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1 Introduction

In 1979, Lions and Mercier presented Douglas—Rachford splitting (DRS) which solves
the monotone inclusion problem

find 0€ (A+ B)x
z€R4

with
= (1= 60/2)2F + (0/2)(2Jaa — 1)(2Jap — 1)
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for any @« > 0 and 6 € (0,2), where A and B are maximal monotone operators

and J,4 and J,p are their resolvents [44L27.38]. Since its introduction, DRS has

enjoyed great popularity and has provided great value to the field of optimization.
Given the success of DRS, one may ask the following two questions:

1. Are there other 2 operator resolvent-splittings?
2. Can we generalize DRS to 3 operators?

In fact, the second question has been a long-standing open problem posed by Lions
and Mercier themselves: “[T]he convergence seems difficult to prove ... in the case of
a sum of 3 operators.” After all, identifying why a tool works and generalizing it is a
common and often fruitful exercise in mathematics.

This work presents the answers to these questions: no and no. In a certain sense,
DRS is the unique 2 operator resolvent-splitting. In a certain sense, there is no 3 oper-
ator resolvent-splitting without lifting, where lifting roughly corresponds to enlarging
the problem size.

This impossibility result further raises the following question:

3. To generalize DRS to 3 operators, how much lifting is necessary?

This work presents the answer by providing a novel 3 operator resolvent-splitting
with provably minimal lifting.

Background. To discuss what constitutes a generalization of DRS, we first point
out a few key properties of DRS. Perhaps a generalization of DRS should satisfy
these as well.

1. DRS is a resolvent-splitting in that it is constructed with scalar multiplication,
addition, and resolvents.

2. DRSis frugal in that it uses J, 4 and J, g only once per iteration.

3. DRS converges unconditionally in that it works for any maximal monotone A and
B.

4. DRS uses no lifting in that the fixed-point mapping maps from R? to R?, where
x € RZ. In other words, DRS does not enlarge the problem size.

Consider the proximal point method (PPM) [41/42/49\7]], which finds an x € R4

such that 0 € Ax with

k+1 k

T = Jaaz

for any o > 0 and maximal monotone A. DRS generalizes PPM, and both methods
are frugal, converge unconditionally, use no lifting, and rely on resolvents. Therefore,
to require the 4 properties in a generalization of DRS seems reasonable.

Many other splittings have been presented since DRS, and they have certainly
provided great value to the field of optimization. These splittings solve a wide range
of different problem classes and are designed to be effective under a wide range of
different computational considerations. Many of them include DRS as a special case
and therefore are generalizations of DRS, in that sense. However, they do not satisfy
the 4 stated properties and therefore are not generalizations of DRS, in this sense.

Forward-backward splitting (FBS) [43l],

2" = Jp(I — ad)z”,
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which requires A to be cocoercive, is frugal, uses no lifting, but is not a resolvent-
splitting. Primal-dual hybrid gradient method (PDHG) [59,45130./13], also known as
Chambolle—Pock,

2* = Ja(2b — au®)

uF = (I — Jp)(uf + a (281 — 2F))

is frugal but uses lifting. Davis—Yin splitting (DYS) [25]], which finds an 2 € R such
that 0 € (A 4+ B + C)x, where C is cocoercive,

P = (I = Jap + Jano (2Jap — I —aC o Jup))2"*

is frugal, uses no lifting, but is not a resolvent-splitting. Other methods, such as
FBFS [54], PPXA [20.21], PDFP?O/PAPC [39,[15.28], RFBS [1]], Condat-Vii [24,
55, GFBS [47], PD30O [57]l, PDFP [16], AFBA [36]], FBHFS [10], FDRS [8/46],
FRB [40], projective splitting [29,/191132|33]], and the methods of [9,22,)518]] all fail
to satisfy the 4 properties.

Organization of the paper. In Section [2] we show that DRS is the only frugal,
unconditionally convergent resolvent-splitting without lifting for the 2 operator prob-
lem. We do so by characterizing all frugal resolvent-splittings without lifting and
showing that DRS is the only one among them that unconditionally converges.

In Section 3] we show that there is no resolvent-splitting without lifting for the 3
operator problem, even if the splitting is not frugal and not convergent. In particular,
we show such a scheme without lifting cannot be a fixed-point encoding.

In Section[d] we define and quantify the notion of lifting for the 3 operator prob-
lem. We then provide a novel frugal, unconditionally convergent resolvent-splitting
with provably minimal lifting for the 3 operator problem that directly generalizes
DRS.

Definitions. We briefly review some standard notation and results of operator the-
ory. Interested readers can find in-depth discussion of these concepts in standard ref-
erences such as [50.3]].

Write (-, -) for the standard Euclidean inner product in R%. We say A is an oper-
ator on R? if A maps points of R? to subsets of R%. Given a matrix M € R%*? also
write M : R? — R< to denote the linear operator defined by the matrix M. In par-
ticular, write  for both the identity operator and the identity matrix. Write M (R?)
for the set of all maximal monotone operators on R, For any maximal monotone
operator A and a > 0, write

Joa = +aA)™!
for the resolvent of A. A mapping 7' : R¢ — R is nonexpansive if
|72 — Ty|)? < |l — yII?
for all z,y € R?. A mapping F' : R? — R? is firmly nonexpansive if

[Pz — Fy|* < (o —y, Fo — Fy)
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for all 7,y € R?. Resolvents are firmly nonexpansive. Given a mapping 7’ : R? —
R? and a starting point 20 € R%, we call

L =k

the fixed-point iteration with respect to 7'. A fixed-point iteration with respect to a
nonexpansive mapping need not converge. A mapping T : R? — R? is averaged if it
can be expressed as T = (1 — 0)I + 0R, where R : R? — R is nonexpansive and
6 € (0,1). Note that R and T share the same fixed points. The fixed-point iteration
with respect to an averaged mapping 7" : R? — R< converges in that z¥ — z* where
Tz* = z*, if a fixed point exists.

For any A € M(RY), write zer A = {x|0 € Ax} for the set of zeros of A.
Consider the monotone inclusion problem of finding an element of zer(A + B),
where A, B € M(R?). Peaceman—Rachford splitting (PRS) [44,38] is the fixed-
point iteration

2P = (2T 44 — 1) (2Jap — I)2*

with & > 0. PRS is not guaranteed to converge. Douglas—Rachford splitting (DRS)
is the fixed-point iteration

SRl (1- 0/2)zk +(0/2)(2Jon — 1) (2Jan — I)Z’C.

with @ > 0 and 0 € (0,2). (Some may call this “relaxed PRS”.) DRS is guaranteed
to converge in the sense that 2¥ — z* for some z* where J,52* € zer(A + B), if
zer(A + B) is not empty.

2 Uniqueness of DRS as the unique frugal, unconditionally convergent 2
operator resolvent-splitting without lifting

In this section, we define what a frugal, unconditionally convergent 2 operator resolvent-
splitting without lifting is and prove DRS is the only such splitting.

2.1 Definitions

When reading the definitions, it is helpful to think of DRS as a specific example. In the
terminology and notation we soon establish, DRS is an unconditionally convergent
frugal resolvent-splitting without lifting and &’ = d, T(A, B,z) = (1 — 0/2)I +
(0/2)(2Jaa — I)(2Jap — I),and S(A, B, 2) = JuB.

Given a dimension d, define the problem class to be the collection of
monotone inclusion problems of the form

find 0€(A+ B)x (2op-R%)
r€Rd

with A, B € M(RY).
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Fixed-point encoding. A pair of functions (7', S) is a fixed-point encoding for the
problem class (2op-R%) if

32* € RY such that (T . ) & 0e(A+B)(x*)

for all A, B € M(R?). We call

T : M(RY) x M(R?) x RY — R
the fixed-point mapping and

S M(RY) x M(R?) x RY — R?,

the solution mapping. To clarity, a fixed-point encoding is defined for the entire prob-
lem class , rather than a single instance of the monotone inclusion problem.

When we fix A, B € M(R?), fixed points of T'((4, B,-) : RY — R¥ corre-
sponds to zeros of A + B. We say that points in zer(A + B) are encoded as fixed
points of T'(A, B, -). For notational simplicity, we often drop the dependency on A
and B and write Tz and Sz for T(A, B, z) and S(A4, B, z).

In this section, we only consider d’ = d, as we limit our attention to fixed-point
encodings without lifting (formally defined soon). In general, however, the dimension
d of problems in and the dimension d’ of the fixed-point mapping need not
be the same. The purpose of allowing d’ # d will become clearer later in Section [4]
where an analogously defined d’ is larger than d.

Under this definition, DRS is a collection of fixed-point encodings. For each
choice of d, @« > 0, 6 € (0,2), and n € R the pair of functions (T, S) defined
by

T(A,B,z) = (1—0/2)z + (0/2)(2Jan — )(2Jap — I)z,
S(A,B,z) =nJaaz+ (1 —n)Jap(2Jaa — I)z

is a instance of DRS and it is a fixed-point encoding for the problem class (20p-R%).

