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A UNIFIED APPROACH FOR MINIMIZING COMPOSITE NORMS

N. S. AYBAT* AND G. IYENGART

Abstract. We propose a first-order augmented Lagrangian algorithm (FALC) to solve the composite norm minimization
problem
miny cgmxn  p10(F(X) = G)lla + p2(C(X) = dl|s,
subject to  A(X) —-be Q,

where o(X) denotes the vector of singular values of X € R™*", the matrix norm ||o(X)||o denotes either the Frobenius,
the nuclear, or the £2-operator norm of X, the vector norm |.|[g denotes either the £1-norm, £2-norm or the £oo-norm; Q is
a closed convex set and A(.), C(.), F(.) are linear operators from R™*™ to vector spaces of appropriate dimensions. Basis
pursuit, matrix completion, robust principal component pursuit (PCP), and stable PCP problems are all special cases of the
composite norm minimization problem. Thus, FALC is able to solve all these problems in a unified manner. We show that
any limit point of FALC iterate sequence is an optimal solution of the composite norm minimization problem. We also show
that for all e > 0, the FALC iterates are e-feasible and e-optimal after O(log(¢~1)) iterations, which require O(e~!) constrained
shrinkage operations and Euclidean projection onto the set Q. Surprisingly, on the problem sets we tested, FALC required only
O(log(e~1)) constrained shrinkage, instead of the O(¢~1) worst case bound, to compute an e-feasible and e-optimal solution.
To best of our knowledge, FALC is the first algorithm with a known complexity bound that solves the stable PCP problem.

1. Introduction. In this paper we consider the class of composite norm minimization problems defined

in (CI).

min pn[o(F(X) = G)lla + pllC(X) — dlls subject to A(X) ~b e Q (11)
where py,pu2 > 0, b € RY, A : R™*"™ — RY denotes a linear map, @ C RY is a nonempty, closed convex
set, d € RP, C : R™*" — RP is a linear map, G € R™*"2 F . R™*" — R"*"2 ig a linear map, and
the function o(Z) denotes the singular values of the matrix Z. The parameter 5 € {1,2,00}, and ||.||3
denotes the ¢g vector norm. The parameter o € {1,2, 00}, and for a = 1,2, 00, the norm ||o(Z)||, denotes,
respectively, the nuclear norm || X||. = ||o(X)]|1, the Frobenius norm || X ||z = ||o(X)||2, and the ¢3-operator
norm || X |2 = ||o(X)]|eo. Except for Section [l we assume the following.

ASSUMPTION 1.1. The linear map A is surjective, and, at least, one of the linear maps C and F in the
objective function is injective.

Since at least one of the linear maps C and F are injective, it follows that the objective function
pil|o(F(X) — G)|la + p2l|C(X) — d||g of (LI) goes to oo as || X||r — oo, i.e. Assumption [Tl ensures that
the objective function of (1) is coercive, and hence, an optimal solution to (1)) exists.

The composite norm minimization problem (LI]) appears in the context of “structured” or “sparse”
optimization where desired solution is “structured” in some form — the solution matrix may be sparse, i.e.
has very few non-zero components, or it may be low rank, or the indices of its non-zero coefficients may
all belong to a union of few given index sets, i.e. “groups”. We show in Section that many well-known
“structured” optimization problems such as basis pursuit, matrix completion, robust principal component
pursuit (PCP), and stable PCP, are all special cases of (LI]). Moreover, Assumption [[LT] is satisfied in all
these special cases.

Composite norm minimization problem (LI]) can be reformulated as a semidefinite programming prob-
lem (SDP); hence, it can be solved efficiently in theory. However, instances of (1) that arise in practice
are very large and typically dense. Therefore, interior point based SDP solvers perform very poorly on these
instances.

1.1. New Results. We propose a first-order augmented Lagrangian algorithm (FALC) to solve ().
The main results of this paper are as follows:
(a) We establish that every limit point X of the sequence of FALC iterates { X (¥)} ¢z, is an optimal solution

of (1), i.e.,

X & argmin {ju[l0(F(X) = G)lla + pllC(X) — dls - AX)—be Q.
XERmxn
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(b) Let P* denote the optimal value of (IT). For all € > 0, the FALC iterates X %) are e-feasible, i.e. there
exists y(k) € Q such that

JAX®) =y —p|l5 <,
and e-optimal, i.e.

| (pallo(FXD) = G)lla + p2llc(X®) —dl|s) — P*

<e

after O(log(e~!)) FALC iterations that requires O(e~!) projections on to Q and O(e~!) “constrained
shrinkage” operations in the worst case - see (B.41]) and ([B.42]) for the definition and complexity of each
“constrained shrinkage” operation.

(¢) FALC can be extended to solve the following more general optimization problem

miti g [ o(FX) = @)lla +p2llCX) = dls + psH(X) st AX) —be Q, (1.2)

where H : R™*™ — R is a strongly convex function, with the same complexity guarantees.

(d) In our numerical tests we observed that FALC required only O(log(e~!)) projection and shrinkage
operations as opposed to O(e!) the worst case theoretical bound proven in the paper to obtain an
e-feasible and e-optimal solution.

(e) We also observed that, although, FALC is a general-purpose algorithm for the composite norm mini-
mization problem (LII), the numerical results show that FALC is competitive with the state-of-the-art
special purpose algorithms designed for all special cases that we tested.

1.2. Special Cases. We show below that many well studied “structured” optimization problems are
special cases of (IL.TJ).
Nuclear norm-minimization. The nuclear norm minimization problem

min || X ||« subject to (s.t.) A(X) =1b. (1.3)
XeRmxn

is a special case of (LI) with @ = {0}, F(X) = X, G =0, a = 1, ie. |oX)|1 = || X+, 11 = 1,
and ps = 0. The nuclear norm minimization problem is a convex approximation for the NP-hard rank
minimization problem minycgmxn»{rank(X) : A(X) = b}, where rank(X) denotes the rank of X € R™*".
Rank minimization arises in many different contexts, e.g. system identification [32], optimal control [18] [19,
16], low-dimensional embedding in Euclidean space [31], and matrix completion [11].

Let Xg € R™*™ be the unknown low-rank matrix such that A(Xy) = b. Let r = rank(Xy) and
7 = max{m,n}. When the linear operator A : R™*™ — R? satisfies some regularity properties, and the
number of measurements ¢ = O(r(m + n) log(mn)), Recht et al. [35] show that, with very high probability,
([C3) has a unique optimal solution and this solution is also optimal for the rank minimization problem.

Another related special case is the matriz completion problem where the operator A picks a subset of
the matrix elements, i.e., the linear constraints are of the form: X;; = (Xo);; for (i,7) € Q, where Q is
a given index set of observable entries of an unknown low rank matrix Xy € R™*". When indices (3, j)
are sampled uniformly at random, and |[Q2] = O(n'?rlog(n)) and the unknown matrix X, satisfies some
regularity conditions, Candés et al. [11] show that, with high probability, Xy is the unique solution of the
matrix completion problem. The Netflix prize problem [34] is an example of the matrix completion problem.

([3) can be reformulated as an SDP; however, instances of (L3 that arise in practice are so large
that standard SDP solvers are unable to solve them. For existing algorithmic methodologies for solving the
nuclear norm minimization problem, see [6, 22] 29, [30, B3], [36] and references therein.

Basis-pursuit problem. The basis pursuit problem

min ||z||; s.t. Az =0, (1.4)
zER™

where A € R9*™ and b € RY, is a special case of (LI)) with Q = {0}, C(z) =2 € R"™*}, d =0, 8 =1,
w1 =0 and ps = 1. The basis pursuit problem has attracted a lot of attention recently, since it appears in
the context of compressed sensing (CS) [, 8, 9, [15]. The goal in CS is to recover a sparse signal zo € R™
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from a small set of linear measurements or transform values b = Axg, or equivalently, to solve the NP-hard
{o-minimization problem

min ||z||o s.t. Az =0, (1.5)
zER™

where the fp-norm |z|o = Y1, 1(z; # 0) and 1(-) is equal to 1 if the argument is true, 0 otherwise.
Recently, Candés, Romberg and Tao [7 8, [9] and Donoho [I5] have shown that, if the target signal zg is
s-sparse, i.e. |[xollo = s, the matrix A € R?*™ has ¢ = O(slog(n)) and is chosen randomly according to a
specific set of distributions, then, with very high probability, the sparse target signal z( is the unique optimal
solution of the basis pursuit problem ([.4]). Thus, zo can be recovered by solving a linear program (LP), and
therefore, in theory, signal recovery is very efficient. In practice, however, simplex and interior point based
general purpose LP solvers are unable to solve such LPs efficiently because the matrix A in (L) is large,
dense, and often ill-conditioned. The measurement matrix A in many CS applications has a lot of structure,
in particular, the matrix-vector multiplication Az and ATy can be computed efficiently in O(nlog(n)) time.
Recently, a number of different algorithms have been proposed to exploit this structural fact to efficiently
solve (L4) [3l 2] 14} 211 23] 24 26, 38 [39, [41] . Note that the “noisy” basis pursuit problem

min ||z]|; s.t. ||[Az —b]|2 <6,
zER™

is a special case of ([T with @ = {y € R?: |ly|l2 < d}.
Principal component pursuit. The principal component pursuit problem
min X[, + pa | vee(X) — d1, (1.6)
XeRmxn

is a special case of (1)) with A =0,6=0, Q9 ={0}, F(X)=X,G=0,a=1,1ie [[0(X)|a =X+
B =1, and C(X) = vec(X), where vec(X) is the vector obtained by stacking the columns of X € R™*"
in order, and 8 = 1. Suppose the data matrix D € R™*" is of the form D = Xy + Sy, where X is a low
rank matrix, Sy is a sparse matrix, and both satisfy some regularity conditions given in [I0, 29]. Then the
low rank and sparse components of D can be recovered by solving (L8] with d = vec(D) and us = 1//7,
where 7 = max{m, n} [10,[29]. For existing algorithmic approaches for solving principal component pursuit,
see [10) 22] 29, B0, [42] and references therein.

In [42], it is shown that recovery is still possible even when the data matrix D is corrupted by a dense
error matrix. Suppose the data matrix D is of the form D = Xy + Sy + o, where ((o);; is independent and
identically distributed (i.i.d.) for all 4,5 such that ||(p]|F < 6. Then the optimal solution (X,,S,) of the
stable principal component pursuit problem

minX)SeanXn H_XH*—’—\/Lﬁ”VeC(S)Hl,

1.
st. [ X+S—D|r <54, (L.7)

satisfies || X, — Xo|% + [|S« — So||% < ¢ mnd? for some constant ¢ with high probability. The stable principle
component pursuit is a special case of (1)) with A(X,S) = vec(X + 5), b = vec(D), Q = {y € R"™" :
lyll2 < 6}

Composite norm minimzization with conic constraints. The goal in the minimal system realiza-
tion problem is to design the lowest order discrete-time, linear time-invariant (LTT) dynamical system that
is consistent with the observed data. Let x; be the true (unknown) impulse response of the system at time 4
for i =1,...,n. Suppose that we observe noisy data &; = x; +¢&;, i = 1,...,n, where {¢;} are i.i.d. uniform
over [—p, 0]. Tt is well-known [I7) 20] that the minimum order system consistent with the observations can
be computed by solving

min rank(H,(x)) s.t. |27 — 27 |lec < 9,
rER2n—1
where H,,(z) be the Hankel matrix formed by x € R?"~! and 27 (resp. #}) denotes the vector formed by
the first n components of  (resp. ). This rank-minimization problem can be approximated by the nuclear
norm minimization problem

min || Hy,(2)[« s.t. |27 — 77l < 0. (1.8)
reER2n—1
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Algorithm APG(p, f,S, 2z, ITERsTOP, GRADSTOP)

0)

1: :cg
2: while ITERsToP(£) and GRADstop(z!") are false do

3: L+—C+1

4 x;e) < argmin {p(m) + <Vf(wée)), T — mg)> + %Hm — mg)H ‘x € S}

2, 2D 20 1) 1 0

5 (D (1 +4/1+4 (t(f))2) /2

or1 ¢ ®_ ‘ -1
6: x; )<_x§)+<§(£+1)1> (:cg)—:cg )>

N

: end while
8: return z;

Fig. 2.1: Accelerated Proximal Gradient Algorithm

Since H,(.) is injective, A(z) = [z1,...,2,]7T is surjective, and Q = {y € R" : ||y||cc < &} is a closed convex

set, (L) is a special case of ().

