On the Use of Piecewise Linear Models in Nonlinear
Programming

Richard H. Byrd * Jorge Nocedal Richard A. Waltz * Yuchen Wu'

April 29, 2010

Abstract

This paper presents an active-set algorithm for large-scale optimization that occu-
pies the middle ground between sequential quadratic programming (SQP) and sequen-
tial linear-quadratic programming (SL-QP) methods. It consists of two phases. The
algorithm first minimizes a piecewise linear approximation of the Lagrangian, subject
to a linearization of the constraints, to determine a working set. Then, an equality
constrained subproblem based on this working set and using second derivative informa-
tion is solved in order to promote fast convergence. A study of the local and global
convergence properties of the algorithm highlights the importance of the placement of
the interpolation points that determine the piecewise linear model of the Lagrangian.

1 Introduction

Much research has been devoted in the last 30 years to the development of active-set methods
for nonlinear programming. Yet, none of the methods proposed so far is entirely satisfactory
for solving very large problems. Sequential quadratic programming (SQP) methods, which
are the methods of choice for small and medium size applications, are limited in the large
scale case by the significant cost of solving an inequality constrained quadratic program at
every iteration. In contrast, interior point methods typically solve only one linear system
per iteration and scale up well with the dimension of the problem.

To try to overcome this drawback of SQP methods, Fletcher and Sainz de la Maza
[14] proposed in 1987 a two-phase algorithm that uses linear programming techniques to
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estimate the optimal active set and employs an equality constrained phase to yield rapid
convergence. This so-called sequential linear-quadratic programming (SL-QP) method has
recently received much attention [2, 3, 8, 10, 15, 21], and numerical experience suggests that
it holds promise for large-scale applications.

There are, however, important limitations in using only first-order information to es-
timate the active set. First, the linear programming subproblem used in the active-set
prediction phase of the SL-QP method must include a trust region constraint to ensure
boundedness, but the choice of the trust region radius A is delicate. If A is not of the right
magnitude, the active-set identification can be significantly delayed because the trust region
constraint is typically active at the solution of the linear program. The delicate role played
by the trust region constraint is particularly noticeable in large or degenerate problems.
A second drawback of the SL-QP approach is that it is difficult to employ warm-starts
when solving the linear programming subproblems (due to the presence of the trust region
constraint), and as a result, the computational cost of the active-set prediction phase is not
as low as one would expect from a first-order method [2, 23].

Motivated by the promise of SL-QP methods and their limitations, we propose a new
method that can be considered to lie in between SQP and SL-QP methods. By using a
piecewise linear (as opposed to linear) model in the active-set prediction phase, the new
method becomes insensitive to the choice of the trust region constraint — in fact, one
can dispense with this constraint altogether. The curvature information contained in the
piecewise linear approximation also improves the active-set identification properties of the
algorithm, compared with the SL-QP approach, and leads to overall savings in iterations.
On the other hand, the new algorithm is computationally less demanding than SQP methods
because, instead of solving a quadratic programming subproblem with inequality constraints
at every iteration, it solves a linear program.

To define a piecewise linear model, we start by constructing a separable quadratic model
of the Lagrangian function. For each variable, we then define a set of interpolation points
and compute a piecewise-linear interpolant of the quadratic model. The active set prediction
of the new method minimizes this separable piecewise-linear model subject to a linearization
of the constraints (this problem can be formulated as a linear program). Like the SL-QP
method of Fletcher and Sainz de la Maza, an equality constrained quadratic programming
(EQP) phase then uses this active-set estimate to compute a step that yields fast local
convergence.

The crucial components of the new algorithm are the definition of the separable quadratic
model and the placement of the interpolation points that define the piecewise linear model.
We present guidelines for the design of these components and show that the new algorithm
enjoys global convergence guarantees and fast asymptotic convergence.

In addition to the recent contributions to the development of SL-QP methods already
mentioned, there have been a number of recent proposals on how to improve SQP methods
by using a simpler quadratic program to predict the active set. Gould and Robinson [17,
18] propose a trust region SQP method that solves two inequality constrained quadratic
programs at every iteration. The first quadratic program is convex and provides a predictor
step that ensures global convergence; the second quadratic program may be nonconvex
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and is capable of incorporating the exact Hessian of the Lagrangian. Friedlander, Gould,
Leyffer and Munson [15] describe a two-phase SQP method in which the quadratic term that
defines the active-set prediction phase is a multiple of the identity matrix, and this multiple
is adjusted to control the size of the step. The two SQP approaches just mentioned are
designed for the large scale case. Morales, Nocedal and Wu [19] and Gould and Robinson
[17, 18] propose an approach we call SQP+ that is aimed at improving the performance
of classical SQP methods that use quasi-Newton approximations. This method accelerates
the SQP iteration by adding an EQP phase that employs exact second-order information,
and is designed for those problems that are amenable for solution by contemporary SQP
methods.

All these new SQP methods have been tested only on prototype implementations and
their relative efficiency with respect to SL-QP methods and established SQP methods such
as [13, 16] is yet to be explored in production-quality software.

The paper is organized in 7 sections. In Section 2 we describe the proposed method
and in Section 3 we consider in detail the construction of the piecewise linear model. The
global and local convergence properties of the new algorithm are studied in Sections 4 and
5. Section 6 discusses the use of a quasi-Newton approximation, and Section 7 gives some
concluding remarks.

Notation. Throughout the paper | - || denotes the 2-norm, unless indicated otherwise.

2 Outline of the Algorithm

The nonlinear programming problem under consideration is stated as

min f(2)
s.t. h(z)=0, (2.1)
g9(x) =0,

where f : R® — R, h : R® — R™ and g : R® — R? are smooth functions. We write the
Lagrangian of this problem as

Liw, A1) = f() = \"h(x) — p"g(a), (2.2)

where A and p are vectors of multipliers. The KKT conditions for the nonlinear program
(2.1) are given by

Vf(z) — Vh(z)\ — Vg(x)u =0 (2.3a)
h(z)=0 (2.3b)

g(z) >0 (2.3¢)

>0 (2.3d)

p'g(x) =0, (2.3¢)
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where Vh7T, Vg™ are the Jacobian matrices of h and g, respectively.

The algorithm proposed in this paper is a two phase method that consists of an active-
set prediction phase and an equality constrained phase. At the current iterate zj, the
prediction phase generates a step dj by solving the problem

min mg(d) £V f(eg)"d + Ty(d), (2.4a)
st h(zx) + Vh(z)™d = 0, (2.4b)
g(zy) + Vg(og)'d > 0, (2.4c)

where 'y (d) is a convez piecewise linear function that contains useful curvature information
about the nonlinear program (2.1) and yet is simple enough to make the solution of (2.4)
tractable in the large-scale case. In this paper, we study two choices for I'y, one in which
it is a diagonal approximation of the Hessian of the Lagrangian, and one in which I'g
approximates a quasi-Newton matrix. Due to the piecewise linear nature of I'jy, problem
(2.4) can be formulated as a linear program. We refer to (2.4) as the piecewise linear
approximation (PLA) subproblem and denote its solution by dy.

The KKT conditions of (2.4) at xj, state that there is a vector v;, and Lagrange multipliers
Ak+1, Mg+1 such that

Vf(xg) — Vh(xg)A\er1 — Vg(zk) pgr1 + vk = 0, (2.5a)
M) + Vh(zk) dy =0, (2.5b)

9(@k) + Vg(z) "di;, = 0, (2.5¢)

{1 > 0, (2.5d)

fir1(9(zx) + Vg(ag)"dy,) = 0, (2.5¢)

vy, € Oy (dk), (2.5f)

where OI'y(dy) denotes the subdifferential set of I'(d) at dy.
Having computed the PLA step di, we perform the second phase of the algorithm by
first defining the working set at iteration k as

Wy ={ie&yufieT|g (xx)+ Vg (xx)"dy = 0}, (2.6)

where £ denotes the set of indices for the equality constraints, Z is the set of indices for
the inequality constraints, and h’(zy) and ¢*(xy) denote the i-th components of the vectors
h(zy) and g(x). The equality constrained quadratic program (EQP) is then given by

min (Vf(xg) + Widy)"d + 3d™Wyd (2.7a)
st.  Vh'(zp)"d=0, icé, (2.7b)
Vgi(zp)™d=0, ie€InW,, (2.7¢)

where
Wk = V L(l’k, /\k, Mk) (28)
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is the Hessian of the Lagrangian (2.2) at iteration k. We denote a solution to (2.7) by
d and the corresponding Lagrange multipliers by A;,;,u;, ;- (Practical procedures for
computing an approximate solution of (2.7) are discussed, for example, in [2, 14, 18].) The
use of second derivative information in the Hessian W}, endows the algorithm with a fast
asymptotic rate of convergence.

