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On some dynamic thermal non clamped contact
problems

Samir Adly · Oanh Chau

Abstract We study a class of dynamic thermal sub-differential contact problems
with friction, for long memory visco-elastic materials, without the clamped condi-
tion, which can be put into a general model of system defined by a second order
evolution inequality, coupled with a first order evolution equation. We present and
establish an existence and uniqueness result, by using general results on first order
evolution inequality, with monotone operators and fixed point methods. Finally a fully
discrete scheme for numerical approximations is provided, and corresponding various
numerical computations in dimension two will be given.

Keywords Long memory thermo-visco-elasticity · Sub-differential contact
condition · Non clamped condition · Dynamic process · Fixed point ·
Evolution inequality · Numerical simulations

1 Introduction

Because of their impacts in every life, contact mechanics still remain a rich domain
of research, and the literature devoted to various aspects of the subject is growing. An
early attempt at the study of contact problems for elastic viscoelastic materials within
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the mathematical analysis framework was introduced in the pioneering reference works
[6,7,15,17]. Further extensions to non convex contact conditions with non-monotone
and possible multi-valued constitutive laws led to the active domain of non-smooth
mechanic within the framework of the so-called hemivariational inequalities, for a
mathematical as well as mechanical treatment we refer to [10] and [18]. Difficult
problems with the lack of coerciveness, treated by non-coercive variational inequali-
ties, can be found in [1].

However, multiple contact problems are still open since the years 1970s: such as
uniqueness of static Signorini Coulomb frictional problems, solvability of dynamic
problems for purely elastic bodies, existence of energy conserving solutions etc., for
details see e.g. [7] or [8].

Our intention is not to solve these very hard problems. Here we are dealing with
infinitesimal model of thermal frictional problems for viscoelastic bodies. Firstly the
contact is governed by a general sub-differential condition on the velocity, which
includes several kinds of friction laws, such as Tresca’s one, or damped conditions.
This type of laws does not verify the model of impenetrability of mass, as in Signorini’s
condition. However, it is a good approximation in our infinitesimal model. For this rea-
son, it is frequently used in the literature, such as in [14]. Secondly, in our viscoelastic
motion, by the thermodynamic law of conservation of energy, the dissipated mechan-
ical energy is transformed into thermal energy. Then we include thermal effects by
a heat equation in the viscoelastic system, putting then the problem into a coupled
system, defined by a second order evolution inequality, and a differential equation
verified by the temperature. Of course, viscosity generates heat, adding in the weak
formulation some quadratic form of the linearized deformation, that we neglect in
our infinitesimal model. As a complement, more realistic complete models in thermo-
viscoelastic systems, with other frictional laws as Coulomb’s or Signorini’s, by taking
into account the viscous heat, could be found for example in [8]. On the other hand,
infinitesimal frictional models are widely studied in contact literature, see e.g. [14],
which remain approximative models, with some limitations on the impenetrability of
mass condition, or on the appropriated conservation laws of thermodynamics.

In [14], the authors study the infinitesimal anti-plane shear deformation of a cylin-
dric body, which is subjected to given surface and volume forces, in frictional contact
with a rigid foundation. The main purpose in this book is to show the cross-fertilization
between various two-dimensional frictional new and nonstandard models arising in the
anti-plane shear contact mechanics on the one hand, and numerous types of abstract
variational inequalities, on the other hand. Their the motion process is either static
or quasistatic. The material constitutive law could be purely elastic, or viscoelastic,
of short or long memory type. The frictional contact has been modeled by various
versions of slip-dependent or regularized types of Coulomb’s or Tresca’s power laws.
Existence, uniqueness, regularity and convergence results of weak solution on dis-
placement field have been proved.

This work is a continuation of the results obtained in [14]. We extend the previous
static or quasistatic anti-plane contact problems into a three dimensional dynamic
thermal problem, with the presentation of numerical computations. The important
point here is that the usual clamped condition has been deleted. The main difficulty
is that Korn’s inequality cannot be applied any more. For this proposal, following the
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technic already developed by Duvaut and Lions [7] for Coulomb’s friction models, we
use the inertial term of the dynamic process to compensate the loss of coerciveness in
the a priori estimates, for our general sub-differential contact condition. By change of
variable, we bring the coupled second order evolution inequality into a classical first
order evolution inequality. Then adopting fixed point methods frequently used in [14],
we prove an existence and uniqueness of displacement and temperature fields, using
monotonicity and convexity properties. Finally, to complete the novelties mentioned
above, we propose a numerical scheme for the approximation of the solution fields,
followed by the corresponding numerical computations.

The paper is organized as follows. In Sect. 2 we describe the mechanical problem,
specify the assumptions on the data to derive the variational formulation, and then we
state our main existence and uniqueness result. In Sect. 3, we give the proof of the
claimed result. In Sect. 4, we present several numerical simulations, showing then the
evolution of the displacement and temperature fields, as well as of the Von Mises’
stress norm.

2 Statement of the problem

In this section we study a class of thermal contact problems with sub-differential condi-
tions, for long memory visco-elastic materials. We describe the mechanical problems,
list the assumptions on the data and derive the corresponding variational formulations.
Then we state an existence and uniqueness result on displacement and temperature
fields, which we will prove in the next section.

