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ANALYSIS OF MULTIPATCH DISCONTINUOUS GALERKIN IGA
APPROXIMATIONS TO ELLIPTIC BOUNDARY VALUE
PROBLEMS *
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Abstract. In this work, we study the approximation properties of multi-patch dG-IgA methods,
that apply the multipatch Isogeometric Analysis (IgA) discretization concept and the discontinuous
Galerkin (dG) technique on the interfaces between the patches, for solving linear diffusion problems
with diffusion coefficients that may be discontinuous across the patch interfaces. The computational
domain is divided into non-overlapping sub-domains, called patches in IgA, where B-splines, or
NURBS finite dimensional approximations spaces are constructed. The solution of the problem is
approximated in every sub-domain without imposing any matching grid conditions and without any
continuity requirements for the discrete solution across the interfaces. Numerical fluxes with interior
penalty jump terms are applied in order to treat the discontinuities of the discrete solution on the
interfaces. We provide a rigorous a priori discretization error analysis for problems set in 2d- and
3d- dimensional domains, with solutions belonging to WhP, 1 > 2, p € (2d/(d + 2(1 — 1)),2]. In any
case, we show optimal convergence rates of the discretization with respect to the dG - norm.
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cretization, Isogeometric Analysis, non-matching grids, low regularity solutions, a priori discretiza-
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1. Introduction. The finite element methods (FEM) and, in particular, discon-
tinuous Galerkin (dG) finite element methods are very often used for solving elliptic
boundary value problems which arise from engineering applications, see, e.g., [19],[26].
Although the isoparametric FEM and even FEM with curved finite elements have been
proposed and analyzed long time ago, cf. [35], [7], [19], the quality of the numerical
results for realistic problems in complicated geometries depends on the quality of the
discretized geometry (triangulation of the domain), which is usually performed by
a mesh generator. In many practical situations, extremely fine meshes are required
around fine-scale geometrical objects, singular corner points etc. in order to achieve
numerical solutions with desired resolution. This fact leads to an increased number
of degrees of freedom, and thus to an increased overall computational cost for solving
the discrete problem, see, e.g., [33] for fluid dynamics applications.

Recently, the Isogeometric Analysis (IgA) concept has been applied for approx-
imating solutions of elliptic problems [20], [4]. IgA generalizes and improves the
classical FE (even isoparametric FE) methodology in the following direction: com-
plex technical computational domains can be exactly represented as images of some
parameter domain, where the mappings are constructed by using superior classes of
basis functions like B-Splines, or Non-Uniform Rational B-Splines (NURBS), see,
e.g., [32] and [29]. The same class of functions is used to approximate the exact solu-
tion without increasing the computational cost for the computation of the resulting
stiffness matrices [8], systematic hpk refinement procedures can easily be developed
[9], and, last but not least, the method can be materialized in parallel environment
incorporating fast domain decomposition solvers [23], [10], [2].
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During the last two decades, there has been an increasing interest in discontin-
uous Galerkin finite element methods for the numerical solution of several types of
partial differential equations, see, e.g., [26]. This is due to the advantages of the local
approximation spaces without continuity requirements that dG methods offer, see,
e.g., [3], [27], [30] and [12].

In this paper, we combine the best features of the two aforementioned methods,
and develop a powerful discretization method that we call multipatch discontinuous
Galerkin Isogeometric Analysis (dG-IgA). In particular, we study and analyze the dG-
IgA approximation properties to elliptic boundary value problems with discontinuous
coefficients. It well known that the solutions of this type of problems are in general
not enough smooth, see, e.g. [21], [24], and the approximate method can not produce
an (optimal) accurate solution. The problem is set in a complex, bounded Lipschitz
domain Q C R?% d = 2,3, which is subdivided in a union of non-overlapping sub-
domains, say S(2) := {Q;}}¥,. Let us assume that the discontinuity of the diffusion
coefficients is only observed across sub-domain boundaries (interfaces). The weak so-
lution of the problem is approximated in every sub-domain applying IgA methodology,
[4], without matching grid conditions along the interfaces, as well without imposing
continuity requirements for the approximation spaces across the interfaces. By con-
struction, dG methods use discontinuous approximation spaces utilizing numerical
fluxes on the interfaces, [22], and have been efficiently used for solving problems on
non-matching grids in the past, [12], [13], [16]. Here, emulating the dG finite ele-
ment methods, the numerical scheme is formulated by applying numerical fluxes with
interior penalty coefficients on the interfaces of the sub-domains (patches), and us-
ing IgA formulations in every patch independently. A crucial point in the presented
work, is the expression of the numerical flux interface terms as a sum over the micro-
elements edges taking note of the non-matching sub-domain grids. This gives the
opportunity to proceed in the error analysis by applying the trace inequalities lo-
cally as in dG finite element methods. There are many papers, which present dG
finite element approximations for elliptic problems, see, e.g., [3], [31], the monographs
[30],]27], and, in particular, for the discontinuous coefficient case, [12], [28]. However,
there are only a few publications on the dG-IgA and their analysis. In [6], the au-
thor presented discretization error estimates for the dG-IgA of plane (2d) diffusion
problems on meshes matching across the patch boundaries and under the assumption
of sufficiently smooth solutions. This analysis obviously carries over to plane linear
elasticity problems which have recently been studied numerically in [2]. In [14], the
dG technology has been used to handle no-slip boundary conditions and multi-patch
geometries for IgA of Darcy-Stokes-Brinkman equations. DG-IgA discretizations of
heterogenous diffusion problems on open and closed surfaces, which are given by a
multipatch NURBS representation, are constructed and rigorously analyzed in [25].

In the first part of this paper, we give a priori error estimates in the |.||4q
norm under the usual regularity assumption imposed on the exact solution, i.e. u €
Wh2(Q) N W'=22(5(Q)). Next, we consider the model problem with low regularity
solution u € WH2(Q) NWHP(S(2)), with I > 2 and p € (ﬁil), 2), and derive error
estimates in the ||.|lag. These estimates are optimal with respect to the space size
discretization. We note that the error analysis in the case of low regularity solutions
includes many ingredients of the dG FE error analysis of [34] and [28]. To the best of
our knowledge, optimal error analysis for IgA discretizations combined with dG tech-
niques for solving elliptic problems with discontinuous coefficients in general domains
Q C R%, d=2,3, have not been yet presented in the literature.
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The paper is organized as follows. In Section 2, our model diffusion problem is
described. Section 3 introduces some notations. The local B, (S(€2)) approximation
space and the numerical scheme are also presented. Several auxiliary results and
the analysis of the method for the case of usual regularity solutions are provided
in Section 4. Section 5 is devoted to the analysis of the method for low regularity
solutions. Section 6 includes several numerical examples that verify the theoretical
convergence rates. Finally, we draw some conclusions.

