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Abstract In this paper, we give a complete and explicit description of the rank
facets of the stable set polytope for a class of claw-free graphs, recently introduced by
Chudnovsky and Seymour (Proceedings of the Bristish Combinatorial Conference,
2005), called fuzzy circular interval graphs. The result builds upon the characterization
of minimal rank facets for claw-free graphs by Galluccio and Sassano
(J. Combinatorial Theory 69:1–38, 2005) and upon the introduction of a superclass
of circulant graphs that are called clique-circulants. The new class of graphs is inve-
tigated in depth. We characterize which clique-circulants C are facet producing, i.e.
are such that

∑
v∈V (C) xv ≤ α(C) is a facet of ST AB(C), thus extending a result

of Trotter (Discrete Math. 12:373–388, 1975) for circulants. We show that a simple
clique family inequality (Oriolo, Discrete Appl. Math. 132(2):185–201, 2004) may be
associated with each clique-circulant C ⊆ G, when G is fuzzy circular interval. We
show that these inequalities provide all the rank facets of ST AB(G), if G is a fuzzy
circular interval graph. Moreover we conjecture that, in this case, they also provide
all the non-rank facets of ST AB(G) and offer evidences for this conjecture.
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292 G. Oriolo, G. Stauffer

Preliminary

In this paper, we deal with simple and undirected graphs G with vertex set V (G) and
edge set E(G). If H is a subgraph of G, then we write H ⊆ G. We denote by α(G)

the stability number of G. If v ∈ V (G), we denote by N (v) the neighborhood of v,
the set of vertices that are adjacent to v.

Let W be a subset of V (G). We denote by G[W ] the subgraph of G induced by W .
G[W ] is α-maximal if α(G[W ∪ {v}]) > α(G[W ]) for every v �∈ W . We denote by
N (W ) the neighborhood of W , that is, the set of vertices not in W that are adjacent
to at least one vertex of W , that is, N (W ) = {u ∈ V (G)\W : ∃v ∈ W, uv ∈ E}; we
denote by Γ (W ) the set of vertices in N (W ) that are adjacent to all vertices of W ,
that is, Γ (W ) = {u ∈ V (G)\W : uv ∈ E,∀v ∈ W }. Sometimes, if H is a subgraph
of G, we simply write N (H) for N (V (H)) and Γ (H) for Γ (V (H)). If X ⊆ Γ (W )

we say that W and X are complete.

1 Introduction

The matching polytope M AT C H(G) is the convex hull of the characteristic vectors
of matchings of the graph G. The matching problem is a well known example of a
combinatorial optimization problem in which the optimization problem [5,6] on the
one hand and the polyhedral structure, i.e. the facets of M AT C H(G), on the other
hand are well understood [5].

A graph G is claw-free if no vertex has three pairwise nonadjacent neighbors. Line
graphs are claw free and thus the weighted stable set problem for a claw-free graph
is a generalization of the weighted matching problem of a graph. While the general
stable set problem is NP-complete, it can be solved in polynomial time on a claw-free
graph [12,20] even in the weighted case [14,15] see also [21]. These algorithms are
extensions of Edmonds’ matching algorithms.

The stable set polytope ST AB(G) is the convex hull of the characteristic vectors
of stable sets of the graph G. We say that a graph G is facet-defining if the inequality∑

v∈V (G) xv ≤ α(G) is a facet of ST AB(G). In spite of the knowledge of polynomial
time algorithms for finding maximum weighted stable sets, and results characterizing
the rank-facets [8] (facets with 0/1 normal vectors) of claw-free graphs, or giving
a compact lifted formulation for the subclass of distance claw-free graphs [18], the
problem of finding a “…decent linear description of the stable set polytope” [10] of a
claw-free graph is a long-time open question.

Such a result exists for the class of quasi-line graphs. A graph is quasi-line if
the neighborhood of any vertex partitions into two cliques. Trivially, we have the
following:

Fact 1 Let G be a quasi-line graph and Q a subset of V (G). Γ (Q) partitions into
two cliques.

Quasi-line graphs are a superclass of line graphs and a subclass of claw-free graphs.
The complement of quasi-line graphs are called near-bipartite and their stable set
polytope has been studied in [13,22]. The problem of giving a linear description of
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ST AB(G) when G is quasi-line was first considered by Ben Rebea [19]. Oriolo [16]
formulated a conjecture, inspired by the work of Ben Rebea, that is based on the
so-called clique family inequalities.

Clique family inequalities have been introduced in [16], where the following theo-
rem is proved. Let F be a set of n cliques of G, 1 ≤ p ≤ n be integral and r = n
mod p. Let Vp−1(F) the set of vertices of G covered by (p − 1) cliques of F and
V≥p(F) the set of vertices of G covered by p or more cliques of F .

Theorem 1 [16] The clique family inequality associated with F and p

(p − r) ·
∑

v∈V≥p(F)

xv + (p − r − 1) ·
∑

v∈Vp−1(F)

xv ≤ (p − r) ·
⌊

n

p

⌋

(1)

is valid for ST AB(G).

Conjecture 1 (Ben Rebea conjecture [16]) The stable set polytope of a quasi-line
graph G = (V, E) may be described by the following inequalities:

(i) x(v) ≥ 0 for each v ∈ V
(ii)

∑
v∈K x(v) ≤ 1 for each maximal clique K

(iii) inequalities (1) for each family F of maximal cliques and each integer p with
|F | > 2p ≥ 4 and |F | mod p �= 0.

Ben Rebea conjecture has been proved in two steps. First, Chudnovsky and Seymour
provided a decomposition result for quasi-line graphs and proved that the Ben Rebea
conjecture holds, if the quasi-line graph is not a fuzzy circular interval graph [3]. Then,
Eisenbrand, Oriolo, Stauffer and Ventura [7] proved that the Ben Rebea conjecture
holds for fuzzy circular interval graphs too. Fuzzy circular interval graphs are a subclass
of quasi-line graphs and they will be defined in Sect. 2. It is very interesting to point
out that that quasi-line graphs that are not fuzzy circular interval graph have only rank
facets and these facets have a matching-like structure (in fact, they are called Edmonds
inequalities [3]).

While Ben Rebea Theorem gives an algebraic characterization of the facets of quasi-
line graphs, we would like to understand their combinatorial structure. Understanding
the combinatorial structure could lead, for instance, to devise efficient algorithms for
the separation of the corresponding inequalities.

In this paper, we study the stable set polytope of fuzzy circular interval graphs and
focus in particular on the rank facets. We first define this class of graphs and some
of their properties in Sect. 2. We then introduce the class of clique-circulants which
defines the core of rank facets for fuzzy circular interval graphs. They are defined as
follows:

Definition 1 A quasi-line graph G(V, E) is an (n, p)-clique-circulant if the following
statements hold:

(i) There exists a partition of V (G) into n non-empty cliques Q1, . . . , Qn and an
integer p, with n ≥ 2p ≥ 4, such that Γ (Qi ) ⊇ Qi−p+1 ∪ · · · ∪ Qi−1 ∪ Qi+1 ∪
· · · ∪ Qi+p−1, for i = 1, . . . , n.
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Fig. 1 A (5, 2)-clique-circulant

(ii) There exists an (n, p)-circulant W = {v1, . . . , vn}withvi ∈ Qi for i = 1, . . . , n.

A (5, 2)-clique-circulant is depicted in Fig. 1.
Clique circulants are invetigated in depth. They are a superclass of circulants, also

called antiwebs, a well known class of graphs with interesting polyhedral properties
[1,2,23]. We show that an (n, p) clique-circulant C is facet producing, i.e. such that∑

v∈V (C) xv ≤ α(C) is a facet of ST AB(C), if and only if p is not a divisor of n (cf.
Theorem 4), thus extending a result of Trotter for circulants [23].

Our main result, an explicit description of all the rank facets of the stable set polytope
of fuzzy circular interval graphs, builds upon the characterization of minimal rank
facets for claw-free graphs by Galluccio and Sassano [8] and upon the introduction of a
a subclass of clique-circulants, tight clique-circulants, that are defined and investigated
in Sect. 4. Those graphs are closely related to clique-circulants, see Sect. 4.3, but have
many additional properties that we will exploit in the constructive proof of our result.

The result is given in Sect. 5: if
∑

j∈V (G ′) x j ≤ α(G ′) is a facet of ST AB(G),
with G ′ ⊆ G and G fuzzy circular interval, then G ′ is either a maximal clique or an
α-maximal (n, p) clique-circulant with n mod p �= 0.

We also show that, when G is fuzzy circular interval, a simple clique family
inequality may be associated with each clique-circulant C ⊆ G (cf. Corollary 4).
These inequalities are in general non-rank, but we show that they do produce all the
the rank facets of ST AB(G). In fact, these inequalities also produce all the non-rank
facets of ST AB(G) that are known so far [9,11,16], we therefore close with the
conjecture (cf. Conjecture 2) that they provide all the facets, i.e. rank and non-rank,
of ST AB(G), when G is fuzzy circular interval.
NB: The reader interested in the main flavour of this paper does not need to go into
the details of Sect. 4, where tight clique-circulants are defined and investigated.

2 Fuzzy circular interval graphs

Chudnovsky and Seymour [3] proved the following structural result about quasi-line
graphs.
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Theorem 2 [3] A connected quasi-line graph G is either a fuzzy circular interval
graph, or it is the composition of fuzzy linear interval strips with a collection of
disjoint cliques.

The definition of fuzzy linear interval strips can be found in [3], while the definition
of fuzzy circular interval graphs is given later in the following. First, we need the
definition of circular interval graph

Definition 2 A circular interval graph [3] G = (V, E) is defined by the following
construction: Take a circle C and a set of vertices V on the circle. Take a subset of
intervals I of C and say that u, v ∈ V are adjacent if {u, v} is a subset of one of the
intervals.

From the definition, it is quite easy to observe that circular interval graphs are
quasi-line. Fuzzy circular interval graphs are a superclass of circular interval graphs.

Definition 3 A graph G = (V, E) is fuzzy circular interval if the following conditions
hold.

(i) There is a map � from V to a circle C.
(ii) There is a set of intervals I of C, none including another, such that no point of C

is the end of more than one interval so that:
(a) If two vertices u and v are adjacent, then �(u) and �(v) belong to a common

interval.
(b) If two vertices u and v belong to the same interval, which is not an interval

with endpoints �(u) and �(v), then they are adjacent.

