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1 Introduction

Duality theory has played a key role in the study of semi-infinite program-
ming [13,15,16,22] which traditionally assumes perfect information (that is,
accurate values for the input quantities or system parameters), despite the
reality that such precise knowledge is rarely available in practice for real-
world optimization problems. The data of real-world optimization problems
more often than not are uncertain (that is, they are not known exactly at
the time of the decision) due to estimation errors, prediction errors or lack
of information [3-6].

Robust optimization [2] provides a deterministic framework for study-
ing mathematical programming problems under uncertainty. It is based on
a description of uncertainty via sets, as opposed to probability distributions
which are generally used in stochastic approaches [7,24]. A successful treat-
ment of robust optimization approach for linear programming problems as
well as convex optimization problems under data uncertainty has been given
by Ben-Tal and Nemirovski [3-5], and El Ghaoui [12].

The present work was motivated by the recent development of robust
duality theory [1,21] for convex programming problems in the face of data
uncertainty. To set the context of this work, consider a standard form of
linear semi-infinite programming (SIP) problem in the absence of data un-
certainty:

(SP) inf (c,x)
s.t. (ag,x) > by, VL €T,

where T is an arbitrary (possible infinite) index set, ¢, a; € R", and b; €
R, t € T. The linear SIP problem in the face of data uncertainty in the
constraints can be captured by the parameterized model problem

(USP) inf (c,x)
s.t. (ae(ve), ) > be(wy), VE € T,

where a; : Vy — R", b : Wy — RV, € R, W, C R%, ¢1,q0 € N.
The uncertain set-valued mapping U : T = RI, ¢ = g1 + g2, is defined
as Uy := Vp x W; for all t € T. We represent by uy := (v, w) € Vy X
W; an arbitrary element of U; or a variable ranging on U;. So, gphl =
{(t,us) : us € Uy, t € T}. Throughout the paper, u € U means that u is a
selection of U, i.e., that u : T — R? and u; € Uy for all ¢ € T (u can be
also represented as (u¢),cp). In stochastic programming [7,24] each set U; is
equipped with a probability distribution and each selection of U determines
a scenario for (SP).

As an illustration of the model, consider the uncertain linear SIP prob-
lem:

inf  {xz: atlxl + a?l’g >by, teT}
(z1,2)€ER?
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where the data a},a? are uncertain, and for each t € T := [0,1], a} €
[—1 —2t,—1 + 2t], a? € [1/(2+t),1/(2 — t)] and by = —1. Then, this

uncertain problem can be captured by our model as

inf I

st. (=14 201z + (ﬁ) 2y > 1, VteT,
where u; = (v},v},w;) € R? is the uncertain parameter and u; € U; =
Vi x Wy with Vy = [—t,t] x [—t,t] and W; = {0}. In this case, a;(v},v}) =
(=14 2vf,1/(24 v})) and by(wy) = —1.

The robust counterpart of (USP) [1,3,5] is
(RSP) inf (c,x) (1)
s.t. <CLt(Ut),.’,E> Z bt(wt), V(t,Ut) € gph?/{

The problem (RSP) is indeed a linear SIP problem. We assume that (RSP)
is a consistent problem with a closed and convex feasible set

F:={x:{as(vy),x) > by(wy), V (t,us) € gphU} # 0.

Now, for each fixed selection u € U, the Lagrangian dual of (USP) is

(DP) sup {Z At (we) : —c+ Z Arar(vy) = 0} )

AERf) teT teT

where Rf) denotes the set of mappings A : T' — R, (also denoted by
(At)ter) such that A\; = 0 except for finitely many indexes, and sup ) = —oo
by convention.

The optimistic counterpart [1,21] of the Lagrangian dual of (DP) is
given by

(ODP) sup {Z Aebi(wy) + —c+ Z Arar(vy) = 0} .

u=(ve,we)eer €U yerp teT
Aer(”

By construction,
inf(RSP) > sup(ODP).

If inf(RSP) = —oo, then (ODP) has no feasible solution, i.e.
cé U cocone{az(vy),t € T},
u=(v¢,we)rer €U

where co cone{a(v:),t € T'} denotes the convex cone generated by {a:(v:),t €
T}. We say that robust duality holds whenever inf(RSP) = max(ODP), i.e.

inf{{(c,z) :x € F} = max {Z Abe(wy) @ —c+ Zktat(vt) = O}

u=(v¢,wt)eeT €U teT teT
Aer("
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whenever inf(RSP) is finite.

In this paper, we make the following key contributions: Firstly, we es-
tablish that robust duality holds for (USP) whenever the robust moment
cone,

M = U coconef(at(vt),be(wy)),t € T;(0,,—1)},

u=(ve,we)reT €U

is closed and convex. We further show that the closed-convex robust moment
cone condition in the case of constraint uncertainty is in fact necessary and
sufficient for robust duality in the sense that robust moment cone is closed
and convex if and only if robust duality holds for every linear objective
function of the program.