The EQP step dj; may be shortened as dj, where 8 € [0,1], to ensure that it satisfies
the linearized inequalities that are not in the working set, i.e. so that

g'(xp) + Vo' (xp)"(d + BdE) >0, i¢d W,. (2.9)
The algorithm promotes global convergence by imposing decrease in the ¢; merit function

o) = f(2) + mlh(2)[lr + 7llg(x) [, (2.10)

where g()~ £ max{0, —g(z)} and 7 > 0 is a penalty parameter. One can consider trust
region or line search implementations of our approach, and in this paper we focus only
on the latter. After the steps d and dj have been computed, the algorithm performs a
backtracking line search along the piecewise linear segment that starts at xj, goes through
x), + di, and ends at xy, + dy, + Bdj.

Specifically, the line search first attempts to find a steplength & € (0, 1] that satisfies
the sufficient decrease condition

by, (xk + di + @i Bdy) < ¢r, (vi) — ogred(dy), o € (0,1), (2.11)

where
gred(d) = ¢=(0) — g=(d) (2.12)
is the change in the following convex model of the merit function ¢;:
Gx(d) = f(x) + Vf(zr)'d+Tr(d) + 7||h(xr) + Vh(zr)"d| (2.13)
+ mlllg(ar) + Vg(ar) "d] " [|1.

If this line search is successful by making a small number of attempts (say dx = 1,% and

%), we define the total step as

pr = dy + apfdy. (2.14)

Otherwise, we choose a constant 7 € (0,1) and let ay € (0,1] be the first member of the
sequence {1,7,72,...} such that

by (T + ardy) < Oy (z1) — oaggred(dy), (2.15)

where o is the same constant as in (2.11); we then set
Pk = ardy,. (2.16)
Regardless of whether py, is defined by (2.14) or (2.16), the new primal iterate is given by

Tyl = Tk + Pk- (2.17)
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The new Lagrange multipliers are defined at the EQP point, as follows. First, we set the

multipliers corresponding to the inactive linearized constraints to zero (i.e. the constraints
with indices i ¢ W},). The rest of the multipliers are set to the EQP multipliers A} 10 Mg
— except that if any multipliers in 7, ; are negative, they are set to zero.

We outline the new algorithm using the pseudo-code in Algorithm 2.1.

1

2.

3.

Algorithm 2.1: PLA Algorithm

Initial data: zg

For £k =0,1,2,... until the KKT conditions for the nonlinear program (2.1) are satis-
fied, perform the following steps.

Construct a convex piecewise linear function I'y(d); see Section 3.
Solve the PLA subproblem (2.4) to obtain d.

Determine the working set Wj, as given in (2.6).

. Compute the EQP step dj and multipliers Aj; |, pi,; by finding a primal-dual

solution of problem (2.7).

. Compute the largest number 5 € [0, 1] such that dj, + 8d}; satisfies (2.9).

. Compute the penalty parameter 7y; see (2.20), (2.21) below.

Compute the steplength &j or @y, define py by (2.14) or (2.16), and set a1 =
Tk + Pk-

. Set

[H%H}Wk < max (07 [M%H]Wk) , and [M%H]W,ﬁ « 0,

where [u]"+ denotes the subvector of p corresponding to the components in the
working set W, i.e., [u]"r = [u']iew, , and Wi denotes the complement of W, .

. Compute Wy, = meL(azkH, )\EH,MEH).

In practice, various enhancements and modifications are needed to ensure the applica-

bility of Algorithm 2.1 in a wide range of applications. For example, the working set (2.6)
must be defined so that the gradients of the constraints in Wy are linearly independent;

this may preclude us from including all active constraints in the working set. Also, the

constraints in subproblem (2.4) could be incompatible in which case they would have to be
relaxed [6, 9, 16, 18, 22] to ensure that the PLA step is well defined. Since our main interest
in this paper is the design of the piecewise linear model and the development of the theo-
retical foundations for the method, we will assume that these complications do not arise.
An extension of Algorithm 2.1 that is capable of handling the difficulties just mentioned,
as well as its software implementation, are currently under development [7].
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Let us describe the procedure for updating the penalty parameter 7 in Step 6 of Algo-
rithm 2.1. As is now common [5, 20|, we require that at every iteration 7 be large enough
such that

gred(dy) > pr ([[h(zr) [l + lg(ax) 1) (2.18)

for some prescribed constant p € (0,1). For a step that satisfies the linearized constraints
(2.4b)-(2.4¢), we have from (2.12) and (2.13) that

gred(dy) = =V f () "di — Ti(di) + m ([1h(@r) ]l + lg(ze) " l1) - (2.19)
Therefore, condition (2.18) is equivalent to the requirement
Tdy, + T(d .
> Vf(@r)"de + i (di) & gl (2.20)

(1= p) (I(azi)lls + Mg ()]~ 1)

We can enforce this condition by updating the penalty parameter at every iteration k by
means of the following rule:

trial

k= . . )
T+, otherwise,

where 7, > 0 is a given constant.

This update strategy ensures that the PLA step dy, is a descent direction for the merit
function ¢y, . Specifically, the directional derivative of ¢, at a point xj, along the direction
dj, denoted as Dor, (zk; di), satisfies

Do (wp; di) < Vf(ag) di — millh(@p)lls — melllg ()] [|1-
Comparing the right hand side of this expression with (2.19), we obtain
Doy, (x;di) < —gred(dy) — T (dg). (2.22)

By noting that gred(dy) > 0 when xj is not a KKT point of the nonlinear program (2.1),
and that I'y(dy) > 0 (by construction), we conclude that dj, is a descent direction for ¢, ()
at x;. Therefore, the line search terminates in a finite number of steps and the algorithm
is well defined.

3 The Piecewise Linear Model I'(d)

Recall that the objective of the PLA subproblem (2.4) is given by
mk(d) = Vf(.%’k)Td + Fk(d), (31)

where I'; is a nonnegative convex and piecewise linear function. The specific form of I'y
plays a crucial role in the algorithm. Suppose, for example, that we define

L) = {o ldlloo < A, 52)

oo otherwise,
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where Ay, is a trust region radius that is updated at each iteration and ||-|| is some norm. For
this choice of I'y, the algorithm reduces to an SL-QP method since the active set prediction
problem (2.4) can be formulated as

min Vf(ex)"d (3.3a)
st h(zy) + Vi(zg)™d = 0, (3.3b)
9(xk) + Vg(zx)"d = 0, (3.3¢)
dlloc < A (3.3d)

This simple form of I';, does not, however, contain curvature information about the problem
and leads to the difficulties in choosing Ay discussed in Section 1.
Therefore, in this paper we let I', be a piecewise linear approximation of a quadratic

model:
I'y(d) ~ 2d"Byd.

Ideally, By, would be defined as the Hessian of the Lagrangian (2.8), but this Hessian may
not be positive definite, which could cause the PLA subproblem to be nonconvex — a
situation we wish to avoid. Therefore, we choose By to be a symmetric positive definite
matrix, and for our approach to be practical, By must have a simple structure. In the next
subsection, we consider the case when By, is a diagonal matrix, and in Section 6 we discuss
the option of defining it through quasi-Newton updating.

3.1 Diagonal Hessian Approximation By

Constructing a piecewise linear approximation of a high dimensional quadratic function
dTByd is not simple. In particular, the accuracy of the approximation degrades with di-
mensionality. Fortunately, in the case where d”Byd is separable, we can write d”Byd as the
sum of n one-dimensional quadratic functions, each of which can easily be approximated
by a univariate piecewise linear function.

