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Abstract

The experimental design problem concerns the selection of k points from a potentially large
design pool of p-dimensional vectors, so as to maximize the statistical efficiency regressed on
the selected k design points. Statistical efficiency is measured by optimality criteria, including
A(verage), D(eterminant), T(race), E(igen), V(ariance) and G-optimality. Except for the T-
optimality, exact optimization is NP-hard.

We propose a polynomial-time regret minimization framework to achieve a (1 + ¢) approx-
imation with only O(p/e?) design points, for all the optimality criteria above.

In contrast, to the best of our knowledge, before our work, no polynomial-time algorithm
achieves (1+¢) approximations for D/E/G-optimality, and the best poly-time algorithm achiev-
ing (1 + ¢)-approximation for A/V-optimality requires k = Q(p? /) design points.
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1 Introduction

Let z1,...,z, € RP be p-dimensional vectors and f : S;f — RT be a non-negative function
defined over S;; , the class of all p-dimensional positive definite matrices. We focus on the design of
polynomial-time algorithms for approximately solving the following discrete optimization problem:

n n
;1611912 F(s) = Snelgr;f (Z} s - :c,xj) where S, := {s € {0,1}", z;si <k} . (LD
1= 1=
In other words, we wish to select a subset S C [n] of cardinality at most k, so that its covariance
matrix g = > ;g z;z; has the smallest function value f(¥g). The main challenge of solving
Problem (1.1) is the discrete constraint s € {0,1}".
More generally, we also study the multiplicity-b generalization of Problem (1.1), that is

n n
in F(s) = mi T here Sy := {s; € {0,1,...,b}, <k}, (1.2
sglé,?b (s) msmf (; Si - TiT; ) where Sj, = {s; € { } ; si <k}, (1.2)
for any integer value b. It is a simple exercise to see that Problem (1.2) reduces to Problem (1.1) by
duplicating each design point 2; exactly b times ' Throughout this paper we assume without loss of
generality that b > 1 and bn > k.

1.1 Motivations

Before introducing our main assumptions on f(-), we discuss how a wide range of problems in
experimental design and active learning can be cast as special cases of Problem (1.1)

Classical experimental design. The (classical) experimental design problem concerns the se-
lection of k points from a potentially very large design pool {z1,...,2,} so as to maximize the
statistical efficiency regressed on the selected & design points.

For example, consider a clinical study application where n is the number of patients; p is the
number of parameters (e.g., blood pressure, low-density lipoprotein, etc.) that are hypothesized to
affect some disease; and x1, ..., x, € RP are the parameters for all the patients. Since determining
whether or not a patient has a certain disease may be expensive or time-consuming, one wishes to
select k < n patients that are the most statistically efficient for establishing a regression model that
connects experimental parameters to the disease.

This experimental design problem reduces to Problem (1.1), where the evaluation of statistical
efficiency is reflected in the choice of the objective function f, known as the optimality criterion
|38]. Popular choices of f include

A(verage)-optimality f4(X) = tr(X71)/p,
D(eterminant)-optimality fp(X) = (det X)~1/7,
T(race)-optimality fr(X) = p/tr(2),
E(igen)-optimality fg(3) = || |2,

— Vl(araince)-optimality fy(£) = 2tr(XE71XT), and

G-optimality f(X) = max diag(XX1XT).

"Very often, an algorithm to Problem (1.1) can be directly generalized to solve Problem (1.2) without blowing up the
problem size. Our algorithm proposed in this paper is one such algorithm.



We refer the readers to |38] for a complete list and discussion of various optimality criteria used in
the experimental design literature. Note that the optimality criteria in the above list are “normalized”
(by multiplying or raising to the power of 1/p) so that f(tX) =t~ 1 f(X).

Remark 1.1. If noise is statistically independent when we perform the same experiment multiple
times, then the experiment design problem reduces to Problem (1.2) with b = k, and we can choose
to include a design point x; multiple times.

Remark 1.2. Exact optimizing Problem (1.1) in T-optimality is trivial, because to maximize tr(X),
by linearity, it suffices to pick the k distinct indices i € [n] to maximize tr(z;z; ) = ||=;]|%>. On
the other hand, optimizing Problem (1.1) in other optimality criteria are highly non-trivial. For
instance, for D/E-optimality, exact optimization is NP-hard [17] as well as (1 + €) approximation
without additional assumptions |24, 43]. A more detailed summary is given in Section 1.4

Bayesian experimental design. In some applications of experimental design, a prior is imposed
on the regression model [18]. In cases where a Gaussian prior A/(0, \) is imposed and the homoge-
neous noise is sub-Gaussian with parameter o2, the Bayesian experimental design problem reduces
to Problem (1.1) or (1.2) with objective f ,(X) = f(A/0? - Ipxp+ ). Here, f(-) is any optimality
criterion we have introduced in the classical experimental design setting.

