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Abstract

Recently, Bandeira [5] introduced a new type of algorithm (the so-called probably certifiably
correct algorithm) that combines fast solvers with the optimality certificates provided by convex
relaxations. In this paper, we devise such an algorithm for the problem of k-means clustering.
First, we prove that Peng and Wei’s semidefinite relaxation of k-means [20] is tight with high
probability under a distribution of planted clusters called the stochastic ball model. Our proof
follows from a new dual certificate for integral solutions of this semidefinite program. Next, we
show how to test the optimality of a proposed k-means solution using this dual certificate in
quasilinear time. Finally, we analyze a version of spectral clustering from Peng and Wei [20]
that is designed to solve k-means in the case of two clusters. In particular, we show that this
quasilinear-time method typically recovers planted clusters under the stochastic ball model.

1 Introduction

Clustering is a central problem in unsupervised machine learning. It consists of partitioning a given
finite sequence {a:,}fil of points in R™ into k subsequences such that some dissimilarity function
is minimized. Usually, this function is chosen ad hoc with an application in mind. A particularly
common choice is the k-means objective:
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Problem is NP-hard in general [13]. A popular heuristic for solving k-means is Lloyd’s algorithm,
also known as the k-means algorithm [15]. This algorithm alternates between calculating centroids
of proto-clusters and reassigning points according to the nearest centroid. In general, Lloyd’s
algorithm (and its variants [3|, [I9]) may converge to local minima of the k-means objective (e.g.,
see section 5 of [4]). Furthermore, the output of Lloyd’s algorithm does not indicate how far it is
from optimal. Instead, we seek a new sort of algorithm, recently introduced by Bandeira [5]:

Definition 1. Let P be an optimization problem that depends on some input, and let D denote a
probability distribution over possible inputs. Then a probably certifiably correct (PCC) algo-
rithm for (P,D) is an algorithm that on input D ~ D produces a global optimizer of P with high
probability, and furthermore produces a certificate of having done so.

Most non-convex optimization methods fail to produce a certificate of global optimality. How-
ever, if a non-convex problem enjoys a convex relaxation, then solving the dual of this relaxation



will produce a certificate of (approximate) optimality. Along these lines, the k-means problem en-
joys a semidefinite relaxation. To see this, let 14 denote the indicator function of A C {1,..., N},
and define the N x N matrix D by D;; := ||z; — x;]|3. Then taking
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the k-means objective may be expressed as %Tr(DX ). Since X satisfies several convex con-
straints, we may relax the region of optimization to produce a convex program, namely, the Peng—
Wei semidefinite relaxation [20] (cf. [6]):

minimize  Tr(DX) (3)
subject to Tr(X)=%k, X1=1, X >0, X =0

Here, X > 0 means that each entry of X is nonnegative, whereas X > 0 means that X is symmetric
and positive semidefinite.

Recently, it was shown that under a certain random data model, this convex relaxation is
tight with high probability [4], that is, every solution to the relaxed problem has the form ,
thereby identifying an optimal clustering. As such, in this high-probability event, one may solve
the dual program to produce a certificate of optimality. However, semidefinite programming (SDP)
solvers are notoriously slow. For example, running MATLAB’s built-in implementation of Lloyd’s
algorithm on 64 points in R will take about 0.001 seconds, whereas a CVX implementation [11]
of the dual of for the same data takes about 20 seconds. Also, Lloyd’s algorithm scales much
better than SDP solvers, and so one should expect this runtime disparity to only increase with larger
datasets. Overall, while the SDP relaxation theoretically produces a certificate in polynomial time
(e.g., by an interior-point method [I§]), it is far too slow to wait for in practice.

As a fast alternative, Bandeira [5] recently devised a general technique to certify global opti-
mality. This technique leverages several components simultaneously:

(i) A fast non-convex solver that produces the optimal solution with high probability (under
some reasonable probability distribution of problem instances).

(ii) A convex relaxation that is tight with high probability (under the same distribution).

(iii) A fast method of computing a certificate of global optimality for the output of the non-convex
solver in (i) by exploiting convex duality with the relaxation in (ii).

In the context of k-means, one might expect Lloyd’s algorithm and the Peng—Wei SDP to be suitable
choices for (i) and (ii), respectively. For (iii), one might adapt Bandeira’s original method in [5]
based on complementary slackness (see Figure 1] for an illustration). In this paper, we provide a
theoretical basis for each of these components in the context of k-means.

1.1 Technical background and overview

The first two components of a probably certifiably correct algorithm require non-convex and convex
solvers that perform well under some “reasonable” distribution of problem instances. In the context
of geometric clustering, it has become popular recently to consider a particular model of data called
the stochastic ball model, introduced in [17]:
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Figure 1: (left) Depiction of complementary slackness. The horizontal axis represents a vector space in which
we consider a cone program (e.g., a linear or semidefinite program), and the feasibility region of this program is
highlighted in green. The dual program concerns another vector space, which we represent with the vertical axis
and feasibility region highlighted in red. The downward-sloping line represents all pairs of points (z,y) that satisfy
complementary slackness. Recall that when strong duality is satisfied, we have that x is primal-optimal and y is
dual-optimal if and only if x is primal feasible, y is dual feasible, and (z,y) satisfy complementary slackness. As
such, the intersection between the blue Cartesian product and the complementary slackness line represents all pairs
of optimizers. (right) Bandeira’s probably certifiably correct technique [5]. Given a purported primal-optimizer z,
we first check that x is primal-feasible. Next, we select y such that (z,y) satisfies complementary slackness. Finally,
we check that y is dual-feasible. By complementary slackness, y is then a dual certificate of x’s optimality in the
primal program, which can be verified by comparing their values (a la strong duality).

Definition 2 ((D,~,n)-stochastic ball model). Let {v,}*_, be ball centers in R™. For each a,
draw i.i.d. vectors {rq;};_; from some rotation-invariant distribution D supported on the unit ball.
The points from cluster a are then taken to be x4 ; 1= Tq; + V. We denote A := mingp ||[7a — Vo ||2-

Table [I| summarizes the state of the art for recovery guarantees under the stochastic ball model.
In [I7], it was shown that an LP relaxation of k-medians will, with high probability, recover clusters
drawn from the stochastic ball model provided the smallest distance between ball centers is A >
3.75. Note that exact recovery only makes sense for A > 2 (i.e., when the balls are disjoint). Once
A > 4, any two points within a particular cluster are closer to each other than any two points from
different clusters, and so in this regime, cluster recovery follows from a simple distance thresholding.
For the k-means problem, Awasthi et al. [4] studies the Peng—Wei semidefinite relaxation and
demonstrates exact recovery in the regime A > 2v/2(1 + 1/y/m), where m is the dimension of the
Euclidean space.

As indicated in Table we also study the Peng—Wei SDP, but our guarantee is different from [4].
In particular, we demonstrate tightness in the regime A > 2 + k?/m, which is near-optimal for
large m. The source of this improvement is a different choice of dual certificate, which leads to the
following result (see Section |2 for details):

Theorem 3. Take X of the form (2), and let Py denote the orthogonal projection onto the
orthogonal complement of the span of {14,}F_,. Then there exists an explicit matriz Z = Z(D, X)
and scalar z = z(D, X)) such that X is a solution to the semidefinite relaxation (3) if

PALZPAL = ZPAL. (4)

To prove that A > 2 + k?/m suffices for the SDP to recover the planted clustering under the
stochastic ball model, we estimate the left- and right-hand sides of with the help of standard
techniques from random matrix theory and concentration of measure; see Appendix [B] for the



Method Sufficient Condition Optimal? Reference

Thresholding A >4 Yes (simple exercise)
k-medians LP A>4 No Theorem 2 in [9]
A >3.75 No Theorem 1 in [I7]
A>2 Yes Theorem 1 in [4]
k-means LP A>A4 Yes Theorem 9 in [4]
k-means SDP A > 2v/2(1+1/y/m) No Theorem 3 in [4]
A>2+Ek/m No Theorem |9
Spectral k-means A > A* k=2 Yes Theorem (14

Table 1: Summary of cluster recovery guarantees under the stochastic ball model. The second column reports
sufficient separation between ball centers in order for the corresponding method to provably give exact recovery
with high probability. The third column reports whether the sufficient condition on A cannot be improved. Here,
A* = A*(D, k) denotes the smallest value for which A > A* implies that minimizing the k-means objective recovers

planted clusters under the (D, ~, n)-stochastic ball model with probability 1 — e ()

(rather technical) details. While this is an improvement over the condition from [4] in the large-m
regime, there are other regimes (e.g., k = m) for which their condition is much better, leaving open
the question of what the optimal bound is. Conjecture 4 in [4] suggests that A > 2 suffices for the
k-means SDP to recover planted clusters under the stochastic ball model, but as we illustrate in
Section this conjecture is surprisingly false.