Frugal resolvent-splitting without lifting. Loosely speaking, (T', S) is a resolvent-
splitting for the problem class if it is a fixed-point encoding constructed
with resolvents of A and B, addition, and scalar multiplication. Loosely speaking,
(T, S) is frugal if it uses J, 4 and Jgp once, in that a single evaluation of J, 4 and
a single evaluation of Jgp is used to evaluate both Tz and Sz for any z. (T, 5)
is without lifting if T(A,B,-) : R? — R? and S(A,B,-) : R — RY for any
A, B e M(R%),ie., ifd = d.

We now make the definitions precise. Let I be the “identity mapping” defined as
I: M(R?) x M(R?) x R? — R% and I(A, B, z) = z forany A, B € M(R?) and
z € R%, Let Ja,1 be the resolvent with respect to the first operator defined as Ji, 1 :
MRY) x M(RY) xR? — R¥and J,, 1 (A, B, 2) = Joa(2) forany A, B € M(R?)
and z € R% Define Js 5 likewise with J5 2(A, B, z) = Jzp(2). Define the class of
mappings

Fo={I}U{Ja1|a>0}U{Js2|B > 0}.
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Recursively define
Fir1 ={F+G|F,Ge F;,}U{FoG|F,Ge F,}U{yF|F € F;, v € R}
fori =0,1,2,.... The “composition” F' o G is defined with
(FoG)(A,B,2)=F(A,B,G(A, B, 2))

for any 2 € R% and A, B € M(R?). Note that 7y C F; C Fp C - - - . Finally define

i=0

To clarify, elements of F map M(R%) x M(R?) x RYto R If R € Fand A, B €
M(R?), then R(A, B,-) : R? — R?. These mappings are constructed with (finitely
many) resolvents of A and B, addition, and scalar multiplication.

As an aside, we could have defined F as the “near-ring” generated by J,, ; and
Jg2 forall o« > 0 and 8 > 0 and «[ for all v € R. The set is not a ring because
To(U+V)#ToU+T oV for non-linear functions.

We say (T, S) is a resolvent-splitting without lifting for the problem class (2op-R),
if (T, S) is a fixed-point encoding for the problem class , and T, S € F.
(Remember, T' € F implies T'(A, B,-) : RY — R<))

When T, S € F, one can evaluate T(A, B, z) and S(A, B, z) for given z € RY
and A, B € M(R?) in finitely many steps, where each step is scalar multiplication,
vector addition, or a resolvent evaluation. We say (7', S) is frugal if it has a step-by-
step (serial) evaluation procedure such that exactly one step computes J, 4, exactly
one step computes Jgp, and both T (A, B, z) and S(A, B, z) are output at the end.

Unconditional convergence. We say (7, .S) converges unconditionally for the prob-
lem class (20p-R%) if

TFY — 2%, Sz* € zer(A+ B)
for any 20 € R and A, B € M(R%) as k — oo, when zer(A + B) # (. To clarify,

TF =T oTo---0oT.
—

k times

We say the convergence is unconditional because there are no conditions on the op-
erators A, B € M(R?) or the starting point 2° € R,

For example, with DRS, the 2F-iterates do not, in general, converge to a solution.
Rather, z¥ — 2*, where J,52z* is a solution to the monotone inclusion problem,
when a solution exists.

The notion of unconditional convergence is unrelated to weak and strong conver-
gence. In infinite dimensional spaces, we would require the convergence 7%2° — 2*
to hold weakly, but weak and strong convergence coincide in finite dimensions. We
avoid infinite dimensional spaces because defining the notion of lifting would be
awkward when d = oc.
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Equivalence. Given a fixed-point iteration, we can scale it with a nonzero scalar to
get another one that is essentially the same, i.e.,

K =T e art =aT(a 1 azb)

for any a € R such that a # 0. Given resolvent-splitting, we can swap the role of A
and B to get another one that is conceptually no different, i.e.,

(T(A,B,-),S(A,B,)) < (T(B,A,-),S(B,A,")).

Two resolvent-splittings without lifting are equivalent if one can be obtained from
the other through scaling with a nonzero scalar and/or swapping the role of A and B.

2.2 Uniqueness result

Theorem 1 Up o equivalence, (T, S) is a frugal resolvent-splittings without lifting

for the problem class (20p-R?) if and only if it is of the form

T = Jaaz

ry = Jgp((1+ B/a)ry — (B/a)z)
T(z) = z+6(xa — 1)
S(z) =nz1+ (1 —n)xa

for some a, B> 0,0 # 0, andn € R.

Note that Theorem || says nothing about convergence. Theorem [2| characterizes the
splittings of Theorem I] that do converge.

Theorem 2 (T, S) of Theoremconverges unconditionally if and only if « = 3 and
0 €(0,2)ifd > 2.

When d = 1, the splittings (T, S) of Theorem may converge under more general
conditions, but we do not pursue this discussion.

Corollary 1 Up to equivalence, the class of DRS splittings (the collection param-
eterized by a« > 0, 0 € (0,2), and n € R) are the only frugal, unconditionally
convergent resolvent-splittings without lifting for the problem class (20p-R%) when
d>2.

Proof A frugal resolvent-splittings without lifting must be equivalent to a splitting
of the form of Theorem |1} If it is furthermore unconditionally convergent, then, by
Theorem 2] we have o = 3 and 6 € (0, 2), which corresponds to DRS. O
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2.3 Proof of Theorem[l]
2.3.1 Outline

The main part of proof, which shows that any frugal resolvent-splitting without lifting
is of the form of Theorem [I] can be divided into in roughly three steps. In the first
step, we represent a given resolvent-splitting (7', S) with a linear system of equations,
and simplify the system using Gaussian elimination. In the second step, we show that
the system of linear equalities must imply certain equalities one would expect from
a fixed-point encoding. This is done by using a Farkas-type lemma to take a certain
element from the null space of the linear system and using it to construct the counter
example. In the third step, we use the conclusion of the second step to eliminate and
characterize the parameters of (7', S).

2.3.2 Proof

Showing that (7', S) of Theoremis indeed a fixed-point encoding is straightforward.
Let 2* € R satisfy 0 € (A + B)z*. Let Az* € Az* and Bz* € Bz* such that
Ax* + Bz* = 0, and let 29 = 2* + aAz*. Then 21 = 25 = z*, T2y = 20, and
Szp = x*. On the other hand, assume T'(4, B, z*) = z*. Then 21 = 5. Write z* =
T = 29, Az* = (1/a)(2* — 2*), and Bz* = (1/a)(x* — 2*). Then Az* € Ax*,
Bz* € Bx*, and Az* + Bz* = 0, which implies z* = S(z*) is a solution.

We now need to show the other direction, that any frugal resolvent-splitting with-
out lifting for the problem class is of the form of Theorem up to equiva-
lence.

First, we discuss the following Farkas-type lemma.

Lemma 1l Let M € R™*" and ¢ € R" be fixed coefficients, and let v € R™ be
a variable. If there is a w € R™ such that w" M = cT then the linear equalities
Muv = 0 imply the linear equality c"v = 0. If there is no such w, then there is an
instance of v € R™ such that Mv = 0 but ¢'v # 0.

An equivalent way to state Lemma [1|is to say that Mv = 0 implies ¢cTv = 0 if
and only if we can linearly combine the rows of Mv = 0 to obtain cZv = 0. We
say Lemmal[I]is of Farkas-type as it resembles Farkas’ result on systems of linear in-
equalities [31]]. For a systematic study on Farkas-type theorems, see [4,26]. Lemmal[T]
can be directly and easily proved with standard linear algebra.

We now proceed onto the main proof. Let (7',.S) be a frugal resolvent-splitting
without lifting.

Consider an evaluation procedure of (7,.S) that establishes frugality. In the step-
by-step computation, either J, 4 or Jsp is evaluated before the other. Without loss
of generality, assume J, 4 is evaluated before Jgp in this ordering, since we can
otherwise consider (7', S) defined with

T(A,B,z) =T(B,A,z), S(A,B,Z) = S(B,A,z2),

the equivalent splitting with the order of A and B swapped.
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Consider the evaluation of T'zp and Sz for zg € R%. Write z; and z5 for the
inputs and x; and 2 for the outputs of the resolvent evaluations with respect to A and
B,ie.,x1 = Joazi and x3 = Jgpzo. Define Axl and Bxg with :c1+04/~1x1 = z; and
To + ,BBJJQ = 2. By definition of resolvents, we have flan € Axq and Bxg € Bxs.