Such objectives f) , are also known as Bayesian alphabetical optimality [18] and are useful
when the design budget k is close to the number of parameters p, or when classical experiment
design yields ill-conditioned solutions.

Active learning. Pool-based active learning plays an important role in label-efficient machine
learning research |5], where a large pool of unlabeled data points (x1, . .., z,) are available and the
learning algorithm needs to select k£ < n points in the pool to request (possibly human) labels.

One popular model of active learning is active linear regression, where real-valued labels y;
are modeled as noisy realizations of inner product (z;, 3) with an unknown regression model (.
This problem reduces to Problem (1.1), where the objective f can be any optimality criterion in
classical experimental design setting. Note that Problem (1.2) may not make sense for active learn-
ing, because each data point z; in the pool can usually be selected at most once. This constraint is
mostly relevant in machine learning applications like image classification, where labels are unlikely
to change if the same image is queried for more than once.

Optimal subsampling in graph signal processing. Graph signal processing has recently attracted
significant attention in the statistical signal processing society |19, 21, 22, 23]. Suppose G =
(V,E,W) is an edge-weighted graph with |V| = n, and L = D — A € R™™" is the graph
Laplacian of GG, where D a diagonal degree matrix and A is the adjacent matrix. Let y € R”
be a noisy realization of an unknown vertex signal to be recovered.

In this setting, the graph signal is often assumed to have “weak high-frequency components”,
meaning that y = U8 + ¢, where U € R™*P is the top-p eigen-space of L, and ¢ € R" is the
white noise. Ordinary least square regression can be applied to recover the “low-frequency signal”
component 6. In practice, however, it is often expensive to obtain the noisy signal y on the entire
graph G, as real-world graphs can have a huge number of nodes. It is thus desirable to subsample
k < n nodes in G, and approximately recover 6 based on the limited measurements. Optimal
subsampling therefore reduces to (classical or Bayesian) experiment design mentioned above.



1.2 Notations, Assumptions and Our Main Result

We write A = B if matrix A — B is positive semi-definite (PSD), meaning that ' (A — B)z > 0
for all vectors 2, and A = B if A — B is positive definite, meaning that ' (A — B)2 > 0 for all
non-zero vectors z. The matrix inner product (A, B) = 3, ; A;; B;j = tr(AT B). For symmetric
matrices, we use Apmax () and Apin(+) to denote their maximum and minimum eigenvalues. We use
| Allop = v/ Amax (AT A) to denote the spectral norm of an arbitrary matrix A.

In this paper we make the following regularity assumptions on the objective f : S; — R*:

(A1) Monotonicity: for any A, B € S} with A < B, it holds that f(A) > f(B);
(A2) Reciprocal sub-linearity: for any A € S} and ¢ € (0,1), it holds that f(tA) < t=1f(A);

(A3) Polynomial-time approximability of continuous relaxation: for any fixed 6 € (0,1), the
continuous relaxation of Eq. (1.2) defined as

Seckﬂb SECk b

min F(s) = min f (Zsz Tix ) where Cjp := {s € [0, b Zsl <k} (1.3)

can be solved with (1 + d)-relative error (i.e., F'(5) < (1+0) minsec, , (s)) by a polynomial-
time algorithm.

Assumption (A1) is natural in experimental design, because a design with sample covariance A
can never achieve superior statistical efficiency than a design with B if A < B.

Assumption (A2) captures the linearity in classical experiment design, where a design with
sample covariance tA is exactly t-times as efficient as a design with covariance A. Assumption
(A2) also holds in Bayesian experiment design: the additional smoothing term \/o - I, ensures
f(tA) <t 1f(A)forall 0 <t < 1.

Fact 1.3. (Al) and (A2) are satisfied for A/D/T/E/V/G optimality as well as their Bayesian counter-
parts.