We also derive strong duality between the robust counterpart (RSP) and
its standard (or Haar) dual problem [15] in terms of a robust characteristic
cone, illustrating the link between the Haar dual and the optimistic dual.

Secondly, for the important case of affinely parametrized data uncer-
tainty [2], we show that the convexity of the robust moment cone always
holds and that it is closed under a robust Slater constraint qualification
together with suitable topological requirements on the index set and the
uncertainty set of the problem.

Thirdly, we derive robust forms of Farkas’ lemma [10,11,17] for systems
of uncertain semi-infinite linear inequalities in terms of the robust moment
cone and the robust characteristic cones.

Finally, we extend our results to deal with uncertain linear SIP problems
where data uncertainty occurs at both objective function and at constraints.

The organization of the paper is as follows. Section 2 provides robust
duality theorems under geometric conditions in terms of robust moment
and characteristic cones. Section 3 shows that these cone conditions are
satisfied if and only if robust duality holds for every linear objective function.
Section 4 presents robust Farkas’ lemma for uncertain semi-infinite linear
inequalities. Section 5 extends the results to deal with uncertain linear STP
problems where data uncertainty occurs at both objective function and
constraints.

2 Robust Duality

Let us introduce the necessary notation. We denote by ||-|| and B,, the
Fuclidean norm and the open unit ball in R™. By 0,, we represent the null
vector of R™. For a set C' C R”, we define its convex hull coC' and conical
hull coneC as coC' = {31 Aic; : A > 0,5 A =1,¢; € C,m € N} and
cone C' = J,5o AC, respectively. The topological closure of C'is cl C. Given
h: R™ — R U {400}, such that h # +oco, the epigraph of h is

epih := {(z,7) € R"™! : h(z) <r}
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and the conjugate function of h is h*: R™ — RU {+o0o} such that
h*(v) :=sup{(v,z) — h(z) | € domh}.
The indicator and the support functions of C' are denoted respectively by
50 and 52
Let C C R™ be a convex set and h: C — R. Identifying h with its
extension to R™ by defining h (z) := +oo for any = ¢ C, h is called convex
when epih is convex, concave when —h is convex, and affine when it is both

convex and concave on C.
We define the robust moment cone of (RSP) as

M= U cocone{(a;(vy), by (wy)),t € T5(0,,—1)}. (2)

u=(v¢,wt)reT €U
The next academic example shows that M can be neither convex nor closed.
Ezxample 1 Consider the simple uncertain linear SIP problem
(SP) inf —T1 — X2
sit. {(ag,x) > by, VE €T,
where T' = [0, 1], ap is uncertain on the set
Vo = {(cosa,sina) : a € [0,27] N Q}

(a dense subset of the circle {z : ||z|| = 1}) whereas the remaining data are
deterministic: by = —1 and (at, b¢) = (02, —1) for ¢ € ]0,1]. This uncertain
problem can be modeled as

(USP) inf —xq1 — a9
s.b. (a(ve), ) > be(we), VE €T,
with uncertain mapping U such that Uy = Vo x {—1} and U; = {(0,0,—1)}
for all ¢ € ]0,1], and associated functions ag (vg) = —vo, at(ve) = v = O,
for all ¢t € ]0,1], and by(w¢) = wy = —1, for all ¢ € [0,1]. Observe that
there exists a one-to-one correspondence between the selections of U and

the elements of Vy because the unique uncertain constraint is (ag,z) > bp.
So, the robust counterpart and the robust moment cone are

(RSP) inf —x1 — x9
s.t. — (vg, ) > —1,Vvg € Vo,
(0g,2) > —1,Vt €]0,1],

and
M = Uvoevo cocone{(—vg,—1),(02,—1)},

respectively. Thus M is the union of countable many 2-dimensional convex
cones having a common edge on the vertical axis. Obviously, M is neither
convex nor closed. As F' = cl B, the unique optimal solution is (\/5/2, ﬂ/2)
and min(RSP) = —/2. Concerning the robust dual problem (ODP), it is
inconsistent because (1,1) ¢ cocone{vg, 02} = R;{vg} whichever vy € Vp
we consider (cos a # sin a for any « € [0, 27]NQ), so that max(ODP) = —oo
by convention, i.e., there is an infinite duality gap.
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Theorem 1 If the robust moment cone M is closed and convex, then
inf(RSP) = max(ODP).
Proof. Let o := inf(RSP) € R. Tt follows that
[(at(ve), ) > be(wy), V (¢, ue) € gphU] = {(c,x) —a >0, (3)
where u; = (vg, wy). Define g : R* — R by

g(x) = sup {—(ai(ve),z) + bi(wi)}.
(t,us)EgphU

As g is supremum of a collection of affine functions, g is convex, F = {z :
g(x) <0}, and (3) is equivalent to

g(z) <0 = (c,z) —a>0.