All computational steps except the evaluations of J, 4 and Jzp amount to form-
ing linear combinations of previous information since scalar multiplication and vector
addition are the only other operations allowed in (7, .S). Therefore, we can express
the evaluation of T'zy and Sz as

20
<1
T
z2
T2 | . (1)
TZO
flxl
Bfﬂz
[ 520 ]

¥ ¥ O ¥ O ¥
* ¥ O %
* ¥ O % ~ O
— o o
* ¥ = O OO
¥ H O O OO
¥ ¥ OO0 O
* ¥ O OO
_ O OO OO

* %

Each scalar in the matrix represents a d x d block. The symbol * denotes a fixed scalar
coefficient that we have not yet parameterized. Row 1 defines 21, the input to J,4.
Row 2 represents 1 = J,421 < x1 + aAx; S z1. Row 3 defines 2, the input to
Jap. Row 4 represents £ = Jgpze & T2 + SBxy 3 2z2. Row 5 defines T'zy. Row
6 defines Szp. We will simplify the system first and then explicitly parameterize the
coefficients to keep the notation tractable.

Next, we simplify the system (I)). Permute the rows of (I)) to get the equivalent
linear system

T
« 1.0 0 000 00 ;1
s % % 1 000 00 Z;
* % % x % 1 % x %
O:0—110000400;2' )
20
00 0 -1 100 B8 0]]%
Axl
* % % x ok %x x % 1| |~
BZ‘Q
_SZO_

Since permuting the rows is a reversible process, (I) and (@) are equivalent. In the
step-by-step evaluation procedure of (T, S), the evaluation of T or S completes be-
fore the other. As the first case, assume the evaluation of S completes first, which
means the evaluation of S does not depend on the evaluation of 7. Then the linear
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system is of the form

2o

21
*1000000099
£ % % 1 000 0 0|}
O—*****l***wz
"0 -1 1 0 00 a 0 0f|p
20

0 0 0 -1 1 0 0 B O0f|+H
*****0**14:61
B.TQ

_SZQ_

The boldface symbols denote where to pay attention in the linear systems. Perform
Gaussian elimination to get

20

« 1.0 0 000 00 2

* *x x 1 0 0 0 0 O 2
0= * % % % % 1 *x *x O -
0 -1 1 0 00 «a 0 O Tz

0 0 0 -1 10 0 B O e

* % % x x 0 *x x 1 {1331
Bl‘g
_SZ()_

This corresponds to left-multiplication by the invertible matrix

100000
010000
00100 =
000100
000010
000001

As the other case, assume evaluation of 7' completes first, which means the evaluation
of T does not depend on the evaluation of S. Then the linear system is of the form

20

21

* 1.0 0 00 0 0 0]
***100000;
0_*****1**0;
_0—11000a00Tj
0 0 0 -1 100 B8 037
AIl

ok ok ok % ok ok ok 1| | =%
B$2
L S20 ]
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Perform Gaussian elimination to get

20
*10000000;1
« % % 1 00 0 0 0 !
*****1**0Z2
0:0—11000a00;j' )
0 0 0 -1 100 8 0|57
*****0**1{1171
BJCQ
LSz ]

This corresponds to left-multiplication by the invertible matrix

OO O OO
O OO OO
* OO = OO
SO O OO
O = OO OO
_ o O O OO

Regardless of which of the two cases we start from, we arrive at the same linear
system (3)). Continue the Gaussian elimination to get

)

*10000000;1
*0*10000021
o_|* 0+ 0 « 100 02
_0—11000a00T2
2o

000 0 -1 100 8 0ffF
x 0 x 0 % 0 0 0 1| |=
B.’EQ

_SZ()_

This corresponds to left-multiplying (3) by the invertible matrix

100000 1 00000 100000 100000
+# 1 00O0O0|010O0O0O0O(01O0O0O0OTO0C(f0O10O0O0CDO0
*# 01 00O0||0*x100O0O0|001O0O0GQO0f[0O0T12x*xx*x20
ooo100/|looo0o1o00/|l000100|f0c0010 0
000O01O0(0OO0O0OO1O0(0OO0O0OO0OT1O0]]|00O0O0T1O0
*# 0000 1] |0 « 00 01 000 * *x 1 00O0O0O0T1
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We now explicitly parameterize the unspecified parameters one at a time.

.
—a100000002
£ 0 % 1 000 0 0f|7

02*0*0*1000932
0 -1 1 0 00 a0 0f|p"
00 0 -1100 8 0|4
x 0 % 0 % 0 0 0 1| |="

BZ‘Q
[ 520 |

The role of a is to define z; = azg. So the evaluation of (7', S) starts with J, 4 (azp).
If a = 0, then J, 4 ignores the input z; and always uses 0 as the input. Since (7', 5)
accesses A only through the evaluation of .J,, 4, how is it possible that (7', S) evaluates
Jaa only at 0 and still encodes the zeros of A + B?

We now show a # 0. Assume a = 0 for contradiction. Let

A(x) = a1z, B(z) = ca,

where ¢; > 0 is unspecified and 0 # ¢, € R?. Then .J, 40 = 0, and the mappings 7'
and S are independent of the value of ¢;. So the set of fixed points of 7" and the set
of Sz*, where z* is a fixed point of 7', do not depend on c¢;. However, the solution
{—ci'c2} = zer(A + B) does depend on ¢;. Since (T, S) is assumed to be a fixed-
point encoding, 7" must have a fixed-point z* and it must satisfy 701_162 = Sz,
which is a contradiction.

Knowing a # 0, we can absorb the top-left a into zp and left-multiply by an
invertible matrix to get the equivalent system

azp
10 0 0 0 Of =12 1 O O OO O OTUDO ;11
01 0 0 0 O * 0O = 1 0 0 0 0 O 2
0= 0 0a 00 O * 0O = 0 = 1 0 0 O 7
0O 001 0O 0O -1 1 0 0 0 a 0 O Tz
0 000 1 0 0 0 0 -1 1.0 0 B O Ax
00000 T 1[* 0 % 0 %00 0 1] 5"
BZ‘Q
[ 520 ]
This further simplifies to the equivalent system
_ az ;
1 1.0 0 000 0 0 ;11
* O = 1 0 0 0 0 O %
0= * 0O = 0 = 1 0 0 O 7
0O -1 1 0 0 0 o 0 O aT(a'azo)
0 0O 0 -1 1.0 0 p 0 Ax
x 0 x 0 % 0 0 0 1 _
B.TQ
| S(a™azo) |
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By redefining (T'(2), S(20)) to be the equivalent scaled splitting (a7 (a~tazg), S(a"tazp)),

we get the equivalent system

2o
-1 1.0 0 0 00 00|
6 0 6 1 0 0 0 0 0|
|63 0 64 0O 65 1 0 0 O
=10 11 0 0 0a 0 0|2 @
20
o 0 0 -1 1 0 0 B 0 Au
66 0 6; 0 65 0 0 0 1| =™
B.’EQ
[Szo]
where we have now explicitly parameterized the remaining parameters as 61, . . . , fg.

The system (d) defines (7', .5), i.e., it specifies the evaluation of (7', .5) at any
input zg. Of course, 1, 2, and Szg need not be solutions to the monotone inclusion
problem, since the input zq is arbitrary. To summarize our progress, we have shown
that any frugal resolvent-splitting without lifting is equivalent to a frugal resolvent-
splitting of the form (@).

We now take a moment to consider what happens with DRS under this setup.
Although this discussion is not part of the proof, it will provide us with a sense of
direction. Under this formulation, DRS has the form

<0
21
z1
22
Z2
TZO
1215(11
Bl‘g
[ 520 ]

>
o o = O

\

>
S OO+ OO
OO QL oo o
OQ oo OO
_— o oo oo

Row 1 defines z; = zj as the input to J, 4. Row 4 corresponds to 1 = J,421. Row
2 defines zo = 221 — 2 as the input to J,, 5. Row 5 corresponds to x5 = J,pz2. Row
3 defines T'zp = zg + 0(x2 — x1). Row 6 defines Szg = naa + (1 — n)xz;. This linear
system represents the evaluation of (7,.5) at any arbitrary input 2, i.e., the system
defines (T, .5).

To show that DRS is a fixed-point encoding, one considers evaluations of (7', S)
at fixed points and shows 1 = o = Szp and Ax; + Bxo = 0. To do this, we add a
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row representing the fixed-point condition zg = T'zg

20

-1 1 0 0 0 0 0 0 0]] =

1 0 -2 1 0 0 0 0 0]

-1 0 0 0 -6 1 0 0 0f] 2
0=|—-1 0 0 0 0 1 0 0 0] z
0 -1 1 0 0 0 a 0 0f[T2

0 0 0 -1 1 0 0 o 0f|An

(0 0 —-1+n7 0 -5 0 0 0 1] |Bx
_SZ()_

Now the system represents evaluations of (7', S) at fixed points. We then left-multiply
the system with

(1/6)[001-1000]

to get x1 = xo, left-multiply the system with
[00—n/6n/60001]
to get Szp = w1, and left-multiply the system with
(1/a)[111/6 =1/ 110]

toget0) = flxl + Bxg.