Assumption (A3) is motivated by the observation that, for most popular optimality criteria the
function f itself or one of its “surrogates” is convex, meaning that its continuous relaxation can
is efficiently solvable. In Section 3 we validate (A3) for all A/D/T/E/V/G optimality criteria by
considering an entropic mirror descent solver [11], which enjoys rigorous theoretical guarantees
and also runs fast in practice.

Below is our main result:

Theorem 1.4. Suppose e € (0,1/3], n >k >5p/e, be {1,2,....k}, f: S;; — R satisfies as-
sumptions (Al)-(A3), and minses, , F(s) < 4+o00. Then, there exist a polynomial-time algorithm
that outputs

5€ Sk satisfying F(5) < (1+8¢) - rr}sin F(s)
SESK,b

(To prove the simplest proofs, we have not tried to improve the constants in this statement.)

Note that Theorem 1.4 makes assumption k > (p/e?) in order to achieve (1+¢)-approximation.
In contrast, without any additional assumption, at least for D/E-optimality, it is NP-hard to achieve
any (1 + ¢)-approximation. |24, 43]



Remark 1.5. Our assumption k > Q(p/e?) is quite mild. A lower bound & > p is needed because if
k < pthen no s € S can produce a covariance matrix 2?21 S mﬂ?: that is full rank. We conjec-
ture the e~2 dependency is necessary at least for E-optimality (and thus also for general objectives
f), motivated by negative results in spectral graph theory, see Section 5. In our experiments, we
shall demonstrate that our algorithm even supports values such as k = 1.2p.

Remark 1.6. While preparing the journal version of this paper, we were informed of an independent
work of [41], where the authors obtained a (1+¢) approximation for the D-optimality criterion with

k= (2 + loggii_l) Their algorithm is unlikely to be extendable to general objectives f(-) studied

3
in this paper.

1.3 Overview of Techniques

The main technical challenge is to round the fractional solution (from continuous optimization)
into an integral one. For instance, given m € [0, 1] with ||7||; < k which is a fractional solution
to Problem (1.1), we want to round it to a vector s € {0,1}" with sparsity at most k, so that
the covariance matrix Zie[n} s; - w;v; performs (1 + €) close to the fractional covariance matrix
Dicn] i * x;z) , for any function f(-).

Using assumptions (A1) and (A2), we reduce this task to showing Zie[n] Si - xleT = (1 -
€) D icin] Ti ° x;z] without any explicit information of f(-). Then, after rotating the space, we
rewrite this problem as “lower bounding the minimum eigenvalue” of icln] Si iEZZL'lT

Our main contribution is to reduce this eigenvalue lower-bounding process to regret minimiza-
tion in online learning. Very informally, starting from an arbitrary set Sy of cardinality k&, we
consider the following iterative process. In each iteration ¢,

e the player selects a density matrix A; € Apy, = {4 = 0: tr(4) = 1} which “allegedly
minimizes” (A¢, Y, zix; ); and

e the adversity independently selects a swap S; = S;—1\{j}U{i} so as to “allegedly maximize”
(At Yies, wiz] ).
We have adopted the modern ¢, /o-regularized strategy [4] for the player, and proved a new regret
theorem. We have also introduced a strategy for the adversary so that he/she can always find a good
swapping pair (7, j) using a linear scan to the vectors 1, . . ., .
Finally, if we run 7" rounds, the “value” of the game is close to

: T\ — T
mlnAeApxp{<Av ZiesT Tz )}t = )‘min(ZieST Tz ) -
Therefore, a regret theorem necessarily gives a lower bound to the value of the game, which then

gives a lower bound to the minimum eigenvalue of ), Sr xZ:cZT In particular, we achieve the
desired lower bound as long as T' = Q(k/¢) and k > Q(p/<?).

1.4 Related Work

Experimental design is an old topic in statistics [ 18. 30. 38]. Computationally efficient experimental
design algorithms (with provable guarantee) are, however, a less studied field.