In other words, in a fuzzy circular interval graph, adjacencies are completely des-
cribed by the pair (�, I), except for vertices u and v such that one of the intervals
with endpoints �(u) and �(v) belongs to I. For these vertices adjacency is fuzzy.
When considering a fuzzy circular interval graph, we often consider a representation
(�, I) and we detail the fuzzy adjacencies only when needed. Sometimes, we abuse
notation and denote by G = (V,�, I) (or even G = (�, I)) a fuzzy circular interval
graph with vertex set V and representation (�, I).

It is easy to see that fuzzy circular interval graphs are a superclass of circular interval
graphs, but they are a subclass of quasi-line graphs. The following lemma is from [7].
A graph is C4-free if it does not have an induced subgraph isomorphic to a cordless
cycle of length 4.

Lemma 1 [7] If G is C4-free, then it is fuzzy circular interval if and only if it is circular
interval.

A net is a graph isomorphic to the graph with vertex set {u1, u2, u3, v1, v2, v3} and
edge set {(u1, u2), (u2, u3), (u3, u1), (u1, v1), (u2, v2), (u3, v3)}. A graph is net-free
if it does not have an induced subgraph isomorphic to a net. We omit the proof of the
next simple lemma.

Lemma 2 A net is not a circular interval graph.
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Corollary 1 Fuzzy circular interval graphs are net-free.

Proof By definition, if G is a fuzzy circular interval graph and H is an induced
subgraph, then H is a fuzzy circular interval graph too. On the other hand, a net H is
not a fuzzy circular interval graph: this follows from Lemma 1 and 2. ��

A Hajos graph is a graph isomorphic to the graph with vertex set {u1, u2, u3,

v1, v2, v3} and edge set {(u1, u2), (u2, u3), (u3, u1), (u1, v2), (u1, v3), (u2, v1),

(u2, v3), (u3, v1), (u3, v2)}. The set of vertices {u1, u2, u3} is the core of the Ha-
jos graph. Given a graph G = (V, E), a set of vertices S ⊆ V is dominating if every
vertex of V \S is adjacent to a vertex of S.

Lemma 3 Let G be a fuzzy circular interval graph and let H ⊆ G be an Hajos
subgraph of G. The core of H is a dominating set for G.

Proof Let V (H) = {u1, u2, u3, v1, v2, v3} with adjacencies as above. Suppose that
{u1, u2, u3} is not a dominating set. Hence there exists z �∈ V (H) such zui �∈ E ,
i = 1..3.

If z is not adjacent to any vertex of V (H), then G[V (H) ∪ z] is C4-free. It is easy
to check that G[V (H) ∪ z] is not a circular interval graph and then we are done by
Lemma 1. If z is adjacent to a single vertex in V (H), that is, in {v1, v2, v3}, then
G[V (H)∪ z] has a net and we are done by Corollary 1. If z is adjacent to v1, v2 and v3
then there is a claw. The last case is when z is adjacent to two vertices in {v1, v2, v3}:
a careful analysis of the possible cases rules out this case as well. ��

3 A good candidate for the rank facets : clique-circulants

Circulant graphs (or antiweb) were introduced by Trotter [23].

Definition 4 [23] Let n, p ∈ N with n ≥ 2p. A (n, p)-circulant W is the graph with
vertices V (W ) = {1, 2, . . . , n} and edges E(W ) = {(i, j) : 1 ≤ i, j ≤ n and |i −
j | ≤ p − 1}.

Given a (n, p)-circulant W , we can associated a valid inequality for ST AB(W ):∑
j∈V (W ) x j ≤ α(W ). Trotter studied when this inequality is facet-defining for

ST AB(W ).

Theorem 3 [23] If W is an (n, p)-circulant, then α(W ) = 
 n
p � and

∑
j∈W x j ≤

α(W ) is a facet of ST AB(W ) if and only if p is not a divisor of n.

In [17] Padberg proved the following. Let G=(V, E) be a graph and
∑

j∈T a j x j ≤ b
be a facet of ST AB(G[T ]), for some T ⊂ V . If u ∈ V \T and

au = b − max
S stable set, S⊆T \N (u)

∑

j∈S

a j , (2)

then the inequality
∑

j∈T ∪u a j x j ≤ b is a facet of ST AB(G[T ∪ u]) and au is the
lifting coefficient of variable xu . Of course, we can iterate this procedure and, after
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| V \ T | steps, produce an inequality
∑

j∈V a j x j ≤ b which is a facet of ST AB(G)

and is a sequential lifting of
∑

j∈T a j x j ≤ b.
By instantiating a result by Galluccio and Sassano [8] for claw-free graphs to fuzzy

circular interval graphs, it is possible to prove the following (see Appendix A).

Lemma 4 Let G = (V, E) be a fuzzy circular interval graph. Every rank facet can
be obtained by sequential lifting of an inequality

∑
v∈V (G ′) xv ≤ α(G ′) where

(i) G ′ is a singleton;
(ii) G ′ is a (αω + 1, ω)-circulant, ω ≥ 2.

This proves that, beside cliques, circulant graphs form the core of the rank facets
for the SSP of fuzzy circular interval graphs. Oriolo [16] showed that the rank facets
of the stable set polytope of quasi-line graphs have the following property.

Lemma 5 [16] Let G = (V, E) be a quasi-line graph and Q a subset of vertices.
The inequality

∑
j∈Q x j ≤ α(Q) is a facet of ST AB(G) if and only if the following

statements hold:

(i)
∑

j∈Q x j ≤ α(Q) defines a facet of ST AB(G[Q]);
(ii) G[Q] is α-maximal.

Given a fuzzy circular interval graph G, we are interested in describing the indu-
ced subgraph of G which are facet-defining (like cliques for instance). The previous
Lemma tells us that those structures must be invariant under adding vertices that do
not increase the stability number (e.g duplication of a vertex). Circulant graphs do
not have this property but since they form the core of the rank facets, it is natural to
try to find a super-class of them with the same facet-defining properties but with the
additional invariant characteristic. This is the case of clique-circulant graphs.

Definition 5 Let G be a graph, Q1, . . . , Qn a collection of non-empty cliques that
partition V (G) and p > 1 an integer such that n ≥ 2p. The cliques Q1, . . . , Qn define
an (n, p)-clique-partition of V (G) if Γ (Qi ) ⊇ Qi−p+1 ∪ · · · ∪ Qi−1 ∪ Qi+1 ∪ · · · ∪
Qi+p−1 for i = 1, . . . , n.

Definition 6 A quasi-line graph G is an (n, p)-clique-circulant if the following
statements hold:

(i) There exists an (n, p)-clique-partition Q = {Qi , i = 1, . . . , n} of V (G).
(ii) There exists an (n, p)-circulant W = {v1, . . . , vn}, with vi ∈ Qi for i = 1, . . . , n.

A (5, 2)-clique-circulant is depicted in Fig. 1. Observe that it follows from the
definition that, for some i and j with |i − j | ≥ p, there might be edges between Qi

and Q j , but it is not possible that a vertex in Qi (Q j ) is totally joined to Q j (Qi ).
The following results show that clique-circulants generalize circulant graphs from

both graph theoretical and polyhedral point of views.

Lemma 6 An (n, p)-circulant C = {1, . . . , n} with n ≥ 2p is an (n, p)-clique-
circulant.
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Proof Just observe that C = {{i}, i = 1, . . . , n} is an (n, p)-clique-partition of V (C).
��

Corollary 2 If G is an (n, p)-clique-circulant, then α(G) = 
 n
p �.

Proof If Q = {Qi , i = 1, . . . , n} defines an (n, p)-clique-partition of V (G), then
Ki := Qi ∪ · · · ∪ Qi+p−1 is a clique, for i = 1..n. Every vertex of G is then covered
by at least p cliques of the family {Ki , i = 1, . . . , n} and therefore, α(G) ≤ 
 n

p �
holds. On the other hand, since there exists an (n, p)-circulant W = {v1, . . . , vn},
with vi ∈ Qi for i = 1, . . . , n, we have that α(G) ≥ 
 n

p �. ��
We can extend Theorem 3 to clique-circulants.

Theorem 4 Let G be an (n, p)-clique-circulant. Then α(G) = 
 n
p � and

∑
j∈V (G) x j ≤ 
 n

p � is a facet of ST AB(G) if and only if p is not a divisor of n.

Proof The inequality is valid from Corollary 2. Let Q = {Qi , i = 1, . . . , n} be
an (n, p)-clique-partition of V (G) and W = {v1, . . . , vn} an (n, p)-circulant, with
vi ∈ Qi for i = 1, . . . , n.

Necessity. Suppose that n = qp for some integer q; it follows that 
 n
p � = q.

Since Q1, . . . , Qn define an (n, p)-clique-partition of V (G), then, for i = 1, . . . , q,
Ki := ⋃

j=1,...,p Q(i−1)p+ j is a clique. Then the inequality
∑

j∈V (Q) x j ≤ q is
not a facet of ST AB(G), since it can be obtained as the sum of the inequalities∑

j∈Ki
x j ≤ 1.

Sufficiency. Since p is not a divisor of n, the inequality
∑

j∈V (W ) x j ≤ α(W ) is a
facet of ST AB(G[W ]) by Theorem 3. Finally, since α(G) = α(W ),

∑
j∈V (G) x j ≤

α(G) is a facet of ST AB(G) by Lemma 5. ��
Again, a crucial fact for our analysis is that, when dealing with fuzzy circular

interval graphs, clique-circulants are invariant with respect to the addition of vertices
that do not increase the stability number. In fact, we have the following theorem:

Theorem 5 Let G(V, E) be a fuzzy circular interval graph, Q ⊂ V such that G[Q] is
an (n, p)-clique-circulant and v �∈ Q such that α(Q ∪{v}) = α(Q). Then G[Q ∪{v}]
is an (n′, p′)-clique-circulant, with 
 n′

p′ � = 
 n
p �.

The theorem is illustrated in Fig. 2. A (5, 2)-clique-circulant C and a vertex v, that
does not increase the stability number, are drawn in the left picture. The right picture
shows that G[V (C) ∪ {v}] is indeed a (8, 3)-clique-circulant.

The proof of Theorem 5 is constructive and will be given later since it is based on
the properties of tight clique-circulants, a class that will be defined in the next section.

