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Abstract

We consider coordinate descent (CD) methods with exact line search on convex quadratic
problems. Our main focus is to study the performance of the CD method that use random
permutations in each epoch and compare it to the performance of the CD methods that use
deterministic orders and random sampling with replacement. We focus on a class of convex
quadratic problems with a diagonally dominant Hessian matrix, for which we show that using
random permutations instead of random with-replacement sampling improves the performance
of the CD method in the worst-case. Furthermore, we prove that as the Hessian matrix becomes
more diagonally dominant, the performance improvement attained by using random permuta-
tions increases. We also show that for this problem class, using any fixed deterministic order
yields a superior performance than using random permutations. We present detailed theoretical
analyses with respect to three different convergence criteria that are used in the literature and
support our theoretical results with numerical experiments.

1 Introduction

We consider coordinate descent (CD) methods for solving unconstrained optimization problems of

the form

in f(x), (1)
where f : R™ — R is smooth and convex. CD methods have a long history in optimization [5LI3]18§]
and have been used in many applications [I0,16L20,22,24]. They have seen a resurgence of recent
interest because of their scalability and desirable empirical performance in machine learning and
large-scale data analysis [3L26,[31].

CD methods are iterative algorithms that perform (approximate) global minimizations with
respect to a single coordinate (or several coordinates in the case of block CD) at each iteration.
Specifically, at iteration k, an index i € {1,2,...,n} is chosen and the decision variable is updated
to approximately minimize the objective function in the igx-th coordinate direction (or at least to
produce a significant decrease in the objective) [2L[3]. The steps of this method are summarized
in Algorithm [, where e¢; = [0,...,0,1,0,...,0]7 is the i-th standard basis vector (with the i-th
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entry equal to one). At each iteration k, ix-th coordinate of z is selected and a step is taken along
the negative gradient direction in this coordinate. The counter k = ¢n + j keeps track of the total
number of iterations consisting of outer iterations indexed by ¢ and inner iterations indexed by the
counter j. Each outer iteration is called a “cycle” or an “epoch” of the algorithm.

Algorithm 1 Coordinate Descent (CD)

Choose initial point z° € R™
for /=0,1,2,... do
for 7=0,1,2,...,n—1do
Set k=4n+j
Choose index i, = i(¢,5) € {1,2,...,n}
Choose stepsize aj > 0
T ok — o [V f ()i, €4, where [V f ()]s, = el V(")
end for
end for

CD methods use various schemes, both deterministic and stochastic, for choosing the coordinate
i to be updated at iteration k. Prominent schemes include the following.

e Cyclic CD (CCD): The index i(¥, j) is chosen in a cyclic fashion over the elements in the set
{1,2,...,n} satistying i(¢, j) = j + 1.

e Cyclic CD with a given order 7 (CCD-7): A permutation 7 of the set {1,2,...,n} is selected.
Then, the index (¢, j) is chosen as the (j + 1)-th element of 7 for every epoch ¢. (CCD
corresponds to the special case of m = (1,2,...,n).)

e Randomized CD (RCD): The index i(¢, j) is chosen randomly with replacement from the set
{1,2,...,n} with uniform probabilities (each index has the same probability of being chosen).
This method is also known as the stochastic CD method.

e Random Permutations Cyclic CD (RPCD): At the beginning of each epoch ¢, a permutation
of {1,2,...,n} is chosen, denoted by my, uniformly at random over all permutations. Then,
the index (¥, j) is chosen as the (j + 1)-th element of 7,. Each permutation 7, is independent
of the permutations used at all previous and later epochs. This approach amounts to sampling
indices from the set {1,2,...,n} without replacement for each epoch.

While our focus in this paper will be on CD methods with the aforementioned selection rules, we
note that several other variants of CD methods have been studied in the literature, including the
Gauss-Southwell rule [I7], in which i is selected in a greedy fashion to maximize [V f(z*)];, and
versions of RCD [15], in which iy is selected from a non-uniform distribution that may depend on
the component-wise Lipschitz constants of f.

We are interested in the relative convergence behavior of these different variants of CD. While
there have been some recent works that study and compare performances of CCD and RCD (for
example, [11[0,15123}27,28.[30]); with the exception of a few recent papers (which focus on special
quadratic problems, see [12][32]), there is limited understanding of the effects of random permutations
in CD methods.

In this paper, we study convergence rate properties of RPCD for a special class of quadratic
optimization problems with a diagonally dominant Hessian matrix, and compare its performance to
that of RCD and CCD. Interest in RPCD is motivated by both empirical observations and practical
implementation: In many machine learning applications, RPCD is observed numerically to out-
perform its with-replacement sampling counterpart RCD [14,21]. Moreover, without-replacement
sampling-based algorithms (such as RPCD and random reshuffling [4[§]) are often easier to im-
plement efficiently than their with-replacement counterparts (such as RCD and stochastic gradient



descent) [12/21] as it requires sequential data access, in contrast to the random data access required
by with-replacement sampling (see e.g. [7L25]).

We start by surveying briefly the existing results on the effects of random permutations for
CD methods [12,[19,28[832]. Among these, Oswald and Zhou [19] studies the effects of random
permutations on the convergence rate of the successive over-relaxation (SOR) method (that is used
to solve linear systems) and presents a convergence rate on the expected function value of the
iterates generated by the SOR method. The CD method, when applied to quadratic minimization
problems, is equivalent to the SOR method (applied to the linear system that represents the first-
order optimality condition of the quadratic problem) when the relaxation parameter is chosen as
w = 1. Therefore, the convergence rate results in [I9] readily extend for RPCD, when applied
to quadratic problems. Sun and Ye [28] construct a quadratic problem, for which CCD requires
O(n?) times more iterations compared to RCD in order to achieve an e-optimal solution (that is, a
point z* that satisfies Ef (2*) — f(z*) < €). For this problem, they also show that the distance of
the iterates (to the optimal solution) for CCD decays O(n?) times slower than the distance of the
expected iterates for RPCD and RCD. Lee and Wright [12] consider the same problem and present
that the expected function values of RPCD and RCD decay with similar rates, while the asymptotic
convergence rate of RPCD is shown to be slightly better than for RCD. In a following paper [32],
the results in [12] are generalized to a larger class of quadratic problems through a more elaborate
analysis.

