UNIVERSITYW

This is a repository copy of Polyhedral aspects of score equivalence in Bayesian network
structure learning.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/108708/

Version: Accepted Version

Article:

Cussens, James orcid.org/0000-0002-1363-2336, Haws, David and Studeny, Milan (2017)
Polyhedral aspects of score equivalence in Bayesian network structure learning.
Mathematical Programming. pp. 285-324. ISSN 0025-5610

https://doi.org/10.1007/s10107-016-1087-2

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose -
university consortium eprinis@whiterose.ac.uk
/,:-‘ Uriversities of Leecs: Shetfiekd & York https://eprints.whiterose.ac.uk/




Elsevier Editorial System(tm) for
International Journal of Approximate Reasoning
Manuscript Draft

Manuscript Number:

Title: Towards using the chordal graph polytope in learning decomposable
models

Article Type: VSI: PGM 'l6
Section/Category:

Keywords: learning decomposable models; integer linear programming;
characteristic imset; chordal graph polytope; clutter inequalities;
separation problem

Corresponding Author: Dr. Milan Studeny, DrSc.

Corresponding Author's Institution: Institute of Information Theory and
Automation of the ASCR

First Author: Milan Studeny, DrSc.
Order of Authors: Milan Studeny, DrSc.; James Cussens, Prof.
Manuscript Region of Origin:

Abstract: The motivation for this paper is the integer linear programming
approach to learning the structure of a decomposable graphical model. We
have chosen to represent decomposable models by means of special zero-one
vectors,

named characteristic imsets. Our approach leads to the study of a special
polytope, defined as the convex hull of all characteristic imsets for
chordal graphs, named the chordal graph polytope. In this theoretical
paper, we introduce a class of clutter inequalities (valid for the
vectors in the polytope) and show that all of them are facet-defining for
the polytope. We dare to conjecture that they lead to a complete
polyhedral description of the polytope. Finally, we propose a linear
programming method to solve the separation problem with these
inequalities for the use in a cutting plane approach.



*Cover Letter

Cover letter for 2016 1JAR submission
Towards using the chordal graph polytope in learning decomposable models
by M. Studeny and J. Cussens

Prague, November 22, 2016.

Dear editors,

we were pleased by an offer to submit an extended version of our PGM 2016 contribution

The chordal graph polytope for learning decomposable models,
JMLR Workshop and Conference Proceedings 52: PGM 2016,
(A. Antonucci, G. Corani, and C.P. de Campos eds.), pp. 499-510,

to a special issue of the IJAR journal following PGM’16. In comparison with the original
proceedings paper, this extended journal version contains the proof of the main result that
all clutter inequalities are facet-defining for the polytope. This technical proof makes the
paper relatively long, but we hope it still fits in usual page limits. Note that to make this
theoretical paper reader-friendly we moved the substantial proofs to the appendix.

We hope that the paper will be found suitable for the special issue.

All the best Milan Studeny and James Cussens



*Manuscript

Click here to view linked References

O Joy b WN

Towards using the chordal graph polytope in learning
decomposable models

Milan Studeny®*, James Cussens

¢ Institute of Information Theory and Automation of the CAS
Prague, Pod Voddrenskou vézi 4, 18208, Czech Republic
bDept of Computer Science & York Centre for Complex Systems Analysis
University of York, Deramore Lane, York, YO10 5GH, United Kingdom

Abstract

The motivation for this paper is the integer linear programming approach to
learning the structure of a decomposable graphical model. We have chosen to
represent decomposable models by means of special zero-one vectors, named
characteristic imsets. Our approach leads to the study of a special polytope,
defined as the convex hull of all characteristic imsets for chordal graphs, named
the chordal graph polytope. In this theoretical paper, we introduce a class of
clutter inequalities (valid for the vectors in the polytope) and show that all of
them are facet-defining for the polytope. We dare to conjecture that they lead to
a complete polyhedral description of the polytope. Finally, we propose a linear
programming method to solve the separation problem with these inequalities for
the use in a cutting plane approach.

Keywords: learning decomposable models, integer linear programming,
characteristic imset, chordal graph polytope, clutter inequalities, separation

problem

1. Introduction: explaining the motivation

Decomposable models are fundamental probabilistic graphical models [16].

A well-known fact is that elegant mathematical properties of these structural
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models form the theoretical basis of the famous method of local computation [6].
Decomposable models, which are described by chordal undirected graphs, can be
viewed as special cases of Bayesian network models [19], which are described by
directed acyclic graphs.

Two traditionally separate disciplines in probabilistic graphical models are
learning and inference. Structure learning is determining the graphical model,
represented by a graph, on the basis of observed statistical data. Inference in
Bayesian network models has two phases. The first one is transformation of
the (learned) directed acyclic graph into a junction tree, which can be viewed
as a representative of a decomposable model. The second phase in inference is
proper local computation (of conditional probabilities) in a junction tree. The
motivation for the present paper is the idea to merge structural learning with
the junction tree construction in one step, which basically means direct learning
the structure of a decomposable model on basis of data.

There are various methods for learning decomposable model structure, most
of them being specializations of the methods for learning Bayesian network
structure [18]. There are methods based on statistical conditional independence
tests like the PC algorithm [23] or MCMC simulations [11]. Nevertheless, this
paper deals with a score-based approach, where the task is to maximize some
additively decomposable score, like the BIC score [21] or the BDeu score [12].
There are some arguments in favour of this approach in comparison with the
methods based on statistical tests [29].

More specifically, we are interested in the integer linear programming (ILP)
approach to structural learning (of decomposable models). The idea behind
this approach is to encode graphical models by certain vectors with integer
components in such a way that the usual scores become affine/linear functions
of the vector representatives. There are several ways to encode Bayesian network
models. The most successful one seems to be to encode them by family-variable
vectors as used in [14, 7, 1]. However, the approach discussed in this paper
is based on encoding the models by characteristic imsets, which were applied

in [13, 26]. This mode of representation leads to an elegant way of encoding
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decomposable models which we believe is particularly suitable for structural
learning of these models.

Note that two recent conference papers have also been devoted to ILP-based
learning decomposable models, but they used different binary encodings of the
models/graphs. More specifically, Sesh Kumar and Bach [22] used special codes
for junction trees of the graphs, while Pérez et al. [20] encoded certain special
coarsenings of maximal hyper-trees. Moreover, restricted learning was the goal
in both these papers unlike in this theoretical paper, which we hope to be the
first step towards a general ILP method for learning decomposable models.

Two other recent papers devoted to structural learning decomposable models
also used encodings of junction trees. Corander et al. [5] expressed the search
space in terms of logical constraints and used constraint satisfaction solvers.
Even better running times have been achieved by Kangas et al. [15], who
applied the idea of decomposing junction trees into subtrees, which allowed
them to use the method of dynamic programming. Note that the junction
tree representation is closely related to the (superset) Mobius inversion of the
characteristic imset we mention in §6.1.

Our approach leads to the study of the geometry of a polytope defined as
the convex hull of all characteristic imsets for chordal graphs (over a fixed set of
nodes N), with the possible modification that a clique size limit is given. This
polytope has already been dealt with by Lindner [17] in her thesis, where she de-
rived some basic observations on the polytope. For example, she mentioned that
a complete facet description of the polytope with cliques size limit two, which
corresponds to learning undirected forests, can be derived. She also identified
some non-trivial inequalities for the polytope with no clique size limit. Being
inspired by Lindner we name this polytope the “chordal graph characteristic
imset polytope”, but abbreviate this to chordal graph polytope.

In this paper, which is an extended version of a proceedings paper [25], we
assume that the reader is familiar with basic concepts of polyhedral geometry, as
presented in numerous textbooks on this topic; for example in [2, 28]. We present

a complete facet description of the polytope where |N| < 4 and mention the
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case |[N| = 5, where the facet description is also available. We have succeeded in
classifying all facet-defining inequalities for this polytope in these cases. What
we found out is that, with the exception of a natural lower bound inequality,
there is a one-to-one correspondence between the facet-defining inequalities and
the clutters (= antichains = Sperner families) of subsets of the variable (= node)
set N containing at least one singleton, so we call these clutter inequalities.
This establishes a sensible conjecture about a complete polyhedral descrip-
tion of the polytope (with no clique size limit). We prove that every clutter
inequality is both valid and facet-defining for the polytope. We also tackle an
important separation problem: that is, given a non-integer solution to a linear
programming (LP) relaxation problem, find a clutter inequality which (most)

violates the current solution.

2. Basic concepts

Let N be a finite set of wvariables; assume that n := |N| > 2 to avoid the
trivial case. In the statistical context, the elements of N correspond to random

variables, while in the graphical context they correspond to nodes of graphs.

2.1. Some conventional notation and terminology

The symbol C will be used to denote non-strict set inclusion of unlike C,
which will serve to denote strict inclusion: S C T means S C T and S # T.
The power set of N will be denoted by P(N) :={S : S C N}.

We are going to use the term clutter to name any class £ of subsets of N
that are inclusion incomparable, that is, L, R € £ and L C R implies L =
R. Such classes are alternatively named Sperner families or antichains in the
mathematical literature. Occasionally, we will abbreviate notation for the union
of sets in a clutter: (JL£ := J, L. Given a clutter £ of subsets of N such
that () # |J £, we introduce notation LT for the filter generated by £, by which

is meant a class of subsets of IV closed under supersets:

LM:={TCN :3LecL LCT}.
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Moreover, we are going to use special notation for the zero-one indicator of a

predicate/statement % :

5x8) 1 if the statement % holds,
*x) 1=
0 if x* does not hold.

