t
FA BV In(1 — 17(T)))e Ao
leads to the following second order linear inhomogenous differential equation

H”(t) + (/\1() — /\01)H/(t) — /\01)\10H(t) = F(t) (12)

with the constraints
H(T)=0, H'(T)=0.

The characteristic equation
1%+ (A0 — Ao1)pt — Aot Ao = 0

has the two roots,

1= Ao1, f2 = —Aio.

Thus, the exponential ansatz yields the following fundamental system for the homogenous dif-
ferential equation

ui(t) = et uy(t) = e Mol
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By means of the method of variation of constants, a particular solution of the differential equation

(12) is given by

T T
W):ul(t)/t st—uz(t)/t wd&

where the Wronskian determinant W is given by
W(S) = 7()\01 + )\10)6(/\017/\10)8.

Note that we have w(T) = 0 and w'(T) = 0. Thus, the unique solution of the constraint

differential equation (12) is given by the particular solution w, i.e

T T

F(s) 5 (s F(s) _ _

H t) = —_—€ 10(3 t)dS —/ — € AOl(S t)dS.
® /t Aot + A1o ¢ Ao1 + Ao

Differentiating H we obtain

H'(t) = u’l(t)/t F(S)UQ(S)ds—u;(t)/t %ds

W(s) (s)
T T
F(s)  oi(s— F(s) _
= = / T ealsmtgg ) / — Y (st gg
J Ao+ Ao L Xor + Ao

Further, by definition of H we have
H'(t) = — fO(t)e "
and thus, f° is given by

T T
F(s)  _noi(s— F(s)
0 _ Aot Ao1(s—t) A0S
t) = A\gre”t° / — e 0 ds+ A / —e¢ ds.
F® o ¢ Aot + Ao YL Xor + Ao

Proof of Proposition 3.4. By Proposition 3.2 (ii), the function F' is continuous. Thus

A T \ T
0y = 01 (/\o1+>\10)'/ F —Xo1s g 10 / A0S
e s)e s+ — F(s)e ds

is continuously differentiable. As we have already seen in the proof of Proposition 3.1 and
Proposition 3.2, the function f! is twice continuously differentiable with respect to 7. Further,

the Feynman-Kac representation

o0 T 0
fem) = Z/ e 21007 0p (¢, 5) (Mo fO(s) +/ 91(7n (L, 8,w))ths—t(w)dw)ds
n=0""t -0
e Mo N " p (£,7) / In(1 — 17, (t, T, w)) o —¢ (w)dw
n=0 -
implies that f! is continuously differentiable with respect to ¢. O
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Proof of Proposition 3.5. Under the assumption of J7(t,z) = In(x) + f7(t), we get the
following Hamilton-Jacobi-Bellman equations for j, k € {0,1} with j # k.
0 = max {ftj + 71+ o — 0.57T]2-0J2- (13)
7
g (1 =75 L) + £ = 7] + Ay In(1 = mL;) }.

with terminal conditions J7(T,z) = U(z). This leads to the following first order conditions for

the investor’s optimal portfolio 7}

0=aj—7r-

Furthermore, we have

_ 9i(7)

T
(1= e MT=0)y | >\jk/ FE(s)e Aol g,
Ajk t

F(t)
where
9i(y) =71; + ajy — O.5y2032» + A In(1 —yL;) + Aji In(1 — yLjz).

Substituting the above representation of f! into the HJB (13) for state 0, and setting

T
H(t) = / fO(s)e Mosds
t
we obtain the following second order ordinary differential equation

A
SOy () (et — e,

H"(t) + (Ao — A1) H'(t) — Aor Ao H (t) = go(m)e 210" + g7

O
Proof of Proposition 5.1. analogously to the proof of Proposition 3.1. ]

Proof of Proposition 5.2. By Proposition 5.1 and the HJB equations for f° and f2, we

obtain the following integro-differential equations

. T . .
0=fl(t)e M+ / A () + A fF(s)e ™ ds + N fF(8)e ™ Mt = Ny f7 (t)e ™ Mt + Fy(t),
t
J, k €{0,2} with j # k, where

T ~ ~
Fj(t) = gi(m} (£)e ™" 4+ A / By gy (7(s)le ™ ds + A By In(1 = 17(T)) e T
t
and 7;(t) = (1 — Lj1)7mj(t)/(1 — Lji7;(t)). Substituting H;(t) = j;T fi(s)e **ds into these
equations, we obtain a linear inhomogeneous system of two second order constant-coefficient

differential equations

H{(t) + (A1 — Ao ) H{(8) — Mor Ao Ho(t) — Aor A2 Ha(t) + o2 Hy () = Fo(t) (14)
HY(t) + (A1 — A2 ) H5(t) — Aar Ao Ha () — Aar Ao Ho(t) + Aao H|)(t) = Fa(t)
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with terminal conditions Ho(T) = 0, H{(T) = 0, Hy(T) = 0, H)(T) = 0. By definition of Hy,

the investor’s indirect utility in state 0 is given by
JO(t,x) = In(x) — Hj(t)e "