With DRS, it is possible to perform Gaussian elimination with the linear equalities
defining (7', S) and the fixed-point condition T'zy = zy to conclude z; = x9 = Sz
and Azy + Bxzo = 0. With other fixed-point encodings, should we not be able to do
the same? How else could T'zg = zg certify Szo € zer(A + B)? This turns out to be
true: we must be able to establish 21 = x5, 1 = Sz, and 121:1:1 + Bzg = 0 through
a linear combination of the linear equalities as otherwise we can construct counter
examples that contradict the assumption that (7, .S) is a fixed-point encoding.

We now return to the proof. Consider (@) with the fixed-point condition T'(zp) =
zo added

20

-1 1 0 0 0 0 0 0 0]] =

91 0 92 1 0 0 0 0 O Z1

93 0 94 0 95 1 0 0 O Z9

0=|—-1 0 0 0 0 1 0 0 Of ]| 2= |. (5)

0 -1 1 0 0 0 a 0 O [Tz

0 0 0 -1 1 0 0 B8 0f|Ax

66 0 67 0 65 0 0 0 1| |Buy
Sz

=M L 0

System (B) represents evaluations of (7', .S) at a fixed points.
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We claim that the linear equalities @ must imply x1 = x5, Szg = =1, and flxl +
By = 0. We prove these three implications one-by-one by assuming otherwise and
constructing counter examples.

Assume for contradiction that (5) does not imply the linear equality 1 = z5. By
Lemmal(T} this means there is a specific instance

v = (20,2, ), 2h, ah, T(2), Az, Bah, S(z))) € RO

such that Mv' = 0 but 2} # . The vector v’ represents an evaluation of
(T(A,B,-),S(A,B,")) forany A, B € M(R?) satisfying

Az € Az, Bzl € Bab,.

The evaluation is at a fixed point, i.e., T(A, B, z{,) = 2{, since we enforced T'(zo) =
2o in (@). Define

Alz) = x — o) + Az, B(z) = = — x}, + Bx).

A and B are monotone operators constructed to match the evaluations A(z) = Az
and B(x) = Bal. Write 2* = S(A, B, 2})). Since (T, S) is a fixed-point encoding,
we have

0= (A+ B)z".

However, =] # x4, so either ] # z* or 2, # x* or both. Without loss of generality
assume xj # z*. Loosely speaking, z1 # z* means (7,.5) was able to identify
that z* is a solution without examining the output of A at z*, the purported solution.
Since the evaluation of (T'(A, B, z{,), S(A, B, z},)) depends on A only through Ax/,
what prevents us from changing the operator value at 2*? Define

C(x) = 2(x — x4) + Az,

Since C(z}) = Az, we still have T(C, B, z,) = 2} and S(C, B, z)) = z*, i.e.,
changing A to C does not affect the evaluation of T and S at z{,. However,

0¢ (C+ B,

since C(x*) # A(z*). In other words, T'(C, B, z},) = z{, but S(C, B, z{) is not a
zero of C' + B. So (T, S) fails to be a fixed-point encoding for C, B € M(R?),
and we have a contradiction. This proves that the linear system of equalities (3) does
imply the linear equality 1 = 5.

Next, assume for contradiction that (3)) does not imply the linear equality Szy =
x1. By Lemmal(l] this means there is a specific instance

such that Mv' = 0 but S(z()) # z} = z4. (We now know that =} = z}.) Again,
loosely speaking, S(z(,) # «} means (T, S) was able to identify that S(z) is a solu-
tion without examining the output of A at S(z{)), the purported solution, so we draw
a contradiction by changing the operator value at S(z{,). Using the same definition
of A, B, and C, the same arguments carry over and we can establish T'(A, B, z{) =



16 Ernest K. Ryu

T(C,B, z) = zj and S(A4, B, z)) = S(C, B, z{,). Define z* = S(A, B, z{). Since
we assumed (for contradiction) that x* # x|, we have

(A+ B)(z*) # (C + B)(z").

Remember that A, B, and C are single-valued. So it is not possible for both 0 =
(A+ B)(z*) and 0 = (C + B)(z*) to be true. Therefore (T, S) fails to be a fixed-
point encoding for the instance A, B € M(R?) or C, B € M(R?), and we have
a contradiction. This proves that the linear system of equalities (3) does imply the
linear equality Sz = .

Finally, assume for contradiction that (3)) does not imply the linear equality A+
By = 0. By Lemma this means there is a specific instance

V' = (20,21, 21, 2,03, T(2g), Az’ B, S(zp)) € R™

such that Mv' = 0 but Az, + Bz, # 0. Loosely speaking, Az’ + B, # 0 means
(T, S) was able to identify that S(z{) is a solution without obtaining outputs of A
and B that sum to 0, and we draw a contradiction by demonstrating that this is not
possible when A and B are single-valued. We now know that 2} = zf, = S(z{).
Define

A(z) =z — o) + Az}, B(z) = « — a + Ba).

Then T'(A, B, z) = 2o, but
(A+ B)(S(z))) = Az, + Bah, #0,

i.e., the purported solution S(z{) is not a solution. So (7', S) fails to be a fixed-point
encoding for the instance A, B € M(R?), and we have a contradiction. This proves
that the linear system of equalities (3)) does imply the linear equality Az + By = 0.

With the assertions proved, we proceed to complete the proof. Gaussian elimina-
tion on (3 gives us the equivalent system

]
[ —1 1 0 0 0 0 0 0 0] =
01 0 6, 1 0 0 0 0 0| ]| m
03 +1 0 04 0 s 0 0 0 O Z22
0= -1 0 0 0 0 1 0 0 Of]x|. (6)
0 -1'1 0 0 0 a 0 0| |Tz
0 0 0 -1 1 0 0 B8 0| |Ax,
06 0 6 0 65 0 0 0 1] |Bas
_SZO_

Because the system of linear equalities must imply z; = x2 and because of where
the zeros and nonzeros are placed, we have 63 = —1 and 6, = —605 = 6 for some
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6 # 0. Let us further spell out this argument. The linear equality x1 = x5 can be
expressed as
0]

21

T

22
02[00—1010000]962. @)
TZQ
A.Z‘ 1
B o
L S 20 |
By Lemma [I] the system of linear equalities (6) implies (7) if and only if we can
linearly combine the rows of (6) to get (7). Row 7 of () cannot be used in the linear
combination, as any nonzero contribution from row 7 will place a nonzero component
in the 9th column. Row 6 of @ also cannot be used in the linear combination, as any
nonzero contribution from row 6 will place a nonzero component in the 8th column.
Repeating this argument tells us that rows 7, 6, 5, 4, 2, and 1 cannot be used in the
linear combination. Therefore, a scalar multiple of row 3 of (6) must equal (7)), and
this tells us 3 = —1 and 6, = —05 = 6 for some 6 # 0.

Plugging in the values of 03, 8, and 05, we get

20
<1 1. 0 0 0 0 0 0 O]] 21
66 0 6, 1 0 0 0 0 O |m
0 0 6 0 —6 0 0 0 0] 2

0=|-1 0 0 0 0 1 0 0 Of|x2|. (8)

0 -1 1 0 0 0 a 0 0| |T2
0 0 0 -1 1 0 0 B8 0| |Axy
66 0 6; 0 63 0 0 0 1] [Bxy

_SZ()_

Because the linear equalities must imply 1 = Szg and because of where the zeros
and nonzeros are placed, 6 = 0, 87 = —1 + 1, and 85 = —n for some 1 € R. Let us
further spell out this argument. The linear equality Sz = z1 can be expressed as

20
21
T
22
0=[0 0 -1 0 0 0 0 0 1] 22 )
TZO
A~(E1
Bmg
_SZO_

By Lemmal[I] the system of linear equalities (§)) implies (9) if and only if we can lin-
early combine the rows of (§)) to get (9). Row 6 cannot be used in the linear combina-
tion, as any nonzero contribution will place a nonzero component in the 8th column.
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Row 5 cannot be used in the linear combination, as any nonzero contribution will
place a nonzero component in the 7th column. Repeating this argument tells us that
rows 6, 5, 4, 2, and 1 cannot be used in the linear combination. This leaves us with

the rows

20
<1
Z1
z2
€2
TZO
A~f£1
BIQ

>
je)

&
oo
$
oo
oo
oo
oo
—

Os

SZO_

to imply (9). This is possible only if 6 = 0, 7 = —1 + ), and s = —n for some

n € R.
Plugging in the values of 0, 67 and fg, we get

-1 1 0 0 0 0 0 0 O

6, O 02 1 0 0 0 0 O

0 0 0 0 -6 0 0 0 O
0=1]-1 0 0 0 0 1 .0 0 O
0 -1 1 0 0 0 o 0 O

0 0 0 -1 1 0 0 g8 O

10 0 =149 0 - 0 0 0 1]