2. The model problem. Let 2 be a bounded Lipschitz domain in R%, d = 2,3,
with the boundary 9. For simplicity, we restrict our study to the model problem

(2.1) —div(aVu) = f in Q, and v = up on 99,

where f and up are given smooth data. In (2.1), « is the diffusion coefficient and
assume be bounded by above and below by strictly positive constants.

The weak formulation is to find a function u € W?(Q) such that u := up on 9Q
and satisfies

(222) alu, ¢) =1(9), Vb € Wy *(9),

where

(2.2b) a(u, ) :/ aVuVedzr, and (¢)= | fod.
Q Q

Results concerning the existence and uniqueness of the solution u of problem (2.2) can
be derived by a simple application of Lax-Milgram Lemma, [15]. To avoid unnecessary
long formulas below, we only considered in (2.1) non-homogeneous Dirichlet boundary
conditions on 0f). However, the analysis can be easily generalized to Neumann and
Robin type boundary conditions on a part of 0€2, since they are naturally introduced
in the dG formulation.

3. Preliminaries - dG notation. Throughout this work, we denote by LP(Q),p >
1 the Lebesgue spaces for which [, [u(z)|P dz < oo, endowed with the norm [|u| 1) =

1
(Jo lu(@)[P dz)”. By D(Q), we define the the space of C*° functions with compact
support in Q, and by C*(Q) the set of functions with & — th order continues deriva-
tives. In dealing with differential operators in Sobolev spaces, we use the following
common conventions. For any (multi-index) a = (ou,...,aq), a; > 0,5 = 1,...,d,
with degree |a| = Zj:1 a;, we define the differential operator

B,
(3.1) D* = D$* ... D% with Dj = —, D00y =y,
8Ij

We also denote by WHP(Q), [ positive integer and 1 < p < oo, the Sobolev space
functions endowed with the norm

1

(3.2a) lullwen@y = (> ID%ul500) ¥
0<la|<m

(3.2b) llullwioe () = Mazo<|aj<m || DUl co-

For more details for the above definitions, we refer [1]. In the sequel we write a ~ b
if ca < b < Ca, where ¢, C are positive constants indpented of the mesh size.
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In order to apply the IgA methodology for the problem (2.1), the domain € is
subdivided into a union of sub-domains S(Q) := {€;}}¥,, such that

(3.3) Q=|Q, with QnNQ,; =0, ifj#i.

'CZ

i=1

The subdivision of Q assumed to be compatible with the discontinuities of «, [12],
[28]. In other words, the diffusion coefficient assumed to be constant in the interior
of Q; and its discontinuities can appear only on the interfaces F;; = 99, () 99;.

As it is common in the IgA analysis, we assume a parametric domain D of unit
length, (e.g. D = [0, 1]¢). For any §;, we associate n = 1, ..., d knot vectors =9 on D,
which create a mesh T}S?ﬁ = {EAm}ﬁ\f;l, where E,, are the micro-elements, see details
in [8]. We shall refer T(i)ﬁ as the parametric mesh of ;. For every E,, € T(i)ﬁ
we denote by hp its diameter and by h; = max{hy } the meshsize of T( ) . We

assume the following properties for every 7t )D

4

e quasi-uniformity: for every E,, € T( ) holds h; ~ hg,

e for the micro-element edges ey C 8E holds hy ~ep

(@) (@)

On every T 7> We construct the finite dimensional space IB h, spanned by B-Spline

basis functions of degree k, [8], [32],

~ NP dzm(lﬁ(l))
(3.4a) BEM) = Spa”{B§ )(‘T)}j:O "

where every Bj(l) (%) base function in (3.4a) is derived by means of tensor products of
one-dimensional B-Spline basis functions, e.g.

(3.4Db) BY(#) = BY(#1) - - BY (24).

For simplicity, we assume that the basis functions of every IB%( ) ,i=1,...,N are of the
( ) (@)

'u

Every sub-domain ; € S(Q),z = 1,...,N, is exactly represented through a
parametrization (one-to-one mapping), [8], having the form

same degree k. We denote by D’ the support extension of E € T

(3.5a) ®;: D=0, @(i)=> CVBY (@) =€,
J
(3.5b) with 4 = ¥,(2) := ®; (),

where C'J(i are the control points. Using ®,, we construct a mesh T,gi)ﬂ = {E, M
for every €1;, whose vertices are the images of the vertices of the correspondmg mesh

T}E )_ through ®,. If hg, = max{hg, }, En € T}E )Q is the sub-domain €; mesh size,

then based on definition (3.5) of ®;, there is a constant C' := C(||®;||s) such that
hi ~ Chq,. In what follows, we denote the sub-domain mesh size by h; without the
constant C := C(||®;]|) explicitly appearing.

The mesh of Q is considered to be T, (Q) = Ufil T]'(L:)Qi7 where we note that there
are no matching mesh requirements on the interior interfaces F; =09;,N09,i #j.
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For the sake of brevity in our notations, the interior faces of the boundary of the
sub-domains are denoted by F; and the collection of the faces that belong to 992 by
Fp, eg. F € Fp if there is a ; such that FF = 9Q,; () 9Q. We denote the set of all
sub-domain faces by F.