The abbreviation LHS will mean “left-hand side” (of an inequality), while RHS
will be a shorthand for “right-hand side”. The symbol

T:={SCN: |S|>2}

will be our notation for the class of non-empty non-singletons, used as a standard

index set for components of our vectors.

2.2. Chordal undirected graphs

We say that a graph G is over N if G has N as the set of nodes and it
is undirected if every its edge is undirected. An undirected graph is chordal if
every cycle of the length at least 4 has a chord, that is, an edge connecting non-
consecutive nodes in the cycle. A set S C N is complete if every two distinct
nodes in S are connected by an edge. Maximal complete sets with respect to
inclusion are called the cliques (of G). A well-known equivalent definition of a
chordal graph is that the collection of its cliques can be ordered into a sequence

C1,...,Cn, m > 1, satisfying the running intersection property (RIP):

Vi>2 dj <+t such that Si::CirT(UCg) cday.
0<4

The sets S; = C; N (Uy; Cr), @ = 2,...,m, are the respective separators. The
multiplicity of a separator S is the number of indices 2 < ¢ < m such that
S = S;; the separators and their multiplicities are known not to depend on the
choice of the ordering satisfying the RIP, see [24, Lemma 7.2]. Each chordal

graph defines the respective statistical decomposable model; see [16, §4.4].

2.3. Learning graphical models

The score-based approach to structural learning of graphical models is based

on maximizing some scoring criterion, briefly called a score, which is a bivariate
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real function (G, D) — Q(G, D) of the graph G and the (observed) database D.
In the context of learning Bayesian networks, that is, graphical models described
by directed acyclic graphs H, a crucial technical assumption [4] is that Q should

be additively decomposable, which means, it has the form

Q(H,D) = ) ap(a|pay(a))
aeN
where the summands gp (x| %) are called local scores, and

pag(a) :=={be N : b— a} is the set of parents of a node a in H.

All criteria used in practice satisfy this requirement, as long as the data contain
no missing values. Another typical assumption is that Q is score equivalent [3],
which means that Markov equivalent (directed acyclic) graphs yield the same
score. However, in this paper, we are going to adopt this approach to learning

chordal undirected graphical models.

2.4. Characteristic imset

The concept of a characteristic imset (for a directed acyclic graph) was
introduced in [13]. Each characteristic imset is an element of the real vector
space R where Y = {S C N : |S| > 2} is the class of non-empty non-singletons.
A fundamental fact is that every additively decomposable and score equivalent
scoring criterion turns out to be an affine function (= a linear function plus a
constant) of the characteristic imset encoding the graph. These special zero-one
vectors describe uniquely the equivalence classes of directed acyclic graphs.

Nevertheless, in the sub-frame of decomposable models, that is, in the frame
of graphical models described by chordal undirected graphs, models are in one-
to-one correspondence with (chordal undirected) graphs and the next simpler

definition can be used; see [13, Corollary 4].

Definition 1 (characteristic imset).

Given a chordal undirected graph G over N, the characteristic imset of G is
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a zero-one vector cg with components indezed by subsets S of N with |S| > 2:

1 if S is a complete set in G, |S| > 2,
CG(S) =
0 for remaining S C N, |S| > 2.
An implicit convention is used that cg(L) := 1 for any graph G over N and any

singleton L C N, |L| = 1.

A conventional value cg()) for the empty set plays no substantial role in the
theory because it does not occur in basic versions of our inequalities from §4.
Nonetheless, we accept the convention cg(f) := 1 in this paper for it leads to
an elegant Mobius inversion formula (see Lemma 3 in §6.1). In particular, cg
can be viewed as a vector in RP(V),

As decomposable models induced by chordal undirected graphs can be viewed
as special cases of Bayesian network models each sensible scoring criterion is an
affine function of the characteristic imset. Specifically, [26, Lemma 3] implies
that additively decomposable and score equivalent criterion Q has the form

9(G,D) = k+ Z rS(S) - cq(S), where k is a constant and, for any S € T,
Ser

rg(8) = Y (-1)Kl.gp(a| R), with arbitrary a € S and R = S\ {a},
KCR

where gp (x| %) are the respective local scores.

2.5. Chordal graph polytope

Now, we introduce the polytope(s) to be studied. To be flexible, we consider
the situation where a maximal clique size limit k is given, 2 < k < n = |N|.
Taking k = n gives the general (unrestricted) case while taking k = 2 leads to

a well-known special case of undirected forests.

Definition 2 (chordal graph polytope).
Let us introduce the chordal graph polytope over N with clique size limit k,

where 2 < k <n =|N|, as follows:
D% := conv({cg : G chordal graph over N with clique size at most k}),

where conv (—) is used to denote the convexr hull.
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The dimension of the polytope va is Z?:z (?) Thus, for the unrestricted
polytope Dy := D%, one has dim (Dy) = >, (}) = 2" — n — 1, while one
has dim (D%,) = (’2’) for the polytope for learning undirected forests.

In fact, one can decide to be even more general and consider the polytope
DY = conv({cg : G chordal graph over N with complete sets in K} )

for a class KL C P(N) of subsets of N closed under subsets and containing (all)
singletons in N. Our long-termed strategic goal is to get the facet description of
fo for any such class K and utilize such result in learning decomposable models
by ILP methods. The idea is that I will be obtained as a result of a pruning
procedure to be developed, which ensures that every optimal chordal graph has
complete sets in K. The point is that dim (D}) = |K|—n—1 can be considerably
smaller than dim (Dy). Note that the assumption on K being closed under
subsets is not restrictive because, given a general class K containing sets L. C N,
|L| <1, one has DX = DX with K/ = {SC N : T € K forany T C S };
this follows from the fact that, for any c € Dy and 0 #T C S C N, ¢(T) =0

implies ¢(S) = 0.

3. Example: the cases of a low number of variables

For small values of n = | N| we have been able to use the cdd program [10] to
compute a facet description of the chordal graph polytope Dy . In the case n = 3,
Dy has 8 vertices, encoding 8 chordal graphs, and 8 facet-defining inequalities,

decomposing into 4 permutation types. With N = {a, b, ¢}, these are:

lower bound: 0 < c({a,b,c}) (1 inequality),

2-to-3 monotonicity inequalities: c({a,b,c}) < c({a,b}) (3 inequalities),
upper bounds: c({a,b}) <1 (3 inequalities),

cluster inequality for a 3-element set:

c({a,b}) + c({a,c}) +c({b,c}) <2+ c({a,b,c}) (1 inequality).
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Note that the cluster inequalities (formulated in terms of family variables) have
earlier occurred in the context of learning Bayesian networks [14, 1, 26]; see
Example 3 in §6.2. The restricted polytope D3, only has 7 vertices, encoding 7
undirected forests, and it is specified by 1 equality constraint and 7 inequalities:
these are obtained from the above ones by the substitution c({a,b,c}) = 0. In

this subcase, the 2-to-3 monotonicity inequalities turn into the lower bounds.

In the case n = |N| = 4, the unrestricted polytope Dy has 61 vertices,
encoding 61 chordal graphs. The number of facets is only 50, decomposing into
9 permutation types. The list of these types is given in §5.1, where we also

mention the restricted polytopes D3, and D% with |N| = 4.

In the case n = |[N| = 5, Dy has 822 vertices, since there are 822 decompos-
able models. The number of its facets is again smaller, just 682, and they fall
into 29 permutation types. The computation is this case n = 5 took more than

24 hours. Thus, there is little hope of computing facets directly in case n = 6.

An interesting observation is as follows: in the cases n = |N| < 5, with the
exception of the lower bound 0 < ¢(N), all facet-defining inequalities for Dy

can be written in the following generalized monotonicity form:

SRS -cSUfh £ Y K(S)eS)

SCN\{~} SCN\{~}
where « is a distinguished element of N and the coefficients x(.S) are integers.
Indeed, the 2-to-3 monotonicity inequalities for n = 3 have this form: here v = c,
k({a,b}) =1 and x(S) =0 for S C {a,b}. The 3-element cluster inequality for
n = 3 can be re-written in this form in three alternative ways: the choice v = ¢
gives c({a, c}) + c({b,c}) — c({a,b,c}) < c({a}) + c({b}) — c({a,b}) because of
the convention c({a}) =1 = c({b}).

4. Clutter inequalities

A deeper observation is that the discussed inequalities can be interpreted as

inequalities induced by certain clutters of subsets of N.
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Definition 3 (clutter inequality).
Let L be a clutter of subsets of N satisfying § # |J L. The clutter inequality
induced by L is a linear constraint on ¢ € RPN of the form
1<o(e,£):= Y (-1 B). (1)
0£BCL

In this context, recall the convention c(L) = 1 for any L C N, |L| = 1.
We have formally introduced the inequality for any non-trivial clutter £, which
appears to be convenient. Nonetheless, note that (1) is a valid constraint for
any extended c € Dy only when £ contains a singleton; see § 7. If £ consists of
a sole singleton then (1) follows from conventional equality constraints.