Perhaps the most well-studied optimality criterion is D-optimality, whose negative logarithm
(i.e., log det X)) is submodular, a property that sometimes gives rises to 1 — 1/e approximation ratio



paper solves (1.1)? | deterministic? constraints criteria appx. ratio
pipage rounding [ 14| Yes Yes k>p D unbounded®
Nikolov-Singh [37] Yes No k=p D e
1 [Q n—p+1
Avron-Boutsidis [ 8] Yes No k>p A k_z =
Wang-Yu-Singh [46) Yes Yes k> Q(pQ/E) AV 1+¢
our pre. version |3] Yes Yes k>2p AD.E,V,G o(1)
this paper Yes Yes k> Q(p/e?) AD,EV,G 1+e
No
Wang-Yu-Singh [46] | (b = k only®) No k> Q((plogp)/e®) AV 1+¢
(oversampling®)
. No 2
our pre. version |3] (b= k only®) Yes k> Q(p/e®) AD,E.V,G 1+¢
. = No 2
our pre. version [3] (oversampling®) Yes k> Q(p/e®) AD,E.V,G 1+¢

Table 1: Comparison with existing polynomial-time algorithms on all popular optimality criteria. We ignore T-optimality
because it is trivially solvable. An algorithm produces a subset S' € S 5, and the approximation ratio is defined
as f(Xg Xg)/minses,,, f(Xs Xs).
¢ they output subsets S of cardinality O(k) as opposed to k, so do not solve Problem (1.1).
¥ they only solve the special case b = k for Problem (1.2). and thus not Problem (1.1).

“ see our related work Section 1.4.

using pipage rounding |1]|. Unfortunately, log det 3 can be negative and thus pipage rounding fails
to directly solve (1.1) with D-optimality. In |[14], Bouhtou et al. proposed to maximize a function
h(E) = tr(29) for ¢ € (0,1], and it satisfies limy—o(R(2))""/9 = fp(¥). They showed
that 4 (X) is submodular and gave a (1 — 1/e) approximation to h(X) for every ¢ € (0, 1] using
pipage rounding. This does not translate to any bounded approximation ratio for fp(X) because
(1 — 1/e)~ Y/ is unbounded when ¢ approaches zero.

Summa et al. [43] gave a polynomial-time algorithm for a related maximum volume simplex
(MVS) problem in computational geometry with an O(log p) approximation ratio, which was later
improved to O(1) by |36. 37|. Their results imply an e approximation ratio for Eq. (1.1) in the
special case of £ = p. On the other hand, Summa et al. |43 | showed that there exists a constant ¢ > 1
such that polynomial-time c-approximation of the D-optimality is impossible for the p = k case,
unless P = NP. Therefore, additional assumptions on k are necessary for the (1 ¢)-approximation
regime we consider in this paper.

Another well-studied optimality criterion is the A/V-optimality, which is not submodular and
hence pipage rounding no longer relevant. The papers |13. 19| considered an alternative “approxi-
mate supermodular” formulation and derived a greedy algorithm with an O(1) approximation ratio
for the A/V-optimality. Their results, however, only apply to Bayesian experimental design set-
tings and require the number of samples (k) to be lower bounded by a quantity that depends on the
condition number of the original design, which might be unbounded.

For the A-optimality criterion, Avron and Boutsidis |8| proposed a greedy algorithm with an
approximation ratio O(n/k) with respect to f(X " X). This ratio is tight for their algorithm in the
worst case 2 Li et al. [32] further accelerated this greedy algorithm, and achieved similar approxi-
mation guarantees.

*In the worst case, even the exact minimum min s|<, f(Xd Xs) can be indeed O(n/k) times larger than f(X " X)
[8]. This worst-case scenario may not always happen, but to the best our knowledge, their proof is tight in this worst case.



Perhaps closest to this work, for A/V-optimality, Wang et al. [46| considered a variant of this
greedy algorithm of [8], and proved an approximation ratio quadratic in design dimension p and
independent of pool size n. This result can also be turned into an 1 + € approximation but requiring
k> Q(p?/e).

For the same A/V-optimality criteria, Wang et al. [46] derived another algorithm based on
effective-resistance sampling [42], and attains a (1+4-¢) pseudo-approximation ratio if k = Q(plog p/?).
Specifically, their output set .S:

e is of cardinality O(k) rather than k, and
e is a multi-set rather than a set for Problem (1.1).

This result is based on repeatedly “re-weighting” design points, so cannot output a set rather than a
multi-set. Nevertheless, it is still an improvement to previous sampling-based methods [20. 26. 46],
which also achieve (1 + ¢) approximations but require the subset size k to be much larger than the
condition number of X.

Our preliminary version of this paper |3] obtained three weaker variants of Theorem 1.4, all
being outperformed by our new Theorem 1.4, In particular, the true approximation ratio of |3
is only O(1) but we have 1 + ¢ in this paper. Although their algorithm is also based on regret
minimization, it has naively applied the old regret theorem of [4] and thus given weaker results. In
this paper, we have developed a new regret theorem and a new swapping algorithm which have not
appeared in |3] or any other related work. They together enable us to obtain the exact Theorem 1.4.