Let f(x) := (¢, z) + dp(x). This implies that f(z) > « for all z € R™. So,
we have (see, e.g., [9] and [23])

(0, —a) € epif” = cl(epi({c,.))" + epidF)
= epi({c,.))" + epidp
= ({c} x Ry) + epidy.

Note that dg<g) = supy>o(Ag) and

epi <sup fl) T clco (U epi f) (4)

= icl

(see, e.g., [14, (2.3)]). Tt follows that

epidy = epi (sup(Ag)) =clco U epi(Ag)*

A>0 230

As Ag = Sup(y y,)egpnud (—A@t(vt), T) + Aby(wy) }, we have by applying again

(4)

epi(Ag)* = clco ( U [(=Aag(ve), —Abg(wy)) + {05} X R+]> .

(t,ut)€gph U
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This gives us that

epidy = clco U epi(Ag)*

A>0
= clco U cleo U [—A(at(ve), be(wy)) + {05} X Ry]
A>0 (t,us)EgphU

—deo[J U M@0, bi(wn) + 00} x By ] (5)

A>0 (t,us)EgphU

= —clco U U [(Aat(ve), be(wy)) + {0} x R_]

A>0 (t,uy)EgphU

On the other hand, Lemma 5.1 of Appendix shows that

ol U Paw),bi(w)) +{0n} x R_] | =coM,

A>0 (t,us)Egphd

and hence

epidy = —clco M. (6)
As M is closed and convex by our assumption, we have epid = —M, and
S0,

0,—a) € {c} xRy) — M.
This implies that there exists @ = (U, Wt)ter € U and e Rf) such that

Cc = Z/):tat(ﬁt) and —« Z — thbt(’l/ﬁt)

teT teT

So, we see that o < )7, 7 Aibi(wy) < max(ODP). Thus the conclusion

follows from the weak duality, and we also conclude that (@, X) is optimal
for (ODP). O

Observe that (ODP) is more easily manageable than the ordinary (or
Haar) dual problem of (RSP):

(DRSP) Sup)\eRfPh”) Z(t,ut)egphl/{ A(t’ut)b(t’ut)(w(t:ut)) (7)
s.t. —Cc+ Z(t,ut)egphu A(taut)a(tvut)(v(tvut)) = 0.

Now consider the so-called characteristic cone of (RSP)
K =co COHG{(CLt(’Ut), bt(wt))v (t7 ut) € gphuv (07 71)} (8)

Then (DRSP) is equivalent to sup {7y : (¢,7) € K} in the sense that both
problems have the same optimal value and are simultaneously solvable or
not. It is worth observing that K = coM. In fact, coM C K because
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M C K trivially and K is convex. To show the reverse inclusion, take an
arbitrary generator of K different of (0, —1) € M, say (as(vs), bs(ws)), with
(s,us) € gphU. As

(as(vs), bs(ws)) € coconef{(ar(ve), be(wy)),t € T;(0,—1)},

we have (as(vs),bs(ws)) € M. Thus, K C coM and so K = co M.

From the linear SIP strong duality theorem, inf(RSP) = max(DRSP)
whenever K is closed (see, e.g., [15, Chapter 8]). If M is closed and convex,
then K = coM = M is closed and so

inf(RSP) = max(DRSP)
max {7y : (¢,7) € K}
max {v: (¢,y) € M}
max(ODP).

Thus, we have obtained an alternative proof of Theorem 1 appealing to
linear SIP machinery.
In Example 1, the characteristic cone

K = cocone{(—vg,—1),v9 € Vo; (0,—1)}
= {ac eER3:z3< —\/m} Ucone {Vy x {—1}}
is not closed, (DRSP) is not solvable and
inf(RSP) = —v/2 = sup(DRSP) > sup(ODP) = —cx.
(The equality inf(RSP) = sup(DRSP) comes from [15, Theorem 8.1(v)].)

3 Robust Moment Cones: Convexity and Closure

We say that (RSP) satisfies the converity condition if for every t € T,
at(+) is affine, i.e., a;(v¢) = (ai(vy),...,al(v)) and each af(-) is an affine
function, j =1,...,n, and b:(-) is concave.

Proposition 1 Let U be convex-valued. Suppose that (RSP) satisfies the
convexity condition. Then the robust moment cone M is convez.