In the sparse PCA problem

min || — zz7||F s.t. ||2]o < s, (1.9)
rcR”™
the goal is to compute an s-sparse vector x that is “close” to the eigenvector corresponding to the largest
eigenvalue of the positive semidefinite matrix ¥. Let X = xz”. Then (L) is equivalent to

min || X — X||p s.t. || vec(X)|o < 5%, rank(X) =1, X = 0.
XeRan
Since || X ||« is the tightest convex upper bound for rank(X), and || X||. = Tr(X) for positive semidefinite (psd)
matrices, the convex relaxation

minyecpnxn || X — X||F + pf] vee(X) |1 + v (I, X),

st. X >0 (1.10)

for (L9), where p and v control the sparsity on the entries and the singular values of X, respectively, is a
special case of (L)) with Q set as the cone of psd matrices (the linear term in the objective function over
psd cone can be handled easily). See [12, 13}, [25] for existing approaches for solving the sparse PCA problem.

In Section [6] we show that FALC can be easily extended to solve problems of the form given in (2.
When F' # 0, we do not require that C or F be injective. Thus, FALC is able to solve regularized conic
optimization problems of the form

min (R, X) + p|| X% s.t. B < A(X),
XERmx*n
where A is a surjective map.

This paper is organized as follows. In Section [Bl we prove the main convergence results for FALC and in
Section M we discuss all the implementation details. In Section Bl we report the results from our numerical
experiments comparing FALC with other algorithms to solve principle component pursuit problems. Finally,
in Section [6 we briefly discuss the general problem (L[2)) and conclude.

2. Preliminaries. In this section we state and briefly discuss the details of a particular implementation
of Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) [4] that we use as a subroutine in FALC. Let

€ be a Hilbert space and ||.|| = 1/(.,.). FISTA computes an e-optimal solution of
minp(z) + f(z), (2.1)

in O(1/e) iterations, where p : £ — R and f : & — R are continuous convex functions such that Vf is
Lipschitz continuous on £ with constant L. Later, Tseng [37] showed that this rate result for FISTA also
holds when p : £ — (=00, +00] and f : £ — (—00,400] that are proper, lower semicontinuous, and convex
functions such that domp is closed and V f is Lipschitz continuous on £. Moreover, for any given convex
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set S C &€ such that S Nargmin,cc{p(z) + f(z)} # 0, one can ensure that the iterate sequence lies in the
convex set S and all the iterates are e-optimal after O(1/¢) iterations. We use this property later in the
paper to uniformly bound the FALC iterates.

Algorithm APG displayed in Figure 2] takes as input the functions f and p, the convex set S C &
such that S N argmin, o {p(z) + f(2)} # 0, an initial iterate (*) € £ and two stopping criteria ITERSTOP
and GRADsToP. Algorithm APG is the same as Algorithm 2 in [37] where we have set Xy = S (see [37]
for details). Indeed, Algorithm 2 in [37] is a modification of FISTA [] and reduces to FISTA when S = £.
FISTA and Algorithm 2 in [37] do not use ITERsTOP and GRADSTOP — we include them in the definition
of Algorithm APG because we terminate the algorithm early when we call it as a subroutine in FALC.
ITERSTOP({) is a stopping criterion that only depends on the current iterate counter £ and GRADSTOP(x)
is a stopping criterion that only depends on its argument x. Lemma 2] gives the iteration complexity of
Algorithm APG.

LEMMA 2.1. Let p and f be a proper, lower semicontinuous, convexr functions such that domp is
closed and V f is Lipschitz continuous on € with constant L. Fix € > 0 and let {ng),xéf)}m@ denote the

Algorithm APG iterates when both ITERSTOP and GRADSTOP are disabled. Then p(xg)) + f(argé)) <
minyes{p(z) + f(2)} + € whenever £ > /2 ||z* — 2O)|| — 1, where 2* € argmin, . {p(z) + f(z)}.
Proof. See Corollary 3 in [37] and Theorem 4.4 in [4] for the details of proof.d

: k k k k 0
Algorithm FALC({(A®, ™ 70, ¢®)} - X©)
1: ¢y A(X ) —p, 50  c(xX@) g
2: 4 paflo(XO)[la + p2)IC(X D) —d||g
3: 00 «0,08) « 0, k0
4: while (FALCsToP is false) do
5: k+—k+1
6: pM(X,s5,y) = AF) (1 ||o(X)]la + p2lsllp)
k k
(X, sy) = LIAX) =y = b= AP0 |2+ Llle(X) — s — d— A2
k k k k
s ™ e+ 200 (10813 + 1057 13)
9 8M = {(X,5,y) €R™™ x R? xR : pu[|o(X)a < 05", palislls < ni™}
10:  ITERstop(f) := {€ > ).}, where ¢$F), is defined in (FI2)
11:  GRADSTOPL(X,5,y) i= {3(G.9) € Dx. s PP (1, Nl(x,0) st \/ICGIE + Igl3 < M)}
12 GRADstoP2(X, s,y) == {lly — g (y — + V4, PF)(X,s,9)) l2 < &R}
13: GRADsTOP := GRADsTOP1 and GRADsTOP2
14:  (X® sF) y(B)) « Algorithm APG (pF), f(k) SH) (X (k=1 s(k=1) (k=1)) TTERsTOP, GRADSTOP)
15 oD ) - ATy

(k)y_ g(k) _
16: eékJrl) <_0;k) _ox®y_s d

A(k)
17: end while
18: return (X(k)78(k)7y(k))

Fig. 3.1: Outline of First-Order Augmented Lagrangian Algorithm (FALC)

3. FALC Algorithm. For the sake of notational simplicity, we focus on the following simpler problem
in this section.

min o) o+ CX) — dils subject to A(X) —be Q. (3.1)
We give convergence results for FALC when g1 > 0 and po > 0. In Section [0l we briefly describe how to
modify the algorithm to solve (2]).

The linear maps A and C in (B can be represented as A(X) = Avec(X) and C(X) = Cvec(X),
where A € RZ*™" and C € RP*™". Let omin(A) and omax(A) denote the smallest and the largest singular
values of A, respectively. Since we assume that A is surjective (see Assumption [[LT]), A has full row rank;

_OI —OI i and L = Urznax(M)' Let X, denote

an optimal solution of B.1]) and IIg : R? — Q denote the Euclidean projection onto Q@ C RY.
5

consequently, A” has full column rank. We set M :=



To obtain separable and efficiently solvable subproblems, we introduce slack variables s € RP and y € R?,
and reformulate (B]) as

miny sy pallo(X)lla + pallsls,

s.t. C(X) - s = d,
A(X) _ oy - (3.2)
Y e Q.

We solve (B:2)) by inexactly solving a sequence of optimization problems of the form

A(k)(ulllek()X)lla+u2||8|\5)
min AR (ONT(AX) —y = b) + S AX) —y —b]3 ¢, (3.3)
XeRmxn  scRr, yecQCRY
— AR O (C(X) — s —d) + F[C(X) — s — d|)3

for an appropriately chosen sequence {()\(k), Hgk)ﬁék))}kez .- By completing squares, it is easy to see that
B3) is equivalent to

— ?élﬂ@ - p) (X, s,9), (3.4)
where
PO(X,5,9) = AB(uillo(X)a + palslls) + 10 (X, 5,),
FO(X,5,y) = LIA) —y—b— A3 LIC(X) — 5 — d— AWEL 3. 35)

Algorithm FALC displayed in Figure Bl is the outline of Algorithm FALC. The algorithm takes as
inputs the sequence {(A(k), k) (k) §(k)) }keZ+ and a starting point (X(O), s, y(o)) such that A(X(O)) -be
9,y = AX©)—be Q,and 59 := C(X(®)—d. In Section &3 we describe how we set the input sequence.
Let (Xik), sik),yik)) denote an optimal solution of (B.4).

3.1. Algorithm APG for subproblems. In each iteration of FALC, we call Algorithm APG
displayed in Figure 2] to inexactly solve (3.4)), which we call the “k-th subproblem”. Let 1o denote the
indicator function of the closed convex set @ C RY, i.e., if y € Q, then 15(y) = 0; otherwise, 15(y) = .
pallo(X)|la + p2llsllg +1o(y) is a proper, lower semicontinuous (Isc), convex function of (X, s,y). Moreover,
f(k)(X ,S,Yy) is a proper, lsc, convex function that has a Lipschitz continuous gradient, V ) defined on
R™*™ x RP x R? with Lipschitz constant equal to L for all ¥ > 1. Thus, (34) is of the form described in
@I). In each update step of Algorithm APG i.e. line M in Figure 211 we need to solve one problem of
the form

- A G lr o+ pllslls) + | Vol O (X,5,5) STSL L (36)
(X,s,y)eSK) : yeQ B Vyf( )(X7 Svy) y—y
+LIX = X|Z + Llls - 513 + Sy — 513

for a given (X,3,7). Note that (B6) is separable in X, s and y variables. Solving (B8] reduces to one
“constrained shrinkage” in X € R™*" see (3.4I]); one “constrained shrinkage” in s € RP, see (3.42)); and
one Euclidean projection onto Q in y € RY.

3.2. Convex set S) and the initial iterate for k-th subproblem. In the k-th FALC iteration,
we solve ([B.4) over the convex set S*) defined in Figure Bl using Algorithm APG starting from the
initial iterate (X (=1 s(k=1) o (k=1)),

Let 1:= i lo(XO) o + u2l|C(X @) il and nf* =+ 23 (10813 + 165 3). For all k > 1, since

(X, sy ArgMINy cpmxn, seme, yera{ P (X, 5,9) : y € Q}, we have

pk) (Xik), s yﬁk)) PH(X©) 50 4(0)) *)

NG = NG =M
Above inequality ensures that S*) N argmin{ P*)(X,s,y) : X € R™*", s € RP, y € Q} # (.
6
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3.3. ITERstop and GRADstop: Stopping criteria for Algorithm APG. Next, we discuss the
stopping criteria set in Line [I0 and Line [I3] of Figure B1

3.3.1. ITERstop. Let {(XYM) (k, e), Yy )}geh denote the sequence of z1-iterates when Algorithm

APG is called to solve the k-th sub- problem. For the sake of notational simplicity, let h(®)(X,s,y) :=
[X — XED)2 4 ||s — sF=D )2 4 ||y — y*~Y||2. Hence, Lemma ET] establishes that

2000 (X, 5,y

e(k)

—1 (3.8)

POX 50 y50) < inf (PY(X,s,): y € Q) +¢® for £>
3S$,Y

where L = o ) is the Lipschitz constant of V f(*) for all k > 1. Triangular inequality implies that

max(

k k k k
W'ﬂ (%9, 50 ) <X B+ 1XED e+ 5Bz + IsE D + 168 o + Do (3.9)

It is easy to show that

—I(;*) lo(X) e < 1 X117 < T(@)llo(X)la —J(;*) lzlls < lzll2 < J(B)z]s, (3.10)
where
- min{m,n}, «a = oo, B B, B = oo,
1) _{ 17/7 otherwise, J(8) _{ I{_ otherwise, (3.11)

and o (resp. 3* ) denotes the Holder conjugate of the a (resp. f), i.e., = + - = 1. In Lemma [AT]in
Appendix [A] we show that

I«
s = amax<A>% ™ 4 b+ AB 0P || g+ 2 ACX @) — b2

is an upper bound on ||y£k)||2 Note that when Q is a bounded set such that Q@ C {y : |ly|l2 < n2}. Then,
one can set nék) :=mng for all k > 1. Let

2L I« J(B _ _ _
i 25 (B2 ZE) 0 ) 0 D ] a2)

Then, clearly Em&x satisfies the following inequality

LAk (Xi’” OIS ) )
<

(k) max”

Thus, (3.8)) implies that when Algorithm APG terminates due to ITERSTOP(?), the iterate (Xl(k’g), sgk’g),

yYM)) is e(®)-optimal.