Lastly, we define on §2 the finite dimensional B—Spline space
Br(S(Q2)) = IBSSI) X .. X ngp, where every IB%E;) is defined on ng:)ﬂl as follows

(3.6) By = {B}"|o, : B (&) = B} o W;(x), VB}" € B[}

We define the union support in physical sub-domain €2; as D( - <I>(D(Z)). Since
®,(z) € I@%Ej), the components @4 ;,...,2q,; € I@S) are smooth functions and hence
there exist constants ¢,,, cys such that

(3.7) Cm < |det(®;(2))| < car, i =1,...,d, for all & € D

A(x1,-.,2q)
(Z1,..,Ta) "

Now, for any 4 € V[/m’p(D)7 m > 0,p > 1, we define the function

where ®; ;(2) denotes the Jacobian matrix

where W is defined in (3.5b). For the error analysis presented below, it is necessary
to show the relation

(3.9) Conllitlyymnpy < Ullwmsiny < Colillygmn oy,
where the constants C,,, Cjys depending on

G #= Con(max (|D" @), det(¥))]|oc)

and
Cir = Car((max (| D™ i), |det(®;)]]oc)
correspondingly.

Indeed, for any @ € W™P(D) we can find a sequence {i;} C Coo(ﬁ) converging
to @ in [|.|lyym.»(p), by the chain rule in (3.8) we obtain

(3.10) D, (®;(z))" ' DU;(x) =D (¥;(x)).
Then for any multi-index m we can get the following formula

(3.11) D"Uj(x) = Y Prmo(z) DU (),

mo<m

where P, m,(x) € BS) is a polynomial of degree less than k and includes the various
derivatives of ¥,(x). Multiplying (3.11) by ¢(x) € D(€;), and integrating by parts
we have

(3.12) ‘m'/ U;(x)D™ = > /QPmm0 ) D™ OU; () () da

mo<m
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We transfer the integral in (3.12) to integrals over D and use the change of variable
x = ®,;(Z) to obtain

(313) (1) /D 15 (7) D" p(® (7)) det(®) (7)) dis =
3 / o (®1(2)) D701 ()0 (4 ()| det () (2)) | di

mo<m
But it holds that D™°d; — D™°@ in ||.|| ., (p), thus taking the limit j — oo in (3.13)

and transferring the integrals back to €;, we can derive (3.12) with respect to U. We
conclude that (3.11) holds in the distributional sense, and therefore

a1y [ IDU@P <0, [ 3 Pum@D U@ da <

22 1mo<m

Co o, (P (@))) 2 / [DeU@)P do <

mosm
Cp max (max(P,mo (@) max(|det(® IZ: Do) di <
mosm
c<ng§g>;<|\Dmoww>||w,||det<<1>;<x>>||oo > D" U@
mosm

This proves the “right inequality” of (3.9). The “left inequality” of (3.9) can be derived
following the same arguments as above using the change of variable & = ¥, (x).

3.1. The numerical scheme. We use the B—Spline spaces IB%S) defined in (3.6)
for approximating the solution of (2.2) in every sub-domain ;. Continuity require-
ments for B, (S(£2)) are not imposed on the interfaces Fj; of the sub-domains, clearly
B, (S(Q)) C L*() but B,(S(Q)) € W2(Q). Thus, the problem (2.2) is discretized
by discontinuous Galerkin techniques on Fj;, [12]. Using the notation ng) = ¢y,
we define the average and the jump of ¢, on F;; € Fj respectively by

Qi

(3.150) {on} = 560 + 67, In] = of) — o,
and for F; € Fp
(3.15D) {on} =0y, [on] =}
The dG-IgA method reads as follows: find w;, € Bj,(S(€2)) such that
(3.16a) an(un, ¢n) =l(¢n) +po(up, ¢n), Yon € Bu(S(Q)),
where

N
(316b) a/h(uhu ¢h) = Z (Ii(’U,h, (bh) — Z %Si(uhu ¢h) +pi(uh7 ¢h)7
i=1

Fi;eF
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with the bi-linear forms

(3.16¢) ai(un, on) :/ aVupVop dz,
Q

(3.16d)  si(un, én) = / (aVun} - np, [én] ds,
Fv

ij eF

NO) 2
P (uns6n) = Jper, (M5 + 25 ) unllon] ds,

(316e)  pilun,on) = 1
T i e ) = Jer, 5 [un][on] d,
(%)
(3.16f) pD(uD,ébh):/ ,uoz‘ up@n ds,
F;eFp 7

where the unit normal vector ng,; is oriented from €2; towards the interior of €2; and
the parameter p > 0 will be specified later in the error analysis, cf. [12].
For notation convenience in what follows, we will use the same expression

NOBENG
[ B ullonl ds
Fi;eF hj hl

for both cases, F;; € Fr and F; € Fp. In the later case we will assume that al) = 0.

REMARK 3.1. We mention that, in [12], Symmetric Interior Penalty (SIP) dG
formulations have been considered by introducing harmonic averages of the diffusion
coefficients on the interface symmetric fluxes. Furthermore, harmonic averages of the
two different grid sizes have been used to penalize the jumps. The possibility of using
other averages for constructing the diffusion terms in front of the consistency and
penalty terms has been analyzed in many other works as well, see, e.g. [28] and [18].
For simplicity of the presentation, we provide a rigorous analysis of the Incomplete
Interior Penalty (IIP) forms (3.16d) and (3.16e). However, our analysis can easily
be carried over to SIP dG-IgA that is prefered in practice for symmetric and positive
definite (spd) variational problems due to the fact that the resulting systems of alge-
braic equations are spd and, therefore, can be solved by means of some preconditioned
conjugate gradient method.

4. Auxiliary results. In order to proceed to error analysis, several auxiliary
results must be shown for u € WHP(S(Q)) and ¢, € B (S(R)). The general frame of

the proofs consists of three steps: (i) the required relations are expressed-proved on

a parent element D,, see Fig. 1, (ii) the relations are “transformed” to Eer

hi,D

using an affine-linear mapping and scaling arguments, (iii) by virtue of the mappings
®,; defined in (3.6) and relations (3.9), we express the results in every ;.

Let D, be the parent element e.g [—xy, 1p]¢ € R?, with diameter H,, see Fig. 1.

D, is convex simply connected domain, thus for any x € 9D,,3zo € D), such that
(41) (:v — LL‘Q) . l’laDp 2 CHp'

LEMMA 4.1. For any u € WP(D,),1 > 1,p > 1 there is a
C = Cuy, ap such that the following trace inequality holds true

(4.2) /BD |u(s)|pds§C(/ |Vu(ac)|pdx+/ ()P de).