Proof. Let a',a? € M and p € [0,1]. Let a := pa'+(1—p)a? and denote
a=(z,7) € R"xR, with a! = (2!,7;) € R* xR and a? = (22,v,) € R* xR.
Then, there exist u! = (v}, w})ier € U, X' = (\})ter € RSFT), and a3 <0
such that

771 Z)‘ at Ut ) bi ( wt)) +(0,a1).
teT

Similarly, there exist u? = (v, w?)ier € U, N> = (\)ser € RSFT) and @y <0
such that
2%,7,) Z/\ ag Ut ), be( wt)) + (0, a2).

teT
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Then, we have

pzt 4+ (1— M) Z (M/\tat(vt) +(1- M))\?at(vf))

teT

and

pr+ (L= ) ye = Y (A bi(w)) + (1= w)ATbe (7)) + poa + (1 — p)a
teT

We associate with ¢ € T' the scalar \; := p); + (1 — p)A? and the vector

(v}, w}), if As=0,
= 1 _ 2
(v, we) ”)\’\tt (v}, wi) + a ;?At (vZ,w?), if A\ > 0.

Then (v¢, wy) € Uy and
A (vfw)) + (1= AT (vF, wf) = Ay (vg, wy).
By our convexity assumption, we see that, for each t € T,
pArar(vf) + (1= )X ar(v]) = Mag(vr), 9)

and
A by (wp) + (1= ) AZbe (w7) < Aebe(wy). (10)

Then, there will exist p < 0 such that

= (2,7) = (2", 71) + (1 — w)(z%,72)
= (pz" + (1= p)2*, py, + (1 — p)ya)

(Z Arar(vy) Z Aty (wy > (O, par + (L — p)ag + p)

teT teT

=D Aelan(ve), be(wp) + (=par — (L = plag = p)(0n, =1),
teT

and this implies that a = (z,7v) € M. O
In particular, the robust moment cone M is convex in the important
affinely data parametrization case [2], i.e.

Q

Uy = {(at,b) = (af, b)) + Z (al,b0) : (ub,...,ud) € Z},

where Z; is closed and convex for each t € T'. In this case, U is convex-valued
and the convexity condition holds with b.(-) being also affine.

It is easy to see from Example 1 that M may not be convex when U
is not convex-valued. In fact, in this example, Uy = Vy x {0} is not even
connected.
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The set-valued mapping U : T = R, with (T, d) being a metric space,
is said to be (Hausdorff) upper semicontinuous at t € T if for any € > 0
there exists n > 0 such that

Us CU+ eBy Vs € T with d(s,t) <.

In particular, U is uniformly upper semicontinuous on T if for any € > 0
there exists n > 0 such that

Us CU; + €eBy Vs, t € T with d(s,t) <.

If, additionally, T is compact, then there exists a finite set {¢1,...,t;} CT
such that d (¢, {t1,...,tm}) < nforallt € T. Then, Us C Ui:l,...,m (U, + €By)
Vs € T, so that gph¥f is bounded whenever U/ is compact-valued, i.e., for
each t € T', Uy is a compact set.

We say that (RSP) satisfies the Slater condition when there exists zg €
R™ (called Slater point) such that (a:(vi),xo) > bs(wy) for all (¢, u;) € gphid,
i.e. when there exists a strict solution of the constraint system of (RSP).

Proposition 2 Suppose that the following three assumptions hold:
(i) T is a compact metric space;
(ii) U is compact-valued and uniformly upper semicontinuous on T
(iii) the mapping

gphd 3 (t,u;) — (ar (vy),be(wy)) € R*T! (11)

is continuous on gphld;
(iv) (RSP) satisfies the Slater condition.
Then, the robust moment cone M is closed.

Remark (before the proof) (ii) and (iii) conjointly imply that a; (V)
and b; (W) are compact. From now on we shall call (iii) continuity condition.
Proof. Let

(2%, 1) € M = U coconef{(at(vy), by(wy)) U (0,,—1) :t €T}, k=1,2,...,
uel

such that (z*,7;) — (2,7). Then, for each k, there exists u* € U, with
ulf = (vF, wk) € Uy for all t € T, such that

(2", 71,) € cocone{(as(vF), by (wk)) U (0,,—1) : t € T}.

From the Carathéodory theorem, we can find /\iC >0,i=1,....n+ 2,
e >0, {t’f,...,t?fl+2} C T and (vF,wF) €Uy, i=1,...,n+ 2, such that

n+2
(2F,m) = D A (@ (vF), by (w])) + 1 (0, —1). (12)
i=1

As T is compact, we may assume that t¥ —t, € T,i=1,...,n+2.
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Fix i =1,...,n+ 2. Since we are assuming that I/ is uniformly upper
semicontinuous and so, for any € > 0, there exists n > 0 such that

U, C Uy, + By, for all ¢ such that d(t,t;) <.