One way to achieve separability is to define By to be a diagonal matrix, i.e.,

By, = diag(b}), (3.4)

so that .
3d"Brd = 3bi(d')?, (3.5)

i=1

where d' denotes the i-th component of the vector d. We approximate each one-dimensional
function bt (d')? by a piecewise linear function I'} (d') composed of 7§ 4 1 segments, where
7} is a small integer (say, less than 10). Thus,

I (d') ~ 1bi(d))2.
The linear functions forming I'% (d) are denoted by 6};7 j (d%), and we define

Ti(d) = max{€}, ;(d)},  with Ji2{0,--,ri}. (3.6)
jed; ’
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The component functions 6};’ ; are chosen by Hermite interpolation at a set of designated
nodes, which we denote as

ki J€Jk (3.7)
S‘peciﬁcally, the j-th linear function E}A j interpolates %b}{: (d%)? and its derivative at the node
kj» Which implies that 0, ; is given by

loj(d) = =504 (t, ;) + (b th, ;)d" (3.8)
To ensure that I'y(d) is nonnegative, we choose one interpolation point at the origin, i.e.,
tho=0 forallie{1,2,..n}. (3.9)

This condition, and the fact that we are employing Hermite interpolation, means that each
function I}, is non-negative and has the form given in Figure 1.

10
Piecewise Linear Approximation ,
8K - - - Quadratic Function /
. ® Interpolation Nodes
6 L
£
—
4 L
2 L
0 === :
-6 0 2 4 6
t

Figure 1: The univariate function F};

The multivariate function I'y in (2.4a) is then defined as
n . .
Ty(d) £ Ti(d), (3.10)
i=1

and constitutes an outer approximation of the quadratic form, i.e., I'y(d) < %dTBkd. Note
that, by construction, I'y(d) > 0 for all d.

One more requirement we impose on 'y, is that it must guarantee that the objective of
the PLA subproblem (2.4) is bounded. (We will assume henceforth that this subproblem is
feasible.) We can ensure that the PLA steps are bounded by constructing the model my, so
that

lim my(ad) = +oo  for all d # 0. (3.11)

a—r00

We can achieve this behaviour by an appropriate placement of the interpolation points.
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To see this, note from (3.1) and (3.10) that

my(d) = Zmi(d’), where mi(d') = %di + Té (d). (3.12)
i=1

Now, given a coordinate i and any j € Ji, we have from (3.6) and (3.8) that

mi(d)) = —30 (8 ) + [bith, + 25| . (3.13)
In other words, each interpolation point generates a linear function (given by the right hand
side of (3.13)) that bounds mi(d’) from below. If we make sure that one of these lower
bounding functions has a positive slope and another one has a negative slope, then m§c will
have property (3.11). Since the term inside the square brackets in (3.13) gives the slope
of the lower bounding function, we can achieve these goals by selecting one interpolation
point, say t;c,u’ so that

bith,, + 2L o, (3.14)

and choosing another interpolation point, say t}; ;> 5o that

bith,, + 28 < o, (3.15)

Clearly, since for each coordinate direction ¢ € {1,2,...,n} the function mﬁg constructed in

this manner satisfies limgi| mi (d') = +o0, it follows from the convexity of (3.12) that my,

satisfies condition (3.11). Thus, by choosing a pair of interpolation points satisfying (3.14)—

(3.15) along each coordinate 4, the PLA subproblem (2.4) will have a bounded solution.
We summarize the observations made in this subsection as follows.

Procedure 3.1: Construction of Piecewise Linear Function I';

Initial data: (i) k, the iteration number; (ii) ri, i =1, ...,n, the number of interpolation
points for each coordinate direction i.

1. Define a positive definite diagonal matrix By, = diag(b},).

2. For each i = 1,...,n, define the interpolation points t};j, j € J,i ={0,--- ,r,i} SO
that one of these points is given by (3.9), and so that the PLA problem (2.4) is
bounded.

3. For each i = 1, ...,n, define the component functions E?CJ-, Jj € Ji, by (3.8).

4. Define T'y; as in (3.6).
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In Sections 4 and 5, we impose a few more requirements on the placement of the interpolation
points (in addition to (3.14), (3.15)) to ensure that the algorithm has the desired global and
local convergence properties. Practical choices for the diagonal matrix By are discussed in
[7].

Given the quadratic form %dTBkd and the set of nodes (3.7), the Hermite interpolation
process given in Procedure 3.1 uniquely determines the function I'y. There are, however,
various ways of expressing this function algebraically. In (3.6) we defined each I to be
the maximum of the component functions ¢: e and in this case the PLA subproblem can
be formulated as a linear program that includes additional constraints to account for the
max functions; see e.g. [1]. An alternative representation of the piecewise linear model
is obtained by first computing (for each i) the 7% breakpoints of I}, and defining intervals
S,i’ j whose endpoints are given by these breakpoints, see e.g. [12]. To evaluate I‘}; at d’,
we identify the interval to which d* belongs and evaluate the corresponding linear function,
ie., d € S}:C’j = Ti(d)= E};J(di). In this representation, there is no need to introduce
additional constraints, but we must increase the number of variables. The computational
advantages of these two alternative representations of I'y, are discussed in [7].

4 Global Convergence Analysis

In this section we analyze the global convergence properties of Algorithm 2.1. We make
the following assumptions about the problem and the algorithm. We recall that the PLA
multipliers Ag, i are defined in (2.5).

Assumptions I

a) The sequence {xj} generated by Algorithm 2.1 is contained in a convex set 2 where
the functions f, h and g and their first and second derivatives are bounded.

b) The PLA subproblem (2.4) is feasible for all k.

c¢) The sequence of PLA multipliers is bounded, i.e., there exists a constant ,, such that
| (Mks )| oo < i for all k.

d) There exist constants 5; > 0 and f,, > 0 such that, for all d € R and all k,

Billd|* < d"Brd < B |d||*. (4.1)

In Procedure 3.1, we outlined a strategy for constructing I'y, based on Hermite interpola-
tion of a separable model with diagonal Hessian By, (and showed how to ensure boundedness
of the PLA subproblem by an appropriate placement of the interpolation points). Other
choices for By and other forms of interpolation could, however, be employed and we would
like for our analysis to be applicable to a wide class of piecewise linear models. In particular,
in Section 6 we extend our analysis to the case when By is defined through BFGS updat-
ing, and is not a diagonal matrix. Therefore, we present the global convergence analysis
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in a general setting that includes as a special case the procedure discussed in the previous
section.

The first step in our analysis is to identify the essential properties that the model T'
must possess for Algorithm 2.1 to enjoy global convergence guarantees. In essence, we need
to ensure that mj grows at least linearly for large d and that I'y, does not grow faster than
a quadratic function. We state these properties as follows.

Growth Conditions
The following 8 conditions are satisfied for all k.

P1) Tx(d) is convex, non-negative, and satisfies

'y (0) = 0. (4.2)
P2) There exists a constant 3, > 0, such that

Th(d) < Bu|ld||?,  for all d. (4.3)

P3) There exist constants Ag > 0, ¢ > 0 such that

my(d) >s||d||, for all ||d|| > Ag. (4.4)

The algorithm does not have direct control over the properties of I'y, but given that
the matrices By are uniformly positive definite and bounded, the algorithm can enforce the
growth conditions by an appropriate placement of the interpolation points. Specifically, for
the Hermite interpolation procedure described in the previous section we can impose the
following requirements, which are a reinforcement of conditions (3.14)-(3.15) introduced in
Section 3.1 to ensure boundedness of the PLA step.

Placement Conditions A
Given a constant kg > 0, for each iteration k and for each coordinate direction i, at least
two interpolation points tj.;, t; ., satisfy

};J < —BJ;(;EZ-’“)/b;g — Ko, and tfw > —LJ;(;’“)/I)Z + Ko. (4.5)
Furthermore, the sequences {t};,l} and {t%u} are uniformly bounded.

It follows from Assumptions I-a,d that (4.5) can be satisfied by a bounded sequence of
interpolation points. Note that Placement Conditions A impose minimal requirements and
allow much freedom in the placement of the interpolation points. The following result shows
that if these conditions are satisfied, the piecewise linear model generated by the Hermite
interpolation procedure of the previous section has the desired behavior.

Theorem 4.1 Suppose that Assumptions I hold, that 'y, is defined by Procedure 3.1, and
that the interpolation points satisfy Placement Conditions A. Then, the function T'x(d) and
the model my(d) satisfy the Growth Conditions.
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Proof. Since I'g(d) is constructed by Hermite interpolation of the convex quadratic function
%dTBkd and one interpolation point is placed at the origin (see Step 2 of Procedure 3.1),
we immediately obtain the Growth Condition P1.