Our main results provide convergence rate comparisons with respect to various criteria between
RPCD, RCD, and CCD for a class of strongly convex quadratic optimization problems with a
diagonally dominant Hessian matrix. In particular, we first provide an exact worst-case convergence
rate comparison between RPCD, RCD, and CCD in terms of the distance of the expected iterates to
the optimal solution, as a function of a parameter that represents the extent of diagonal dominance
of the Hessian matrix. Our results show that, on this problem, CCD is always faster than RPCD,
which in turn is always faster than RCD. Furthermore, we show that the relative convergence rate
of RPCD to RCD goes to infinity as the Hessian matrix becomes more diagonally dominant. On the
other extreme, as the Hessian matrix becomes less diagonally dominant, the ratio of convergence
rates converges to a value in [3/2, e—1), with the upper bound e—1 achieved in the limit as n — co.
Our second set of results compares the convergence rates of RPCD and RCD with respect to two
other criteria that are widely used in the literature: the expected distance of the iterates to the
solution and the expected function values of the iterates. For these criteria, we show that RPCD is
faster than RCD in terms of the tightest upper bounds we obtain, and the amount of improvement
increases as the matrices become more diagonally dominant.

The organization of the paper is as follows. In Section 2] we discuss the CCD, RCD, and RPCD
algorithms in more detail and describe the three criteria that are used for analyzing convergence
throughout the paper. In Section Bl we survey known results on the convergence rate of RPCD.
We analyze the convergence rates of CCD, RCD, and RPCD with respect to the first convergence
criterion in Section [£1] and the behavior of RCD and RPCD with respect to the second and third
convergence criteria in Section We validate our theoretical results via numerical experiments in
Section [§ and present conclusions in Section

2 Preliminaries

To study performance of different CD methods, we focus on the special case of problem (Il) when f
is a strongly convex quadratic function{]

f(z) = %,TTALL', (2)

IThe results can be generalized for quadratic functions of the form f(z) = %mTAw — bTz; however, for simplicity
and compatibility with the earlier results in the literature, we consider the case b = 0.



where A is a positive definite matrix. We denote its extreme eigenvalues by
#= Amin(A) >0, L= Anax(A4), (3)

and note that p is the modulus of convexity for f, while L is the Lipschitz constant for Vf. The
problem () has a unique solution z* = 0 with optimal value f(z*) = 0.

In the remainder of this section, we derive explicit formulas for the iterates of different variants
of CD applied to () (in terms of matrix operators representing each epoch) and then introduce
different convergence criteria for these variants. We show how asymptotic convergence rates can be
characterized in terms of the spectral properties of A and the matrix operators for each epoch.

2.1 CD Methods

In this section, we describe the variants of the CD method (in particular, CCD, CCD-7, RCD, and
RPCD) when applied to the quadratic problem in (2. The CD method (cf. Algorithm [I]) with exact
line search has the following update rule at each iteration

2P =gk — ! (Aa:k)ikeik, (4)
Ay,

where the update coordinate ) is determined according to one of the schemes mentioned above.
For the CCD algorithm, each coordinate is processed in a round-robin fashion using the standard
cyclic order (1,2,...,n). Denoting by D the diagonal part of A and by —N the strictly lower
triangular part of A, that is,
A=D—-N-NT,

the evolution of the iterates over an epoch (of n consecutive iterations) can be written as

Igé—]é)n = Bcep :EénCD, with Bcep = (D — N)ilNT, (5)
where ¢ denotes the epoch counter. Note that the update rule in (H) is equivalent to one iteration
of the Gauss-Seidel method applied to the first-order optimality condition of (), which is the linear
system Az = 0 [31].

For the CCD-7 algorithm, we let P; denote the permutation matrix corresponding to order 7
and split the permuted Hessian matrix as follows:

Ay =PY'AP, =D, — N, — NI, (6)

where — N is a strictly lower triangular matrix and D, is a diagonal matrix. Then, similar to (&),
we have ,
1 . _
Ié(—gD)—:lr = BCCD‘TF IénCD—ﬂ" with BCCD—rr = (Dﬂ' - Nﬂ') 1N77|—1- (7)
Note that Boep and Becep-» are not symmetric matrices as the first column of both matrices are
zero, whereas the first row contains nonzero entries.
For the RCD algorithm, the indices i, are chosen independently at random at each iteration
k. Denoting by xk.p the k-th iterate generated by RCD, the update rule for RCD over a single
iteration can be written as
. 1
ziih = Brop-k Thop,  With  Brep-k = I — ——ei ), A. (8)
2%23

The expectation of Brep-; with respect to the random variable iy is denoted as follows:
Brep = ExBrep-#, 9)

where we note that Brep is a symmetric matrix, by symmetry of A and uniform distribution of i.



For the RPCD algorithm, each coordinate is processed exactly once in each epoch according to a
uniformly and independently chosen order. Recalling that 7, denotes the permutation of coordinates
used in epoch £ and using the iteration matrix corresponding to CCD-mr (see ([{)), epoch £ of RPCD
can be written as

£41 .
chgcgl = Brrcp-¢ Tipep,  With  Brpep-¢ = Pr,Beep-r, Pr. (10)
We introduce the following notation for the expected value of Brpcp-¢ with respect to permutation
T
Brpcp = E¢Brpcp-e, (11)

where we note that Brpcp is a symmetric matrix since mp is chosen uniformly at random over all
permutations (see Lemma [E.T]).

2.2 Convergence Rate Criteria

We next discuss how to measure and compare the convergence rates of different variants of CD.
Three different improvement sequences have been used to measure the performance of CD methods
in the literature:

(1) T (zbp) = HIEJ:’&D —z*|], (Distance of expected iterates)
(i%) Tr(zkp) =R ’ ’xéD —*|]? , (Expected distance of iterates)
(i4) Ts(zbp) = Bf (zbp) — flz™). (Expected function value)

(see e.g. [1LOI5L[221[27,28,[31]). While these three measures can be related to each other (Jensen’s
inequality yields Z? < Z, and strong convexity enables lower and upper bounding Zz between
constant positive multiples of Z), we will provide different analyses for each of the measures to
obtain the tightest estimates.

In the above definitions, expectations can be removed for deterministic algorithms such as CCD.
By Jensen’s inequality, we have that Z7(zfp) < Za(xkp) for all k. For a strongly convex function
f, I3 can be lower and upper bounded between constant positive multiples of Zs.