It follows that
d((vaw§)7ut,i) — 0 as k — oo.
Since Uy, is compact, we may assume the existence of (v;,w;) € Uy, such

that

(vF, wh) — (vi,w;) as k — oo, (13)

As (RSP) satisfies (iii)

(0 (o), g (W) = (a1, (00), by, (1)) a5 e = o,

Now, we show that [, := Z?jf /\f—|— 1* is bounded. Granting this, by passing
to subsequence if necessary, we may assume that

Mo\ eRy and py, — pe Ry,

as each )\f and i, are non-negative. Then, passing to the limit in (12) we
have
n+2

(z,7) = D Ailar, (v3), be, (wi)) + p(0p, —1) € M.

=1

Therefore, the robust moment cone M is closed.
To show the boundedness of [, we proceed by the method of contradic-

tion and assume without loss of generality that [ := 22_12 )\f +pF — +oo.
k —
By passing to subsequence if necessary, we may assume that ’l\—k — N\ €Ry,
k

% — ﬁ S R+ and
n+2
d Ni+m=1 (14)
i=1

Dividing by l; both members of (12) and passing to the limit, we obtain
that
n+27
(Om O) = Z )‘i(ati (vi)7 b, (wl)) + ﬁ(onv —1).
i=1

So, we have 2" 2 Niay, (v;) = 0, and 172 X;by, (w;) = @ and so, taking a
Slater point zy, we have

n+27

> Xil{ar, (vi), o) = by, (w;)) = = < 0.

i=1
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On the other hand, since (v;, w;) € Uy, , assumption (iii) implies that (a, (v;), zo)—

by, (w;) >0 forall i =1,...,n+ 2. Note that (A1,..., Apt2) 7 Opto (other-

wise, I = Z?jf Airi =0 and so, (A1, ..., Apyo, i) = 0,43 which contradicts
(14)). This implies that
n+2

ZE«ati (vi), o) = by, (wi)) > 0.

This is a contradiction and so, {l} is a bounded sequence. ]

Example 1 violates assumptions (ii) and (iii) in Proposition 2 because
Uy is neither compact nor convex, U is not upper semicontinuous at 0,
and the function in (11) is not continuous. In fact, if we consider the se-
quence (tg,ut, ) = (1/k, (02,—1)) which converges to (0, (02, —1)), we have
(at,, (ve,,), by, (wy, ) = (02, —1) which does not converge to (ag (vo) , bo(wo))
as vg = 02 ¢ V.

As an immediate consequence of the previous results, we obtain the
following sufficient condition for robust duality. In the special case when
|T| < +o0, this result collapses to the robust strong duality result for linear
programming problems in [1].

Corollary 1 Suppose that the following assumptions hold:

(1) T is a compact metric space;

(i) U is compact-convez-valued and uniformly upper semicontinuous on
T.

(#i7) (RSP) satisfies the converity, the continuity and the Slater condi-
tions.
Then, the robust duality holds, i.e. inf(RSP) = max(ODP).

Proof. The conclusion follows from Theorem 1, Proposition 1, and Propo-
sition 2. 0O
We now present an example verifying Corollary 1.

Ezample 2Let T = [0,1] and consider the following uncertain linear SIP
problem:

inf =z
s.t. azx > by, t €T,

where the data a;, b; are uncertain, a; € [—1 — 2t,—1 4 2t] and b, = —1.
This uncertain problem can be captured by our model as

inf x
st ap(ve)z > by(wy), t €T,

where (v¢,w;) are the uncertain parameter, a;(vy) := —1 4 2v;, v € Vy 1=
[—t,t] and b (wy) := —1. Let Uy := V; x {0}. Then the robust counterpart is

inf z
s.t. ar(ve)z > be(wy), V (¢, ue) € gphld.
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It can be verified that the feasible set is [—1,1/3]. So, the optimal value
of the robust counterpart is —1. The optimistic counterpart of the dual
problem is

(ODP) sup {—Z)\t : —1—|—Z)\t(—1+2v,¢) = 0}.
rer(", welt  ter teT
Let \ € ]R{f) such that \; = 1 and \; = 0 for all t € T\{1}. Let u = (v,0) €
U such that vy = 1. Then —1+ Y, Ae(—1420) = =14+ A (=1+20v1) =0
and —» ,cp At = —1. So, max(ODP) = —1 and the robust strong dual-
ity holds. In fact, M = cocone{(—3,—1),(—1,—1)} is closed and convex.

Finally, one can see that all the conditions in the preceding corollary are
satisfied.

The following theorem shows that our assumption is indeed a charac-
terization for robust strong duality in the sense that “the convexity and
closedness of the robust moment cone” hold if and only if the robust strong
duality holds for each linear objective function of (RSP).

Theorem 2 The following statements are equivalent to each other:
(i) For all c € R,

inf{(c,z) :x € F} = max {Z Atbe(wy) © —c+ Z/\tat(vt) = O} .

(1)
AR, weld (et teT

(ii) The robust moment cone M is closed and convez.