A less relevant topic is low-rank matrix column subset selection and CUR approximation, which
seeks column subset C' and row subset R such that | X — CCTX |z and/or || X — CUR||r are
minimized |15, 27, 28. 44. 45|. These problems are unsupervised in nature and do not in general
correspond to statistical properties under supervised regression settings.

2 Rounding via Regret Minimization

In this section we prove our main rounding theorem:

Theorem 2.1 (rounding). Suppose ¢ € (0,1/3], n > k > 5p/e%, b € {1,2,...,k}, and f :
S;’ — R satisfies assumptions (Al) and (A2). Let m € Cyy by any fractional solution so that

F(r) < +00. Then, in time complexity O(np?) we can round T to an integral solution

s5€ Sy satisfying F(5) < (14 6¢)F(m) .

We immediately note that Theorem 2.1 plus assumption (A3) yield Theorem 1.4 This is because,
one can first run continuous optimization (see Section 3) to find a point € Cy, 4, satisfying F'(7) <
(1+¢/2) mingec, , F(7*) < (14 ¢/2) minges, , F(s), and then apply Theorem 2.1 on 7. Since
e € (0,1/3], we have (1 + 6¢)(1 +¢/2) < (1 4 8¢) and this gives the desired approximation ratio
in Theorem 1.4

For notational simplicity, we only consider the case of b = 1. The general case of b > 1 can be
handled by simply repeating each x; exactly b times, and our proposed algorithm will have the same
total computational complexity (without blowing up by a factor of b). We denote by Sy, = Sy, 1 and
Cr =Cp .

Without loss of generality, throughout this section we assume that Y= Yo Trlxlx: is invert-



ible. If ¥ is singular instead, one can remove all x; that does not belong to the span of ) (such z;
must be associated with 7m; = 0) and project the rest of x; onto a rank(X)-dimensional linear space.
The covariance 3 would then be invertible in the projected low-dimensional space.

2.1 The Whitening Trick

Due to the monotonicity (A1) and reciprocal sub-linearity (A2) properties of f, we claim that it
suffices to find an integral solution 5 € Sy, that satisfies

(2; Siviw ) (Z ;T ) @2.1)

for some constant 7 = 1 — O(e) > 0. This is so because (A1) and (A2) tell us that Eq. (2.1) implies
f (Zz 151331 ) < f( E 1 LT, ) < T_lf (anl 7TZ£L‘ZZL‘T)

In the rest of this section, we let II = diag(7) and S = diag(s) be n x n diagonal matrices,
andlet X = [z],...,2)]T € R™P,

Consider now a linear transform z; ~ (XIIXT) : x;. It is easy to verify that
o T §ET = I. Such transform is usually referred to as whitening, because the sample co-
variance of the transformed data is the identity matrix. If we define W = ZZ | SiZi, T then

Proposition 2.2. W = 71 ifand only if (31, Sizvix] ) = 7(30, mimiz)).

Proof. The proposition holds because W > 7I if and only if (XIIX ")Y2W (XX T)/? >~
7XTIX T, and that (XTIX ")1/2W/(XTIX T)1/2 = XSXT. O

~1/24, —

Proposition 2.2 means that, without loss of generality, we may assume » ;" | mjz;z; = XIIX T =
I. The question of proving W = XSX T > 71 is then reduced to lower bounding the minimum
eigenvalue of W = 37" | sl:z:f We summarize this new problem as follows:
The minimum eigenvalue problem.. Suppose 7 € C;, = {m € [0,1]": > /', m < k} and it
satisfies >_' | m;z;2; = Ipxp- Then, find 5 € S = {s € {0,1}": Y7, s; < k} such that

Amin (Z Sizix ) (1—3¢)-1. (2.2)

With Eq. (2.2) being true, we conclude that F'(s) < (1 + 6¢)F(w*) by applying the reciprocal
sub-linearity of f (A3) and the fact that e € (0,1/3].

2.2 Minimum Eigenvalue via Regret Minimization

We review the concept of regret minimization in the linear (matrix) optimization setting. Let
Apyp = {A € RP*P : A = 0,tr(A) = 1} be an action space that consists of PSD matrices of
unit trace (a.k.a. density matrices).