One can write the clutter inequality in various forms. In this section we
describe a simple way to compute the coefficients with sets in (1), give its non-
redundant form in the proper space RY for the polytope Dy and explain its
generalized monotonicity interpretation. Later, in §6, we re-write the clutter

inequality (1) in terms of other vector representatives of chordal graphs.

Lemma 1 (basic re-writings of the clutter inequality).
Let £ be a clutter of subsets of N such that () # |J£. Given ¢ € RP(V) | the
value v(c, £) from (1) can be expressed as follows:
1<o(e,£) = ke(S)-c(S) where re(S):= S (=)EF ()
SCN 0#£BCL: U B=5

for any S C N. The coefficients x,(—) in (2) vanish outside the class
UL) = { UB c0#BCL } of unions of sets from L.
Within this class, they can be computed recursively using the formula

ke(S) = 1-— Z ke (T) for any S € U(L), (3)
TeU(L):TCS
which implicitly says that x.(L) = 1 for L € £. Moreover, the formula (2) gets
its unique non-redundant form
L= [L\T[ < ) we(S)-<(S) (4)
SeT

in the proper linear space RY, where the polytope Dy is full-dimensional.

10
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Proof. We re-arrange the terms in (1) after the sets S = |JB and get

e, L) = > (=)Ee(UB) = Y s Y (nEy

0£BCL SCN 0#BCL:|JB=S

ke (S)

which gives (2). It is immediate from this that kz(S) = 0 once S & U(L).
Having fixed S € U(L) observe that the class Lg := {L € L : L C S} is

non-empty, which allows us to write:

S ke(T) =) ke(T) =) S (=

TeU(L): TCS TCS TCS 0#£BCL:\UB=T
D LUEED SN SIS ST LS
0#BCL:|JBCS BCL:|JBCS BCLs

which gives (3). To transform (2) into (4) note that x.(f) = 0 and, for L C N,
|L| = 1, one has c(L) = 1 while x.(L) is either 1 or 0, depending on whether

L € L or not. Of course, the number of singletons in £ is just [£\ T]. O

Let us illustrate Lemma 1 by an example; it hopefully indicates that, for
small clutters £, the respective coefficient vector k. € RY in the non-redundant

inequality (4) is sparse because [U(L)] is small.

Example 1 (computing coefficients in a clutter inequality). Put N = {a, b, ¢, d}
and consider the clutter £ = { {a,b}, {a,c}, {b,¢}, {d} }. Then the fact that
ke(L) =1 for L € L gives kz({a,b}) = kc({a,c}) = kc({b,c}) = ke ({d}) = 1.
The remaining elements in U(L) are {a,b,d}, {a,c,d}, {b,c,d}, {a,b,c} and
{a,b,c,d}. The recursive formula (3) can be applied to {a,b, d}, whose proper
subsets in U(L) are {a, b} and {d}, which yields

ke(ab,d)) @1 - ke({ab)) —re({d) =1-1-1=—1.

Analogously, kz({a,c,d}) = ke({b,c,d}) = —1. As concerns {a,b,c}, it has
three proper subsets in U(L), which leads to

ke({a,b,c}) S ke({a,b}) —ke({a,c}) —ke({bye}) =1-1-1—-1=-2.

11
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Finally, {a,b,c,d} has all other sets in U(L) as proper subsets which gives

re(fabed)) 21— ke({a,b)) - re(fa,cd) — me({b, ) — ne({d))
— ke({a,b,d}) — ke({a,c,d}) — ke({b, e, d}) — ke({a, b, c})
=1-1-1-1-1-(-1)—(-1)—(-1)=(=2) = +2.

Because the remaining coefficients x.(S) vanish and £ contains one singleton,

that is, |£\ T| = 1, the non-redundant formula (4) takes the form

0=1—I£\T] < c({a,b}) +c({a,c}) +c({b;c})

—c({a,b,d}) — c({a,c,d}) —c({b,c,d}) —2-c({a,b,c}) +2-c({a,b,c,d}).

4.1. Generalized monotonicity interpretation of clutter inequalities

Another interesting observation is that if a clutter contains a singleton then
the corresponding inequality can be interpreted as a generalized monotonicity
constraint. Indeed, given a clutter £ C P(N) containing a singleton {7} such
that | L] > 2, let us put R := L\ {{y}}. Then JR # @ and the formulas (2)

and (3) from Lemma 1 allow one to observe that

kR (9) for S C N\ {v},
ke(S) =14 —kr(S\{7y}) for SC N withye Sand S\{y}#0, (5
1 for S = {~}.

Because of the convention c({7}) = 1 and the fact kg (0)) = 0 the formula (2)
can be re-arranged into the following generalized monotonicity form:
Yo Rr(S)-c(SU{Y) < Y Kr(S)-c(S). (6)
SEN\{~} SEN\{~}

Observe that if £ contains several singletons then (2) also has several generalized

monotonicity re-writings. Let us illustrate the formula (6) by an example.

Example 2 (generalized monotonicity form of a clutter inequality). Consider
the same clutter £ = { {a,b}, {a,c}, {b,c}, {d} } as in Example 1. Then
necessarily v = d and R = { {a, b}, {a,c}, {b,c} } which leads to xr({a,b}) =

12
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kr({a,c}) = kr({b,c}) = 1 and kg ({a,b,c}) = —2. Thus, the generalized
monotonicity form (6) of the inequality is
c({a,b,d}) +c({a,c,d}) + c({b,c,d}) — 2 - c({a,b,c,d})
< C({a‘v b}) + C({a7 C}) + C({ba C}) -2 C({CL, b, C}) )

which is just a re-writing of the inequality from Example 1.

5. Completeness conjecture
We have the following conjecture we know is valid in the case |[N| < 5.

Conjecture 1. For any n = |N| > 2, all facet-defining inequalities for c € Dy
are the lower bound 0 < c(N) and the inequalities (1) induced by clutters L of

subsets of N that contain at least one singleton and satisfy ||J L] > 2.

Recall that the convention ¢(L) = 1 for L C N, |L| = 1, implies that (1)
holds with equality provided ||J£] = 1. On the other hand, if a clutter £ with
[UL| > 2 does not contain a singleton then (1) is not valid for ¢ € Dy since

the characteristic imset of the empty graph produces a RHS of zero in (1).
Conjecture 1 can be viewed as a substantial step towards the solution to a

more general problem when a prescribed clique size limit is given.

Conjecture 2. For any 2 < k < n, a polyhedral description of D¥; is given by

e the lower bounds 0 < c(K) for K C N, |K| =k, and

e the inequalities (1) induced by clutters L which are subsets of the class

{L C N : |L| < k}, contain at least one singleton and satisfy ||JL| > 2.

Note that not every inequality from Conjecture 2 is facet-defining for D

(see Example 4); the problem of characterization of facets of Df\, is more subtle.

5.1. Clutter inequalities in the case of 4 variables

To illustrate Conjecture 1 let us list the 9 types of the 50 facet-defining
inequalities for Dy in case n = |N| = 4 and interpret them in terms of clutters.

An exceptional case, which is not a clutter inequality, is the lower bound:

13
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lower bound: 0 < c(abed) (1 inequality).

Note that we have abbreviated {a,b,c,d} to abed; we adopt this abbreviation
within this subsection. Two types of monotonicity inequalities correspond to

quite simple clutters, namely to one singleton together with one non-singleton:

3-to-4 monotonicity: take £ = {abc,d}, (2) gives 1 < c(abc)+c(d)—c(abed)

and, because of c(d) =1, one gets  c(abed) < c(abc) (4 inequalities),

2-to-3 monotonicity: take £ = {ab,c}, (2) gives 1 < c(ab) + c(c) — c(abe)

and, because of c(c) =1, one gets  c(abc) < c(ab) (12 inequalities).

The cluster inequalities, whose special cases are the upper bounds, correspond

to clutters consisting of singletons only (see Example 3 for details):

upper bounds: take £ = {a,b}, (2) gives 1 < c(a)+ c(b) — c(ab)

and, since c(a) = c(b) =1, one gets c(ab) <1 (6 inequalities),
cluster for 3-element-sets: take £ = {a,b,c}, (2) gives

1 < c(a) 4+ c(b) + c(c) — c(ab) — c(ac) — c(bec) + c(abc) and one gets

c(adb) + c(ac) + c(be) < 24 c(abc) (4 inequalities),

cluster for a 4-element-set: take £ = {a,b, c,d} and (2) leads similarly to

c(ab) + c(ac) + c(ad) + c(bc) + c(bd) + c(cd) + c(abed)

< 3+ c(abc) + c(abd) + c(acd) + c(bed) (1 inequality).

Besides 28 “basic” inequalities, which have already occurred in the case n = 3,
there are additionally 22 non-basic inequalities decomposing into 3 types; we

gave them some auxiliary labels:

one 2-element-set clutter: take £ = {ab, ¢, d} and (2) leads to

c(cd) + c(abe) + c(abd) < 1+ c(ab) + c(abed) (6 inequalities),

14
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two 2-element-sets clutter: take £ = {ac,bc,d} and (2) leads to

c(abc) + c(acd) + c(bed) < c(ac) + c(be) + c(abed) (12 inequalities),

three 2-element-sets clutter: take £ = {ac, ac,bc,d} and (2) leads to

2 - c(abc) + c(abd) + c(acd) + c(bed)

< c(ab) 4 c(ac) + c(be) + 2 - c(abed) (4 inequalities).