20
21
1
22
T2

TZ()

AIL’l

BI’Q

_SZO_

(10)

Because the system of linear equalities must imply 0 = Az, 4+ By and because of
where the zeros and nonzeros are placed, we have ) = /a and 6 = —1 — §3/a.
Let us further spell out this argument. The linear equality 0 = Axz; + Bxy can be

expressed as

20
21
L1
z2
0=[0 000 00 1 1 0] a2
TZQ
Al‘l
BIQ
SZO_

Y
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Left-multiply by the invertible matrix

1 0 0 0 0 0 0
0 1 0 0 0 0 0
—(14+62) 1 1/6 0 —(1+62) 1 0
0 0 0 1 0 0 0
0 0 0 0 1 00
0 0 0 0 0 10
0 0 0 0 0 0 1]
to get
]
-1 1 0 0 0 0 0 0 0] | =
6, 0 6 1 0 0 0 0 0| | =1
0= —1 0 0 0 0 1 0 0 0f | 22
0 -1 1 0 0 0 o 0 0| [Tz
0 0 0 -1 1 0 0 B 0| | Az
i 0 0 -1+n 0 -n O 0 0 1] | B
[ S%0 ]
Left-multiply by the invertible matrix
0 0 1 0 0 0 0]
1 000000
0000100
01 00000
000O0O0T1O0
0001000
00 0000 1}
to permute the rows and get
]
[14+6,+6, 0 0 0 0 0 —(1+6)a B 0] | =1
-1 1 0 0 0 0 0 0 0| | =1
0 -1 1 0 0 0 a 0 0f | 2
0= 6, 0 6 1 0 0 0 00| |z |. (12
0 0 0 -1 1 0 0 B 0| | Tz
—1 0 0 0 0 1 0 0 0| | Az
0 0 -1+n 0 -n 0 0 0 1 | B
[ 520 ]

By the lemma and the equivalence of (I0) and (I2), the system of linear equalities
(TI0) implies (TT) if and only if we can linearly combine the rows of (I2) to get (TT).
Row 7 cannot be used in the linear combination, as any nonzero contribution will
place a nonzero component in the 9th column. Row 6 cannot be used in the linear
combination, as any nonzero contribution will place a nonzero component in the 6Gth
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column. Repeating this argument tells us that rows 7, 6, 5, 4, 3, and 2 cannot be used
in the linear combination. This leaves us with

20
21
1
z2
0=[1+61+62 0 0 0 00 —(1+6)a 8 0] | x2
TZO

AIl

BQZQ
SZO_

to imply and this requires 6; = /a and 6 = —1 — 3/a.
Finally, plugging in the parameters and expressing the splitting in functional form,
we get the splitting of Theorem|[I] O

2.4 Proof of Theorem

When o = (3, the splitting (7, .S) of Theoremreduces to the setup of DRS. The
fixed-point iteration with respect to the DRS operator converges for all maximal
monotone A and B if and only if # € (0,2). That DRS converges for 6 € (0, 2)
is well known [3} §26.3], and that DRS may diverge for some maximal monotone
operators when 6 ¢ (0,2) can be verified by considering the operators A = 0 and
B = Nygy, where Nyoy denotes the normal cone operator with respect to the set {0}.

Now assume « # . We provide counter examples, single-valued maximal mono-
tone operators A and B such that {0} = zer(A + B) and T*2° diverges for any
20 #£ 0. Note that the parameters o and /3 are fixed and are provided by the splitting.
Our counter examples rely on « and .

For the moment, consider the case d = 2. Consider the problem

find 0= (A+ B)x,
z€R?

where

= { 0 tan(w)/a} _

_ 0o - tan(w)/ﬁ}
—tan(w)/a 0

antoys s

and a, f > 0, and w € (0,7/2). We identify A and B as maximal monotone opera-
tors from R? — R2. Note that z* = 0 is the unique solution.
With basic algebra, we can show that

Ty [ 1 (0/2)(1 — B/a) cos(w) sin(w)] ;
—(6/2)(1 — B/a) cos(w) sin(w) 1

With basic eigenvalue computation, we get

A% = A2 =1+ ((0/2)(1 — B/a) cos(w) sin(w))® > 1,
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where A\, \» are the eigenvalues of the matrix that defines T. So if 20 # 0, the
iteration 2**! = T2* diverges in that ||2*|| — oo and || Sz*|| — oco.
When d > 2, we arrive at the same conclusion with

A0 0 --- 0 B0O O ---0
00 ' 0 ERdXd, 00 ’ 0 G]RdXd,
D0 Do 0
00--- 0 00--- 0
which is the same counter example embedded into d dimensions. a

3 Impossibility of 3 operator resolvent-splitting without lifting

Define the problem class (3op-R?) to be the collection of monotone inclusion prob-
lems of the form
find 0€(A+B+C)x (3op-R9)

zERC

with A, B,C € M(R?). A pair of functions (7', S) is a fixed-point encoding for the
problem class (3op-RY) if

32* € RY such that (TA ) & 0e(A+B+C)(x").
We call
T : M(RY) x M(R?) x M(R?) x RY — R?

the fixed-point mapping and
S MRY) x MR x M(R?) x RY — R?,

the solution mapping. The four key terms, resolvent-splitting, frugal, unconditional
convergence, and no lifting, are defined analogously.

To define the notion of resolvent-splitting without lifting for the problem class
, we define the class of mappings G similarly to how we defined F. Let I
be the “identity mapping” defined as I : M(R?) x M(R?) x M(R?) x RY — R4
and I(A, B,C,z) = z for any A, B,C € M(R?) and z € R?. Let J, 1 be the
resolvent with respect to the first operator defined as J, 1 : M(R?) x M(R?) x
M(R?) xRY — R%and J, 1(A, B,C, 2) = Jya(z) forany A, B,C € M(R?) and
z € R% Define J3 5 likewise with Jg 2(A, B,C, z) = Jsp(z) and .J, 3 likewise as
Jy3(A,B,C, z) = J,c(z). Let

Go ={1} U{Jan|a>0yU{Jp2|f >0} U{Jy3]y >0}
Recursively define

Gi1={F+G|F,GeG}U{FoG|F,GeG}U{yF|F €G;,veR}
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fori =0,1,2,..., where “composition” F' oG is defined analogously. Finally, define
=G
i=0

Elements of G map M(R?) x M(R?) x M(R?) xR0 R%.If R € Fand A, B,C €
M(R?), then R(A, B,C,-) : R* — R If (T, S) is a fixed-point encoding for the
problem class (3op-R%) and T, S € G, then (T, 5) is a resolvent-splitting without
lifting for the problem class (3op-R¢).
Frugality is defined analogously with the notion of evaluation procedures. We
only use the notion of frugality informally for the problem class .
Unconditional convergence is also defined analogously. We say (7', .S) converges

unconditionally for the problem class (3op-R%) if
Tk — 2%, Sz* € zer(A+ B+ C)

for any 2° € R% and A, B,C € M(R?), when zer(A + B + C) # 0.

3.1 Impossibility result

If one could find a frugal, unconditionally convergent resolvent-splitting without lift-
ing for (3op-RY), it would be a satisfying generalization of DRS to 3 operators. How-
ever, this is impossible. Even if we drop frugality and convergence as requirements,
this is impossible.

Theorem 3 There is no resolvent-splitting without lifting for (3op-R).

Clarification. Assume T(A, B,C,-) : R — R% and S(A, B,C,-) : R? — R4
are constructed with finitely many resolvents,

Ja)a> Ja@)As -+ s Ja(na)a
Js)Bs Jp@)Bs - -+ JB(np)B

Jyes Jy@)es -5 Jyme)e

where the parameters (i), 3(;), (k) may be different. Theorem [3|states that (7', S)
fails to be a fixed-point encoding.

Clarification. Another way to state Theorem [3]is to say that no element of the
near-ring G is a fixed-point encoding for (3op-RY).

3.2 Proof of Theorem[3]
3.2.1 Outline
The proof can be divided into in roughly three steps. In the first step, we set up the

notation and express the evaluation of 7" with a set of linear and non-linear equalities.
In the second step, we show that the linear equalities, coupled with the fixed point
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condition and some additional assumptions, cannot show that the three operators are
evaluated at a same single point. In the third step, we use the conclusion of the second
step and a Farkas-type lemma to take a certain element from the null space of the
linear system and use it to construct a counter example.

3.2.2 Proof

Assume for contradiction that (7', S) is a resolvent-splitting without lifting. Let n be
the total number of resolvent evaluations required to compute 7" and S. The specific
value of n depends on how you count, i.e., whether you simplify things and whether
some resolvent evaluations are counted redundantly. All that matters is that n is finite.

