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1 Introduction

In this paper, we consider a bivariate process (X¢, Vt)¢>0 with dynamics described by
the following equations:

dXi = \/thBt7 XO =0, (1)
dVy = b(V)dt + o(Vy)dWy Vo =mn, Vi >0, for all t > 0,

where (Bt, Wt)y>0 is a standard bidimensional Brownian motion and 7 is independent
of (Bg, W¢)>0. Our aim is to propose and study nonparametric estimators of b(.) and
02(.) on the basis of discrete time observations of the process X only.
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Model () was introduced by Hull and White (1987) under the name of Stochastic
Volatility model. It is often adopted in finance to model stock prices, stock indexes
or short term interest rates: see for instance Hull and White (1987), Anderson and
Lund (1997), the review of Stochastic Volatility models in Ghysels et al. (1996) or the
recent book by Shephard (2005) and the references therein. See also an econometric
analysis of the subject in Barndorff-Nielsen and Shephard (2002).

The approach to study model () is often parametric: the unknown functions are
specified up to a few unknown parameters, see the popular examples of Heston (1993)
or Cox, Ingersoll and Ross (1985). General statistical parametric approaches of the
problem are studied in Genon-Catalot et al. (1999), Hoffmann (2002), Gloter (2007),
Aft-Sahalia and Kimmel (2007). A nonparametric estimation of the stationary density
of V4 is studied in Comte and Genon-Catalot (2006). A recent proposal for nonparamet-
ric estimation of the drift and diffusion coefficients of V' can be found in René (2006),
who studies the empirical performance of a Nadaraya-Watson kernel strategy on two
parametric simulated examples. Our approach is new and different, and it is based on
a nonparametric mean square strategy. We consider the same probabilistic and sam-
pling settings as Gloter (2007) and follow the ideas developed in Comte et al. (2006,
2007), where direct or integrated discrete observations of the process (V;) are consid-
ered. Here, our assumptions ensure that (V%) is stationary and we consider discrete
time observations (Xy5)1<¢<p+1 of the process (Xt¢) in the so-called high frequency
context: ¢ is small, n is large and nd = T, the time interval where observations are
taken, is large.

We assume that n = kN and define as it is usual, for i = 0,1, ..., N —1, the realized
quadratic variation associated with (Xys)ik1<r<(it1)k:

1 k—1 2
Vi=15 > (X(ik+j+1)6 - X(ik+j)6) -
=0
Setting A = kd, ‘Z provides an approximation of the integrated volatility:

] A
Vi= % /m Vids, (2)

which in turn may be, for well chosen k,J, a satisfactory approximation of V; 5. We
have in mind to obtain regression-type equations, for { =1, 2:

Yz(f)l = f(l) (‘2) + noise + remainder,

where
o = fay fay 2
1 _ W Vig1 =V @ _ 2 2 _ 3Vig1—Vi)
Fr=byy == x—amd [P =0’ VT =g/ ()
Choosing a collection of finite dimensional spaces, we use the regression-type equations
to construct estimators on these spaces. Then, we propose a data driven procedure to
select a relevant estimation space in the collection. As it is usual with these methods, the

risk of an estimator f of f = b or ¢ is measured via E(||f — f||%) where ||f — f||% =
(1/N) Zﬁal(f - f)Q(XZ) We obtain risk bounds which can be interpreted as n, N
tend to infinity, 6, A tend to 0 and T" = nd = NA tends to infinity. These bounds are
compared with Hoffmann’s (1999) minimax rates in the case of direct observations of



V. For what concerns b, our method leads to the best rate that can be expected. For
what concerns 02, no benchmark is available in this asymptotic framework. Indeed,
Gloter (2000) and Hoffmann (2002) only treat the case of observations within a fixed
length time interval, in a parametric setting. As it is always the case, the rates are
different for the two functions.

The paper is organized as follows. Section 2 describes the assumptions on the model
and the collection of estimation spaces. In Section 3, the estimators are defined and
their risks are studied. Section 4 completes the procedure by the data driven selection
of the estimation space. Examples of models and simulation results are presented in
Section 5. Lastly, proofs are gathered in Section 6.

2 The assumptions
2.1 Model assumptions.

Let (X¢, Vi)t>0 be given by (1) and assume that only discrete time observations of X,
(X¢s5)1<t<n+1 are available. We want to estimate the drift function b and the square
of the diffusion coefficient ¢ when V is stationary and exponentially S-mixing. We
assume that the state space of (V;) is a known open interval (rg, 1) of R and consider
the following set of assumptions.

[A1 ]0 <71 <711 < Ho00, Io: (ro,71), with o(v) > 0, for all v € IO. Let I = [rg,m1]NR.
The function b belongs to C*(I), b’ is bounded on I, 0 € C?(I), (¢2) o is Lipschitz
on I, (62)" is bounded on I and ¢%(v) < o7 for all v in I.

[A2 ] For all vg,v GIO7 the scale density s(v) = exp [—2 f;’o b(u)/aQ(u)du} satisfies
fm s(z)dz = +oo = [" s(z)dz, and the speed density m(v) = 1/(c%(v)s(v))
satisfies f:ol m(v)dv = M < +o0.

[A3 ] 1 ~ 7 and Vi, E(n?") < oo, where 7(v)dv = (m(v)/M)X(ry rp)(v)dv.

[A4 ] The process (V%) is exponentially S-mixing, i.e., there exist constants K > 0,6 > 0,
such that, for all ¢ > 0, By (t) < Ke 0.

Under [A1]-[A3], (V) is strictly stationary with marginal distribution =, ergodic
and S-mixing, i.e. lim¢— o0 By (t) = 0. Here, By (¢) denotes the S-mixing coefficient of
(Vt) and is given by

sv)= [ ma P, ) - w0

ro

The norm ||.||7y is the total variation norm and P denotes the transition probability of
(Vi) (see Genon-Catalot et al. (2000)). To prove our main result, we need the stronger
mixing condition [A4], which is satisfied in most standard examples. Under [A1]-[A4],

for fixed A, (V;)i>0 is a strictly stationary process. And we have:

Proposition 2.1 Under [A1]-[Ad], for fized k and 6, (V;);>0 is strictly stationary and
B (3) < By (34) for all i > 1.