Note that the last inequality is equivalent to the one from Example 2.

In the case n = 4 and the clique size limit k& = 3, the restricted polytope D3
has 60 vertices, encoding 60 chordal graphs in which N is not complete. The
polytope is specified by 1 equality constraint and 49 facet-defining inequalities,
decomposing into 8 permutation types. These are obtained from the above ones
by the substitution c(abed) = 0. Thus, the number of facets is nearly the same

as in the unrestricted case.

However, the polytope D% with n = |[N| = 4 and k = 2 is considerably
simpler: it has 38 vertices, encoding 38 undirected forests over four nodes. The
polytope is specified by 5 equality constraints of the form c(abed) = 0 = c(abe),
and by 17 facet-defining inequalities decomposing into 4 permutation types.
These are either the lower bounds of form 0 < c(ab) or the cluster inequalities
of 3 types, including the upper bounds c(ab) < 1. In particular, some of the

clutter inequalities mentioned above are not facet-defining in this subcase.

6. Other versions of clutter inequalities

To prove the validity of the clutter inequalities from Conjecture 1 it is useful
to re-write them in terms of alternative vector representatives. In this section,
we apply a convenient linear transformation to the vectors ¢ € RP(N) in (1).

Moreover, we re-write (1) in terms of family variable vectors.
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6.1. Clutter inequalities in terms of Mdbius inversion
A very useful re-writing of the clutter inequality (1) is in terms of a linear

transformation of the vector ¢ € RP(™) | known as the M&bius inversion.

Definition 4 (superset Mobius inversion).
Given a vector ¢ € RPWY) | the superset M&bius inversion of c is the vector
m € RPWN) determined by the formula

m(T) = Y (=15 ¢(S) forany T CN, (7)

S:TCS
which is equivalent to the condition
c(S) = Z m(T") forany S C N. (8)
T:SCT

Indeed, to verify (7)=-(8) write for a fixed S C N:

> mn) @ (DITez) = Y ey Y (~pia
T:SCT T:SCTL:TCL L:SCL T:SCTCL
= > L) > (1Pl= " (L) S(L\S=0)=c(S5)

L:SCL BCI\S L:SCL

The proof of the implication (8)=(7) is analogous.

Now, we give the form of clutter inequalities in this context. Note that the

transformed coefficient-vector need not be sparse even for small clutters L.

Lemma 2 (clutter inequality in terms of superset Mébius inversion).
Let £ be a clutter of subsets of N such that () # | J £. Then the clutter inequality
induced by L has the following form in terms of superset Mobius inversion m of
the vector ¢ € RP(V):
1<o(e,L) = Y §(TeLh) -m(T). (9)
TCN

Moreover, the formula (9) has the following non-redundant form

L= |L\Y] < ) Ae(T)-m(T), where (10)
TeY
Ae(T):=6(T L) =Y 6({i}eL) forany T €.
€T

in the proper linear space RY.
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‘We moved the proof of Lemma 2 to Appendix A to make the paper smoothly
readable. Note that the relation of the coefficients in (4) and in (10) is that s,

is the subset Mdobius inversion of Ay restricted to Y:

Ac(T) = Z ke (S) for T €Y, and conversely
SeY:SCT

ke(S) = > (=)L (1) for SeT.
TeY:TCS

The superset Mobius inversion m¢ of the characteristic imset cg of a chordal
graph G can serve as an alternative vector representative of the respective de-

composable model. Here is the formula for mg.

Lemma 3 (superset Mobius inversion of the characteristic imset).

Given a chordal graph G over N, let mg denote the superset Mobius inversion
of its characteristic imset c¢, given by (7) where ¢ = c¢ and the convention
ca(0) := 1 is accepted. Assume that C(G) is the class of cliques of G, S(G) the
class of separators in G and let wg(S) denote the multiplicity of a separator

S € S(@). Then, for any T C N,

ma(T) =Y §(T=C)— Y wa(S) 5T=5) (11)

CeC(G) SeS(Q)

Y ar=c) Y ar=s).

Jj=1 Jj=2

where C,...,C,, is an arbitrary ordering of elements of C(G) satisfying RIP.

The proof of Lemma 3 can be found in Appendix B. It follows from the
formula (11) that mg need not be a zero-one vector because of multiplicities of
separators. Nevertheless, in comparison with cq, its superset Mobius inversion
mg is typically a sparse vector in the sense that most of its components are
zeros. The vector mg is a minor modification of the concept of a standard imset
treated already in [24, Section 7.2.2] and it is also close to zero-one encodings of

junction trees used in [22].
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6.2. Family variable formulation of clutter inequalities

This subsection requires a reader familiar with details of the ILP-approach
to learning Bayesian network structure. Recall from [7] that the family variable
vector encoding a directed acyclic graph H over N is a zero-one vector 1 with
components indexed by pair (a, B), where a € N and B C N\ {a}; let us denote
the component of 7 indexed by such a pair by n,. g. Specifically, 1, 5 = 1 iff
B = pag(a) is the set of parents of the node a in H. Thus, every such vector
belongs to the polyhedron of vectors 7 specified by constraints 0 < n,.p <1
for any (a,B) and > pcny () acpB = 1 for any a € N, which is a common

frame for family variable representatives.

Another possible (non-unique) vector representative of the decomposable
model induced by a chordal graph G over N is any family variable vector n
encoding a directed acyclic graph H over N inducing the same structural model
as G. There is a linear relation between the characteristic imset ¢ = c¢ and the
family variable vector 7. Specifically, it was shown in [27, Lemma 3] that

«(s) = > > Naep  for B #SCN. (12)

a€S B:S\{a}CBCN\{a}
Recall in this context that the value c((}) for the empty set is irrelevant in (1).
The formula (12) allows us to re-formulate the clutter inequality (1) in terms of

family variables with zero-one coefficients.

Lemma 4 (clutter inequality in terms of family variable vectors).
Let £ be a clutter of subsets of N such that () # (J£. Then (1), re-written in

terms of the family variable vector 1 inducing ¢ through (12), takes the form

1<v(e, L) = Z Z PacB *NacB, Where (13)
aclU £ BCN\{a}
1 if there exists L € £ with L C B U {a} while
PacB = there is no R € £ with R C B,
0 otherwise.
The proof of Lemma 4 was shifted to Appendix C. Let us illustrate the

result by an example.
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Example 3 (cluster inequalities). Given a cluster of variables C C N, |C| > 2,
consider the clutter £ = {{a} : a € C}. Then, in (13), parp =1 iff a € C

and BNC = (. In particular, the corresponding clutter inequality has the form

1§Z Z Na+B

aeC BCN\C

in family variables. Note that this is a well-known cluster inequality mentioned
n [14, 7]. One can derive from (4) in Lemma 1 that it has the form

1-[C] < > (=1 e(s),

SeT:Sce

in terms of the characteristic imset, which also follows from [27, Lemma7].
The cluster inequalities are known to be facet-defining for the family-variable
polytope, defined as the convex hull of all family variable vectors encoding
directed acyclic graphs over N; this can be derived from [8, Corollary 4]. Special

cases of the cluster inequalities are the upper bounds (see §5.1) where |C| = 2.

7. Validity of clutter inequalities

To show the validity of the clutter inequality (1) for every ¢ € Dy we use
its re-writing (9) in terms of M&bius inversion from Lemma 2 and the formula

(11) for the Mébius inversion of a characteristic imset from Lemma 3.

Corollary 1. Given a chordal graph G over N, let C1,...,Cy,, m > 1, be any
ordering of elements of the class C(G) of (all) cliques of G satisfying the RIP.
Given a clutter £ of subsets of N with () # |J £ one has

v(ca, £) = Y 8(CreLh) =D a(S;€Lh). (14)
j=1 j=2
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Proof. We write using the formulas (9) and (11):

v(ea, £) 2 ST §(T e £h) - ma(T)

TCN
11 m m
LN srech [Ysr=cy) -3 8r=5)
TCN j=1 j=2
= > S(T=0Cy)-8(Telh - S(T=S5;)-6(TecLh
j=1 TCN j=2 TCN
= > 8(CieLh) => s(S;eLh,
Jj=1 j=2
which concludes the proof of (14). O

Now, the proof of the validity of (1) is easy.

Theorem 1 (validity of clutter inequalities).
Given a chordal graph G over N, |N| > 2, all inequalities from Conjecture 1

are valid for the characteristic imset cq. Hence, they are valid for any c € Dy.

Proof. The validity of the lower bound 0 < cg(N) is immediate. As concerns
(1), given a clutter £ of subsets of N containing a singleton {~}, choose a clique
C € C(G) containing v and an ordering Ci,...,Cy,, m > 1, of cliques of G
satisfying RIP and C; = C. Such an ordering exists by [16, Lemma 2.18]. By

Corollary 1, one has

v(ea £) B 5(Cr e LY+ {s(CjeLh)—da(S;eLhy>1,
————
=1

J=2 >0

because {7} € £ implies C; € LT and, also, S; € LT, 5; CC; = Cje Ll O
8. The clutter inequalities define facets

We observe that every inequality induced by a singleton-containing clutter
is facet-defining for the unrestricted chordal graph polytope Dy. In fact, we

are going to show the next result in the case of a prescribed clique size limit.
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Lemma 5. Given 2 < k < n = |N|, let £ be a clutter of subsets of N containing
a singleton such that [(J£| > 2 and |[L U R| < k for any L, R € L. Then the
inequality (1) induced by £ is facet-defining for D¥;.