The physical setting is as follows. A visco-elastic body occupies the domainΩ with
surface Γ that is divided into two disjoint measurable parts, ΓF and Γc. Let [0, T ] be
the time interval of interest, where T > 0. We assume that a volume force of density
f 0 acts in Ω × (0, T ) and that surface tractions of density f F act on ΓF × (0, T ).
The body may come in contact with an obstacle, the foundation, over the potential
contact surface Γc. The model of the contact is specified by a general sub-differential
boundary condition, where thermal effects may occur in the frictional contact with the
basis. We are interested in the dynamic evolution of the body.

Let us recall now some classical notations, see e.g. [7,16] for further details. We
denote by Sd the space of second order symmetric tensors on R

d (d = 2, 3), while
“ ·” and | · | will represent the inner product and the Euclidean norm on Sd and R

d .
Let Ω ⊂ R

d be a bounded domain with a Lipschitz boundary Γ and let ν denote the
unit outer normal on Γ . Everywhere in the sequel the indices i and j run from 1 to
d, summation over repeated indices is implied and the index that follows a comma
represents the partial derivative with respect to the corresponding component of the
independent variable. We also use the following notation:

H =
(
L2(Ω)

)d
, H = { σ = (σi j ) | σi j = σ j i ∈ L2(Ω), 1 ≤ i, j ≤ d},

H1 = {u ∈ H | ε(u) ∈ H }, H1 = { σ ∈ H | Div σ ∈ H }.

Here ε : H1 −→ H and Div : H1 −→ H are the deformation and the divergence
operators, respectively, defined by:
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ε(u) = (εi j (u)), εi j (u) = 1

2
(ui, j + u j,i ), Div σ = (σi j, j ).

The spaces H, H, H1 and H1 are real Hilbert spaces endowed with the canonical
inner products given by:

(u, v)H =
∫

Ω

uivi dx, (σ , τ )H =
∫

Ω

σi jτi j dx,

(u, v)H1 = (u, v)H + (ε(u), ε(v))H, (σ , τ )H1 = (σ , τ )H + (Div σ ,Div τ )H .

We recall that C denotes the class of continuous functions; and Cm, m ∈ N
∗ the set

of m times continuously differentiable functions.
Finally D(Ω) denotes the set of infinitely differentiable real functions with compact

support inΩ; and Wm,p ,m ∈ N, 1 ≤ p ≤ +∞ for the classical Sobolev spaces; and

Hm
0 (Ω) : ={w ∈ Wm,2(Ω), w = 0 on Γ }, m ≥ 1.

To continue, the mechanical problem is then formulated as follows.

Problem Q: Find a displacement field u : Ω × [0, T ] −→ R
d and a stress field

σ : Ω ×[0, T ] −→ Sd and a temperature field θ : Ω ×[0, T ] −→ R+ such that for
a.e. t ∈ (0, T ):

σ (t) = Aε(u̇(t))+ Gε(u(t))+
t∫

0

B(t − s) ε(u(s)) ds − θ(t)Ce in Ω

(2.1)

ü(t) = Div σ (t)+ f 0(t) in Ω (2.2)

σ (t)ν = f F (t) on ΓF (2.3)

u(t) ∈ U, ϕ(w)− ϕ(u̇(t)) ≥ −σ (t)ν · (w− u̇(t)) ∀w ∈ U on Γc (2.4)

θ̇ (t)− div(Kc ∇θ(t)) = −ci j ∂ u̇i
∂ x j

(t)+ q(t) on Ω (2.5)

−ki j ∂ θ
∂ x j

(t) ni = ke (θ(t)− θR) on Γc (2.6)

θ(t) = 0 on ΓF (2.7)

θ(0) = θ0 in Ω (2.8)

u(0) = u0, u̇(0) = v0 in Ω (2.9)

Here, (2.1) is the Kelving Voigt’s long memory thermo-visco-elastic constitutive law
of the body, σ the stress tensor, A is the viscosity operator, G for the elastic operator,
Ce : =(ci j ) represents the thermal expansion tensor, and B is the so called tensor of
relaxation which defines the long memory of the material, as an important particular
case, when B ≡ 0, we find again the usual visco-elasticity of short memory. In (2.1) is
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the dynamic equation of motion where the mass density � ≡ 1. On the contact surface,
the general relation (2.4) is a sub-differential boundary condition, where

D(Ω)d ⊂ U

represents the set of contact admissible test functions, σν denotes the Cauchy stress
vector on the contact boundary and ϕ : Γc × R

d −→ R is a given function. Var-
ious situations may be modeled by such a condition, and some concrete examples
will be recalled below. The differential equation (2.5) describes the evolution of the
temperature field, where Kc : =(ki j ) represents the thermal conductivity tensor, q(t)
the density of volume heat sources. The associated temperature boundary condition
is given by (2.6), where θR is the temperature of the foundation, and ke is the heat
exchange coefficient between the body and the obstacle. Finally, u0, v0, θ0 represent
the initial displacement, velocity and temperature, respectively.

One may remark that sinceϕ is assumed real-valued, then unilateral contact, defined
by indicator functions taking infinite values, is excluded. So the body is in fixed contact
with the foundation of the body according to a friction law. This is consistent with the
linear heat conduction modeled in (2.5). In the following Example 1 with the Tresca’s
friction law, as the contact is bilateral, one might consider the problem between two
deformable bodies.

We insist that the new feature here is due to the absence of the usual claimed
condition. However, there is coerciveness with regard to the temperature by (2.6).

To derive the variational formulation of the mechanical problems (2.1)–(2.9) we
need additional notations. Thus, let V denote the closed subspace of H1 defined by

D(Ω)d ⊂ V = H1 ∩U ;
E = {η ∈ H1(Ω), η = 0 on ΓF }.