4 On a constructive proof, a useful class: tight Clique-Circulants

Clique-circulant have a couple of nice properties as we have observed in the previous
Section. Nevertheless in our constructive proof, we needed some additional properties
of circulants that clique-circulants do not share. We therefore needed to define a closely
related subclass: tight clique-circulants.
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Fig. 2 Clique-circulants are invariant with respect to the addition of vertices that do not increase the
stability number

Definition 7 Let G be a graph, and C1, . . . , Cn an (n, p)-clique-partition of V (G).
C1, . . . , Cn define a tight (n, p)-clique-partition if the following statements hold:

– Γ (Ci ) = Ci−p+1 ∪ · · · ∪ Ci−1 ∪ Ci+1 ∪ · · · ∪ Ci+p−1 for i = 1, . . . , n.
– For 1 ≤ i ≤ n, there is a unique partition of Γ (Ci ) into two cliques. Namely, they

are: Ci−p+1 ∪ · · · ∪ Ci−1 and Ci+1 ∪ · · · ∪ Ci+p−1.

Recognizing whether a clique-partition C1, . . . , Cn of V (G) is tight is easy. In parti-
cular, the partition of Γ (Ci ) into two cliques is unique if and only if the complement of
G[Γ (Ci )] is bipartite and connected. For instance: the (5, 2)-clique-partition in Fig. 1
is not tight; the (5, 2)-clique-partition in Fig. 2 is tight; the (8, 3)-clique-partition in
Fig. 2 is not.

We will later show the following fact:

Lemma 7 Let G be a quasi-line graph and C = {Ci , i = 1, . . . , n} a tight (n, p)-
clique-partition of V (G). There exists W = {vi , i = 1, . . . , n}, with vi ∈ Ci for
i = 1, . . . , n, such that G[W ] is an (n, p)-circulant.

The previous lemma motivates the following extension of Definition 6:

Definition 8 A quasi-line graph G = (V, E) is a tight (n, p)-clique-circulant if there
exists a tight (n, p)-clique-partition {Ci , i = 1, . . . , n} of V .

Throughout the paper, when we refer to a tight (n, p)-clique-circulant C = {Ci , i =
1, . . . , n}, we mean that C1, . . . , Cn define a tight (n, p)-clique-partition of the vertices
of a quasi-line graph C .

Trivially, the (5, 2)-clique-circulant in Fig. 1 is not tight. Vice versa, each (n, p)-
circulant with n > 2p is a tight (n, p)-clique-circulant.

Lemma 8 An (n, p)-circulant C = {1, . . . , n} with n > 2p is a tight (n, p)-clique-
circulant.

Proof Just observe that C = {{i}, i = 1, . . . , n} is a tight (n, p)-clique-partition of
V (C). ��

The proof of Lemma 7 requires the following:
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Lemma 9 Let G be a quasi-line graph, C = {Ci , i = 1, . . . , n} a tight (n, p)-clique-
partition of V (G) and v ∈ Ci for some i ∈ {1, . . . , n}. The following statements
hold:

(i) N (v) ⊂ Ci−p ∪ · · · ∪ Ci−1 ∪ (Ci \ v) ∪ Ci+1 ∪ · · · ∪ Ci+p

(ii) For any partition of N (v) into two cliques Kl , Kr , without loss of generality:

(N (v) ∩ Ci−p) ∪ Ci−p+1 ∪ · · · ∪ Ci−1 ⊆ Kl and

Ci+1 ∪ · · · ∪ Ci+p−1 ∪ (N (v) ∩ Ci+p) ⊆ Kr .

Proof Since C is quasi-line, N (v) can be partitioned into two cliques Kl and Kr

(see Fact 1). Since C1, . . . , Cn define a tight (n, p)-clique-partition, there exists a
unique partition of Γ (Ci ) into two cliques Γ −(Ci ) = Ci−p+1 ∪ · · · ∪ Ci−1 and
Γ +(Ci ) = Ci+1 ∪ · · · ∪ Ci+p−1. Thus, without loss of generality, Γ −(Ci ) ⊆ Kl and
Γ +(Ci ) ⊆ Kr .

(i) Suppose to the contrary that there exist u ∈ C j such that uv ∈ E with |i − j | >

p. It follows that either Γ −(Ci ) ⊆ N (u) or Γ +(Ci ) ⊆ N (u); without loss
of generality we assume Γ +(Ci ) = {Ci+1 ∪ · · · ∪ Ci+p−1} ⊆ N (u). Then
u ∈ Γ (Ci+1) and, since u �∈ Ci−p ∪ · · · ∪ Ci+p, we are in contradiction since
Γ (Ci+1) = Ci−p+2 ∪ . . . ∪ Ci ∪ Ci+2 ∪ · · · ∪ Ci+p.

(ii) We know from (i) that N (v) ⊂ Ci−p ∪· · ·∪Ci−1 ∪ (Ci \v)∪Ci+1 ∪· · ·∪Ci+p.
Since n > 2p, |(i +1)−(i − p)| > p−1. Thus, by definition, Ci−p ∩Γ (Ci+1) =
∅. Since Ci+1 ⊆ Kr , it follows that (N (v) ∩ Ci−p) ⊆ Kl . By a similar argument
(N (v) ∩ Ci+p) ⊆ Kr .

��
Proof of Lemma 7 In the following, for convenience, we extend the definition of an
(n, p)-circulant to p = 1. In that case it is just a stable set of n vertices. Let d =
gcd(n, p), n′ = n/d and p′ = p/d.

For any v ∈ Cn , define the following sets:

L0(v) = {v};
Lqp(v) = Cqp\Γ (L(q−1)p(v)) for q = 1, . . . , n′;

Observe that the sets Lqp(v), q = 1, . . . , n′ are non-empty, else L(q−1)p(v) ⊂
Γ (Cqp) and this would contradict the fact that the set {Ci , i = 1, . . . , n} defines a
tight (n, p)-clique-partition.

Claim 1 There exists v ∈ Cn such that v ∈ Ln′ p(v).

Proof Suppose to the contrary that for all v ∈ Cn , v �∈ Ln′ p(v). We choose
v1 ∈ Cn such that |Ln′ p(v1)| = minv∈Cn |Ln′ p(v)|. We have already observed that
|Ln′ p(v1)| > 0. Hence we choose v2 ∈ Ln′ p(v1). v2, L(n′−1)p(v1) and C p\L p(v1)

are in the neighborhood of v1. Let Kl(v1), Kr (v1) be the classes of a partition of
N (v1) into two cliques. By statement (ii) of Lemma 9, C p\L p(v1) ⊆ Kr (v1) and
L(n′−1)p ⊆ Kl(v1). Hence v2 ∈ Kr (v1) and thus L p(v2) ⊆ L p(v1). As a conse-
quence, Ln′ p(v2) ⊆ Ln′ p(v1). But, since v2 ∈ Ln′ p(v1) and v2 �∈ Ln′ p(v2), it follows
that |Ln′ p(v1)| > |Ln′ p(v2)|, which is a contradiction. (end of the claim)
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Let v ∈ Cn satisfy the claim. We choose n′ vertices {zn′ p, z(n′−1)p, . . . , z p} from V
as follows. First, we set zn′ p = v; then for q = (n′ − 1) down to 1 we choose a vertex
zqp ∈ Lqp(v) \ N (z(q+1)p) (this set is non-empty either by definition or because of
the claim). It is straightforward to check that W = C[{zn′ p, z(n′−1)p, . . . , z p}] is an
(n′, p′)-circulant.

By a simple rotation, we can repeat the argument above as to conclude that, for any
h ∈ {0, . . . , d − 1}, there exists an (n′, p′)-circulant Wh = {zqp−h, q = 1, . . . , n′},
with zqp−h ∈ Cqp−h for each q.

Finally, observe that the vertices zi , i = 1, . . . , n are such that zi �∈ N (zi−p) ∪
N (zi+p) for any i ; moreover zi z j �∈ E if |i − j | > p, by Lemma 9. Therefore they
induce an (n, p)-circulant. ��

4.1 The neighborhood of tight clique-circulants in fuzzy circular interval graphs

Several authors [3,8] were interested in the neighborhood of a hole H ⊆ G, when G
is a quasi-line graph. They observed that, in this case, N (H) partitions into 4 classes,
since each vertex v ∈ N (H) is adjacent to either 2, or 3, or 4 vertices of H and, in
particular, the following statements hold (see Fig. 3):

– if v is adjacent to 2 vertices of H , then these vertices are contiguous on H (vertex
A in figure);

– if v is adjacent to 3 vertices of H , then these vertices are contiguous on H (vertex
B in figure);

– if v is adjacent to 4 vertices of H , then either these vertices are contiguous on H
(vertex D in figure), or they split into two pairs of contiguous vertices (vertex E in
figure).

We point out that, when G is a connected quasi-line graph and H ⊆ G is an hole,
in general, there are vertices of G that are not in the neighborhood of H (vertex F
in figure). In the following, we show (Theorem 6) that the neighborhood of a tight

Fig. 3 The different types of
vertices
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clique-circulant C ⊆ G, with G a fuzzy circular interval graph, can be partitioned
into 3 classes A(C), B(C), D(C) and that, if G is connected1, each vertex of G either
belongs to C or to N (C).

Definition 9 Let G be a graph and C = {Ci , i = 1, . . . , n} a subgraph of G that is
a tight (n, p)-clique-circulant. For each v �∈ V (C), let Γ (v, C) = {Ci , i = 1 . . . n :
Ci ⊆ N (v)} and:

– A(C) = {v ∈ N (C) : Γ (v, C) = {Ci+1, . . . , Ci+2p−2} for some i}.
– B(C) = {v ∈ N (C) : Γ (v, C) = {Ci+1, . . . , Ci+2p−1} for some i}.
– D(C) = {v ∈ N (C) : Γ (v, C) = {Ci+1, . . . , Ci+2p} for some i}.

Before going into the proof of Theorem 6, we state a couple of definitions that we
extensively use.

Definition 10 We denote by C(n, p) the set of graphs that are tight (n, p)-clique-
circulants, for given n and p. Analogously, for a graph G, we denote by CG(n, p) the
set of subgraphs of G that are tight (n, p)-clique-circulants.

Let G be a quasi-line graph and let C = {Ci , i = 1, . . . , n} ∈ CG(n, p). Since G
is quasi-line, for 1 ≤ i ≤ n, there exists a partition of Γ (Ci ) into two cliques: see
Fact 1. Also, since C1, . . . , Cn define a tight clique-partition of V (C), the partition is
such that Ci−p+1, . . . , Ci−1 belong to one clique, while Ci+1, . . . , Ci+p−1 belong to
the other. This motivates the following definition:

Definition 11 Let G be a quasi-line graph and C = {Ci , i = 1, . . . , n} ∈ CG(n, p).
For any i ∈ {1, . . . , n}, we denote by Γ −(Ci ) and Γ +(Ci ) the classes of a partition
of Γ (Ci ) into two cliques and we assume that Ci−p+1 ∪ · · · ∪ Ci−1 ⊆ Γ −(Ci ) and
Ci+1 ∪ · · · ∪ Ci+p−1 ⊆ Γ +(Ci ).