To study convergence rate of CCD, RCD, and RPCD with respect to improvement sequence 77,
we use the operators derived in the previous section that represent one iterate or one epoch. For
CCD and RPCD, we have from (@) and (I0) together with (II)) that

41
]EME;S "= Bep fcénDa
where E; denotes the expectation with respect to the random variables in epoch ¢ given a: b (We

have Bep = Beep for CCD and Bep = Brpep for RPCD.) Note that the random Varlables in
each epoch are independent and identically distributed across different epochs for RCD and RPCD.
Therefore, by using the law of iterated expectations, we obtain

0

(+)n _ e
Ezon = Bep x°,

where E here denotes the expectation with respect to all random variables arising in the algorithm.
Hence, the worst-case convergence rate with respect to Z; can be expressed as

1
HEx H HBéD I’OH et
S, ( W) —am ey ) = 1Pl ()

When Bep is a symmetric matrix (as in RPCD), we have HBéDHUe = p(Bcp). Hence, [I2)) yields
a per-epoch worst-case convergence rate of p(Brpcp) for RPCD. When Bep is asymmetric (which
is the case for CCD), we have by Gelfand’s formula limg— o, HBéDHUZ = p(Bep). Thus, p(Beep)

represents an asymptotic worst-case convergence rate measure for CCD.



For RCD, a similar derivation involving a single iteration (rather than one epoch) yields from

@®) and (@) that
Exoitp = Brep #¢ep-

Similar reasoning to the above yields a per-iteration worst-case convergence rate of p(Brcp), or
equivalently a per-epoch rate of p(Brcp)™, for RCD. (Note that, because Brep is symmetric, we
have p(Brep) = ||Brenl|.)

In our analysis of convergence rate of RCD with respect to improvement sequence Zs, it follows
from (8)) that

E ||ekih||” = (@hop)"E [(Brop-) " Brop-t] Thep
< || [(Breo-+)" Brep-] || [|#hen||”

For RPCD, we have similarly from (I0) that

(@n

aipcp)” E [(Breep-¢) " Brpep-¢] THpop

(e+1)n
E ‘ TRPCD

< HE [(BRPCD—Z)TBRPCD—E]H ||IQPCDH2

The matrices E [(BRCD_k)TBRCD_k] and E [(BRPCD-K)TBRPCD—Z} are both symmetric. Convergence
rates be obtained from p (IE [(BRCD-;C)TBRCD-ICD and p (IE [(BRPCD_g)TBRPCD-g]) (or equivalently
from the norms of these matrices), the first being a per-iteration convergence rate for RCD under
criterion Zo, and the second being a per-epoch rate for RPCD under the same criterion. Results
along these lines appear in Section

Finally, in our analysis of convergence rate of RCD with respect to Z3, iteration (8) yields

Ef(zhén) = (2hen) Ex [(Brep-r) T ABrep-r] 2hop

= (AY2ak o) Ey, {A_l/z(BRCD—k)TABRCD—kA_l/Q} A agen
1/2 1/2 1/2 2
< H]E;C [A (Brep-k)T ABrep-k A~ ]H HA iCRCDH

A similar analysis applied to the RPCD update formula (0] yields

2
Ef(vhnob) < HE {A Y2 (Brpcn-¢)" ABrpon-cA” /Q]H HAl/QiURPCDH

We will show that the matrices in these two bounds are symmetric. Thus, our convergence rate
characterizations for RCD and RPCD with respect to Z3 (see Section F.2) will involve the norms
(equivalently, the spectral radii) of these two matrices.

Remark 2.1. Note that for improvement sequence Iy, the asymptotic worst-case convergence rate
of the algorithm can be simply computed as the spectral radius of the expected iteration matriz.
Furthermore, this bound is tight in the sense that there can be no smaller contraction rate cyi, for
which an inequality of the type Iy (x%,) < £ 1 (2°) asymptotically holds for all z° € R™. Therefore,
in Section[{.1], we compare the worst-case convergence rates of CCD, RCD and RPCD with respect
to Iy through a tight analysis (in Proposition [{4])). We analyze the ratio of the convergence rates
of RCD and RPCD in Proposition [{-3. On the other hand, for improvement sequences Iy and
I3, we consider per-iteration and per-epoch upper bounds that are not necessarily asymptotically
tight. Using a similar argument to [I2)), we can formulate the worst-case contraction factors for
Iy and Is, but they would involve computation of powers of matrices (e.g., E [(BéD_k)TBéD_k] and
E[A~Y2(BYp., )T ABL,  A7Y?] ), which does not admit a closed form characterization. Hence,
in Section [{.3, we compare the convergence rates of RCD and RPCD based on per-iteration and
per-epoch improvement rates, as has been done previously in the literature [12,[28,[32].



3 Prior work on CD methods with random permutations

In this section, we survey the known results on the performance of RPCD. There are several recent
works that study the effects of random permutations in the convergence behavior of CD methods
[12/1928/32]. To unify the randomization parameters (in RCD and RPCD) and the component-wise
Lipschitz constants in different papers, we (without loss of generality) make the following assumption
throughout the rest of the paper

Ay =1, forall ie{l1,2,...,n} (13)

This can always be satisfied by scaling the optimization variable, i.e., by setting z = D~'/2% in @
and minimizing over € R™ (see e.g. [9,[32]).

Recently, Oswald and Zhou [19] analyzed the effects of random permutations for the successive
over-relaxation (SOR) method, which is equivalent to the CD method with exact line search for
a particular choice of algorithm parameter. They consider quadratic problems whose Hessian ma-
trix is positive semidefinite and present convergence guarantees for SOR iterations with random
permutations, which implies the following guarantee on the performance of RPCD.

Theorem 3.1. [19, Theorem 4] Let f be a quadratic function of the form (2l), where the Hessian
matriz A has unit diagonals. Then, for any solution z*, the RPCD algorithm enjoys the following
guarantee
L
n * M *
S (affpen) - 10%) < (1= s ) (76 - f1a). (19
Theorem Bl provides a convergence rate guarantee on the performance of RPCD for general

quadratic functions. Under the same assumptions in Theorem [31] the best known upper bound on
the performance of RCD is given by [I5l Theorem 5]:

5 (L ke 11+ saben) ~ 160 = (1 52es) (60— 1P + 6 - 1)),
(15)

This shows that the the upper bound on the performance of RCD per-epoch is approximately
n
(1 - %) ~1- 11—“”, whereas it follows from (4] that the upper bound on the performance

of RPCD can be as large as 1 — ﬁ since L < tr (A) = n. These bounds suggest that RPCD

may require O(n?) times more iterations than RCD to guarantee an e-optimal solution. However,
empirical results show that RPCD often outperforms RCD in machine learning applications [6,21].
Furthermore, it has been conjectured that the expected performance of RPCD should be no worse
than the expected performance of RCD [21] (see also [I1,33] for related work on this conjecture).
This motivates to derive tight bounds for the convergence rate of RPCD and compare them with
the known bounds on the convergence rate of RCD.