3.3.2. GRADstop. The stopping condition GRADSTOP in Line [13] of Figure [3.1]is used to terminate
the Algorithm APG when a certain set of perturbed first-order optimality conditions hold at the current
iterate. Specifically, Algorithm APG stops according to GRADSTOP, when we have

(1) V HGH%‘ + ||gH% < T(k)v for some (G g) € 8X s ( ; 7')|(X(k),s(k),y(k)) (313)
2) [ly® —Tg (y® — 1V, PP(XE) sk y k))) l[2 < €™,

where
dx.sPM (.., (x50 40y

(3.14)

— {(G,g) c R™MX" » RP - G € /\(k),ul 8HU(')”Q|XUC) + va(k)(X(k)aS(k)ay(k))a }

9 € Xz 0|l.l|gl g0 + Vo fW(XE s, 4 B),
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denotes the projection of 9P®) at (X*) s(*) 4(*)) onto the X and s co-ordinates. Note that (ZI3) would
indeed be the first-order optimality conditions if 7(*) and ¢*) were both set to 0.

In our numerical experiments, we found that the calls to Algorithm APG were almost always termi-
nated by the gradient-based stopping condition GRADSTOP. This suggests that relying on only ITERsTOP
to terminate calls to Algorithm APG is likely to be very inefficient.

3.4. Convergence Results. Given ¢ > 0, let Npapc(e) be the number of times Algorithm APG
is called within Algorithm FALC until an e-feasible and e-optimal solution to [B.) is found. During
the k-th call, Algorithm APG inexactly solves the k-th subproblem (B4). Let N®*) denote the number of
iterations Algorithm APG needs until one of the stopping criteria ITERsTOP, GRADSTOP or FALCSTOP
is met, where FALCSTOP is the stopping condition for Algorithm FALC. Finally, let Niyner be the total
number Algorithm APG iterations until an e-optimal and e-feasible solution to (B]) is computed, i.e.
Nimner = Sy =l N,

We begin by establishing bounds on the sequence of dual iterates {Hgk) }rez, and {Hék) }rez, . In order to
establish this result, we need to bound the infeasibility of an e*)-optimal solution to the k-th sub-problem.
In each iteration of FALC we solve a sub-problem of the form: minx s ,{P(X,s,y) : y € Q}, where

1 1

LJAGK) — g~ b= ML + S1C(X) — 5 — d — Ml
Suppose (X, 5,9) is e-optimal, i.e., 0 < P(X,3,9) — minx s ,{P(X,s,9): y € Q} < e In Lemma[A2in
Appendix [A] we establish that

P(X,s,y) = Mpallo(X)lla + p2lisls) +

_ |‘C§X) —E—d—)\6‘2”2 < J(ﬁ*)ﬂ2)\+0max(M)\/Zu (3 15)
[A* (AX) =g —b—A01) +C* (C(X)—5—d—N02) |[r < I(a") A+ Omax(M)V/2€, '
With this bound, we are now ready to show that the dual iterates are bounded.

LEMMA 3.1. For all k > 1, the elements of {9§k)}kez+ and {Hgk)}kez+ satisfy the following relation

(k) 2ek—1) (k=1 .

H92 ||2 < max Umax(M) ()\(k—l))2’ )\(k—l) + J(ﬁ )M?a (316&)
k 1 & 2¢(k—1) (k=1 .

16 < —— amax<0>|9§>||2+max{amax<M> So s (HI@m |- (3.16b)

Proof. Consider the following two cases:
a) The k-th call to Algorithm APG terminates with ITERSTOP: Since the iterate is ¢(®)-optimal, the
(a) 9 D :
bound (BI3]) implies that

IC(X @)Y — s®) — d— ABOP |1y < T(8*) 2 A®) + max (M) V/ 2eF) (3.17a)
A" (AX®) = y® = =200 1 er(e(X W) = 50 —d — A |
<T@ A®) 4 opax (M) V/ 26, (3.17b)

(b) The k-th call to Algorithm APG terminates with GRADsTOP: In this case, there exists Q%) €
3llo()lal o and g%) € A []s] 0 such that

\/IIM’f)ulQ(m F Vx fE(XE) s y0)|[2 4 |AE pyq®) + V, f0) (X E), 5B y0)|2 < 78,

Since [|¢®|5- < 1 and [|o(Q™)||o < 1, from the definition of I(.) and J(.) in (BI0), it follows that
lo(QUN)||F < I(a*) and ||¢®) ||y < J(B*). Then we have
le(x®) — s® — g — XBQE |y < (5% A ®) 4 7 (3.18a)
AT (AKX D) =y == AB0Y) + 1 (C(X W) = 50— d = AP0 |
< I(a*)um AP 4+ 70, (3.18b)



Thus, combining B.I7) and BI8), and using triangular inequality it follows that for all £ > 1

IC(X®) — s®) — d — ABP||y < J(B*)uaA® —l—max{omaX(M) 2e<k>,7<k>}, (3.19a)
| A* (AX®) — y®) —p— wmlk e < 1) mA® + max {amax(M)\/2e(k), T<k>}
+cre(x®y — s® — g — x® gy 5. (3.19D)

Since 0" = p®) _ % and ) = (P — %, (B19) is obtained by dividing (3.16])

into A(*) and using the fact that Assumption [Tl implies that A has full row rank, i.e. opmin(A4) > 0. Thus,
{(ng),ﬁék))}kez satisfies (B.10]). O
Next, we establish that the FALC iterate sequence {(X *), s(’“),y(’“))}kez+ is bounded.
LEMMA 3.2. Let (Xik) k) (k)) be an optimal solution to B4) and let {(X®),s®) y*)N)}cp  denote
the sequence of FALC iterates corresponding to a parameter sequence {()\(k),e(k),T(k),f(k))}keZ+ such that
(i) penalty multiplier, \*) \, 0,
(i) approximate optimality parameter, e N\, 0 such that ()\(k)) <B for all k>1 fm’ some B > 0,
(iii) subgradient tolerance parameters, ) \, 0 andf N\ 0 such that < (,C) — 0 and & A(k) — 0 as k — 0.
Then {(X(k) (k),yfkk))}kez+ and {(X®),s®) y®)}y s, are bounded sequences.
Proof. In the k-th FALC iteration, the call to Algorithm APG terminates in at most Kmax iter-
ations. Since Emax is finite for all £ > 1, the sequence {(X (k),s(k),y )}kez+ exists. In order to show

{(X®) (k) y(*N, 7. is a bounded sequence, we first establish that {95’“)},66@ and {Hék)}keh are bounded
sequences.

Because (/\(k))Q < B and T(,C) — 0, (B18) implies that there exist constants By, > 0 and By, > 0 such
that

k k
max{[[01”]12} < Bo,, and max{]|65" 2} < B, (3.20)

From ([320), it follows that for i = 1,2,

lim )\(k)H(k) =0, and hm )\(k)||9(k)||2 (3.21)

k— o0

Also, (;k)) < B for all k > 1 implies that limy,_o <5 = 0.

Now we can prove that the 1terate sequence is bounded. Trivially, the choice of S*) ensures that
i max{ | (X®) |, [0(X)a} < 0t and ps max{||s®]|s, |s% 5} < 7). From the definition of n{*
in Line [§ of Figure 311 and @B20), it follows that for all k£ > 1

B2 + B2 B3 + B}
ngk) < 77_|_/\(k) ( 61 . 92> < 774_/\(1) <% = B,),. (3.22)

Hence, for all £ > 1,
g1 max{[|o(X®) o, [o(XF)|a} < By, and o max{|[s® |, 5% ]|5} < By, (3.23)

Next we show that {y ez, and {y*k)}kez+ are bounded. From the definition of HEkH) in Line [I3] of

F1gure|31|, we have y*) = \(®) (9(k+1) 9§k)) + A(X®) — b for all k > 1. Hence, [[y®|, < A* ||( k+1
1 )||2 + AKX *)) — b||2 for all £k > 1. From (320) and (3:23)), it follows that there exists B, > 0 such that
ly®2 < By, Vh>1. (3.24)

9



Moreover, Lemma [A1] in Appendix [Al guarantees that for all k& > 1, ||yik)||2 < nék), where nék) is given in

(A3)) in Appendix [Al Since ngk) < B,, for all k > 1, (321) and (A3) imply that there exists a constant
B, > 0 such that

152 < By, ¥ E>1. (3.25)

a

THEOREM 3.3. Let X = {X(k)}kez+ denote the FALC iterate sequence corresponding to a parameter
sequence {(AF) e®) (k) RNy, o satisfying the conditions in Lemma[32. Then any limit point X of the
sequence X 1is an optimal solution of the composite norm minimization problem (3.1]).

Proof. Since Lemma guarantees that X is a bounded sequence, there exists a subsequence K C Z
such that limpex X*) = X exists. We have previously shown that limy_,e0 )\(k)ﬁgk) = 0 for i € {1,2}.
Hence, (I9a)) guarantees that limgex s%) = 5 exists; similarly BI90) and the full row-rank assumption on
A together guarantee that limyex y*) = 7 exists. Then, taking the limit of both sides of ([3.19a) for k € K,
we have ||C(X) — 5 —d|j2 <0, i.e. 5= C(X)— d. Moreover, taking the limit of both sides of (3.I9D) for
k € K and using the fact that 5 = C(X) — d, we have || A*(A(X) — ¢ — b)||2 < 0. Since A has full row rank
and y(k) € Q for all kK > 1, we have

AX)-b=9y, §e€Q (3.26)

Therefore, we can conclude that X is feasible, i.e. A(X)—be Q.
In the rest of the proof, we will show that X € argmin{u1o(X)|lo + p2l|C(X) —d||s: A(X)—be Q}.
We consider the following two cases:
(a) There exists a subsequence K, C K such that for all k& € K,, Algorithm APG terminates with
ITERSTOP; hence, the iterate (X*) s(*) 4(*)) computed in Step [ of FALC satisfies

0 < PR (XE) k) k)y _ pl)x B (k) By < (k) yg e i, (3.27)

Fix X, € argminycgmxn{pt1]|o(X)||a + p2]|C(X) —d|s : A(X) —b € Q}, let s, := C(X,) — d and
Yy« = A(X,) — b. Since (X,Ek),sik),yik)) € argminy cgmxn, serr, yeral P (X, 5,y) : y € Q}, it follows
that P(F) (Xik), sgk),yik)) < PW(X,, s.,y.) for k> 1. Thus, 327) implies that P*) (X *) k) 4 k)) <
P¥) (X, 50,94) + €. Hence, for all k € K,

PE(X®)_ 5B y0))  pOI(X. 5. y.) + P

(k) (k) ) Y w0y Sy Yx

il (XO) + a8 <« EEe < sy £
(k)

B2, g2 o €
= (X o + p2llC(X) = dlls + 5= (108713 + 165713) + 5 (3:28)

2 Q)

Taking the limit of both sides of (3:28) along the subsequence K., and using the fact that 5 = C(X) —d,
we get

mllo(X)lla + 2 |C(X) = dllg = lim pllo (X))o + palls™ s,
< pflo(Xo)lla + p2llC(X) — dlls

N R T IS S TEA
+ i {2 (1001 + 10618) + 55 |
= (X + 2 CCX.) — dll, (3.29)

where (329) follows from the fact that {ng)} is uniformly bounded for i € {1,2}, A*®) — 0, and
e® /X)) — 0. Thus, from F26), 329) and the fact that X, is optimal, it follows that X is also an
optimal solution for the composite norm minimization problem (BI).
(b) There exists K € K such that, for all £k € K, := KN {k > K}, Algorithm APG terminates with
GRADSTOP; hence, (X®*), s(*) 4(*)) satisfies ([B.13).
10



For all k € K, there exist Q%) € 9||o(.)||la]xw and ¢ € 9|.|| 5|5t such that (EI3) holds. Hence, we
have

X 2g® 4 VO (XD 50,y )y <0, (3:30a)

X9 Q™ + Vi fOX®, s,y < 7, (3-30D)
1

I = 1o () = 9, FOCE0, 0, ) o < €, (3.300)

For all k € Ky, Q™) € 9||o()||a|x and ¢*) € 9]|.|| 5|5, therefore, ||U(Q(k)2||a* <1and [|¢®s <1.
Hence, there exists a subsequence K} C K such that limgexy (QW, ¢®)) = (Q, §) exists. One can easily
show that Q € d||o(.)||«| 5 and g € ||.|s|s. Dividing both sides of ([@:30a) by A(*), we get

(k)

(k) 4 pk+1) T
lp2g™ + 63" l2 < < (3.31)

for all k € Ky D K. Since limgex; ¢®) = 7 and limpez, % = 0, it follows that limpex; gékﬂ) =0,
exists and taking the limit of both sides of (B:31)) along k € K}, we have

02 = —p2q.