We are now ready for the main result of this section.

Theorem 6 Let G be a connected fuzzy circular interval graph and C = {Ci , i =
1, . . . , n} ∈ CG(n, p). Then, V (G) = V (C) ∪ A(C) ∪ B(C) ∪ D(C).

Proof Let v ∈ V (G)\V (C) such that v ∈ N (C). A (non-empty) set P = {Ci+q , q =
0, . . . , l − 1} is called a sequence of length l with center Ci+
 l−1

2 �. A sequence P =
{Ci+q , q = 0, . . . , l − 1} ⊆ Γ (v, C) is maximal with respect to Γ (v, C) if Ci−1 and
Ci+l �∈ Γ (v, C).

Claim 2 Γ (v, C) �= ∅.

Let j ∈ {1, . . . , n} such that N (v) ∩ C j �= ∅ and u ∈ N (v) ∩ C j . We know
that without loss of generality C j−1 ⊆ Γ −(C j ) and C j+1 ⊆ Γ −(C j ). Observe that
Γ (C j ) ⊆ N (u). Therefore any partition of N (u) into two cliques K −

u and K +
u is such

that without loss of generality C j−1 ⊆ K −
u and C j+1 ⊆ K +

u . Since v ∈ N (u), v

belongs either to K −
u or K +

u , therefore either C j−1 or C j+1 belongs to Γ (v, C). (end
of the claim)

1 It is possible to show that, if a fuzzy circular interval graph G contains a tight clique-circulant, then G is
connected. Therefore, this assumption is redundant, but we prefer to keep it for simplicity.
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Claim 3 If J ⊆ {1, . . . , n} is such that
⋃

i∈J Ci is a clique, then |J | ≤ p.

Let i ∈ J , then, J ⊆ {i − p +1, . . . , i + p −1}. But, since n > 2p, Ci−h ∪Ci−h+p

is not a clique, for any 1 ≤ h ≤ p − 1. Hence, |J | ≤ p. (end of the claim)

Claim 4 |Γ (v, C)| ≤ 2p.

Suppose |Γ (v, C)| > 2p. As G is quasi-line, N (v) can be partitioned into two
disjoint cliques Kl and Kr . If there is no Ci such that Ci ∩ Kl �= ∅ and Ci ∩ Kr �= ∅,
then either Kl or Kr contain at least p + 1 sets Ci . But we are then in contradiction
with Claim 4.

Hence, let Ci be such that Ci ∩ Kl �= ∅ and Ci ∩ Kr �= ∅, with Kl ∩ Kr = ∅.
Recall that C j ⊂ Γ (Ci ) if and only if |i − j | ≤ p − 1. Therefore, since Kl and Kr

are cliques, it follows that Γ (v, C) ⊆ {Ci−p, . . . , Ci+p}; in fact, equality holds, since
we are assuming that |Γ (v, C)| > 2p.

C1, . . . , Cn are the sets of a tight (n, p)-clique-partition of V (C), therefore, there
is a unique partition of Γ (Ci−1) ∩ V (C) into two cliques Ci−p ∪ · · · ∪ Ci−2 and
Ci ∪ · · · ∪ Ci+p−2 (cf. Definition 7). Now observe that (Γ (Ci−1) ∩ V (C)) ⊂ N (v).
Therefore, without loss of generality, (Ci ∪ · · · ∪ Ci+p−2) ⊆ Kr , but, since Ci �⊆ Kr ,
there is a contradiction. (end of the claim)

Claim 5 If P ⊆ Γ (v, C) is a sequence which is maximal with respect to Γ (v, C),
then its length |P| satisfies 2p − 2 ≤ |P| ≤ 2p.

Let C j be the center of P . Since v ∈ Γ (C j ), it follows that v belongs either to
Γ −(C j ) or Γ +(C j ). Thus, either {C j−q , q = 1, . . . , p − 1} ⊆ N (v) or {C j+q , q =
1, . . . , p − 1} ⊆ N (v). As C j is the center of P , we have that |P| ≥ 2(p − 1). By
combining this with the previous claim we get the statement. (end of the claim)

Claim 6 Γ (v, C) is made of a single sequence of length either 2p − 2, or 2p − 1,
or 2p.

If P ⊆ Γ (v, C) is a sequence which is maximal with respect to Γ (v, C), then,
by Claim 4 and 5, 2p − 2 ≤ |P| ≤ 2p. Therefore, in order to prove this claim, it is
enough to show that there exists only one maximal sequence in Γ (v, C).

Suppose to the contrary that Γ (v, C) contains more sequences that are maximal, say
P1, P2, …Pk . Since Pi ∩ Pj = ∅, for 1 ≤ i < j ≤ k, it follows that 2p ≥ |Γ (v, C)| ≥
|P1| + · · · + |P2| ≥ k · (2p − 2), where the former inequality follows from Claim 4
and the latter from Claim 5. But then k = p = 2 and |Γ (v, C)| = |P1| + |P2|, i.e.,
Γ (v, C) = P1 ∪ P2.

Hence, C ∈ CG(n, 2). Since P1 and P2 are not contiguous (else they would
not be maximal), we may assume without loss of generality that Γ (v, C) =
{C1, C2, Ci , Ci+1} with 3 < i < n − 1. Observe that, in particular, n ≥ 6.

From Lemma 7, there exists a hole W = {ui , i = 1, . . . , n}, with ui ∈ Ci for
i = 1, . . . , n. In particular, if we apply Claim 4 to Γ (v, W ), it follows that Γ (v, W ) =
{u1, u2} ∪ {ui , ui+1}. We must now delve into two cases: n > 6 and n = 6.

If n > 6, since 3 < i < n − 1, it follows that either i ≥ 5 or i ≤
n − 3. In the former case, {v, ui , ui+1, ui−1, ui+2, u1} is a net; in the latter case
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{v, ui , ui+1, ui−1, ui+2, u2} is a net. In both cases we are in contradiction with
Corollary 1.

The last case is when n = 6. In this case, Γ (v, W ) = {u1, u2} ∪ {u4, u5}. It is
possible to show that, in this case, G[V (W )∪{v}] is not a fuzzy circular interval graph
(we omit the details, since they are a bit technical and the case where n mod p = 0 is
indeed not interesting for the paper). Since each induced subgraph of a fuzzy circular
interval graph must be a fuzzy circular interval graph too, we are in contradiction. (end
of the claim)

Claim 7 N (v) ⊆ C ∪ N (C).

First, suppose that |Γ (v, C)| > p. Suppose to the contrary that there exists u ∈
N (v) such that u �∈ C ∪ N (C). Since Γ (v, C) is made of a single sequence of length
greater than p, there exist x, y ∈ V (C)∩ N (v) such that xy �∈ E(G). Then {v; u, x, y}
is a claw in G, which is a contradiction.

Suppose now that |Γ (v, C)| = p = 2, where the last equality follows Claim 6. In
this case, G has a net and this contradicts Corollary 1. (end of the claim)

Finally, since G is connected and, from the last claim, N (v) ⊆ C ∪ N (C) when
v ∈ N (C), it follows that V (G) = V (C)∪N (C). If we combine this with the statement
of Claim 6, we get our theorem. ��
Corollary 3 Let G be a fuzzy circular interval graph. Let C ∈ CG(n, p) and v a
vertex in N (C). If α(C ∪ v) > α(C), then v ∈ A(C) and n mod p = p − 1.

Proof Let α = α(C) = 
 n
p � by Corollary 2. If α(C ∪ v) > α, then there exists a

stable set S of size α in G[{Ci : Ci �⊂ N (v)}]. Observe that αp + p − 1 ≥ n = |{Ci :
Ci �⊂ N (v)}| + |{Ci : Ci ⊂ N (v)}| ≥ (α − 1)p + 1 + 2p − 2 = (α + 1)p − 1. In
particular, it follows that |{Ci : Ci �⊂ N (v)}| = 2p − 2, hence v ∈ A(C). ��

4.2 A family of cliques associated with tight clique-circulants

In this section, we show that a suitable family of cliques can always be associated
with clique-circulants in fuzzy circular interval graphs. We need some definitions and
a couple of useful lemmas.

Definition 12 Let G be a quasi-line graph and C = {Ci , i = 1, . . . , n} ∈ CG(n, p).
For i = 1, . . . , n, we define:

– Ai (C) = {v ∈ A(C) : Γ (v, C) = {Ci−p+2, . . . , Ci+p−1}} (often simply Ai );
– Bi (C) = {v ∈ B(C) : Γ (v, C) = {Ci−p+1, . . . , Ci+p−1}} (often simply Bi );
– Di (C) = {v ∈ D(C) : Γ (v, C) = {Ci−p+1, . . . , Ci+p}}; (often simply Di );
– D−

i (C) = {v ∈ Di (C) : v ∈ Γ (Di−p+1(C))} (often simply D−
i );

– D+
i (C) = {v ∈ Di (C) : v �∈ Γ (Di−p+1(C))} (often simply D+

i );
– Li (C) = Ci ∪ D−

i ∪ D+
i−1 (often simply Li ).

Lemma 10 Let G be a fuzzy circular interval graph and C ∈ CG(n, p). Then:

(i) A j ⊂ Γ +(C j−p+2), . . . , Γ
+(C j ), Γ

−(C j+1), . . . , Γ
−(C j+p−1);
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(ii) D j ⊂ Γ +(C j−p+1), . . . , Γ
+(C j−1), Γ

−(C j+2), . . . , Γ
−(C j+p);

(iii) B j ⊂ Γ +(C j−p+1), . . . , Γ
+(C j−1), Γ

−(C j+1), . . . , Γ
−(C j+p−1).

Proof (i) Let k ∈ { j − p + 2, . . . , j}. By definition of A j , if u ∈ A j then
u ∈ Γ (Ck) and ∃ v ∈ C j−p+1 such that (u, v) �∈ E(G). Since v ∈ Γ (Ck)

and, in particular, v ∈ Γ −(Ck) for any k, it follows that u ∈ Γ +(Ck).
Thus, A j ⊂ Γ +(C j−p+2), . . . , Γ

+(C j ). A similar arguments shows that
A j ⊂ Γ −(C j+1), . . . , Γ

−(C j+p−1).
(ii) Let l ∈ { j − p + 1, . . . , j − 1}. By definition of D j , if u ∈ D j then u ∈ Γ (Cl);

moreover, since n > 2p, ∃ v ∈ C j−p such that (u, v) �∈ E(G). Since v ∈ Γ (Cl)

and, in particular, v ∈ Γ −(Cl) for any l, it follows that u ∈ Γ +(Cl). Thus
D j ⊂ Γ +(C j−p+1), . . . , Γ

+(C j−1). A similar argument shows that D j ⊆
Γ −(C j+1), . . . , Γ

−(C j+p−1). The proof of (iii) goes along the same lines.
��

Lemma 11 Let G be a fuzzy circular interval graph and C ∈ CG(n, p). Then, for all
i = 1, . . . , n, either Ai or Di is empty.