Proof. [(ii) = (i)] It follows by Theorem 1.
[(i) = (ii)] We proceed by contradiction and let

(co,m0) € (clcoM )\ M.
So, (6) implies that (—cg, —r9) € epidy where F := {z : g(z) < 0} and

g@) = sup  {—(as(ve), @) + be(we)}.
(t,u¢)€gphU

Thus, we have
6}(760) S —T0-

So, for every x € F,
(co,z) = 0.

It follows that
ro < inf{{co,z) : {(as(vs), z) > be(wy), V (¢, us) € gphU}.

Thus, the statement (i) gives that

ro <  max {Z Aebg(wy) + —co + Z Arag(ve) = O} :

= AerD
AR TueU et teT
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and so, there exists A € Rf) and (U, w;) € Uy for all ¢ € T, with —cg +
> ier Mvai(Uy) = 0 and such that

rg < thbt(wt)

teT

This shows that
(20,70) € cocone{(a(Ty), b (w)),t € T; (0,—1)} C M},

which constitutes a contradiction. O

4 Robust Semi-infinite Farkas’ Lemma

In this Section, as consequences of robust duality results of previous Sec-
tions, we derive two forms of robust Farkas’ lemma for a system of uncertain
semi-infinite linear inequalities. Related results may be found in [8,18-21].

Corollary 2 (Robust Farkas’ Lemma: Characterization I) The fol-
lowing statements are equivalent to each other:
(i) For all ¢ € R™, the following statements are equivalent:

1) [ae(vr), @) > be(we), V (8, ur) € gphU] = (e,z) > 7
2) 3A = (M)eer € R and (v, w) €Uy, t €T,

—Cc+ ZtET )\tat(vt) =0
such that { and ZtET by (wy) > 7

(ii) The robust moment cone M is closed and convez.

Proof. The conclusion follows immediately from Theorem 2. O

Next we compare the previous results with similar ones involving the
characteristic cone K defined in (8) and the standard dual (DRSP) intro-
duced in (7) instead of M and (ODP), respectively.

Recall that, the assumptions in Proposition 1 and 2 guarantee that the
robust moment cone M is convex and closed (and so, the characteristic
cone K is also closed). In the following, we show that the assumptions in
Proposition 2 alone ensure that the characteristic cone K is closed.

Proposition 3 Under the same assumptions as in Proposition 2, the char-
acteristic cone K is closed and inf(RSP) = max(DRSP)

Proof. We first prove that the characteristic cone K of the robust linear
SIP problem is closed. Condition (4¢) in Proposition 2 guarantees the closed-
ness of the index set gph/. In fact, let {(¢,, v, w,)} C gph be a sequence
such that (t,,v,,w,) — (t,0,w) € T x R1T%2, Then (v,,w,) € Uy, for all
reN, t, — t,and (v, w,) — (v,w). Assume that (¢,v,w) ¢ gphi{, i.e. that
(v, w) ¢ Uy. Since U, is closed, there exists € > 0 such that (v, w) ¢ U, +€B,,.
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Let n > 0 be such that U, C U; + §B, for any s € T' with d(s,t) < n. We
have d(t,,t) <n and d ((v,,w,), (v,w)) < § for sufficiently large , so that
(Ur,wy) € Uy, C U + §By and (v,w) € U; + eB, (contradiction). We have
also seen that condition (ii) implies the boundedness of gph/, which turns
out to be compact. On the other hand, condition (ii7) states that the map-
ping from gphlf to R"*! such that (,u;) — (as (ve),be(wy)) is continuous
and so, the set
{(at(vt)’ bt(wt))a (ta ut) € gphu}

is compact. As we are assuming that the Slater condition holds, K is closed
by [15, Theorem 5.3 (ii)]. Finally, the closedness of K and [15, (8.5)-(8.6)]
imply inf(RSP) = max(DRSP). O

We have seen that, under the assumptions of Proposition 2, the charac-
teristic cone K is closed, and this entails that any Slater point is an interior
point of F' ([15, Theorem 5.9 (iv)]). Thus, F is full dimensional.

Proposition 4 The following statements are equivalent to each other:
(i) For all c € R™,

inf{(c.z) o€ FYy = max {0 eqnu Ao biean (@)

(gph U)
AERY

—c+ Z(t,ut)egphu A(taut)a(tvut)(v(t7ut)) = 0} :

(ii) The characteristic cone K is closed.
Proof. Tt is straightforward consequence of [15, Theorem 8.4]. O

Corollary 3 (Robust Farkas’ Lemma: Characterization II) The fol-
lowing statements are equivalent to each other:
(i) For all c € R™, the following statements are equivalent:

1) [at(ve), z) > be(wy), ¥ (¢, ur) € gphUd] = (¢, z) > 1.
2') 3N = (M)ter € prhu)

—c+ Y ANt @tu) (V) = 0,
(t,us)Egphd

and Z )‘(t,ut)b(t,ut)(w(t,uz)) 2 r.
(t,ur)EgphU

such that

(ii) The characteristic cone K is closed.

