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Representation of the penalty term of
dynamic concave utilities
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Abstract

In the context of a Brownian filtration and with a fixed finite time
horizon, we will provide a representation of the penalty term of general
dynamic concave utilities (hence of dynamic convex risk measures) by
applying the theory of g-expectations.

1 Introduction

Coherent risk measures were introduced by Artzner et al. [2] in finite
sample spaces and later by Delbaen [I5] and [I6] in general probability
spaces. The aim of this financial tool is to quantify the intertemporal
riskiness which an investor would face at a maturity date 7' in order to
decide if this risk could be acceptable for him or not. The family of
coherent risk measures were extended later by Follmer and Schied [23],
[24] and Frittelli and Rosazza Gianin [25], [26] to the class of convex risk
measures.

g—expectations were introduced by Peng [33] as solutions of a class of
nonlinear Backward Stochastic Differential Equations (BSDE, for short),
a class which was first studied by Pardoux and Peng [32]. Financial ap-
plications and particular cases were discussed in detail by El Karoui et al.
[21].
As shown by Rosazza Gianin [38], the families of static risk measures
and of g—expectations are not disjoint. Indeed, under suitable hypothesis
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on the functional g, g—expectations provide examples of coherent and/or
convex static risk measures. Furthermore, by defining “dynamic risk mea-
sure” as a “map” which quantifies at any intermediate time ¢ the riskiness
which will be faced at maturity 7', a class of dynamic risk measures can
be obtained by means of conditional g—expectations. In particular, any
dynamic risk measure induced by a conditional g—expectation satisfies a
“time-consistency property” (in line with the notion introduced by Koop-
mans [30] and Duffie and Epstein [20]) or, in the language of Artzner
et al. [3], a “recursivity property”. Further discussions on dynamic risk
measures can be found in Artzner et al. [3], Barrieu and El Karoui [5],
Bion-Nadal [6], Cheridito et al. [I0], [II], Cheridito and Kupper [13],
Detlefsen and Scandolo [19], Frittelli and Rosazza Gianin [26] and Kléppel
and Schweizer [29], among many others.

The main aim of this paper is to represent the penalty term of general
dynamic concave utilities (hence of dynamic convex risk measures) in the
context of a Brownian filtration, a fixed finite time horizon T" and under
the assumption of the existence of an equivalent probability measure with
zero penalty. By applying the theory of g-expectations, we will finally
prove that the penalty term is of the following form:

¢s,t(Q) = Eg [/St f(u, qu)du|}‘s]

(see the exact statement in Theorem [).

The paper is organised as follows. Some well-known results on BSDE
and on risk measures are recalled in Section Section [3] contains the
main result of the paper, that is the representation of the penalty term of
suitable dynamic concave utilities. As we will see later, this representation
will be obtained by applying the theory of g-expectations.

2 Notation and preliminaries

Let (Bt)t>0 be a standard d—dimensional Brownian motion defined on
the probability space (2, F, P) and {F;}+>0 be the augmented filtration
generated by (Bt)¢>o.

In the sequel, we will identify a probability measure Q < P with its
Radon-Nykodim density %. Furthermore, because of the choice of the
Brownian setting, we will also identify a probability measure ) equivalent
to P with the predictable process (gt)¢co,r] induced by the stochastic
exponential, i.e. such that

dq a L[f e '
Ep | S| Fi| =€(@B) =exp(—5 [ las|"ds+ [ ¢dBs) (1)
dP 2/, )
(see Proposition VIIL.1.6 of Revuz and Yor [35]).

Consider now a function

g: RTf x @ x R x RY -5 R
(t, w, Y, z) > g(t,w,y,2)



satisfying at least the following assumptions (as in Coquet et al. [I4],
but without imposing a priori an horizon of time T'). To simplify the
notations, we will often write g(t,y, z) instead of g(t,w,y, z).

Basic assumptions on g:
(A) g is Lipschitz in (y, z), i.e. there exists a constant p > 0 such that,
(dt x dP) — a.s., for any (yo,20), (y1,21) € R x R?,

|g(t7y07Z0) - g(t7y1721)| < /’L(lyo - yll + ”ZO - Zl”)

(B) For all (y,z) € R x R?, g(-,y, z) is a predictable process such that
for any finite 7" > 0 it holds E[fOT(g(t7w7y7z))2dt] < 4oo for any y € R
and z € R%.

(C) (dt x dP)—ass., Vy € R, g(t,y,0) = 0.

Once the horizon of time T > 0 is fixed, Pardoux and Peng [32] intro-
duced the following Backward Stochastic Differential Equation (BSDE,
for short):

—dY, =g(t,Ys, Zy)dt — Z,dBy
{ Yr = 67
where ¢ is a random variable in L?(Q, Fr, P). Moreover, they showed (see
also El Karoui et al. [21]) that there exists a unique solution (Y%, Z)ic(o,1]
of predictable stochastic processes (the former R-valued, the latter RA-
valued) such that E[fOT Y2dt] < 400 and E[fOT 1Z:]1%dt] < +oo.
Peng [33] defined the g—expectation of & as:

£4(€) £ Yo
and the conditional g—expectation of £ at time ¢ as:
Eq(E|Ft) £ Ya.
When g(t,y, z) = pl|z|| (with g > 0), £, will be denoted by E*.

In the sequel, we will only consider essentially bounded random vari-
ables £, i.e. £ € L™ (Q, Fr, P).

Further assumptions on g
(1) g does not depend on y

(24) g is convex in z:
Va € [0,1],V20,21 € R%,  (dt x dP)—a.s.:
g(t7 zo + (1 - 01)21) < Oég(t, ZO) + (1 - Oé)g(t, Zl)'

In the sequel, we will write “g with the usual assumptions” when g
satisfies hypothesis (A)-(C) and (14)-(2g).

Some sufficient conditions for a functional to be induced by a g-
expectation are provided by Coquet et al. [I4]. Before recalling this
result, we will introduce what is needed.

Definition 1 (Coquet et al. [T})]) A functional £ : L*(Fr) — R is
called an F-consistent expectation if it satisfies the following properties:



(i) constancy: E(c) = ¢, for any c € R;
(i3) strict monotonicity: if £ > n, then £(&) > E(n). Moreover, if £ > n:
€= if and only if £(€) = E();

(i4i) consistency: for any & € L*(Fr) and t € [0,T] there exists a random
variable £(E|F:) € L*(Fi) such that for any A € Fy it holds

E(€1a) = E(E(E|F)1a).