Proof Suppose first that p ≥ 3. Let u ∈ Di . By definition, Ci−p+1 ∪ · · · ∪ Ci+p ⊆
N (u), and, since the graph is quasi-line, N (u) can be partitioned into two cliques Kl

and Kr . If we apply Lemma 9, first with respect to a vertex in Ci and then with respect to
a vertex in Ci+1, we conclude that Ci−p+1∪. . .∪Ci ⊆ Kl and Ci+1∪· · ·∪Ci+p ⊆ Kr .

Let v ∈ Ai . It follows from Lemma 10 that u and v belong to Γ +(Ci−1), hence
v ∈ N (u). It follows, either v ∈ Kl or v ∈ Kr . But this is not possible since v is
neither completely joined to Ci−p+1 nor to Ci+p. Hence, either Ai or Di is empty.

We now have to deal with the case where p = 2. Without loss of generality, suppose
that that a ∈ An and d ∈ Dn . First suppose that (a, d) �∈ E . We claim that, in this
case, N (a)∩ (C2 ∪ Cn−1) = ∅. Suppose the contrary, e.g. assume that v ∈ n(a)∩ C2,
and let K −(v), K +(v) be the cliques of a partition of N (v). From Lemma 9 we
may assume that C3 ⊆ K +(v), hence a, d ∈ K −(v), which is a contradiction since
(a, d) �∈ E . From Lemma 7 there exists a hole W = {vi , i = 1, . . . , n}, with vi ∈ Ci

for i = 1, . . . , n. Since N (a) ∩ (C2 ∪ Cn−1) = ∅, we still have that a ∈ An(W ) and
d ∈ Dn(W ). Observe that the set {vn−1, vn, v1, v2, a, d} induce on G a Hajos graph
with core {vn, v1, d}. But v3 is not joined to the core and this contradicts Lemma 3.

Now suppose that (a, d) ∈ E . {Ci , i = 1, . . . , n} is a tight (n, 2)-clique-partition
of V (C) and therefore, Γ (C1)∩ V (C) = Cn ∪C2 partitions uniquely into two cliques
(Cn, C2). Similarly Γ (Cn) ∩ V (C) = Cn−1 ∪ C1 partitions uniquely into two cliques
(Cn−1, C1). G is quasi-line and thus N (d) also partitions into two cliques K1, K2.
But Cn−1, Cn, C1, C2 ⊆ N (d). Thus, without loss of generality, Cn−1, Cn ⊆ K1 and
C1, C2 ⊆ K2. But a ∈ N (d) implies that a ∈ K1 or a ∈ K2 which is impossible since
a �∈ Γ (C2) and a �∈ Γ (Cn−1). ��
Lemma 12 Let G be a fuzzy circular interval graph and C ∈ CG(n, p). Then
⋃p−1

h=0 Li (C)
⋃p−2

h=0 Ai+h(C) is a clique, for all i = 1, . . . , n.

Proof Let Hi (C) := ⋃p−1
h=0 Li+h(C)

⋃p−2
h=0 Ai+h(C), for i = 1, . . . , n. (i) According

to Lemma 11, we delve into two cases: ( j) Di = ∅; ( j j) Ai = ∅;
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( j) From Lemma 10 and by definition of D+
i−1, we have Hi ⊆ Γ +(Ci ) and thus Hi

is a clique.
( j j) By the same argument as above, Hi \ Di is a clique. It remains to show that

Di ⊆ Γ (Hi \ Di ) and that Di is a clique itself. Trivially, Di ⊆ Γ (
⋃p−1

h=0 (Ci+h)).

Moreover, by looking at Γ −(Ci+p), we have that Di ⊆ Γ (
⋃p−2

h=1 (Ai+h ∪ Di+h))

and that Di is a clique. Finally, by definition of D−
i+p−1, Di ∪ D−

i+p−1 is a clique.

We are thus left to prove that Di ∪ D+
i−1 is a clique.

If p ≥ 3, we know from Lemma 10 that D+
i−1, Di ⊆ Γ −(Ci+p−1) thus Di ∪ D+

i−1
is a clique and the result follows.

Now we deal with p = 2. By definition of D−
i , D−

i ∪ D+
i−1 is a clique. It is

left to prove that D+
i ∪ D+

i−1 is a clique. Suppose the contrary, then there exist a ∈
D+

i , b ∈ D+
i−1 and c ∈ Di−2 such that (a, b), (b, c) �∈ E . But c ∈ Γ −(Ci ), thus

a ∈ Γ −(Ci ) also and (a, c) ∈ E . We know from Lemma 7 that there exists a hole
W = {ui , i = 1, . . . , n}, with ui ∈ Ci for i = 1, . . . , n. Observe that a, b, c ∈ D(W ).
If n > 5, then {ui , ui+1, ui+2, a, b, c} induces a Hajos graph in G and ui−2 is not
connected to the core {a, ui , ui+1} which contradicts Lemma 3.

The last case is when n = 5. Case analysis shows that, in this case, if D+
i ∪ D+

i−1
is not a clique, then G is not a fuzzy circular interval graph. We omit the details. ��

The above lemma is crucial for characterizing the family of cliques defined in the
next Theorem.

Theorem 7 Let G be a fuzzy circular interval graph and C ⊆ G a tight (n, p)-clique-
circulant. There exists a family F of n cliques of G such that:

(a) Every vertex in V (C) ∪ D(C) is covered by p distinct cliques of F ;
(b) every vertex in A(C) is covered by p − 1 distinct cliques of F .

Proof From Lemma 12 we have that Hi := ⋃p−1
h=0 Li+h(C)

⋃p−2
h=0 Ai+h(C) is a clique,

for i = 1, . . . , n. Then family F = {Hi , i = 1, . . . , n} satisfies the above conditions.
��

4.3 The relationship between clique-circulants and tight clique-circulants

Now that we have introduced the class of tight clique-circulants and that we studied
its properties, we are ready to relate it to the original class of clique-circulants. In
fact, tight clique-circulants allow to build more structural “representations” of clique-
circulants and we will often switch to the tight clique-circulant representation in our
constructive proofs.

Lemma 13 If G is an (n, p)-clique-circulant, then there exists a tight (n, p)-clique-
circulant C such that V (G) = V (C) ∪ D(C).

Proof Let {Qi , i = 1, . . . , n} be an (n, p)-clique-partition of V (G) and W =
{v1, . . . , vn} an (n, p)-circulant, with vi ∈ Qi . The tight (n, p)-clique-circulant C =
{C1, . . . , Cn} is built by the following algorithm. First, set Ci = {vi }, for i = 1, . . . , n.
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Then, as long as there exists a vertex v ∈ Qi \ Ci such that v �∈ Γ (Ci−p) ∪ Γ (Ci+p) -
for some i ∈ {1, . . . , n} - add v to Ci , i.e. set Ci = Ci ∪ {v}.

We claim that the graph C = {C1, . . . , Cn} defined in this way is a tight (n, p)-
clique-circulant. The proof is by induction. Our statement is true when Ci = {vi } from
Lemma 8.

Now suppose that C = {C1, . . . , Cn} is a tight (n, p)-clique-circulant C and we
add a vertex v ∈ Qi , with v �∈ Γ (Ci−p) ∪ Γ (Ci+p), to Ci . We have to show that also
C ′ = {C1, . . . , Ci−1, Ci ∪ {v}, Ci+1, . . . , Cn} is a tight (n, p)-clique-circulant. Since
the sets Q1, . . . , Qn define a an (n, p)-clique-partition of V (G) and C j ⊆ Q j for
each j , it follows that Ci−p+1 ∪ · · · ∪ Ci−1 ∪ Ci+1 ∪ . . . ∪ Ci+p−1 ⊆ Γ (Qi ) ⊆ N (v)

and therefore, since v �∈ Γ (Ci−p)∪Γ (Ci+p), v ∈ Bi (C). Hence, (Ci ∪{v}) ⊆ Γ (C j )

if and only if | j − i | ≤ p − 1, j �= i .
It follows that, in order to show that C ′ is a tight (n, p)-clique-circulant, it remains

to show that in G[V (C ′)] there is a unique partition of Γ (C j ) into two cliques, with
C j = C1, . . . , Ci−1, Ci ∪ {v}, Ci+1, . . . , Cn . Clearly, it is enough to deal with sets
C j such that v ∈ Γ (C j ), i.e. Ci−p+1, . . . , Ci−1, Ci+1, . . . , Ci+p−1. Observe that
for such sets exactly one between Ci−p and Ci+p belongs to Γ (C j ): say it is Ci−p.
By induction, in G[V (C)] the partition of Γ (C j ) into two cliques is unique and, in
particular, Ci−p belongs to one clique. Then, since v �∈ Γ (Ci−p), the partition of
Γ (C j ) remains unique also in G[V (C ′)].

Finally, let v be a vertex that at the end of the algorithm belongs to Qi \Ci , for some
i ∈ {1, . . . , n}. It follows that either Ci−p ⊂ N (v) or Ci+p ⊂ N (v). Also, since the
sets Q1, . . . , Qn define an (n, p)-clique-partition of V (G) and C j ⊆ Q j for each j ,
it follows that Ci−p+1 ∪ · · · ∪ Ci+p−1 ⊆ Γ (Qi ) ⊆ N (v). Therefore, v is a vertex of
type D. ��

The graph G in Fig. 1 is a (5,2)-clique-circulant. In fact, it is easy to see that there
exists a tight (5,2)-clique-circulant C such that V (G) = V (C) ∪ D(C). Lemma 13
can be “reverted”. We have in fact the following:

Lemma 14 Let G be a fuzzy circular interval graph and C ⊆ G a tight (n, p)-clique-
circulant. The graph G[V (C) ∪ D(C)] is an (n, p)-clique-circulant.