Since T, S € G there is a finite evaluation procedure for (T',.5), and we can find
a sequential ordering for the resolvent evaluations. Using this ordering, we label the
resolvents Jy, Jo, ..., J,, where J; is one of Jo4, JgB, or J,c for some o > 0,
B8 >0,0ory > 0foreachi =1,...,n. We call z; the point at which J; is evaluated
and x; = J;(z;) fori = 1,..., n. In the process of evaluating Tz and Sz,, we get
205 21, X1y 22, T2, - . ., Zn, T, 0 this order. Since scalar multiplication and vector ad-
dition are the only operations allowed aside from resolvent evaluations, z; is defined
as a linear combination of 2y, 21,21, 22, 2, ..., 2;—1,T;—1 foreach: =1,... n, by
nature of the ordering. Likewise, T'zy can be expressed as a linear combination of
20,21, T1, 22, T2, - - - , Zn, Tn. Without loss of generality, assume J, 4, J3p, and J,¢
are all used least once with some a > 0, 8 > 0, and v > 0. Otherwise, if, for ex-
ample, J, 4 is never used, we let 2,41 = 0 and J,,;; = J4 to fix the issue. This is
equivalent to evaluating the resolvent at the end and not using the output.

Say Jaa, JgB, and J,c are evaluated na, np, and nc times, respectively. So
na +np+nc =n.Leta(l),a(2),...,a(na) € {1,2,...,n} be distinct indicies
and let (1), «(2),...,a(n4) > 0 be parameters so that

Tae) = Ja) (Za(0)) = Jae)a(Zae))-

In other words, 41, Ta(2); - - - s Ta(n A) are the outputs of the resolvents of A. Like-

wise, letb(1),b(2),...,b(n ) {1,2,...,n}and¢(1),c(2),...,c(nec) € {1,2,...,

be distinct indices and let B8(1),58(2),...,8(ng) > 0andy(1),7(2),...,v(nc) >0
be parameters so that

o) = Jo) (2o(0)) = ooy (2(0))
for/=1,...,np and

Tee) = Jego)(2ee)) = Jyoyo (Zeee))

for{ =1,...,nc.

n}
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We express the evaluation of Tz with the following system of linear and non-
linear equalities:

o]
[ 000 --- 0 0 0] 21
0O --- 0 0 O 1
*x x 1 .- 0 0 0 22
. 2
0= : 23
0 O Zn
Dk % k& ko k.. kK 1_ Tn
_TZ()_

x1 = Ji(21), 22 = Ja(22), ..., Tp = Jn(2n),

where the * denote unspecified scalar coefficients. (Each scalar in the matrix should
be interpreted as a d x d block. We have seen this notation in the proof of Theorem|I])
Each linear equality except the last one defines z; for + = 1,...,n. The last linear
equality defines T'(zp). With Gaussian elimination, we obtain the simpler equivalent
system

20

[+ 1 0 0 0 O 0 0 0]~

1 O -~ 0 0 O 1

0 «x 0 «x 1 --- 0 0 O 22

Z2

0= : 23

0 «x 0 x 0 --- 1 0 O Zn

* 0 x 0 x 0 --- 0 % 1) T
_TZO_

T = Jl(Zl), To = JQ(ZQ), ey Ty = Jn(zn)
The boldface symbols denote where to pay attention in the linear systems. To sum-
marize our progress, we have set up the notation and shown that these linear and
non-linear equalities define the evaluation of 7" at any input zg.
We now take a moment to consider what happens with DRS under a similar for-
mulation. Although this discussion is not part of the proof, it will provide us with a
sense of direction. Under this formulation, DRS has the form

20

11000 0]|*
0=|10-2100||™
1060 0-01]|*
T2

TZO

1 = Jaa(1), v2 = Jap(22).
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With DRS we can combine the linear equalities with the fixed point condition zy =
Tz to show that 1 = z2 when the input zj is a fixed point. More specifically, we
add zy = T 'z to the linear system

and left-multiply
(1/6)[0 0 -1 1]

to get

20
21
il
22
T2
TZQ

0=[0 0 1 0 -1 0]

This is equivalent to combining

Tzg = zo + 9(1’2 — 561)

zZ0 = TZ()

to conclude x1 = x5 when the input zg is a fixed point. Remember, x; and x- are
the points where A and B are (indirectly) evaluated. (J, 4 is directly evaluated at z1,
s0 21 € 1 + Az, and we indirectly obtain the output (1/a)(z1 — x1) € Awy.
Likewise, we indirectly obtain the output (1/a)(z2 — z2) € Bxs.)

These arguments show that with DRS, T evaluates A and B at the same point
when the input 2y is a fixed point. (Further arguments would establish that the same
point is a solution by showing that the outputs of A and B sum to 0.) In general,
given a fixed-point encoding (7', S) and a fixed point zg, shouldn’t the evaluation of
T examine the output of all (2 or 3) operators at the solution Szy? Otherwise how
could zy = T'zq certify that Sz is a solution?

We now return to the setup of . Can we combine the linear equalities
and the fixed-point condition zy = Tz to show that A, B, and C are evaluated at a
same single point? It turns out that we cannot. (This by itself is not a contradiction.
Just because we can’t show something with one approach doesn’t mean it can’t be
shown.) However, this approach runs into a problem. If we proceed to construct a
counter example to draw a contradiction, we run into certain difficulties. We need a
modified approach.

Instead, assume the input z( furthermore satisfies the additional linear equalities

La(1) = La2) = """ = La(na)
Ty(1) = Tp(2) = " = Tp(nyp) (13)

Te(l) = Le(2) = 7 = Te(ne)
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in addition to the fixed-point condition zg = T'2¢. Since (7, .5) is a fixed point en-
coding, zg = T’z should certify that Sz, is a solution, regardless of the additional
assumptions (I3). Now can we use the linear equalities defining 7', zo = 7'z, and
(13) to show that Ta(1) = Tp(1) = Te(1)? No we cannot. Let’s see why.

We add the fixed-point condition zg = Tz to the system of linear equalities and
perform Gaussian elimination:

_ - 20
1 0 0 O 0 0 O 2
1 0 0 0 0 T
0 0 = 1 0 0 0 2
: T
0= . 23 (14)
* 0 x 0 x O 1 0 O

-1 0 0 0 0O 0 0 1 “n
£ 0 % 0 % O 0 x 0f |%n

- ~ _TZO_

=M N——

Tr1 = Jl(Zl), To = JQ(ZQ), ey Iy = Jn(zn)

Define the last row of M to be m. Let N be a matrix such that

20
Z1
T

Zn
T
TZO

More specifically, let N € R(?=3)4x(2n+2)d contain only 0, 1, and —1 and let the

nonzeros only be on the columns corresponding to the x-variables (columns number
3,5,...,2n+1). Note that (T3) represents n — 3 linear equalities, and this is reflected
as the number of rows in N. The positions of the nonzeros in N depend on the
ordering of the resolvent evaluations, and N is not unique. Let

SO

where m is the last row of M. So 0 = Lv means v satisfies the linear equalities
and (T3). Let’s try to combine rows of 0 = Luv to establish Ta(1) = Th(1) = Te(1)-
By Lemmam, 0 = Lv implies z4(1) = Zp(1) and xp(1) = T(1) if and only if we can
linearly combine the rows of 0 = Lv to get x4(1) = Tp(1) and Tp(1) = Te(1)-

Every row of M except the last one cannot be used in the linear combination to
prove a linear equality only involving the z-variables, as any nonzero contribution



Uniqueness and Impossibility of 2 and 3 Operator Resolvent-Splitting 27

will place a nonzero component on a column corresponding to z; or 7T'zy (column
number 1,2,4,6...,2n,2n + 2). This leaves us with the rows of

o:mv

to show x,(1) = (1) and Tp(1) = T(1). The linear equality 0 = Nv enforces

Ta(1) = Ta2) = " = La(na)
Tp(1) = Tp(2) = = Lip(np)
Te(1) = Le(2) = " = Le(ne)s

which are n — 3 equalities. Therefore, A/ (N), the nullspace of N, has codimension
(n — 3)d. The linear equality 0 = muv can establish z4(1) = Zp(1) OF Tp(1) = (1)
but not both. If 0 = Nv implies both x,(1) = (1) and Ty(1) = (1), then in total
0 = Nv enforces z1 = -+ = T,, which are n — 1 equalities. So A/ (N ), the nullspace
of N, would have codimension (n—1)d or less, but this reduction in codimension by
2d is a contradiction since m is just one row.

Therefore, the linear system 0 = Lv does not imply both z,(1) = (1) and
Tp(1) = Te(1)- This by itself is not a contradiction. Rather, we use this fact to con-
struct a counter example, A, B, C' € M(R?) such that (7, S) fails to be a fixed-point
encoding. The additional assumption (I3]) will help us in this construction.