A similar phenomenon has been observed for CCD in comparison to RCD. In particular, the
tightest known convergence rate results on the performance of CCD (see [1L27,28]) suggest that
CCD may require (5(712) times more iterations than RCD to guarantee an e-optimal solution. To
understand this gap in the convergence rate bounds, Sun and Ye [28] focused on the quadratic
problem in () with the following permutation invariantd Hessian matrix

A=6I+(1-611", where §¢€(0,n/(n—1)). (16)

In particular, the authors considered a worst-case initialization and the case when § is close to 0, for
which L = O(n)ﬁ For this problem, they showed that CCD with the worst-case initialization indeed

2 A is a permutation invariant matrix if PAPT = A, for any permutation matrix P.
3Since A has two eigenvalues: § +n(1 —§) with multiplicity 1 and § with multiplicity n — 1, the Lipschitz constant
becomes L =6 +n(1l —9), for § < 1; and as § — 0, L — n.



requires O(n?) times more iterations than RCD to return an e-optimal solution. They also provided
rate comparisons between RPCD and CCD without providing a comparison between RPCD and
RCD, which is presented in the following theorem.

Theorem 3.2. [28, Proposition 3.4] Let Kcep(€), Krep(€) and Krpep(€) be the minimum number
of epochs for CCD, RCD and RPCD (respectively) to achieve (expected) relative error

IE(z:p) — 2]

[ — 2|

— )

for initial point 2° € R™ (for CCD, the expectation operator can be ignored). There exists a quadratic
problem, whose Hessian matriz A satisfies ([I8) for some § around zero, such that

KCCD (6) n2 n2

— >~ — 1
Krop(e) = 272 20 (172)
Koep(e) > n(n+1) - n(n + 2)' (17b)
Krpcp(€) 272 20

Theorem [B:2 shows that the worst-case performance (in improvement sequence Z;) of RPCD and
RCD is O(n?) times faster than that of CCD. In a follow-up work, Lee and Wright [12] considered the
same problem as [28] (see (I6])) for the small § case and presented asymptotic and non-asymptotic
analyses of RPCD with respect to improvement sequence Zs, presented in the following theorem.

Theorem 3.3. [12, Theorem 3.3] Consider the quadratic problem (2) with the Hessian matriz A
given by ([@6), where § € (0,0.4) and n > 10. For any 2° € R™, RPCD has the following non-
asymptotic convergence guarantee

Ef(¢Rpop) — f(2*) < (1 — 20 +46%) Ry, (18)

where Ry is a constant depending on xo and 0. Furthermore, RPCD iterates enjoy an asymptotic
convergence rate of

2
lim (Ef(z%pcp) — f(a:*))”’Z =1-26— 2 +28°+0 (5—) +0O(6%). (19)
{—00 n n

Theorem [B.3] shows that for the particular class of quadratic problems whose Hessian matrix
satisfies (I6]), the convergence rate (in improvement sequence Z3) of RPCD is faster than that of
RCD in (I3 in terms of the best known upper bounds. This is the first theoretical evidence that
supports the empirical results showing RPCD often outperforms RCD [21]. In a follow-up work [32],
Lee and Wright generalize the results of Theorem [B.3] to quadratic problems, whose Hessian matrix

satisfies
A=0I+(1—-8uu’, where &€ (0,n/(n—1)), (20)

where u € R™ is a vector with elements of size O(1) (this generalizes (I8) that corresponds to
u = 1). The conclusions are similar to [12], but the analysis is different because A is no longer a
permutation-invariant matrix.

4 Performance of RPCD vs RCD on a class of diagonally
dominant matrices

As described in the previous section, the existing works [121[28] analyze the performance of RPCD
for quadratic problems, whose Hessian satisfies (I6]) for small §. Here, we consider the other extreme,
i.e., the § > 1 case, and provide tight convergence rate comparisons between RPCD, RCD and CCD
with respect to all there improvement sequences defined in Section In deriving convergence



rate guarantees, we do not resort to the tools that are used in the earlier works on RPCD [I2]
28,[32]. Instead, we present a novel analysis based on Perron-Frobenius theory that enables us to
compute convergence rate bounds for all three criteria. For notational simplicity, we introduce the
reformulation oo = § — 1, which yields

A=(1+a) —all?, where o€ (0,1/(n—1)). (21)

It is simple to check that A has one eigenvalue at 1 — (n — 1)a with the corresponding eigenvector 1
and other n — 1 eigenvalues equal to 1 4+ . In particular, as « goes to zero, the condition number
of A gets smaller and in the limit A is the identity matrix. On the other hand, as o — ﬁ, the
matrix gets ill-conditioned. Therefore, the parameter

Zj;éi Ay
Aii
is a measure of diagonal dominance. In the remainder of this section, we analyze the performance

of RPCD, RCD and CCD in improvement sequence Z; and the performance of RPCD and RCD in
improvement sequences Zo and Z3 with respect to this diagonal dominance measure.

=a(n—1)€(0,1) (22)

t 1= max
K3

4.1 Convergence rates of RPCD, RCD and CCD in improvement se-
quence 7

In this section, we compare convergence rates of RPCD, RCD and CCD, where improvement se-
quence 7, (z%) = HIE:zc’C — :C*H is chosen as the convergence criterion (as in Theorem B2). As we
highlighted in Section 2.2 we first compute the expected iteration matrices of the RPCD and RCD
algorithms, and show that they are symmetric. Then, we compute their spectral radii to conclude
the per-epoch worst-case convergence rate of RPCD and RCD, and analyze their ratio in Proposition
43l We also show that the asymptotic worst-case convergence rate of CCD is faster than that of
RPCD and RCD in Proposition [4.4]
We begin our discussion by writing the expected RPCD iterates (see (I0) and (III)) as follows
Esafipcts = Breop #ffpep- (23)
Note that since the Hessian matrix A is permutation invariant, the iteration matrix of the CCD-m
algorithm for any cyclic order 7 is equal to the iteration matrix of the standart CCD algorithm, i.e.,
Beep = Beep-r for all orders . Therefore, we have Brpcp = Ex[PrBcep PL] = Ep[PBcep P,
where we drop the subscript m from the matrices for notational simplicity. In order to obtain a
formula for Brpcp, we first reformulate the CCD iteration matrix in (B]) as follows

Bececp=(I-N)"'NT =T - (I-N)"Y(I-N-NT)=1-T"14,

where I' = I — N. Using this reformulation, the expected iteration matrix of RPCD can computed
as follows

Brpcep = Ep [PBoepPT] =Ep [P(I T 'A)PT| =T —Ep [PT'PT] 4,

where we used the fact that PPT = I and APT = PT A. For the case the Hessian matrix A satisfies
1), T~! can be explicitly computed as

' = toeplitz(c, ), (24)

where toeplitz(c, ) denotes the Toeplitz matrix with the first column ¢ and the first row r, which
are given by

c=[1, a a(l+a), a(l+a)? ..., al+a)" 2" r=11,0,0,...,0].