Consider an iterative game for 7T iterations. At iteration ¢, the player chooses an action A; €
Apxp; afterwards, a loss matrix F} is revealed and the player suffers loss (Fy, Ay = tr(F," Ay).
The goal of the player is to minimize his/her regret:

T-1 T—1
Regret({A}1 ") = > (Fy, Ay) — ,[nin > (F,U), 2.3)
t=0 PXP =0



which is the “excess loss” of {At}z:ol compared to the single optimal action U € Ay, in “hind-
sight” (knowing all the loss matrices {Ft}tT:_Dl).

We immediately observe that the second term ( mingea,,, tT:_Ol (F;,U)) in (2.3) is precisely
the minimum eigenvalue of ZtT:_Ol F;. Hence, the task of lower bounding )\min(Zf:_ol F}) can be
reduced to upper bounding the regret in Eq. (2.3)

Follow the regularized leader. A popular strategy to minimize regret for the player is Follow-
The-Regularized-Leader (FTRL), also known equivalent to Mirror Descent (MD) |34]. It specifies
strategy A, for player at eachround ¢t = 0,1,...,7 — 1 as follows:
A = arg Aénin {Ay(Ai—1, A) + a(Fi—1, A)} . (2.4)
pPXp

Above, a > 0 is the learning rate, ) : RP*P — R is some differentiable regularizer function,
and Ay (A, B) = ¢¥(B) —¢(A) — (Vy(A), B — A) is the so-called Bregman divergence function
associated with .

Perhaps the most famous choice of 1) is the matrix entropy ¥(A) = (A,log A — I), and the
resulting FTRL strategy is A; = exp (c:I — a _j_ Fy) where ¢; is the normalization constant that
ensures tr(A;) = 1. This is often referred to as the matrix multiplicative weight updates [6].

Our ¢, /5 strategy. In this paper, to achieve better regret, we adopt the less famous ¢, /5-regularizer
Y(A) = —2tr(AY/?) introduced in [4], and call the resulting FTRL strategy the ¢, /2 strategy.

Remark 2.3. The vector version of the £, /, strategy was first introduced in [7] to obtain optimum
regret for combinatorial prediction games. The matrix generalization of this £; /5 strategy (or more
generally the ¢,_, /, strategy for ¢ > 2) is non-trivial, and leads to better algorithms for graph
sparsification [4] and online eigenvector [2].

The following claim gives a closed form representation of the ¢y 5 strategy. Its proof is by
careful manipulations of the definition of A;, and has implicitly appeared in [4]. We include it in
the appendix for completeness’ sake.

Claim 2.4 (closed form ¢y /5 strategy). Assume without loss of generality that Ay = (col + aZy)~?
for some cy € R and symmetric matrix Zy such that col + oZy > 0. Then,

t—1 —2
At—<ctl+aZ0+aZFg> . t=1,2,..., (2.5)
/=0

where ¢; € R is the unique constant so that ;1 + aZy + « Zz;(l) Fy > 0andtr(A;) = 1.

At a high level, if Zy = 0 were the zero matrix, then Ay = % would be a multiple of identity.
This corresponds to the standard way to initialize the player’s strategy in online learning, and was
used in [4]. In this paper, we need this more general Z to support the swapping algorithm in the
next subsection.

If each loss matrix F; can be rank-2 decomposed as F; = utu;r — vtvtT , then we show in
Section 2.4 the following lemma which upper bounds the total regret of the £; /5 strategy:

Lemma 2.5 (main regret lemma). Suppose F, = ututT — vtvtT for vectors uy, vy € RP, and
Ao, ..., Ar—1 € Apx, are defined according to the Uy 5 strategy with some learning rate o > 0.



Then, as long as 04<Atl/2 v ) < 1/2 for all t, we have for any U € Ay,

T-1 T-1 T T AL(A
Yy (-t Mewid) ) Sl g
=0 =0 1+ 2a(A ) 1—2a(A, v, ) «

Remark 2.6. To see why Lemma 2.5 is a bound on regret (2.3). we rearrange the two sides:

T-1 9 5
S (F A - Z (Ar, ugu] ) jé 2 ) L {Av o) <1j1 V2 o) L Au(A.U)
=0 1+ 204,77 wpu)") 1 —2a(A, " o)) «

The proof of Lemma 2.5 involves a non-classical regret analysis designed for the matrix £; /o
strategy. It is based on the closed-form expressions in Eq. (2.5). Note that a variant of Lemma 2.5,
but only for matrices F; = ututT (thus of rank 1) was originally presented in [4. Theorem 3.2]. The
involvement of the extra —v;v, components is, however, a non-trivial extension and brings in extra
technical difficulties. The complete proof is given in Section 2.4,

We also need the following lemma to bound the Bregman divergence term Ay, (Ao, U):

Lemma 2.7. Suppose Ay = (col + aZy) ™2 as in Claim 2.4, then for any U € Apyp:
Aw(Ao, U) S 2\/]3+ Oé(Z(), U> .