Since the proof of Lemma 5 is very long it is shifted to Appendix D. Note
that it provides solely a sufficient condition on a clutter £ to define a facet
of D%, as the example below shows. However, we believe that the proof from

Appendix D works under weaker conditions on L.

Example 4 (non-facet clutter inequality in the restricted case). If n = 5 and
k = 3 then take the clutter £ = {{a,b},{c,d},{e}} with N = {a,b,c,d,e}.
Thus, £ is a subclass of {L C N : |L| < k} mentioned in Conjecture 2 but
the condition from Lemma 5 is not fulfilled. By (4), the non-redundant clutter

inequality for £ has the next form in this restricted case:
0 <c({a,b}) +c({c,d}) —c({a,b,e}) — c({c,d,e}) for c € D3.
This is, however, the sum of the inequalities
0 <c({a,b}) —c({a,b,e}), 0<c({ecd})—c({ec,d,e}) for c € Dy,
which are clutter inequalities for £ = {{a, b}, {e} } and Lo = {{c,d},{e} }.

Now, the main result follows.

Theorem 2 (clutter inequalities define facets).
For every clutter L C P(N) containing a singleton and satisfying ||J L] > 2,
the corresponding inequality (1) is facet-defining for Dy = D%.

Proof. If k = n then the condition on £ from Lemma 5 is fulfilled. O

9. The separation problem in the cutting plane method

The effort to find a complete polyhedral description of the polytope D} from
§2.5 is motivated by the aim to apply a linear programming (LP) approach

to learning decomposable models. More specifically, as explained in §2, the
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statistical learning task can, in principle, be transformed into an LP problem

to maximize a linear function over the (restricted) chordal graph polytope.

However, since every clutter inequality is facet-defining for Dy (see §8), the
number of inequalities describing Dy is super-exponential in n = |N| and the
use of a pure LP approach is not realistic. Instead, integer linear programming
(ILP) methods can be applied, specifically the cutting plane method [7]. In this
approach, the initial task is to solve an LP problem which is a relaxation of the
original problem, namely to maximize the objective over a polyhedron P with
Dy C P, where P is specified by a modest number of inequalities. Typically,
P is given by some sub-collection of valid inequalities for Dy and there is a
requirement that integer vectors in P and Dy coincide: Z¥T NP = ZY N Dy.
Moreover, facet-defining inequalities for Dy appear to be the most useful ones,

leading to good overall performance.

In this approach, if the optimal solution c* to the relaxed problem has only
integer components then it is also the optimal solution to the unrelaxed problem.
Otherwise, one has to solve the separation problem [28], which is to find a linear
constraint (a cutting plane) which separates c* from Dy. This new constraint is
added and the method repeats starting from this new more tightly constrained
problem. If our search is limited to the clutter inequalities then it leads to the

following task:

given ¢* ¢ Dy, find clutter(s) £ such that the inequality (1) is
(most) violated by c*, in other words, we minimize £ — v(c*, L)

over singleton-containing clutters £ C P(N) with ||J L] > 2.

Our idea is to re-formulate this task in the form of a few auxiliary LP problems.
To this end we fix an element v € N and limit our search to clutters £ with
{7y} € Land (JL)\{7} # 0. Thus, we decompose the whole separation problem

into n = |N| subproblems.

To solve the subproblem with fixed v € N we denote

M:=N\{v}, R:=L\{{y}} for any considered clutter £

22



O Joy b WN

and realize that R is a clutter of subsets of M with () # | JR. Write using the
formulas from §4 and the convention ¢*(L) =1 for LC N, |[L| = 1:

2

v(c*, L) —1%= ke(S)-c*(S)—1
SCN
®)
= KR (5) - (S) - pr(L) - (LU{y}) +c({7}) -1
PR o R (URNIEUR
= > Ar(S)-[7(8) —c (SU{D],
SCM
because of k% (@) = 0. Thus, the subproblem is to minimize
R Y wr(S)-[c°(S) = (SU{y})] (15)

SCM o (5)

over clutters R C P(M) with () #£ [ JR and it can be re-formulated in the form

of an LP problem to minimize a linear objective 0o* over the clutter polytope
Q:=conv({rg e RPM) . R CP(M)is a clutter with JR #0}). (16)

Note that the inequality (1) corresponding to £ =R U { {v} } is violated by c*
iff the respective value of the objective in (15) is strictly negative. Moreover,
provided the monotonicity inequalities (see § 5.1) are involved in the specification
of the starting relaxation P the objective vector o* € RP(M) in (15) has non-
negative components. Below we give a polyhedral description of the clutter
polytope Q, which is surprisingly simple: if |[M| > 3 then the number of facets
of Q is smaller than the number of its vertices.

The proof of our result is based on the following auxiliary observation; recall

that a filter is a class of sets closed under supersets.

Lemma 6 (polyhedral description of a transformed clutter polytope).

Let M be a non-empty finite set. Given F C P(M), introduce
or(T) = 6(T € F) forTC M
the indicator vector of F. Then the filter polytope

R:=conv({or e RFM) . F CP(M)is a filter with ) ¢ F,M € F}) (17)
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is characterized the following linear constraints:
o) =0, o(M)=1, o(B)<o(BU{a}) forae M, BC M\ {a}. (18)

The proof of Lemma 6 is in Appendix E. Now, one can show the following.

Theorem 3 (polyhedral description of the clutter polytope).
The clutter polytope Q from (16) is determined by the following linear constraints

on k € RP(M).

e 0=k(0), 1= ngM K(S),

e 0< > cpr(LuUf{a}) forany pair (a,B) where a € M, B C M\ {a}.

Observe that the inequalities from Theorem 3 imply 0 < x({a}) for any
a € M. Note that the number of inequalities in Theorem 3 is just the the

. 9lM[-1

number of family variables for M, that is, |M]| , or equivalently, the

number of edges of the Hasse diagram for the poset (P(M), C).

Proof. The idea is to use a suitable linear transformation. Recall from the
proof of Lemma 2, formula (A.1), that kg is the subset M&bius inversion of the
indicator of F := RT', the filter generated by R, that is,
or(T) = §(T€F) = ST eRY) = Y kr(S) forany T C M,
SCT

The one-to-one linear mapping x <+ ¢ transforms Q to the polytope R defined
by (17). It follows from Lemma 6 that R is specified by constraints (18), which
turn into the constraints mentioned in Theorem 3 because of the transformation

formula o(T') = > gcq K(S) for T'C N. O

10. Preliminary computational experiments

We have implemented some methods for solving the separation problem

from §9 by extending the GOBNILP system [7] for learning Bayesian networks.
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This was done by adding a constraint handler for chordal graph learning to the

development version of GOBNILP which can be found at
https://bitbucket.org/jamescussens/gobnilp.

GOBNILP already looks for the deepest-cutting cutting planes which are the
cluster inequalities, that is, the clutter inequalities where all clutter members
are singletons (see Example 3). Extending this to find the guaranteed best
clutter cut for all possible clutters, for example by exploiting Theorem 3, has
proved (so far) to be too slow. Instead preliminary results indicate that an
approximate approach is superior: monotonicity inequalities (|£| = 2) are added
initially and then the separation problem is solved approximately by searching
only for clutters where |£| € {3,4}. With this approach, GOBNILP can find
the optimal chordal graph for the BRIDGES UCU dataset (12 variables, 108
datapoints) in 230s. In contrast, as shown by Kangas et al. [15], the current
stable version of GOBNILP, which learns chordal graphs by simply ruling out
immoralities, cannot solve this problem even when given several hours. This is a
clear improvement, however, when there is no limit on clique size, performance
remains far behind that of the Junctor algorithm [15] which, for example, can
solve the BRIDGES learning problem in only a few seconds.

Interestingly, with the separation algorithm turned off and no monotonicity
inequalities added (development-version) GOBNILP could still not solve this
problem after 59,820s (at which point we aborted since GOBNILP was using
12Gb of memory!). This shows the practical importance of using the clutter
inequalities in an ILP approach to chordal graph learning.

Our conclusion from the preliminary empirical experiments is that the present
poor performance is mainly caused by the large number of ILP variables one has
to create. This is because one cannot apply the normal pruning for Bayesian
network learning, as has already been noted by Kangas et al. [15, §4]. Given
our present state of knowledge, only when one restricts the maximal clique size
(= treewidth) is there hope for reasonable performance. Thus, more extensive

experimentation is delayed until further progress in pruning methods is achieved.
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11. Conclusion: further theoretical results and open tasks

We have achieved several theoretical results on the clutter inequalities. In
particular, we have succeeded to show that every inequality from Conjecture 1
is facet-defining for the chordal graph polytope Dy.

There are further supporting arguments for the conjectures from §5. More
specifically, we are able to show using a classic matroid theory result by Edmonds
[9] that a complete polyhedral description for D% consists of the lower bounds
and the cluster inequalities. Thus, Conjecture 2 is true in case k = 2. We also
have a promising ILP formulation for chordal graph learning using a subset of
the facet-defining inequalities of Dy as constraints. Nevertheless, to keep the
length of this paper within standard limits we decided to postpone the proofs
of these two results to a later publication.