In order to compute Ep [PF’lPT} , we use the following lemma, which states that expectation over
all permutations separately averages the diagonal and off-diagonal entries of the permuted matrix.



Lemma 4.1. [12, Lemma 3.1] Given any matriz Q € R™ ™ and permutation matriz P selected
uniformly at random from the set of all permutations, we have

Ep[PQPT) = 11 + 1117,

where

trace(Q)

TO1 —
17Q1 — trace(Q) and 1 = 24X (25)
n

n(n—1)

T9 =

Letting Q@ = I'"! in Lemma ] we observe that the matrix Ep[PT~!PT] has diagonals equal to
one and all the off-diagonal entries equal to each other:

Ep[PT'PT] = (1 —4)I +~117, (26)

where 7 can be found as the average of the off-diagonal entries of I'"1. The following lemma (whose
proof is given in Appendix [A]) provides an explicit expression for .

Lemma 4.2. For any o € (0,1/(n — 1)), we have

I+a)*"—an—1
an(n —1)

)

")/:

where vy denotes the off-diagonal entries of Ep[PT~1PT] in (26).
Using Lemma [£2] it follows from the definition of A in 2] and equation (26]) that

Brpcp = I — Ep[PT'PTA = ((n — 1)y — B)I + p117,

where
B=a—v+ay(n-—2).

Since Brpcp is a symmetric matrix, then by ([I2)), it suffices to compute the spectral radius of
Brpcp to obtain the worst-case performance of RPCD with respect to improvement sequence Z;.
To this end, we note that for any o € (0,1/(n — 1)), Brpcp > 0 since Brpep = Ep[PBccp PT] and
Bcep > 0 with at least one strictly positive entry in both the diagonal and off-diagonal parts (see
also [@7) for an explicit formula of Beep). Then, by the Perron-Frobenius Theorem [29, Lemma
2.8], we have

BRPCD Z BRPCD ijs for all 7 € [n]
j=1

)(ya+ B)
)@=y +ay(n—1))
[ =a(n-1)) A +(n-1)).

Substituting the formula for v from Lemma above, we obtain the spectral radius of the RPCD
iteration matrix as follows

_( ~1
=(n-1
=1

¢ n
(Ito)y—1_  1-t (1+—n_1) -1
_ = — 7 s

an n
n—1

p(Brpep) =1— (1 —a(n—1))

(27)

where ¢t = a(n — 1) denotes the diagonal dominance factor (as defined in ([22])).
For the RCD algorithm, on the other hand, we have (by (8) and (@) the following expected
iterates

k+1 _ k _
Exrgrcp = Brep Trep, where  Brep =1 — EA'

10
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Figure 1: Plot of s(t,n) and 5(¢t,n) versus ¢ € (0,1) for different values of n.

Since A is a symmetric matrix, then by (IZ), the per-epoch worst-case asymptotic rate of RCD with
respect to improvement sequence Z; can be found as

p(Brep)" = <1 - %/\min(A))n = <1 - ﬁ)”

n

In Proposition [£.3] we compare the performance of RPCD and RCD with respect to improvement
sequence Z;. To this end, we define

_ —logp(Brpcp)

t =
S( ,TL) —1ng(BRCD)n,

(28)
(where log denotes the natural logarithm), which is equal to the ratio between the number of epochs
required to guarantee HExZ" — x*H < e for RCD and RPCD algorithms. In particular s(¢,n) > 1
implies RPCD has a faster worst-case convergence rate than RCD. In the following theorem, we show
that RPCD is faster than RCD for any ¢ € (0,1) and n > 2, and quantify the rate of improvement.

Proposition 4.3. The following statements are true:
(1) The function s(t,n) is strictly decreasing in t over (0,1).
(49) limy—o s(t,n) = 0.
(131) Let g(n) = limy_,1 s(t,n). We have g(n) € [3/2,e — 1), for any n > 2. Furthermore, g(n) is
strictly increasing in n > 2 satisfying

g9(2)=3/2 and lim g(n)=e—1.

n—oo

A consequence of Proposition B3] is that RPCD is faster than RCD in the worst-case, for every
t € (0,1) by a factor s(¢,n) > 1. Furthermore, the amount of acceleration s(¢,n) goes to infinity as
a — 0 for any n fixed. This shows that as the matrix A becomes more and more well-conditioned (as
a — 0), the amount of speed-up s(¢,n) we obtain with RPCD with respect to RCD goes to infinity.
This is consistent with the observation that cyclic orders work well for diagonal-like matrices that
are well-conditioned (see e.g. [29]). Proposition 3 is illustrated in Figure [l (left panel), where we
plot the parameter s(t,n) as a function of ¢ for different values of n.

We next compare the convergence rate of CCD with respect to RPCD and RCD. To this end,
as we discuss in Section (cf. ([@2)), we use p(Bcep) as the asymptotic per epoch worst-case
convergence rate of CCD, whereas for comparison to RCD, we use a per-epoch rate of p(Brcp)™.

11
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Figure 2: Tightness of the bounds in Proposition when n = 1000 and « = 0;_91: Left figure for
@BI) and right figure for ([B2)).

Note that as discussed in (23), Baep = Beep-« for all 7, and hence p(Bcep) = p(Beep-r) for all .
Although, explicit calculation of p(Bcep) appears to be challenging, we prove that the known upper
bounds [9, Theorem 4.12] on p(Bcep) is tighter than p(Brpcp), which together with Proposition
imply the following result.

Proposition 4.4. Let f be a quadratic function of the form (), whose Hessian matrix given by
@I). Then, the expected iteration matrices of CCD, RPCD and RCD satisfy

p(Bcep) < p(Brpop) < p(Brep)™, (29)

for any o € (0,1/(n—1)) and n > 2.