Having accomplished component (ii) in Bandeira’s PCC technique, we tackle component (iii)
next. For this, consider the matrix

AZ: %11T+PAJ_ZPAJ_, (5)

where z and Z come from Theorem [3| Since the all-ones vector 1 lies in the span of {14,}F_,, we
have that 1 spans the unique leading eigenspace of A precisely when Py. ZPy1 < zPy., which in
turn implies that X is a k-means optimal clustering by Theorem |3| As such, component (iii) can
be accomplished by solving the following fundamental problem from linear algebra:

Problem 4. Given a symmetric matriz A € R™™ and an eigenvector v of A, determine whether the
span of v is the unique leading eigenspace, that is, the corresponding eigenvalue \ has multiplicity 1
and satisfies |\| > |N'| for every other eigenvalue X' of A.

Interestingly, this same problem appeared in Bandeira’s original PCC theory [5], but it was left
unresolved. In this paper, we fill this gap by developing a so-called power iteration detector, which
applies the power iteration to a random initialization on the unit sphere. Due to the randomness,
the power iteration produces a test statistic that allows us to infer whether (A,v) satisfies the
desired leading eigenspace condition. In Section we pose this as a hypothesis test, and we
estimate the associated error probabilities. In addition, we show how to leverage the structure of
A defined by and Theorem {| to compute the matrix—vector multiplication Ax for any given
x in only O(kmN) operations, thereby allowing the test statistic to be computed in linear time
(up to the spectral gap of A and the desired confidence for the hypothesis test). See Figure [2| for
an illustration of the runtime of our method. Overall, the power iteration detector will deliver a
highly confident inference on whether (A, v) satisfies the leading eigenspace condition, which in
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Figure 2: Take two unit balls in RS at distance 2.3 apart. For each N € {23, 24 ., 216}, we perform 300 trials
of the following experiment: Draw N/2 points uniformly at random from each ball, and then compute four different
functions: (a) MATLAB’s built-in implementation of k-means++, (b) a CVX implementation [II] of the k-means
SDP (3), (c) the power iteration detector (Algorithm [I)) with A given by (5)), and (d) spectral k-means clustering
(Algorithm . For each trial, we recorded the runtime in seconds. Above, we plot the average runtime along with
error bars for standard deviation. For the record, the power iteration detector failed to certify optimality (i.e., reject
Hyp in ) in at most 3% of the trials with N < 27, but rejected Hp in every trial otherwise; similarly, spectral
k-means failed to recover the planted clusters in two of the trials with N = 23. Our implementation of the k-means
SDP was too slow to perform trials with N > 27 in a reasonable amount of time, so we only recorded runtimes for

N e {23, 2% 2% 26}. As the plot illustrates, the other algorithms ran in quasilinear time, as expected.

turn certifies the optimality of X up to the prescribed confidence level. Of course, one may remove
the need for a confidence level by opting for deterministic spectral methods, but we have no idea
how to accomplish this in linear or even near-linear time.

Now that we have discussed components (ii) and (iii) in Bandeira’s PCC technique, we conclude
by discussing component (i). While we presume that there exists a fast initialization of Lloyd’s
algorithm that performs well under the stochastic ball model, we leave this investigation for future
research. Instead, Section [4] considers a spectral method introduced by Peng and Wei in [20]. We
show that when k£ = 2, this method performs as well as the optimizer of the original k-means problem
under the stochastic ball model. Figure [2|illustrates the quasilinear runtime of this approach.



1.2 Outline

In this paper, we provide a theoretical analysis of probably certifiably correct k-means clustering,
and we do so by developing components (i), (ii) and (iii) of Bandeira’s general technique. First,
we investigate (ii) in Section [2| by analyzing the tightness of the Peng—Wei SDP. In particular, we
choose a different dual certificate from the one used in [4], and our choice demonstrates tightness
in the SDP for clusters that are near-optimally close. Section [3| then addresses (iii) by providing
a fast method of computing this dual certificate given the optimal k-means partition. In fact,
a subroutine of our method (the so-called power iteration detector) resolves a gap in Bandeira’s
original PCC theory [5], and as such, we expect this to be leveraged in future PCC algorithms. We
conclude in Section {4 with some theoretical guarantees for (i). Here, we focus on the case k = 2,
and we show that a slight modification of the spectral clustering—based method in [20] manages to
recover the optimal k-means partition with high probability under the stochastic ball model. We
conclude in Section [5| with a discussion of various open problems.

2 A typically tight relaxation of k-means

This section establishes that the Peng—Wei semidefinite relaxation of the k-means problem
is typically tight under the stochastic ball model. First, we find a deterministic condition on the set
of points under which the relaxation finds the k-means-optimal solution. Later, we discuss when
this deterministic condition is satisfied with high probability under the stochastic ball model.

2.1 The dual program
The following is the dual program of :

N
minimize kz+ Z Q; (6)
i=1
N 1 N N
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For notational simplicity, from this point forward, we organize indices according to clusters.
For example, 1, shall denote the indicator function of the ath cluster. Also, we shuffle the rows
and columns of X and D into blocks that correspond to clusters; for example, the (7, j)th entry of

the (a, b)th block of D is given by Dz(?’b). We also index « in terms of clusters; for example, the ith
entry of the ath block of a is denoted ;. For 3, we identify

N N
5::226 eze +eje; ).

=1 j=1

Indeed, when i < j, the (7, j)th entry of 5 is §;;. We also consider 3 as having its rows and columns

shuffled according to clusters, so that the (7, j)th entry of the (a,b)th block is ﬁ
With this notation, the following proposition characterizes all possible dual certlﬁcates of .

Proposition 5 (Theorem 4 in [12], cf. []). Take X := S°F
of points in cluster t. The following are equivalent:

a1 nl 1 1T, where n, denotes the number



(a) X is a solution to the semidefinite relazation (3).
(b) Every solution to the dual program @ satisfies
QM1 =0 pY =0 Vae{l,... k}.

(c) Every solution to the dual program @ satisfies

1 1 2
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The following subsection will leverage this result to identify a condition on D that implies that
the SDP (3) relaxation is tight.

2.2 Selecting a dual certificate

The goal is to certify when the SDP relaxation is tight. In this event, Proposition [p| characterizes
acceptable dual certificates (z, a, #), but this information fails to uniquely determine a certificate.
In this subsection, we will motivate the application of additional constraints on dual certificates so
as to identify certifiable instances.

We start by reviewing the characterization of dual certificates (z, a, 8) provided in Proposition
In particular, « is completely determined by z, and so z and 3 are the only remaining free variables.
Indeed, for every a,b € {1,...,k}, we have
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for every a,b € {1,...,k}. The following is one way to formulate our task: Given D and a clustering
X (which in turn determines £ and M), determine whether there exist feasible z and B such that
Q = 0; here, feasibility only requires B to be symmetric with nonnegative entries and B(*% = ( for
every a € {1,...,k}. We opt for a slightly more modest goal: Find z = z(D, X) and B = B(D, X)
such that @ = 0 for a large family of D’s.

Before determining z and B, we first analyze E:

Lemma 6. Let E be the matrix defined by . Then rank(E) € {1,2}. The eigenvalue of largest
magnitude is X > k, and when rank(E) = 2, the other nonzero eigenvalue of E is negative. The
etgenvectors corresponding to nonzero eigenvalues lie in the span of {1a}’;:1.