‘We construct the counter example for the case d = 1. When d > 1, we can use the

same 1 dimensional construction repeated for the d coordinates. More specifically, if
A € M(R), then A defined with

A(z) = (A(z1), A(z2), ..., A(za)),

where 2 = (x1,22,...,14) € R% satisfies A € M(R?). This sort of construction
based on the 1 dimensional counter example will provide a d dimensional counter
example.

Assume d = 1. By Lemmal[T} there is a specific instance

/_ P / / / 2n+2
v = (20,21, 21, 25, Ty ooy 2y, T(2)) € R

» TNy Y n

that satisfies M v’ = 0 and the linear equalities of (T3), but x;(l) * x;(l) or x;;u) +
x’c(l) or both. Without loss of generality, say xg(l) + %(1)-
Define A such that
Ja(i)A(Zé(i)) = x:z(l)
forall: =1,...,n4. In particular, we achieve this by defining

A(fﬂfzu)) = [ min (Z(/l(i) - x;u)) /a(i), max (Z;(i) - xf;u)) /a(i)} .

i=1,...,n4 1=1,....,na

For the moment, leave A(z) for z # 33;(1) unspecified. Define B(xg(l)) and C’(x’c(l))
likewise. By construction, 2, = T(A, B, C, z{), even though A, B, and C are not
yet fully specified. Write 2’ = S(z{;). We have 2’/ # $2(1) or x' # a:’c(l) since
xg(l) # x;(l). Without loss of generality, let =’ # x;(l).
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Now we define

Al) (@ — x,qy) + min{A(z] )} forz <ai )
€Tr) =
(@ — a1)) + max{A(z;,))} forz >z,

and

!/ : !/ !/
Blz) = (x — x?(l)) + mm{A(xb/(l))} forz < x?(l)
(x — @) + max{A(z),,)} forz >z} ).

(This makes A and B maximal monotone.) By construction, (A+ B)(z’) is a bounded
subset of R, and C'(z’) is unspecified. Depending on whether =’ < x’c(l) orz >
x!, (1)> We can make C (2') an arbitrarily small or large value, respectively (and still
have C' be monotone). In either case, we make C(z') single-valued and so small or
so large that 0 ¢ (A+ B + C)(z). We extend the definition of C to all of R to make
it maximal monotone.
So we have maximal monotone operators A, B, and C, such that z{, = T'(A, B, Cz{,)

but the 2’ = S(()) does not satisfy 0 € (A+ B+ C)z’. This contradicts the assump-
tion that (7', S) is a fixed-point encoding. O

4 Attainment of 3 operator resolvent-splitting with minimal lifting

Loosely speaking, we say (T',.5) is a a resolvent-splitting with ¢-fold lifting for the
problem class (3op-RY) if (T, S) is a fixed-point encoding and

T(A,B,C,.) : R 5 R, S(A,B,C,-) : R - RY

is constructed with scalar multiplication, vector addition, and resolvent evaluations.
Note that 1-fold lifting corresponds to no lifting. Frugality is defined analogously.
We define these terms informally since they are not used in a rigorous statement.
Theorem states a resolvent-splitting for (3op-R%) requires lifting. Then how much?
The answer is 2-fold lifting.

A standard trick to solve is to “copy” variables and form an enlarged
problem

Al’l
find 0 € | Bz +N{(:cl,;cz,ac3)|$1=x2=$3}(1’17x2;x3)a
®1,22,73ERY Cas

where N is the normal cone operator with respect to the set K. By applying DRS
in an appropriately scaled space, we get the parallel proximal algorithm (PPXA) [20}
21]], which generalizes Spingarn’s method of partial inverse [S1]. The PPXA splitting
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is given by (T, S)

24 = J(y/wa)A(22)
28 = J(y/wp)B(2B)
ro = Jiyjwe)o(z0)
Z =WaZA +WwWpzp +WwWcoze

Ta(z) =24+6002T —Z—x4) (PPXA)
Tp(z)=2+60(2T — zZ—zp)
To(z) =20+ 02T — z — z¢)

S(Z) = JOtAA(ZA)v

where wy,wp,wc > 0 satisfy wqg + wp + we = 1 and § € (0,2). This fru-
gal, unconditionally convergent resolvent-splitting uses 3-fold lifting, since T' =
(TA, T3, Tc) (R34 5 R34,

So constructing a resolvent-splitting for (3op-RY) is impossible with 1-fold lift-
ing, but it is possible with 3-fold lifting. It turns out that 2-fold lifting is sufficient,
and we therefore call 2-fold lifting the minimal lifting for .

4.1 Attainment result

Theorem 4 The pair (T, S), where T : R4 — R?? and S : R?? — RY, defined as

w1 = Jaa(z1)

9 = Jap(a1 + 22)

3 = Joc (£1 — 21 + 22 — 22)
Ti(z) =21 + 6(x3 — 1)
To(z) = 20 + 0(xz3 — x2)
S(z) = (1/3)(z1 + 22 + a3)

with z = (21, 22) and T = (T4, T»), is a fixed-point encoding, and (T, S) converges
unconditionally for 6 € (0,1) and o > 0.

Therefore, (T', S) forany 0 € (0, 1) is a frugal, unconditionally convergent, resolvent-
splitting with minimal lifting for . When B = 0, the splitting of Theorem@
reduces to DRS. In this sense, this splitting is a direct generalization of DRS with
minimal lifting.

Remark. To the best of the author’s knowledge, the splitting of Theorem E|cannot
be reduced to an instance of a known splitting method. This is why Theorem ] is
proved from first principles.
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4.2 Proof of Theorem 4]

Throughout the proof, write y = (y1,y2) and z = (21, 22). Without loss of general-
ity, assume o = 1. We first show that (7", S) is a fixed-point encoding.

Assume z is a fixed point of T'. Since z is a fixed point, we have T3 (z) = z; and
T5(z) = 29, and this implies 1 = x5 = x3. Write

a=2z1 — T
b=x1+ 20 — 2o

C=x1 — 21 +%2 — 29 — X3.
Add the three and use z; = x3 to get
a+b+c=0.

Since @ € Axy, b € Bxs, and ¢ € Cxs, by the definitions of z1, x2, and x3, this
proves r1 = rs = x3 is a solution to ||

Now assume z* is a solution to (3op-R%), and leta € Az*,b € Ba*,and c € Cz*
so that a + b + ¢ = 0. We then define

z* = (a+2a*,b)

It is straightforward to verify that T'(2*) = z* and S(z*) = x*.

Next we show that (T, S) converges unconditionally for § € (0, 1). We show this
by showing T is nonexpansive for § = 1, and appealing to the KM iteration theorem
[3l Proposition 5.16], which states that an averaged nonexpansive iteration converges
to a fixed point, if a fixed point exists.

Let = 1. Define M : R?¢ — R?? with

M1, 2) = {xl +x2}

xr1 + X2

which is the linear operator corresponding to the matrix

Ir 2dx2d
1] v

Define U as

B Ja(z1) — 2
Ulz) = [JB(ZQ + 1) —12’2} R,

and we can write
Jo

.

} oMoU.
To clarify, o here denotes the composition of operators from R?¢ to R?¢. Define

=TI 2dx2d
Vo ]
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Then
IT(y) — T(2)]
U (y) - U@ + H Bﬂ o MoU(y) - Bﬂ o)
9 <U(y) _U(2), Bﬂ o MoUly) — [ﬁ oMo U(z)>

<lU(y) - U(2)|*

=U(y) - U(2)|*.

The first line follows from simply plugging in the expression for T' and expanding
the squares. The second line, the inequality, follows from firm nonexpansiveness of
Jc. The third line follows from the reasoning

I 1 r  rl|=I 1T o7
v LI u—200U="v I 1 u=v" Nu

for any v, u € R2?, The last line follows from recognizing that the second term is 0
with the reasoning



32 Ernest K. Ryu

for any a, b, ¢ € R%. Next we have
1U(y) - U2)|?
J
*||y—zH2 H{ AlY1 ; A( ) }

2

I(y2 + JA(yl Jp(z2 + Ja(21))

-2 <y {JB(yz + J:]:Z?(J?ﬁ; :;2((22 + Ja(z1)) } >

=lly — z|1> = [ Ja(y1) = Ja(2)|I” = I T (y2 + Ja(y1)) —
—2((y1 — 21, Ja(y1) — Ja(21)) = [ Ja(yn) — Ja(z0)]?)
—2(y2 — 22, JB(y2 + Ja(y1)) — JB(22 + Ja(21)))
+2|JB(y2 + Ja(y1)) — Jp(22 + Ja(21))|?