Because Hermite interpolation builds an underestimate of the function %dTBkd, we have

Ty(d) < 2d"Byd < Bu|/d||?,

where the second inequality follows from (4.1). Hence, condition P2 is satisfied.
To establish P3, note that since the sequences {t; .}, {t ,} are bounded, it follows from
(3.6) and (3.8) that

Ti(d) + 255 d > 4t + (i, + Z5)d (4.6)
> ko + (bt + L) d (4.7)
and
TL) + 25500 > 306,07 + (b, + O
> kg + (Bt + 25, (4.8)
where k9 = —%/{%ﬁu and k1 is a constant such that —k; < t};l < t};u < k1, for all k£ and all

i. Now, if d* > 0 , we have from the second inequality in (4.1), (4.5) and (4.7) that

g (d)) + 2@ gi > ) 4 kofid. (4.9)
Similarly, if d° < 0 we have that

Tj.(d") + Lg;’“)di > kg — KoBd'. (4.10)
Together, (4.9) and (4.10) imply

F;ﬁ(di) + Lgﬁk)di > Ko + Hoﬁl’di|,
for any d'. Recalling (3.1) and (3.10), and summing over all coordinates 4, yields

my(d) =V f(zr)"d +Tp(d) > ke + koBilldll = nkz + koBilld]l, (4.11)

which implies (4.4) with ¢ = ko3;/2, and Ag = —2nka/Kkof;. O

Having shown that there is a practical way of ensuring the Growth Conditions, we
assume for the rest of this section that I'j is constructed at every iteration to satisfy these
conditions.

For reference below, we note that since I'y is convex with I';(0) = 0, and if v denotes
an element of its subdifferential at d, we have I't(0) > I'x(d) + v"(0 — d), and hence

I'k(d) < v'd. (4.12)

We first establish that the PLA steps di are bounded.
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Lemma 4.2 If Assumptions I and the Growth Conditions hold, the PLA subproblem is well
defined and there exists a constant Ly > 0 such that

HdkH < Lo, for all k.

Proof.  We first note that since the step dj solves the PLA problem (2.4), it satisfies the
KKT conditions (2.5), and from (2.5a), (2.5b) and (2.5¢) we have that

Vf(wg) dy +vidp = =Ny h(zr) — gy 19(or). (4.13)
Recalling (4.12), we have
Vf(xr) dp + Tr(dr) < =Meyrh(zn) — pry19(r).

Due to the boundedness of h(xx) and g(x) in €2, and the boundedness of the multipliers,
there exists a constant x4 such that

my(d) = Ti(dk) + V f(z)"di < Ka. (4.14)
By combining this bound with (4.4), we obtain
|dk|| < min{ks/s,Ac} = Lo. (4.15)
O
We can now show that the penalty parameter is bounded.

Lemma 4.3 If Assumptions I hold, there exists an integer k and a positive scalar T such
that for all k > k, the sequence {m} generated by Algorithm 2.1 satisfies m, = 7.

Proof. From (2.5¢) and (2.5¢) we have both
o1 VR(@p) "diy = =M h(zg)  and pp o V(ar) "de = —ppp9(an). (4.16)

We also have that
“Ner1P(@x) < [Nt lloo 12 (2r) |1,

and since pg4+1 > 0,
—t19(@k) < prga9(@e)” < et lloollg(@e) ™ I,

where g(zx)” = max{0, —g(xx)}. Substituting these relations in (2.5a) we obtain

Vf(@r) de + vpdi < [|(Aks1, i) oo (1P () 11 + [lg (k)™ 1),

or equivalently,
Vf(xk)Tdk + ’U,z;dk

1Pzl + llg(ze)~ I

< [ et1s 1) oo < Yims (4.17)
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where 7, is defined in Assumptions I-c. By (2.5f), the vector vy is an element of the
subdifferential set of I'y(dj), and therefore by combining (4.12) and (4.17), and recalling
(2.20), we obtain

tral _ V f(zr) "di + T (d) < m
= p)(aa)l + g ) T =g

Consequently, by (2.21), we have that for all k

(4.18)

7, < max{m, %’”p + T},

which shows that 7 is bounded above. Since the sequence {7} is nondecreasing and
bounded, and when it increases it does so by at least m, we conclude that 7 must be
constant after a finite number of iterations, and that this constant value satisfies T <
max{mo, {5 + 7} O

The following technical result will allow us to prove that the algorithm satisfies the KKT
conditions of (2.1) in the limit.

Lemma 4.4 If Assumptions I and the Growth Conditions hold, Algorithm 2.1 yields the
limit
lim gred(dy) = 0. (4.19)
k—o00

Proof. Let us assume that the iteration indices k are large enough such that 7 = 7, where
7 is given in Lemma 4.3.

By (2.18), we have gred(dy) > 0 for all k& and therefore by (2.11) and (2.15) the se-
quence {¢z(x)} is monotonically decreasing. Since ¢z () is bounded from below on 2 by
Assumptions I, the sequence{ ¢ (zj)} must converge, i.e.,

(p#(z4+1) — Pz (zx)) = 0.

lim
k—o00
Given that (2.11) or (2.15) hold at each iteration, this limit implies

lim aggred(dy) = 0, (4.20)
k—o0

where oy = @y, if the line search enforced condition (2.11), and aj = a4 if it enforced
condition (2.15). Thus, if we can show that aj is bounded away from zero for all k, then
(4.20) implies the limit (4.19).

Recalling the definition (2.13), Assumptions I, the condition I'y(d) > 0, and Lemma 4.2
we have, for any «,

dx(xp + ady) — gz (ady) < f(zp + ady) — (f(xr) + oV f(x) "dy)
+ 7(|h(zg + adi)llr — [[h(zr) + aVh(zk)dg]]1)
+7(llg(zk + adp)]” I1 — lg(zx) + aVg(zr)di] 1) (4.21)
< Lio?||dil3
< L3Lo?,
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for some constant L; > 0. In addition, using the convexity of ¢z(-) and recalling (2.12), we
have

gr(ady) — ¢z(0) < gz (di) — 4z(0)) = —agred(dy). (4.22)
By adding (4.21) and (4.22), and noting that ¢z(zx) = ¢z(0), we get

bx(xp + ady) — ¢z (x) < LAL1a* — agred(dy). (4.23)

Now, suppose that aj in (2.15) is less than 1. Since the line search algorithm chooses
ay as the first element in the sequence {1,7,72,---} that satisfies (2.15), this implies that
(2.15) was violated for the value ay/7:

Ox(xp + (ar/T)dk) — ¢z(xK) > —o(ag/T)qred(dy).
Combining this inequality with (4.23) (with a = a;/7) we have
L§L(a/7)? = (ak/7)gred(dy) > —o(ak/7)gred(dy).

This implies
7(1—o0)

Y —_— . 4.24
Qg > L(Q)Ll qred(dk) ( )

Therefore, since in (4.20) either oy, = ay or oy, satisfies the bound (4.24), we have

7(1—0)

Lngqred(dk)} gred(d) > 0

0= lim aggred(d;) > lim min {1,
k—o0

k—o0

from which we immediately get (4.19). O

Corollary 4.5 The sequence {x} generated by Algorithm 2.1 is asymptotically feasible,
1.€.,
(IA(zi)llx + llg(z)~[[1) = 0.

lim
k—o0

Proof. The result follows immediately from (2.18) and the previous lemma. O

Lemma 4.6 The sequence {xy} generated by Algorithm 2.1 satisfies
lim g(zx) pe+1 =0 (4.25)
k—o0

and
lim Tg(dy) — vidg = 0. (4.26)
k—o0
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Proof. By (2.19) and Lemmas 4.3-4.5, we have

kli_}r{)lo V f(xk) di + Tr(dg) = 0. (4.27)
Equivalently, for any € > 0 there exists kg > 0 such that for k£ > kg, we have

—e < Vf(xg) dp + Tr(dy) < e
Since vy, € OI'(dg), we further have by (4.12) that

—e < Vf(zg)"dp + v dg.
Combining this bound with (4.13), we obtain
—€ < —h(@p) A1 — 9(@k) "1 < (Io(zn) 1+ llg(zn) ™ 1) m,

where 7,, is given in Assumptions I-c. By Corollary 4.5, there exists k1 such that if & > k1,
we have ||h(xg)|1 + ||lg(zk) " ||1 < €/¥m. Therefore, for k > max{ko, k1}, we have