Proof. Writing

P11 1 1/ 1 /<1 0\
E = =+ =1, == 1, 1T+ 21 -1
S g (o = (X g1 ( X )

a=1 b=1

we see that rank(E) € {1,2}, and it is easy to calculate 1" E1 = Nk and Tr(E) = k. Observe that

1
A= sup ' Ex>—1"El1= k,
reRN N
[[z]l2=1
and combining with rank(F) < 2 and Tr(E) = k then implies that the other nonzero eigenvalue (if
there is one) is negative. Finally, any eigenvector of F with a nonzero eigenvalue necessarily lies in
the column space of F, which is a subspace of span{la}”;:1 by the definition of F. ]

When finding z and B such that Q = z2(I — E) + M — B = 0, it will be useful that I — E has
only one negative eigenvalue to correct. Let v denote the corresponding eigenvector. Then we will
pick B so that v is also an eigenvector of M — B. Since we want (Q > 0 for as many instances
of D as possible, we will then pick z as large as possible, thereby sending v to the nullspace of
Q. Unfortunately, the authors found that this constraint fails to uniquely determine B in general.
Instead, we impose a stronger constraint:

QRl,=0 Va €{1,...,k}.

(This constraint implies Qv = 0 by Lemma @) To see the implications of this constraint, note that
we already necessarily have

(Qla)a = ((Z(I_E) +M—B)1a)
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and so it remains to impose
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In order for there to exist a vector B(®?1 > 0 that satisfies @, z must satisfy
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and since z is independent of (a,b), we conclude that

2n,

min(M(@¥)1). (10)
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Again, in order to ensure z(I — E) + M — B = 0 for as many instances of D as possible, we intend
to choose z as large as possible. Luckily, there is a choice of B which satisfies @D for every (a,b),
even when z satisfies equality in . Indeed, we define

1
u
P(b,a)

a Na tn a
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for every a,b € {1,...,k} with a # b. Then by design, B immediately satisfies @ Also, note
that pp) = Py, and so B®a) — (B(“’b))T, meaning B is symmetric. Finally, we necessarily
have u, ) > 0 (and thus py,p) > 0) by , and we implicitly require p(, ) > 0 for division to be
permissible. As such, we also have B(®?) > 0, as desired.

Now that we have selected z and B, it remains to check that () = 0. By construction, we
already have A := span{1,}*_, in the nullspace of @, and so it suffices to ensure

0< Py 1QPy. = Py. (Z(I —E)+ M- B) Py = 2Py. + Pyi (M — B)Py..

Here, Py denotes the orthogonal projection onto the orthogonal complement of A. Rearranging
then gives the following result:

Theorem 7. Take X := Zle n%ltltT, where ny denotes the number of points in clustert. Consider

M defined by , pick z so as to satisfy equality in , take B defined by , and let A denote
the span of {1t}f:1. Then X is a solution to the semidefinite relaxation if
PAJ_(B—M)PAJ_ jZPAJ_. (12)

The next subsection leverages this sufficient condition to establish that the Peng—Wei SDP (3))
is typically tight under the stochastic ball model.

2.3 Integrality of the relaxation under the stochastic ball model

We first note that our sufficient condition is implied by
[Par MPy1l2—2 + [[Pyr BPyrl[2—2 < 2.
By further analyzing the left-hand side above (see Appendix, we arrive at the following corollary:

Corollary 8. Take X := Zle n%ltltT, where ny denotes the number of points in cluster t. Let W
denote the m x N matriz whose (a,i)th column is xq; — c,, where

1
Cq = — 5 La,i
Ng

denotes the empirical center of cluster a. Consider M defined by , pick z so as to satisfy equality
n , and take p(qp) defined by . Then X is a solution to the semidefinite relaxation if
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In Appendix [B] we leverage the stochastic ball model to bound each term in Corollary [8] and
in doing so, we identify a regime in which the data points typically satisfy the sufficient condition
given in Corollary

Theorem 9. The k-means semidefinite relaxation recovers the planted clusters in the (D,~y,n)-
stochastic ball model with probability 1 — e=P~(") provided A > 2 + k2 /m.

We note that Theorem |§| is an improvement to the main result of the authors’ preprint [12].
When k = o(m!/?), Theorem |§| is near-optimal, and in this sense, it’s a significant improvement
over the sufficient condition .

A > 2\/§<1 + \/ﬁ> (13)
given in [4]. However, there are regimes (e.g., kK = m) for which is much better, leaving open
the question of what the optimal bound is. Conjecture 4 in [4] suggests that A > 2 suffices for
the k-means SDP to recover planted clusters under the stochastic ball model, but as we illustrate
below, this conjecture is surprisingly false.

Consider the special case where m = 1, D is uniform on {£1}, and k = 2. Centering the
two balls on £A/2, then all of the points land in {+A/2 £ 1}. The k-means-optimal clustering
will partition the real line into two semi-infinite intervals, and so there are three possible ways of
clustering these points. Suppose exactly N/4 of the points land in each of the 4 positions. Then by
symmetry, there are only two ways to cluster: either we select the planted clusters, or we make the
left-most location its own cluster. Interestingly, a little algebra reveals that this second alternative
is strictly better in the k-means sense provided A < 1+ /3 ~ 2.7320. Also, in this regime, then as
N gets large, the proportion of points in each position will be so close to 1/4 (with high probability)
that this clustering will beat the planted clusters.

Overall, when m = 1 and k = 2, then A > 1 + /3 is necessary for minimizing the k-means
objective to recover planted clusters for an arbitrary D. As a relaxation, the k-means SDP recovers
planted clusters only if minimizing the k-means objective does so as well, and so it inherits this nec-
essary condition, thereby disproving Conjecture 4 in [4]. Furthermore, as Figure left) illustrates,
a similar counterexample is available in higher dimensions.

To study when the SDP recovers the clusters, let’s continue with the case where m = 1 and
k = 2. We know that minimizing k-means will recover the clusters with high probability provided
A > 1++/3. However, Theorem |§| only guarantees that the SDP recovers the clusters when A > 6;
in fact, is slightly better here, giving that A > 5.6569 suffices. To shed light on the disparity,
Figure [3|center) illustrates the performance of the SDP for different values of A. Observe that the
SDP is often tight when A is close to 2, but it doesn’t reliably recover the planted clusters until
A > 4. We suspect that A = 4 is a phase transition for cluster recovery in this case.

Qualitatively, the biggest difference between Theorem |§| and is the dependence on k that
Theorem |§| exhibits. Figure (right) illustrates that this comes from , meaning that one would
need to use a completely different dual certificate in order to remove this dependence.

3 A fast test for k-means optimality

In this section, we leverage the certificate to test the optimality of a candidate k-means
solution. We first show how to solve a more general problem from linear algebra, and then we

apply our solution to devise a fast test for k-means optimality (as well as fast test for a related
PCC algorithm).
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Figure 3:  (left) Take two unit disks in R? with centers on the z-axis at distance 2.08 apart. Let zo denote
the smallest possible z-coordinate in the disk on the right. For each disk, draw N/2 = 50,000 points uniformly at
random from the perimeter. Given 6, cluster the points according to whether the z-coordinate is smaller than xo + 6.
When 0 = 0, this clustering gives the planted clusters, and the k-means objective (divided by N) is 1. We plot this
normalized k-means objective for 6 € [0,0.2]. Since N is large, this curve is very close to its expected shape, and we
see that there are clusters whose k-means value is smaller than that of the planted clustering. (center) Take two
intervals of width 2 in R, and let A denote the distance between the midpoints of these intervals. For each interval,
draw 10 points at random from its endpoints, and then run the k-means SDP. For each A = 2: 0.1 : 5, after running
2,000 trials of this experiment, we plot the proportion of trials for which the SDP relaxation was tight (dashed line)
and the proportion of trials for which the SDP recovered the planted clusters (solid line). In this case, cluster recovery
appears to exhibit a phase transition at A = 4. (right) For each A =2:0.1:3 and k = 2 : 2 : 20, consider the
unit balls in R?° centered at {%ei}f:h where e; denotes the ith identity basis element. Draw 100 points uniformly
from each ball, and test if the resulting data points satisfy . After performing 10 trials of this experiment for
each (A, k), we shade the corresponding pixel according to the proportion of successful trials (white means every trial
satisfied ) This plot indicates that our certificate is to blame for Theorem EI’S dependence on k.