Proof L1, . . . , Ln are the classes of an (n, p)-clique-partition of the vertices of
V (C)∪ D(C). In fact, by definition, L1, . . . , Ln partition V (C)∪ D(C) into n classes.
Moreover, Γ (Li ) ⊇ (Li−p+1 ∪ · · · ∪ Li+p−1), for i = 1, . . . , n, since

⋃p−1
h=0 Li+h is

a clique (see Lemma 12).
We must then show that there exists an (n, p)-circulant W = {vi , i = 1, . . . , n},

with vi ∈ Li for i = 1, . . . , n. This follows from Lemma 7, since Ci ⊆ Li , for
i = 1, . . . , n. ��

4.4 The key ingredient to the characterization of the ranks facets: the “invariance” of
clique-circulants

In this section we show that clique-circulants are invariant with respect to the addition
of vertices not increasing the stability number and give therefore a proof of Theorem 5.
This proof builds upon a few lemmas.
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Lemma 15 Let G be a fuzzy circular interval graph, C ∈ CG(n, p) such that d =
gcd(n, p) > 1. There exists C ′ ∈ CG(n/d, p/d) such that V (C) ∪ D(C) ⊆ V (C ′) ∪
D(C ′) and A(C ′) = ∅.

Proof Let C = {Ci , i = 1, . . . , n}, d = gcd(n, p) > 1, n′ = n/d, p′ = p/d and
G ′ = G[⋃q=1,...,n′ Cqp]. We know from Lemma 7 that there exists an (n, p)-circulant
W = {v1, . . . , vn} such that vi ∈ Ci for i = 1, . . . , n. Observe that W ′ = {vqp, q =
1, . . . , n′} is an (n′, p′)-circulant and that the sets {Cqp, q = 1, . . . , n′} define an
(n′, p′)-clique-partition of V (G ′).

Therefore, G ′ is an (n′, p′)-clique-circulant and, by Lemma 13 to G ′, there exists
a tight (n′, p′)-clique-circulant C ′ = {C ′

p, . . . , C ′
n′ p} such that, for q = 1, . . . , n′,

C ′
qp ⊆ Cqp and each vertex in Cqp \ C ′

qp belongs to D(C ′).
Consider now a vertex v ∈ Ci with i �∈ {qp, q = 1, . . . , n′}. In this case, |{qp, q =

1, . . . , n′} ∩ {i − p + 1, . . . , i − 1}| = p′ and |{qp, q = 1, . . . , n′} ∩ {i + 1, . . . , i +
p − 1}| = p′. Then |Γ (v, C ′)| = 2p′. Thus v ∈ D(C ′).

Analogously, if v ∈ D(C), then |Γ (v, C ′)| ≥ 
 |Γ (v,C)|
d � ≥ 
 2p

d � = 2p′ and so
v ∈ D(C ′). Hence V (C) ∪ D(C) ⊆ V (C ′) ∪ D(C ′). Thus v ∈ D(C ′).

Finally, consider a vertex v �∈ V (C) ∪ D(C). We know that |Γ (v, C)| ≥ 2p − 2.
On the other hand, |Γ (v, C ′)| ≥ 
 |Γ (v,C)|

d � ≥ 
 2p−2
d � ≥ 2p′ − 1 if d > 1. Thus

v ∈ B(C ′) ∪ D(C ′). ��

Lemma 16 Let G be a fuzzy circular interval graph, C ∈ CG(n, p) and b ∈ B(C).
There exists C ∈ CG(n, p) such that {b} ∪ V (C) ∪ D(C) ⊆ V (C) ∪ D(C).

Proof Without loss of generality let b ∈ Bn(C). L1, . . . , Ln are the classes of an
(n, p)-clique-partition of the vertices of V (C) ∪ D(C), where Li = Ci ∪ D−

i (C) ∪
D+

i−1(C), i = 1, . . . , n. In fact, by definition, L1, . . . , Ln partition V (C) ∪ D(C)

into n classes. Moreover, Γ (Li ) ⊇ (Li−p+1 ∪ . . . ∪ Li+p−1), for i = 1, . . . , n, since
⋃p−1

h=0 Li+h is a clique (see Lemma 12).
Observe that we obtain a possibly different (n, p)-clique-partition L ′

1, . . . , L ′
n of

V (C)∪ D(C) if we let C ′
i = Cn−i , for i = 1, . . . n, and, as usual, L ′

i = C ′
i ∪ D−

i (C ′)∪
D+

i−1(C
′). Also observe that, by definition, b ∈ Bn(C ′).

We will show that either Ln−p+1 ∪ · · · ∪ L p−1 ⊆ N (b) or L ′
n−p+1 ∪ · · · ∪

L ′
p−1 ⊆ N (b). Trivially, this implies that either {L1, . . . , Ln−1, (Ln ∪ {b})} or

{L ′
1, . . . , L ′

n−1, (L ′
n ∪ {b})} defines an (n, p)-clique-partition of {v} ∪ V (C) ∪ D(C).

The result will then follow since by Lemma 7 there exists an (n, p)-circulant
W = {w1, . . . , wn} with wi ⊆ Ci and hence, since Ci ⊆ Li , we can apply Lemma 13.

By definition, Ln−p+1 ∪ · · · ∪ L p−1 = Cn−p+1 ∪ · · · ∪ C p−1 ∪ Dn−p+1(C) ∪
· · · ∪ Dp−2(C) ∪ D+

n−p(C) ∪ D−
p−1(C). Since b ∈ Bn(C), it follows that

N (b) ⊇ Cn−p+1 ∪ . . . ∪ C p−1. Also, by Lemma 10, Dn−p+1(C) ∪ {b} ⊆
Γ −(C1), . . . , Dn−1(C) ∪ {b} ⊆ Γ −(C p−1), Dn(C) ∪ {b} ⊆ Γ −(C p−1) and
D1(C) ∪ {b} ⊆ Γ +(Cn−p+2), . . . , Dp−2(C) ∪ {b} ⊆ Γ +(Cn−1): therefore, N (b) ⊇
Dn−p+1(C) ∪ . . . ∪ Dp−2(C).

Moreover D+
n−p(C) ∪ {b} ⊆ Γ +(Cn−p+1). In fact, b ∈ Γ +(Cn−p+1) from

Lemma 10. As for D+
n−p(C), by definition, for each v ∈ D+

n−p(C) there exists a
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Fig. 4 Example of A-extension when gcd(n,p)=1

vertex w ∈ Dn−2p+1(C) not adjacent to v. Since Dn−2p+1(C) ⊆ Γ −(Cn−p+1), it
follows that D+

n−p(C) ⊆ Γ +(Cn−p+1). Therefore N (b) ⊇ D+
n−p(C).

By the same arguments, it follows that L ′
n−p+1 ∪ · · · ∪ L ′

p−1 = C ′
n−p+1 ∪ · · · ∪

C ′
p−1 ∪ Dn−p+1(C ′) ∪ · · · ∪ Dp−2(C ′) ∪ D+

n−p(C
′) ∪ D−

p−1(C
′) and that N (b) ⊇

C ′
n−p+1 ∪ · · · ∪ C ′

p−1 ∪ Dn−p+1(C ′) ∪ · · · ∪ Dp−2(C ′) ∪ D+
n−p(C

′).
Therefore, it remains to show that either N (b) ⊇ D−

p−1(C) or N (b) ⊇ D−
p−1(C

′).
Observe that Dp−1(C ′) = Dn−p(C). By Lemma 10, Dp−1(C) ⊆ Γ −(Cn) while
Dn−p(C) ⊆ Γ +(Cn). Since b ∈ Γ (Cn) it follows that either N (b) ⊇ Dp−1(C) ⊇
D−

p−1(C) or N (b) ⊇ Dn−p(C) = Dp−1(C ′) ⊇ D−
p−1(C

′). ��
Lemma 17 Let G be a fuzzy circular interval graph, C ∈ CG(n, p) with gcd(n, p) =
1 and v0 ∈ A(C). If α({v} ∪ C ∪ D(C)) = α(C), then there exists C ∈ CG(n′, p′),
with 
 n′

p′ � = 
 n
p �, such that v0 ∈ V (C) and V (C) ∪ D(C) ⊆ V (C) ∪ D(C).

Lemma 17 might seem quite surprising since we move from a tight (n, p)-clique-
circulant to a tight (n′, p′)-clique-circulant. In fact, the constructive proof this Lemma
is a bit technical and we prefer to defer it to Appendix B. An example can be found in
Fig. 4 (observe that this is again Fig. 2) where there is a tight (5, 2)-clique-circulant
and a vertex v of type A, that does not increase the stability number. Applying the
A-extension algorithm of Appendix B, we realize that this graph is nothing but a
(8, 3)-circulant plus a vertex of type D (Fig. 4).

We are now ready to recall and prove Theorem 5.
Theorem 5. Let G(V, E) be a fuzzy circular interval graph, Q ⊂ V such that G[Q] is
an (n, p)-clique-circulant and v �∈ Q such that α(Q ∪{v}) = α(Q). Then G[Q ∪{v}]
is an (n′, p′)-clique-circulant, with 
 n′

p′ � = 
 n
p �.

Proof G[Q] is an (n, p)-clique-circulant. Then, from Lemma 13, there exists a tight
(n, p)-clique-circulant C such that Q ⊆ V (C)∪ D(C). Observe that from Lemma 15
we may assume, without loss of generality, that gcd(n, p) = 1.

From Theorem 6, V (G) = V (C)∪ A(C)∪ B(C)∪ D(C). Then the theorem follows
from Lemma 14 if v ∈ V (C) ∪ D(C). Else either v ∈ B(C) or v ∈ A(C).

In the former case, from Lemma 16 there exists C ∈ CG(n, p) such that V (C) ∪
D(C) ⊇ {b} ∪ V (C) ∪ D(C) ⊇ {b} ∪ Q. The theorem then follows from Lemma 14
applied to C .
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If v ∈ A(C), since gcd(n, p) = 1, we apply Lemma 17 and the theorem follows
again from Lemma 14. ��

5 The rank facets of fuzzy circular interval graphs and a conjecture on all facets

We are now ready to prove that main result of this paper. In fact, Theorem 5 allows
for a combinatorial characterization of all the rank facets of the stable set polytope of
a fuzzy circular interval graph.

Theorem 8 Let G = (V, E) be a fuzzy circular interval graph. An inequality∑
v∈Q xv ≤ α(Q), with α(Q) ≥ 2, is a facet of ST AB(G) if and only if G[Q]

is an α-maximal (n, p)-clique-circulant, with n mod p �= 0.