<y = 2> = [[Ja(w1) = a2 = 1T (y2 + Ja(y1)) = Tp(22 + Ja(20))|?
—2(y2 — 22, JB(y2 + Ja(y1)) — JB(22 + Ja(21)))
+2(y2 + Ja(y1) — 22 — Ja(z1), Je(y2 + Ja(y1)) — Jp(22 + Ja(21)))

=lly — z[* = [ Jaly1) = Ja(z0)|> = [T (y2 + Ja(y1)) = Ip(22 + Ja(21))|?
+2(Ja(yr) — Ja(z1), JB(y2 + Ja(yr)) — Jp(22 + Ja(21)))

=lly — z|1> = [ Ja(y1) = Ja(z1) + IB(y2 + Ja(y1)) — Jp(22 + Ja(z1))|?

<|ly — =[*.

Jp (22 + Ja(21))II?

The first line follows from plugging in the definition of U and expanding the squares.
The second line follows from separating the norm and inner product on R?¢ to sep-
arate norms and inner products on R¢. The third line, the inequality, follows from
applying the firm nonexpansiveness inequality twice, once for J4 and once for Jp.
The fourth line follows from combining the two inner products. The fifth line follows
from completing the square. The final inequality follows from droipping the negative
sum of square. g

4.3 Numerical examples

Whether the splitting of Theorem |4|is fast or efficient is somewhat beside the point.
The purpose of Theorem []is to establish attainment of minimal lifting, and it says
nothing about the rate of convergence.

Nevertheless, we present some experiments with the splitting of Theorem [] in
this section. These experiments are meant to be merely illustrative, and whether the
splitting of Theorem [ has any advantage over existing methods such as PPXA and
whether the notion of minimal lifting translates to any practical performance advan-
tage is a question to be addressed in future work.

Signal denoising with outliers. Consider the problem
minimize ||zs — al1 + A|Uz — b||1
zERY

subject to x > 0,
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where S C {1,2,...,d},a € RISl b € RY, and U € R¥%d s a unitary matrix rep-
resenting a wavelet transform. The statistical interpretation is that we noisily observe
x on a subset .S of its indices, noisily observe x in the wavelet domain, and have a
priori knowledge that x is nonnegative. The ¢!-norm is used for robustness against
outliers. We reformulate this problem as

minimize ||zg — all1 + A|Uz — b||1 + dga (z)
z€R4 —— +
=f(=) =g(z) =h(z)
and apply the splitting of Theorem @] PPXA, and PDHG with A = df, B = dg, and
C = Oh. Because U is unitary, J,p, has a closed-form formula. For the experiments,
we used synthetic data with d = 22° and |S| ~ d/5. The code for data generation
and optimization is provided on the author’s website for scientific reproducibility.
Figure [T|shows the results. The splitting of Theorem 4] which uses 2-fold lifting,
is competitive with PPXA and PDHG, which use 3-fold lifting. For all methods,
the parameters were roughly tuned for best performance. We do not plot distance to
solution, since solution does not seem to be unique.

: : 1072
> 10t ——— 2-fold liting (9=1) | | ——— 2-fold lifting (9=1)
= 2-fold lifting (6=0.5) A |- 2-fold lifting (6=0.5)
£ 2-fold lifting (9=0.25) 1w 2-fold lifting (0=0.25)
g ——— 3-fold lifting (PPXA) < ——— 3-fold lifting (PPXA)
8 10 3-fold lifting (PDHG) | 4 S 3-fold lifting (PDHG)
o =
E] 5
) S 8
> oL + 10
e 10 N xe_(/
=] \ =
o bt N -~
% Y Py 10-10 L
O 1072

10712
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Iteration count Iteration count

Fig. 1 Objective value and | f(x*T1) — f(x®)|/f(2*) vs. iterations for the denoising problem.

Portfolio optimization. Consider the Markowitz portfolio optimization [11] prob-
lem

minimize (1/2) Y7, (alz — b)?

zER
subjectto x € A
uTx > b,

where d is the number of assets, a1, . .., a, € R? are n realizations of the returns on
the assets, A = {x € R?|zy,...,24 > 0, x1+ - -+x4 = 1} is the standard simplex
for portfolios with no short positions, ;1 € R? is the (estimated) average return of the
assets, and b € R is the desired expected return. We reformulate this problem as

n

. 1 T 2
ml;lé%ldlze 5 ;(ai T =) +06a(T) + 02| prazey ()

=f(z)

=g(z) =h(z)
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Fig. 2 |Objective value suboptimality|, | f (z*+1) — f(x*)|/ f(x*), and distance to solution vs. iterations
for the portfolio optimization problem. We take the absolute value in the first plot, because the slightly
infeasible iterates produce objective values lower than the optimal value. The rough cost per iteration is
0.025s for CV and DYS and 0.15s for the splitting of TheoremEll PPXA, and Bot—Hendrich.

and apply the splitting of Theorem@d]and PPXA with A = Vf, B = dg, and C' = dh.
We also run the method of Bot and Hendrich [3, Algorithm 3.1], which has been
used to solve portfolio optimization problems [6]. To evaluate J,v s, we compute the
Cholesky factorization of (I + aAT A) once and use the direct formula

Javi(z) = (I +aATA) " (2 + aATb1)

where
at 1
A=1|:], 1=
al 1

Finally, we also run DYS [23] and Condat—Vi [241/53]], for which direct evaluations
of V f were used instead of J,v . To compute the projection onto the simplex, we
use the algorithm and code of [[17]. For the experiments, we used synthetic data with
n = 30000 and d = 10000, which make the data approximately 2GB in size. The
Cholesky factorization of I + aAT A requires about 30 minutes to compute for this
problem size. The code for data generation and optimization is provided on the au-
thor’s website for scientific reproducibility.
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Fig. 3 Objective value, |(f(z**+1) — f(z*))/f(z*)|, and distance to solution vs. iterations for the Pois-
son denoising with 1D total variation problem.

Figure [2] shows the results. The splitting of Theorem [4] which uses 2-fold lift-
ing, is competitive with PPXA and Bot—-Hendrich, which use 3-fold lifting. However,
DYS and Condat—Vii are faster than the splittings that only use resolvents. Run-time
measurements exclude the time it took to compute the Cholesky factorization, about
35.9s. An Intel Core i7-2600 CPU operating at 3.40GHz was used for the experi-
ments. For all methods, the parameters were roughly tuned for best performance.

Poisson denoising with 1D total variation Consider the problem

minimize A Z?Zl xi5y:) + Z‘:;ll |xit1 — x4
rcRd

where y € R, A > 0, and

—yTlog(z) + 2 fory >0,z >0
lz;y) =<0 fory=0,2>0
00 otherwise.

The statistical interpretation is that we wish to recover a 1D signal with small total
variation corrupted by Poisson noise. The first term is the negative log-likelihood for
Poisson random variables [12[37,[14]58] and the second term is the 1D total variation
penalty, also called fused lasso in the statistics literature [5248./33]]. 1D total variation
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denoising has been studied in [2L[351[34,/56L123]]. For simplicity, assume d is odd. We
reformulate this problem as

d
minimize )\Zé(zi; yi) + Z |xit1 — x| + Z |xit1 — x5
i=1

Rd
re i=1,3,...,d—2 i=2.4,...,d—1

=f(z) =g(x) =h(x)

and apply the splitting of Theorem[d] PPXA, and PDHG with A = V f, B = Jg, and
C = Oh. We compute J,v s with

1
Javyi(z) = 3 (z — a4+ /(2 — a))? —|—4a)\y) ,

where the operations are elementwise. Although f is differentiable, its domain is not
closed and the gradient is not Lipschitz continuous. Therefore, splittings that use V f
are not applicable, unless a line-search is implemented. For the experiments, we used
synthetic data with n = 3000, d = 1001, and A = 1. The code for data generation
and optimization is provided on the author’s website for scientific reproducibility.

Figure [3]shows the results. The splitting of Theorem[d] which uses 2-fold lifting,
is competitive with PPXA and PDHG, which use 3-fold lifting. For all methods, the
parameters were roughly tuned for best performance.

5 Conclusion

This work establishes that DRS is the unique frugal, unconditionally convergent
resolvent-splitting without lifting for the 2 operator problem and that there is no
resolvent-splitting without lifting for the 3 operator problem. Furthermore, this work
presents a novel, frugal, unconditionally convergent resolvent-splitting for the 3 op-
erator problem that directly generalizes DRS. This splitting proves that 2-fold lifting
is the minimal lifting necessary for the 3 operator problem. In other words, the pre-
sented splitting is optimal in terms of frugality and lifting.

The potential for future work based on the ideas presented in this work is large.
Analyzing and establishing uniqueness or optimality of other splittings is one direc-
tion of future work. Characterizing all splittings of a given setup is another. In particu-
lar, there is no reason to believe the splitting of Theoremd]is unique, so characterizing
all frugal, unconditionally convergent resolvent-splittings for the 3 operator problem
would be interesting.
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