3.1 Leading eigenvector hypothesis test

This subsection concerns Problem To solve this problem, one might be inclined to apply the
power method:

Proposition 10 (Theorem 8.2.1 in [10]). Let A € R™ ™ be a symmetric matriz with eigenvalues
{Ni}, (counting multiplicities) satisfying

A1l > [Aa] = - > [,

and with corresponding orthonormal eigenvectors {v;}}' ;. Pick a unit-norm vector qo € R™ and
consider the power iteration qj11 := Aq;/||Agjll2. If qo is not orthogonal to vy, then

(v g;)* >1- ((UIQO)_z — 1) (i\j)%.

Notice that the above convergence guarantee depends on the quality of the initialization ¢g. To
use this guarantee, draw gy at random from the unit sphere so that ¢g is not orthogonal to v; almost
surely; one might then analyze the statistics of v{ go to produce statistics on the time required for
convergence. The power method is typically used to find a leading eigenvector, but for our problem,
we already have access to an eigenvector v, and we are tasked with determining whether v is the
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Algorithm 1: Power iteration detector

Input: Symmetric matrix A € R™ ", unit eigenvector v € R™, tolerance € > 0
Output: Decision of whether to accept Hg or to reject Hy and accept Hi as given in
Aol Av
Draw ¢ uniformly at random from the unit sphere in R"
while no decision has been made do
if |¢" Ag| > |)\| then
| Print accept H)
else if (v'q)?> > 1 — € then
| Print reject Hp and accept Hj
end
q < Aq/[|Aql|2
end

unique leading eigenvector. Intuitively, if you run the power method from a random initialization
and it happens to converge to v, then this would have been a remarkable coincidence if v were not
the unique leading eigenvector. Since we will only run finitely many iterations, how do we decide
when we are sufficiently confident? The remainder of this subsection answers this question.

Given a symmetric matrix A € R™*™ and a unit eigenvector v of A, consider the hypotheses

Hy: span(v) is not the unique leading eigenspace of A, (14)
Hi: span(v) is the unique leading eigenspace of A.

To test these hypotheses, pick a tolerance € > 0 and run the power iteration detector (see Algo-
rithm . This detector terminates either by accepting Hy or by rejecting Hy and accepting H;. We
say the detector fails to reject Hj if it either accepts Hy or fails to terminate. Before analyzing
this detector, we consider the following definition:

Definition 11. Given a symmetric matriz A € R™*™ and unit eigenvector v of A, put A =v' Av,
and let A1 denote a leading eigenvalue of A (i.e., |[\| = ||All2—2). We say (A,v) is degenerate if

(a) the eigenvalue \ of A has multiplicity > 2,
(b) —X is an eigenvalue of A, or
(¢c) —A1 is an eigenvalue of A.

Theorem 12. Consider the power iteration detector (Algorithm , let q; denote q at the jth
iteration (with qo being the initialization), and let 7. denote the probability that (61Tq0)2 < €.

(i) (A,v) is degenerate only if Hy holds. If (A,v) is non-degenerate, then the power iteration
detector terminates in finite time with probability 1.

(i) The power iteration detector incurs the following error rates:

Pr( reject Hy and accept Hq ‘ Hy ) < T, Pr ( fail to reject Hy ‘ H; ) =0.

(iii) If Hy holds, then

min {j t(lg)? > 1 - e} < 3log(1/e)

<ot
2log(A1/A2)

with probability > 1 — m..

12



Proof. Denote the eigenvalues of A by {\;}; (counting multiplicities), ordered in such a way that
|A1| > --- > |A\y|, and consider the corresponding orthonormal eigenvectors {v;}!' ;, where v = v,
for some p.

For (i), first note that H; implies that (A,v) is non-degenerate, and so the contrapositive
gives the first claim. Next, suppose (A,v) is non-degenerate. If H; holds, then (v'q;)? — 1 by
Proposition [10] provided ¢g is not orthogonal to v, and so the power iteration detector terminates
with probability 1. Otherwise, Hp holds, and so the non-degeneracy of (A,v) implies that the
eigenspace corresponding to A; is the unique leading eigenspace of A, and furthermore, |A;| > |A|.
Following the proof of Theorem 8.2.1 in [10], we also have

i S T
G A%q0 Y (0] 452N

Putting r := min{i : |\;| < |A1]}, then

1\Y ‘JJ)Q)\Q]()\ — A1)
2 1(1) q])2)‘2j

|>\1 < i>2j <1|1Pquo|§><)\r>2j
<M -l —m————= | =) ,
HPMquQ Z A=l e

1=r

g Agj — M\ !—‘ZZ

where Py, denotes the orthogonal projection onto the eigenspace corresponding to A;. As such,
\qj Agj| — |Ai| > |A] provided Py, qo # 0, and so the power iteration detector terminates with
probability 1.
For (ii), we first consider the case of a false positive. Taking v = v, for p # 1, note that

(v7g;)? > 1 — € implies

n

T, 2
e>1—(v' g;)? = llgjll5 - (vp ¢5)” = Z(” q)? > (v) q)*.

Zp

Also, since [|Az|]2 < |A1]||z]2 for all € R™, we have that (v{ ¢;)> monotonically increases with j:

Ag; \? (Mol g)? _ (0] ) 5
(qu,+1)2 — (UT vl > — vl 2 J — (,Ul q) .
by " | Agjll | Ag;l|3 g2 !

As such, € > (v] ¢;)? > (v{ q0)?. Overall, when Hj holds, the power iteration detector rejects
Hy only if qq is initialized poorly, i.e., (v{ go)? < €, which occurs with probability m. (since go
has a rotation-invariant probability distribution). For the false negative error rate, note that
Proposition (10| gives that H; implies convergence (quj)2 — 1 provided gg is not orthogonal to v,
i.e., with probability 1.

For (iii), we want j such that (v'g;)? > 1 — e. By Proposition [10} it suffices to have

(rar-1)(22)" <

In the event that (v] go)? > € (which has probability 1 — =), it further suffices to have

Taking logs and rearranging then gives the result. O
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To estimate € and 7, first note that gg has a rotation-invariant probability distribution, and so
linearity of expectation gives

El(ef w)?) = - S B[] w)?] = - Elaoll3 =

0
1=1

Thus, in order to make 7, small, we should expect to have ¢ < 1/n. The following lemma gives
that such choices of € suffice for 7. to be small:

Lemma 13. If e > n~'e 2", then m. < 3\/ne.

Proof. First, observe that (equg)2 is equal in distribution to Z2/Q, where Z has standard normal
distribution and @ has chi-squared distribution with n degrees of freedom (Z and @ are indepen-
dent). The probability density function of Z has a maximal value of 1/v/27 at zero, and so

/2
Pr <Z2 < a) < —a.
T

Pr (Q >n 4 2v/nz + Zac) <e” Va > 0.

Also, Lemma 1 in [14] gives

Therefore, picking a = 5ne and = = n, the union bound gives

2

Pr ((e]—qo)2 < e) =Pr (2 < e> < Pr (Z2 < 5ne> + Pr (Q > 5n> <4/ l(zrne +e "< 3vne. O

Overall, if we take € = n~ (¢t for ¢ > 0, then if Hy is true, our detector will produce a false
positive with probability O(n™¢). On the other hand, if H; is true, then with probability 1—O(n™°),
our detector will reject Hy after Os(clogn) power iterations, provided [Aa] < (1 — §)|A1].

3.2 Testing optimality with the power iteration detector

In this subsection, we leverage the power iteration detector to test k-means optimality. Note that

the sufficient condition holds if and only if v := ﬁl is a leading eigenvector of the matrix

A= %11T + Py (B~ M)Py. = %nT + Py (B—D)Py.. (15)

(The second equality follows from distributing the Py.’s and recalling the definition of M in (§).)
As such, it suffices that (A, v) satisfy Hj in (14)). Overall, given a collection of points {z;}¥; C R™
and a proposed partition A; U---U Ag = {1,..., N}, we can produce the corresponding matrix A
(defined above) and then run the power iteration detector of the previous subsection to test . In
particular, a positive test with tolerance e will yield > 1—7, confidence that the proposed partition is
optimal under the k-means objective. Furthermore, as we detail below, the matrix—vector products
computed in the power iteration detector have a computationally cheap implementation.