We remark that the subspace V may be different or not to the whole space H1, depend-
ing on the set U of admissible contact conditions (see the two following Examples 1
and 2).

On V we consider the inner product given by

(u, v)V = (ε(u), ε(v))H + (u, v)H ∀u, v ∈ V,

and let ‖ · ‖V be the associated norm, i.e.

‖v‖2
V = ‖ε(v)‖2

H + ‖v‖2
H ∀ v ∈ V .

It follows that ‖ · ‖H1 and ‖ · ‖V are equivalent norms on V and therefore (V, ‖ · ‖V )
is a real Hilbert space. Moreover, by the Sobolev’s trace theorem, we have a constant
C0 > 0 depending only on Ω , and Γc such that

‖v‖L2(Γc) ≤ C0 ‖v‖V ∀ v ∈ V .
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In the study of the mechanical problem (2.1)–(2.9), we assume that the viscosity
operator A : Ω × Sd −→ Sd , (x, τ ) �−→ (ai jkh(x) τkh) is linear on the second
variable and satisfies the usual properties of ellipticity and symmetry, i.e.

⎧⎪⎪⎨
⎪⎪⎩

(i) ai jkh ∈ W 1,∞(Ω);
(ii) Aσ · τ = σ · Aτ ∀σ , τ ∈ Sd , a.e. in Ω;
(iii) there exists mA > 0 such that

Aτ · τ ≥ mA |τ |2 ∀τ ∈ Sd , a.e. in Ω

(2.10)

The elasticity operator G : Ω × Sd −→ Sd satisfies :

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(i) there exists LG > 0 such that
|G(x, ε1)− G(x, ε2)| ≤ LG |ε1 − ε2|
∀ε1, ε2 ∈ Sd , a.e. x ∈ Ω ;

(ii) x �−→ G(x, ε) is Lebesgue measurable on Ω,∀ε ∈ Sd ;
(iii) the mapping x �−→ G(x, 0) ∈ H

(2.11)

The relaxation tensor B : [0, T ] ×Ω × Sd −→ Sd , (t, x, τ ) �−→ (Bi jkh(t, x) τkh)
satisfies

⎧
⎨
⎩
(i) Bi jkh ∈ W 1,∞(0, T ; L∞(Ω));
(ii) B(t)σ · τ = σ · B(t)τ

∀σ , τ ∈ Sd , a.e. t ∈ (0, T ), a.e. in Ω
(2.12)

We suppose the body forces and surface tractions satisfy

f 0 ∈ W 1,2(0, T ; H), f F ∈ W 1,2(0, T ; L2(ΓF )
d) (2.13)

For the thermal tensors and the heat sources density, we suppose that

Ce = (ci j ), ci j = c ji ∈ L∞(Ω), q ∈ W 1,2(0, T ; L2(Ω)) (2.14)

The boundary thermal data satisfy

ke ∈ L∞(Ω; R
+), θR ∈ W 1,2(0, T ; L2(Γc)) (2.15)

The thermal conductivity tensor verifies the usual symmetry end ellipticity: for some
ck > 0 and for all (ξi ) ∈ R

d ,

Kc = (ki j ), ki j = k ji ∈ L∞(Ω), ki j ξiξ j ≥ ck ξiξi . (2.16)

Finally we have to put technical assumptions on the initial data and the sub-differential
condition on the contact surface, in order to use classical results on first order set
valued evolution equations. Many various possibilities could be considered (see e.g.
[2,3,12]). Here we use a general theorem taken in [12, p. 46], in a simplified case,
which is enough for our proposal and applications.
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We assume that the initial data satisfy the conditions

u0 ∈ V, v0 ∈ V ∩ H2
0 (Ω)

d , θ0 ∈ E ∩ H2
0 (Ω) (2.17)

On the contact surface, the following frictional contact function

ψ(w) : =
∫

Γc

ϕ(w) da

verifies

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(i) ψ : V −→ R is well defined, continuous and convex;
(ii) there exists a sequence of differentiable convex functions
(ψn) : V −→ R such that ∀w ∈ L2(0, T ; V ),∫ T

0 ψn(w(t)) dt −→ ∫ T
0 ψ(w(t)) dt, n −→ +∞;

(iii) for all sequence (wn) and w in W 1,2(0, T ; V ) such that
wn ⇀ w, w′

n ⇀ w′ weakly in L2(0, T ; V ),
then lim inf

n−→+∞
∫ T

0 ψn(wn(t)) dt ≥ ∫ T
0 ψ(w(t)) dt

(iv) ∀w ∈ V, (w = 0 on Γc �⇒ ∀n ∈ N, ψ ′
n(w) = 0V ′)

(2.18)

Here ψ ′
n(v) denotes the Fréchet derivative of ψn at v.

To continue, using Green’s formula, we obtain the variational formulation of the
mechanical problem Q in abstract form as follows.

Problem QV : Find u : [0, T ] → V, θ : [0, T ] → E satisfying a.e. t ∈ (0, T ):
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

〈ü(t)+ A u̇(t)+ B u(t)+ C θ(t), w− u̇(t)〉V ′×V
+

(∫ t
0 B(t − s) ε(u(s)) ds, ε(w)− ε(u̇(t))

)
H + ψ(w)− ψ(u̇(t))

≥ 〈f (t), w− u̇(t)〉V ′×V ∀w ∈ V ;
θ̇ (t)+ K θ(t) = Ru̇(t)+ Q(t) in E ′;
u(0) = u0, u̇(0) = v0, θ(0) = θ0.