Proof Necessity. Since
∑

v∈Q xv ≤ α(Q) is facet inducing for ST AB(G), it follows
from Lemma 5 that G[Q] is α-maximal. From Corollary 4, there exists W ⊆ Q that
is an (α(Q)p + 1, p)-circulant, p ≥ 2. W is a clique-circulant (Lemma 6). Then,
by induction, from Theorem 5, G[Q] is an (n, p)-clique-circulant, for some n and p,
with 
 n

p � = α(Q). Finally, n mod p �= 0, else the inequality
∑

j∈Q x j ≤ 
 n
p � is

not a facet of ST AB(G[Q]) (Theorem 4) and therefore not a facet of ST AB(G)

(Lemma 5).
Sufficiency. Since n mod p �= 0,

∑
j∈Q x j ≤ α(Q) is a facet of ST AB(G[Q])

from Theorem 4. Since G[Q] is α-maximal, the statement follows from Lemma 5.
��

We can therefore state the following theorem for fuzzy circular interval graphs.

Theorem 9 Let G = (V, E) be a fuzzy circular interval graph. An inequality∑
v∈V (G ′) xv ≤ α(G ′) is a facet of ST AB(G) if and only if G ′ is

– a maximal clique or
– an α-maximal (n, p)-clique-circulant with n mod p �= 0.

The next corollary follows directly from Theorem 7, Lemma 13 and Theorem 1.

Corollary 4 Let G = (V, E) be a fuzzy circular interval graph and C a (n, p)-
clique-circulant. Let r = n mod p. The following inequality is valid for ST AB(G):

(p − r) ·
∑

v∈V (C)

xv + (p − r − 1) ·
∑

v∈N (C)

xv ≤ (p − r) ·
⌊

n

p

⌋

. (3)

Proof We know from Lemma 13 that there exists a tight (n, p)-clique-circulant C ′
such that V (C) = V (C ′) ∪ (D(C ′) ∩ V (C)). We know from Theorem 6 that V (G) =
V (C ′) ∪ A(C ′) ∪ B(C ′) ∪ D(C ′). Hence N (C) ⊆ A(C ′) ∪ B(C ′) ∪ D(C ′). By
iteratively applying Lemma 16, we can find a tight (n, p)-clique-circulant C̄ such
that B(C̄) = ∅, V (C) ⊆ V (C̄) ∪ D(C̄) and N (C) ⊆ A(C̄) ∪ D(C̄). Now applying
Theorem 7 and Theorem 1 shows that the inequality (p−r) ·∑v∈V (C̄)∪D(C̄) xv +(p−
r − 1) ·∑v∈A(C̄) xv ≤ (p − r) ·

⌊
n
p

⌋
is valid for ST AB(G). But this later inequalities

dominates inequality (3). ��
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Fig. 5 2
∑

v∈• xv + ∑
v∈◦ xv ≤ 4

Observe that the inequality (3)—that we call the clique family inequality associated
with C—is a rank inequality if either N (C) = ∅ or r = p − 1: in fact, in this case, it
reads

∑
v∈V (C) xv ≤ 
 n

p �.
Some authors [9,11,16] provided non-rank facets for ST AB(G), when G is a fuzzy

circular interval graph. Recall that quasi-line graphs that are not fuzzy circular interval
graph have only rank facets (see Sect. 1). It is routine to check that all these inequalities
can be expressed as inequalities (3). For instance, if we consider the graph G in Fig. 5,
the inequality 2

∑
v∈• xv + ∑

v∈◦ xv ≤ 4—which is facet-inducing for ST AB(G)

[9]—can be equivalently expressed as 2
∑

v∈V (C) xv + ∑
v∈N (C) xv ≤ 4, where C is

the (7,3)-circulant induced by the black vertices.
We should also observe that all the non-rank facets we know are such that the

induced clique-circulant in inequality (3) is maximal.

Definition 13 Let G = (V, E) be a fuzzy circular interval graph. An induced (n, p)-
clique-circulant C of G is maximal if for each vertex v such that v ∈ N (C), C ∪ v is
not an (n, p)-clique-circulant.

Note that a (n, p)-clique-circulant that is α-maximal is also maximal but the
converse is not necessarily true. In the case of the graphs from Fig. 2 for instance, it
is not possible to find a (5, 2)-clique-circulant including the vertex v.

Our results thus suggest, for fuzzy circular interval graphs, a conjecture strengthe-
ning the Ben Rebea theorem. As we have just shown, this conjecture holds for rank
facets.

Conjecture 2 Each facet of the stable set polytope of a fuzzy circular interval graph
is either:

– a sign inequality,
– a maximal clique inequality or
– a clique family inequality (3) associated with a maximal (n, p)-clique-circulant C

such that n mod p �= 0.

Acknowledgments The authors wish to thank an anonymous referee for her/his very helpful comments
and suggestions.
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A Proof of Lemma 4

There are several standard techniques for producing facets of the ssp from “smal-
ler” ones. When dealing with claw-free graphs, (i) sequential lifting (cf. definition in
Sect. 3) and (ii) complete join seem so far to be the most interesting.

(ii) Let G1 and G2 be graphs. We denote by G1 + G2 the (disjoint) union of G1
and G2 together with additional edges that join each vertex of G1 to each vertex of
G2. Chvátal [4] proved that a complete description of ST AB(G1 + G2) can be easily
derived from one of ST AB(G1) and ST AB(G2). In particular, if

∑
j∈V (G1)

a j x j ≤ b1
is a facet of ST AB(G1) and

∑
j∈V (G2)

a j x j ≤ b2 is a facet of ST AB(G2) then
b2

∑
j∈V (G1)

a j x j + b1
∑

j∈V (G2)
a j x j ≤ b1b2 is a facet of ST AB(G1 + G2) and is

called the complete join of the two inequalities.
It is therefore of interest to characterize the facets which do not arise from sequential

lifting and/or complete join. Galluccio and Sassano [8] have exploited this approach
for the class of rank facets of a claw-free graph G(V, E). They define a rank facet∑

j∈V x j ≤ α(G) to be rank-minimal if, for any T ⊂ V , the inequality
∑

j∈T x j ≤
α(G) is not a facet of ST AB(G[T ]). Their first result shows how to construct rank
facets from rank-minimal ones in claw-free graphs.

Theorem 10 [8] Let G = (V, E) be a claw-free graph. Every rank facet can be
constructed from a rank-minimal one by means of sequential lifting and/or complete
join.

This theorem can be sharpened when dealing with quasi-line graphs. First, observe
that there do exist non-minimal rank facets of the ssp of a claw-free graph which
cannot be produced from the sequential lifting of smaller ones: an example is given
by the inequality

∑
v∈V (G) x j ≤ 2 for the graph G = C5 + C5. This is not the case

for quasi-line graphs because of the following lemma.

Lemma 18 [16] Let a quasi-line graph G be the complete join of graphs G1 and G2.
Then G is perfect.

According to this lemma, if
∑

j∈V x j ≤ α(V ) is facet-inducing for some quasi-line
graph G(V, E) that is the complete join of graphs G1 and G2, then G is a clique.

Now, let K be a clique for some graph G. The clique inequality
∑

j∈K x j ≤ 1 can be
produced by sequential lifting from the inequality xv ≤ 1, where v is any vertex of K .
We may therefore sharpen Theorem 10 as follows:

Corollary 5 Let G(V, E) be a quasi-line graph. Every rank facet can be constructed
from a rank-minimal one by means of sequential lifting.

The main result by Galluccio and Sassano is the characterization of rank-minimal
facets of claw-free grahs.

Definition 14 A graph G is hypomatchable if, for each v ∈ V (G), there exists a
perfect matching in G[V \ {v}].
Theorem 11 [8] Let G = (V, E) be a claw-free graph such that

∑
v∈V xv ≤ α(G)

is facet inducing and rank-minimal. Then one of the following statements holds:
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(i) G is a singleton;
(ii) G is the line graph of a minimal 2-connected hypomatchable graph H (i.e. H is

such that H\e is no more hypomatchable for any e ∈ E(H));
(iii) G is a (αω + 1, ω)-circulant, ω ≥ 3.

This theorem can be sharpened too, but we now consider the class of fuzzy circular
interval graphs, where we have the following lemma.

Lemma 19 Let G(V, E) be a fuzzy circular interval graph. If H ⊆ G is the line
graph of a minimal 2-connected hypomatchable graph, then H is an odd hole.

Proof Let G be the line graph of a minimal 2-connected hypomatchable graph. It is
straightforward to check that, if G is not an odd hole, then G must contain a net. This
is not possible for fuzzy circular interval graphs (Corollary 1). ��

Lemma 4 is therefore a corollary of Theorem 11, Lemma 19 and Lemma 5.

B Proof of Lemma 17

Let us first describe the intuition behind this Lemma. Take the example of Fig. 2.
We need to define a clique-circulant including the extra vertex v from a tight (5, 2)-
clique-circulant. By simple enumeration, one can quickly realize that there is no hope
to find a (5, 2)-clique-criculant. We are therefore looking for a new circulant structure.
Now the corresponding clique-circulant contains, by definition, a circulant. The idea
of the algorithm is therefore to look for a new circulant including the new vertex v.
Suppose this circulant is a (n′, p′)-circulant and v is numbered 0 in this circulant.
the vertex numbered p′ is not adjacent to v so it can neither be in C1,…,C p−2 nor in
C p−1. We should therefore look for this potential vertex in C p, C p+1 or higher. We
bet that we can find this vertex in C p. We mark the potential candidates Q (those not
complete to v) and we iterate the reasoning with those potential candidates (i.e. we
look at the vertices in C2p not complete to Q, mark them and go on). As soon as v

is a candidate for being the successor of the current candidates Q (note that this can
only happen when we are dealing with candidates Q ⊂ Cn−p+1), we can show that
we have detected a new circulant structure and the construction provides a new tight
clique-circulant with the required properties (cf. Claim 11). If at some point the set
of candidates Q is empty, we cannot detect a circulant but we can slightly change the
original tight (n, p)-clique-circulant so that v becomes of type B and the results is a
corollary of Lemma 16 (cf. Claim 9). In both situations, the conclusion of Lemma 17
are satisfied. Note that we can visit many times the set Ci s to search for candidates and
thus we keep track of the number of times we “wind” around C by incrementing m.
We denote by Ck

i the vertices marked in set Ci in round k and by Rk
i the vertices in

Ci not yet marked after round k.
This algorithm is described formally in Algorithm 1.
In the example of Fig. 2, we have detected a (8, 3)-circulant.
We denote by (n0, p0) the unique pair of integers such that n0 p − p0n = 1 and

n0 < n (recall that gcd(n, p) = 1).
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Algorithm 1 A-extension Algorithm
Let Q := {v0} and stop: = false
For i = 1 to n do R0

i = Ci
Let q := 0 and m = 0
while stop = false do

Let q := q + 1
If q mod n = 1 then m := m + 1
if Rm−1

qp ⊂ Γ (Q) then
stop: = true

else
Let Cm

qp = {v ∈ Rm−1
qp : v �∈ Γ (Q)}

Let Rm
qp = Rm−1

qp \ Cm
qp

Let Q := Cm
qp

end if
If ((q mod n) = n0 − 1) and (Cm

qp �⊂ N (v0)) then stop: = true
end while

Proof We show that the A-extension algorithm allows to define a tight clique-circulant
satisfying the conditions of Lemma 17.