Again in the terminology of [14], £ is said to satisfy translation invari-
ance (or to be monetary) if for any t € [0,T]:

E(E+nlF) = EEF) +n, V€L (Fr)n € L*(F);
while it is said to be £#-dominated (for some p > 0) if:

E(E+m) —EE) <E"(m), VEme L*(Fr).

Theorem 2 (Coquet et al.; Theorem 7.1; [1])]) Let € be an F-consistent
expectation.

If € satisfies translation invariance and if it is dominated by some E*
with p > 0, then it is induced by a conditional g-expectation, that is there
exists a function g satisfying (A)-(C), (14) such that for any t € [0, T

E(EIF) =& (&), VE € L*(F).

Some relevant extensions of such a result can be found in Peng [34] and
in Hu et al. [27], while some applications to risk measures can be found
in Rosazza Gianin [38]. The last author, in particular, showed that g-
expectations (respectively, conditional g-expectations) provide static (re-
spectively, dynamic) risk measures. More precisely, the following result
holds true. For definitions, representations and details on (static) risk
measures an interested reader can see Artzner et al. [2], Delbaen [15], [16],
Follmer and Schied [23], [24], Frittelli and Rosazza Gianin [25], among
many others.

Proposition 3 (Rosazza Gianin; Proposition 11; [38]) If g satisfies
the usual assumptions (including convexity in z), then the risk measure
pg defined as

pg(X) £ E(—X)

is a convex risk measure satisfying monotonicity, constancy and transla-
tion invariance.

Moreover: if g also satisfies positive homogeneity in z, then py is co-
herent.

In view of the result above, some sufficient conditions for a risk measure
to be induced by a g-expectation have been found in [38] as an application
of Theorem

Note that, at least in the sublinear case and under some suitable as-
sumptions, one can prove a one-to-one correspondence between the func-
tional g and the m-stable set of generalized scenarios S of the suitable



risk measure. Hence, one may find (as an application of the results of
Delbaen [17] on m-stable sets) a one-to-one correspondence between time-
consistent coherent risk measures and conditional g-expectation. See also
Chen and Epstein [8].

In the sequel, we will prefer to work with concave utilities instead of
convex risk measures. Note that, given a risk measure p, the associated
monetary utility functional (or, shortly, utility) is defined as u £ —p.

3 Representation of the penalty term of
dynamic concave utilities

In the sequel, we will still work in a Brownian setting, hence Fy is trivial.
Let T be a fixed finite time horizon. Given two stopping times o and 7
such that 0 < o < 7 < T, consider a concave monetary utility functional
Uo,r : L (Fr) = L (Fs), i.e. a functional satisfying

(a) monotonicity: if £,n € L (F;) and £ < 7, then us - (§) < U, (1)
(b) translation invariance: uo,r(§+1) = tuo,r(§) +n for any £ € L= (F;)
and n € L™ (F5)
(c) concavity: uo,r(a€ + (1 — a)n) > ato,r(§) + (1 — &)uqs,~(n) for any
&,n e L>®(F;) and a € [0, 1]
(d) uo-(0) =0
(Uor,r)o<o<r<t is called a dynamic concave utility. In particular, uo,r :
L*(Fr) — R. The acceptance set A, - induced by us - is defined as
Apr 2 {6 € L®(F,) : uo,~(€) > 0}. To simplify notations, we will often
write u instead of ¢ 7.

On (uo,r)o<o<r<7 We will assume the following:

Assumption (e): (uo,r)o<o<-<7 is continuous from above (or it satisfies
the Fatou property), i.e. for any decreasing sequence ({n)nen in L™ (F;)
such that lim, &, = £ it holds true that limy, us,(§n) = Ue,+(§)-

Assumption (f): (uc,r)o,- is time-consistent, i.e. for all stopping times
orvwith0<oc<7<v<T:

Uo,w(§) = Uo7 (Urn(§)), VEEL™(Fu).

Assumption (g): (uo,r)o,~ satisfies

Uo7 (14 +Mlac) = Uor ()14 + to,r (n)1ac, V€, n € L7 (F7), VA € Fo.
(2)
Assumption (h): ¢;(P) =0 for any ¢ € [0, T
It is straightforward to check that this last condition is equivalent to:
Ep[¢|F:] > 0 for any £ € A¢. Furthermore, co(P) = 0 can be replaced

by the hypothesis that there is a probability measure ) equivalent to P
satisfying co(Q) = 0.



Note that, up to a sign, dynamic concave utilities satisfying the as-
sumptions above correspond to normalized time-consistent dynamic risk
measures (po,r)o<o<r<7 studied, for instance, in Bion-Nadal [6] in a gen-
eral setting. More precisely, it holds us,r = —po, -

By Bion-Nadal [6] and Detlefsen and Scandolo [19], it is known that,
under the assumptions above and in the setting of a general filtration,

us,t(§) = ess.infgup.o=p on £ A{EQ[§|Fs] + cs:(Q)} 3)
= ess.infqep, {EQ[{]Fs] + ¢, (Q)}

for any 0 < s <t < T, where

cst(Q) = ess.supec oo (7 {EQ[—EIFs] + us,t(§)}
Psi ={Qon (,F):Q~P,Q=Pon F}.

)

In particular:

ut(§) = essinfour;o=r on 7 {EQ[E|Ft] + ct,7(Q)}

uo(§) = inforr{Eq[{] + cor(Q)}

where ¢:(Q) £ ¢, 7(Q) = ess.supgc 4, EQ[—¢|F:] > 0 and A; denotes the
acceptance set induced by ;. Note that co,7(Q) = supgc oo {Eq[—£] +
U, T ({)}7 hence co,7 is lower semi-continuous and is the Fenchel-Legendre
transform of w.