P DP
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micfo-element

Parent domain

Parameili‘ric domain
\
Interface Fi i ’\ .
L |
M Qj ;

Qi

Physical sub-domains

Fic. 1. The parent element, the parametric domain and two adjacent sub-domains.

Proof. For r = (x — xg) we have

d
Oou
(4.3) / Viul? - rde = / plulP2u——r; dx = p/ lulP~2uVu - rda.
Dy, ; Dy, O D

P

The application of divergence theorem gives
(4.4) / ViulP-rde = / |ulPr -mpp, ds — / |u|Pdiv(r) de.
D, oD, D,

By (4.1), (4.3) and (4.4) it follows that

/ |ulPr - mgp,ds = p/ lulP~?uVu - rdr + / [ulPdiv(r) dx
oD, D

P P
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and by (4.1), we get

(4.5) CHP/ |u|? ds Sp/ |u|p*2uVu~rd3:—|—/ |u|Pdiv(r) dx.
0

P P DT’

Applying Holder and Youngs inequalities, we have

/ |ul" ds < Ch, (Clm(/ [ul? dz: + [VulP da) + Cd/ |ul? d;v)
oD, D, D

D
< CHp,d,p(/ |ul? d:v—i—/ |Vu|”d:c)
D, D,

= Catyaap (I}, + 190l )

0
We point out that similar proof has been given in [16] in case of p = 2.
D,, can be considered as a reference element of any micro-element £ € T(%)ﬁ with the

linear affine map

(4.6) ¢p:D,— EeT?

h; D’ ¢E($DP)ZBIDp+ba

. _d
where |det(B)| = |E|, see [5]. By (4.6), we have that |u|yp(p,) = hi@ ? |ﬂ|Wl,p(E) and
then we deduce by (4.2) that

h};(d_l)/ |ulPds < /|u|pd3: + h /|Vu|pd:1:
eCOE

which directly gives

. ) |
p < + P p—l P ('L)A
(4.7) /ﬁm luPds < c(hi[Em dv + b /E|Vu| d:c), vE e T

()

, we have

(4.8) / |u|pds<C / ulP da + h?~ 1/ |vu|de)
FE@D

Finally, by making use of (3.9), we get the trace inequality expressed on every sub-
domain

1
(4.9) / lul? ds < C’(— / lulP dz + hP ™ / |Vul? daz),
FijG}- hi Q; Q;

where the constant C' is determined according to the C,,, Cys in (3.9).
LEMMA 4.2. (Inverse estimates) For all ¢y, € IBS() defined on T() , there is a

constant C' depended on mesh quasi-uniformity pammeters of the mesh but not on hy,
such that

Summing over all micro-elements E € T

(410) ||V¢h||LP(D) — hp ||¢h||LP(D)
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Proof. The restriction of ¢y|; is a B—Spline polynomial of the same order.
Considering the same polynomial space on the D, and by the equivalence of the
norms on D, we have, [5],

(4-11) ||V¢h||ip(pp) < CDpH(bhHip(Dp)-

Applying scaling arguments and the mesh quasi-uniformity properties of TS) 5 the

left and the right hand side of (4.11) can be expressed on every E € TS)E as

_d _4a
(4.12) hy PPVenl”, . < Chy "l

P P
Lr(E) Lr(E)’

summing over all in (4.12) E € T}E?)ﬁ, we can easily deduce (4.10).

0

LEMMA 4.3. (trace inequality for ¢p, € I@BS}) Forall pp, € I@SZ defined on T}El:)ﬁ and

for all F; e 813, there is a constant C' depended on mesh quasi-uniformity parameters
of the mesh but not on h;, such that

C
Proof. Applying the same scaling arguments as before and using the local quasi-
uniformity of T}El_)ﬁ, that is for every é € AE holds |é| ~ h;, we can show the following
local trace mequdlity

(4.14) 16n 171 ccomy < Chi Ionll}, 5,

summing over all E e T(l:)

.5 that have an edge on F; we deduce (4.13).

a
Next a Lemma for the relation among the |¢h|WL,p(5) and |¢h|Wm,p(f)).

LEMMA 4.4. Let ¢y, € BY) such that ¢ € W'2(B)nWma(E), Ee T and

0<m <l 1<pq<oco. Then thereis a constant C := C(l,p, m,q) depended on
mesh quasi-uniformity parameters of the mesh but not on h;, such that

m—I

—d_d
(4.15) Onlyrinm) < Chi " " fnlyma(s)-

Proof. We mimic the analysis of Chp 4 in [5]. For any ¢y € BE;) |p,, we have that

(4.16) |pnlwie(p,) < Clonlwma(p,), ¢n € @Si)bp-

Using the scaling arguments as in proof of (4.7),

-4 m—4a
hE ! |¢h|wl,p(pj) SOhE ! |¢h|wm,q(}2)
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which directly implies

m

_[_QJ’_Q N
(4-17) |¢h|wl,p(}2) < Ohi ! p|¢h|wm,q(pj)a ¢h € BZ,

For the particular case of m =1 =0 in (4.15), we have that

d(3-%)
(4.18) H¢hHLP(E) <Ch;" * HQShHLq(E)-

4.1. Analysis of the dG-IgA discretization. Next, we study the convergence
estimates of the method (3.16) under the following regularity assumption.

ASSUMPTION 1. We assume for the solution u that u € ng’Q = WhH(Q) n
Wh2(8(Q)), 1> 2.

We consider the enlarged space VV,ZL’2 = ng’2 + B,(S()), equipped with the
broken dG-norm

N

i i i i L
(4.19) lullfe = Y- (e IVu 3y + pilu, u)), we Wy
=1

For the error analysis is necessary to show the continuity and coercivity properties
of the bilinear form ay(.,.) of (3.16). Initially, we give a bound for the consistency
terms.