—e < —[h(@k) N1 + 9(xr) T pag1] < e,
and hence we have established that

lim h(zk) Aer1 + g(xk) k1 = 0. (4.28)

k—o0

According to Corollary 4.5, we have limy_, [|h(zg)|l1 = 0, and by the boundedness of A1,
it follows that limg_,oo h(zk) " A1 = 0. Substituting this into (4.28), we get (4.25). Finally,
by combining (4.13), Corollary 4.5 and (4.25) we obtain

lim Vf(xk)Tdk + vadk =0,
k—o0
and subtracting this limit from (4.27) yields

lim Tg(dy) — vidg = 0.

k—o0
O
We now show that the subgradients of I'y, at d converge to zero.
Lemma 4.7 The sequence {vy} generated by Algorithm 2.1 satisfies
lim v = 0. (4.29)

k—oo

Proof. Lemma 4.6 implies that for any ¢ > 0, there exists an integer k(e) such that for all
k> k(e),
0 <wvidy — Ti(dy) <e. (4.30)
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Assuming without loss of generality that € < 1, then by definition of v, the convexity of
I'k, and (4.30), we have

Tu(Verty) = T(di) + o (vVerty — di) = vellogl - c. (4.31)

The growth condition (4.3) implies that

which together with (4.31) yields

[ok]l < (Bu + 1)Ve.

Hence we obtain the limit (4.29). O

We can now establish the main result of this section, namely that the primal-dual
iterates defined by zj and the PLA multipliers (Ag41, tr+1) satisfy the KKT conditions of
the nonlinear program, in the limit.

Theorem 4.8 Suppose that Assumptions I hold and that Ty and my satisfy the Growth
Conditions on page 12. Then, any limit point of the sequence (Tx, Ap11, ftk+1) generated by
Algorithm 2.1 satisfies the KKT conditions (2.3).

Proof. We have shown in Lemma 4.5 that (2.3b) and (2.3c) hold in the limit, while
the nonnegativity of ppiq is guaranteed by (2.5d). Lemma 4.6 shows that the sequence
{(xg, \et1, tii+1)} satisfies (2.3e) in the limit. As to (2.3a), it holds in the limit because of
(2.5a) and (4.29). O

This global convergence result applies to the case when I' is constructed by the Hermite
interpolation process described in Procedure 3.1 and when the interpolation points satisfy
Placement Conditions A. This is because Lemma 4.1 shows that the Growth Conditions
are satisfied in this case. Thus, we have identified a concrete implementation of the PLA
algorithm for which global convergence can be guaranteed. Clearly, many other strategies
are permitted by our analysis.

5 Local Convergence Analysis

In this section, we give conditions under which Algorithm 2.1 identifies the optimal active
set as the iterates approach a solution z, that satisfies standard regularity conditions.
We recall that the working set Wy at iteration k is given by (2.6), and we denote the
active set at x, as
W={ieElu{iel|g'(z.)=0}. (5.1)

Given a working set W, we employ a superscript ¥ to denote a subvector with elements in
W. For instance,

9" (xr) = 9" (k) iew- (5.2)
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For convenience, we also define

w1 h(zg) we, O [ Vh(zg)”

& (xy) = [ 7 (z2) and AY(xp) = V¥ (o))" | (5.3)
and let [v]Y denote the multiplier set corresponding to a given working set W; specifically
A A A A
vV = and v, = . 5.4
2| ] (5.4)

The local convergence analysis of this section is self-contained and independent of the
analysis in Section 4. This is so that we can identify essential properties of the model I" that
yield the desired active-set identification results. In Section 7 we outline an implementation
of the algorithm that enjoys both the global and local convergence properties.

We make the following assumptions throughout this section.

Assumptions IT

a) x, is a KKT point of the nonlinear program (2.1), and the functions f,h and g are
continuously differentiable in a neighborhood of x..

b) The PLA subproblem (2.4) is feasible for all k.

c¢) The linear independence constraint qualification and strict complementarity hold at
Zx. Thus, A% (z,) has full rank and there is a vector v, such that

Vi(ze) — A (2,) v = 0, (1] >0, and g¢'(z.)>0forigW,.  (5.5)

d) There exist constants 5; > 0 and /3, > 0 such that for all k,

Bil|d||? < d*Bpd < B,||d||*  for all d € R™. (5.6)

These assumptions are fairly standard in active-set identification studies; see e.g. [11].

In order to show that the PLA step dj, identifies the optimal active set W, for xj, close to
Zx, the piecewise linear function I'y(d) must have an appropriate shape. In general terms,
it should be sufficiently flat near the origin (so that the gradient of the model my(d) at
d = 0 is close to Vf(xr)), and it should grow at least linearly for large d (so that the step
is restricted). The desired properties of I'j, are stated precisely as conditions i) and ii) in
the following lemma. Later on, in Lemma 5.3, we show that, by appropriately placing the
interpolation points, we can guarantee that I'y satisfies these properties.

Lemma 5.1 Suppose that Assumptions II hold at x.. There exist constants vs > 0,1 > 0
such that, if 'y satisfies the following two properties for all xy, close to x,:

i) For all ||d|| > 7
Li(d) > ysllzk — o[ [|d]]; (5.7)
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it) For all d,
T (d) < Bulld]?, (5.8)

then the PLA step d satisfies
||dk;” <7 and Wk: CW. (5.9)

Proof. Let us consider the second condition in (5.9). To show that for xj, close to =, there
cannot exist an index i € W, such that i ¢ W, we need to consider only the inequality
constraints since, by definition (2.6), all equality constraints are contained in each working
set W, as well as in W,.

For any index i ¢ ), we have that ¢g’(z.) > 0, and thus there is a positive constant ¢,
such that

g'(z) > ¢4 >0, (5.10)
for all xx close to z,. Consider now any vector d that satisfies
g'(z) + Vgi(z)Td <0 for i¢W. (5.11)
Then A ‘ ‘
IVg'(@)[lld] = =Vg'(z)"d = g'(x) = €, (5.12)

which gives the lower bound

ldll > eg/1Vg (@)l > €g/79 = 1, (5.13)

where 7, > 0 is a constant such that ||Vg(z)|| <74 for all z € Q.
Since A (x,) has full rank by Assumptions II-(a), we have that for xj close to z., the
matrix A (xy) has full rank and thus the system

M (zg) + A (z)d =0 (5.14)

has a solution (that is not necessarily unique). Let di, denote the minimum norm solution
of this system. Thus
M (Z‘k) + A (a:k)dk =0, (515)

and since by definition % (x,) = 0 we have, for z; near .,
di = O(||zk, — z.4])). (5.16)

Therefore, if z;, is sufficiently close to x, the vector dj cannot satisfy the lower bound (5.13).
But since we have shown that all steps d satisfying (5.11) also satisfy (5.13), we deduce that
dj, cannot satisfy (5.11), and thus

g (x1) + Vg (xp)"d, > 0, for i¢ W (5.17)

This condition and (5.15) show that dy, is a feasible step of the PLA problem (2.4). This
allows us to obtain an upper bound for the PLA objective (2.4a) by noting from (5.16) and
(5.8) that there is a constant 2 such that

V f(zx) "di + Tr(dy) < y2llzn — 24, (5.18)
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for all x; in some neighborhood of .
Consider now the solution dj, of the PLA subproblem (2.4). Clearly,

Vi(zk)dy = [Vf(xg) — A% (xp) "vi] "di, + v A (2k)dg, (5.19)
and by the first condition in (5.5), there is a constant ~3 such that for all x;, near z,
IV f(@r) = A% (z) vl "dill < ysllze — 2] lldil]- (5.20)
As to the last term in (5.19), since dy, is feasible for the PLA problem (2.4), it satisfies
Vh(zg)"dg + h(zg) =0, and Vg™ (x)"dg + ¢ (zx) > 0, (5.21)
and since h(z,) = ¢%(z,) = 0 and [u.]* > 0, by continuity of h and g we have that
AeVh(zy) de = —yallzr — 2|
and

([a]™) "V g™ (x) "y = = ([p]") " g™ (k) 2 =5 llk — 2],

for some constants 74,75 > 0. Combining these two inequalities and recalling (5.3)-(5.4),
we have
vy A% (@p)de = —(va +5) ok — @] (5.22)

Substituting this bound and (5.20) in (5.19), we have that
Vf(zk) di > —ysllve — 2llldi]l — v6llzk — 2], where 6 = y4 +7s. (5.23)
Let us define
o L,:;% + 3+ 1, (5.24)

and assume that (5.7) holds in a neighborhood of x., where 71 is defined in (5.13). To
prove (5.9), suppose by way of contradiction that the PLA step satisfies ||dk|| > 1. Then,
combining (5.7) and (5.23), we obtain

Vi(xr) dy + Tr(de) > (v — 13)1oe — 2|l dill — 76 llzr — 24| (5.25)

We have seen that the minimum norm step dk satisfies (5.18), and since the PLA step d
cannot yield a greater PLA objective value than dy,, we have from (5.18), (5.24) and (5.25)
that

ollog — x| > (220 + Dyl|ag — | = y6lzn — 24 (5.26)

or, equivalently,
7 <0.