Dividing both sides of ([B.30R) by A*) we get
(k)

* k * k
@Y — A0 ) — (65" )l < S

(3.32)

for all k € K O Kj. Since limyex; Q¥ = Q, limyez, Ty = 0 and A has full row rank, it follows

that limgex; Hgkﬂ) = 0 exists and taking the limit of both sides of ([B32) along k € Kj, we have
1 Q + p2C*(q) = A*(0:1). Note that g € 9||.||5|s and 5 = C(X) — d. Hence, C*(q) € 9||C(.) — d||5|x and

we have
A*(61) = G. and  G. € dullo()lla + p2lIC() — dllslx, (3.33)

where G, = p1Q + 12C*(q).
Let yz(,k) =y k) %Vyf(k) (X ®) s() 9 (k)) denote the gradient step. Since £*) N\ 0, taking the limit of
both sides of ([3:30d) along k € K}, we get

7= lim y® = lim Io(y™) = o(1 (k) 3.34
y=limy o, alyy”’) = Q(kgg,y) (3.34)

where the third equality follows from the fact that Euclidean projection Ig(.) is continuous when Q is
a nonempty, closed, convex set; and limgex; yp (k) exists since V f®) is Lipschitz continuous.
Dividing both sides of ([3:30d) by A*) and taking the limit along k € IC,, we get

lim [y /A" —TIg jym (g /A2 = lim [ly® /A0 — T (y5) /AP]|2 = 0, (3.35)
kek;, ke

where the first equality follows from Lemma [A4]
For all k € Ky, (330) follows from the definition of Euclidean projection:

<HQ/>\(k) (/AR — LB A gy xR — Hg/am (y;()k)/)\(k))> >0, VyeQ (3.36)

Since y /)\(k) yF) /AR kH /L multiplying the second term of the inner product in (B36) by
M) and using Lemma [A4] it follows that for all k € Ky,

(Tg 300 (u /A0 =y JAF) 4 904D /L,y Mo (y)) 20, Vye Q (3.37)
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Since limpe; Hgkﬂ) = 01, taking the limit of both sides of [.37) along k € K} C K} and using (3.35)),

we have
01, y—o(lim y)) >0, v, :
< 1Y Q(kér,g,byp )) >0, VyeQ
Thus, it follows from ([B34]) and above inequality that

0, y—5) >0 VyeQ. (3.38)

Consequently, (3.33)) and (3:38) together imply that (X, 7) satisfies the first order optimality conditions
of the relaxed problem (B.39)).

min  Lpillo(X) o+ pllC(X) — dls — @) (AX) —y=b): ye @} (339)
X ERMXn yeRa

Since ([339) is convex, it follows that (X,7) is an optimal solution to the relaxed problem (B.39).

Moreover, from ([3.28)), (X, 9) is feasible to the composite norm minimization problem, i.e. min{uy || X ||+

w2l|C(X) —d|lg: A(X)—y=0b,y € Q}. Therefore, X € argmin{u || X||o + p2/|C(X) —d|sg: AX)—b¢€

Q}.

d
Clearly, when (3] has a unique solution, the FALC iterates converge to this unique solution.

COROLLARY 3.4. Suppose the composite norm minimization problem Bl has a unique optimal so-
lution X,.. Let {X(k)}kez+ denote the sequence of FALC iterates corresponding to a parameter sequence
{()\(k), k) r<k>,§<k))}kez satisfying the conditions in LemmalZA. Then limy_.o X® = X,.

For most sparse optimization problems such as basis pursuit and the matrix completion problems,
the unknown signal can be recovered only if the corresponding convex relaxation has a unique solution.
Additionally, when the set of constraints for the basis pursuit or affine rank minimization problems are
defined by randomly generated Gaussian matrices, the unknown target signal is, with very high probability,
the unique solution to these optimization problems.

We next establish a bound on the iteration complexity of FALC. In Lemma[3.5 we prove a uniform bound
on the number of Algorithm APG iterations required to inexactly solve any subproblem encountered in
FALC.

LEMMA 3.5. Suppose the parameter sequence {(/\(k),e(k),7'(’“),5(16))};662+ satisfies all the conditions in
Lemma[33. Then there exists constant N such that, for all k > 1, the number of iterations N¥) required
by Algorithm APG to compute (X)) y(R)) satisfies

N

(k)

NG < (3.40)

Proof. The number of interations N k) < ﬂg,’fgx, where nggx denotes the number of iterations required to
satisfy ITERsTOP. Since (X s y*)) ¢ S®) [@FTZ) and @I0) imply that

3L [[I(a) J(B B B
B <= [( ( )+Q) % + D) + 08 4 [y 1)|Iz}=

k) M1 H2

8L I(a)  J(B) B,, +B 1

— —~|B V= N ——
Ve K o )T T N Ve®)’

where the second inequality follows from ([B:22)), (3:224) and (8:25). O
In each iteration of Algorithm APG we need to solve one instance of each of the following problems.
(a) One constrained matriz shrinkage problem of the form

1 1 V2 ~
= — : < .
cmin No (O + 51X = X o (X) o <7 (3.41)
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for a given X e R™*" and 71> 0. When « € {1,000} the worst-case complexity of computing a solution
to (341 is the same as that of computing a full SVD, i.e. O(min{nm? n?m}), and when o = 2, the
worst-case complexity is O(mn). See Lemma [B.2]in Appendix [Bl for details. Exact SVD computation is
not necessary — inexactly computing the SVD only adds a small additional error to (B.8]).

(b) One constrained vector shrinkage problem of the form

min {\|slls + 3lls ~ 513 : lslls < 7} (3.42)

EP

for a given § € RP and 77 > 0. The complexity of solving the vector shrinkage problem is O(plog(p))
when 3 € {1,00} and O(p) when 8 = 2. See Lemma [B.2in Appendix [Bl
(c) One Euclidean projection problem of the form

HEHRI}]{—IIy il :y € Q} (3.43)

for a given y € RY. The complexity of solving the Euclidean projection problem depends on Q.
In Theorem [3.6] we establish bounds on the infeasibility and sub-optimality of the FALC iterate. This result
leads to a convergence rate result in Theorem 371

THEOREM 3.6. Let {(X(k),s(k),y(k))}kez+ denote the sequence of FALC iterates corresponding to a
parameter sequence {(AF) ) (k) §(k))}kez+ satisfying the conditions in LemmalZ2. In addition, suppose
that, for all k > 1, 7 = k1e®) and € = kee®) for some r; € (0,1) ¢ = 1,2. Then there exist positive
constants cj, j =1,...,3, such that for all k > 1,

(i) y* € Q such that ||AXH)) —yF) — by < AR,
(i) [(llo(XP)[la + p2|C(XF) = d||g) = P*| < e2d®) - e3ve®),

where P* denotes the optimal value of (B)).
Proof. For all parameter sequences {(A(®), ) 7(®) ¢(k))L, ) satisfying the conditions in Lemma 3.2
we show in (3.20) that ||9§k)||2 < By, for i € {1,2}. Therefore,

JAX®)) —y®) —plly < JAX®) — 5@ — b — AP, 4 AE) g0,
= A®eTY)p ¢ A<k>||9<’“>||
< 2By, AP,

This establishes ().

In the rest of the proof, we establish ([). Let (X, s, y«) denote any optimal solution of BII), i.e.

P* = ||lo(Xs)|la + p2llC(Xy) — dl|lg. In B2Z3) and B24) we establish that {(X®), s®) yF)icy is a
bounded sequence. Therefore, there exists I' < co such that for all £ > 1

max { | X, 152 2 19 2, 11X O e, 5@ 2, [y 2} < T (3.44)

Consider the following two cases:
(a) The k-th call to Algorithm APG terminates with ITERSTOP: From ([B.28)) it follows that

AR i (k)
(X ) + pzlls®lls < pllo(Xo)lla+ a2 lC(X2) = dlls + = (165713 + 1657113) + S5+ (3.45)

(b) The k-th call to Algorithm APG terminates with GRADSTOP: Let (G, g) belong to the set of partial
subgradients dx ,P®¥)(., ., x5k yiry, defined in (B.14), and satisfy the stopping condition GRAD-
13



sToP. Then from the convexity of P**) and Lemma [AH it follows that
P (X)) (0

< PO(X,, 5.,5.) — < X<k>>_ 9T (55 — s®)) = v, PB (X0 gk) RNT (5 _ o (k)

< P”“’(X*,s*,y*)HIGIIFIIX = X®Oe +llglallse = s® [l + LEW |y — y ™
AWV, XD 5By 0]y,

< PO(X., 50,9, + 70 (||X = X0 g+ s =59 2) + LEW Iy, =yl

+HEW [V, FE (XD sy 0|, (3.46)
Dividing ([B:46) by A*) and using the fact that Hgkﬂ) =V, f® (X(k), sy /A®) it follows that
A k k k+1
pllo (X o + p2lls® s < pllo(Xo)lla + pallC(X) = dlls + = (||9< 13+ 168713) + €6Vl
*) )
w5 (1% - x® — _y®)
+ 5 (1% = X O+ s = s®2) + (k)LIIy* y®a. (3.47)

From (BZ4), the fact that [|6\")||, < By, for i € {1,2}, 345) and BAT), it follows that

) *) Bj, + B3, \
pallo (X))o + 28" ls < pallo(X)lla + p2lC(Xs) —dlls + — 5 |

(B 4P e

NCEB\CH + W(?LF + )\(k)Bel)} . (3.48)

+max{

The bound BI0) relating ||o(.)||o to the Frobenius norm, ([BI9al), bound ||9§k)||2 < By,, together with
triangle inequality imply that

IC(xX®) = dllg < ls®lls + AP0 5+ 7(8) (max { V2D omax (), 70} + J(8 )22} |
< 15®ll5 + T (3°) (B + 12 T3 AD + J(57) max { V2 e (M), v/} /0,
where the second inequality uses the relation 7(¥) = k1), The above inequality and (B48) imply that
pllo (Xl + pllC(XP) —dlg < pallo(Xs)lla + p2lIC(X) — dllg

2
+ (M + 12 (8°) (Bo, + o J(B*») A

MR \(k) ()
+p2J(8*) max {\/5 Omax(M), K1V e(k)} Ve, (3.49)

B 4 ® B
—l—max{e— L—|—5—(2LF-|—)\U€)B91)}

Since (A(k)) < B, 7" = k1e®) and € = ke for all k > 1, (B49) implies one side of the bound in ().