LEMMA 4.5. For (u,¢p) € VV,ll’2 x By(S(Y)), there are C1.,Co. > 0 such that
for every Fy; € F

@20) fsil = | [ {aVu}nr, 6f o) ds] <

Cl,a (hza(l) ||VU(Z) ||%2(Fij) + hja(j) HVU(]) ||%2(F”)) +

L oa® e\ a) e
o (h—z + h—j)H(bh =& I 12m,)-
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Proof. Expanding the terms and applying Cauchy-Schwartz inequality yields

s <] [ {aVayonn, (0 — o) ds| <

C(aDIVuD gy + 0D Va1 165 = 65 a2,
Applying Young’s inequality:

oD VuD| 2y 165 = 67 Nl 2(ry) < Crehia® Va2, g+
(4) .
o (1) )12
CZ)ghzi ||¢h - ¢h ||L2(Fij)

we obtain

|si| < Cl,ahia(i)||Vu(i)||%2(Fij) + Cl,ahja(j)||Vu(j)||%2(Fij)+
@ : W _
o (1) )2 o (i) ()2 B
Co.chi 163" = o ”LZ(FM) + Ca.oh; 1" — ¢y ”L?(Fij) =

Cl,e (hia(i) [Vl ||%2(Fij) +h;a|[Vul?) ||2L2(Fu)) +

1L oa® o@Dy a) e
02,5( o +h—j)||¢h =& I T2(r,y)-
0

REMARK 4.1. In case where F; € Fp, the corresponding bound can be derived by
setting in (4.20) o) =0 and ¢§Lj) —0.

LEMMA 4.6. (Discrete Coercivity) Suppose up, € By (S(2)) is the dG-IgA solution
derived by (3.16). There exist a C > 0 independent of a and h;, such that

(4.21) ah(uh,uh) > C”uh”?in up € Bh(S(Q))

Proof. By (3.16a), we have that

N

an(un,un) = ai(un, un) — si(un, un) + pi(un, up) =
=1

N
1
il Vunlizn — Y. 5 [ {aVun}-np;fun] ds+
=1 Fij eF Fij

a® o
(4:22) > w( T+ T e,

Fi;eF

For the second term on the right hand side, Lemma 4.5 and the trace inequality (4.13)
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expressed on Fj; € F yield the bound

(4.23) Z / {aVup} -np,;[uy] ds >

F”ef
N .
1 a® o
~Cre Y ailVunlaay = Y (5= + 5 ) IundliZace,
i=1 Foer ~%8 J

Inserting (4.23) into (4.22) and choosing C1,- < & and p > % we obtain (4.21).

O
LEMMA 4.7. (Boundedness) There are Cy,Cy > 0 independent of h; such that
for all (u,¢p) € W2 x Bj,(S(Q))

(420)  an(won) S Ci(Jullie+ D aDnlVulEar, ) + Collgnllie:
Fi;eF

Proof. We have by (3.16a) that

N
(4.25) an(u, on) :Z/{ aVuVoy dz + Z / {aVu} -np, [¢n] ds+

FG]"

o pall
Z / (MT‘FM )[[uﬂ[[¢hﬂd8—T1+T2+T3
FijE]: Fij J

Applying Cauchy-Schwartz inequality and consequently Young’s inequality on every
term in (4.25) yield the bounds

Ty < Ch|lul?6 + Callénl%e-

For the term 7%, owing to the Lemma 4.5, we have

(4)
ey
T) 1londll72 ()

. . «
T2 S Z (Cla(l)thVu(l)||%2(F”)+Cg(uh

Fi;eF
< Z a(l)thVu(z)H%z(F”) + 02||¢h||?1G7
Fi;eF
pald) a® 5 2 2 2
< Z (% + B ) (ol + ColllnllBaqr,y) < Callullig + Callonlo.

Substituting the bounds of T4, T, T5 into (4.25), we can derive (4.24). O

In Chp 12 in [32], B-Spline quasi-intrpolants, say IIj,, are defined for u € WP
functions. Next, we consider the same quasi-interpolant and give an estimate on how
well II,u approximates functions u € W%2(Q;) in ||.||4g-norm.

LEMMA 4.8. Let m,l > 2 be positive integers with 0 < m <[ < k+ 1 and let
E=®,(E),E ¢ T}E?b' For uw € Wh2(Q;) there exist a quasi-interpolant Tl,u € IB%(Z)

and a constant C; := Cs(maxy,<; || D ®4|| L (0,), [|ullwr2q,)) such that

2(l—m
(4.26) Z |t — T ulfyma () < G} )||U||12/vl,2(m)-
EeT?

h;,Q;
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Further, for any F;; € F the following estimates are true

(4.27a) hiaD | (Vul = VIT,u®) - np, ||72p,) < Cihd' ™2,

@ o . , (@) p2i=t
(4.27b) (‘%+ ) [ — @25,y < Ci(a@p2-24 2 )

J T J

hi

_ 20—2 () 201—2

(4.27¢) [lw HhquG<ZC (h; +er]-‘ ! h]h )-
k¥

Proof. The proof of (4.26) is included in Lemma 5.1 (see below) if we set p = 2,
see also [4].
Applying the trace inequality (4.9) for u := u® —Ipu? and consequently using the
approximation estimate (4.26) the result (4.27a) easily follows.
To prove (4.27b), we apply again (4.9) and obtain

NOBENG!

(h—J N h; )Hu(i) - Hhu(i)H%z(Fij) <

(4) @ 1 ) ) ) )
o o K3 3 K3 K3
Oi(—hj + I )(h_iHU( ) — Ty )Hiz(szi) + hi [ Vu — V1T, )||%2(Qi) <
(7 (2) o) p2l-1
o «
Ci h2l 1 < O (z h2l 2 [

Recalling the approximation result (4.26) and using (4.27b) we can deduce esti-
mate (4.27c).

O

In order to proceed and to give an estimate for the error ||u — up||ag, we need to
show that the weak solution satisfies the form (3.16a).

LEMMA 4.9. (Consistency of the weak solution.) Under the Assumption 1, the
weak solution u of the variational formulation (2.2) satisfies the dG-IgA variational

identity (3.16), that is for all ¢p, € Br(S(2)), we have

(4.28) Z / aVu-Vepds — Y ( {aVu} -ng, [6n] ds+

Fi;eFr Fij

(o e ) [, i as)+

F;—B / Dy - ng, ¢p ds + h(l)/ u¢hds> =
Z/ fonde+ S E

F,eFp

/ upPn ds.

Proof. 'We multiply (2.1) by ¢n, € B,(S(Q)) and integrating by parts on each
sub-domain €; we get

/ aVu - Vo dr — / aVu - npq, ¢n ds Z/ Jondz.
oN o9, Qi
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Summing over all sub-domains

N
4. Vu - Vo dr — \V4 ds = d
(4.20) Z/ﬂa u- Ve de / [aVudn] - np, ds = /f«;h .