Furthermore, Bion-Nadal (see Theorem 3 in [6]) proved that (p:, 7)o, 1)
(hence (ut,T)iecp,r)) admits a cadlag modification. We will prove in the
Appendix that the same is true for (c:,7):efo,17-

Note that in [6] and [I9] the representation (B)) was shown with Q < P
instead of @ ~ P. Nevertheless, assumption (h) guarantees that the
representation (B]) also holds true (for a proof see Kloppel and Schweizer
[29] and, in discrete-time, Cheridito et al. [I2] and Follmer and Penner
221).

Remark 4 [t is evident that if (ui)i>o0 is time-consistent, if us(0) = 0
and if it satisfies condition (3), then

uo(§1a) = uo(ue(§1a)) = uo(ue(§)1a)
for any t >0, £ € L=(Fr) and A € F.

It is therefore clear that if (ue,r)e,- is time-consistent, then everything
is defined by wg. The relevance of time-consistency of the dynamic con-
cave utility is also underlined by the following results. On one hand, as
shown by Delbaen [I7] and Cheridito et al. [12], time-consistency is indeed
equivalent to the decomposition property of acceptable sets, that is

Ao’,'u = Ao‘,‘r + AT,'L}

for all stopping times o, 7,v such that 0 < o <7 <wv < T. On the other
hand, both the properties above are equivalent to the cocycle property of
the penalty term c, that is

Co,0(Q) = Co,r(Q) + Eq[er,0(Q)]Fo]



for all stopping times o, 7, v such that 0 < 0 < 7 < v < T (see Bion-Nadal
[6] for the definition and the proof).

In the sequel, we use the terminology of Rockafellar [36] on convex
functions. Our aim is now to prove the following result.

Theorem 5 Let (uo,r)o<o<r<T be a dynamic concave utility satisfying
the assumptions above.

(i) For all stopping times o, 7 such that 0 < o < 7 < T and for any
probability measure Q equivalent to P:

o @ = Bo [ [ sl gu)aui, ()

for some suitable function f : [0,T] x Q x R* — [0, +00] such that
f(t,w,-) is proper, convex and lower semi-continuous.

(i) For all stopping times o,7 such that 0 < o < 7 < T and £ €
L>(Fr), the dynamic concave utility in {3) can be represented as

Ug,r(§) = ess.infqep, , Eq {f + /T f(u, qu)du|.7-'g] .

Remark 6 For a dynamic concave utilities satisfying assumptions (e),
(g), (h), from Theorem 1 of Bion-Nadal [6] it follows that Theorem [3(i)
is equivalent to time-consistency (assumption (f)) of (uo,r)o<o<r<T-

Remark 7 In an incomplete market, the lower price infoe pm Fql€] (where
M denotes the set of all risk-neutral probability measures) defines a util-
ity satisfying all our properties but it is not given by a g-expectation. See
Delbaen [T7] for details about how to get f.

The proof of Theorem [5] will be decomposed into several steps as out-
lined below.
Set

g, (§) = ess.info pyjq) <n {EQ[§|Fs] + cs,0(Q)}- (®)

Note that (by definition of v and by assumption (h)) for any & €
L= (Fr) it holds u (&) = Ep[¢|F:] and u} (¢) < Ep[€|F:].

Remark 8 The reason why the truncated utility u" has been defined as
above is due to the fact that the set {Q ~ P;||q|| < n} is weakly compact.
This argument will be useful in the proof of Proposition [9.

Proposition 9 Suppose that the dynamic concave utility (Uo,r)o<o<r<T
satisfies the assumptions above. Then:
(i) u™ is a dynamic concave utility satisfying assumptions (e)-(g). More-
over, the acceptance sets induced by u" satisfy the decomposition
property and

C:,t(Q) _ { ¢s,t(Q); if gl <n (6)

+00; otherwise

satisfies the cocycle property and c3 (P) = 0.



(i) u™ is induced by a conditional g, -expectation, i.e.

uf (§) = =€, (—€17%)

for some conver function gn satisfying the usual conditions and such
that gn(-,-,2) is predictable for any z € R%. In other words, u™
satisfies the following BSDE

{ dup (€)= gult, Z0)dt — Z7dB,
wh(e) =¢

(ii1) For any probability measure @Q ~ P such that ||g|| < n it holds that
forany 0 <s<t<T:

(@) = Eq [y faluqu)du]
Gu@) = o [[! fulus )il

where fa 2 [0,T] x Q x R — [0, +00] is induced (by duality) by gn
and fn(t,w,-) is proper, convex and lower semi-continuous.

(7)

(iv) The sequence of convexr functions gn is increasing in n.

(v) The sequence of frn is decreasing inn and, for anyn > 0, fn(t,w,q) =
+oo for ||q|| > n.
Furthermore, once (t,w) is fized, for any q either there exists n > 0
such that

fn(t7w7Q):fm(t7w7Q):f(t7w7q)<+oov VmZn
or for allm >0

fn(t7w7q) = +00 = f(t7w7q)7

for some function f : [0,T] x Q x R — [0, 4+-oc].
Hence f(t,w,z) = infy, fu(t,w,z) and it is such that f(t,w,-) is
proper, convex and lower semi-continuous.

Proof.

(i) From the representation (B) it follows that u™ is a dynamic concave
utility which is continuous from above (see Detlefsen and Scandolo
[19] and Kléppel and Schweizer [29]). Still from () one deduces that
Up (1) = uy - (§)1a for any £ € L=(Fr), 0 < o <7 < T and
A € F,. Hence, by Proposition 2.9 of Detlefsen and Scandolo [19],
also assumption (g) is satisfied.

The cocycle property of ¢ and time-consistency of u" follow from
nooy = §oese(@Q) i lgf <n
cst(@) = { +00; otherwise

and from Theorem 1 of Bion-Nadal [6].

Since for the probability measure P it holds ¢© = 0, e (P) =

Csyt(P) =0.

The decomposition property of acceptance sets is due to Theorem

4.6 of Cheridito et al. [I2] and, later, to Theorem 1 of Bion-Nadal

[6].