Next, we establish a lower bound for P*) (X ik), Sik) ; yik)) by comparing the following pairs of Lagrangian
duals

minyegmcn i l|o(X)]la + p2l|C(X) —dl|s, (3.50a)
st. AX)—-be Q.

maXyere vere  —b' w —d" v — yo(w), (3.50b)
st |lo(A*(w) + C* (V)| ar < p1,
[vllg= < p2,
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where 7g is the support function of Q, i.e., yo(w) := sup,cg wTy, and

it e serngers At |00 o + pallsls) + F(X,5,9), (351a)
s.t. ye Q.
maxyera,vere  —Ab+ A1) w — A(d + M) Tv — Myo(w) — A;(Hw”% + |[v]13), (3.51Db)
st [Jo(A*(w) +C*(v))][ax < pa,
[vllg < po-

Above (ws, v,) denotes the optimal solution of the dual (B500) and f(X,s,y) := [ A(X) +y—b— M]3+
$IC(X) +s—d—X6a||3. Note that (w.,v,) is feasible for (3.51H). Therefore, by Lagrangian duality it follows
that

PO (xF) W) k)Y

(k)
k k
> A® (—bTw* — v, = vo(wn) = S (Iwall3 + o3 + 2061w, + 2065 >>Tv*)) ,
> A® (1 [lo(X) o + p2llC(X-) = dll )
()\(k))Q i X
=25 (1l + o 13 + 20168 o - 12 + 201657 1o 1) (3.52)

where the first inequality follows from weak duality for primal-dual pair in (851, and 352) follows from
strong duality for primal-dual pair in ([50) and the Cauchy-Schwartz inequality.

From the definition of {0§k)}kez+ in Figure B0} it is clear that the FALC iterates { X (®)} 7 satisfy
PE(XF) (E) 4 (R)
(%)
and it follows that

AF) i i
= (o (X®) o + p2lls®lls) + = (16513 + o5 13)

pllo (X))o + palls™]5 >

P(k)(Xik),Sgk)7y£k)) AR) k k
=S (16 + 165 V13) . (353)

()

Thus, the bound on ||9§k)||27 i € {1,2} established in ([B20), and the inequalities B.52) and (B.53),
together imply that

pillo (X ) la + p2llsW s > mllo(Xa)lla + p2C(X.) = dls

AR
— =5 ((Bo, + llwall2)® + (Bo, + [[vel2)?) (3.54)

The bound [|A*(wy) + C*(vs)||r < I(a*)||o(A*(ws) + C*(vs))|lax < I(a*)p1 implies that
Omin(A)[well2 < A (wa)|[r < T(a")p1 + [IC (va)l| P < T(@)p1 + Omax (C)] 0|2,

and the bound ||v.||g« < p2 implies that ||v.|lz < J(8*) p2. Hence, both |lv.]l2 and ||ws|2 in B54) are
bounded.
The bound BI0), the uniform bound ||9§k) l2 < By, and triangle inequality together imply that

5905 < X9 ~dlls+T(8°) (Bo, + iz J(5)) AO-+7(5°) max { VZ s (M), 1 v/elP } v/eD), (3.55)

where the second inequality uses the relation 7*) = k1¢®). From [B54) and [B353), it follows that
pallo(X ) la + pellC(XP) - d||
> pallo(Xa)lla + p2lC(Xs) = dli

. <(391 + l[well2)® + (Bo, + [[ve]l2)?

2

—ugj(ﬂ*)max{\/i Omax (M), K1 e(k)} ek,
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This establishes the result. O
Now, we have all the estimates we need to prove the main convergence rate result in this paper.
THEOREM 3.7. Fiz ky,ke,v € (0,1), and strictly positive parameters (A, e 71 €)Y For k > 1,
set parameter sequence {(/\(k),e(k),7'(k),§(k))}kez+ as follows:

AEFD A0 e e ()
CEFD 2 B ) = ), (3.56)

Then, for all € > 0, Algorithm FALC computes an e-feasible and e-optimal solution X € R™*™ to the

composite norm minimization problem BI)), in Nipner = (9(1) Algorithm APG iterations.

Proof. For the specific choice of the parameter sequence in [3.56) we have that ()\((:))) ()\((11)))27

k > 1. Therefore, Theorem [B.6] guarantees that there exist co > 0 and c3 > 0 such that for all £ > 1,

for all

| (allo(X® )l + p2llC(XP) = dlls) = (uallo(Xs)lla + p2lIC(X.) = dllp)] < (A + e3V/e® ) p=D
Thus, | (u1[lo(X®)]|o + p2IC(X D) = dllg) = (pallo(X)lla + p2llC(X.) = dllg)] < ¢, for all

(cz/\(l) + c3Ve®) >
€

k> loga +1. (3.57)

Moreover, Theorem [B.6] also implies that there exists ¢; > 0 such that [|A(X®)) — y*) —b|ly < e, AV pF—1
for k > 1, Thus, AX®) —y*) — |5 < € for all

M
k > logy (CM ) +1. (3.58)
v €

Then (357) and B58) imply that for all € > 0, the number of FALC iterations required to compute an
e-feasible and e-optimal solution

Nexic(e) < logy (2] +1, (359)

€

where U = max {02/\(1) +e3VeD, e AM)
From Lemma it follows that there exists a constant N such that APG iteration to solve the k-th

FALC subproblem N®*) < \/:% Therefore,

Nravc(e Nravrc(e)—1 Neavrc(e)
1 1
1nncr - N Z —N Z Vﬁk - N . Y : <_) S 7NU )
E(k Vel) = Ve@® (L—-v) \v v(1—v) Vel | €

where the last bound follows from (B59]). O

Note that we do not explicitly specify the constant hidden in the O(1/¢) iteration complexity result
of Theorem [3.71 Moreover, the bound given in the proof is very crude. The main reason is that the
composite minimization problem (I.I]) is very general and the constant strongly depends on the specific
problem structure. However, the proof technique used to establish Theorem [B.7 can be applied as is to
any special case of composite minimization problem to obtain much sharper constants. For instance, the
complexity result of FALC for the basis pursuit problem in (I4]) is given by

2
Nimner < nki(A)?2 (M 1 + 9. log1 (M)) -0 (1) 7
v(l—v) € v v € €

where £(A) := omax(A)/omin(A4) is the condition number of A. This is the same bound that was obtained
for this special case in [3].
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The convergence rate result in Theorem [B.7] relies on the uniform bound established in Lemma
This uniform bound in turn assumes that all calls to Algorithm APG are terminated by ITERSTOP.
On the other hand, in our numerical experiments almost all calls to Algorithm APG were terminated
by GRADsToOP. This suggests that the O(%) rate result has a lot of slack. Indeed, we find that early
terminating Algorithm APG iterations when the stopping condition GRADSTOP is satisfied reduces total
number of Algorithm APG iterations significantly: in our numerical tests, FALC required only (’)(log(%))
inner iterations to compute an e-optimal, e-feasible iterate. The augmented Lagrangian algorithm FAL
introduced in [3] is an implementation of FALC for the basis pursuit problem. In Figure 6.1 in [3] one can
clearly observe the O(log(1/€)) empirical performance as opposed to the O(1/€) worst case complexity. We
observe a similar empirical performance with FALC on the numerical problems tested in this paper.

4. Implementation details of Algorithm FALC. In this section we describe all the details of FALC.
Let {(Xi(k’é), SEW) ygk’é))}geh denote the sequence of xl@)—iterates of Algorithm APG in Figure 2] for

e

1 € {1,2} when Algorithm APG is called in Line [[4] of Figure Bl to solve the k-th subproblem.

4.1. Subgradient selection. We used the following slightly modified version of GRADSTOP in our
implementation.

GRADsTOP1 i= {3(G, ) € O PY (., )l (x w00 ) st |G llr < 7 and gl <70} (41)

for some tolerance values 7')(? ) and 7¥) such that {Tgfk ) }rez, and {Ts@ }rez, are decreasing sequences. Clearly,
if (@) holds, the original GRADsTOP1 given in Line [T of Algorithm FALC holds for 7(¥) = T§(k) +®,

We check the stopping condition GRADSTOP1 in each Algorithm APG iteration. Let Zk0) —
(X fk’é), 551@,@)7 gjgk’é)) denotes the unconstrained solution to the optimization problem in Line [ of Figure 211
i.e. when the contraint (X, s,y) € S*) is not enforced. A subgradient (G,g) € dx P* (., ., )|z can be
computed as follows

G =APnQ+ V¥ (Z00) and g = AP psg + Vo [0 (200,

where

L ke 1 k0 (k8) (kL o (ke
Q= s (X85 - LTI ey~ ().

g = argmin{”)\(k),uzr LV W (z““@v@) o s 7 € Ol e } .

From the first order optimality condition, it can be easily shown that @ € 9o (.)||al ¢ Moreover, given
1
V. f®) at Z(*9 the complexity of computing ¢ € I|-llglyx.0 € RPis O(p) when B € {1,2} and O(plog(p))
1
when (8 = co.
4.2. Stopping criterion for FALC. In our numerical experiments, we terminate Algorithm FALC
either the distance between successive inner iterates are below a threshold ¢ for each component, i.e. || X 1(k’e) -

Xl(k’é_l)HF < p, Hsgk’g) - Sgk,e—1)|‘2 < p or there exist partial subgradients with sufficiently small norm for
each component, i.e. ||G|r < <x, [|gll2 < ¢s for some (G, g) € dx s P® (., .,.)| 500y and

(k0 cke) 1 .
19 = T () = L9, POZE0) ) o <,

In our numerical experiments we set g, <x, ¢s and g, by experimenting with a small instance of the problem.

4.3. Multiplier selection. Given ¢, € (0,1), ¢ € (O 1), c,\ >0, ¢; €(0,1), ce € (0,1), ex € (0,1), for

(k)

all £ > 1 the approximate optimality parameters 7 7' , { and the penalty parameter A¥) are set as

17



AL

X0 = argminXeRmm%HX (X(O V fl)(X(O 50yl )) %+ S o (X) la,

B . (1)

51 = argmingp, s — (s© — Ly, f( 1>(X<0> ©), y! )) I3+ 2722 Is]l,

g = argminyegch Hy—( (0) _ 1Vyf(1)(X(O (0) Lyl )) 112,

o — L(Xm Lyx fOXO, 50 40) _ X 1>)+va DX, 50 50,

g = argmmgem{Hgllz-g=A“’uszrst“)()?(”,é(”,ﬂ(”), p €9l llslsm };

) = G,

= & lgW],

€D = eV ~Tlg (§0) — $9, XD, 5D, 50)) |,

A= g | X O,

X0 = argming g §IX — (X6 293 p0(XED, -0, y6-0)) 24 X o),
sk = argming gy, 2Hs—( (k—1) _ 1V SR (X 1) S(k_1)7y(k_1))) 13+ )\(ICL#HSH[%
§% = argmingegcp [l — (4570 = £V, f0(XED, 61 0Dy |2

ak)  — L(X<k D — Ly p)(x (b 1>,S<k 1)y (k= 1))_5(0@))+va<k>(;z<k>7§<k>,y<k>)7
g®) = argmingezs {llgll2 - g = AF pap + Vo fE (XD, 50 580 p € 9]|.][g]500

Tgf) = min{ cTT)((kil),ETHG(k)HF }7

= min{ e, 7Y e 9@, b,

€9 = minfeg €5, %) ~ T (5 — £ 9, fO (X, 509,50 ) |

AE) = ey N

for all £ > 2. In all our experiments, ¢, = 0.999 and ¢¢ = 0.999.
We initialize FALC with (X©, s y(©) such that A(X®) —b € Q, s = C(X©) — d and y© =
A(X(©) — b, In first iteration of FALC, we solve the problem

min pm X,s,y) = min A o(X)|a+ s + fM X, s,y),
e o (X,s,9) L L (allo(X)lla + pallsllg) + f(X, 5, 1)

where SO = {(X,5,9) : jullo(X)la + pallslls < n} and n® = @ fo(XO)a + pof|s@ 5. Since
X s feasible, fM(X(© 50 4©)) = 0 and PM(X©) 50 4Oy = \OpM)  Then PM(X,s,y) > 0 for
all X € R™*™ implies that the initial duality gap is less than or equal to AUy, Hence, we initialize
€M =0.992 M »M and then set e* 1) = cie(k) for all k > 1.