Given an m X n, matrix ®, = [zq1 - ZTan,| for each a € {1,...,k}, we follow the following
procedure to implement the corresponding function z — Ax as defined in :

1. Compute v, € R™ such that (v,); = |43 for every a € {1,...,k} in O(mN) operations.
Let v € RN denote the vector whose ath block is v,.
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2. Define the function (a,b, ) — D@z such that D@ = 1,17 — 281 ®, + 11
Running this function costs O(m(ng, + nyp)) operations.

3. Define the function x ++ Dz such that D = v1T —2®T® 4 1v, where & = [®} - - - ).
Running this function costs O(mN) operations.

4. Compute p, = %(illT — %I)D(“’a)l for every a € {1,...,k} in O(mN) operations.

2
ng

5. Define the function (a,b,z) = M(@Yz such that M@ = D@8 4 1 1T 4 1]
Running this function costs O(m(ng, + nyp)) operations.

6. Compute z = min,p nji‘;lb min(M@)1) in O(kmN) operations.

7. Compute u(,p) = Mab] z”“TJra"bl for every a,b € {1,...,k}, a # b in O(kmN) operations.
8. Compute pqp) = u&b)l for every a,b € {1,...,k}, a # b in O(kN) operations.

9. Define the function x — Bz such that the ath block of the output is given by

u(avb)u&,a)xb

P(b,a)

M=

(Bz), =

o
Q=

”
Running this function costs O(kmNN) operations.

10. Define the function z — P, 12 such that Py. =1 — Z’;Zl ,%alall-
Running this function costs O(N) operations.

11. Define the function @ — Az such that A = £117 + Py (B — D)P,..
Running this function costs O(kmN) operations.

Overall, after O(kmN) operations of preprocessing, one may compute the function x — Az for
any given x in O(kmN) operations. (Observe that this is the same complexity as each iteration of
Lloyd’s algorithm, and as we illustrate in Figure [2 the runtimes are comparable.)

At this point, we take a short aside to illustrate the utility of the power iteration detector
beyond k-means clustering. The original problem for which a PCC algorithm was developed was
community recovery under the stochastic block model [5]. For this random graph, there are
two communities of vertices, each of size n/2, and edges are drawn independently at random with
probability p if the pair of vertices belong to the same community, and with probability ¢ < p if
they come from different communities. Given the random edges, the maximum likelihood estimator
for the communities is given by the vertex partition of two sets of size n/2 with the minimum cut.
Given a partition of the vertices, let X denote the corresponding n x n matrix of +1s such that
X;; = 1 precisely when i and j belong to the same community. Given the adjacency matrix A of
the random graph, one may express the cut of a partition X in terms of Tr(AX). Furthermore,
X satisfies the convex constraints X;; = 1 and X > 0, and so one may relax to these constraints
to obtain a semidefinite program and hope that the relaxation is typically tight over a large region
of (p,q). Amazingly, this relaxation is typically tight precisely over the region of (p,q) for which
community recovery is information-theoretically possible [1].

Given A, put B := 24 — 11T + I, and given a vector z € R”, define the corresponding n x n
diagonal matrix D, by (Dg);; := x; Z?:l Bjjz;. In [5], Bandeira observes that, given a partition
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matrix X by some means (such as the fast algorithm provided in [2]), then X = x2' is SDP-
optimal if both 71 = 0 and the second smallest eigenvalue of D, — B is strictly positive, meaning
the partition gives the maximum likelihood estimator for the communities. However, as Bandeira
notes, the computational bottleneck here is estimating the second smallest eigenvalue of D, — B,
and he suggests that a randomized power method—-like algorithm might suffice, but leaves the
investigation for future research.

Here, we show how the power iteration detector fills this void in the theory. First, we note
that in the interesting regime of (p, q), the number of nonzero entries in A is O(nlogn) with high
probability [I]. As such, the function z — Bx can exploit this sparsity to take only O(nlogn)
operations. This in turn allows for the computation of the diagonal of D, to cost O(nlogn)
operations. Next, note that

| Dy — Bllas2 < || Dall2s2 + 124 — 117 |Joso + || T]]252
< |IDallasa + 124 =117 ||p 41 = m;‘stX|(Dx)u! +n+1=:)

and that A can be computed in O(n) operations after computing the diagonal of D,. Also, it takes
O(n) operations to verify "1 = 0. Assuming 21 = 0, then the second smallest eigenvalue of
D, — B is strictly positive if and only if x spans the unique leading eigenspace of Al — D, + B.
Thus, one may test this condition using the power iteration detector, and furthermore, each iteration
will take only O(nlogn) operations, thanks to the sparsity of A.

4 A fast k-means solver for two clusters

The previous section illustrated how to quickly test whether a proposed solution to the k-means
problem is optimal. In particular, this test will be successful with high probability if the data
follows the stochastic ball model with A > 2+&2/m. It remains to find a fast k-means solver which
also performs in this regime.

In doing so, we maintain the philosophy that our algorithm should not “see” the stochastic ball
model. Indeed, we view the stochastic ball model as a method of evaluating clustering algorithms
rather than a realistic data model. For example, Lloyd’s algorithm can be viewed as an alternating
minimization of the lifted objective function:

k
f(Al,...,Ak,Cl,...,Ck) :ZZ ||.1‘Z'—Ct”2, AIU-"UAk:{l,...,N}, C1,...,c, € R™,
t=1 i€ A

and since this function is minimized at the k-means optimizer (regardless of how the data is dis-
tributed), such an algorithm is acceptable. On the other hand, one might consider matching the
stochastic ball model to the data by maximizing the following function:

N k
g(cry ..o c) ::Zpr(xi—ct), cl,...,cp € R™,

i=1 t=1

where pp(-) denotes the density function of D, which is supported on the unit ball centered at the
origin. One could certainly devise a fast greedy method such as matching pursuit [16] to optimize
this objective function (especially if pp is smooth), but doing so violates our philosophy.

In [20], Peng and Wei showed that k-means is equivalent to the following program:

minimize  Tr(DX) (16)
subject to X' =X, X2=X, Tr(X)=Fk, X1=1, X >0
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One may quickly observe that the SDP we analyzed in Section |2|is a relaxation of this program.
In this section, we follow Peng and Wei [20] by considering another relaxation of , obtained by
discarding the X > 0 constraint (this is known as the spectral clustering relaxation [7, [§]). We
first denote the m x N matrix ® = [z1 - - xx]. Without loss of generality, the data set is centered
at the origin so that ®1 = 0. Letting v denote the N x 1 vector with v; = |z;]|3, then

Dyj = || — x5 = |23 — 22 @ + Jaj]3 = (w17 — 20" + 1" );;

As such, D =v1T —2®T® + 1v", and so the constraints X = X" and X1 = 1 together imply an
alternative expression for the objective function:

Tr(DX) =Tr(v1"X — 20X + 1" X)
=Tr(w1 ' X") —2Tr(®"®X) + Tr(X1v")
=1 -2Tr(d"®X).

We conclude that minimizing Tr(DX) is equivalent to maximizing Tr(® T ®X).

Next, we observe that the feasible X in our relaxation are precisely the rank-k N X N orthogonal
projection matrices satisfying X1 = 1. This in turn is equivalent to X having the form X =
%HT + Y, where Y is a rank-(k — 1) N x N orthogonal projection matrix satisfying Y1 = 0.
Discarding the Y1 = 0 constraint produces the following relaxation of :

maximize Tr(®' ®Y) (17)
subject to YT =Y, Y2=VY, Tr(Y) =k —1

For general values of k, this program amounts to finding k — 1 principal components of the data.
Recalling our initial clustering goal, after finding the optimal Y, it remains to take X = %11T +Y
and then round to a nearby member of the feasibility region in . In [20], Peng and Wei focus
on the k = 2 case; they reduce the rounding step to a 2-means problem on the real line, and they
establish an approximation ratio of 2 for this relax-and-round procedure. Here, we are concerned
with exact recovery under the stochastic ball model, and as such, we slightly modify the rounding
step.