Fi;eF

The regularity Assumption 1 implies that [aVu]-np,; = 0. Making use of the identity
[ab] = a1by — azbs = {a}[b] + [a] {0},

the relation (4.29) can be reformulated as

(4.30) Z/Q aVu - Vo, dx — Z / {aVu} -np,; [¢n] ds+

FijeFr

Z / aVu - nF¢hdS—Z/ fondx.

F;eFp
/ upp ds =

a®
Z uh- /quShds.

FieFp " i

The continuity of w implies further that

(431 Y (““(l / [ull¢n]ds + Y &

Fi;eFr F;cFB

Adding (4.31) and (4.30) we obtain (4.28).
ad

We can now give an error estimate in ||.||gg-norm.

THEOREM 4.10. Let u € ng’Q solves (2.2) and let up, € By(S(Q)) solves the
discrete problem (3.16). Then the error u — uy, satisfies

(4.32) [ — w2 <Zc (h” 24 Y h2l 2),

Fi;€F
where C; == C(maxy, <; || D" ®; ||L°°(Q ) lullwez,))-
Proof.
Let ITpu € B (S(R2)) as in Lemma 4.8, by subtracting (4.28) from (3.16a) we get
an(un, on) = an(u, dn),
and adding —ap (ITpu, ) on both sides
(4.33) an(un — Hpu, ¢p) = an(u — Mpu, ¢p).
Note that up, —IIpu € B (S(€2)). Therefore we may set ¢p, = up, —Ipu in (4.33), and
consequently applying Lemma 4.6 and Lemma 4.7 we find
(431) [~ My 3 < O (=l + 32 aOhV@® — 0u®) 2., )
Fi;eF
Using the triangle inequality
(4.35) lu = unlli < llun = Thullfe + llu — Thul3e

in (4.34) and consequently applying the estimates of (4.27) we can obtain (4.32).

|
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5. Low-Regularity solutions. In this section, we investigate the convergence
of the uj produced by the dG-IgA method (3.16), under the assumption that the
weak solution w of the model problem (2.1) has less regularity, that is u € Wfs’p =
Wh2(@Q)NWhP(S(Q)), 1 >2,p € (#@l_l), 2]. Problems with low regularity solutions
can be found in several cases, as for example, when the domain has singular boundary
points, points with changing boundary conditions, see e.g. [17], [11], even in particular
choices of the discontinuous diffusion coefficient, [21]. We use the enlarged space
WP = WP + B, (S(Q2)) and will show that the dG-TgA method converges in optimal
rate with respect to ||.|lag norm defined in (4.19). We develop our analysis inspired
by the techniques used in [34], [27]. A basic tool that we will use is the Sobolev
embeddings theorems, see [1],[15]. Let I = j+m > 2, then for j = 0 or j = 1 it holds
that

2d

(5.1) lullws ey < Cp22lullwisan, for p> .

We start by proving estimates on how well the quasi-interpolant IIpu defined in
Lemma 4.8 approximates u € WHP(€;).

LEMMA 5.1. (Approximation estimates). Let u € WHP(Q;) with | > 2,p €
(max{l,#‘?fl)}ﬂ] and let E = ®;(E),E € TfS?D' Then for 0 <m <1 <k+1,

there exist constants C; := Ci(maxy,<; | D®;| Lo, |[ullwin,)), such that

(5.2) Z |U—HhUIme(E) <K p(l=m) .
EET,E?’Qi

Moreover, we have the following estimates

(5.38) o W[Vl = VILuD (L, ) < CiCaht DT

NORENG!
(5:30) o (G + 3ol — Tz, <
N d d ’
Cia(])h_j(h P )” ||W1p9)> +Cja hl (h P )||u||szQ ))

2
5(p,d R0
Cj(h‘(p )HUHWZ’P(Q-)> +C( @ HUHWL’P((L)) )

2
(5:3¢) -m—mwm<20(m%wmm»+

> Cia ( h{® ||U||Wlm(szi)>2,

Fi;eF

where §(p, )—l—|—(————1)

Proof. We give the proof of (5.2) based on the results of Chap 12 in [32]. Given
fewhr (D) there exists a tensor-product polynomial T f of order m, such that,

for every E € T(Z) the estimate

(5'4) |f Tmflwm p(E) < Cdlm |f|W1 p(D( )y
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holds, cf. [5] and [32]. Because of m < k holds IT;,(T™f) = T™f and ”thHLP(E) <
C||f||LP(D(}-)). Hence, we have that
E

(5.5) |u-— Hhu|Wm,p(EA) <|u-— Tmu|Wm,p(E) + [pu — TmU|WM~P(E)
S |U _ TmulwmyP(E) + |Hh(u — Tmu)|Wm,P(E)

-m 7m+%7% m
< Clhli |u|leP(Dg)) + C2h; |Hh(u =T u)'LP(E) (by (4.10))

< Cyhi™ + Cohy ™ u =Tl 5y (by (5.4))

|ulwl,p(Dg))

< Ohé_m|u|wz,p(D@)-
E

Recalling (3.9), the above inequality is expressed on every F € T}E )Q Then, taking
the p — th power and summing over the elements we obtain the estimate (5.2).

We consider now the interface F;; = 9Q; N ;. Applying (4.9) and using the
uniformity of the mesh we get

i 1 i i
(5.6) h[Vul) = VI |7, o ) < CiCaph) (f||vu< = VLU, o+
IV PO ) < 5D €y D14
To prove(5.3b), we again make use of the trace inequality (4.9)

(1) ) _ 1
a [u® = Tu@ |2, 5 < CiCy pa? = |u® — TLu® | da
h. ( w) h Q

|V (u® — Iu)|? dx) =

(5.7)

Q;

CiCdJ)O{( —2 Z / |u(l Hhu de' + Z / |V Hhu(l))|2 d.’L’)

7‘ T('L) T('L)

The Sobolev embedding (5.1) gives

S|

(5.8) lull 2oy < C0.2. D) ([l + [l )

Using the scaling arguments, see (4.6), and the bounds (3.9) we can derive the core-
sponding expression of (5.8) on every F & T,E:)Qi,