(ii)

(iii)

Set mf' (§) £ —uf (=€) = ess.supgp, g <ni EQl€1F) — c:(Q)}.
From (i), (75 ;)o<o<r<7 is time-consistent. Furthermore, it is easy
to check that it satisfies monotonicity, translation invariance and
constancy (this last follows from the assumption c:(P) = 0).
Moreover, my satisfies strict monotonicity. This property follows
from weak compactness of the set {Q ~ P : ||g|| < n} (see Remark
). In order to verify strict monotonicity, consider n > ¢ such that
P(n > &) > 0. Since 7§ (§) = Eg[€] — co(Q) for some Q ~ P such
that [lg|| < n, 75 (n) = Eqln] — co(Q) > EQ[¢] — co(Q) = 75 (&)
Finally, we will show that 7§ is dominated by some £¥. For any
&n e L™(Fr)

5 (€ +n) — 75 (§)
= SUPQ;||q||§n{EQ [€+n] —co(@)} — SUPQ;”q”gn{EQ [€] — co(Q)}
< supg. g <n Eon] = E"(n).

The last equality follows from Lemma 3 of Chen and Peng [9] (R
case) which may be extended to R,

By the arguments above and Remark [l (7}')¢>0 satisfies the hy-
pothesis of Theorem [2I Hence there exists a functional g, : [0, 7] X
Q x RY — R satisfying assumptions (A)-(C), (1,) and such that
i (§) = Eqn (€] F2)-

It can be checked that g, (-, -, z) is predictable for any z € R? (see
also Theorem 3.1 of Peng [34]). Furthermore, since 7{* is a convex
functional, by Theorem 3.2 of Jiang [28] it follows that gn(¢,w, -) has
to be convex. Hence

ui(§) ==&, (—E|F)
ug(€) ==&, (=€)

for some function g, satisfying the usual conditions. It is therefore
immediate to check that " satisfies the BSDE in (7).

Moreover: for almost all (¢,w) it holds that the set {z € R? :
gn(t,w,z) < a} is closed for any a € R. The closure of such a
set (or, equivalently, the lower semi-continuity of g, (t,w,-)) is due
to the fact that g, is Lipschitz with constant n (see the arguments
above and Theorem [2). Hence g, (¢,w, -) is convex, proper and lower
semi-continuous.

Set now

fa(t,w,q) £ sup{q- 2z — gn(t,w,2)}. (8)
z€RA

Note that fy(¢,w,q) > 0 (take for instance z = 0 in the definition of
fn) and, because of the assumption co(P) =0, fn(¢,0) = 0.
Since gn(t,w, 2) is predictable (by item (ii)),
fn(t7w7 q) = sup {q CR gn(tva Z)} = sup {q 2 gn(t7w7 Z)}
z€RA z€Qd
is predictable for any ¢ € R? (as supremum of countably many pre-

dictable elements). Note that ||¢|| > n implies fr(t,w,q) = 400 (by

@®))-



Since gn(t,w,-) is convex, proper and lower semi-continuous (see
above) and f, (t,w, -) is the convex conjugate of g, (¢, w, ), i.e. fn(q) =
gn(q), also fy is convex, proper and lower semi-continuous (see Rock-
afellar [36]).

As a consequence of the dual representation of a g-expectation in
Theorem 7.4 of Barrieu and El Karoui [5] we get

T
(@ = Fa | [ futwaanl
0
for any probability measure @ ~ P such that ||g|| < n.

It remains to show that cg(Q) = Eq [f; fn(u, qu)du|.7-'s] for any
0 < s <t < T and for any probability measure Q ~ P such that
llgll < n. Also this result can be deduced by Theorem 7.4 of Barrieu
and El Karoui [5]. Nevertheless, since the proof will be useful later,
we postpone it to Lemma [T0l

It is easy to check that the sequences of u§ and of ¢ are decreasing
in n € N. By applying the Converse Comparison Theorem on BSDE
(see Briand et al. [7]) and Lemma 2.1 of Jiang [28], we will show that
the sequence of convex functions g, (which induce u™) is increasing
in n.

In order to prove the thesis above we will proceed in a similar way
as in Jiang [28]. By definition of u", ug (&) > ugf}l (&) as well as
ugr(§) > u:’l}l (&) hold true for any { € L (Fr). By item (ii) we
deduce therefore that for any & € L™ (Fr)

E0n(€) < Eppin () )
ggn (6"7:-5) S €9n+1(€|]:5)

Denote now by S;’t the conditional g-expectation at time s with final
time t. To apply successfully Lemma 2.1 of Jiang [28] we need to
verify that

Eql(€) < &0 (€), Vs, t€[0,T] with s <t, Ve L™(F). (10)
Condition ([I0) has already been established for (s,t) = (0,7") and
(s,t) = (s,T). Consider now the case (s,t) = (0,t). Since (see Peng
[33] for details) £;'(n) = €57 (n) for any n € L>(F), from (@) we
deduce that £2:7(¢) < Sg;fﬂ (&) for any 0 <t < T and £ € L>(Fy).
For general (s,t), inequality (@) can be checked as above. Indeed,
for any & € L>(F;) it holds that £5°(¢) = £5,7(6) < €7, (¢) =
Equy (-

Set now

S A {te[0,T): glt,2) = L' — lim L€(2(Brse — By))).

e—0t €
From Lemma 2.1 of Jiang [28] it follows that

m([0,T)\ 8*(g:)) =0 VzeR?

10



for i = n,n + 1, where m denotes the Lebesgue measure on [0, T7].
By the arguments above it follows that for any z € R?

ift €S (gn) NS (gns1) #0 = gn(t,2) < gn4a(t,z) P-as.

and

m([0,T)\ (57(gn) N S*(gn+1)))
=m(([0,7)\ §(g)) U ([0, T) \ $*(gn+1))) = 0

Hence, by proceeding as in Jiang [28] it can be checked that for any
z €R?
gn(t,2) < gnt1(t,z)  (dt x dP)-a.s.

Positivity of any g. is due to the fact that u(¢) = Ep[¢|F] =
—Ego(—&|Ft) where go = 0. By the same arguments above, therefore,
gn > go = 0.

From (iii) and (iv) it then follows that the sequence of f, is decreas-
ing in n.

Consider again the measurable space ([0, 7] x Q, P, m X P), where
P denotes the predictable o-algebra and m denotes the Lebesgue
measure on [0, T]. Denote by P the completion of P.