4.2 Convergence rates of RPCD and RCD in improvement sequences 7,
& I3

In this section, we compare the rate of RPCD and RCD with respect to improvement sequences 7,
and Z3. When the Hessian matrix A satisfies ([2I]), the smallest eigenvalue of A can be found as
follows

pu=1—t=1—a(n-1). (30)

Plugging this value in the convergence guarantee of RCD in (&), we can obtain a convergence
guarantee on both improvement sequences Zo and Zs as the left hand-side of (&) upper bounds
both 275 and Z3. However, for the particular problem class we consider in this paper, we derive
a tighter convergence rate guarantee for RCD in the next proposition, whose proof is deferred to
Appendix

Proposition 4.5. Let f be a quadratic function of the form (), whose Hessian matriz given by
@I). Then, RCD iterations satisfy

o\ k
Blchen - o7 < (1- 2+ 2 o - 7P (31)
and .
E (f(@hop) — f@) < (1= 5) (/") - £)- (2)

12
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Figure 3: Tightness of the bounds in Proposition 7] when n = 1000 and a = %: Left figure for

B3) and right figure for ([B4)). -

Remark 4.6. We observe that the upper bound in Bl is smaller (tighter) than the upper bound in
@) for any a € (0,1/(n — 1)) because

2 2 o 22 2u(1 — 2u(1 — pi? 2
g2 g 2 2 2y 20y 2
n o n n n n n(l+ u) n(l+ u)

where the inequalities are due to the fact that p=1—a(n —1) € (0,1).

We next analyze the performance of RPCD in the following proposition and show that the
convergence rate guarantee of RPCD is tighter than the convergence rate guarantee of RCD in
Proposition The proof of Proposition .7 is given in Appendix [El

Proposition 4.7. Let f be a quadratic function of the form (), whose Hessian matriz given by
@I). Then, RPCD iterations satisfy

J4
n * 2:“’ (1 + a)n -1 :U‘2 (1 + a)2n -1 *
Elpen - o < (1- 2 (L0 2 (L2 ) oo, )

and
14+ a)? -1

4
oo +2) )) (£(2°) = f(a)). (34)

We next compare the convergence rates we derive for the RCD and RPCD algorithms. In
particular, we consider the convergence rate of both algorithms in improvement sequence Z, since
we obtain tighter upper bounds for it. Comparing the convergence rate bounds for RCD and RPCD
in (3I)) and (B3)), respectively, we can observe that RPCD is faster (in terms of the best known rate
guarantees) than RCD by a factor of

ey b= (B & ()
S(;n) = _nlog(1_2_#+#_2> )

Ef(xéﬂz,lPCD) - f(x") < (1 _HK (

n

which is plotted in Figure [ (right panel) in the interval ¢ € (0,1) for different values of n. We
observe from this figure that the convergence rate bound for RPCD is better than than the one for
RCD for all ¢ € (0,1) and n > 2. Furthermore, the difference in convergence rate bounds increases
as t gets smaller, i.e., as the Hessian matrix becomes more diagonally dominant. We can also show
that 5(¢,n) behaves similar to s(t,n) as t — 1, where the limiting values can be found in Proposition
4.9l

13
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Figure 4: CCD vs RPCD vs RCD with worst-case initialization for n = 1000 (top row) and n = 10000
(bottom row): a = % in the left column, o = % in the middle column, and o = % in the

right column.
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Figure 5: CCD vs RPCD vs RCD with random initialization for n = 1000: a = 2L (left figure),

n—1
o= % (middle figure), and a = % (right figure).

5 Numerical Experiments

Here we compare the performance of CCD, RPCD, and RCD for the quadratic problem (2) with
Hessian matrix 21I). In Figure[d] we use a worst-case initialization 2° = 1, for n € {1000, 10000} and

a € {%, %, %}. We observe that CCD is the faster than RPCD, which is faster than RCD.

This behavior is in accordance with the theoretical results in Propositions 44147l Furthermore, as
« decreases, we can see that the ratio between the convergence rates of RPCD and RCD increases,
consistent with Proposition (see also Figure [[). We can also observe from the right column
in Figure @l that when « is close to 1/(n — 1), the ratio between the convergence rates of RPCD
and RCD is close to the theoretical limits obtained in Proposition (see part (i), which shows
that the ratio is in the interval [3/2, e — 1)). Figure [l plots similar results to Figure @ but for a
random initialization rather than worst-case initialization. Convergence rates depicted in Figure
are similar to those of Figure @ due to the fact that " becomes colinear with the vector of ones as
¢ increases (as 1 is the leading eigenvector of the expected iteration matrix), so that the worst-case
convergence rate dictates the performance of the algorithms.
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6 Conclusion

In this paper, we surveyed the known results on the performance of RPCD for special cases of strongly
convex quadratic objectives and add to these results by presenting a class of convex quadratic
problems with diagonally dominant Hessians. Using the distance of the expected iterates to the
optimal solution as the convergence criterion, we compared the ratio between the performances of
RPCD and RCD with respect to a parameter that represents the extent of diagonal dominance. We
illustrated that as the Hessian matrix becomes more diagonally dominant, this ratio goes to infinity,
whereas as it gets smaller it goes to a constant in the interval [3/2, e — 1). We also showed that
CCD outperforms both RPCD and RCD for this class of problems. When expected distance of the
iterates or expected function value of the iterates is used as the convergence criterion, we presented
that the worst-case convergence rate bounds derived for RPCD are tighter compared to the ones for
RCD. This is in accordance with our first set of results, i.e., when distance of the expected iterates
is used as the convergence criterion. Computational experiments validate our theoretical results,
which fill a gap between the theoretical guarantees for RPCD and its empirical performance.
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A Proof of Lemma

Applying Lemma B with Q = I'~!, where I'"! is defined in 24]), we get

_Xjn—t=galta) oS e R
7= n(n—1) _nj;o(l—i_ ) n(n—l)j;](1+ )
7(1—1—04)"’1—1_(l—l—a)”*l_i_(l—i-oz)"—l—ai(1+a)"—an—1
N n n an(n—1) an(n—1)

where the third equality follows by the following lemma. This completes the proof.

Lemma A.1. For any real scalar 1 # 1 and integer k > 0, we have

k
S = (k4 2
_ —1)2
= n—-1 (n-1)
Lemma[Adl Consider the cumulative sums ug(n) = Z?:o W = "k;_ll_l. It is easy to see that

Z?:o Jn’ = nul,(n) where u} (n) is the derivative of ug(n). Differentiating the right-hand side of the
formula for uy yields the result. O

B Proof of Proposition 4.3

Part (i). : Defining h(t,n) = w, where t € (0,1) and n > 1 is an integer, we have by the

definition in [28) that s(¢,n) = p; (nt:n)/pg(t,n), where

1-—t¢ 1-1¢
p1(t,n) = —log <1 — —h(t,n)) and po(t,n) = —nlog <1 - —> .
n n
Throughout the rest of the proof, for simplicity, whenever the dependence of h, p; and ps on n
is clear, we will abbreviate them by h(t), p1(t) and pa(t), respectively. Similarly, whenever the
dependence on t is also clear, we will abbreviate them by h, p; and ps, respectively. In order to
prove statement (i) of Proposition [4.3] it suffices to show that the partial derivative satisfies