2.2 Spaces of approximation

The functions b and o are estimated only on a compact subset A of the state space

[e]
I . For simplicity and without loss of generality, we assume from now on that
A=10,1], and we set by =bly, o4 =o0l4. (4)

To estimate f = b, o2, we consider a family Sm,m € My, of finite dimensional
subspaces of La([0, 1]) and compute a collection of estimators fp, where for all m, fim
belongs to Sm. Afterwards, a data driven procedure chooses among the collection of
estimators the final estimator fm

We consider here simple projection spaces, namely trigonometric spaces, Sm,m €
My The space Sm is linearly spanned in La([0,1]) by ¢1,..., pam+1 with ¢1(z)
Lig,11(2), @j(z) = \/icos(27rjx)1[011] (x) for even j’s and ¢;(x) = \/isin(27rj:c)1[071] (z
for odd j’s larger than 1. We have Dy, = 2m + 1 = dim(Sm) < Dn and My,
{1,3,...,Dn}. The largest space in the collection has maximal dimension D, which
is subject to constraints appearing later.

Actually, the theory requires smooth bases and regular wavelet bases would also
be adequate.

In connection with the collection of spaces Sm, we need an additional assumption

~

on the marginal density of the stationary process (Vz‘)izoi

[A5 ] The process (‘Z‘)izo admits a stationary density 7* and there exist two positive
constants 7 and 7] (independent of n, §) such that Vm € My, V¢ € S,

molltl® < E(t* (Vo)) < wflt|. (5)

The existence of the density 7* is easy to obtain. The checking of (Bl is more
technical. See the discussion on [A5] in Section Below, we use the notations:

1
)2 = / 2 (@) (@)de, ]2 = /0 2(z)dz and [t = sup [t(z)]. (6)

z€[0,1]

3 Mean squares estimators of the drift and volatility
3.1 Regression equations

Reminding of (B]), we first prove the developments, for £ = 1, 2:
0) /1 14 0) .
Y = 1O + 2 + RO +1), (7)

where the Zl-(z)’s are noise terms (with martingale properties) and the R(g)(i)7s are
negligible residual terms given in Section [6l For the noise terms, we have, for ¢ = 1
(f =b):
W 1 [ur2a
Zi =3 /A Yia(w)o(Vu)dWu + (wiyr1x — uik)/A4,
3
with

Yia(u) = (u—idA)Ia i1y a[(w) + [ +2)A = ulT[11) A, (i+2) A (W) (8)



and

k—1 . . 2 . .
1 (ik+7+1)0 (ik+j+1)38
Uik = 3 Z (/( VVsdBs —/( Vsds
j=0

ik+5)8 ik+5)8

Note that YZ =V, + Uj k-

(2,1) (2,2) (2,3)

On the other hand, for £ = 2 (f(2) = 02)7 we have Zi(2) =7, +7Z; +Z, with
) 2 )
3 (i+2)A (i+2)A
2PV = =3 < [ wa@emaaw. ) — [T wia@e1e)as |
2 2

(i+2)A
2% = o) [ vial@o(Vaw,
! A iA
3 [+2A [ G424 ”
v [0 [ ) (i,
1A s
where 1; o is given in (8), and

2,3 3
Zi( ) = Z(Vi+1 — Vi) (Wig1.k — Ui k)

3.2 Mean squares contrast

Equation () gives a natural regression equation to estimate f ) 1In light of this, we
consider the following contrast, for a function ¢t € Sy, where Sy, is a space of the
collection and for £ =1,2:

Q) LR 0t
T \12
TN (t) = N [Yi+1 —( z)] . 9)
=0
Then the estimators are defined as
A _ (0
m’ = arg min yy (t). (10)

0

The minimization of vy’ over Sm usually leads to several solutions. In contrast, the ran-
dom R -vector (ﬁ(yf) (170)7 R f,%)(YQ/N_l))' is always uniquely defined. Indeed, let us
denote by Iy, the orthogonal projection (with respect to the inner product of ]RN) onto
the subspace of RN, {(¢(Vp), ..., t(Vn_1))',t € Sm}, then ( A,%)(VO), AU ,%)(VN,l))/

HmY(é) where Y(©) = (Y1(£)7 RN YJE[Z))/. This is the reason why we consider a properly
defined risk for fr(,f) based on the design points, i.e.

N .
E |5 2 (i (V) = £(Vi)?
=0

Thus, the error is measured via the risk E(|| A,(,f) —f@ %) where

2 1 2
Ity = & t=(V2).
i=0



Let us mention that for a deterministic function E([|t||%) = [[t[|2- = ft2
Moreover, under Assumption [A5], the norms ||.|| and ||.||x+ are equivalent for functlons
in Sy, (see notations (@)).

The following decomposition of the contrast holds:

W00 =GO = e - FONF - = Z i = O - )

In view of (@), we define the centered empirical processes, for £ = 1,2:

() L 60, 40
W =5 S vzl
1=0
and the residual process:
1 N-1
t(Vi)RY (i +1).
=0

Then we obtain that
W 0 = ) = = 1N — 20y = 1) — 280 (- 1),
Let fm be the orthogonal projection of f(é) on Sy,. Write simply that fy](\,)( (é))
(e)(fm ) by definition of the estimator, and therefore that fygv)( (e)) fy%)(f( ))
V) = (F9). This yields

<
<

179~ p O < 1789 — 7 O3+ 2O O — 19y + 2RO O — £0),

The functions fm and f(e) being A-supported, we can cancel the terms || 1 4¢||% that
appears in both sides of the inequality. Therefore, we get

155 = £SO < 1) = £ 1R + 20 (B = £580) +2RQ G - £80). ()
Taking expectations and finding upper bounds for

E( sup  pOOP) and E( swp  [RP(0)?)
tESm,|It||l=1 tESm,||t||=1

will give the rates for the risks of the estimators.

3.3 Risk for the collection of drift estimators

For the estimation of b, we obtain the following result.
Proposition 3.1 Assume that NA > 1 and 1/k < A. Assume that [A1]-[A5] hold and
consider a model Sm in the collection of models with Dp < O(VNA/In(N)) where Dn

is the mazimal dimension (see Section[2.2). Then the estimator f,(,%) = b of f(l) =b
is such that

. E(o?(Vp))D
Elbm —ball2) < 7llbm — ba 3 + K ATV Pm y ger (12

where by = blg 1) and K, K’ and K” are some positive constants.



Note that the condition on D, implies that v/ NA/In(N) must be large enough.

It follows from ([I2)) that it is natural to select the dimension Dy, that leads to the
best compromise between the squared bias term ||bm — ba||2+ (which decreases when
Dy, increases) and the variance term of order Dy, /(NA).