Take N > 0 and, for any € > 0, set

E= EN,E
< .
s {<t,w,q> € [0.7] x O x B lall < n

| feir(bw.q) e < faltiwq) <N

and 7(E) its projection on [0,T] x Q. Note that E € P ® B(R?).
From the Measurable Selection Theorem (see Aumann [4] and Alipran-
tis and Border [I]), 7(E) € P and there exists a P- measurable
7 : 7(F) — R* such that (t,w,q(t,w)) € E for (m x P)-ae. (t,w) €
m(E). Set now § = 0 on w(E)°. To such a g it is therefore possible
to associate a g : [0,T] x Q — R? which is P-measurable and equal
to ¢ (m x P)-almost everywhere.

Let @ be the probability measure associated to ¢ as above. By
definition, |l¢|| < n. Hence, ¢jr(Q) = cngl(Q) = co,7(Q) < +oo.
Furthermore, by definition of E it follows that
n [T
(@ = Fq [y falu,q.)du]
= EQ f()T fn(u7 qu)lw(E)du + EQ |:ng f"l (u7 qu)lw(E)Cdu]
= EQ f()T fn(u7 qu)lw(E)du
> Bq | Jy [f+1 (1, @u) + €] Loy dul
= Eq [y fus1(t,0u)Lx(mydu) +£(m x Q)(n(E))
= g (Q) +e(m x Q)(n(E))
If (m x Q)(w(E)) > 0, then 08}1 (Q) + € < cgr(Q) < +o0, that is

a contradiction. Hence, (m x Q)(n(F)) = 0, i.e. (m x Q)({(t,w) :
N > fn(tyqut) > fn+1(t,w,Qt) +€}) =0.

11



By letting N tend to 400, from the arguments above and since
Q ~ P, it follows that if f, < +o00 on {z : ||z| < n}

frn=fr+1 (m xdP)-as
and hence fn = fny1 = f (m X dP)-a.s. for some functional f. Le.
falt,w,x) = fayi1(t,w,z) = f(t,w,z) (mxdP)-a.s., for ||z| < n.

Furthermore, we may conclude that, once (¢,w) is fixed, for any ¢
either (1) there exists n > 0 such that f,(¢,w,q) < +oo (hence
fm(t,w,q) = f(t,w,q) < +oo for any m > n and m > ||q||) or (2)
for all » > 0 it holds fr(t,w,q) = 400 = f(t,w,q). Hence

ft,w,z) =inf fr(t,w,x).

By the properties of the sequence of f,, it follows that f(-,-,0) = 0.

It remains to prove that f(¢,w,-) is proper, convex and lower semi-
continuous. Properness of f(¢,w,-) is trivial. Since f(t,w,z) =
limy, fr(t,w,z) = inf, fo(t,w,z) for almost all (¢,w) and any fn
is predictable and convex in x, it is easy to check that also f is
predictable and convex in x.

Furthermore, for almost all (t,w) the set {g € R? : f(t,w,q) < a}
is closed for any a € R. Take indeed a sequence {¢"}1>0 such that
¢" =, qand f(t,w,q") < a. There exists N € Nsuch that ||¢*|| < N
for all k. Hence

f(tvquk) = fN(tvquk) <«

Since fn(t,w,-) is lower semi-continuous, f(t,w,q) = fn(t,w,q) <
lim, fn(t,w,¢") < a. Hence also f(t,w,-) is lower semi-continuous.
[ ]
Lemma 10 If cj+(Q) = Eq [fOT fn(u7qu)du] holds for any probability

measure Q ~ P such that ||q|| < n, then also c5,(Q) = Eq [f; fn(u, qu)du|}'s]

holds for any 0 < s <t < T and for any probability measure Q ~ P such
that g]| < n.

Proof. Let Q be a probability measure equivalent to P and such that
llg|l < n. Consider the case where s = 0 and take the probability measure
Q@ corresponding to the following g:

_ qu; f0<u<t
Tu = 0; ift<u<T

obtained by pasting @Q and P. It is clear that ||g|| < n. From the cocycle
property of ¢" established in Proposition [0(i) it follows that

CZ)L,T(Q) = )+E [C

12



From the arguments above it follows that
Cg,t(Q) = CZ)L,t (@) = Cg,T (@)

=B |[) fn(U@u)dU]

= Bg [ fy Jo(w,3,)du] = Eq [ [y falu,0.)du] .

We will now come back to the general case. Consider the probability
measure Q* obtained by pasting Q and P as follows:

. 0; ifo<u<s
Tu = Gula +0-1ac; ifs<u<T ’

with A € Fs. On one hand, we deduce that ci (Q") = c{ s(P) = 0, while
forany s <t <T

¢5.(Q") = Eq- [ [; falu,ai)dul
= Eq+ |1a [! fa(u, qu)du
= Ep [Bq [1a [} fa(u, g.)dul
= Ep |1aEq [f; o (u, qu)du| Fs

On the other hand, from the cocycle property Eq«[cS:(Q™)] = cp+(Q™) —
5.5 (Q"), hence

6 4(QF) =cp.(QF) — b 5(Q) = Egct +(Q")]
= Eq+[Eq+[cg +(Q")|Fs]]
= Ep[laEq[cs +(Q)|Fs]-

Since the set A is arbitrary, we deduce that for any A € F;

o [1AEQ [ / 't qu>du|fs“ = BrllaBolc, Q)]

hence .
Q) = ol (Q)|F] = Eq [ [ it qu>du|fs} .
[ |

Lemma 11 For any probability measure Q) equivalent to P it holds true
that

CO)T(Q) < Eq f()T f(u7 qu)dui|
(@) < Eq |[] f(u,q)dulF]
Proof. We will start proving the inequality for co,7(Q).

Case 1: fOT f(u, qu)du is bounded.

Consider the probability measure Q™ corresponding to ¢ £ qlyq<n-
Since fOT f(u, gu)du is bounded (by assumption), from Proposition [Ofiii)
it follows that

lim, co.r(Q") = limn Eqn | [ fu(u, qS)dU]
= lim, Egn | i f(u,qu)luqu@d“]
= lim, Eq [% o flu, qu)lnqngndu]
= Bq [ £(u,qu)du] < +o0

13



n 1
Since % —L %7 by lower semi-continuity of co,7(Q) it follows that

T
co,r(Q) < liminf co7(Q") < Eg [/ f(u, qu)du} .
n 0

Case 2: fOT fu, qu)du € L' (Q).