This contradicts the definition of v in (5.13). Therefore, we must have that ||dg| < 1,
and consequently (5.11) does not hold for any i ¢ W,. We have thus shown that, for any
i ¢ W, we must have that i ¢ Wy, and this concludes the proof. O

We can now establish the active set identification result for the new algorithm.
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Theorem 5.2 Suppose that Assumptions II hold at x,. There exist constants vs > 0,1 > 0
such that if condition (5.7) and (5.8) in Lemma 5.1 are satisfied, then

for all large xy, close to x,.

Proof. By Lemma 5.1, we know that W, C W, for x; close to x,. Suppose by way of
contradiction that for some sequence {x} — x., we have that W, 2 W, i.e., there exists
an index i € W, NZ such that i ¢ W, .

Let us define the index set W, := W \{i}, so that A% (z) denotes the matrix obtained
by removing row Vg'(z)” from A™ (z). Since we assume that i ¢ W, , we have that for zy
near x, the PLA step dj. satisfies

Vf(rg) — A% (2p) "V 40 =0 (5.28a)
N (Jik) + A% (xk)dk =0 (528b)
e >0, (5.28c¢)

where vj, € Oy (dy) and 1" is the vector obtained by removing p’ from 1*. Equivalently,
dy, solves the following relaxation of the PLA subproblem at xj.

mdin Vf(zr)"d+ Tx(d) (5.29a)
s.t. @™ (zx) + V@™ (2x)"d >0 (5.29b)
h(zy) + Vh(zg)"d = 0. (5.29¢)

Now, since A (x,) has full rank and [u.]* > 0, the equations in (5.5) can no longer be

satisfied if we replace A% (z,) with A% (x,). In other words, the dual system
V() = Vg™ [ = Vh(z)A =0, [u* =0
is infeasible, and by Farkas’s lemma we can find a direction df and a scalar 7 > 0 such that
i)l =1, Vf(z.)"d; < =27, Vg™ (z.)"d; >0, Vh(z,)"d;=0. (5.30)

Since A% (z) has full rank and A(z) is continuous, in a neighborhood of z, we can define
the direction

d*(x) = d + A% () T[A™ (@) A% ()71 (A (22) — A% (2)dy, (5.31)

which satisfies
A (z)d" (z) = A% (24)ds. (5.32)

It follows by (5.30)—(5.32) and continuity of V f(z), d"(z) and A(z) that, for xj close to x,
the vector d¥ (zy) satisfies

Vf(k)'d (zk) < =1, Vg™ (z)"d"(x) 20, Vh(zg)'d" (zx) =0 (5.33)
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and
ld" (@)l = 1+ O(l|lzk — 2])- (5.34)

By Assumptions II, there exists a direction d°(x) = O(||xy — x«||) such that
3% (zg) + V@™ (z)"d(zx) =0, h(zg) + Vh(xg)Td(zy) = 0. (5.35)
We can combine these two directions using scalar o > 0 to define
di(c) = d°(zx) + ad" (23).
Clearly, ||di(a)|| = a 4+ O(||zx — z|)), and
9" (wr) + Vg™ (ax)"dp(@) 2 0,  h(zy) + Vh(zz) "di(a) =0, (5.36)

showing that dj,(c) is feasible for problem (5.29), for any a.
From (5.33), we have

Vf (@) (@) < —ar + O(||lzy, — a.|)). (5.37)
In particular, if we choose o = ||z — .]|° for § € (0,1), we have
V f(ar) Tdi (@) < —37||lay — 2|’ (5.38)
Since ||di(a)|| = a + O(||zx — z+||) = O(||zk — 24]|°), we also have from (5.8)
Lpo(d(a)) < Bulldi(@)|? = O(llzx — 2. ]*). (5.39)

Now, since dj, is the optimal solution of the PLA subproblem (2.4), it must yield an objective
value that is not larger than that given by d(«), i.e.,

V f(@x) T + Trldy) < V(@) (@) + Ti(di(a)) < =7 llax — 2|, (5.40)
which together with the condition I'y(dy) > 0, implies
Vf(zg)Tdp < =372k — 2% (5.41)

We now show that this leads to a contradiction. By (5.5) and continuity of V f and A,
we have that for zp near x.,

Y f(ar) = Vg @)l — Vh(h, = O(lay — 2., (5.42)
and therefore, there exists a constant g9 > 0 such that
AV f(2) = dpV g™ (@) [ —dg Vh(zp) A = —yollze —2lldill = —mvollzr—2.], (5.43)

where the last inequality follows from (5.9). Since the PLA step satisfies Vg™ (zy)d +
g% (z)" > 0, and [p]™ > 0, ¢ (x4) = 0, by continuity of g(x), we have that

AV g (wp) ] = =g™ () "[ul™ = —y10llee — 24| (5.44)
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for some constant 9 > 0. Similarly, since Vh(xy)"dy + h(zx) = 0 and h(z,) = 0, we have
dpVh(zp) e = A h(zg) > —y11l|2k — 24| (5.45)
for some constant 117 > 0 . Combining (5.43)—(5.45) yields

Vf(xr)"dy > — (179 + v10 + 710) |2 — 24, (5.46)

which contradicts (5.41) for z, sufficiently small to x,. Therefore, there cannot exist an
index 7 such that i € W, and ¢ € W,.. O

Theorem 5.2 gives conditions on the shape of the piecewise linear function I' that ensure
correct active set identification. However, in computation I' is determined by placement
of the interpolation points, as described in Section 3. The following result specifies two
intervals that must contain interpolation points for each coordinate direction, in order for
I'x to have the desired properties.

Theorem 5.3 Suppose that Assumptions II hold at x,. and that the PLA model T}, is con-
structed as in Section 3. Then, there exist constants vs > 0,71 > 0 such that, if both
intervals

(BG lon — s ] and =, —BG (547)

contain interpolation points for all coordinate directions © and for all xy close to x., condi-
tion (5.7) holds and
W, =W.. (5.48)

Proof. Since the conditions of Lemma 5.1 are satisfied, let 75 and +; be the values guar-
anteed by that lemma. Suppose the intervals (5.47) contain interpolation points ti >t
respectively, and suppose ||d|| > ~1. Then ||d||e > %, and equivalently, for some i,

Id|oo = |d¥] > % Suppose first that d’ > L. Then d* > ¢’ , and by (3.6) and (3.8)

B
CLd) > B + b
> Ltd
> evila, — . d (5.49)
> ullay — 2., (5.50)

since ti > 2v/nysllzk — 24|/ By, and V/nlldfec > [|d]|. A similar argument implies (5.50)
when d' < —JIL. Since I'y(d) > T'}.(d"), we have attained (5.7).

Vvn
Because I'(d) is an under estimate of 3d”Byd, by noticing Assumption II-(d) we obtain
(5.8). The conclusion (5.48) follows from Theorem 5.2. O

It is interesting to note that the intervals (5.47) are similar to the interval specified
by Oberlin and Wright [21] for a trust region radius in an SL-QP method. Although the
values s and ; are not generally available, one can ensure the conditions of Theorem
5.48 are satisfied in the limit, for example by specifying that one interpolation point t* =
O(||zx — x«||*/?). Several quantities computed by the algorithm, such as the norm of the
KKT error, are of order O(||zy, — x| '/?).