"=

h lull 2y < Cihy? v (el o gy + BE 1uliysnmy) *

where a straight forward computation gives

d_d_
=1

3 o

)
(||u|| p(E)+hp|“|W1p )

Proceeding in the same manner, we can show

2
(5.9) Bl < Cil;'

SIS

2(4-4-1)
(5.10) ||u||%/vl’2(E) < Cih, : (HuHip(E) + hf|u|€[/1,P(E) + h?p|u|€vz,p(E))
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Setting in (5.9) and (5.10) u := u(® —T,u(" and applying the approximation estimate
(5.2), we obtain that

G1) Y aP (R u? = e gy + [0 = Tl (|12 )
Ber,

7 H_( -1 2 x X\
< 3 (@Ol pe)’ < (ot that f(x) = (a” +57)* 1)

EeT}SQQi
. lp+p(§—2— » H'( -b ?
a0 Y Tl ) < a0 (0T )
Ber,

Moreover, by (5.11) we can deduce that

@p, 1 _ ) Dh; /1 14(4—4_1) 2
« i i i (6% i + »
(612) — h—i||u<>—Hhu<>||%z<Fm§Ci I (hi ’ Ilullwz,pm),
similarly
Oé(z)hj 1 (]) (]) 2 Oé(z)hj l“r(%*%*l) 2
(5:18) = u? — W,y < CZ2 lullwircay))
7 g 7

Now, we return to the left hand side of (5.3b) and use (5.11),(5.12) and (5.13), to
obtain

(5.14) (O;Z) a(l:))H[[U — ]2, <
)~ Iy + S )
+ %Hu(j) _ Hhu(j)||%2(F L }Ei) ||u Hhu(i)”%%m)
- Cia( hi (hli+(%_%_l)||U||WL’P(Qi)> e a )h (hj (%—%—I)HUHWAP(Q].))Q

IH(§—¢-1) l+( d_1) 2
+Oj(hj © IIullwz,pmj)) +c( 270 ||u||Wl,p(Qi>)_

For the proof (5.3c), we recall the definition (4.19) for v — II,u and have

N
(515) Ju Tl =3 (a® VO - nhu<i>>||%z<g

i=1
pa  pat? 5
i (B + 5 ) = T ).
Fij€ J

Estimating the first term on the right hand side in (5.15) by (5.2) and the second
term by (5.3b), the approximation estimate (5.3c) follows.

|
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We need further discrete coercivity, consistency and boundedness. The discrete
coercivity (Lemma 4.6) can also be applied here. Using the same arguments as in
Lemma 4.9, we can prove the consistency for u. Due to assumed regularity of the
solution, the normal interface fluxe (aVu)|q, - nf,; belongs (in general) to LP(Fj;).
Thus, we need to prove the boundedness for ax(.,.) by estimating the flux terms
(3.16d) in different way than this in Lemma 4.7. We work in a similar way as in [28]
and show bounds for the interface fluxes in ||.||z» setting.

LEMMA 5.2. There is a constant C' := C(p,2) such that the following inequality
for (u, dn) € WP x By (S(Q)) holds true

(5.16) {aVu} nr, [¢n] ds <

1
C( Z az)h1+’7pd||v l)”LP(F a( )h]lJr’YdeVu ||L,JF )) ||¢h||dg,
Fij€F

1
where yp 4 = Ed(p —2).

Proof. For the interface edge e;; C F;; Holder inequality yield

1 1, .. ) ) )
(617) 5 / Sa@Vu? 4 aOTuO||[5u] | ds <
7 1 s
7,) 1+')’ a (Z ( 1+'Y a4 () a(])q
c/ B VU] [l + (DB V| g ds

h, ? ot

()7

i1 1 i ol

< C(a( )hi+7de)p ”vu( )”Lp(eij)TMH[[¢hHHLq(€ij)
ho P

K2
1

(4)a
Ny, 1+ 1 ; «
+ C(@D )5 | VuD o ey g N0n]l Lagesy)-
h. ?

J

We employ the inverse inequality (4.18) with p = ¢ > 2, ¢ = 2 and use the analytical

form et — 2+d2(5_2) to express the jump terms in (5.17) in the convenient L? form
as follows
@7
alt? 0 (d-1)(E—4)-2ie=2)
—sra=5 1on]ll La(es;) <Cinvp2a® by ’ 7 [#nlllz2es,)
h, *
(518) < Cin'u,p,2a Z)q 2 ||[[¢hﬂ||L2(e”)

Inserting the result (5.18) into (5.17) and summing over all e;; € F;; we obtain for
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q>2,

@m)% mwgn&wﬁ@<c'2:/ﬁa@wﬁ+a VU ||[én]| ds

Fyj

ei; €EF;;
1 1
i), 1+7p, ® » i ! ‘
<O X aOmTVON) (X @O ldlee)”)’
e;; €F;; eij €Fij hf
1 1
1+ B ) (L ‘
vo(( X a9 v, V(Y a9 (L llle.,))
eij €EFi; eij €Fij h;

Now, using that the function f(z) = (Aa® + AB%)x, A > 0,z > 2 is decreasing, we
estimate the “g-power terms” in the sum of the rlght hand side in (5.19) as follows

1

6200 (3 o9 Cpllonllize)’)’ < (X a9 Cplionli,)’)’

eij€Fy; j ei; €Fyj g

@ () 3
pHo pHa
< (5 + 1 sy )

Applying (5.20) into (5.19) we get

@m)%/)mwgmmwﬁ@g

Fij
1

20( Z)hl-l,-ypduvu z)HL o) _|_a(])hl-i-%d”vu(J)HLp(F” )E

a® o i
(B 2 D)

We sum over all F;; € F in (5.21) and consequently we apply Holder inequality

(5.22) Z/ {aVu}[¢n] ds <

F”E]-'
1
1+ [ 1+ 7
20( Y aORATUON,  + R U )
Fi;eF
(@) (4) a1
_,lLOz HOo 2 2\«
(2 (5= + 5 OMoler,) )
Fi;eF

Following in much the same arguments as in proof of (5.20), we can bound the
second ) p - in (5.22) as

1

(5:23) (Y ((“Zf) +%?)||u¢hﬂ||i2<Fij>)g)q <

Fi;eF

I

(@) (4)
(3 B+ E)lolawm,) < lonlic
i J

Fi;eF
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Using (5.23) in (5.22), we can easily obtain (5.16).