)= O(p1)p2 — p10:(p2) <0

8t8(t, n
I

3

for all ¢ € (0,1). This holds if and only if

A (p1) - O (p2)

P1 P2

< O (logp1) < 9 (logp2), (35)

for all t € (0,1), where we used the fact that p; and ps are positive for ¢ € (0,1). We can compute
these partial derivatives in the right-hand side as follows

1 ) (h(t) + R/ (t)(t — 1)) ,

1— Lth(t) n

1 1
; (log p1) o 1 (p1) o (

and similarly
1 —1 1
0y (log p2) = Eat(pz) =— (7) :

p2 \1- 1=

Hence, in order to prove ([B3]), it is sufficient to show that

1<;(t)>g(t)> 1 (;) where qt) = h(t)+h’(t)(t—1),

o == P 2
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which, after inserting the formulas for p; and po, is equivalent to

o (1) (1 e (1) (120

fort € (0,1). The main ingredients to prove this inequality is to approximate the non-linear functions
q and h with piecewise linear functions, which are easier to deal with, in other words, linearizing ¢
and h above leads to simpler expressions for the derivatives of both sides of this inequality. In order
to approximate ¢, we first write a binomial expansion for h(t) as follows

- S () ()

n_ —

This implies that ¢(t) is of the form ¢(t) = § + 2t + Z; 5 ¢jt?, where ¢ > 0 and ¢; > 0, for all
j €{3,...,n—1}. Therefore, the first and second derivatives of g are positive over ¢t € (0,1) and ¢
is strictly convex. We then consider linearizations of ¢(t) at ¢ = 0 and ¢ = 1, which are given by

12 (1) =2 —1)(1—1)
q(t) = 5 tgt and @ (t) = - :
(Note that in the special case n = 2, ¢(t) is linear so that go(¢) = ¢1(¢) for all t. However, for n > 2,

go # ¢1). In particular, it can be checked that qo(f) = ¢i(f), for &t = 1 — 64}1((2172 3)" Since ¢q(t) is

convex,

q(t) > q(t) = max (qo(t), q1(t)) = 1t])7

q(t), ifte]o,
{ " (37)

q(t), iftelt,
The right-hand side of (B6]) is of the form

z(t) = —log (y(t)) y(t) = E(y(t)), where y(t)=1—$ha E(y) = —log(y)y.  (38)

As h is convex, we have the bounds
— 1—t—
h(t) =1 —=t)h(0) + th(1) > h(t) and y(t)>7t)=1- Th, te(0,1). (39)

Using the facts that the function E(-) has a maximum of 1/e over the interval [0, 1] and is strictly
decreasing over the interval (1/e, 1], it follows from ([B9)) that
E(G@) if ge(l/e 1] < te€ (ts1]

/e if gel0,1/e] < te€][0,t.] (40)

E(y(t)) = 2(t) <=(t) := {
where t, is the largest ¢ € (0, 1) such that 7(t) = 1/e and admits the formula
12n—nh(1) 1 [/2n—h(1)\> 4 =n
be = —g—Fn—— + 5 + =
2h(l)—n 2 h(l)—n eh(l) —

Combining the lower bound (1) on ¢(t) and the upper bound (0] on z(t), a sufficient condition for
[B6) is to show that the following relaxed inequality holds

—nlog (1 - %) (1 - %) q(t) —z() >0, forall ¢e(0,1). (41)

The left-hand side is a piecewise continuously differentiable function (pieces defined by the intervals

[0,%], (,t.] and (., 1])) and it is positive at t = 0. The rest of the proof is about showing that the

left-hand side in ({Il) stays positive for ¢ € (0, 1), this is achieved by computing and lower bounding

the first order derivatives of the left-hand side. The details are skipped due to space considerations
and follows from standard calculus techniques.

O
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Part (i). : Since limy ,o+ p2(t) = —nlog(l — 1/n), whereas lim; ,o+ p1(t) = —log(1l — h(0)/n) =
as h(0) = n, we obtain lim, ,o+ s(t,n) = limy— (p1(¢)/p2(t)) = . O

Part (iii). : We observe that g(n) = lim;_,;- Z;g; = limy_,1- Zigg , since lim;_y1- p1(t) = lim;_y1- p2(t) =

0. The derivatives of p;(t) and p2(t) with respect to ¢t are given by

/ h(t) + (O —1)
)= == A hh

Therefore, we obtain

n—(1-1¢)

and () = —

RO+ (1)(t-1) et
(1= h(1 1 1
g(n) = lim —2C=0P@ _ hll) _ (1 + ) +-—1

o n _
t—1 (D) n n—1 n

In order to show that g(n) is strictly increasing in n, consider the extension of g to the positive real
line, i.e., consider the function g(z) = (1 + %)Z + Zil — 1, where z > 0. Taking its derivative with
respect to z, we get

- ) () -

sing the lower bounds log(1 4+ y) > =% for y > 0 an +1/y)¥ > 2 for y > 1, we obtain
Using the lower bounds log(1 > S fory > 0and (1+1/y)? > 2 fory > 1 btai

y 2 1 1 1 1
9(2)22(2Z+1_Z+1)_(z+1)2_(z+1)(z+1/2) Gro?

for any z > 1. Consequently, g(n) is strictly increasing in n > 2. Furthermore, it follows directly
from the definition that ¢g(2) = 3/2 and since lim, (1 +1/n)" = e, we get lim,, o g(n) = e — 1.
This completes the proof of part (i4). O

C Proof of Proposition 4.4

The proof of p(Brpcep) < p(Brep)™ follows by Proposition B3] hence is omitted. Since the off-
diagonal entries of A are nonpositive and A is a positive definite matrix, then it follows by [9, Theorem
4.12] that p(Boep) < =2 =1 — 2 where 4 = 1 — (n — 1)a.. On the other hand, from (Z7), we

= T+pn T4p?
have p(Brpcp) = 1 — u%. Hence, in order to show that p(Bcep) < p(Brpcep), for all
a€(1,1/(n—1)) and n > 2, it suffices to show
2 l1+a)" -1 1 l1+a)" -1
> — > .
1+ no 1— (n*21)04 no
Since a € (1,1/(n — 1)), it is sufficient to show that
-1
no > (1—017”) (1+a)" —1). (42)

Using the Binomial expansion (1 4+ a)" = ", (7;) al, we get

(1- 252 @rar-n=% (]




where the inequality follows since we omit the last term of the second sum and the last equality
follows by peeling out the first entry of the first sum. We can observe that

()51 (51 ) ) - (e ) o

for all j € {2,...,n}. This proves ([@2), which concludes the proof.