Here, the operators and functions A, B : V −→ V ′, C : E −→ V ′, ψ : V −→
R, K : E −→ E ′, R : V −→ E ′, f : [0, T ] −→ V ′, and Q : [0, T ] −→ E ′ are
defined by ∀v ∈ V, ∀w ∈ V, ∀τ ∈ E, ∀η ∈ E :

〈A v,w〉V ′×V = (A(εv), εw)H;
〈B v,w〉V ′×V = (G(εv), εw)H;
〈Cτ,w〉V ′×V = −(τ Ce, εw)H;

〈f (t),w〉V ′×V = (f 0(t),w)H + (f F (t),w)(L2(ΓF ))d ;
〈Q(t), η〉E ′×E =

∫

Γc

ke θR(t) η dx +
∫

Ω

q(t) η dx;
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〈K τ, η〉E ′×E =
d∑

i, j=1

∫

Ω

ki j
∂τ

∂x j
∂η

∂xi
dx +

∫

Γc

ke τ · η da;

〈R v, η〉E ′×E = −
∫

Ω

ci j
∂vi

∂x j
η dx .

Theorem 1 Assume that (2.10)–(2.18) hold, then there exists an unique solution {u, θ}
to problem QV with the regularity :

{
u ∈ W 2,2(0, T ; V ) ∩W 2,∞(0, T ; H)
θ ∈ W 1,2(0, T ; E) ∩W 1,∞(0, T ; F). (2.19)

Before giving the proof, we show in the following two typical examples of sub-
differential conditions.

Example 1 Bilateral contact with Tresca’s friction law
The contact condition on Γc is bilateral, and satisfies (see e.g. [7,17]):

⎧⎨
⎩
uν = 0, |σ τ | ≤ g,
|σ τ | < g �⇒ u̇τ = 0,
|σ τ | = g �⇒ u̇τ = −λσ τ , for some λ ≥ 0,

on Γc × (0, T ).

Here g represents the friction bound, i.e., the magnitude of the limiting frictional
traction at which slip begins, with g ∈ L∞(Γc), g ≥ 0 a.e. on Γc. We deduce the
admissible displacement space:

V := {w ∈ H1; with wν = 0 on Γc},

and the sub-differential contact function:

ϕ(x, y) = g(x)|yτ(x)| ∀x ∈ Γc, y ∈ R
d ,

where yτ(x) := y − yν(x)ν(x), yν(x) := y · ν(x), with ν(x) the unit normal at x ∈ Γc.
We have then

ψ(v) :=
∫

Γc

g |vτ | da, ∀v ∈ V

is well defined on V with the property: for some c > 0,

|ψ(w)− ψ(v)| ≤ c ‖v− w‖L2(Γc)d , ∀v, w ∈ V .

Let us show that assumptions in (2.18) are verified.
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Firstly it is clear that ψ : V −→ R is convex. By using the continuous embedding
from V into L2(Γc)

d and the last inequality, we find that

ψ is Lipschitz continuous on V .

This gives (2.18)(i). To approximate the function ψ , we use the sequence

ψn(v) :=
∫

Γc

g
√

|vτ |2 + 1

n
da, ∀v ∈ V, ∀n ∈ N

∗.

We verify that the Frechet derivative of ψn is given by

ψ ′
n(v).h =

∫

Γc

g
(vτ , hτ )Rd√

|vτ |2 + 1
n

da, ∀h ∈ V .

Then ψn is of class C1.
From the previous formula, it is clear that the derivative ψ ′

n (n ≥ 1) is a monotone
operator. Then ψn is convex for all n ≥ 1. Another longer way to find this property is
to use direct algebraic computations. One may show that for all α ≥ 0, β ≥ 0 such
that α + β = 1, and for all reals x and y, n ≥ 1:

√
(α x + β y)2 + 1

n
≤ α

√
x2 + 1

n
+ β

√
y2 + 1

n
. (2.20)

The convergence property in (2.18)(ii) follows from Lebesgue’s dominated conver-
gence theorem.

To justify (2.18) (iii) we use the following compact embedding theorem (see e.g.
[13])

wn ⇀ w, w′
n ⇀ w′ weakly in L2(0, T ; V ) �⇒ wn −→ w

stronly in L2(0, T ; L2(Γ )d)

and the fact that

ψn(wn) ≥ ψ(wn), ∀n ∈ N
∗,

and from the continuity of ψ :

T∫

0

ψ(wn) −→
T∫

0

ψ(w), n −→ +∞.

Finally (2.18) (iv) is immediate from the Frechet derivative of ψn . ��
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Example 2 Normal damped response and Tresca’s friction law
The normal damped response contact condition with Tresca’s friction law (see e.g.

[5]) is defined by:

⎧⎨
⎩

−σν = k0 |u̇ν |r−1u̇ν, |σ τ | ≤ g,
|σ τ | < g �⇒ u̇τ = 0,
|σ τ | = g �⇒ u̇τ = −λσ τ , for some λ ≥ 0,

on Γc × (0, T ).

Here 0 < r < 1 and g, k0 ∈ L∞(Γc), g ≥ 0, k0 ≥ 0. The coefficient k0 represents the
hardness of the foundation, and g the friction threshold. The admissible displacement
space is given by:

V := H1

and the sub-differential contact function

ϕ(x, y) = 1

r + 1
k0(x) |yν(x)|r+1 + g(x)|yτ (x)| ∀x ∈ Γc, y ∈ R

d .