When k = 2, the solution to has the form Y = yy " where y is a leading unit eigenvector
of ®T®. Our task is to find a matrix of the form ﬁlAll |B| 1ply with AUB = {1,..., N} that

is close to NllT +yy . To this end, it seems natural to consider
Ag :={i:y; <0}, By := Aj

for some threshold . Since the data is centered (®1 = 0), one may be inclined to take § = 0, but
this will be a poor choice if the true clusters have significantly different numbers of points. Instead,
we select the 6 which minimizes the k-means objective of (Ag, By). Since we only need to consider
N —1 choices of 6, this is plausibly tractable, although computing the k-means objective once costs
O(mN) operations, and so some care is necessary to keep the algorithm fast.

We will show how to find the optimal (Ag, By) in O((m + log N)N) operations using a simple
dynamic program. Order the indices so that y; < --- < yn. Then the function to minimize is

ZZH% Zj H2+ Z Z lzj — @ /05

] 15=1 ] i+1j5/=i+1

. c
V4 Uk
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Algorithm 2: Spectral k-means clustering (for two clusters)

Input: m x N matrix ® = [z1 - - xy] of points to be clustered

Output: Clusters ALIB ={1,...,N}

Subtract centroid % Zf\; 1 i from each column of ® to produce ®g
Compute leading eigenvector y of <I>(—)r Dy

Find 6 that minimizes the k-means objective of ({i:y; < 0}, {i:y; > 6})
(A, B) « ({i:y; <0}, {i:y; >0})

Expanding the square and distributing sums gives
i i
virr = v+ 2 ) g5 — dalyy Y@y + 2il|zia |3,
j=1 J=1

and the v{’s satisfy a similar recursion rule. As such, one may iteratively compute the v;’s and
v§’s before computing the f(i)’s and then minimizing. Overall, the following procedure finds the
optimal (Ag, Bg) in O((m + log N)N) operations:

1. Sort the entries y; < --- < yy in O(N log N) operations.

2. Iteratively compute

i N i N
si(i) =) aj, 850 = Y ay, s200) =y gl s5(0) = Y Nl
j=1 j=i+1 j=1 Jj=i+1
for every i € {1,..., N — 1} in O(mN) operations.
3. Compute vy = 0 and viy1 = v; + 282(i) — 4z ;51 (i) + 2i[| w11 |3 for every i € {1,..., N — 2}

in O(mN) operations.

4. Compute v§,_; = 0and v | = v§+2s5(i)—4x, s(i)+2(N —i)| z:||3 for every i € {N—1,...,2}
in O(mN) operations.

5. Compute f(i) = v;/i +vf/(N — 1) for every ¢ € {1,..., N — 1} in O(NN) operations.
6. Find 7 that minimizes f(i) and output {1,...,i} and {i +1,..., N} in O(N) operations.

Note that in the special case where m = 1, the above method exactly solves the k-means problem
when k£ = 2 in only O(N log N) operations, recovering the rounding step of Peng and Wei [20]. For
comparison, [23] leverages more sophisticated dynamic programming for the m = 1 case, but k is
arbitrary and the algorithm costs O(kN?) operations.

See Algorithm [2] for a summary of our relax-and-round procedure. As a spectral method,
this algorithm enjoys quasilinear computational complexity; see Figure |2 for an illustration. In
particular, when computing the leading eigenvector of @g d(, each matrix—vector multiply in the
power method costs only O(mN) operations. Furthermore, as the following result guarantees, this
algorithm performs well under the stochastic ball model:

Theorem 14. Let A* = A*(D, k) denote the smallest value for which A > A* implies that mini-
mizing the k-means objective recovers planted clusters under the (D, ~,n)-stochastic ball model with
probability 1 — e~ (") When k = 2, spectral k-means clustering (Algorithm @) recovers planted
clusters under the stochastic ball model with probability 1 — e~ provided A > A*.
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See Appendix |C| for the proof. The main idea is that the leading eigenvector of CIDOQJ is biased
towards the difference between the ball centers, and as the following lemma establishes, this bias
encourages spectral k-means clustering to separate the planted clusters:

Lemma 15. Take two clusters contained in unit balls centered at v and —v with ||y||2 > 1. If mini-
mizing the k-means objective recovers these clusters, then spectral k-means clustering (Algorithm@)
also recovers them, provided the leading eigenvector z of ®o®] satisfies |y z| > |||

Proof. Write ®g = ® — ul ', put @ := —p " 2, and observe that y = <I>(—')—z is a leading eigenvector of
®J ®p. Then
yi=(wi—p) z=x/2+90 (18)

for every i. Next, if |y 2| > ||z||2, then a simple trigonometric argument gives that the balls (and
therefore the planted clusters) are separated by the hyperplane orthogonal to z. Combined with
(18), we then have that the clusters can be identified according to whether y; < 6 or y; > 0. It
therefore suffices to minimize the k-means objective subject to partitions of this form (for arbitrary
thresholds ), as so spectral k-means clustering succeeds. O

5 Discussion

This paper discussed various facets of probably certifiably correct algorithms for k-means clustering.
There are still many questions that have yet to be answered:

e Let A*(D, k) denote the smallest value for which A > A* implies that minimizing the k-means
objective recovers planted clusters under the (D, , n)-stochastic ball model with probability
1 —e 9~ What is A*? It was conjectured in [4] that A* = 2, but as we demonstrated in
Subsection this is not the case.

o Let A%pp(D, k) denote the smallest value for which A > A%, implies that solving the k-
means SDP recovers planted clusters under the (D, 7, n)-stochastic ball model with probability
1 — e () What is Spp! Considering Subsection and Figure (center), we suspect
the SDP exhibits a performance gap: Aghp > A*.

e Is there a single dual certificate for the k-means SDP that typically certifies planted clus-
ters under the stochastic ball model whenever A > A§pp? Does this certification have a
quasilinear-time implementation similar to Subsection [3.2]/

e Is there a quasilinear-time k-means solver that typically solves k-means under the stochastic
ball model whenever A > A*? In particular, is there a quasilinear-time initialization of
Lloyd’s algorithm that meets this specification? Following the philosophy of Section [} such
algorithms should be designed so as to not “see” the stochastic ball model.
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A Proof of Corollary
It suffices to have
[Py MPy1ll22 + [[Pyr BPy1 |22 < 2. (19)

We will bound the terms in separately and then combine the bounds to derive a sufficient
condition for Theorem |7} To bound the first term in , let v be the N x 1 vector whose (a,)th
entry is ||zq[|3, and let ® be the m x N matrix whose (a,4)th column is x4 ;. Then

Do) b0g) = I%ai — xo4ll5 = [2aill3 = 224 @5 + lzn 3 = (17 =287 @ + 10 7) (44),0.5);
meaning D = v1T —2®"® + 1»". With this, we appeal to the blockwise definition of M :
[Pyt MPy1 |2 = [Pyt DPy 1 [laso = [Py (W17 =207 ® + 10T )Py i |22
= 2[|Py 1 @ T @ Py |20 = 2] PPy 1 [350 = 2/ 95
For the second term in , we first write the decomposition

ko k
L Z Z (H(a,b)(B(a’b)) +H(b7a)(3(bva))>’

a=1 b=a+1

where H,py: R"*m — RN*N produces a matrix whose (a,b)th block is the input matrix, and is
otherwise zero. Then

k k
Py1BP\. = Z Z Py (H(a,b) (B(a’b)) + H(bﬂ)(B(b’a)))PAL
a=1 b=a+1

k k
=Y S (Hun(PrBOY P 4 Hi (P B PL)),
a=1 b=a+1
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and so the triangle inequality gives

kook
IPAsBPytllas2 <Y > [ Hiapy(Pro B Pii) + Hip o) (Pro BO P |22
a=1b=a+1

kEok
= Z Z ||PllB(a’b)P1L 22,

a=1b=a+1

where the last equality can be verified by considering the spectrum of the square:
b b 2
(H(a,b) (PlL B(a’ )PlL) + H(b,a)(PlL B( ’a)PlL)>
= Higo) (P B PL)(PLBOY PL)T) o H gy (P B@Y P T (P BEDPL) ).