Now, let us consider the classical high frequency data setting: let A = Ay, k = ky,
and N = Ny, be, in addition, such that A, — 0, N = N, — +o0, NnAn/ln2 (Nn) —
400 when n — +oo and that 1/(knAn) < 1. Assume for instance that b4 belongs
to a ball of some Besov space, by € Ba.2.00([0,1]), @ > 1, and that ||by — ba|2. <
75 lbm — ball?, then ||bg — bim||2- < C(a, L, 77) Di®®, for [[balla.2.00 < L (see Lemma
12 in Barron et al. (1999)). Therefore, if we choose Dy, = (NpAp )/ 2+ | e obtain

E(||bm — ball?) < Cla, L)(NnAp) =20/ Z0F) L KIA,. (13)

The first term (NnAn)fzo‘/(zo‘Jrl) = T;Qa/(QaJrl) is the optimal nonparametric rate
proved by Hoffmann (1999) for direct observation of V.

Now, let us find conditions under which the last term is negligible. For instance,
under the standard condition Ap, = O(1/(NpAn)), the term A, is negligible with
respect to (NnAn)72o‘/(2a+1).

Now, consider the choices kn, = 1/A;, and 6, = n™¢. Let us see if there are possible
choices of ¢ for which all our constraints are fulfilled. To have nd, — 400 requires
0<c<l1. As Ap = kndn = 6n/An, we have Ay, = /0y, = n~=¢? and Np =n/kn =
nl=¢/2, Thus, Ay, — 0 and Np, Npn Ay, — +00. Finally, the last constraint to fulfill is
that Ny AZ = n'=3¢/2 = O(1). Thus for 2/3 < ¢ < 1, the dominating term in (I3)
is (NnAn)_2a/(2a""1)7 i.e. the minimax optimal rate. We have obtained a possible
“bandwidth” of steps .

3.4 Risk for the collection of volatility estimators

For the collection of volatility estimators, we have the result

Proposition 3.2 Assume that [A1]-[A5] hold and consider a model Sy in the col-
lection of models with mazimal dimension Dp < O(VNA/In(N)). Assume also that

1/k < A and NA > 1, A<1. Then the estimator f,(,f) =62, off(2) = o2 is such that

E(o" (Vo)) D

B(l6, = o3l130) < Tllo — 0% 2 + K= ZL02M o K/ Res(Dy,  24), (14)

where the residual term is given by

3
Res(Dum, k, A) = D2,A% 4 D3, A3 4 Pm |1

where 0'124 = 0'21[0)1], and K, K' are some positive constants.

The discussion on rates is much more tedious. Consider the asymptotic setting de-
scribed for b. Assume that 0'124 belongs to a ball of some Besov space, 0?4 € Ba,2,00([0,1]),
and that |02, — 0,24”%* < wfﬂagn - 0124||2, then ||0124 — 022 < C(a,L,WT)D;%‘, for
|‘U?4|‘a,2,w < L. Therefore, if we choose Dy, = N}/(zoﬁ_l)7 and kn, < 1/A;, we obtain

E(||62, — o4)1%) < Cla, L, w})Ny 22/t 4 g/ Res(NE/ 04 | AL). (16)



The first term N;2a/(2a+1) is the optimal nonparametric rate proved by Hoffmann (1999)

when N, discrete time observations of V are available.

For the second term, let us set kn, = n%, A, = n_b7 dn = n~ ¢, and recall that
ndén = NnAyn and n/Np = kn, so that Np = n'~% and @ + b = c. We look for a,b such
that

Res(NY/ oFD ALY < Ny 20/ (2ot

For this, we take 1/(k2 A2) = N{2a/(2a+1) which implies 2(a—b)/(1—a) = 2a/(2a+1).
We get
. 2a+ 1)+« b— Ba+1l)ec—a
5a+2 5a + 2

Then we impose N,QL/(QO‘H)AgI < N 20/ (et

which is equivalent to
2b > [(20 +2)/(2c + 1)](1 — a) = ¢ > (3a + 2)[2(2c + 1)].
Next N2/t A3 < N—20/(2aF1) 10,45 1o
3b > [(2a+5)/(2a 4+ 1)](1 —a) = ¢ > (Ta+5)/(11a + 8).

Lastly No/ et /52 < N7 29/ 9% y01ds for —2a < —[(3+2a)/(2a+1)](1 - a), i.e.
c¢>2(a+3)/(6c + 5).

The optimal dimension has also to fulfill N,l/(za—’_l) < Dp < VN A, ie. —[(2a —
1)/[2(2c + 1)]](1 — a) < —b/2 which implies ¢ < (5a: — 2)/(5«). Finally, we must have

3
Z, 1 [ .
This interval is nonempty as soon as a > 2.
In terms of the initial number n of observations, the rate is now
where 1 — a is at most 1/2, when o — +o00. This is consistent with Gloter’s (2000)
result: in the parametric case, he obtains n~1/2 instead of n~! for the quadratic risk.

3a+2 bHa-—2
22a+1)" ba

:| —>o¢~>+oo

(nl—a)—Za/(Qa—i-l)

4 Data driven estimator of the coefficients

The second step is to ensure an automatic selection of D, which does not use any
knowledge on f (g), and in particular which does not require to know the regularity a.
This selection is standardly done by setting

L)

o (6) _ : () (&) (©)
) =arg min [wn (fm’) + pen (m)} : (17)

with pen(g) (m) a penalty to be properly chosen. We denote by f(é) = f(AZ()[) the resulting

m
estimator and we need to determine pen such that, ideally,

(0% (V0)) Dim

F(0 )2 . (0 @,2 , E ..
E(IFO - rP12) < leer}\f/[n (IfA — [’ I+ A= > + negligible terms,

with C' a constant which should not be too large.



4.1 Result for the data driven estimator of b

We almost reach this aim for the estimation of b.

Theorem 4.1 Assume that [A1]-[A5] hold, 1/k < A, A <1 and NA > 1. Consider
the collection of models with mazimal dimension Dp < O(VNA/In(N)). Then the

estimator b = f,(ﬁl()n of b where Y is defined by (I7) with

pen) (m) > ro? 1%, (18)

where k is a universal constant, is such that
E(lb—ball2) < Cinf (llbm = ballz +pen (m))
meM.,,

1 1
K (A TNat 1n2(N)l<:A> ' 19)

For comments on the practical calibration of the penalty, see Section

It follows from (I9) that the adaptive estimator automatically realizes the bias-
variance compromise, provided that the last terms can be neglected as discussed above.
Here, the bandwidth for the choices of §y, is slightly narrowed because of a stronger
constraint. More precisely, we choose 1/(knAn) = Ay (instead of 1 previously), that is
kn = A;Q, so that Ay, = kndn = Agzdgl. Therefore Ay, = 5,1/3 and if 6, = n~ ¢, then
An = n=c/3, Also, Ny, = n/kn = 711_20/37 NnAp = nép = nl_c7 NnA% = pl—4c/3,
Hence if 3/4 < ¢ < 1, we have altogether: Ny, NnAn/ln2 (Nn) tend to infinity with n,
Anp, NnAgI tend to zero.