Then denoting by p := r + 1, we have the contact function well defined on V by

ψ(v) :=
∫

Γc

k0

p
|vν |p da,+

∫

Γc

g |vτ | da, ∀v ∈ V .

Here 1 < p < 2. Then the mapping x ≥ 0 �−→ x p is convex, which implies that
ψ is convex on V . Using the continuous embeddings from V into L2(Γc)

d , and from
L2(Γc) into L p(Γc), we verify also that

ψ is Lipschitz continuous on V .

To approximate the function ψ we use the sequence

ψn(v) :=
∫

Γc

k0

p

(
|vν |2 + 1

n

) p
2 da +

∫

Γc

g
√

|vτ |2 + 1

n
da, ∀v ∈ V, ∀n ∈ N

∗.

We verify that the Frechet derivative of ψn is given by

ψ ′
n(v).h :=

∫

Γc

k0
vν hν

(|vν |2 + 1
n )

1− p
2
da +

∫

Γc

g
(vτ , hτ )Rd√

|vτ |2 + 1
n

da, ∀h ∈ V .

From the fact that the mapping x ≥ 0 �−→ x p is convex increasing, and using (2.20),
we verify that ψn is convex for all n ≥ 1. Similarly we have the conditions (ii)–(iv) in
(2.18) by the same arguments than in the previous example.

Then we conclude that the assumptions in (2.18) are also satisfied in this example.
��
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3 Proof of Theorem 1

The idea is to bring the second order inequality to a first order inequality, using
monotone operator, convexity and fixed point arguments, and will be carried out in
several steps.

Let us introduce the velocity variable

v = u̇.

The system in Problem QV is then written for a.e. t ∈ (0, T ):
⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

u(t) = u0 + ∫ t
0 v(s) ds;

〈v̇(t)+ A v(t)+ B u(t)+ C θ(t), w− v(t)〉V ′×V
+(∫ t0 B(t − s) ε(u(s)) ds, ε(w)− ε(v(t)))H + ψ(w)− ψ(v(t))
≥ 〈f (t), w− v(t)〉V ′×V ∀w ∈ V ;

θ̇ (t)+ K θ(t) = R v(t)+ Q(t) in E ′;
v(0) = v0, θ(0) = θ0,

with the regularity

{
v ∈ W 1,2(0, T ; V ) ∩W 1,∞(0, T ; H)
θ ∈ W 1,2(0, T ; E) ∩W 1,∞(0, T ; F).

Various abstract formulations concerning the existence and uniqueness result on par-
abolic variational inequalities of the second kind, could be found in the literature,
depending on the assumptions on the operators and data (see e.g. [3,7,12]). We will
use a version taken in [7, p. 46], which is sufficient for our proposal, and which we
recall as follows.

Theorem 2 Let A : V −→ V ′ be linear continuous satisfying the following semi-
coercive condition,

∃c1 ∈ R, ∃c2 > 0, ∀w ∈ V, 〈Aw,w〉V ′×V + c1 ‖w‖2
H ≥ c2 ‖w‖2

V ;

and {ψ; (ψn)} verifying the hypotheses (2.18), F ∈ W 1,2(0, T ; V ′), and v0 ∈ V
satisfying: there exists a sequence (vn0) in V , there exists a bounded sequence (hn) in
H such that vn0 −→ v0 in V and for all n ∈ N,

〈A vn0, w〉V ′×V + 〈ψ ′
n(v

n
0), w〉V ′×V = (hn, w)H , ∀w ∈ V .

Then there exists an unique

v ∈ W 1,2(0, T ; V ) ∩W 1,∞(0, T ; H)

11



satisfying:
⎧
⎨
⎩

〈v̇(t),w− v(t)〉V ′×V + 〈A v(t),w− v(t)〉V ′×V + ψ(w)− ψ(v(t))
≥ 〈F(t),w− v(t)〉V ′×V , ∀w ∈ V, a.e. t ∈ (0, T );

and v(0) = v0.

��
We can apply the Theorem 2: for we have from the definition of A and using (2.10)
(iii) that

∀w ∈ V, 〈Aw,w〉V ′×V ≥ mA (‖w‖2
V − ‖w‖2

H ).

The conditions on v0 in (2.17) imply that there exists a sequence (vn0) in D(Ω)d such
that vn0 −→ v0 for ‖ · ‖H2(Ω)d . Then

ψ ′
n(v

n
0) = 0V ′ , ∀n ∈ N

and

hn := A vn0 = −Div(A(εvn0)) −→ −Div(A(εv0)) = A v0 in H.

Thus (hn) defines a bounded sequence in H . ��
To continue, we assume in the sequel that the conditions (2.10)–(2.18) of the The-

orem 1 are satisfied. Let define

W := {η ∈ W 1,2(0, T ;H), η(0) = G(εu0)− θ0 Ce}.

We begin by

Lemma 1 For all η ∈ W , there exists an unique

vη ∈ W 1,2(0, T ; V ) ∩W 1,∞(0, T ; H)

satisfying
⎧
⎪⎪⎨
⎪⎪⎩

〈v̇η(t)+ A vη(t), w− vη(t)〉V ′×V + (η(t), ε(w)− ε(vη(t)))H
+ψ(w)− ψ(vη(t)) ≥ 〈f(t),w− vη(t)〉V ′×V ,
∀w ∈ V, a.e. t ∈ (0, T );

vη(0) = v0.