5. Numerical experiments. In our numerical experiments, we focused on problems where both p; > 0
and pe > 0. Two important problems of this form are the principal component pursuit and stable principal
component pursuit problems, given in (L6]) and (L7), respectively. In the first set of experiments we solved
a set of randomly generated instances of principal component pursuit problems. In this setting, we compare
FALC with another augmented Lagrangian algorithm I-ALM [29], a proximal gradient algorithm APG [30]
and a soft-thresholding algorithm SVT [6]. In the second set of experiments, we solved a set of randomly
generated instances of stable principal component pursuit problem. Since I-ALM; APG and SVT are not able
to solve this problem, we only report statistics for FALC. In Section[5.1] we describe the methodology we have
used in both experimental settings for generating random problem instances. All the numerical experiments
were conducted on an IBM Thinkpad laptop with a Intel Core 2 CPU T7200 @2.0 GHz processor, 3GB
SDRAM running MATLAB 7.2 on Windows XP Professional operating system.

The augmented Lagrangian algorithm FAL introduced in [3] is an implementation of FALC for the
basis pursuit problem. The numerical results reported in [3] show that FAL was 2-7 times faster than the
specialized algorithms NESTA [5], FPC and FPC-BB [23] 24], FPC-AS [39], YALL1 [40] and SPGL1 [3§].
See Tables 6.8, 6.9, 6.10, 6.11, 6.13 in [3] for details.

The numerical results in this paper and those in [3] clearly show that FALC is very competitive with
the state-of-the-art algorithms for the special cases of the composite norm minimization problem.
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5.1. Data generation. We tested FALC on randomly generated data matrices D = Xy + So + (o,
where
i. Xo=UVT, such that U € R"*", V € R"™" for r = 0.05n and U;; ~ N(0,1), Vi; ~ N(0,1) for all 4,
are independent standard Gaussian variables,
ii. Ac{(i,j): 1<4,7<n} such that cardinality of A, |A| = p for p = 0.05n2,
iii. (So)i; ~U[—1,1] for all (i,7) € A are independent uniform random variables between —1 and 1,
iv. (Co)ij ~ 0U[—1,1] for all ¢, j are independent Gaussian variables.

5.2. Principal Component Pursuit Problem. In this section we solve the problem

miny gegmxn || X |« + p2 vee(S)|1,

subject to X 4+ S5 =D, (5.1)

and report the results of our numerical experiments comparing FALC with I-ALM [29], APG [30] and SVT [6].
All the codes for L ALM, APG and SVT, can be found at http://perception.csl.uiuc.edu/matrix-rank/home.html ]
Note that SVT [6] algorithm was originally proposed for solving the matrix completion problem. The al-
gorithm we used in our numerical study is an adaptation of the SVT algorithm by Wright and Rao at
the Perception and Decision Laboratory in University of Illinois, Urbana-Champaign to solve robust PCA
problem.

We created 10 random problems of size n = 500, i.e. D € R>00%590 ysing the procedure described in
Section 5.1 where § is set to 0, i.e. {y = 0. We chose parameter values for each of the four algorithms
so that they produce a solution X, and S, with relative-infeasibility approximately equal to 5 x 1079,
W ~ 5 x 1077, For each algorithm we set the parameters by solving a set of small size
problems and these parameter values were fixed throughout the experiments, all other parameters are set to
their default values. The termination criteria are not directly comparable due to different formulations of
the problem solved by different solvers. For FALC we attempted to set the stopping parameter o such that
on average the stopping criterion for FALC is tighter than the stopping criteria of all the other algorithms
we tested.
1. FALC: Problem (EIJ) is a special case of problem (1)) with 6 = 0, « = 1 and 8 = 1. Therefore,

FH(X, 5,y) defined in B5) simplifies to f*)(X,9) = 1| vec(X + ) — vec(D) — A® 9|12 (note that
for all k > 1, 0 = 0). We set ¢, = 0.4, ¢c = 0.4, ¢y = 0.4, &, = 0.999, & = 0.999, &, = 2 and initialize
951) as in [29)], i.e.

ie.

1 _ 1

O Salen (D), Vil veelsEn (D)~}
Finally, we set o = 1 x 107° and terminate FALC when the distance between successive inner iterates
are below the threshold ¢ for each component, i.e. ||X1(k’l) - ka’£71)||p < o and ||s§k’e) - sgk’e71)||2 <o
for any k£ > 1. We used PROPACK [27] for computing partial singular value decompositions. In order
to estimate the rank of Xy, we followed the scheme proposed in Equation (17) in [29]. The code for

PROPACK is available at [http://soi.stanford.edu/~rmunk/PROPACK/].
2. I-ALM: I-ALM solves min{[|X | + =] vec(S)[l : X + S = D}. Let (X®) S*)) be the k-th iterate.

(k) (k) _
-ALM terminates when 12X—5—=PIr <15 1078,

3. APG: For some A > 0, APG solves min{;\ (||X||*+ %Hvec(S)Hl) + %||X+S—D||%}. Stopping

tolerance is set to 5 x 10711 (the definition of stopping criteria is complicated, for details see partial APG
code at [http://perception.csl.uiuc.edu/matrix-rank/home.html]. In the code, by default X is set
t0 Omax (D) x 1077,

4. SVT: SVT solves a relaxation of the robust PCA problem,

vec(sign(D)). (5.2)

o[- 1 1
win {3 (11 + =l vec(S)lh ) + 30X + I513): X +5=D}.

Let (X®*),S®)) be the k-th iterate when X is set to 1 x 103. SVT terminates W <5x 1074
Note that we have chosen a weaker stopping criterion for SVT.
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The results of the experiments are displayed in Table Bl In Table Bl the row labeled CPU lists the
running time of each algorithm in seconds and all other rows are self-explanatory. The column labeled
average lists the average taken over the 10 random instances, the columns labeled min (resp. max) list
the minimum (resp. maximum) over the 10 instances. The experimental results in Table 5.1l show that
FALC is competitive with the state of the art algorithms, e.g. I-ALM, APG and SVT, specialized for solving
robust PCA problem. Even though FALC is not special purpose algorithm for robust PCA, in our numerical
experiments, FALC required fewer singular value decompositions when compared to APG and SVT. In
addition, for all 10 randomly created problems in the test set, only FALC and I-ALM accurately identified
the zero-set of the sparse component Sp, i.e. Ip = {(ij) € {1,2,...,n} x {1,2,...,n}: (Sp):; = 0} without any
thresholding. This feature of FALC is very appealing in practice. For signals with a large dynamic range,
almost all of the state-of-the-art efficient algorithms produce a solution with many small non zeros terms,
and it is often hard to determine the threshold.

FALC I-ALM
Average Min Max Average Min Max
svd # 40 39 44 31.6 30 33
Xso1 — Xollr/Xol[F 3.5E-09 | 2.7E-09 | 45E-09 | 1.9E-09 | 5.9E-10 | 3.4E-09
ISso1 — Sollx/[Soll¥ 1.3E-07 | 1.0E-07 | 1.8E-07 | 1.9E-07 | 4.8E-08 | 3.8E-07
| 1 Xso1ll« — [Xol[«]/[Xo]« 1.6E-10 | 24E-11 | 3.6E-10 | 1.1E-11 | 3.7E-12 | 2.1E-11
max{[o; — 0] : o¥ > 0} 21E-07 | 1.0E-07 | 4.0E-07 | 8.7E-08 | 2.3E-08 | 2.5E-07
max{]o;] : o0 = 0} 1.2E-13 | 7.2E-14 | 1.9E-13 | 1.5E-13 | 5.9E-14 | 3.7E-13
[ Tvec(Sso1)ll1 — [ veeXo) 1]/ vecXo)l1 | 1.4E-08 | 4.1E-09 | 2.6E-08 | 2.2E-09 | 4.1E-10 | 5.1E-09
max{[(Sso1)ij — (So)l : [(So)ijl > 0} 8.0E-07 | 5.0E-07 | 1.4E-06 | 1.1E-05 | 2.3E-06 | 2.5E-05
max{[(Sso1)ij| : (S0)i; = 0} 0 0 0 0 0 0
rank 25 25 25 25 25 25
[ Xso1 + Sso1 — D[lr/[DlF 3.5E-09 | 2.6E-09 | 4.5E-09 | 4.76-09 | 1.1E-09 | 9.6E-09
CPU 22.9 19.6 27.8 16.8 13.5 24.3
APG SVT
Average Min Max Average Min Max
svd # 187.7 187 188 833.9 819 857
Xsol — Xollr/Xol[F 41E-09 | 4.0E-09 | 44E-09 | 1.86-04 | 1.8E-04 | 1.8E-04
ISso1 — Sollx/[[Sollr 1.6E-07 | 1.6E-07 | 1.7E-07 | 2.0E-02 | 2.0E-02 | 2.1E-02
[ TXso1llx — 1Xo[l+]/IXo]l« 4.0E-09 | 3.8E-09 | 42E-09 | 1.7E-05 | 1.5E-05 | 1.9E-05
max{[o; — 0] : 0¥ > 0} 2.0E-06 | 1.9E-06 | 2.1E-06 | 1.5B-02 | 1.2E-02 | 1.7E-02
max{|o;] : o0 = 0} 1.3E-13 | 6.8E-14 | 1.9E-13 | 2.4E-13 | 7.6E-14 | 6.8E-13
| || vec(Sso1)ll1 — || vee(Xo)|l1]/]] vec(Xo)ll1 1.8E-07 1.8E-07 | 1.9E-07 | 5.0E-03 4.9E-03 | 5.1E-03
max{[(Sso1)i; — (S0)ij| : [(So)i;] > 0} 2.0E-07 | 1.8E-07 | 2.3E-07 | 1.2E-01 | 1.IE-01 | 1.3E-01
max{|(Sso)ij| : (S0)ij = 0} 3.7E-08 | 2.1E-08 | 6.6E-08 | 5.5E-03 | 3.6E-03 | 8.56E-03
rank 25 25 25 25 25 25
Xso1 + Ssol — D|[r/[|ID[[F 5.4E-09 | 5.2E-09 | 5.8E-09 | 5.0E-04 | 5.0E-04 | 5.0E-04
CPU 87.7 71.6 101.6 265.2 252.0 273.1

Table 5.1: FALC vs I-ALM, APG, SVT: Numerical Test Results for PCP problem with n = 500, r = 0.05n2,
p = 0.05n

5.3. Stable Principal Component Pursuit Problem. In this section, we solve the problem

miny gegmxn || X[ + p2f| vee(S) |1,

subject to || vec(X + S — D)]|eo < 4, (5.3)

and report the results of our numerical experiments using FALC. To best of our knowledge, there are no
publicly available code specialized for solving problem in (5.3]), other than general purpose SDP solvers.
We created 10 random problems of size n = 500, i.e. D € R590%500 ysing the procedure described in
Section 5.1l where § is set to 1 x 104, i.e. each entry of the noise term ¢y is coming from a uniform distribution
between [—§,d]. We chose the value of the stopping parameter so that FALC produces a solution X, and

Sior with [Xeett Bt =DIE ~ 1 5 1077,
Problem in (5.3) is a special case of (LI) and f*) (X, s,y) defined in B3] simplifies to f*) (X, S,y)
= 1| vec(X + S) —y — vec(D) — /\(k)ng) |2 (note that for all & > 1, 9§k) = 0). We set the parameter values
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FALC
Average Min Max
svd # 59.3 55 64
Xso1 — Xollr /[ XollF 1.7E-05 1.7E-05 | 1.7E-05
Ssol — Sollr/ISollF 3.7B-04 | 3.0E-04 | 4.4E-04
[T Xeo1ll+ — IXo[[«[/1Xo] 1.6E-05 | 1.6B-05 | 1.6E-05
max{|o; — 00| : oD > 0} 9.9E-03 | 9.7E-03 | 1.0E-02
max{|o;] : 00 = 0} 1.6E-13 | 3.6E-14 | 3.1E-13
| ]| vee(Sso1)ll1 — || vec(Xo)||1]/]] vee(Xo)]1 2.3E-04 2.2E-04 | 2.4E-04
max{](Sso1)ij — (So)ij| : [(So)s;] > 0} 3.9E-03 | 3.0E-03 | 4.6E-03
max{|(Sso1)ijl : (So)ij = 0} 6.4E-05 | 0.0E+00 | 2.3E-04
rank 25 25 25
[Xsol + Ssol — D[lr/[DlF 2.1E-05 | 2.0E-05 | 2.2E-05
CPU 34.6 26.1 183

Table 5.2: FALC: Numerical Test Results for SPCP problem with n = 500, r = 0.05n%, p = 0.05n, 6 = 1 x 107*

for FALC by solving a set of small size problems and these parameter values were fixed throughout the
experiments, all other parameters are set to their default values, i.e. ¢; =0.4, cc = 0.4, g = 0.4, ¢y = 0.4,
¢ = 0.999, & = 0.999, ¢ = 0.999. We set ¢, = 1.5 and initialize 01" as in 29, i.e. as in (5.2).