In that case, whenever b4 belongs to some Besov ball (see (I3)), and if ||bm —
ball2- < 75 |lbm —ball?, then b achieves the optimal corresponding nonparametric rate.
Note that, in the parametric framework, Gloter (2007) obtains an efficient estimation
of b in the same asymptotic context.

4.2 Result for the data driven estimator of the volatility

We can prove the following Theorem.

Theorem 4.2 Assume that [A1]-[A5] hold, 1/k < A, A < 1 and NA > 1. Con-

sider the collection of models with mazimal dimension Dp < vV NA/In(N). Then the
estimator 52 = fr(;()z) of 02 where m? s defined by (17) with

pen® (m) > ot D2, (20)

where k is a universal constant, is such that

B(5* - oAlI3) < C_inf (llom — o412+ +pen® (m)) + ' Res(N,k, 4), (21
meM,,

where
(NA)/? 1

o 3 5/2 A11/2
Res(N,k, A) = NA® + N°/2A1/2 4 S+

(22)
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Now, if 031 belongs to a ball of some Besov space, 0124 € Ba,2,00([0,1]), then auto-
matically,

inf (”a’?n — 0-124”721'* + pen(2) (m)) _ O(N7:2a/(2a+1))

mEMn

without requiring the knowledge of «. Therefore,
E(|52, — o4l%) < Cla, )Ny >/ GtV 4 ¢’ Res(Na, bn, An).

It remains to study the residual term. Notice that we do not know the optimal min-
imax rate for estimating 0'27 under our set of assumptions on the models and on the
asymptotic framework. However, Gloter (2000) and Hoffmann (2002), with observa-
tions within a fixed length time interval, obtain the parametric rate n=1/2 (in vari-
ance). Taking this as a benchmark, we try to make the residual less than O(n_1/2).
Let us set knp, = n%, A, = n_b, hence N, = n/kn = ni=% and NpA, = pl—(a+b),
This yields that 1 — a — 3b, (5 — 5a — 11b)/2, (3 — Ta — 3b) /2, 2(b — a) must all be less
than or equal to —1/2, in association with a +b < 1 and N,ll/(2a+1) < \/m This
set of constraint is not empty (e.g. a = 9/16,b = 5/16 fits).

5 Examples and numerical simulation results

In this section, we consider examples of diffusions and implement the estimation algo-
rithm on simulated data for the stochastic volatility model X given by ().

5.1 Simulated paths

We consider the processes Vt(i) for i = 1,...,4 specified by the couples of functions
bi,or,i=1,...,4:

1. bi(z) == (—01n(x) + %02) ,03(z) = ¢2z? which corresponds to exp(U;) for Uy an
Ornstein-Uhlenbeck process, dUy = —0Udt + cdWy. Whatever the chosen step, Ut
is exactly simulated as an autoregressive process of order 1. We took 6 = 1 and
c=0.75.

2. by(z) = bo(z — 2), 03 (x) = 02 (x — 2), where by(z) = —(1 —2?) [0250 + % In (%Jj—i)}
and 03(z) = ¢(1 — x?) are the diffusion coefficients of the process th(U;) (th(z) =
(e® —e™")/(e® + e~ "), with the same parameters as for case 1). The process ‘/;(2)
corresponds to th(U;) + 2 which is a positive bounded process.

3. b3(z) = z(bo(In(z)) + %Jg(ln(x))) and o3 (z) = 2203 (In(x)) which corresponds to
the process Vt(g) = exp(th(U)).

4. by(z) = dc®/4 — 0x,03(x) = c®x which corresponds to the Cox-Ingersoll-Ross
process. A discrete time sample is obtained in an exact way by taking the Euclidean
norm of a d-dimensional Ornstein-Uhlenbeck process with parameters —60/2 and
¢/2. We took d =9, § = 0.75 and ¢ = 1/3.

We obtain samples of discrete observations of the processes (‘/e(g,))lggg N for j =

1,...,4 with ' = 6/10, N'§' = T, from which we generate (Xég))lgggn, by using that

17
Xos — X—1)s = / Vsds ey,
V Je—1ys
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k=150 k = 200 k = 250 k =300 k = 500

b  mean | 1,70.1073 1,87.1073 1,95.10~3 2,1.1073 2,91.1073
(std) | (5,38.107%) | (5,06.1074) | (4,93.107%) | (4,92.107%) | (4,68.10™%)

o?  mean | 14,8.107° 6,23.107° 8,77.107° 15,3.107° 28,6.107°
(std) | (3,26.107%) | (2,26.107%) | (3,74.107%) | (4,0.107%) | (3,39.1075)

Table 1 Mean squared errors (with standard deviations in parenthesis) for the estimation of
b and 02, 100 paths of the CIR process, different values of k for the quadratic variation, when
using the trigonometric basis.

Process |V [T] v® 1] v 1) vir | v [Gp

b mean 4,08.10—2 7,51.10~2 7,05.10~2 1,95.10—3 1,04.10—3
(std) (6,89.1073) | (8,56.1073) | (8,12.1073) | (4,93.107%) | (2,89.10~%)

o? mean 1,42.10~1 1,89.10~2 8,32.102 8,77.10~° 4,61.10—°
(std) (3,47.1072) | (1,54.1073) | (1,61.1072) | (3,74.107%) | (3,19.107?)

Table 2 Mean squared errors (with standard deviations in parenthesis) for the estimation of

b and o2, 100 paths of the processes Vt(i)7 i = 1,...,4 when using the trigonometric basis
(except the last column, piecewise polynomial basis), k = 250.

with (g¢) i.i.d. A(0,1) independent of (Vs,s > 0). Approximations of the integrated
processes are computed by discrete integration (with a trapeze method).

The generated Vj(g,), i=1,...,4 samples have length N’ = 5.106, for a step 8’ =

1()()()/5.106 = 2.10_4, and the integrated process is computed using 10 data, therefore,
we obtain n = 5.10° and § = 2.1072, for T = nd = 1000. Different values of k are used,
but the best value, k = 250, corresponds to A = kd = 0.5 and N = 2000 data for the
same 7.