(3.1)

Moreover, ∃c > 0 such that ∀η1, η2 ∈ W:

‖vη2(t)− vη1(t)‖2
H +

t∫

0

‖vη1 − vη2‖2
V ≤ c

t∫

0

‖η1 − η2‖2
H, ∀t ∈ [0, T ]. (3.2)

12



Proof Letη ∈ W . The existence and uniqueness of vη follows straightly from Theorem
2, where we apply F defined by for all t ∈ [0, T ],

〈F(t),w〉V ′×V := 〈 f (t),w〉V ′×V − (η(t), ε(w))H, ∀w ∈ V .

The assumptions in (2.13) imply that F ∈ W 1,2(0, T ; V ′).
Now let η1, η2 ∈ W . In (3.1) we take (η = η1, w = vη2(t)), then (η = η2, w =

vη1(t)). Adding the two inequalities, we deduce that for a.e. t ∈ (0, T )

〈v̇η2(t)− v̇η1(t), vη2(t)− vη1(t)〉V ′×V + 〈A vη2(t)− A vη1(t), vη2(t)− vη1(t)〉V ′×V
≤ −(η2(t)− η1(t), ε(vη2(t))− ε(vη1(t)))H.

Then integrating over (0, t), from (2.10) (iii) and from the initial condition on the
velocity, we obtain:

∀t ∈ [0, T ], ‖vη2(t)− vη1(t)‖2
H + mA

t∫

0

‖vη2(s)− vη1(s)‖2
V ds

≤ −
t∫

0

(η2(s)− η1(s), ε(vη2(s))− ε(vη1(s)))H ds + mA

×
t∫

0

‖vη2(s)− vη1(s)‖2
H ds.

We conclude that ∃c > 0 such that ∀η1, η2 ∈ W, ∀t ∈ [0, T ]:

‖vη2(t)− vη1(t)‖2
H +

t∫

0

‖vη1(s)− vη2(s)‖2
V ds

≤ c
t∫

0

‖η1(s)− η2(s)‖2
Hds + c

t∫

0

‖vη2(s)− vη1(s)‖2
H ds. (3.3)

Now let fix τ ∈ [0, T ]. We have ∀t ∈ [0, τ ]:

‖vη2(t)− vη1(t)‖2
H ≤ c

τ∫

0

‖η1(s)− η2(s)‖2
H + c

t∫

0

‖vη2(s)− vη1(s)‖2
H ds.

Using then Gronwall’s inequality, we obtain ∀τ ∈ [0, T ]:

‖vη2(τ )− vη1(τ )‖2
H ≤

⎛
⎝c

τ∫

0

‖η1(s)− η2(s)‖2
H

⎞
⎠ ecT .
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Finally, integrating the last inequality and reporting the result in (3.3), we get (3.2).
��

Here and below, we denote by c > 0 a generic constant, which value may change
from lines to lines.

Lemma 2 For all η ∈ W , there exists an unique

θη ∈ W 1,2(0, T ; E) ∩W 1,∞(0, T ; F)

satisfying
{
θ̇η(t)+ K θη(t) = R vη(t)+ Q(t), in E ′, a.e. t ∈ (0, T ),
θη(0) = θ0.

(3.4)

Moreover, ∃c > 0 such that ∀η1, η2 ∈ W:

‖θη1(t)− θη2(t)‖2
F ≤ c

t∫

0

‖vη1 − vη2‖2
V , ∀t ∈ [0, T ]. (3.5)

and

‖θ̇η1(t)− θ̇η2(t)‖2
F ≤ c

t∫

0

‖vη1 − vη2‖2
V , a.e. t ∈ (0, T ). (3.6)

Proof The existence and uniqueness result verifying (3.4) follows from classical result
on first order evolution equation, which can be seen as a particular case of Theorem 2
applied to the Gelfand evolution triple (see e.g. [19, p. 416]):

E ⊂ F ≡ F ′ ⊂ E ′.

We verify that the operator K : E −→ E ′ is linear continuous and strongly monotone,
and from the expression of the operator R,

vη ∈ W 1,2(0, T ; V ) �⇒ R vη ∈ W 1,2(0, T ; F),

as Q ∈ W 1,2(0, T ; E ′) then R vη + Q ∈ W 1,2(0, T ; E ′).
Now for η1, η2 ∈ W , we have for a.e. t ∈ (0; T ):

〈θ̇η1(t)− θ̇η2(t), θη1(t)− θη2(t)〉E ′×E + 〈K θη1(t)− K θη2(t), θη1(t)− θη2(t)〉E ′×E
= 〈R vη1(t)− R vη2(t), θη1(t)− θη2(t)〉E ′×E .

Then integrating the last property over (0, t), using the strong monotonicity of K and
the Lipschitz continuity of R : V −→ E ′, we deduce (3.5).
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To continue, from

θ̇η ∈ L2(0, T ; E)

and from (3.4) which implies

θ̈η(t)+ K θ̇η(t) = R uη(t)+ Q̇(t) a.e. t ∈ (0, T ) �⇒ θ̈η ∈ L2(0, T ; E ′),

we deduce that

θ̇η ∈ C([0, T ]; F).

Then that for η1, η2 ∈ W , we have for a.e. t ∈ (0; T ):

〈θ̈η1(t)−θ̈η2(t), θ̇η1(t)−θ̇η2(t)〉E ′×E+〈K θ̇η1(t)−K θ̇η2(t), θ̇η1(t)− θ̇η2(t)〉E ′×E
= 〈R uη1(t)− R uη2(t), θ̇η1(t)− θ̇η2(t)〉E ′×E .