The big theoretical challenge remains: to confirm/disprove Conjecture 1.
Even if confirmed, another open problem is to characterize clutter inequalities
defining facets for Df\,, 2<k<n.

The preliminary empirical experiments indicate that a further theoretical
goal should be to develop special pruning methods under the assumption that
the optimal chordal graph is the learning goal. The result of such pruning
procedure should be a class K C P(N) of sets closed under subsets defining the
restricted chordal graph polytope (see §2.5). The subsequent goal, based on the
result of pruning, can be to modify the proposed LP methods for solving the

separation problem to become more efficient.
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Appendix A. Proof of Lemma 2

Let us recall what we are going to prove.
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Rephrasing Lemma 2: Let £ be a clutter of subsets of N such that ) # J L.
Recall that the superset Mdbius inversion m of the vector ¢ € RP(®Y) satisfies
() = Y m(T) forany SCN. (8)
T:SCT
Then the clutter inequality (1) induced by £ has the following form in terms m:
1<w(c,£) = > (T eLh)m(T). (9)
TCN

Moreover, the formula (9) has the following non-redundant form

L= |L\Y] < ) Ae(T)-m(T), where (10)
TeY
Ae(T):=6(T L) =Y 6({i} L) forany T €.
€T

in the proper linear space RY.

Proof. The first observation is that the coefficient-vector . € RPN from (2)

is closely related to the indicator of £T:

S(TerLh)= Z ke (S) for any T C N. (A1)
scr

To this end fix T C N, denote Ly :={L € L : L CT} and write

Z K/[:(S) @ Z Z (71)\B|+1 _ Z (71)|B\+1

SCT SCT 9#£BCL:|JB=S 0#ABCL:|JBCT
= 1= > (D)F=1= 3 (1) =5l #0)
BCL:UBCT BC Ly

and it remains to realize that L # () iff T € £T. This allows us to write:

—~
=

vel) 2 S ke(S)-c($) C Y k() S m(1)

SCN SCN T:SCT
= Y @)Y we(9) 'S m1)-8(T e £1),
TCN SCT TCN

which concludes the proof of (9). To derive (10) from (9) note that § ¢ LT and,
for any i € N, one has {i} € LI & {i} € £ and

m{i) Lefi) - > mE) =1- Y m®),

SeY:ieS SeY:ieS
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which allows one to write:

(e, £) LS m() - 5T e £+ m({i}) - 5({i} € £)
TeY iEN
= S m@-sTeLh+y 3 m(S)] 5({iY € L)
TeY ieN SeY:ieS
= Y s{iteny+ Y m@-sTech -3 > m(S)-s({i}e L)
iEN TeY iEN SeY:ieS
= [L\Y[+ > mD)- 6T el m(S)-d i{iter)
TeY SeT i€S
= [L\Y[+ ) m (T ecLh)- Zé{}“]
TeY €T
Ac(T)
which concludes the proof of (10). O

Appendix B. Proof of Lemma 3

Let us recall what we are going to prove.

Recalling Lemma 3: Given a chordal graph G over N, let mg denote the
superset Mobius inversion of its characteristic imset cg, where ¢ = ¢ and the
convention cg () = 1 is accepted. Assume that C(G) is the class of cliques of G,
S(G) the class of separators in G and let wg(S) denote the multiplicity of a
separator S € S(G). Then, for any T C N,

=Y (T=C)= ) wa(S) §T=25) (11)
cec(G) Ses(@)

m

m
YT =Cp) =) T =
j=1 j=2
where Cy,...,C,, is an arbitrary ordering of elements of C(G) satisfying RIP.

Proof. Let us put

m'(T) := Z (—1)IBI+L. ﬂB for any T C N;
0£BCC(@)
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the aim to show m’ = mg. Thus, we denote

C(G,S):={Ce(C(G): SCC} foranyfixedSC N,

and write
Z Z Z (—1)IBIHL . 5(T = ﬂB)
T:5CT T: SCT §£BCC(Q)

S ICICEED s
0£BCC(G) T:5CT

_ Z (—1)IBI+1 . 5(5 C ﬂB Z (—1)IBl+1
0£BCC(G) 0£BCC(G,S)

= 1+ > (-1FH = 5(¢(G,9) #0) = calS).

BCC(G,S)

Thus, cg is obtained from m’ by the backward formula (8). Hence, since the

Mobius inversion is a one-to-one transformation, one has

mg(T) = Z (—1)/BI+L. ﬂB for any T C N. (B.1)
P£BCC(G)
The formula (B.1) can be re-written: given any ordering Ci,...,Cyp,, m > 1,

of all cliques of G satisfying the RIP and the separators S; = C; N ({J,.,; Cr),

1 =2,...m, one has

m(;(T) = 6(T:Cl)+§: {5(T:C])—(5(T:S])} for TQN (BQ)

j=2
Indeed, (B.2) can be derived from (B.1) by induction on m: if C = C,,, m > 2,
then a preceding clique K = C}, j < m, exists with S,, = C'N K and one has
Yo (—)EFL ST =(B) = §(T=C)- (T =CnK),
BCC(G): CeB

because the other terms cancel each other (this follows from the RIP). The
above formula then justifies the induction step because C(G) \ {C} is also the
class of cliques of a chordal graph (over a smaller set of variables).

Since the order of cliques is irrelevant in (B.1), the expression in (B.2) does
not depend on the choice of the ordering satisfying the RIP. In particular, (B.2)
can be written in the form (11), where wg(S) is the number of 2 < j < m with

S =5, for S € S(G), which is the multiplicity of the separator S. O
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Appendix C. Proof of Lemma 4

Let us recall what we are going to prove.

Rephrasing Lemma 4: Let £ be a clutter of subsets of N such that () # | L.

Recall the formula relating ¢ € RY to the family variable vector 7:

(9 = Y > Naep  for 0 #S CN. (12)

a€S B:S\{a}CBCN\{a}

Then the clutter inequality (1), re-written in terms of 7 takes the form

1<v(c, L) = Z Z PacB " NacB, Where (13)
aclJL£ BCN\{a}

1 if there exists L € £ with L C B U {a} while
PacB = there is no R € £ with R C B,

0 otherwise.

Proof. Let us substitute (12) into (1) and get

1< Y C)EF(UB)

PABCL
12
D SNCHEIEDS > Mo
0ABCL acUB BCEN\{a}: (UB)\{a}CB
- Z Z Nacep - Z (—1)/BI+1
aclJL BCN\{a} BCL:a€clJBCBU{a}

Pa+B

To derive a formula for p,. g, with fixed a € |J£ and B C N\ {a}, we put

Lla+B] = {LeL:a€l & LCBU{a}}, and
LB] = {ReL:RCB}.

Firstly, show that £|B] # 0 = pa«cp = 0. To this end choose and fix R € L[B]
and realize that the condition a € |JB C B U {a} holds for B C L iff it holds
for BU{R}, respectively for B\ {R}. Thus, the index set in the sum defining
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P a«p decomposes into pairs BU{R} < B\ {R} and one can write:

PacB = Z (_1)\B|+1

BCL:acly BCBU{a}

— Z (fl)\BIH + Z (71)|B\+1

BCL:aclBCBU{a} & REB BCL:aclU BCBU{a} & REB

_ Z [(_1)|B\+1+(_1)\BU{R}\+1} - 0.
BCL:a€lJBCBU{a} & R¢ZB

0

Secondly, assume that £[B] = (), that is, VL e £L LC{a}UB = a€ L, and

observe that then, for any B C £, one has
[anBgBu{a}] & 0#£BC L+ B.
This allows one to write in the case L£[B] = (:

Paci = > (-pBH = ST (s

BCL:a€elJBCBU{a} 0#BCLla+ B
= 1+ > (1B = 5(Lla Bl #£0).
BCLla+B]

Hence, poep = 6(L[B] = 0) - 6(L[a < B] # 0), which gives (13) because
in case L[B] = 0 every L € £, L C BU {a} contains {a} and belongs to
Lla + BJ. O

Appendix D. Proof of Lemma 5

We base our proof on the following lemma, which is a kind of re-formulation

of the method from [28, Approach 2 to Problem 1 in §9.2.3].

Lemma 7. Let P be a full-dimensional polytope in R®, s > 1, and

Mo < ZAlml for x = [z1,...,z5) € R® (where \g, A1,...,As €R) (D.1)

i=1
a valid inequality for any = € P, with at least one non-zero coefficient from

M,...,As € R. Assume that there exist vectors z',...,2", r > s, on the
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respective face, that is, vectors from P satisfying (D.1) with equality, such that

every real solution pug, p1, ..., pus of the equations
S
Vi=1,...,r MOZZ Wi - ! (D.2)
i=1

is a multiple of A\g, A1,...,As, l.e. Fa €R  p;=a- A fori =0,1,...,s.

Then the inequality (D.1) is facet-defining for P. In case r = s the vectors

xl, ... 2° satisfying (D.2) are necessarily affinely independent.
Note that at least one of the coefficients Ay,...,As € R is assumed to be
non-zero since otherwise the existence of z!,..., 2" implies Ay = 0 and (D.1) is

valid with equality for any = € R® and, therefore, it is not facet-defining.