5.2 Estimation algorithms and numerical results

We use the algorithm of Comte and Rozenholc (2004). The precise calibration of penal-
ties is difficult and done for the trigonometric basis but also for a general piecewise
polynomial basis, described in detail in Comte et al (2006). Additive correcting terms
are involved in the penalty. Such terms avoid under-penalization and are in accordance
with the fact that the theorems provide lower bounds for the penalty. The correcting
terms are asymptotically negligible and do not affect the rate of convergence. For the
trigonometric polynomial collection (denoted by [T]), the drift penalty (i = 1) and the
diffusion penalty (i = 2) are given by
87 2.5 . 1.5
2; (Dm + In"°(Dpm + 1)) , with Dy, at most [NA/In" " (N)].

For the penalty when considering general piecewise polynomial bases (denoted by
[GP]), we refer the reader to Comte et al. (2006). The constants x; and kg in both
drift and diffusion penalties have been set equal to 2. The term §2 replaces o7 /A for
the estimation of b and §3 replaces of for the estimation of ¢2. Let us first explain
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Fig. 1 Estimation of b (left) and o2 (right) for 20 paths of the CIR process with the trigono-
metric basis (top) and the piecewise polynomial basis (bottom), k = 250.

how §§ is obtained. We run once the estimation algorithm of o2 with the basis [T] and
with a preliminary penalty where 3 is taken equal to 2maxm, (77(12)(6772,1)). This gives
a preliminary estimator &8. Afterwards, we take 8o equal to twice the 99.5%-quantile
of 5’3. The use of the quantile is here to avoid extreme values. We get 52. We use this

estimate and set §% = maxogng—1(52 (ﬁk))/A for the penalty of b. The results given

Fig. 2 Estimation of b (left) and o2 (right) for 20 paths of the process Vt(l) (exponential
Ornstein Uhlenbeck) with the trigonometric basis, k = 250.

by our algorithm are described in Figure 1 and 2. We plot in Figure 1 the true function
(thick curve) and 20 estimated functions (thin curves) in the case b and o when using
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first the basis [T] and then the basis [GP], in the case of the CIR process. We can see
that the trigonometric basis finds the right slope in the central part of the interval,
whereas the basis [GP] in general selects only one bin and a straight curve, but with
a slightly too small slope. The same type of result holds in Figure 2 for the exponen-
tial Orsntein Uhlenbeck process. For comparison with direct or integrated observations
of V, we refer to Comte et al. (2006,2007). It is not surprising that in the case of a
stochastic volatility model, empirical results are less satisfactory and require a large
number of observations.

We also give in Tables 1 and 2 results of Monte-Carlo type experiments. In Table 1,
we show the results of the estimation procedure with the basis [T] and the CIR process
when choosing different values of k for building the quadratic variation. Clearly, there
is an optimal value. If k is too large, there are not enough observations left for the
estimation algorithm. If k is too small, bias phenomena appear, related to the violation
of the theoretical assumptions (mainly 1/k < A). We repeated the experiment for the
other processes and obtained analogous results. In general, for this sample size, the
choice k = 250 seems to be relevant. In Table 2, we can see from the last two columns
that the basis [GP] seems to be better than [T], at least for the CIR process. The
errors are computed as the mean over 100 simulated paths of the empirical errors (e.g.

(1/N NG B(VE) — b(V;)]? for b).

6 Discussion on the assumptions and proofs
6.1 Proof of Proposition [2.1]

We start with some preliminaries. Let Iy = fg Vsds. The joint process (Vi, It)i>o is a
two dimensional diffusion satisfying:

dVy = b(Vy)dt + o (Vi)dWy, Vo =1,
dly = Vidt, Iop=0

Under regularity assumptions on b and o, this process admits a transition density,
say qt(vo,0,;v,%) for the conditional density of (V4, It) given Vy = vg, Ip = ip. This
density is w.r.t. the Lebesgue measure on (0, +00)? (see Rogers and Williams (2000)).
We assume that these assumptions hold.

Now, let us set

£
Jg(; :/ VSdS, J4 > 1. (23)
(£—1)8

The discrete time process (Vys, Jys)e>1 is strictly stationary and Markov. Its one step
transition operator is given by the density:

(1)7j) — q5(v070;v7j) = QJ(Uo;U7j).

Its stationary density is given by [ m(vo)dvogs(vo; v, j) := ms(v, j).
Let us set, for £ > 1,
Zp = Xos — X(g—1)5 (24)
and define €, by the relation: Z, = Jl}é/262. Conditionally on (V%);>0, the random vari-
ables (r.v.) Zy,¢ > 1 are independent and Z, has distribution N(0, Jys). Consequently,
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the r.v (eg,¢ > 1) are i.i.d. with distribution N(0,1) and the sequence (g4,¢ > 1) is

independent of (V4);>o. Hence (Zy)¢>1 and (V;);>0 are strictly stationary processes.
From the preliminaries and the above remarks, we deduce that the process (Vys, Jos5,€0)e>1
is stationary Markov. Its ¢-step transition operator is given by:

Q% (vo; dv, dj, du) = ¢S (v0; v, j)n(w)dvdjdu

where qge) (vo; v, ) is the £-step transition density of (Vys, Jps) and n(u) is the standard

gaussian density. The stationary density of (Vis, Jgs,€¢)0>1 is m5(v, j)n(u). Hence
4 . . . 14 . .
HQ((; )(vo; dv, dj, du) — 75 (v, j)n(u)dvdjdul|lry = /|q§ )(vo7 vj) — m5(v, J))|n(v)dvdjdu

= / 1089 (w03 v, 5) — 75 (v, 5))|dvdj.

We may now use the representation of the S-mixing coefficient of strictly stationary
Markov processes (see e.g. Genon-Catalot et al. (2000)) to compute

BY 5.t 5.0(0) = / 75(v0, jo)n(uo)duoduodio|| QS (vo; dv, dj, du) — 5 (v, j)n(u)dvdjdul v
= PBvs,7.5(0)-
Now, we have 8z (£) < By ;.1;,e() = By s5,75¢) < By ((£—1)d). Finally,
B (i) < Bz(ik) < By ((ik —1)8) < eBy (i4). O

6.2 Discussion on the assumptions

Actually, Assumption [A3] is too strong. We only need the existence of moments up to
a certain order. Let us now discuss [A5]. Using the representation

k
1 2
Vo = %;Jea €,

we see that ‘70 has a conditional density given (V4,¢ > 0). Integrating this density w.r.t.
the distribution of (Jys5,¢ = 1,...,k), we get that f/o has a density 7*. However the
formula for 7* is untractable.