Integrating the last property over (0, t), and with similar arguments we deduce

‖θ̇η1(t)− θ̇η2(t)‖2
F ≤ c

t∫

0

‖uη1 − uη2‖2
V , a.e. t ∈ (0, T ).

And (3.6) follows. ��
Proof of Theorem 1 We have now all the ingredients to prove the Theorem 1.

Consider the operator Λ : W → W defined by for all η ∈ W:

Λη (t) = G(ε(uη(t)))+
t∫

0

B(t − s) ε(uη(s)) ds − θη(t)Ce, ∀t ∈ [0, T ],

where

uη(t) = u0 +
t∫

0

vη(s) ds, ∀t ∈ [0, T ]; uη ∈ W 2,2(0, T ; V ).

Then from (2.11), (2.12), and Lemma 2, we deduce that for all η1, η2 ∈ W , for all
t ∈ [0, T ]:

‖Λη1 (t)−Λη2 (t)‖2
H ≤ c ‖θη1(t)− θη2(t)‖2

F + c
t∫

0

‖vη1(s)− vη2(s)‖2
V ds

≤ c
t∫

0

‖vη1(s)− vη2(s)‖2
V ds. (3.7)
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Again from (2.12) and (2.11), we have

∥∥∥∥∥∥
d
dt

⎛
⎝

t∫

0

B(t − s) ε(uη1(s)) ds −
t∫

0

B(t − s) ε(uη2(s)) ds

⎞
⎠

∥∥∥∥∥∥

2

H

≤ c ‖uη1(t)− uη2(t)‖2
V + c

t∫

0

‖uη1(s)− uη2(s)‖2
V ds

≤ c
t∫

0

‖vη1(s)− vη2(s)‖2
V ds.

and

∥∥∥ ddt
(
G(ε(uη1(t)))− G(ε(uη2(t)))

)∥∥∥
2

H ≤ c ‖vη1(t)− vη2(t)‖2
V .

Then

∥∥∥ ddt
(
Λη1 (t)−Λη2 (t)

)∥∥∥2

H ≤c ‖vη1(t)−vη2 (t)‖2
V +c

t∫

0

‖vη1(s)− vη2 (s)‖2
V ds. (3.8)

Now using (3.7) and (3.8), after some algebraic manipulations, we have for any β > 0:

t∫

0

e−βτ
(
‖Λη1 (τ )−Λη2 (τ )‖2

H + ‖ ˙Λη1 (τ )− ˙Λη2 (τ )‖2
H

)
dτ

≤ c
β

t∫

0

e−βτ
(
‖η1(τ )− η2(τ )‖2

H + ‖η̇1(τ )− η̇2(τ )‖2
H

)
dτ.

We conclude from the last inequality by contracting principle that the operator Λ has
a unique fixed point η∗ ∈ W . We verify then that the functions

u(t) := u0 +
t∫

0

vη∗ , ∀t ∈ [0, T ], θ := θη∗

are solutions to problem QV with the regularity (2.19), the uniqueness follows from
the uniqueness in Lemmas 1 and 2. ��
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4 Numerical computations

Here we propose a discrete scheme for the approximation of the solution fields on
velocity and temperature, and provide the corresponding numerical simulations.

For the discretization methods on evolution inequalities, we refer to [4] or [9] for the
general functional analysis, and we recommend [11] in the framework of viscoelastic
contact problems.

Now let us consider Ω ⊂ R
2, a polygonal domain. Let T h be a regular finite

element partition of Ω . Let V h ⊂ V and Eh ⊂ E be the finite element space con-
sisting of piecewise affine functions, with h > 0 a discretization parameter. Denote
by Πh

V : H2(Ω)2 → V h and Πh
E : H2(Ω) → Eh the corresponding finite ele-

ment interpolation operator. We divide the time interval [0, T ] into N equal parts:
tn = n k, n = 0, 1, . . . , N , with the time step k = T/N . For a continuous function
w ∈ C([0, T ]; X) with values in a space X , we use the notation wn = w(tn) ∈ X .
Then we introduce the following fully discrete scheme.

Problem Phk . Find vhk = {vhkn }Nn=0 ⊂ V h, θhk = {θhkn }Nn=0 ⊂ Eh such that

vhk0 = vh0, θhk0 = θh0

and for n = 1, · · · , N ,

(vhkn − vhkn−1

k
, wh − vhkn

)
H

+ 〈A vhkn , wh − vhkn 〉V ′×V + 〈B uhkn−1, w
h − vhkn 〉V ′×V

+〈C θhkn−1, w
h − vhkn 〉V ′×V + ψ(wh)− ψ(vhkn )

+
(
k
n−1∑
m=0

B(tn − tm) ε(uhkm ), ε(wh)− ε(vhkn )

)

H
≥ 〈f n, wh − vhkn 〉V ′×V , ∀wh ∈ V h;

(θhkn − θhkn−1

k
, ηh

)
F

+ 〈K θhkn , ηh〉E ′×E

= 〈R vhkn , ηh〉E ′×E + 〈Qn, ηh〉E ′×E , ∀ ηh ∈ Eh;

where

uhkn = uhkn−1 + k vhkn , uhk0 = uh0 .

Here uh0 ∈ V h, vh0 ∈ V h, θh0 ∈ Eh are approximations of the initial values u0, v0, θ0,
defined by

uh0 = Πh
V u0, vh0 = Πh

V v0, θh0 = Πh
E θ0.