By construction, as long as stop = false, for each m and i , the following statements
hold:

(i) if i �= p then Cm
i = {v ∈ Rm−1

i : v �∈ Γ (Cm
i−p)}

(ii.a) if i = p and m > 1 then Cm
p = {v ∈ Rm−1

p : v �∈ Γ (Cm−1
n )}

(ii.b) if i = p and m = 1 then C1
p = {v ∈ R0

p : v �∈ N (v0)}

(iii) Rm
i = Rm−1

i \Cm
i

where R0
i = Ci , for each i .

It follows that Ci = Rm
i ∪Cm

i ∪Cm−1
i . . . C1

i , with pairwise disjoint subsets. Also,
the algorithm will terminate. In fact, v0 is of type A and C(n0−1)p �⊂ N (v0). Thus,
if the algorithm does not terminate before (i.e. because one of Cm

i = ∅), then it will
terminate because there exists a finite m such that Cm

(n0−1)p �⊂ N (v0). Claim 9 and
Claim 11 proves that in both situations, the Lemma 17 holds.

In the following, we say that a vertex u ∈ Rm−1
i with i �= p is marked by a vertex

v ∈ Cm
i−p if (u, v) �∈ E(G) (analogously if i = p and either m > 1, u ∈ Rm−1

p and

v ∈ Cm−1
n or m = 1, u ∈ C p and v = v0).

Claim 8 Let v ∈ Ck
qp for some k ≥ 1. The following statements hold:

if qp mod n �= 0 then (w, v) �∈ E(G) for all w ∈ C1
(q+1)p ∪ · · · ∪ Ck−1

(q+1)p.

if qp mod n = 0 then (w, v) �∈ E(G) for all w ∈ C1
(q+1)p ∪ · · · ∪ Ck

(q+1)p.

Proof Suppose the contrary. Let Kl , Kr be a partition of N (v) into two cliques. From
statement (ii) of Lemma 9 we know that w ∈ Kr . Moreover, there exists u that has
marked w. Observe that either u ∈ Ck′

qp for some k′ < k or u = v0. In the former case,
u has been marked by some x ∈ C(q−1)p or by x = v0 such that ux �∈ E ; observe
that v ∈ N (x) (otherwise v ∈ Ck′

qp). Again from statement (ii) of Lemma 9, x ∈ Kl .
But this is a contradiction, since u ∈ N (v) but u �∈ Kr and u �∈ Kl . The same holds
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when u = v0, since v0 is not complete to C(q−1)p+1 = Cn−p+1 which is a subset of
Kl . (end of the claim)

Claim 9 If the algorithm is terminated since Rm−1
(q+1)p ⊂ Γ (Q) for some m and q, then

there exists a tight clique-circulant C∗ such that v0 ∈ V (C∗) and V (C) ∪ D(C) ⊆
V (C∗) ∪ D(C∗).

Proof Observe that, by construction, either: Q = Cm
qp with qp mod n �= 0; or Q =

Cm−1
qp if qp mod n = 0 (and in this case m > 1).
In any case let Q∗ = Q. Also, for all i = 1, . . . , n, let C ′

i be the set of vertices from
Ci that have been marked so far when stop becomes true. Let G ′ = G[C ′

1 ∪ . . .∪ C ′
n].

Each set C ′
i is not empty. In fact, since v0 ∈ A(C), C1

p �= ∅ and by induction we
have that C1

i �= ∅ for all i = 1, . . . , n. Also, either by construction or because of
Claim 8, for all i = 1, . . . , n, Γ (C1

i ) ∩ C1
i+p = ∅. Hence, the sets C ′

1, . . . , C ′
n define

an (n, p)-partition of V (G ′).
From Claim 8, we have that δ(Q∗, C ′

(q+1)p) = ∅. Therefore, by “backtracking”
the algorithm from Q∗ to C ′

(q+1)p, it is possible to find an (n, p)-circulant. Now

applying Lemma 13, we know that there exists C ∈ CG ′(n, p) with a corresponding
(n, p)-partition {Ci ⊆ C ′

i , i = 1, . . . , n} such that V (G ′) = V (C ′) ∪ D(C ′).
We claim that V (C) ∪ D(C) ⊆ V (C) ∪ D(C). In fact, for all v ∈ D(C) ∪ {u ∈

Ci \ C ′
i , i = 1 . . . n}, v ∈ D(C). Indeed, if v ∈ D(C), then |Γ (v, C)| ≥ |Γ (v, C)| =

2p and so v ∈ D(C). Whereas if v ∈ Ci\C ′
i , then |Γ (v, C)| ≥ 2p − 1 (since

{Ci , i = 1, . . . , n} is an (n, p)-partition), but by construction v ∈ Γ (C ′
(q−1)p) so

|Γ (v, C)| ≥ 2p and thus v ∈ D(C).
Finally, since the algorithm does not terminate before, it follows that v0 is totally

linked to C (n0−1)p ⊆ C ′
(n0−1)p and thus v0 ∈ B(C). Hence, by the Lemma 16, it is

possible to define a tight clique-circulant C∗ such that v0 ∈ V (C∗) and V (C)∪D(C) ⊆
V (C∗) ∪ D(C∗). (end of the claim)

Claim 10 If p0 = 1 then C1
(n0−1)p ⊂ N (v0).

Proof Observe that p0 = 1 if and only if n mod p = p − 1. In this case, if C1
(n0−1)p �⊂

N (v0), there would exist a stable set S of size α(C) in G[{Ci : Ci �⊂ N (v)}] and then
α(C ∪ v0) > α(C). (end of the claim)

Claim 11 If the algorithm terminates because Cm
qp �⊂ N (v0) with q mod n = n0 − 1,

then there exists a tight clique-circulant C ′ such that v0 ∈ V (C ′) and V (C)∪ D(C) ⊆
V (C ′) ∪ D(C ′).

Proof First of all, observe that q mod n = n0 −1 if and only if qp mod n = n − p+1.
Let m∗ be the value of m when the algorithm terminates. We define mi = m∗ for
i ∈ {qp mod n : q = 1, . . . , n0 − 1} and mi = m∗ − 1 otherwise. We now define:
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Q =
⎛

⎝
n⋃

i=1

1⋃

j=mi

C j
i

⎞

⎠ ∪ {v0}

=
{

Cm∗−1
1 , Cm∗−2

1 , . . . , C1
1 , . . . , Cm∗−1

p−1 , . . . , C1
p−1, Cm∗

p , Cm∗−1
p ,

. . . , C1
p, Cm∗−1

p+1 , . . . , C1
p+1, . . . , Cm∗−1

n , . . . , C1
n , v0

}

.

Also let VQ = ⋃
Q∈Q V (Q). From Claim 8, we derive that the above sets (with

the given ordering) form an (n′ = (m∗ − 1)n + n0, p′ = (m∗ − 1)p + p0)-partition
of G ′ = G[VQ]. Moreover, there exists an (n′, p′)-circulant included in this partition
since Cm∗

(n0−1)p ∪ {v0} �∈ K (G). Hence using Lemma 13, we know that there exists
C ′ ∈ CG(n′, p′) such that VQ = V (C ′) ∪ D(C ′).

Now it is left to prove that v ∈ D(C) ∪ (V (C)\VQ) �⇒ v ∈ D(C ′).
We denote for all i = 1, . . . , n, Ni = |{Ck

i+q ∈ Q : q = 0, . . . , p − 1; 1 ≤ k ≤
m∗}|. By construction, it is easy to see that :

Ni = (m∗ − 1)p + |{Cm∗
i+q ∈ Q : q = 0, . . . , p − 1}|

and that

|{Cm∗
i+q ∈ Q : q = 0, . . . , p − 1}| =

{
p0 if 1 ≤ i ≤ n − p + 1
p0 − 1 if n − p + 1 < i ≤ n

Hence it follows that :

Ni =
{

p′ if 1 ≤ i ≤ n − p + 1
p′ − 1 if n − p + 1 < i ≤ n

Suppose v ∈ Di (C), then |Γ (v, C ′)| ≥ Ni+1 + Ni−p+1 + |N (v) ∩ {v0}|. Observe
that if p ≤ i ≤ n − p then Ni+1 + Ni−p+1 = 2p′, else Ni+1 + Ni−p+1 = 2p′ − 1.
Hence if p ≤ i ≤ n − p, then |Γ (v, C ′)| ≥ 2p′. Now suppose that i ∈ {n − p +
1, . . . , n, 1, . . . , p −1}. We know from Lemma 11 that i �= n and thus, by Lemma 10,
v0 ∈ N (v). Hence |Γ (v, C ′)| ≥ 2p′. In any case, it follows that v ∈ D(C ′).

Let v ∈ V (C)\VQ. First, suppose that v ∈ Ci with i �= 1; then by construction
v is complete to {v ∈ Ci−p : v marked}. Therefore, |Γ (v, C ′)| ≥ Ni−p + Ni +
|N (v) ∩ {v0}|. Hence if p + 1 ≤ i ≤ n − p + 1, then |Γ (v, C ′)| ≥ 2p′. If i ∈
{n − p + 2, . . . , n, 1, . . . , p − 1}, then v0 ∈ N (v) because v0 ∈ A(C). If i = p,
then v ∈ N (v0) since otherwise v ∈ C1

p. Thus if i ∈ {n − p + 2, . . . , n, 1, . . . , p},
|Γ (v, C ′)| ≥ 2p′ − 1 + 1 = 2p′.

Suppose now that v ∈ C1; then v is complete to {v ∈ Ch
n−p+1 : 1 ≤ h < m∗} and

v ∈ N (v0). Hence |Γ (v, C ′)| ≥ Nn−p+1 − 1 + N1 + 1 = p′ − 1 + p′ + 1 = 2p′. In
any case, v ∈ D(C ′). (end of the claim)
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