Piecewise-Linear Models for Optimization 25

6 A Variant Based on BFGS Updating

In the previous sections, we assumed that the Hessian approximation By is diagonal. One
way to incorporate more useful curvature information about the problem is to define By
through limited memory quasi-Newton updating. Due to the special structure of this matrix,
we can perform a change of variables (at reasonable cost) that allows us to represent the
model in separable form, and then apply the interpolation techniques discussed in Section 3
to construct a piecewise linear model. We refer to the method based on this approach as
the BFGS-PLA algorithm.

At an iterate ), we update a BFGS approximation By to the Hessian of the Lagrangian
V2, L(xg, Ak, ). The matrix By is defined in terms of 1/2 correction pairs {s;,y;}, i =
1,...,1/2, where each s; stores the change in the variables z at a previous iteration and y;
stores the corresponding change in the gradient of the Lagrangian; see e.g., [20, section 18.3].
Here [ is a small even number (say [ = 10). This limited memory BFGS approximation can
be written in a so-called compact form [4],

B =01+ UkRkUkT, (6.1)

where 0 > 0 is a scaling parameter, [ is the identity matrix, Uy is an n x [ dense matrix
whose columns are formed by the vectors s; and y;, and Ry is a symmetric [ X [ matrix.
For the sake of numerical stability, we orthgonalize the columns of Uy to obtain an n X [
matrix V such that
Vi'Vi, =1, and span(Vy) = span(Uy), (6.2)

where [ < [ is the rank of Ug. If we use the Gram-Schmidt process or Householder
transformations, the cost of computing V4 is of the order O(nl?), which is acceptable when
[ is small.

The quadratic model d” Bid defined through (6.1) is not separable (By, is a dense matrix),
but it has a special structure. In order to represent it in separable form, we first form the
I, X I, matrix

S = VkTBka = 0,1+ VkTUkRkUIZVk (6.3)

that can be diagonalized at negligible cost. Thus, we compute
Sk = QuErQg (6.4)

where @ is an [ x [, orthogonal matrix and Xj is a diagonal matrix.
Let us define the variables ¢ € R through the invertible linear transformation

BRI O P (6.5)
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where ¢; € R and go € R™. Then from (6.1)-(6.5), we have

5d"Brd = 5 (ViQrq1 + @2)" Br (ViQra1 + ¢2)
= 147 QI SkQrar + 4 QLV,"Braz + 343 Bras
= 347 Skq1 + 50103 2

Sk 0
1.7 k
QQ[O ka]q

$¢7Cq.

(6.6)

1>

where the second equality follows from (6.5), since V,"go = 0 implies UJg> = 0, and conse-
quently we have both Byga = 0rq2 and V,"Bj,q2 = 0.

Since %qTqu is separable function in R"* we can compute a piecewise linear ap-
proximation I'y(q) to it, as discussed in Section 3. For each i € {1,...,n + [} we define a
univariate piecewise linear function F}; such that

(g ~ 3¢.(¢")%, (6.7)
where c}; denotes the i-th diagonal entry of C;. As in Section 3, the univariate function
I (¢") is composed of (ri + 1) linear segments denoted by 627j(q"), for j =0,---,ri. We

choose E}'w.(qi) to be the Hermite interpolant of 3ci(¢)? at a designated node tiyj. This
implies that

0 (0') = =3¢t ;)° + (chth )d' (6.8)
We require that one interpolation point be given by t}; o =0, as in (3.9). We now define
Tile') = mfx{ﬂi,j(qi)h jeJ =10, i} (6.9)

This ensures I'} (¢) > 0, for all ¢, and T'(0) = 0. The multivariate function I';(q) that
approximates %qTC’kq is then given as

n+lk
Ti(g) £ ) Tild). (6.10)
i=1
If we define the linear transformation T}, : Rt — Rk ag follows:
d| . I WQr T
|: 0 :| =Trq, with T = |: 0 VkT :| , (6.11)
then the PLA subproblem (2.4) can now be stated as
midn Vf(zr)"d+Tk(q) (6.12a)
q7
d
s.t. Tpq = [ 0 ] (6.12b)
h(zy) + Vh(zg)'d = 0 (6.12¢)

g(zk) + Vg(xp)'d > 0. (6.12d)
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The first I, columns and the last I, rows of the constraint matrix corresponding to (6.12b)
are not sparse. Thus, the memory length [/2 must be chosen small enough so that the cost
of working with these constraints is acceptable.

The BFGS-PLA algorithm is the variant of Algorithm I that uses the limited memory
BFGS approximation (6.1) and defines the piecewise linear subproblem by (6.12). A prac-
tical implementation of this algorithm is outside the scope of this paper because it must
address a variety of delicate issues, including a reformulation of the linear program (6.12)
that keeps the computation cost to a minimum, a procedure for safeguarding the BFGS up-
date, and the use of a trust region to stabilize the step computation. These issues, as well
as computational experiments with the BFGS-PLA algorithm are reported in a companion
paper [7].

Our interest here is to show that the limited memory BFGS-PLA algorithm enjoys the
global and local convergence guarantees described in Sections 4 and 5.

6.1 Convergence Analysis

Let us begin by studying the global convergence properties of the BFGS-PLA algorithm.
We have seen in Section 4 that Algorithm I is globally convergent if the model my and
the function I'y satisfy Growth Conditions of page 12. Note that in that analysis we did
not assume that the Hessian approximation Bj is diagonal, but only that it is uniformly
positive definite and bounded; see (4.1). Such generality will be very useful in the analysis
of this section.

We begin by expressing the PLA subproblem (6.12) in the space of the original variables
d. For this purpose, we first note that, by construction, the matrix T} defined in (6.11) is
invertible for all k. Thus, we can define the function

. 1| d
G(d) = T;,! [ 0 ] , (6.13)
and the model
Li(d) = Ti(@n(d) = > _ Ti(di()). (6.14)
i=1
The PLA subproblem (6.12) can then be expressed as
min i(d) 2V (xp)"d + D(d) (6.15a)
s.t. h(xk) + Vh(xk)Td =0 (6.15b)
g(xr) + Vg(xp)"d > 0. (6.15¢)

If we can show that, under Assumptions I, the Growth Conditions of page 12 hold for
and I'j, then we will be able to conclude from Theorem 4.8 that all limit points generated
by the BFGS-PLA algorithm are KKT points of the nonlinear program. By (6.8)-(6.10)
and (6.14), the properties of I\, are influenced by the placement of the interpolation points
t};, ; in Rtk We now present conditions on the positioning of these points that will allow
us to prove that the model (6.15a) satisfies the Growth Conditions.
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Placement Conditions B
Define the vector @), € R by,

ok = i (=B, 'V f(x1)) (6.16)

where Gy, is given in (6.13). Given a constant xo > 0, for each iteration k and for each
coordinate direction i in R™"k | at least two interpolation points t}; L t}; o Satisfy

thi < ok —x0. and th, > @k + Xo. (6.17)
Furthermore, the sequences {ti;,l} and {t}w} are uniformly bounded .

Let us now suppose that the limited memory BFGS matrix By defined in (6.1) satisfies
Assumption I-d on page 11, i.e., that it is uniformly positive definite and bounded. (In
[7] we discuss how to safeguard the limited memory BFGS update so as to guarantee this
condition in practice.) Since By is given by (6.1) and the rank of Uy is assume to be less
than n, Assumption I-d implies 0 € [5;, Bu]. Similarly, by (6.3) the eigenvalues of Sy lie
in the interval that contains the eigenvalues of Bj. Therefore, we have from (6.4) that
the diagonal elements of ¥ also lie in the interval [f;, 8,]. Therefore, it follows from the
definition of C in (6.6) that for all k and all i € {0,--- ,n + l;},

B < ¢, < Bu. (6.18)

We also have from (6.2) and the orthogonality of Q. that, if d and ¢ are related through
(6.5), then

1dI> = |ViQrar + ¢ ?
= ¢ QiVi ViQrar + 243 ViQra1 + 4562
= lql*-

Thus, for any d we have
lgr ()] = [1d]|- (6.19)

The following result shows that, if the BFGS-PLA algorithm satisfies Assumptions I,
and if the interpolation points {t}C j} comply with Placement Conditions B, then the Growth
Conditions are satisfied.

Theorem 6.1 Suppose that Assumptions I on page 11 hold, and that the Placement Con-
ditions B are satisfied at each iteration. Then, the function T'y(d) and the model my(d)
satisfy the Growth Conditions on page 12.