Finally, We set o = 1 x107°, ¢ = 1 x 1072 and terminate FALC when either the distance between succes-
sive inner iterates are below a threshold g for each component, i.e. || vec (X{k"l)) — vec (Xl(k’efl)) o < o,

|| vec (sgk’g)) —vec (sgk’gfl)) oo < o for any k > 1 or there exist partial subgradients with sufficiently small

norm for each component, i.e.
IGlF <</2, llglla << for some (G, g) € 0x, PP (s, )] 000

and

o (k. ok 1 2 (k,
194 = g (3 = L9, P20 ) o <

where Z*0) = ()u(l(w), §§M), ﬂ%k’g)) is defined at the beginning of Section [l

We have used PROPACK [27] for computing partial singular value decompositions. In order to estimate
the rank of X, we followed the scheme proposed in Equation (17) in [29]. The results of the experiments
are displayed in Table

6. Extension to general composite norm problem. The algorithmic framework proposed in this
paper extends to the following much more general class of problems given in (I2)). By introducing slack
variables, (L2 can be reformulated as follows.

min  p1|[o(9)[la + p2llslls + pusH(X),
subject to  F(X)—-S =G,
C(X)—s=d,

(6.1)

where the decision variables X € R™*" S € R™*"2 g€ RP and y € R?. H(.) is a strongly convex function
with convexity parameter ¢. We continue to assume that A is surjective; however, when pg > 0, we no longer
require that at least one of that at least one of F and C is an injective linear map

In this more general setting, the FALC inexactly solves subproblems of the form:

' PR(X, S 6.2
<, gnin (X, S,s,y), (6.2)

where
P®(X, 8, 5,y) = A (11| 0(S) | + p2llslls + s H(X)) + FP (X, S, 5,9),
k k
HFX) =5 =G =200 |2 + Le(X) — s — d — A5 |3

+FLAX) =y — b= AW |2,
21
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Let (X( ) 5 gk ),yfkk)) € argmin P(*) (X, S, s, y). Suppose the initial iterate X (9 is feasible, i.e. A(X ()~
be Q. Let S© = F(X©) -G, s :=¢c(X®) —d, y© := AXOD) —b, and 7 := p1 || o(F(XO) = G)||a +
(X ®) — dll .

The particular implementation of FALC depends on the nature of the objective function. In all cases we
need to ensure that the iterate sequence {X (k)}kez . is bounded so that it has a limit point. First consider
the case where ug > 0. Strong convexity property of H(.) implies that

k k S v (k VH(X?)
palo (5l + pallslls + 189 (X<0> - TR g
1 k
<t o [VHX )T + Zne( 1%

Therefore, we can define S*) in line @ in Figure 3.1l as follows:

VH(X(O)))

s<k>:={<X,s,s,y>:m||o< Mo+ pallsty < . |x = (300 - THC

2
S _nik) } )
F S

=0+ o IVHX )+ Zne(’“’HF (6.3)

where

(k)

The only change in the algorithm is that we need to compute VH at every iteration of Algorithm APG
additional to one V f computation per iteration.
When ps = 0, we set

S® = (X, 5,5,9) : mllo(S)]la + palsls < 7).

ensuring that the iterates {(S*),s®) y(®))}; 5. are bounded, see Lemma B2l for details. Since at least one
of F and C is injective, this implies that {X (k)} kez, is a bounded sequence. Note that without the injectivity
assumption, the sequence {X (k)}kez . may not have a limit point.

The general formulation (L2]) subsumes a number of different problems as special cases — see Section [[.2]
for details. And, our experience with FALC leads us to believe that this algorithm is likely to be very
competitive for solving all these special cases. However, the assumption that the operator A, defining the
constraints, be surjective can be restrictive. In some applications, the feasible region is the intersection of
cones of the form: {X : A41(X) —b; € Q1,Ax(X) — b2 € Qo}. While, it is often the case that each A;,
i = 1,2, is surjective, the product operator A(X) = [Ai(X), A2(X)] is not. Thus, FALC cannot be used
for these problems. The extension to intersection of cones is non-trivial and one would have to design a
completely new set of techniques.

The main contribution of this paper is an efficient first-order augmented Lagrangian algorithm (FALC)
for the composite norm minimization problem () and for its extension (IZ). FALC solves the composite
norm minimization problem by solving a sequence of augmented Lagrangian subproblems, where each sub-
problem is solved using Algorithm APG in Figure 21l Algorithm APG is essentially Algorithm 2 in [37]
(see also FISTA [4]) with early termination. We show that the continuation scheme on penalty parameter
A used in FALC guarantees that the iterate sequence provably converges to the solution and we are also
able to compute a convergence rate. The performance of FALC in our numerical experiments has been very
promising. To best of our knowledge, for the stable PCA problem, FALC is the first algorithm with a known
complexity bound.
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Appendix A. Proofs of technical results.

Lemma [A 1] and proof.
LEMMA A.1. Let Q C R? be nonempty closed convex set such that {X € R™*™ : A(X)—be Q} # 0,

where A is surjective; and let (Xik), sik),yik)) is an optimal solution to BAl). Then, for all k > 1,

195112 < omas( DIXD [+ 10+ A6 2 +2 min{ 31>}, (A1)

Proof. From the first order optimality conditions for (4], we have y( ) = Q(A(X(k)) —b— /\(k)ng)).
Since Fuclidean projection is nonexpansive, we have

Iy = Gll2 < JAXS) = b= AP g1, vje Q. (A.2)

The result now follows from the triangular inequality. O

This result implies several simple bounds on ||y£k)||2 Since the initial iterate X (%) is feasible, i.e.
AX©) —b e Q, it follows that

1y¥l2 < 18 = omax (X P |2 + b+ AP0 |15 + 2| AX @) = b (A.3)

Suppose 0 € Q. Then [y ]2 < 7" = Gumax(A)IXF |5 + b + A®0%)||,. When Q is bounded with
Q C{y: |lyll2 < m2}. Then, one can set nék) =g for all k > 1.

Lemma [A.2] and proof.
LEMMA A.2. Fiz o, § € {1,2,00}. Let

P(X,5,9) = Mun|lo(X) o + izllslls) + F(X.5,9)

where

1 1
F(Xss,y) = SIAX) =y =b=Au[l3 + SlIC(X) — 5 = d = A62]5.

Suppose (X, 5,7) is e-optimal for the problem minx s ,{P(X,s,y): y € Q}, i.e.

0< P(X,5,7) — min P(X,s,y) <e
XERmXn  scRP, yegch

Then we have

(X) 5—d— Mslls < J(B) 2 + Omae (M)V/2e,
| A" (A(X) =g —b— A1) +C" (C(X) -

—d— )\92) HF < I( *)/1*1)\ + Umaw(M)\/%a
_I 0 C 1 1 . . -
where M = 0 -7 A ) L +1=1 (resp. 7= + 5 = 1) is the Holder conjugate of o (resp. ) and

the functions I(-) and J(-) are defined in (B.I0).
In order to prove for Lemma [A2] we need the following result.
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THEOREM A.3. Let f: R™*"™ x RP x R? — R denote a convex function with a Lipschitz continuous
gradient V f with a Lipschitz constant L with respect to the norm [|(X, s,y)|| = /[ X[|% + [[s]3 + [y[3. Let
(Xu 0,92 € argming , A [0 0)la+pizlsl] )+ F(X.5.3) : y € QF. Suppose (X, 5,5) € R™*" xRP xR
such that y € Q satisfies

Apallo(X)la + p2llslls) + f(X,5,9) < Mullo(X)lla + p2llsdls) + f(Xs, s 94) + €
for some ¢ > 0. Then
IVxf(X,59)llr < (V2Le+ I(a")Am1),  |[Vof(X,5,9)]2 < (V2Le + J(5*)Auz)
where = +1 =1 (resp. # + % = 1) is the Holder conjugate of a (resp. 8) and the functions I(-) and J(-)

are defined in (BI1]).

Proof. Since V f is Lipschitz continuous with constant L, the triangular inequality for ||o(.)||o and ||.||s
implies that for any X € R™*", s € RP and y € R?

Alpallo(X)la + p2llslls) + £(X, 5,y)

< Mpallo(X)lla + p2llslls) + £(X,5,9) + Mutllo(X = X)lla + pells - 5l5)
+ <va(X7§7 g)? (X - X)> + st(X,E,g)T(s - §) + vyf(ngv g)T(y - g)

L _ L _ L _
+ I = X5+ S ls = 513+ 5 ly — 93,

where (X,Y) = Tr(XTY) € R denotes the usual Euclidean inner product of X € R™*" and Y € R™*",
Since X, s and y are arbitrary, it follows that

Moo (X o+ pallsell ) + F(Xo50,3)
<A llo () + p2llslls) + F(X,5,9)

: o ., L _
+ Inin {Vyf(X,s,y)T(y—y)Jr§|Iy—y||§}- (A4)
The first minimization problem on the right hand side of (A4) can be simplified as follows:

min, {(Vx/(X,5.0), X = ) + FIX - XU+ Mallo X - O}

XeRmXn
L _ _ _
= i X - XA+ (Vs fX,59)+W, X —X)}, A5
Willo(Wllas <A ngaglm{zn I+ {Vxf(X,5.9) >} (A.5)
L _ _ _
= max ZXF(W) = X[ +(V X,g,-+W,X*W—X},
W:|a<W>||a*sxm{2” W) I+ (Vx f( 9) (W) = X)
T 2
Wil|o(W)[lax <A 2L

X*(W) = X — Y SSDIW 54 the minimizer of the inner minimization problem in (A.5).