On the other hand, we can obtain (&) by another approach. We have

(Vo) = (Vo) + (Vo — Vo) (12) (Vo) + 5 (Vo — Vo)? /0 42 (Vo o+ (T — Vo))du:
Now we use that, for any ¢ € S, there exists some constant C' such that
16%) lloo < CDmI* and [|(#)”[loo < CDmlt]*
Noting that |E (Vo — Vo|Fo) | = O(4), we get |[E[(Vo — Vo)(t2) (Vo)]| < CD3, Allt||* =
O(D2,A). On the other hand,

1

E | (Vo - Vo)® /0 ()" (Vo + u(Vo — Vo))du || < [|(£°)" [l E[(Vo — Vo)?]

< CDy At
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It follows that |E(t2(Vp) — t2(Vp))| < CAD3, ||t]|?. Next,

£2(Vo) = (Vo) + (Vo = ¥o)(#%)' (Vo) + (Vo — o) [(£*)' (V) — () (Vo))
1 = _ 1 _ 2 _
+5(Vo - ‘/0)2/0 (%) (Vo + w(Vo — Vo))du.
By Gloter’s (2007) Proposition 3.1, we have |IE[(YQ/0 —Vo)|Vol| € ed(1+Vp)¢ and IE[|‘70 -
Vo|?] < ¢/k. Hence
VADy, | D

)

E(t2(Vo) — £2(Vo))| < Cllt|*(ADE, +

Since 1/k < A
[E(* (Vo) — (Vo)) < CleI*ADS,.
As there exist two positive constants mg, w1 such that Vv € A, mp < 7(v) < 71, we
obtain
(mo — CADR)|[t]|* < [[¢]7+ < (w1 + CADR) |t

Under the constraint that AD] = o(1), we get (@) for n large enough. This constraint
is compatible with the other ones, see the discussion after Theorem [£.1

6.3 Definition of the residuals and their properties

We have .

R (i+1) = b(V;) = b(Vi) + B (i +1)4)

where Ril) is the residual term for b studied in Comte et al. (2006, Proposition 3.1)
and defined by

' B 1 (i43)A
RO (4 1)2) = b(Viig1)a) = b(V) + 33 /( s LEFDAEO0) = b(Viigr)a))ds
On the other hand,

(wis1k — uig)?

R (i+1) :% "

+ [0 (Viir1ya — o” (V)] + R (i +1)A)

where ngz) is the residual term for o2 studied in Comte et al. (2006, Propositions 4.1,
4.2 and 4.3) defined by B = Y3 | R®™ with

_ 3 (i42)A
REV64) = 53 < /. zpiA(s)b(vs)ds)

(i+2)A (i+2)A
R (iA) = % < / L ba@oth) —b(%))du) ( / wm<u>U<Vu>qu>

i A

(i4+2)A (i+2)A
R (ia) = 3 / / Yia(w)du | 7.5 (Vs)ds,
2A3 iA s 7

2

where 7, , = (02/2)(c?)” + b(c?)’. This decomposition is obtained by applying Ito’s
formula and Fubini’s theorem.

We may now summarize the following useful results, proved in Comte et al. (2006,
Propositions 3.1, 4.1, 4.2 and 4.3):
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Lemma 6.1 Under Assumptions [A1]-[A2]-[A3],
1. Fort=1,2, form=1,2, fm’ alli, E{[Rie)(iA)Pm} < ¢A?™ where ¢ is a constant.
2. Let 2V (i) = 1/A2 f“*z Win(s)o(Vs)dWs. For alli, E([ZV (4)]2) < (2/3A)E(02(Vo)).
3. For alli, B([Z2*V]?) < a1 E(c* (Vo)) and B([Z23P]?) < ca07 A.
We also need the following result:
Lemma 6.2 Under assumptions [A1]-[A3], for any integer i, IE[(Vl—YZ)2] = E(ufk) <
2E(VE)/k and E[(V; — V;)!] = E(ul,) < 56E(VG)/k>.
Proof of Lemma [6.2] This follows from Proposition 3.1 p.504 in Gloter (2007).0

6.4 Proof of Propositions [3.1] and

For sake of brevity, we give both proofs at the same time. The main difference lies in
the orders of the expectations and in the appearance of a specific term in the study of
the estimator of 0. Let us thus define Rﬁ) for  =1,2 as Rii) =RMW and

R2(i+1) = RP(i+1) — [0 (Vi 1)a — o2(Vi))-

1>

Moreover let T](V1 )(t) =0 and

)_.

2 1 ~ ~
TS (1) = Viirnya — o> (V)H(VL).
z:O
Let us consider the set
t 1
- { T S| ER SR T T Smo/{O}} )

On 2, ||tz < V2||t|| 5. From (), we deduce
15— $O1R < UED — 7O+ 1A~ O 16 s WP
teSm,Ht”,\.*Zl
+16  sup [T
LESm, ||t =1

N-1
i=0

<||f“> O +3 SIES = s 16 s WP
tESm, ||t r*x=1

N—-1
@2, 8 ). 2
sup [T @0+ = D[R GE+ 1)
7r0 tESm,||t]|=1 N N i=0

In the last line above, we use the lower bound = introduced in [A5].
Setting Bm(0,1) = {t € Sm,||t|| = 1} and By, (0,1) = {t € Sm, ||t||z+ = 1}, the
following holds on the set {2y:

N—-1
16 8 Q)
01O < 00116 s PO+ s Q@R S RO
a'lly = teBr*(0,1) 70 t€Bm(0,1) N i=0

We have the following result:
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Lemma 6.3 Under assumptions [A1]-[A83] and [A5], if 1/k < A, we have, for £ =1,2

CyDm
E( s P0)) < K55
<teB;*(0,1) N NA2—t

with Cy = E(c?!(Vp)).
The Lipschitz condition on b and Lemma imply that
E[(b(V;) = b(V))’] < GE[(V; — Vi)] < 26,E(V)/k.

Consequently, there exists a constant ¢ such that
E <§ Nz_l[Ri}) (i + 1)]2> <c(A+ kY.
N =0 -
Thus

~ 32 1 99 -
E(|lbm — balldTey) < Tllbm — bl2+ + “5E ( sup [u}v><t>12> +e(A+ k).
o tESm,|It=1

By gathering all bounds, we find

E(2(Vo))Dim 1 / -
NioA(l—&-—) K'(A+Eh).