At this point, we use the definition of B to get

| Prrvgapyll2l| Protpq |2

||P1LB(a’b)P1L |22 =
P(a,b)

Recalling the definition of u(, ) and combining these estimates then produces the result.

B Proof Theorem

In this section, we apply the certificate from Corollary |8|to the (D, , n)-stochastic ball model (see
Definition [2)) to prove our main result. We will prove Theorem |§| with the help of several lemmas.

Lemma 16. Denote

Ya +7b

1 n
Cai= Z;xa,ia Agb = [|7a — ]2, O = 5
=

Then the (D,~y,n)-stochastic ball model satisfies the following estimates:

lca —vallo <e  wp. 11— Fmel) (20)
1 n
S a3 Bl <€ wp 1 e (1)
=1
1 n
‘nZ”xa,i—OabH%—EHTJr%—OabH% <e wp 1-e ) (22)
=1

Proof. Since Er = 0 and ||7||3 < 1 almost surely, one may lift

T
Xa,’i = |: 0 "ai :|
Tay 0

n

and apply the Matrix Hoeffding inequality [2I] to conclude that
DT

Pr (
i=1

Taking ¢ := en then gives . For and , notice that the random variables in each
sum are iid and confined to an interval almost surely, and so the result follows from Hoeffding’s

> t) < me=t/8n,
2

inequality. O
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Lemma 17. Under the (D,~y,n)-stochastic ball model, we have Dlab) — plaa)] — 4dnp + q, where

A%
4

4 = 20(as — Ou)T (<ca ) — (v — w) i (Z 25— Oublld =3 ey Oabr\%>
j=1 j=1

and |q;| < (6 4 2A4)ne with probability 1 — e~ tmdap<(),

bi = T;:i(%u — Oup) +

Proof. Add and subtract O, and then expand the squares to get

Z [%a,i — xtm”z
_ n( s Ow) (e Z o~ Ol
— n( — 2(5Ua,i — Oab)T(Ca - Oab) + E 2_:1 ||xa,j - Oab”%)
n
= (as — Ou) (ca — ) (Z 25— Oubll3 = 3 10y oab|%).
j=1

Add and subtract v, — 7 to ¢ — ¢ and distribute over the resulting sum to obtain

n

e (D@91 — plaa)y) — Z |ai — b 413

e] (D@D1 — D@D 1) = 2n(z0; — Ou) T (Ta — 1) + ¢
T
=4n (rm + (Ya — Oab)) (Ya — Oap) + ¢

Distributing and identifying |7, — Owll3 = A2,/4 explains the definition of p. To show |g;| <
(6 + 2A4p)ne, apply triangle and Cauchy—Schwarz to obtain

n

Owll3 = ) llzaj — O

lgi| <

2n (24, — Oap) ((Ca —cp) = (Vo — %)) ‘ +
j=1 j=1
n
< 2n< 2> <uca — Yall2 + lles — mu) + O3 = > llza; — O
j=1

A -
<20 (14 52) (lew =l + o =l ) + | Y- llons = Oul = 3 N~ Oul]
j=1

To finish the argument, apply to the first term while adding and subtracting

E|lr +7a — Ouwll3 = Ellr + 7 — Ous|l3,
from the second and apply . O

Lemma 18. Under the (D,~,n)-stochastic ball model, we have

1
—1"D@91 — 2E||r|3| < 4ne w.p. 1 — e aape),
n
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Proof. Add and subtract v, and expand the square to get

2= ”TazH2 Z ||Taj||2

The triangle and Cauchy—Schwarz inequalities then give

1
- TD(aa _ anal 5Ua,]|

11T plaay
n

n n
1
.
= | 3 (1ol = 2rea =300 + 3 3 gl ) ~ 20EIF
=1 J=1
Z Il — Elrl Z Irag

1
<o S sl — I3 LS 13~ Bl
i=1 j=1

< 4dne,

+22]rm —Ya)| +1|—

12— Ellrl3

+2Z\|ca—fyauz+n

where the last step occurs with probability 1 — e 28ape(n) by a union bound over and . O
Lemma 19. Under the (D,~,n)-stochastic ball model, we have

1"D@1 — 1T D@91 > n2A2, — (6 + 4A4)n? wp. 11— Imagen)
Proof. Lemma [I7] gives

1TDEd1 1T D@1 = 1T (4np + )
2

n A
Z 4TLZ <7’;|;Z'(’}’a — Oab) + 4ab> - (6 + 2Aab>n26
i=1

nAzb
4

>4n <n(ca - ’Ya)T(Va - Oab) + > - (6 + 2Aab)77/26

Cauchy—Schwarz along with then gives the result. O

Lemma 20. Under the (D,~,n)-stochastic ball model, there exists C = C(vy) such that

min min(M(a’b)l) > nA(A —2)+ Cne w.p. 1-— e*Qmme(n)7
a,be{l,...,k}
a#b

where A := min  Ag.
a,be{l,....k}
a#b

Proof. Fix a and b. Then by Lemma the following holds with probability 1 — e~ Imagpe(n),

A2
min (D(“7b)1 — D(“’“)l) > 4n .E{r{nn , <7“aT7i('ya — Ow) + 4ab> — (6 +2A4)ne

> nA2, —2nAg — (6 4+ 2A4)ne
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where the last step is by Cauchy—Schwarz. Taking a union bound with Lemma [I8] then gives

min(M (@91)
' (a,b) (a,a) Ll ey LT Ao
:mln(D b1 _ pla 1>+7 21T plaa)] — 29T pbd)g
2\ n n
: (a,b) (a,) LA 1 ) 2 Lo 50 2
Zmln(D M1 - ple 1)—7 21T D@1 — opE||r|2| + | =17 DOV — 2nE||r|)2
2\|n n
> nAab(Aab — 2) — (10 + 2Aab)ne

with probability 1 — e %ap<(™) | The result then follows from a union bound over a and b. O

Lemma 21. Suppose ¢ < 1. Then there exists C = C(Agy, m) such that under the (D,~y,n)-
stochastic ball model, we have

3A

4 2
[P M@D1)2 < 21 Zab | op3e
m

with probability 1 — e~ Pmdap(M),
Proof. First, a quick calculation reveals

1

] M1 = o] D) — ] pley . ] ( !

Lt p@ay _ LT pon;
n n ’

llTM(ayb)l — llTD(a»b)l _ 1<117D(a,a)1 + 11TD(b7b)1>7
n n 2\ n n
from which it follows that
ef PaM@D1 = el Mlab)] — %1TM(“”’)1
= (ej Dby — :LlTD(“’b)l) —~ (ejpm’ah —~ :LlTD(“’“)l)
= ¢ P, (D®Y1 — plaa)]),

As such, we have

[P MEDL = [P (D91 = D)
= D91 = DEDL|E — | P(DEI1 — D)3 (23)

To bound the first term, we apply the triangle inequality over Lemma [I7}
1D — D@N1ly < dnpllz + [lalla < 4npll2 + (6 + 2A4)n* %e. (24)

We proceed by bounding ||p||2. To this end, note that the p;’s are iid random variables whose out-
comes lie in a finite interval (of width determined by A,;) with probability 1. As such, Hoeffding’s

inequality gives
n

1 2 2
o Zpi — Epy
i=1

<e W.p. 1— e Dagc),
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With this, we then have

1 n
o1 = (5 32~ 8+ B?) < it 4 e (25)
i=1
in the same event. To determine Ep?, first take r; := e{ r. Then since the distribution of r is

rotation invariant, we may write

A . AL
2 T

P1="41(%a — Ow) + |Va — Owl3 =

where the second equality above is equality in distribution. We then have

Awp A2 N\%2 A2
E 2 _ E a ab — abE 9
=5 ( S+ 52 20 (26)
We also note that 1 > E|r||3 = mEr? by linearity of expectation, and so
1
Er? < —. 27
= (27)
Combining , , and then gives
4n3 A2 1/2
| D)1 — plaa|, < < - ab 1 p3AL 4160 e> + (64 2A4)n 2. (28)
To bound the second term of , first note that
P (DY) — plaaly) )ND (ab)q 1TD(‘W)1’. (29)
f
Lemma [T9] then gives
‘ITDW’)I - 1TD(“’“)1‘ > 1T DN 1T p@d] > p2A2, — (6 + 4A)n2e (30)

with probability 1 — e magye(m) Using to combine with and then gives the
result. O