Proof. 1t is straightforward consequence of Proposition 4. O

5 Uncertainty in all the data

In this section, we consider linear SIP problems where uncertainty occurs
in both objective function and in the constraints. This situation can be
modeled as the parameterized linear SIP problem

(USP) infyepn (c(vs),2)

st {ay(v),z) > by(wy), VEE T, (15)
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where the uncertain parameter vs ranges on some set Z C R and ¢: Z —
R™. For convenience, we always assume that s ¢ T. The problem (USP)
can be equivalently rewritten as

inf(; y)ernxr ¥
s.t. <af(vt), > b
—(c(vs),z)

So, the robust (or pessimistic) counterpart of (U SP) can be formulated as

(wy), Vi € T, (16)
>0

(}/{_5”73) inf(w,y)eR”x]R Yy
s.t. <at(vt),1:> Z bt(wt), V(t,Uf) S gphu, (17)
y — {c(vs),z) > 0,YVos € Z,

whose decision space is R x R™. In other words, the robust counterpart
(RSP) isindeed a linear SIP problem with n+1 decision variables y, 1, ..., 2,
and deterministic objective function as follows:

(RSP) inf(m’y)eRn xR ((170n) 5 (y,.’L')> ~ ~ (18)
s.t. (ag(ve), (y, x)) > by(wy), ¥ (¢, ur) € gphld,
where z = (@1, ..., x,), T := Tu{s} (ass¢T),q —q1+qQ—|—q3,U T = RY

is the extension of U : T = R? to T which results of defining U, := Z x {1},
and the functions @; : V; — R*t! and bt W, — R are

~ @, =c(vy)), if t =,

@ () = { (0,a¢(v:)), otherwise,

and
0, ift =s,
b:(w;), otherwise.

Zt(wt) = {

The constraint system of the optimistic counterpart for (15573)7 say

(ODP), is
t;}t (at?vt)> T (JUS)) - ((1)> ’

where vy € Vi, t €T, vs € Z, N € RSFT), and p € Ry . Eliminating 4 = 1 we
get

(ODP) sup {th(wt) e (ve) + Y Ma(vy) = o}.

welhv,eZ R \ter teT

Finally, the robust moment cone of (}%./P) is

M = U~cocone{(at(vt),gt(wt)),t € f; (0,-1)}
uel
= U cocone{((),at(vt), bt(wt)) teT; (1 (Us) 70) ) (Oa 0, 71)}

u=(v¢,w¢)reT €U
VsE€EZ
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Proposition 5 Suppose that U is convezr-valued, that Z is a convex set,
and that all the components of c(-) and of a:(-), t € T, are affine whereas
the functions b (), t € T, are concave. Then the robust moment cone M is
convet.

Proof. By assumption, Z]t = U, is convex for all t € T and Z/~{S =Z x {1}

is a convex too, so that U is convex-valued. Moreover, (ES‘_]/D) satisfies the
convexity condition. The conclusion follows from Proposition 1. O

It easily follows from Proposition 5 that the robust moment cone M is
convex in the case where the data (aq, b, ¢) are affine.

Proposition 6 Suppose that the following assumptions hold:

(i) T is a compact metric space;

(ii) U 1is compact-valued and uniformly upper semicontinuous on T, and
Z is compact;

(iii) ¢ : Z — R™ is continuous and the mapping from gphU in R™"H1
such that (t,uz) — (a¢ (v¢) ,bs(wy)) € R ds continuous on gphid;

(iv) there exists xog € R™ such that {a:(vi),x0) > bi(we) for all (t,u:) €
gphid. .

Then, the robust moment cone M is closed.

Proof. By assumption (i), we can take a scalar ¢ greater than the diam-
eter of T. We extend the distance d to T by defining d (s,t) = d(t,s) = 0
for all t € T and d (s, s) = 0. Obviously, (T, d) is a compact metric space.

By assumption (ii), U is compact-valued since U is compact-valued and
U, = Z x {1}. Given € > 0, there exists 1 > 0 such that Uy C Uy + B, for
all ¢/, t € T with d(¢',t) <n < 4. So, if t/,t € T are such that ¢/ # 5 #t, we
have Uy C Uy + €B,. Otherwise, d(t',t) < 0 implies that ¢ = ¢ = s, so that
gt/ C Z]t + eB, trivially holds. So, U is uniformly upper semicontinuous on
T.