Proof. Firstly, observe that the condition (D.2) implies that the affine hull of
{z!,..., 2"} is an affine subspace of R* given by Ao = (\,z) :== >0, \; - z;.

Indeed, x € R® belongs to the affine hull iff the corresponding extended vector

z:= (L,z) = (1,z1,...,25) € R is in the linear hull of extended vectors
', ..., 2" € R*t!: this is because for Bj €R,j=1,...,r one has
T ) T s )
(1,33):253"(1,1‘]) = ZBj:l & szﬁj-x]
j=1 j=1 j=1

Thus, it is enough to show that (D.2) implies

Lin({Z',.., 7)) = { (o, --,ys) ERT : “Xo-yo+ D> Ay =0},

i=1

L
where Lin (—) denotes the linear hull and L the linear space specified by the
constraint given by the coefficients —Ag, A1, ..., As; note that, for x € R?®, one
has & = (1,x) € L iff x satisfies A\g = (A, x).
1 r

The inclusion Lin ({Z!,...,3"}) C L is evident because vectors z',...,z

are assumed to belong to the face given by the respective inequality in (D.1).

The other inclusion L C Lin ({Z',...,2"}) is equivalent to the converse inclu-
sion of their orthogonal complements Lin ({Z#!,...,7"})* C Lt. But this is
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exactly what the condition (D.2) requires: whenever i@ = (—po, fi1,...,1s) €
Lin ({z%,...,2"})* then fi € Lin ({(=Xo, A1,..-, As)}) = LE.

Thus, provided (D.2) holds, the affine hull of {z!,... 2"} is determined by
just one equality constraint in R® and has the dimension s—1, because Ay, ..., Ag
are non-vanishing. In particular, the inequality (D.1) defines a face of P of the
dimension s — 1, that is, a facet.

The conclusion that in case r = s the vectors z!

,. .., x® satisfying (D.2) are
affinely independent can be derived as follows. In this case, the linear hull of
z',...,%% € R°t! is the space L of the dimension s. But every set of s vectors

linearly generating an s-dimensional subspace must be linearly independent.

The linear independence of &', ...,7* implies for v; € R, j =1,...,s, that
S S
2% =0 & Y el =0€R
j=1 j=1

= Z»yj.jjj:()eRSJrl = [v,=0 forj=1,...,s],
j=1

that is, z!,...,z° € R* are affinely independent. O

Let us recall Lemma 5 in more appropriate form before giving its proof.

Rephrasing of Lemma 5:  Given 2 < k < n = |N]|, let us denote
K:={SCN: |S|<k}.

Let £ be a clutter of subsets of N containing a singleton such that ||J£| > 2
and LUR € K for any L,R € £. Then the inequality (1) induced by L is
facet-defining for DX;.

Proof. The proof is more transparent if we transform the polytope D% C Dy

by the superset Mobius inversion (7) ¢ — m to the polytope

P := conv({m¢ : G chordal graph over N with clique size at most k} )
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and rewrite (1) accordingly. The dimension of P is lezz (Z), the same like the

one of Df\,; the affine hull of P is

A={meRPM . mT)=0 for T ¢K, while

Zm(T):l and Z m(T) =1 for any a € N },
TCN TCN:a€T

where we use the fact that P(N) \ K is a filter. Elements of P C A can be

identified with vectors in RXT where
T={SCN: |5 >2}

is the class of non-empty non-singletons. This is because the restriction of m € A
to components in K NYT determines affinely the values m(T') for T C N outside
KN Y. Moreover, P is a full-dimensional polytope in R*T which fact can be

derived from Lemma 3.

Given a singleton-containing clutter £ with LR € L = LUR € K and
[UL| > 2, we need appropriate rewriting of (1) in terms of R*™Y. This is in

Lemma 2, the formula (10), where we include the constraints for m € A:

Ao <> MT)-m(T), forme RN with (D.3)
TeknY
A= 1-[L\T]
NT) = 6T el 6({i}eL) foor TekNT.
€T
Observe that ||J£| > 2 implies that the coefficients in the RHS of (D.3) are
not identically vanishing. One can derive from Theorem 1 that (D.3) is valid
for any m € P. Thus, we can use the criterion from Lemma 7 with P C R*"T

and the inequality (D.3).

To apply that criterion one has to construct a class G of chordal graphs G
over N with cliques in K that are tight for the clutter £, which means that mg
satisfies (D.3) with equality. The vectors m¢g for G € G, viewed as elements in

RENT | wwill serve as the vectors on the face of P given by (D.3); a formula for
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mg in R follows from (11) in Lemma 3:
me(T)= >  dT=C)— >  we(S) §T=8) foTekKNT.
cec(a)nT Ses(G)NY

The goal is to construct such class G that the condition (D.2) from Lemma 7
holds for {m¢g : G € G} inplaceof z!, ..., 2", which means that, every collection

of real numbers po and p(7T), T € KN T, satisfying

VGEG o= Y wT) ma(T) (D.4)
TekxnY

must be a multiple of the collection \g and A(T), T € KN Y, from (D.3). If we
find such a class G of graphs then Lemma 7 implies that (D.3) is facet-defining
for P. The fact that the superset Mobius inversion (7) is linearly invertible by
(8) then implies that (1) is facet-defining for D¥;.

Roughly, a general principle of the construction of G is as follows: for every
S € KNTY, we include in G a pair of graphs G and H such that the validity of
(D.4) for mg and my allows one to derive a conclusion on the value of u(S).

Given a clutter £ containing a singleton and ||J £| > 2 we introduce

A= e\t = J i}, and T = N\A,

{i}el

and the details of the construction of graphs included in G depend on whether
e )y <0, that is, |A] > 2, or
e )\ =0, that is, |A| = 1, in other words, £ only has one singleton.
The sets in £NY will be classified into 4 classes (= 4 cases of the construction):
A. (if [A| > 2) sets S € KN T such that S C A,
B. sets ScKNY with SNA#0#SNT,
C.sets SEKNY with SCTand S ¢ LT,

D. (f LNYT #0) sets S € KNTY with S CT and S € £T.
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Moreover, one special graph will be constructed and included in G in order

E. to derive a conclusion on the constant pg.

Now, the specific constructions in the above described cases will be given.
Throughout the constructions, the vector dg € R*T where S C N, will denote

the zero-one identifier of the set S:

1 i#fT=8,
0s(T) := for Te KNT.
0 if T#S,

A. If |A| > 2 consider the collection of sets
S={SeknT: SCA},

which is non-empty then, and realize that one has A(S) = 1—|S]| < 0 for any set
S € §. The whole consideration in this A-case has four steps. All these steps
are empty in case |A| = 2 because then |S| = 1; thus, assume |A]| > 3.

A.1. Verify that u(S) = u(T) for every pair S,T C A with |S| = |T| = 2.

To this end, it is enough to verify u(S) = p(T) under an additional assumption
that |SNT| = 1: this is because in case SNT = () choose s € S, t € T, put
R = {s,t} and have R C A while [SNR| =1 = |RNT|. Thus, without loss
of generality assume S = {a,c} and T = {b,c} and construct a tree J over
A\ {a,b} in which c is a leaf (= it has at most one neighbour in the tree J).

Then the corresponding construction of two graphs will be as follows:

e the graph G will have cliques {a,b}, {a,c}, all two-element cliques of J,

and the singletons in T,

e the graph H will have cliques {a,b}, {b,c}, all two-element cliques of J,

and the singletons in T'.

Since G and H are forests over N, they are chordal graphs having cliques in K.
Both graphs also have exactly |A| — 1 two-element cliques; these cliques C' are

subsets of A and one has A(C) = —1 for them. Thus, the RHS of (D.3) for
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mg and my is 1 — |[A] = 1 — |£\ T| = Ao, which means that G and H are

tight for £. Hence, we can include G and H in G. Because, in R*"T | one has
MG — My = 0fa,c} — Ofp.c}, it follows from (D.4) that
(D.4)
O=po—po = > wT) -ma(T)— > w(T) mu(T)
TeknT TeknY
= > wD) [ma(T) = mp(T)] = p({a,c}) = p({b, c}) = u(S) — w(T),
TeknY

which was the goal.
A.2. Denote by p* the shared value pu(S) for S C A, |S| = 2.
A.3. Verify that, for every S € S, |S| > 3, one has u(S) = (|S|—1) - p*.

To this end, choose a node ¢ € S and a tree J over S in which c is a leaf. In
case A\ S # 0 also choose a node d € A\ S and a tree I over A\ S in which d

is a leaf. Then the construct

e the graph GG which has as cliques S, the singletons in I' and, optionally in
case A\ S # 0, also {c,d} and two-element cliques of I,

e the graph H which has as cliques of those of J, the singletons in I' and,
in case A\ S # 0, also {c,d} and the two-element cliques of I.

It is easy to observe that G and H are chordal graphs over N, and, since
S € § C K, their cliques are in K. Because H is a forest, the RHS in (D.3)
for my is A for the same reason as mentioned in A.l-case. As concerns G, in
RN one has mg — my = §g — Z{u,v}ej d{u,v}, Where J is the set of cliques
of J. Thus, because A(S) =1—[S] =3¢, .17 A{u,v}), the RHS in (D.3) for
mg is also Ag. Therefore, we can include both G and H into G. It follows from
(D.4) by subtracting the respective equations that
0=p(S)— > pl{u,v})=pnS)—(S|—1)-u,
{u,v}eg

using the convention A.2.