For any n € N, set 0, = inf{t > 0: fot f(u,qu)du > n}. Then oy, is a
stopping time and o, T 7.

Set Q™ the probability measure corresponding to dgp =E&(q- B)°".

on 1
It is easy to check that dgp L %. Furthermore,

Bom | [ sty = 8o | [ ] 5o | [ ", ]

where the equality above is due to the fact that ¢ and ¢°" coincide on the
stochastic interval [0, 0, ]. By applying the arguments above, we obtain

cor(Q) <liminf, cor(Q7") < liminf, Eqgon [[5" f(u,q7™)du]
< Eq [foT f(u, qu)du] :

Case 3: General case.
In general, if fOT f(u,qu)du ¢ L'(Q), then Eq [fOT f(u, qu)du] = 400.

Hence co,7(Q) < Eg [fOT f(u, qu)du].

The inequality c;,7(Q) < Eq [ftT f(u7qu)du|]:t} can be checked by
proceeding as in the proof of Lemma[I0l m

Lemma 12 Let Q be a probability measure equivalent to P and such that
co,r(Q) < +oo. If {Tn}n>0 is a sequence of stopping times such that
P(Tnd; T) = 0, then co(Q™) 1 co(Q), where Q™ is defined by ng" =
EP [ﬁ |f7'n:| .

Proof. On one hand, by the cocycle property and by the definition of
Q™ it follows

co,7(Q) = co,r (Q) + Egler,, m(Q)]
> co,7, (@) = co,r(Q™)

On the other hand, by the lower semi-continuity of ¢o and by dg;" ﬁl

% it holds co,7(Q) < liminf, co,r(Q@™). So lim, co,7(Q™) = co,7(Q).
| |

Lemma 13 Consider a general setting where the filtration satisfies the
usual hypothesis but it is not necessarily a Brownian filtration.

Let Q be a probability measure equivalent to P such that co,r(Q) < 400
and (ct(Q))iefo,1) 5 Tight-continuous.

Then there exists a unique increasing, predictable process (At)icio,r)
(depending on Q) such that Ao =0 and

Ct(Q) = EQ[AT — At|]:t]7 Vt € [07T]7 (11)
i.e. c(Q) is a Q-Potential.
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Proof. By Theorem VIL.8 of Dellacherie and Meyer [18], equality ()
holds true if (c:(Q))tcjo, 1) is a positive Q-supermartingale of class (D),
that is (¢s(Q))secs is uniformly integrable where S is the family of all
stopping times smaller or equal to T'.

The process (¢:(Q))tcqo,) is clearly adapted and positive and, by hy-
pothesis and from the cocycle property, ¢:(Q) € L'(Q) for any t € [0, T].
By the cocycle property we deduce that for any 0 < s <t <T

Eqlee,m(Q)|Fs] = ¢s,7(Q) — s,(Q) < cs,7(Q),

ie. (ct(Q))iejo,m is a Q-supermartingale. Furthermore, ¢r(Q) = 0. It
remains to show that (c:(Q))¢c[o,) is of class (D). This proof is postponed
to the Appendix. m

Remark 14 Since in our setting (ct(Q))icpo,r) s cadlag (see the Ap-
pendiz for the proof), as a particular case of the previous Lemma it follows
that equation (Id]) holds for a cadlag (At)icio,1-

Note that from () it follows that ¢« (Q) = Eq [Au — A¢|F:] for any
0 <t < u <T. Furthermore, the assumption ¢;(P) = 0 implies that for
Q = P we have A = AT =0.
Lemma 15 Let 0,7 be two stopping times such that 0 < o <7 <T and
Q', Q? be two probability measures equivalent to P. Denote by A, A? the
corresponding increasing processes as in ().

Let Q be the probability measure induced by

q', on H' =]0, o]U]T, T]
q= 2 2 _
q°, on H? =]o, 7]

and denote by A the corresponding process as in ({I1).
Then
dA = dA |1 + dA? |2 = 10 dA" + 12d A°. (12)

Proof. Consider an arbitrary ¢ € [0, T7.
For t > 7: we have that ¢:(Q) = ¢{(Q") = Eq: [Ar — A{|F].
For ¢ <t < 7: from the cocycle property we deduce that

a(Q) =c,7(Q) + Eq [err(Q)|F]
= EQQ [Az - A?|]:t} + EQz [EQl [A%« — A}—lfT]lft}
— Bo [A2 - A2 4 A} - AL|R)]
= Bq | [z (i dA* +1572d4%) | 7] .

For t < o: from the cocycle property and from the case above we
deduce that

ct(Q) =cto(Q) + Eq[cor(Q)F]
= Eq [A} — Aj|F]

+EQ1 |:EQ |:-[i]o',T]] (1H1 dA* + 1H2dA2) |fg] |]:t]
= Bq [z (i dA* +1552d4%) | 7] .
Since A; = f(O,t] (1H1 dA' + ledA2) is cadlag, predictable and in-

creasing, (At)icjo, 1) is the process associated to Q in the sense of (L.
]
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Corollary 16 Letoi,02,...,0n,T1,T2,...,Tn be stopping times such that
0o < <om<n<...<o, <7 <T and let Q be a probability
measure equivalent to P and whose corresponding increasing process is
denoted by A. Set

H £]o1, n1)U]oe, 2] U. .. Ulon, 7] (13)

Let Qf be the probability measure induced by ¢ = g1y and denote by
AT the corresponding process as in (Id). Then

dA™ = 1pdA. (14)

Proof. The proof of this result is a repeated application of Lemma
(with Q' = Pand Q* = Q). =

Lemma 17 Let Q be a probability measure equivalent to P and A be the
associated increasing process.
Then there exists a sequence (7™ )nen of stopping times such that

) aQlo "] L' dQ
(i) =Zp— —n T

induced by q]]O’Tn]] = qljo,rn7;

(ii) o0 (Q17") 1 co.r(Q);
(#i) Arn is bounded.

where Q]]O'Tn]] denotes the probability measure

Proof. For any n € N set ¢" 2 inf{t > 0 : A; > n}. Hence o"
is a predictable stopping time. For any fixed n, take now a sequence
(7™™)men such that 7™ is increasing (in m), 7™ < ¢™ on {¢™ > 0}
and 7™ 1 ¢". By definition of ¢” and from 7™™ < ¢" it follows that
ATn,m < n.