L
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min

The second minimization problem on the right hand side of (A4)) can be simplified as follows
seRp

{v F(X.55) (s — 5)+ —IIS—SII2+M2||S—SII5}

y
max min
us||uf| g+ <Auo SERP

L — 513+ (V% ,y>+u>T<s—§>}

(A7)
B ;”u?;%);m{—lls (w) = 53 + (Vo f(X,5,7) + ) ( *(u)—s>},
S IV f(X,5,9) +ul
wiljullgx <Apz 2L

s*(u) =35

Vs f(X,509)+u
L

(A.8)
is the minimizer of the inner minimization problem in (A7)

min

Since i € Q, the following is true for the third minimization problem on the right hand side of (A4)
yEQCR4

_ B L B
{Vur s =)+ Fl - o1} (A9)
Thus, (A4), (AG), (AS) and (A9) together imply that

Alpf|o (X

Mo+ p2llsls) + f(Xe, 50,5 < Mpa|lo(X)lla + p2l1516) + (X, 5,9)

IVxf(X,5

5,9) + Wl
Willo(W)|lax <A1 2L

IV (X, 5,9) + ul}
2L '
ince (AGuallo(X) o+ p2lslla) + F(X,5,9)) = (A llo(Xo)lla+ p2lls.lls) + F(Xey50,9:)

min X
Willo(W)llax SApa Iv f(

wtllufl g= <Az

) < ¢, we have that
,5,9) + W[% +  min

IV f(X,5,9) +ull3 <2Le
willull g« <Apz
From BI0), it follows that ||W|r < I(a*)|jc(W

)||ax- Thus, (AIQ) implies that
min ||fo(X
W Wr<I(a*)Ap1

(A.10)

,5,9) + W% < 2Le
Suppose ||Vx f(X

(A.11)
.5, 9)|lF > I(a*)Ap1. Then the optimal solution of the optimization problem in (A.1T]) is

Then ([AI0) implies that (|Vx f(X,3

(,5,9)|r —I(@*)Am)® < 2Le, ie. [Vx f(X
This is trivially true when ||Vx f(X,5,9)||r < I(a*

IVxf(X,5,9)llr < V2Le+I(
A similar analysis establishes that ||V f(

a*)Ap.
S
Now we are ready to prove Lemma [A.2

757 g)”F S Vv 2L€+I(Oé*)A‘U,1
)JAp1. Therefore, we can conclude that always

.5, 9)l2 < V2Le+ J(B*)Ape. O
A2
Proof. Let f(X,s,y) = %HA(X) —y—b— M2

SIC(X) — s —d — A3 and let ||(X,s,y)
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VIXIZ + [[s]2 + [Jy]|2, then for any X1, X2 € R™X" 51,80 € RP and y1,y2 € RY, we have

[V £(X1,81,91) — VF(X2, 82,50

Vx f(X1,81,91) — Vx f( X2, 52,92)
\Y% f leslayl) vsf(X27527y2) )
Vyf(X1,s1,y1) — Vy f( X2, s2,y2)
= | Vx f(X1,s1,51) — Vix (X, s2,5) |7 + IVs f (X1, 51,91) — Ve f(Xa, 52,52)13
+ |V f (X1, 81,91) — Vi f(Xa, s2,92) 13,
= [ A*(A(X1 — X2) — 1 4+ 12) + C*(C(X1 — X2) — 51+ 52) |7
+[IC(X1 — Xa) — 51+ sa2l|3 + A(X: — X2) — 41 + 42113,
= ||AT(A vec(X; — Xo) —y1 +y2) + CT(C’ vec(X) — Xo) — 51 + 52)||§

+[|C vec(X — X3) — 51 + 82|35 + || A vec(X1 — X2) —y1 + w23,
2

S1 — 82
= (|M"M Y1 — Y2
vec(X; — Xo) )
Hence,
S1 — 82
IVF(X1,51,51) — VI (X2, 52,52)|| < O (M yl — Y2 ;
vec(X; — Xs) )

= (M) X1 = Xol% + 51 = 52013 + llys — w23,
= Ufnax(M) ||(X17515y1) - (X27525y2)||7

where 0% (M) is the maximum singular-value of M. Thus, f: R™*"™ x RP x R? — R is a convex function
and V£ is Lipschitz continuous with respect to ||.|| with Lipschitz constant L = o2, (M).

Since (X, 5,9) is an e-optimal solution to the problem min{P(X,s,y) : X € R™*" s € RP,y € Q C RY},
Theorem [A3] guarantees that

IVxf(X,59)lr = A (AX) =g —b— A1) +C*(C(X) — 5 —d — M)l r
<2 Umax(M) T(a*) A1, (A.12)
IV f(X,5,9)]l2 = IC(X) —5—d— Mala < V26 omax(M) + J(B") Aps. (A.13)

Lemma [A4] and proof.

LEMMA A.4. Let @ C RY be a nonempty, closed, and convex set. Then for all §j € R? and A > 0, we
have g(Ag) = X Ilg/\(9), or equivalently, g(§) = A Tlg A (7/N), where Q/\ = {z : A\v € Q}.

Proof. Fix §y € R? and A > 0. Then

g (Ag) = argmin ||z — All2 = Aargmin ||y — Fll2 = A g/ (7). (A.14)
zeQ yeQ/\
a
Lemma [A 5] and proof.
LEMMA A.5. Let (X., s, y*) be an optimal solution to (B2) and suppose that ||Ilg ( (k)) y®B |y < ¢
for some k > 1, where y( ) =yk — 1V f N(X®) | sR) (k)Y Then we have

- <Vyf(’“) (X®) k) (kD) gy — y(’“)> < LEW ||y, —y®||y + B, B (X F) s®) yFN),0 (A15)
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Proof. From the definition of IIg(.), we have

<Hg(y,§’“>) —y, Y~ Hg(y§k>)> >0, Vyeo,
= (Tl (™) = y®, y = y®) + (Mo (y) —y®, y® —To(yM))

+ <y('“) —yt, y— y('“)> + <y(’“) —yiF, Y™ — Hg(yék))> >0, VyeQ. (A.16)

Since g, € Q, y® — yi¥ = LV, FO (X, 509, y®) and [Tlg (y) = y®|l> < ¢, (LIF) follows from
@I0). O

Appendix B. Auxiliary results for simple optimization problems.

LEMMA B.1. Let (&,].]|) be a normed vector space, f : E — R be a strictly convex function and x C €
be a closed, conver set with a non-empty interior. Let T = argmin,., f(z) and x* = argmin, ¢ f(z). If
x* & x, then T € bd x, where bd x denotes the boundary of x.

Proof. We will establish the result by contradiction. Assume Z is in the interior of y, i.e. Z € int(y).
Then 3 € > 0 such that B(Z,e) = {z € £ : |z — Z|| < €} C x. Since f is strictly convex and z* # Z,
f(z*) < f(Z). Choose 0 < A < Ty < 1 so that Az* + (1 - X)Z € B(Z,€) C x. Since f is strictly convex,

FOZ"+ (1 =NT) < Af(2*)+ (1 =N f(z) < f(2). (B.1)

However, Az* 4+ (1 — A\)Z € B(z,€) C x and f(Az* 4+ (1 — N\)Z) < f(Z) contradicts the fact that f(z) < f(z)
for all z € x. Therefore, T ¢ int(x). Since T € Yy, it follows that Z € bd x. O
Next, we collect together complexity results for optimization problems of the form

. 1 >
cin AN [o(X) [+ 51X = X[F : lo(X)lla < n}
ERMXn

. 1 o
min - {Aslls + 5 lls = 8113 : llslls < n}

that need to be solved in each Algorithm APG update step, displayed in Figure 2.1
LEMMA B.2. Let X = argminycgmxn {A|0(X)|la + 3| X — X[|% : [|0(X)|la < n} of the constrained
matriz shrinkage problem. Then

X = Udiag(3)V7%,

where U diag(o)VT denotes the SVD of X such that o € R’ and r = rank(X); and 5 denotes the optimal
solution of the constrained vector shrinkage problem

. 1
min (Nlslla + 315 = o1+ sl < 1.
Since the worst case complexity of computing the SVD of X is O(min{n?m, m?n}) the complexity of the com-

puting X is O(min{n?*m,m?n} + T,(r,a)), where T,(r, ) denotes the complexity of computing the solution
of an r-dimensional constrained vector shrinkage problem with norm ||.||o. The function

T, (p,0) = { g%)l?g(p)) M (B2)

Proof. The standard results in non-linear convex optimization over matrices implies that X is of the
form X = U diag(5)V7T (see Corollary 2.5 in [2§]).
Now, consider the vector constrained shrinkage problem

. 1 <112
min {Alslls+ 5 lls =53+ lslls < n}.
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(i) B = 1: First considered the unconstrained case, i.e. 1 = co. The unconstrained solution s* has a closed
form s* = sign(3) ® max{|3| — A1,0} and can be computed with O(p) complexity, where © denotes
componentwise multiplication and 1 is a vector of ones.

When 7 < oo, the constrained optimal solution, 5, can be computed with O(plog(p)) complexity. See
Lemma A.4 in [1].

(ii) B = 2: First considered the unconstrained case, i.e. 7 = co. Since fo-norm is self dual, A||s||z =

max{u’'s : ||ullz < 1}. Thus,
seRp SERP y: ||ulj2<A

1
min {/\||s||2 + §||s - §||§} = min  max {uTs +—|ls— §||§} ,

—  max T 1
. 9
w: J|ulla <A SGﬁ{P {u § 2”5 - S||2} R

1
T 2
= max u (S—u)+ <||u , B.3
L {6 -+ gl (5.3)
1 . 1 2
=—|5|3— min —|u— 3|3,
SIS13 = min_ llu =33

where (B23) follows from the fact that s*(u) := argmin,eg,{u”s + 3||s — 5[|3} = 5 — u.
Define
1 A
u* = argmin —|ju— 3|3 =3 min{N—, 1}.
ui ful2<x 2 151]2

A
Py

Then the unconstrained optimal solution s* = s*(u*) = Emax{l — 0} and the complexity of
computing § is O(p).

Next, consider the constrained optimization problem, i.e. 7 < co. The constrained optimum 5§ = s*,
whenever s* is feasible, i.e. |[s*[|2 < 7. Since f(s) := A||s||2 + ||s — 5|3 is strongly convex, Lemma [B1]
implies that ||5||2 = n whenever ||s*||2 > 1. Thus,

: 1 - .ol -
min {\sll2 + S lls =513 ¢ llslle < n} = Xn+min {Slls = 3113 : 5] = n*}.

The unique KKT point for the optimization problem min {1|[s—3|3 : £|/s[|3 = %}, is given by § = nll_gl\

and KKT multiplier for the constraint 1|s||3 = é is 9 = L8z _ 1 It is easy to check that @ > 0

3

whenever ||s*||2 > n. Thus, § is optimal for the convex optimization problem min {%Hs — 53 |Isl3 <

772}; consequently, optimal for equality constrained optimization problem min {3|s — 5|3 : [|s]2 = n}.

Hence, the complexity of computing s is O(p)

(iii) B8 = oo: First consider the unconstrained problem. Since ¢;-norm is the dual norm of the ¢,,-norm, we
have that

. 1 ~112 _ . T 1 ~12
iy { Ml + 3l = 83} =i wmx {ufs o+ Js - sl

1
_ : T, , Ly 42
- u: I||rvlji(§)\ .?El]%; {U s+ 2”8 S||2} ’

1
T 2
= max u (§—u)+ =||lu , B.4
L fuT 6w+ gl (B.4)
1.5 . 1 12
=—|§]|5— min =|lu— §||5,
513~ min_ 5 53

where (B.4) follows from the fact that s*(u) := argmin,cgs{u”s + %||s — 5|3} = § — u. The result
in (i) implies that complexity of computing u* = min, |, <x 3/lu — 5[3 is O(plog(p)). Thus, the
unconstrained optimal solution s* = s*(u*) = § — u* can be computed in O(plog(p)) operations.
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Next, consider the constrained optimization problem. The constrained optimum, 5 = s* whenever s*
is feasible, i.e. [|s*||oc <. Since f(s) = A|s||oc + 3|5 — 5[|3 is strictly convex, Lemma [B.limplies that
|I5]lcc = 1, whenever ||s*||cc > 1. Therefore,

. 1 _ .q1 -
min { Alslloc + 515 = 113 ¢ slloo < 1} = 2+ min { S ls = 5113 sl = -

Then, it is easy to check sign(s;) = sign(s;) for all ¢ = 1,...,p. Moreover, ||s*||cc > 1 implies that
I5]lcc > 1. These two facts imply that

! . .1 -
HllIl{EHS — 52 ||s]loo = 77} = mln{§||s —13[]3:0< s < 77}'

For 1 < i < p, we have min{|5;|,n} = argmin,, cp {3(s; — [5i)? : 0 < s; < n}. Thus, it follows that
5 = sign(5) ©® min{|3|,71}. Hence the complexity of computing 5 is O(plog(p)).
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