Setting Aji = Aj. — Ag. and substituting (uo, u1) = (Ho, Hy) and (v, v1) = (Ha, Hy), the system
(14) can be transformed into the following system of first-order ODEs.

uO = Ui,
up = AotArouo — Atour + Ao1di2vg — Ao2v1 + Fu,
vy = w1,
vl = Aa1AioUo — Azour + Aa1Ai2vg — Aqgvq + Fo.

The characteristic polynomial of the corresponding homogenous system reads

pr(p) = plp+ M) (12 + pp+ q),

where
D= A1 — Ao. — A2 g = o1 (A2 — A1o) + A21(Ao2 — A12).

Thus, the eigenvalues are explicitly given by 11 = 0, puo = —A1. and pus 4 = —p/2£+/(p?/4 — q).
Note that in case of A\g; = A21, we have

H3 = Aa1 Ha = Ao. — A1+ Aoo.

By the variation of constants method and Cramer’s rule, the solution of the above system under

the constraint (ug, u1,vo,v1)"(T) = 0 is given by

. 4 T —Dj S
(u,v) <t>=§w<t> / dt(y(x))d

where y;, j = 1,...,4 is a fundamental system of the corresponding homogenous system and
D; denotes the determinant of the matrix (yi1,y2,ys,ys) where the jth column is replaced by
(0, Fy, 0, F3)t. Note that in case of four pairwise different real eigenvalues, the exponential ansatz
yields that a fundamental system is given by y; = v;e*s’, where v; denotes the eigenvector

corresponding to ;. Eventually, for Ag1 = A1 we get
T
H@) = e [ oo T E(s) — Fle))ds
t
T
—Cg/ 6/\21(t_s)(()\10 — )\Qo)Fo(S) =+ ()\12 — )\OQ)FQ(S))dS
t

T
—03/ e =) (A9 ha0 + AioA2. ) Fo(s) 4+ (MoaAr. + Aiada1) Fa(s))ds,

t
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where

C1

C2

C3

(M2 — AM2X21 + Ao2(A2. — A1.))(Ao2A20 — AroAe. + Aap( A2, — Aq2))

(Ao2 — A1+ A20) (Aoz + A2.) (Ao2A20 — A1oAa. + Agp(Aa. — A12))

)\21

(A1. = Aoz — A20) (A1 + Aa1)

1

(M- + A21) Aoz + Aa.)

23
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Ao, Lo

Aat, Lo

Ao, Lo

MLy

Figure 1: The figure depicts an economy with two regimes, where trading is possible in state 0

and impossible in state 1.

FOC(1)*100

0.5

Figure 2: The figure depicts the function f1(0,-), as well as the right-hand side of the FOC (5)

as a function of 7, where the parameters are chosen according to the sixth line of table 2. To get

a more pronounced slope, the latter curve is multiplied by 100. Note that this does not change

the null of the function.
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Figure 3: The figure depicts the situation of example two.

At
oL Ly
1 D,\l. L
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o Lo =
Ao, LUC 0 N ~<' g
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"’;/u
®, ~
/ 3 s

v 2 D,\g Ly

Figure 4: The figure depicts an economy with three regimes where trading is possible in states
0 and 2 and impossible in state 1.
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Aot | Lot | Ao | Lio | U | T | 7504 (%0) | 7515 (%) | Az (%) | variable | value

0.01 0 03 | 05|05 ] 10 66.34 80.00 4.72 0 0.03
30 66.26 80.00 13.64 71 0.03
50 66.26 80.00 21.74 Qo 0.05

0.01 0 0.3 | 0.5 0 | 50 66.26 80.00 20.68 g -7

0.01 0 03 |09 (09|10 52.29 80.00 8.27 0o 0.25
30 52.28 80.00 22.71 o1 0
50 52.28 80.00 34.88 Ao 0

0.01 0 1 0.5 | 0.5 | 50 67.39 80.00 21.43 A1 0

0.02 0 0.3 | 0.5 ] 0.5 10 55.09 80.00 8.14 Ly 0
30 54.98 80.00 22.55 Ly 0
50 54.98 80.00 34.70 t 0