Here we provide numerical simulations derived from the previous discrete schemes,
by using Matlab computation codes, in the cases of two typical examples of

17



Fig. 1 Initial configuration
ΓF

Γu

fF

ΓF

ΓF

Ω
Thermal Contact

f0

sub-differential conditions, the bilateral contact, and the normal damped response
both with Tresca’s friction law.

4.1 Bilateral contact with Tresca’s friction law

We consider for computations a rectangular open set, linear elastic and long memory
viscoelastic operators.

Ω = (0, L1)× (0, L2);
ΓF = ({0} × [0, L2]) ∪ ([0, L1] × {L2}) ∪ ({L1} × [0, L2]); Γu = [0, L1] × {0};
(G τ )i j = E κ

1 − κ2 (τ11 + τ22) δi j + E
1 + κ

τi j , 1 ≤ i, j ≤ 2, τ ∈ S2;
(A τ )i j = μ (τ11 + τ22) δi j + η τi j , 1 ≤ i, j ≤ 2, τ ∈ S2;
(B(t) τ )i j = B1(t) (τ11 + τ22) δi j + B2(t) τi j , 1 ≤ i, j ≤ 2, τ ∈ S2, t ∈ [0, T ]

Here E is the Young’s modulus, κ the Poisson’s ratio of the material and δi j denotes
the Kronecker symbol, and μ and η are viscosity constants.

We refer to the previous numerical scheme, and use spaces of continuous piecewise
affine functions V h ⊂ V and Eh ⊂ E as families of approximating subspaces. For
computations we considered the following data (IS unity), ∀t ∈ [0, T ]:

L1 = L2 = 1, T = 1

μ = 10, η = 10, E = 2, κ = 0.1, f 0(x, t) = (0, −t)
f F (x, t) = (0, 0), ∀x ∈ {0} × [0, L2]
f F (x, t) = (1, 0), ∀x ∈ ([0, L1] × {L2}) ∪ ({L1} × [0, L2])
ci j = ki j = ke = 1, 1 ≤ i, j ≤ 2, q = 1

B1(t) = B2(t) = 10−2 e−t

u0 = (0, 0), v0 = (0, 0), θ0 = 0

In Fig. 1 is representing the initial configuration.
In Fig. 2 the deformed configuration at final time, in the case of visco-elasticity

of long memory, where the relaxation coefficients are positive decreasing, for two
different types of Tresca’s friction bounds. For small friction bound, where g(x, 0) =
x
2 , 0 ≤ x ≤ 1, we observe on the contact surface a slip phenomena in the direction

18



0 0.5 1 1.5 2 2.5
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

, ,

Fig. 2 Long memory deformed configurations at final time, θR(t) = 10, 0 ≤ t ≤ 1
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Fig. 3 Von Mises’ norm in long memory deformed configurations, θR(t) = 10, 0 ≤ t ≤ 1

of the surface fraction on ΓF : which means that the friction bound has been obtained,
in the zone of the values of x near to 1. Whereas for large friction bound, e.g. for
g(x, 0) = 10 x, 0 ≤ x ≤ 1, then slip in the direction of the traction could not be
realized.

In Fig. 3, we compute the Von Mises’ norm, for long memory, which gives a global
measure of the stress in the body. The maxima of the norm could be seen in the
neighborhood of the point (0, 1) for small friction bounds, and in the neighborhood
of the point (1, 0) for large friction bounds.

In Fig. 4, we show the influence of the different temperatures of the foundation
(θR(t) = 0 or θR(t) = 10) on the temperature field of the body.

4.2 Normal damped response with Tresca’s friction law

We take again the rectangular open set, with linear elasticity and visco-elasticity. For
computations we used the following data (IS unity), ∀t ∈ [0, T ]:
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Fig. 4 Temperature field at final time in long memory, g(x, 0) = x
2 , 0 ≤ x ≤ 1
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Fig. 5 Long memory deformed configurations at final time, θR(t) = 10, 0 ≤ t ≤ 1

1

2

3

4

5

6

7

8

0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

2

4

6

8

10

12

14

16

18

0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

,,

Fig. 6 Von Mises’ norm in long memory deformed configurations, θR(t) = 10, 0 ≤ t ≤ 1

L1 = L2 = 1, T = 1

μ = 10, η = 10, E = 2, κ = 0.1, f 0(x, t) = (0, −t)
f F (x, t) = (0, 0), ∀x ∈ {0} × [0, L2]
f F (x, t) = (1, 0), ∀x ∈ ([0, L1] × {L2}) ∪ ({L1} × [0, L2])
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Fig. 7 Temperature field at final time in long memory, k0(x, 0) = 15, 0 ≤ x ≤ 1

ci j = ki j = ke = 1, 1 ≤ i, j ≤ 2, q = 1

g(x, 0) = x
2
, 0 ≤ x ≤ 1, r = 0.5

B1(t) = B2(t) = 10−2 e−t

u0 = (0, 0), v0 = (0, 0), θ0 = 0

We show in Fig. 5 the deformed configuration at final time, through the body for
different normal damped response coefficients k0, we verify that the penetrability of
the foundation depends on its coefficient of hardness. In Fig. 6 we compute the Von
Mises’ norm, larger stress near the contact surface is then observed for hard obstacle.
Finally in Fig. 7 we find again the influence of the temperature of the foundation on
the temperature field of the body, and on the final deformed configurations.
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