D Proof of Proposition

RCD iterations can be written (by (&) as follows

gl T k
TRCD = (I — €iy eikA) TRCD>

where iy, is drawn uniformly at random from the set {1,2,...,n}. Letting Ej;, denote the expectation
with respect to ix given xj and taking norm squares of both sides, we obtain

Eillogipl® = (@hon) " Ex [(I - ATei el,) (I = eief, A) 2fiep

n

1
E \T T o T, T
= (Zkep) <_n E (I —A eze —ee; A+ A'eje; A)) xRCD

i=1

2A A2 24 AQ
— (aheo)” (1= 22+ 22 ) ahop < 1@l kool with = 1= 224 2
n n n
where we used the fact that A = AT and Y ;" | e;e]’ = I. Using this recursion and noting that
z* =0, we get
Ellagén — a2 < Q" [|2° — 2*||*. (43)

The eigenvalues of @ are of the form 1 — 2\/n + A?/n, where \ is an eigenvalue of A. Since Q
is symmetric and A has only two distinct eigenvalues that are equal to u = (1 — a(n — 1)) and
L =1+ «, we obtain

Q] = max{1 — 2u/n + ,u2/n, 1—-2L/n+ L2/n} =1-2u/n+ uQ/n. (44)

Using (@) in (@3]) concludes the proof of [BIl). The proof of [B2)) can be done by following similar

lines to the above proof as follows
Flapép) = (@hop) " Bi [(1 = ATesell) A (I - ei ef, A)] afep
= (‘TIPC{CD) Ey [A— ATeZke A— Aezke A+ ATeZke Ae;, eZkA} rap

AQ
= (‘T]FCQCD) (A - 7) ‘TRCD

I— _H flahep) = (1 - —) f(@fen),

where in the third equality, we use the fact that A = AT and el Ae; = 1, for all i € [n], and in the
fourth equality, we use Y 7, eiel’ = I, respectively. This concludes the proof

E Proof of Pr0p081t10n 4.7

RPCD iterations can be written (by (I0)) as follows

(t+1)n
Trpep = Pr,Boep Pl afibep-

Considering improvement sequence Z,, this yields

041
El”I%{PCgZHQ = (zfpcp) "Ep[PBEcpBeep P |2ibep < [IS||l2Ebenl?s
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where S = Ep[PBL.pBcepPT]. Using this recursion, we obtain
2
EHxénPCDHQ < HSHéHfC%PCDH .

The contraction factor ||S|| can be computed by applying Lemma [Z1 with @ = Bl Bcep, which
yields

S = EP[PBECDBCCDPT] = T1I—|—7'211T, (45>
where
17 Blop Boen1 — trace(Blop B trace(Béop B
Ty = cCD CCDn(n _I"?C)e( cepBeen) and 1 = race( CSD ccp) — Ty.

Since S is a symmetric matrix, we have ||S|| = p(S). Furthermore, we can observe that Blp Bcep
has strictly positive entries both in its diagonals and off-diagonals, consequently we have S > 0.
Then, by Perron-Frobenius Theorem [29] Lemma 2.8|, we have

1
[I1S]| = p(S) =71 +nme = EITSI. (46)

In order to compute (@), we first compute the matrix Bcep as follows

1+a)i~'—(1+a)id), if i>j
Boop = 1-T-1a = {1+ = +a)™), if i>j (47)
a(l +a)™t, it i<y
Combining ({@6]) and 1), we obtain
181 = 2107 B Bocn1 = S Becp1l = £ 3 (Beep 1))
n ccpCCD n CCD n v ccbi)i)
where .
(Beepl)i = 1 — p(1+a) L. (48)

This yields

181 = =37 (1= 201 4+ a) ™ + 21+ D) =1 - 2 (M) L (%) ,

— n « n ala+2

which proves (33)).
We next prove the results regarding the function suboptimality in (34]). To this end, we consider
the expected function sub-optimality (note that f(z*) = 0), which yields
+1)n n n
Eéf(xgpcia) = (‘T]l;{PCD)TEP[PBSCDPTAPBCCDPT]‘T%PCD
= (‘T%PCD)TEP[PBgCDABCCDPT]‘T%PCD
< |Ep[A~"*PBEcpABccp PT ATV 2|[| AV 22 op ||
= |Ep[A~2PBepABoco PTA™Y)|| f(28bep)
= |[Ep[PA2BEp ABocp A2 PT]|| f(afbep)
=G|l f(xénPCD)v
where G = Ep[PA_1/2B(:§CDABCCDA_1/2PT] and the equalities follow since A and A~'/2 are
symmetric matrices. It can be shown that A'/2BcepA~'/2 is a non-negative matrix, hence applying

Lemma Bl to the matrix Q = A~Y2BL.y ABcepA™1/2, it can be shown (similar to the previous
proof) that

1 1
IGIl = p(G) = ~||AY?Beep A™Y?1* = |1 — AV2D A 212, (49)
n n
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where A1/2 = ~I — 0117 with v = /T + a and 0 = (y — /fi)/n. This yields A/21 = (y —no)1 =
\/##1. Multiplying both sides of the above equality by I'~! from the left, we obtain

1421 = Jue, (50)
where it follows from (24]) that
1 1
14+« 14+«
o= l+a+a(l+a) _ | 1+a)?
l+a+a(l+a)+-+a(l+a) 2 (1+a) !

Multiplying (50) from the left by A2 we get

1 -1
AVPPIAY2L = S (ye — o |le]|, 1), where |||, = %. (51)
a
Using (1) in @), we obtain
1 n n u n
I611= 5 32 (= Ve o el ) = 1= 2SS e o lell) + 5 3 e —o el )’
i=1 i=1 =1
2\/1 RS 2
=12 o) el + 5 3 (37 e el e+ )
2 2
1= 2 el + 2 (52 ell2 — 2y 1l + mo? e (52)
where ) )
1 -1 1 " —2(1 "4+1
felfp = LDl g = LT 220
ala+2) a?

Modifying the terms in ([B2)), we get

2u 2 2 2
1611 =1 = 2 jell, + 2 (116l — o el + o(no — ) lel?)

n
1 l+a—(1—-an—-1)), 2
1= 2o+ £ (el - - el
7
=1 2 ell, + g(1+a|Mb—aWH)
_1__||C|| LB 1+a)2"—1 (14+a)? —2(1+a)" +1
! (a+2) «

ﬂ‘%(%)’

which concludes the proof of Proposition 7
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