0.02 0 0.3 | 09 |09 |10 36.49 80.00 12.49 X (0) 100
30 36.47 80.00 32.67
50 36.47 80.00 48.19

0.3 | 0.5 | 0.01 0 0 | 50 0 0 0

0.01 | 05 | 0.3 0 0 | 50 66.26 67.89 2.16

0011 09 | 0.3 0 0 | 50 52.28 52.64 0.41

Table 2: There are two possible states for the economy. The investor maximizes expected
indirect logarithmic utility from terminal wealth. The investment horizon is given by 7. The
market consists of a bond with interest rate » = 0.03 and a stock which is modeled as a diffusion
with state dependant volatility o; and excess return «;. The intensities for a regime shift from
state ¢ to state j are denoted by A;;. Upon transition from state i to state j, a loss of L;; is
involved. If at time ¢ = T the exchange is closed, then the investor can liquidate his shares
of the stock only by suffering a loss of rate I. g ;;;, and 7g ,;, denote the optimal portfolio
of the investor when trading is not allowed in state 1, respectively when trading is allowed in
both states. We do not allow for short selling. Az denotes by which amount the initial capital
of X (0) = 100 of an investor who is not allowed to trade in state 1 can be reduced to get the
same utility as in the case that trading is allowed in both states. The parameters are chosen to
mimic situations such as in Japan after WW II. For instance, the parametrization A\p; = 0.01,
A0 = 0.3, Lo; = 0, and Ly = 0.9 implies that, on average, once in a century the illiquidity state
is reached and, on average, this state is left after 3.33 years triggering a stock price decrease of
90%. In this particular case, for an an investment horizon of T' = 30 years, the change of initial

capital amounts to over 22%.
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Aot | Ao | T | 75 nig(%%) | Az (%) | variable | value
1 0 10 85.83 0.30 l 0
30 87.88 2.19 70 0.03
50 89.52 4.87 71 0.03
1 0.01 | 30 87.69 2.02 o 0.05
50 89.05 4.36 o 0.05
1 0.1 | 30 86.28 1.14 0o 0.25
50 86.42 2.13 o1 0
0.1 0 30 86.25 1.46 Ao 0
50 88.06 3.86 A1 0.0197
0.1 | 0.01 | 30 85.92 1.31 Ly 0
50 87.39 3.33 Ly 0.8
0.1 0.1 | 50 83.86 1.22 Lo, 0
0.02 | 0.2 | 50 80.76 0.19 Lo 0
0.01 0 50 82.81 1.04 t 0
0.01 | 0.01 | 50 82.31 0.86 X(0) 100

Table 3: There are two possible states for the economy. The investor maximizes expected
indirect logarithmic utility from terminal wealth. The investment horizon is given by T. The
market consists of a bond with interest rate » = 0.03 and a stock which is modeled as a jump-
diffusion with state dependant volatility o;, excess return «;, relative jump size L; and jump
intensity A;. The intensities for a regime shift from state ¢ to state j are denoted by A;;. If at
time ¢t = T the exchange is closed, then the investor can liquidate his shares without any loss.
0,115 denotes the optimal portfolio of the investor when trading is not allowed in state 1. The
optimal portfolio of an investor who is allowed to trade in both states is given by 75 ;;, = 0.8.
His optimal portfolio when starting in state 1 is given by 77 ;. = 0.855. We do not allow for
short selling. Az denotes by which amount the initial capital of X (0) = 100 of an investor who
is not allowed to trade in state 1, can be reduced to get the same utility as in the case that
trading is allowed in both states. The parameters are chosen such that, in case of trading is
allowed in both states, the model is equivalent to a (single-state) Merton model with parameters
opm = 0.25, apy = 0.05 and rp; = 0.03.
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Aot | Ao | U | T | mg (%) | Az (%) | variable | value
1 0.01 | 0.5 | 10 0 18.13 To 0.03
30 o7.17 37.32 1 0.03
50 74.47 41.27 ) 0.05
1 0.1 105110 20.04 18.02 o 0.05
30 82.77 23.17 o 0.25
50 86.03 23.98 o1 0
0.1 | 0.01]05]10 30.44 17.32 Ao 0
30 65.39 33.69 A1 0.0197
50 75.90 38.86 Lo 0
0.1 0.1 |05 ] 10 59.79 14.02 Ly 0.8
30 81.60 18.65 Lo 0
50 83.61 19.28 Ly 0
0.01 | 0.01 | 0.5 | 10 72.00 4.28 t 0
30 76.39 11.03 X(0) 100
50 78.80 15.93
0.01|001] 1 |10 50.76 9.40
30 54.77 25.79
50 58.52 38.74
0.01| 0.1 |05 ] 10 76.76 2.93
30 80.31 4.40
50 80.68 4.67
0.01 | 0.1 1 |10 64.21 6.92
30 77.36 11.31
50 80.21 12.08

Table 4: The situation is the same as in Table 3. However, if at time t = T the exchange is

closed, then the investor can liquidate his shares of the stock only by suffering a loss at the rate

l. As before, we do not allow for short selling.
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