O
LEMMA 5.3. (boundedness) There is a C := Cp o independent of h; such that
Y(u, ¢n) € WP x Bu(S(Q))

1 P 3 K2
(5.24) an(u,én) < C(lullhs + 3 BP0 [Tu®)n, o+
Fi€F

1
h];+vp,da(g) & ||1Zp(Fij)) "lonllac

Proof. We estimate the terms of ay, (u, ¢p) in (3.16b) separately. Applying Cauchy-
Schwartz for the terms (3.16¢) and (3.16¢) we have

'Mz

N
Il
-

(5.25a) ai(u, ¢n) < Cllullacllonllac

'MZ

Il
-

(5.25b) pi(u, ¢n) < Cllullac||énllac-

(2

For the term (3.16d) we use Lemma 5.2

N
(5.26) Zsl u, dp) <C( Z alt 1+'Ypd||v z)||LP(F +
i=1 Fy;eF

1

. 1+ P
RIS LM IILP F ) pnllacs

Combining (5.25) with (5.26) we can derive (5.24).

d

Next, we prove the main convergence result of this section.

THEOREM 5.4. Let u € Wfs’p,l > 2, p € (max{1, m} 2] be the solution of
(2.2a). Let up, € B(S(Q)) be the dG-IgA solution of (3.16a) and Mpu € By (S(Q)) is

the interpolant of Lemma 5.1. Then there are
C; = C’i(maxlogl ||Dl0‘I’i||Loo(E)), ||u||Wl,p(gli)), such that

2

(5:27)  llu—wnllae <Y (Co(BIPP + Y af pd))”“”wlw(szi)),

i=1 Fi;€F

where §(p,d) =1+ (% — % —1).
Proof. Since (up, — IIpu) € By (S(R2)) by the discrete coercivity (4.21) we have

(5.28) ||uh — Hhu”?iG < ah(uh — Mpu, up — Hhu).
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By orthogonality we have

||uh — HhuHZG < ah(uh — Mpu, up — Hhu) =

ah((uh —u) + (u—pu), up — Hhu) =ap (u — M, up — Mpu)

S O(HU _ HhquG + ( Z h;*f"}’p,da(i)Hvu(i) _ Hhu(1)||1£p(FlJ)
Fi;eF

1
+hjl-+vp’d04(J) |Vul) — 11,00 ||Z£p(pij)) p) llup, — Mpullac,

where immediately we get

(5.29) flun — Mpullac < Ju —pullag + ( Yo b [V — O
Fi;eF

1
4 h]}+7p,da(j) ||Vu(j) — Tu® ”ZL)P(FZ»J-)) v

Now, using triangle inequality, the approximation estimates (5.3) and the bound (5.16)
in (5.29), we obtain

(5.30)  un — ullac < [Jun — Opullag + |lu — Hpullac <

L sd) aWhi s5p,0)
Zcihi HUHW%P(QI»)"‘ Z Ci - h; ||U||lep(szi)7
1=1 Fije}- J

which is the required error estimate (5.27).

|

6. Numerical examples. In this section, we present a series of numerical exam-
ples to validate numerically the theoretical results, which were previously shown. We
restrict ourselves for a model problem in {2 = (%1, %)dzg, with I'p = 9Q. The domain
Q) is subdivided in four equal sub-domains €2;,7 = 1, ...,4, where for simplicity every
Q; is initially partitioned into a mesh T}E:?Qi with h := h; = hj, i # 7,4, = 1,...,4.

(@)

Successive uniform refinements are performed on every Th:,m in order to compute
numerically the convergence rates. We set the diffusion coefficient equal to one.

All the numerical tests have been performed in G+SMO?, which is a generic
object oriented C++ library for IgA computations. For the reasons mentioned in
Remark 3.1, the practical implementation in G+SMO is based on SIP dG-IgA. In the
first test, the data up and f in (2.1) are determined so that the exact solution is given
by u(z) = sin(2.57z) sin(2.57y) sin(2.57z) (smooth test case). The first two columns
of Table 1 display the convergence rates. As it was expected, the convergence rates
are optimal. In the second case, the exact solution is u(x) = |z|*. The parameter A
is chosen such that v € WHP=1-4(Q). In the last columns of Table 1, we display the
convergence rates for degree k =2, k=3 and [ = 2, [ = 3. We observe that, for each
of the two different tests, the error in the dG-norm behaves according to the main
error estimate given by (5.27).

REMARK 6.1. In a forthcoming paper, we will present graded mesh techniques
in dG-IgA methods for treating problems with low regularity solutions. We will show,

1G+SMO: http://www.gs.jku.at/gs-gismo.shtml
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highly smooth k=2 k=3
7 [ k=2]k=3]1=2]1=3]1=2]1=3

- Convergence rates

S = - - - - - -
s=1 0.15 291 0.62 | 0.76 | 0.24 | 1.64
s=2| 234 2.42 0.29 | 1.10 | 0.28 | 0.89

s = 2.08 3.14 0.35 1.32 | 0.47 1.25
=4 2.02 3.04 0.35 1.36 | 0.36 1.37
TABLE 1

The numerical convergence rates of the dG-IgA method.

how to construct graded refined mesh in the vicinity of the singular points of u, in
order to get the optimal approximation order as in the case of having smooth u.

7. Conclusions. In this paper, we presented theoretical error estimates of the
dG-IgA method applied to a model elliptic problem with discontinuous coefficients.
The problem was discretized according to IgA methodology using discontinuous B-
Spline spaces. Due to global discontinuity of the approximate solution on the sub-
domain interfaces, dG discretizations techniques were utilized. In the first part, we
assumed higher regularity for the exact solution, that is u € W22 and we showed
optimal error estimates with respect to ||.||sg. In the second part, we assumed low

regularity for the exact solution, that is u € WZZQ”’E(#?*U’Q), and applying the
Sobolev embedding theorem we proved optimal convergence rates with respect to
I-llac- The theoretical error estimates were validated by numerical tests. The results
can obviously be carried over to diffusion problems on open and closed surfaces as
studied in [25], and to more general second-order boundary value problems like linear
elasticity problems as studied in [2].
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