Proof. We first verify that the Placement Conditions B are satisfiable by showing that
{¢r} is bounded. From (6.16), (6.19) and Assumption I-d we have

lowll = ld (—B VA ()| < ;l IV £ ()] (6.20)
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Since ||V f(xr)|| is bounded above by Assumption I-a, there exists a constant ¢ > 0 such
that [|¢k|| < @, for all k.

Let us show that the first Growth Condition on page 12, namely (P1), is satisfied. Since
each one-dimensional function I' (¢*) is constructed by Hermite interpolation of the convex
function %C}C (¢%)?, with one node at the origin, we immediately have that I'i (¢%) is convex,
nonnegative, and I',(0) = 0. Thus, by (6.10) we have that I'y(d) > 0 and I';(0) = 0.
From (6.14), the convexity of I'% (¢%), and the fact that §x(d) is a linear function of d, we
conclude that f‘k(d) is convex, nonnegative and vanishes at zero. Therefore, the first Growth
Condition (P1) is satisfied.

To show that the second Growth Condition holds, we first note from (6.6), (6.11) and
(6.13), that for any vector d € R™,

20k (d)"Crdr,(d) = 3d" Byd. (6.21)

Since, for each i, the function It (¢%) is an underestimate of ¢t (¢%)?, i.e., 't (q") < 3¢ (q¢%)?
for all ¢*, we have

Ly(d) = T(dr(d)) < 2dr(d)"Crir(d) = 3d"Byd < Bu||d|? (6.22)

where we have used (6.10), (6.14) and Assumption I-d. Hence the second Growth Condition
(4.3) is satisfied.
Lastly, to establish the third Growth Condition, we obtain from (6.16) and (6.21) that

rCripr = V f() "By 'V f (). (6.23)
Therefore,

(G (d) + ©x) "Cr(Gr(d) + or) + V f (k)" (d — By 'V f(ax))

% 6.24
= 4"B,.d — lv TB—lv ntly 4, 4 2@ d \V4 7 ( ’ )
= 5d"Byd — 5V f(2x) "B, "V f(xr) + 321507 cpppdi(d) + V f (vg) Td.

On the other hand, by linearity of g and (6.16), we have (G (d)+px) = Gx (d — By 'V f(2x))-
Thus we also have,

5 (@(d) + 01) "Cr(Gr(d) + i) + V (k)" (d = By, 'V f ()

11 1 THp—1 (625)
= 5d"Brd — 5V f (k) "By "V f(zg).
Comparing (6.24) and (6.25), we obtain that for all d € R,
n+lk . . .
> pidi(d) + V f(ax)"d = 0. (6.26)
i=1

We now repeat the reasoning that led to (4.7)-(4.11). Since the sequences {t};’u}, {tt }
are bounded, it follows from (6.8), (6.9) and (6.18) that

I(q") — cehd’ = X2+ (tha — Ph)Ckd (6.27)
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and
Ii(¢") — dhdt > x2+ (thy — #h)chd’, (6.28)

where yo = _%X%Bu and x; is a constant such that —y; < t};l < tfw < x1 . Now, suppose
that ¢; > 0. From (6.17) we have that (¢, — ¢%) > xo0, and hence it follows from (6.27)
that

i(¢') = ckphd’ = x2 + Xocid'- (6.29)
Similarly, if ¢; < 0 and since (£} ; — ¢%) < —x0, we have from (6.28) that
T (q") — chhd’ > X2 — Xockd'- (6.30)
Together, (6.29) and (6.30) imply that for any g;,
%(g") = chpkd’ = x2 + xockld'|
In particular, for all d € R™, we have
Ti(d4(d)) = clprdin(d) = xo + xockl @i (d)]- (6.31)

Combining (6.14), (6.15a), (6.26) and (6.31) yields

n+lk
ig(d) = V() d+ Y Th(dh(d)
=1
n+lk n+lk

= =) deidi(d) + Y Th(d(d)
i=1 i=1
> nx2 + X0 |Crdr(d)]]; -
Now, by (6.18) and (6.19)
1Crar(d)llx = Billdr(d) ]l = Billgr(d) || = Bulldl],

and thus
1 (d) > nxa + xoBilld]|-

This implies that condition (4.4) holds with ¢ = x0/;/2, and Ag = 2n|x2|/x05:- O
We can now establish a global convergence result.

Theorem 6.2 Suppose that Assumptions I on page 11 hold, and that the Placement Condi-
tions B are satisfied at each iteration. Then, any limit point of the sequence (Tx, Nk+1, fk+1)
generated by the BFGS-PLA version of Algorithm 2.1 satisfies the KKT conditions (2.3) of
the nonlinear program.
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Proof. In Theorem 6.1 we have shown that Growth Condition is satisfied. The result
follows from Theorem 4.8. n

Let us now consider the local active-set identification properties of the algorithm. By
placing the interpolation points in a similar manner as in Section 5, albeit in R we can
prove the analogue of Theorem 5.3.

Theorem 6.3 Suppose that Assumptions II on page 19 hold at x.. There exist constants
vs > 0,71 > 0 such that for ||z — x| sufficiently small, if both intervals

[2/ntre n_ _2vntl (6.32)

“log - zall, 2] and (-, ~ 2Ry |

contain interpolation points for each coordinate direction i in R™" % and each iteration k,
then the conditions (5.7) and (5.8) in Lemma 5.1 are satisfied, and thus

W, = W. (6.33)

Proof. Since the assumptions of Lemma 5.1 are satisfied, we let 5 and 71 be the constants
that Lemma 5.1 requires for condition (5.7).

Suppose the 1ntervals (6.32) contain the interpolation points 25Z and t'_, respectively. If
q > then ¢' >t , and we obtain from (6.8) and (6.9)

W=
Ti(q") = =i ()% +citi g’
> 5othd’
> 7“"” Bz — ai|ch g
> vs\/n+lk\|xk—ﬂf*IHQ\, (6.34)

where the last step follows from (6.18). If ¢' < —
(6.34). Now, by (6.19) we have that for any d,

I (d)lloo = lldx(d)l/v/n + U = [ld]l/v/n + L.

In particular, if ||d|| > 1, then ||Gk(d)||c0 >

a similar argument also implies

ozl
v+l

and thus (6.34) holds for some 7 so that

\/'rl-i-lk
n+lg 4 4
d) = 3 TU@E (D) > vov/m+ Telon — 2 llae@lloe > wllze — 2l (6.35)
=1

Hence, the condition (5.7) holds. Because I'y(d) is an under estimate of $d"Byd, we obtain
(5.8) by noticing Assumption II-d. The conclusion (5.48) follows from Theorem 5.2. O
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7 Final Remarks

In this paper, we proposed a new algorithm for nonlinear programming that uses piecewise
linear models in the step computation. One of the crucial ingredients for this approach is the
placement of the interpolation points employed in the construction of the piecewise linear
models. We presented two sets of placement conditions. For the case when the Hessian
approximation By is diagonal, we have shown in Section 4 that Placement Conditions A
ensure global convergence, while conditions (5.47) guarantee correct active set identification.

It is desirable that a practical algorithm satisfies both conditions. This can be achieved
by many strategies, including the following procedure. Let us define

wp = min{L, ||V f (2x) = VA(z) M1 — V(i) s |+ 1) |+ g ()~ 11+ kg () 132

where (Agy1,pg+1) are the PLA multipliers. At any iteration k, generate interpolation
points t? j by any procedure, with the stipulation that these points are uniformly bounded
and that for each coordinate i € {1,---,n} one of these points is at zero. (In general, the
interpolation points should be placed in a region that is expected to contain the next step.)
Then check whether for each i there exist interpolation points in the two intervals

[ciwg, cowy]  and  [—ciwg, —cowg),

where 0 < ¢1 < ¢2 (say, ¢; = 0.1,co = 10). If not, add an interpolation point in each of
these intervals, as necessary. Next, verify if conditions (4.5) are satisfied. If not, add an
interpolation point in each of the intervals

Of(wg) 1.
Oz by

~ eag, A 1 _,{0}, and [MLJH{O? of (i)

da’ bl ozt bl oz’ é + c3ko
as needed, where c3 > 1 is some constant.

A similar strategy can be used when By, is defined by the limited memory BFGS update
of Section 6.

In conclusion, it is not difficult to design strategies that will satisfy the conditions of
our analysis. In practice, additional safeguards are desirable that ensure efficiency and
robustness over a wide range of problems, This and other implementation issues are studied
in the companion paper [7].
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