By (iii), and by the isolation of s in T, the mapping

gphU 5 (t,us) — (@ (ve) , be(wy)) € R™H2

is continuous on gph u. Moreover, (yo, xo) is a Slater point for (Egl/?) when-
ever yo > max,,cz (c(vs),xo) -
The conclusion follows from Proposition 2 applied to (RSP) and M. O

Theorem 3 Suppose that the following assumptions hold:

(i) T is a compact metric space;

(ii) U is compact-convez-valued and uniformly upper semicontinuous on
T, and Z is a compact and convex subset of R%;

(iii) ¢ : Z — R™ is continuous and the mapping from gphU in R
such that (t,u;) — (a; (vy), b (wy)) € R™ is continuous;

(iv) The components of c(-) and of a,(-), t € T, are affine whereas the
functions bi(), t € T, are concave;
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(v) There exists xg € R™ such that (at(ve), o) > bi(wy) for all (t,us) €
gphid.

Then, the robust duality holds, i.e. inf(ﬁgj-’) = max(ab_lg).

Proof From Proposition 5 and Proposition 6, we see that the robust moment
cone M is closed convex. Thus the conclusion follows from Theorem 1.

Uncertainty in the objective function

In the particular case of uncertainty in the objective and deterministic con-
straints, the parameterized associated problem is

(USP) inf (c(vs), z)
s.t. {ag,xy > by, VE €T,
where ¢: Z - R", Z CR®, and a; € R", by e Rforallt € T, s ¢ T. Its
robust counterpart is the particular case of (RSP) in (18) in which

0 — Z x {1}, ift=s,
7 {t} x {t}, otherwise,

(so that Vy = {¢t} and W, = {¢}),
ag (vg) == { (1, —c(v,)), if t = s,

(0,a:), otherwise,
~ 0, if t = s,
be(w) = {bt, otherwise,
the robust moment cone is

M= U cocone{(0,as,b;),t € T;(1,—c(vs),0),(0,0,—1)},
Vs EZ

and finally, the optimistic counterpart is

(61\)?’) sup {Z)\tbt s —c(vg) + Z Aeay = O} .

veez eR(” Lier teT

As a consequence of Proposition 5 and 6, we obtain robust duality for
(USP).

Corollary 4 Suppose that the following assumptions hold:

(i) T is a compact metric space and the functions t — a; and t — by are
continuous on T

(it) Z is compact and convex, and ¢ : Z — R™ is continuous;

(#it) all the components of ¢ (-) are affine;

(iv) there exists xg € R™ such that {as, xo) > by for allt € T.

Then, the robust duality holds, i.e. inf(l?gf’) = max(ODP).

Proof The conclusion follows from Proposition 4.1, Proposition 4.2 and The-
orem 3.



Robust linear semi-infinite programming duality under uncertainty 19

6 Appendix

In this Section, we provide a technical lemma which is used in the proof of
Theorem 1. This lemma provides a characterization for the convex hull of
the robust moment cone.

Lemma 1 Let T be an arbitrary index set, a; : Vi — R™ b : Wy — R,
Vi CRY W, CR®2, t €T and q1,q2 € N. Let up = (vg,wy), t €T, and let
the robust moment cone M be defined as in (2). Then, we have

coM=co| )] |J  (Cau(ve), Abr(wy)) + {0} x (—o00,0])

AZ>0 (t,us)egphU

Proof. [2] Let (z,7) € U U (Aar(ve), Abe(wy))+{0} x (—00,0]).
A>0 (t,ur)Egph
Then, there exists A > 0, s € T' and (vs, ws) € Us such that

(2,7) € (Aas(vs), Abs(ws)) 4 {0} x (=00, 0].

So,
z = Aas(vs) and r < Abg(ws).

Letting p = Abs(ws) — r > 0, this implies that
(z,7) = (()‘GS(US)a Abs(ws)) + (0, —1)
€ U cocone{ (as(vy), by (wy)), t € T; (0, —1)}.

u=(v¢,we)reT €U

Thus, the definition of M gives us that

U U (Qae(vr), Abe(we)) + {0} x (—00,0]) € M,

A>0 (t,uy)Egph

and so,

co U U ((Aar(vr), Abe(wy)) + {0} x (—00,0]) | € coM.

A>0 (t,us)€gph U
[C] Let (z,7) € M. Then, there exists u = (v, w),c € gph U such that
(z,7) € cocone{(as(vt),be(wy)), t € T;(0,—1)}.
Note that
cone{(a¢(ve), by (wy)) U (0,-1) : t € T}
clU U (Gaelv), Abe(wr)) + {0} x (—o0,0]).

A>0 (t,us)Egph U
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This gives us that

(z,7) € co U U ((Aag(ve), Aby(wy)) + {0} x (—o0,0])

A>0 (t,us)€gph U

Thus, we have

M C co U U (()\at(vt), Abs(wy)) + {0} x (—0070])

A>0 (t,u;)EgphU

and so,

coMcCeo| ) U (Car(ve), Abr(wy)) + {0} x (—o00,0])

A>0 (t,us)Egphd
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