E([[bm = b3 Ley) < Tllbm — bll7- + K =

On the other hand, Lemma and Lemma imply that

10 2 LS (1 2, 9 (i —uin)
E(y YR G+ < 2E [ﬁ > <[R* (i +1)] WWN
=0 =0
< 2e4% + %E(u‘ik) <04+ —kglAg ):

Next we need to bound E (Suptesm,l\tllzl[T](\z2)(t)]2)' This is obtained in the fol-

lowing Lemma:

Lemma 6.4 Under the Assumptions of Proposition [T and if 1/k < A, there exists
a constant C' such that

E ( sup [T](VQ)(t)]2> < C(D2,A% + D5, A% + D2, /k? + Din/(NE)).
tESm,||t||=1

We can use Lemma 6.1 in Comte et al. (2005) to obtain that, if D, < CVNA/In(N),

then
c

P(2N) < 71
This enables to check that IE(Hf,(,f) — f(e)H?VIQ%) < ¢/N using the same lines as the
analogous proof given p.532 in Comte et al. (2007). For this reason, details are omitted.
O



18

6.5 Proof of Lemma [6.3]

Case ¢ = 1. Next, let us define 7y = o((Ws, Bs),0 < s <t,n). We can use martingale
properties to see that, Vt € Sy,

E(t(Vi) Z3)) = EE(V) 21 Fi11)4)) = EGVDEZE) 1 F 1)) = 0

because the last conditional expectation is zero. Moreover, the same tool shows that

the covariance term E(t(f/i)t(f/g)Zl(i)l lg-l',-)l) for £ > i + 2 is also null by inserting a

conditional expectation given -7:(Z+1)A Consequently, it is now easy to see that

D, Dy, N-— .
E< sup [u}&’(tn?) <> ERR(ey) < ZVar[ Z (V)2
tE€Sm, [It]=1 j=1 j=1 i=0
D
2 7
< N ZVar (apJ(Vl) )
j=1
D, (1)\2
2 2y o 2DmE[(Z; )]
<y E(% (V) )7) < — N

Jj=1

Now, Lemma [6.2] implies that E[(u;o 1 — ui+17k)2/A2 = E[(U?J,-z,k + uf+17k)/A2 <
¢/(kA?%). Then, applying also Lemma [B.1] (i4), it follows that, with

(1) /012 D < 1 )
E sup v (t < K—(1+
<tesm,|t||—1[ w0 ) NA" kA

Case ¢ = 2. Next, for the martingale terms, we write

Dy,

B s Q0P < SE( sup [u}&’(m?)s%zﬁq 2 (o)1)
j=1
2

teBr* (0,1) T0  t€B.m(0,1) i
Do, N-1
1 1 2 2
== E <N %(‘/i)Zi(+)1>
0 j=1 i=0

N-1 2
9 A _ _
+ <m _ 0; (Vi) (Viga — Vi) (uigo k — Uz‘+1,k)>
Both terms are bounded separately. For the first one, we use that, for r = 1,2

cov(p; (V)220 0, (V) 227) = 0
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if £ > i 4 2, by inserting a conditional expectation with respect to f(l+1)A. Now, for
r=1,2

2

D, — R D, R
ZE< Z%V z+1)> <Y E( S ez naly

=1 0<i,6<N—1

Il
2~
H‘M

N-1
3 o { 3 [0 P+ 0o
=0

< —||Z¢J||wE (Z87)?) < 222 0B () + 22

/\

by using Lemma [6.11
For the second part, let us define the filtration generated by B and the whole path
of V, ie.

Q,Y =o0(Vs,s € R", Bs,s < t)=0(Ws,s € RY, Bs,s < t,n).
Now we observe that

E(t(V;)(Vig2 — Vig1)uir1x) = E [E(t(‘ifi)(‘zw - ‘7i+1)ui+1,k)|gz+1)A)]

=E [t(‘i/i)(f/iqtz - Vi+1)E(Ui+1,k)|gg+1)A)]
=0

as E(ui+1’k)|g(‘§+1)A) = 0. Moreover for any ¢ > i,

E(t(Vi)(Viga = Vig1)wit1,,5t(Ve) Voga — Vig1)ugg1,5)) = 0

by inserting a conditional expectation with respect to Q(‘Q_H)A. The last remark is that
one can easilty see that

B B 1 (i+2)A 4
E[(Vit1 - Vi)' < E / (Vs = Vo_n)ds | | <CA%
A (i+1)A

Now we have

Do 2

Z]E <NA Z i (Vi) (V Vi)“iJrLk) = NZA? 2 E(‘P?( i)(Vi+2_Vi)2u12+1,k)

IA

Dy 1
< o=z -
_ONkA

The second part of this term can be treated in the same way, and it follows that if
1/k < A, then this term is less than C' Dy, /N. O
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6.6 Proof of Lemma [6.4]

Let us recall that we know from Comte et al. (2006) that

N—1
1 2 2,5 -
=5 2 (@ Virna — o (Vi)H(¥)
i=0
is such that

E( sup [TX(®)]?) < C(D7,A% + D;, A%).
t€B, (0,1)

Here, we write that TP (t) = TV (1) + T3 (1) + T3 (1) + T (1) with

@1 1N1 5 7 o iNl 7V o2(T,
7§ [H(V) V][ (Vh) —o (Vo) + 3 UV (V)0 (V)
i=0 =0
1 N-1 | ) )
Z (V) = t(V))lo® (Vi) — o> (Vs 1y a)l-
1=0

We shall use the following decompositions obtained by the Taylor formula:
o* (Vi) = o* (Vi) = (Vi = Vi)(0®) (Vi) + Ri, t(Vi) — 4(Vi) = (Vi = Vi)t (Vi) + Si(0)

with E(R2) < C/k? and E(R}) < C/k* if (62)” is bounded, and E (Supte B (0.1) Si (t)2) <
CD3, /K2, EV/2 (supteBm(Oyl) Si(t)4) < CD},/k? because [|t”||3% < CD}, [|t]|*. Now,

the three terms can be studied as follows. First

N-1 N-1

1 Ty . 1 L,
eV = 5 3 (G- RO T (W) + 5 3 (G - Tl (TR
i=0 1=0

1 N-1 . N_1
[/ % 27\ /Y7
+5 ;)< i = V() (V)Si(t) + > RiSi(1)
= T](V271)1)(t) +T](\,2;172)(t) +T](\,2’173)(t) +T](\,2’174)(t)7

and we bound each term successively. Clearly by Schwarz inequality applied to each
term, we find,

_4. D3
B( sup (13" @)%) < CEVA (V)
t€Bm (0,1)

using that ||t'||%, < CD3,||t]?,

D3, _4. D3,
E( sup [T 0P <oz, B( oswp [T 01 < CEV2 ()=,
t€Bm (0,1) k t€B,, (0,1) k
and 5
Dy,
B( s [TPMOF) < 0=
t€Bm, (0,1)

Therefore, if 1/k < A, E(supteBm(oJ)[T](V2’1)(t)]2) < C(D3,/k* + D5, /K?).
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Next, we write that

- ;N . B ] N
TP = 5 D V@) (V) = V) + 5 D HV)R;
1=0 1=0
_ ](\72) ’1)(t)+TJ(\/?’2’2)(t)
We obtain easily that
2,2,2 1 N
B( sup [0 OF) SE( sup [tlis Yo B < S5DmE(RT) < CDm /K,
te By, (0,1) te By, (0,1)

i=1
a term which is negligible with respect to the previous ones.