For any € > 0 small enough, take now n and consequently m big

enough to have || w —

Take now 7" £ maxXe<n 75 Tt can be checked that (T™)nen is an
increasing sequence of stopping times and that A.» < n (since also 7" <
o™). Furthermore, since o™ = T for sufficiently big n and 7" 1 T', property
(i) follows. Property (ii) can be checked as usual (see, for instance, the

proof of Lemma [12]). =

n,m

9911 < e. For such indexes set 7(™ £ 7

Lemma 18 Let Q be a probability measure equivalent to P and let A be
the associated increasing process. Suppose that A is bounded. Let H be a
predictable set.

Suppose that E(qlu - B) is a uniformly integrable martingale. Set

% 2 &£(qlw - B)r and denote by A™ the associated increasing process.
Then

dA™ < dA, (15)
hence A¥ < Ar.

Proof. First of all, we recall that the sets of the same form as in (I3]) form
an algebra A (Boolean algebra) and that the o-algebra P of predictable
sets is generated by A.

Consider now any predictable set H € P satisfying the hypothesis
above. If H € A, we already know that dA™” = 1xdA (from Corollary
[I6). We will consider now the general case.
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Consider two stopping times o, 7 such that 0 < o < 7 < T and take a
sequence (H")nen C A such that

Eo [fOT g — 1H|dA] 0 0

(16)

E [fOT g — 1H|dt] —n 0.
Set QF " the probability measure induced by ¢" = qlgn» and denote by
A™" the associated increasing process. Again from Corollary [I8lit follows

H"™ __ . n dQHn Lt
tha}: dA”" = 1pndA (since H" € A). By ([I8) we have that =5— —
aQ
dpP_°

By lower semi-continuity of ¢ and by (), we get

Egu [AZ — AZ|F,] = co-(QY) .
< lim inf, cavT(QH )
= liminf, Egun (A" = AZ"|F,].

Since f]]a,-r]] lgndA —, f]]fr"r]] 1gdA, f]]a,-r]] 1gndA is uniformly bounded
and g(l]]o',‘r]]ﬂH"q : B) —>£ g(lﬂo,rﬂﬂHq : B)7 then

/ 1HndA|.7:g
lo,7]

From (I6)) and (7)) it follows that

Egun )

—n Egu [/ 1pdA|F,
Jo,7]

Egu [AY — AllF,] =Egn [f]]m]] dAHIfa]
< liminf, Egun [Af e |fg]
= Bgn [J;, . 1ndAIF ],

hence Egn |y, 3 dA%|Fo] < Egu [f, 5 1ndAIF).
The same inequality holds if we replace ]o, 7] with any element K € A
(it is sufficient to sum over intervals of the same form as in ([I3)), that is

T T
Equ [/ 1KdAH|]-"U} < Egu U 1K1HdA|]-"U] : (18)
0 0

Moreover, by passing to the limit we obtain that inequality (I8) holds
true for any K € P. So we get dA” < 1ydA as stochastic measures on
(0,T), hence A¥ < Ap. m

Lemma 19 Let QQ be a probability measure equivalent to P and suppose
that the corresponding increasing process A is bounded.

If H" is predictable, H™ 1 (0, T]x$ and Q™" is the probability measure
induced by an = qlgn, then

n

co,r(Q™) = cor(Q).
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Proof. We already know (by Lemma[I8) that
dA™" < 1yndA. (19)

n
aQ L' dQ
—n aP’

inequality ([I9) and lower semi-continuity of co,7 we
C(),T(Q) S lim infn Co,T (QHn)

— liminf,, Egun A?”]

<liminf, Egun | fy, y LumdA]

an
Since f(o 7] 1gndA is bounded and d%P —>ﬁl %7 we have that

cor(Q) < liminf, co,r(Q7") < liminf, Egn [ Sy Lo dA]
= Eq [f(o,T] dA] = co,r(Q),

hence co,7(Q") =, cor(Q). m

Theorem 20 Let Q be a probability measure equivalent to P and let A be
the associated increasing process. Then there exists a sequence (Q™)nen
of probability measures with ¢" bounded such that Qr —>7LL1 49 4nd

aP P
co,7(Q") —n co,r(Q)-

Proof. From the arguments above (and by stopping arguments) we may
suppose A bounded.

For any n € N take H" £ {||g|| < n} and set Q™ the probability
measure induced by ¢ = ¢qlpgn. Hence H" is predictable and H" 1
(0, T]x Q, it satisfies the hypothesis of Lemma[9 It follows that ddQ; —>7LLI

% and (by Lemma [19) that co,7(Q™) —n co,7(Q). ®

We are now ready to prove the representation of the penalty term c in
terms of f (see Theorem [).

Proof. (of Theorem [B]) Since (ii) is a straightforward consequence of
(i) and of the representation in (B]), it remains to show that

0@ = o[ e ). (20)

By Lemma [II] we already know that co,7(Q) < Eg [IOT f(u, qu)du} for
any probability measure Q) ~ P.

Suppose that fOT f(t,w,q)dt € L*(Q). For any n € Nset o, 2 inf{t >
0: fot f(u,qu) > n}. (on)n>0 is a sequence of stopping times such that
on TT.
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Take now a sequence (Q™)men of probability measures as in Theorem
Then

cor(Q) < Eq [foT f(u, Qu)du]
=lim, Eq [[)" f(u,gu)du}
< sup,, limy, Eqgm fOU" F(u, qu)ljjq<mdu
< limy, sup,, Eqm fo " f(u, qu) g <mdu
= limm EQm |:f0T f(u, qu)lllqllgmdu]
= limm cgr(Q™) = limm co,7(Q™) = co,7(Q),
where the last equality is due to Theorem Equality (20)) has therefore

been established for fOT f(t,q)dt € LY(Q).
If fOT f(t,w,q)dt ¢ L*(Q), by Fatou’s Lemma we get

cor(Q) < Eq [fOT f(t,Qt)dt]
< limin Bon [ fo £(t,0)1jq1<mdt]
= lim inf, c§'r (Q™)
= liminf,, co,r(Q™) = co,7(Q),

hence co,7(Q) = Eq [fOT @, qt)dt] = +o00. The representation of ¢s,:(Q)

(hence of co,+(Q)) can be deduced as usual. ®

Acknowledgements The authors thank two anonymous referees for
useful comments that improved this paper.