A.4. Summary: we have constructed and put in G such graphs that (D.4)
implies that there exists pu* such that u(S) = (|S] — 1) - u* for any S € S.
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B. IfSekNT with SNA#0#SNT then A(S) =1—|SNA|=ASNA),
where we accept the convention that A(L) = 0 whenever L C A, |L| = 1. Verify
p(S) = p(S N A) under an analogous convention (L) =0 for L C A, |L| = 1.

To this end, provided A\ S # 0, choose c€ SN A, d € A\ S and a tree J over
A\ S in which d is a leaf. Then construct:

e the graph G which has cliques S, singletons in T'\ S and, optionally in
case A\ S # 0, also {c,d} and two-element cliques of J,

e the graph H whose complete sets are determined as subsets of S N A,
of singletons in T' and, optionally in case A\ S # 0, also of {c,d} and

two-element cliques of J.

Since S € IC, one also has SN A € K; thus, the cliques of G and H are in K.

The formula for mg in R®MY consists of g plus an optional term

dfe,dy + Z d{uwy, where J is the class of cliques of J.
{uv}ed

The formula for my consists of dgny € RENT (meaning that dsna = 0 in case
|SNA| =1) plus the same optional term. Hence, the RHS in (D.3) for both m¢
and my is (1—|SNA|)—|A\ S| = 1—|A| = Ao and (D.3) holds with equality for
them. Therefore, we can include G and H into G and subtracting of equations

(D.4) for G and H gives

0="> wT)-ma(T) = mu(T)] = u(S) — p(SNA),
TekNnY

where we have the convention p(L) =0 for L C A, |L| = 1.

C.If S € KNY with S C T and S & LT then one has A\(S) = 0. Verify u(S) = 0.

To this end, choose a tree J over A and construct:

e the graph G which has as cliques 5, the cliques of J and all the singletons
in the set T'\ S,

e the graph H which has as cliques those of J and singletons in .
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Both graphs are chordal and have cliques in /C. Observe that, in R*"T one has

my = Z Ofuw}s where J is the class of cliques of J,
{uv}ed
while mg = my + ds. Since } ¢, ey A{u,v}) = (JA[ = 1) - (=1) = Ao both
graphs belong to the face determined by (D.3). Including G and H into G allows
one to subtract the respective equations in (D.4) and obtain 0 = u(.5).

D. If S€ KNTY with S CT and S € LT then A(S) = 1. The details of the
consideration depend on |A], but in any case the next step will be needed.
D.1. Given L € £ and S € K with L C S C T verify that u(S) = u(L).

Note that the assumption implies L € T and we also know from (D.3) that
A(S) = AM(L) = 1. We choose ¢ € A and a tree J over A in which ¢ is a leaf. The

corresponding construction is as follows:

e the graph G has cliques S, L U {c}, all two-element cliques of J and the
singletons in "\ S,

e the graph H has as cliques L U {c}, all the two-element cliques of J and
the singletons in I'\ L.

By the assumption LU R € K for any L, R € L we are sure that L U {¢} € K,
and, by construction, both graphs over N are chordal and have cliques in K.

The formulas for superset Mobius inversions in R*MT are

myg = Odpufer + Z O{u,v}, where J is the class of cliques of J,
{uv}edg
mg = mg+ds—0rL.

Hence, the RHS in (D.3) for both mg and my is

MEU{eh) + D AMu,0}) =0+ (=1)- (|A] = 1) = .
{uv}eg
Since G and H are tight for £ they can be included into G. By subtracting the
equations (D.4) for mg and my one gets

0=> uT)-[ma(T) = mu(T)] = u(S) — p(L).
TekxkNY
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D.2. There exists a shared value p° for u(S) for S € KN LT with S CT.

For every pair L,R € £ with L, R C I" one has L U R € K, which allows one
to deduce (L) = (L U R) = pu(R) by the previous step D.1. Thus, there is a
shared value u° for p(L) for L € £ with L C T'. By applying the observation in

D.1 again we obtain the desired conclusion.

D.3. (in case |[A] > 2 and LN Y # @) observe that the shared value p* from

the step A.2 coincides with —u®, where p° is the shared value from D.2.

Because |A| > 2, we can choose different a,b € A and a tree J over A\ {a} in
which b is a leaf. Because LN Y # @), one can also choose a set L € £ such that

L CT. The construction is as follows:

e the graph G has cliques L U {a}, L U {b}, two-element cliques of J, and
singletons in "\ L,

e the graph H has as cliques {a, b}, two-element cliques of J and singletons

in T

As LUR € K for any L, R € L we know that LU {a}, LU {b} € K; thus, G and

RICF]T

H are chordal graphs over N with cliques in IC. Moreover, in , one has

myg = Ofap + Z O{u,v}, where J is the class of cliques of J,
{u,v}eg
me = myg —0fap} +0r0{a} + LU} —OL -

Hence, the RHS in (D.3) for my is
A{a, b))+ D0 A(uv}) =1—]A| = Ao,
{uv}ed
and, because —A({a,b}) + A(LU{a}) + A(LU{b}) —A(L)=4+1+0+0—-1=0,
the same holds for mg. Hence, G and H can be included into G. By subtracting
the equations (D.4) for mg and my one gets

0= 3 u(T) - [me(T) — mpu(T)]

TeKXNY
= —p({a,b}) + p(L U {a}) + u(LU{b)) — p(L) = —p" +0+0 - u°,
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by the cases A.2, B and D.2. This means p* = —u°, which was the goal.
E. Observe that if |A| > 2 then po = (JA| — 1) - p* and if |A| = 1 then po = 0.
To this end we choose a tree J over A and construct

e a graph G which has as cliques all the cliques of J and singletons in I'.

This is a chordal graph over N with cliques in K. Moreover, in R one has

mg = Z Ofu,w}, Where J is the class of cliques of J.
{uv}ed

Hence, the RHS in (D.3) for mg is 1 — |A| = Ag and G can be included into G.
The equation (D.4) for m¢g says

po= Yy wl)-ma(M)= Y p{uv}),

TEKNYT {uv}edg

which is either zero, in case |[A| =1, or (JA| — 1) - u*, in case |[A| > 2 by A.2.

Now, putting the observations A-E together implies that the collection of real
numbers po and pu(T), T € KN 7Y, is a multiple of \g and AN(T), T € KN T,
which was desired. Specifically, the multiplicative factor is —p* from A.2 in case

|A| > 2, respectively p° from D.2 in case [A] = 1. O

Appendix E. Proof of Lemma 6

This is the result we are going to prove.

Rephrasing Lemma 6: Let M be a non-empty finite set. Recall that a filter
is a class of sets F C P(M) closed under supersets: S € F, S CT C M implies

T € F. The indicator vector of such class F will be denoted as follows:
or(T) == o(T € F) forT C M.
Then the filter polytope defined by
R:=conv({or € RFM) . F CP(M)is a filter with ) ¢ F,M € F}) (17)
is characterized the next linear constraints:

o) =0, o(M)=1, o(B)<o(BU{a}) foracM,BCM\{a}. (18)
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Proof. The validity of (18) for o € R follows immediately from the definition
of a filter. We are going to verify that every vector o € RP(M) satisfying (18)
is a convex linear combination of vertices of R. This can be shown by induction
ons:=|{T' C M : o) +# 0}]. Note that the inequalities (18) imply that
0< a(T) < 1 for any T C M. The induction premise is immediate: if s =1
then 0 = oz«, where F* = {M} is the filter consisting of the set M only.

To verify the induction step in case s > 1 we put
F={TCM:oT)>0} and B:=min{c(T): TeF}>0

and observe that F C P(M) is a filter with §) ¢ F and M € F. Note that in
case 0 = 1 necessarily 0 = o and the induction step is verified. Thus, assume
B < 1 in which case put

1
o'i=—— (0B or] e R"M andhave o =(1-B) -0+ oF.

1-p5
Observe that since o satisfies the constraints from (18) ¢’ does so: ¢'(f)) = 0

and o'(M) =1 is easy; for fixed a € M and B C M \ {a}, write

(1=8)-[d"(BU{a}) —d'(B)]
= o(BU{a}) = B-0r(BU{a}) —o(B) + - 0r(B)
o(BU{a})—0a(B) >0 if Be For BU{a} ¢ F,
o(BU{a})—-582>0 it B¢ F and BU{a} € F,
because of the definition of 8. Now realize that ¢/(T) =0 for T C M, T ¢ F,
and there exists at least one T' € F with o(T") = § and, therefore, o/(T) = 0.
Thus, s’ = |{S C M : ¢'(S) # 0}| < s and the induction hypothesis says that
o’ is a convex combination of vertices of R. The formula o = (1—8)-0'+8-0r

then completes the proof of the induction step. O
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e Wwe propose zero-one vector representatives for decomposable graphical models, called
characteristic imsets, to be used in integer linear approach to structural learning,

e we re-formulate the learning task in the form of an (integer) linear problem to
maximize a linear objective over a special chordal graph polytope, defined as the
convex hull of all characteristic imset over a fixed set of variables,
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e we propose a linear programming method to solve the separation problem with these
inequalities for the use in a cutting plane approach to solving the ILP problem.
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