Then (YZ — V;)(V;) is a martingale increment with respect to the filtration (G}),
for any measurable function . In particular,

1>

E[(V; — Vi)(Vi)] = E[E[(V; — })z/»(mgm
= E[(V;)E[(Vi — Vi)|GIA]] = 0

since IE(XZ|Q:/A) = V;. In the same way, for i < ¢,

E (Vi = Vu(V) (Ve = Veyu(Ve) ) =0

by inserting a conditional expectation with respect to QXA. Therefore

D, N-1 2
su (2.2.1) (472 1 (VD (VT — T
2 TR0 <3 B < ¥ 3 e (0 vn)
D . B
=30 LB () ()~ 1)
j=1
1 D’VTL _ _ ~ _
= yE > T (VD)) [(6®) (V)P (Vi — W)?
j=1
< BmEl2 (o) ()R [ud ] < CEVA(H 2.

For the last term, we write TJ(VQ’B)(t) = T](VQ’S’I)(t) + Tj(f’g’z)(t) where

N-1
T3V @) = (1N) S (Vi -V
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Moreover, we know from Comte et al. (2006) that E[(c?(V;) — 02(V(1-+1 A)? <

EY2[(0%(V) —0'2(V(Z-+1)A))4] < CA. Now, for T](Vz’?”l)( t), we proceed as for T(2 % 1)( t)

since both have the same martingale property w.r.t. QS . We get

2,3,1 & e o - ’

E( sup [TV ZE ( > Vi = Vi) (o? (Vi) — 02(V(i+1)4))>
tE€ B (0,1) =

1 Dm _ ~ _ _

+ S E ()2 (M) - T1)2(0* () - 0*(124))%)

j=1

IN

Cfr’”El/?( WE?(0% (V1) = 0 (Vea))']

D}, A

<C=2

- Nk
as ), (@3)2( ) < CD3,. Using D2, < NAand 1/k < A implies E(supteBm(Oyl)[T](\,Q’B’l)(t)]Q) <
CDm A%, On the other hand, E(sup,c 5, 0.1y [T ()]2) < CDRA/K? < CDJ, A%,
as 1/k < A.

By gathering and comparing all terms and assuming that 1/k < A, we obtain the

bound given in Lemma [6.410

[ /\

6.7 Proof of Theorem [4.1]

The proof of this theorem relies on the following Bernstein-type Inequality:

Lemma 6.5 Under the assumptions of Theorem [{_1} for any positive numbers € and
v, we have

P Nﬁlt Vi)zW > Ne (1t1E < 02| < NAe
Z (l) (i+1)A = €, H HN_U > exp _W .
1=0

Proof of Lemma Noting that W is a Brownian motion with respect to the
augmented filtration Fs = o ((Bu, Wu),u < s,1), the proof is obtained as the analogous
proof in Comte et al. (2007), Lemma 2 p.533. O
Now we turn to the proof of Theorem [Z11
As in the proof of Proposition B} we have to split [|b—ba | = [|b—ballZ Loy + 1o —
bA||?V I, . For the study on 2%, the end of the proof of Proposition Bl can be used.
Now, we focus on what happens on {2y. From the definition of b, we have, Vm €
M, N (b)) +pen(in) < yn (bm) + pen(m). We proceed as in the proof of Proposition
[BI] with some additional penalty terms and obtain

E(|

- 1
b, — ballkLoy) < Tlbm — balla« + pen(m) + 32E ( sup [v](v)(t)]QInN)
tESm+Sm, ||t -+ =1

~E(pen(in)) + 32¢' A.

The difficulty here is to control the supremum of l/](\})(t) on a random ball (which
depends on the random 7). This is done by setting I/](\;) = I/](\;’l) + VJ(\}72)7 with

N-1

S 1,2 1 S Wit2 k — Wit1,k
Z Z(z+1)A H(Vi), vy () = ~ t(Vi) <—A ) .
i=0
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We use the martingale property of VJ(\}’I)(t) and a rough bound for 1/](\}’2)(15) as follows.

For uj(\}’Q), we simply write, as previously
E sp  P0R) < SB[ s PP
tE S+ S, ||t nx =1 o \teSnlltl=1
LS g @)
2
< = 3 B (5))
0 j=1
4Dy, 2 4Dy, 4 1
< E A < < — .
S NP/ AT S SR e S R
For V(171)7 let us denote by
N (1,1)
Gm(m') sup v t)

teSM+S7n’ 7”t”‘rr* =1
the quantity to be studied. Introducing a function p(m,m’), we first write

G (M) Loy < [(Gh () — p(m,m)) Loy ]+ + p(m, 1)

S UG (m)) = p(m,m") Loy )+ + p(m, ).
m/eEM,,

IN

Then pen is chosen such that 32p(m,m’) < pen(m)+pen(m’). More precisely, the next
Proposition determines the choice of p(m,m’) which in turn will fix the penalty.

Proposition 6.1 Under the assumptions of Theorem [{.1], there exists a numerical
constant r1 such that, for p(m,m’) = k10%(Dm 4 Dyyr)/(nA), we have

oD

E[(Gm(m) = p(m,m"))Igy ]+ < CU%W'
Proof of Proposition The result of Proposition [6.1] follows from the inequality
of Lemma by the L2-chaining technique used in Baraud et al. (2001b) (see Section
7 p.44-47, Lemma 7.1, with s? = 0%/A). O

It is easy to see that the result of Theorem [A1] follows from Proposition with
pen(m) = kot D /(NA). O

6.8 Proof of Theorem

The lines of the proof are the same as the ones of Theorem [£.Il Moreover, they follow
closely the analogous proof of Theorem 2 p.524 in Comte et al. (2007), see also Comte
et al. (2006). Therefore, we omit it.
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