4 Appendix

Let @ be a probability measure equivalent to P and such that co,7(Q) <
+00.

In the following, we will prove that (c:,r(Q))¢e[o,7] is of class (D) and
that it admits a cadlag modification.

The following corollary of Lemma [T2] will be useful later.

Corollary 21 sup{Eq[c,,7(Q)]|T stopping time s.t. P(r <T) < 1} —,
0

The following result is a straightforward consequence of the cocycle
property of c.

Lemma 22 Denote by S the family of all stopping times smaller or equal
toT.

The family (co,7(Q))scs satisfies the following property: given any
pair of stopping times o,7 such that 0 < o < 7 < T then co7(Q) >
Eq [er,7(Q)|F5]-

Lemma 23 The family (co,7(Q))secs is Q-uniformly integrable.
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Proof. We have to prove that
lim sup/ ¢o,7(Q)dQ = 0. (21)
Ot ges Je, p(Q)>n

Consider an arbitrary stopping time o € S and set

RON L if co,7(Q) > n
T T if cor(Q) <n

By the cocycle property we get

(@) =@ ")+ Eqle,im +(Q)]
> Eqle,m) 1(Q)]
= I\, 1@ C27(Q)AQ = nP(cs.r(Q) > n).

Hence P(co,7(Q) > n) < % uniformly in o, so we get

0 <suwpes [, . (q)sn Cor(Q)dQ
< sup{Eq|cr,7(Q)]|T stopping time s.t. P(r < T) < —COT(IQ)}

Since the last term tends to 0 as n — 400 by Corollary 211 (21) follows.
|

Lemma 24 Let e > 0 such that Eq[—¢&] > co(Q) —¢ with § € Ao,r. Then
for any pair of stopping times o, T such that 0 < o <7 < T it holds that:

Eqlcor(Q)] < EQlus(§) —ur(§)] +¢.

Proof. By translation invariance of (u:1)ic(o,7) it follows that u, (£ —
ur,7(§)) = 0, hence & — u-(§) € A, 7. Furthermore, by time-consistency
and translation invariance of u and by £ € Ao, it follows that u-(&) —
ue(§) € As,r and that us(€) € Ao,o.

The cocycle property or, equivalently, the decomposition property
Ao,r = Ao,e + Ao,r + Ar,r implies that

c(Q) = Eglco,s(Q)] + Eqlce,r(Q)] + Eqler,r(Q)]
> Eql—us(§)] + Eqlus (&) — ur (§)] + Eqlur (§) — €]
> Eq[—¢] > c0(Q) — ¢,

where the first inequality follows from c;,r(Q) = ess.sup¢c 4, . Eq [—€|Ft].
By proceeding as above we get ’

c(Q) > Eq[~us(§)] + Eqlus(§) — ur(§)] + Eqlur (§) —¢]
>co(Q) —¢
> Eq[~us ()] + Eqlco,r(Q)] + Eqlur (§) — £] — ¢,

hence Eqco (Q)] < EQluc(€) —u-(§)] +€. m

Lemma 25 Let 0 € S. If {on}nen is a sequence of stopping times such
that oy, | o, then Eglco,0, (Q)] —n 0.
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Proof. Suppose by contradiction that Eg[cs,s, (Q)] does not tend to 0
as n — +o00. Hence there exists € > 0 such that Eq[co,0, (Q)] > € > 0 for
any n € N. Take now § € Ao, such that Eq[—¢] > co(Q) — 5. Hence, by
Lemma [24]

Eglus(€) — o, (€)] > Eqlco,0, (Q)] — = >

N M
[N NO)

for any n € N. This leads to a contradiction since (u:,T)icjo,7) admits
a cadlag version with ue,, (§) —n us(€) in L*(Q) (see Lemma 4 of Bion-
Nadal [6]). =

By the cocycle property it is easy to deduce the following result from
the one above.

Corollary 26 Let 0 € S. If {on}nen is a sequence of stopping times
such that oy, | o, then Eglco, r(Q)] —=n Eglco,r(Q)].

Lemma 27 (c:,7(Q))icpo,r) admits a cadlag modification. Furthermore,
if (Ct)iejo,m) denotes this modification, for any stopping time o € S it holds
co,7(Q) =Co a.s.

We remark that this ends the proof of the statement in the beginning
of the appendix.

Proof. We already know that (c:,7(Q)):e[o,1] is a positive Q-supermartingale
(see the proof of Lemma [I3)) and that for any sequence {tn }nen in [0, T
and such that ¢, | ¢ it holds Eglct,,7(Q)] —n Eglct,r(Q)] (by Corollary
26). By Theorem 4 at page 76 of Dellacherie and Meyer [18] it follows
that (ct,7(Q))icjo,m) admits a cadlag modification. This implies that for
any stopping time o € S taking rational values it holds ¢, = ¢o,7(Q) a.s..
For a general stopping time o € S there exists a sequence {on}nen of
finite stopping times taking rational values and such that o, | 0. Hence
lim ¢,,7(Q)= lm @, =% a.s. (22)
n——+oo n——+oo
where the last equality follows from the fact that (¢:):co,r] is cadlag.

It remains to prove that ¢, 7(Q) = limp— 4 oo Co,,,7(Q). This proof is
quite standard and we include it for completeness. By the cocycle property
it follows that (co,,,7(Q), Fo, )nen is a positive reversed @Q-supermartingale
(see Neveu [31]). By Proposition V-3-11 of Neveu [31], ¢o,,7(Q) con-
verges as n — —+00 to a positive Fy-measurable random variable 7 and
Eq [on,7(Q)|Fs] —=n n as.. Since Eg [co,,7(Q)|Fs] < co,r(Q), we get
1N < ¢o,7(Q). Furthermore, by Q-uniform integrability of (cs,,7(Q))nen
(see Lemma 23) we get

Eqleor(Q)] = lim Eqles,, r(Q)] = Eqln]

where the first equality is due to Corollary By the arguments above
it follows that n = ¢s, (@) a.s., hence the thesis. m
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