Lemma 22. There exists C = C(7) such that under the (D,~y,n)-stochastic ball model, we have
Plap) = n? (Agb —A(A - 2)) — Cne w.p. 1— e ),
Proof. Recall from that

Plap) = Ulppyl = 1M1 —nz =17 M0 — n o dn min(M(@Y1). (31)
a#b

To bound the first term, we leverage Lemma

— %(ND(MM +1TD®Y7)

- 1(1TD(°%’7>1 - 1TD(‘17“)1> n 1(ﬂp(bvah - 1TD(b’b)1)
2 2

> n2A2, — (6 4 4A4)n’e

1T pplab) | — 1T plad)q
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with probability 1 — e 20" To bound the second term in , note from Lemma that

2\ n n

1
—1"D@91 — 2nE||r||3
n

1
+ ‘1TDW’)1 — 2nE||r||3
n

)

)
(

< min (D(a,b)l _ D(a,a)1> n ;(
(

with probability 1 — e gy Next, Lemma |17 gives

min (D(a’b)l — D(“’a)1> < nAZb + (6 + 2A4)ne + 4n {min }r;—i(’ya — Ogp).
i€{l,...,n ’
By assumption, we know ||7||2 > 1 — € with positive probability regardless of € > 0. It then follows

that
Aab

2
with some (e-dependent) positive probability. As such, we may conclude that

TT('YCL - Oab) < - +e€

min r

A
. Ti('Ya —Ow) < — ab +e€ w.p. 1 — e p.e(n)
i€{l,....,n}

@ 2
Combining these estimates then gives

min(M @Y 1) < nA2, — 2nAg + (10 + 2A4)ne W.p. 1 — e g,
Performing a union bound over a and b then gives

min ~ min(M@?1) < nA? — 2nA + (10 + 2A)ne w.p. 1 — e e,
a,be{l,....k}
a#b

Combining these estimates then gives the result. O

Lemma 23. Under the (D,~y,n)-stochastic ball model, we have

1
[P]l2—2 < (H\/i)g + e> VN w.p. 1 — e Pmkoeln)
m

where 02 :=E|r||3 for r ~ D.

Proof. Let R denote the matrix whose (a,¢)th column is 7,;. Then
R [CEENIANNR Gl
and so the triangle inequality gives

k 1/2
19202 < [1Rllzsz + | [(er = 1T =+ (e =1 T] | < URllasa + <nz e —%n%) ,
2—2 p—

where the last estimate passes to the Frobenius norm. For the first term, since D is rotation
invariant, we may apply Theorem 5.41 in [22]:

N
[Rl2—2 < (1 + e)a\/; wp.  1—e moe)

For the second term, apply . The union bound then gives the result. O
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Proof of Theorem[9. First, we combine Lemmas [21] 22] and 23} For every § > 0, there exists an
€ > 0 such that

k k
| Py M @015 P M),
2030+, >, '
a=1b=a+1 p(a7b)

1+ 2 U AnPAZ, /m + Cn’e
2 ’ a
<,ﬁm ”) k), ) n2(AZ, — A(A —2)) — CnZe

IN

with probability 1 — e~P.7.<(") | Next, the uniform bound Ag, > A implies

AZ, 1 1 A

A2 _AA-2) 1-AA-2)/A% “T_AQA _2)/A7 2

Combining this with and considering Lemma it then suffices to have

2k, 4 ~<k>-§<A(A—2).

m  m 2

Rearranging then gives

2k k(k—1
A>2+ + ( ),
mA m
which is implied by the hypothesis since A > 2. O

C Proof of Theorem (14|

Put g = 7/||7||2 and let 2 have unit 2-norm. Since ||®] z||2 > ||®{ g||2, then considering Lemma
it suffices to show that the containment

2
si=foesm il < 3 b e foesm i fofull < [ofgle } = 5

holds with probability 1 — e~ %m.a(®) To this end, we will first show that each v € S; is also a

member of Sy with high probability, and then we will perform a union bound over an e-net of Sj.
We start by considering ||® Tv||z and ||® " g||2. Decompose z; as either y+7; or —y+7r; depending

on whether z; belongs to the ball centered at v or —y. Let w with ||w||2 = 1 be arbitrary. Then

(a] w)? = (7 + i) 'w)? = (FTw +rfw)? = (v Tw)? £ 207 w) (1] w) + (1] w)?,
and so E(x] w)? = (y"w)? + E(e{ r)?. Linearity of expectation then gives

E[(z{ 9)? — (] v)?] = (7T9)? — (v 0)? = |712(1 = (g T0)?) > 1 - Ai

Since |(z;' 9)% — (z] v)?| < 2(1 + A/2)? almost surely, we may apply Hoeffding’s inequality to get

N

4 P

07 g1~ 1870l = 3= (el - @T0)2) 2 V(1= 55 ) =5 wp 1o BENL (33
=1
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For a properly chosen ¢, rearranging gives that [|® "v||s < [|® T g||2. Instead, we will use to prove
the closely related inequality ||®]v||2 < ||®] g|l2- Letting p denote the centroid of the columns of
¢, we know by that ||ul|2 < & with probability 1 — e=ms(¥) In this event, every w with
|lw||2 = 1 satisfies

125 wllz — 1@ "wll2| = (@ + u1T) Tw]lz — @7 wle]
=[[@"w+1p"wllz — @ wll2| < [11p"wll2 < VNG, (34)

Furthermore,
T T\T T A
@9 wllo = [[(® — p17) Twllz < [[Pwllo + [[1p " wll2 < VN 5t lullz),

where the last inequality follows from Cauchy—Schwarz along with the fact that ||z;]|s < A/2 41
for every 7. Taking a supremum over w then gives

A A
1D [l22 < x/ﬁ(2 +1+ HuHa) < \/N(z +1+ 5> w.p. 1—e msN), (35)

In (33), pick s = (N/2)(1 — 4/A?) =: ¢;(A)N. Then taking a union bound with gives
(195 vlls = VNG)* < @ 0[5 < @ g[3e1(A)N < (@4 gll2 + VNS)” = e1(A)N
with probability 1 — e~ m.25(N)  Expanding both sides and rearranging then gives
1©g 0l13 < 1I1®g 9113 + 2VNS([|8g v]l2 + [|®g gll2) — e1(A)N
<% 93 - <01(A) - 45(2 +1+ 5)) N,

ca(A)

where the last step follows from . Thus, picking § = 6(A) sufficiently small ensures ca(A) > 0.
Since c2(A)N < 9] gl13 — 197 vllg = (197 gllz + 197 vll2) (18 gll2 — | B v]z), we further have

(AN SAWN,

124 gll2 — |4 v]|2 > > c
124 gll2 + (|8 vl

where the last inequality takes c3(A) := ca(A)/(A/2 + 1+ ), following (35)).

At this point, we know that if v € Sy, then v € Sy with probability 1 — e~ %m.a(N) Tt remains
to perform a union bound over an e-net of S; to conclude that S; C Sy with high probability. To
this end, pick € < ¢3(A)/(A/2 + 1+ ), consider an e-net N, of S, and suppose

||‘I’(TU||2 < ||(I)(Tg||2 — cs(A)\/N Yo € M. (36)

Then for every x € S, there exists v € N, such that ||z — v|j2 <€, and so gives
A
(05l < 197 haslle = ol + 03wl < V(5 +148) e+ [95gll — cx( @IV < 8] gl

as desired. To measure the probability of the success event , a standard volume comparison
argument establishes the existence of an e-net of size |[N¢| < (14 2/€)™; see Lemma 5.2 in [22]. As
such, the union bound gives that occurs with probability 1 — e~ 2m.a(V),
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