Proof of Lemma 2.7. By definition of A, ¢ and Ay, we have
Ay (Ao, U) = (4512, U) + tx(Ag?) = 26x(U'?) < (eo] + aZo, U) + /b,

where the last inequality holds because tr(U/2) > 0 and tr(A(l)/Q) < V/p-tr(Ag) = /p. Note
also that (I,U) = tr(U) = 1. Therefore,

A¢(A0,U) < a(Zo,U> +co + \/ﬁ

Because tr(Ag) = 1, the constant ¢y (if positive) must be upper bounded by ,/p because otherwise
tr(Ag) < tr((col)™2) = p-cy? < 1. Therefore, it is proved that Ay (Ao, U) < a(Zy,U) +

2/P. O

2.3 Our Swapping Algorithm

Lemma 2.5 and Lemma 2.7 together give rise to an interesting “swapping” technique for solving
Problem (2.2). Suppose we start with an arbitrary initial set Sy C [n] of cardinality k, where
> jeSo L :EJT may or may not have its minimum eigenvalue being very small. Next, in each iteration
t > 0, we select a pair of indices i; € S; and j; ¢ S, and make a “swap” by updating Sy =
Se U {ge\{ie}-

In order to estimate how the minimum eigenvalue changes after the swap, we define Zy; =
> j€So :cjij and Iy = x;, m;z — X, z:iTt, and apply Lemma 2.5 and Lemma 2.7. They together imply
an upper bound of the form

-1 - T T
—(Z+ Y FR,U Z S R G L 22 o)
=0 =\ 1+20(4,7 zj),)  1— 2004, @i, ) @

it



for any U € Apxp. Since we can choose U € Ay, so that the left hand side exactly equals
—Amin(Zo + ZtT:_ol F) = —Anin(Q_ jesy :vjx]T) Eq. (2.7) gives a lower bound on the minimum
eigenvalue of matrix ( > jeSy :c]x;r)

What remains next is to find ¢; and j; so that the right hand side of Eq. (2.7) is as small as pos-
sible. The following lemma shows that, unless the minimum eigenvalue of > jeS: xjx;.r is already

large, there exists a pair of good indices (i, ji):

Lemma 2.8 (main averaging lemma). For every ¢ > 0 and subset S C [n] of cardinality k, suppose
Amin(Pjesziz] ) <1 —3cand A = (c] +a ,cgxiz] )2 where ¢ € R is the unique number
such that A = 0 and tr(A) = 1. Then, the following statements are true:

. (A, zx]) 1—¢

= L < ; 2.8

v iES,?a(Anll/lg,lxq;:v;r)<l 1-— 2a<A1/2, .Tz.f;r) -k ( )
<Aa :ij;r> €

> —. 2.9

jg[lﬁ}\cs 1+ 2a<A1/2,a;jx]T> vt k 29)

Furthermore, if o = \/p/e and k > 5p/e* for some £ € (0,1/3], then there always exists i € S
such that 20(AY? z;x]) < 1.

In other words, Lemma 2.8 suggests that, as long as Amin(D ;¢ mza:zT) < 1— 3¢, we can simply
(Af,zzzj>

choose i; to be the index i € S; which minimizes ———7"—
1-2a(A," " z3])

, and j; to be the index j & S}

. o . <At,$]‘$;> .
which maximizes oA PnaT) /ijx;). Egs. (2.8) and (2.9) together imply that
Ay, xix] Ay, xix]
1+ 2a(A, ,asjtx;D 1 —2a(A, ,:citx;D k
In sum, either there exists some indext = 0,1, ...,7T —1 such that /\min(Zz‘e S, w,w:) >1-—3e

is satisfied so we are done so that Problem (2.2) is solved, or we can always find pairs (i, j;)
satisfying Eq. (2.10), which together with Eq. (2.7) implies

~

—1

T e 2yp Te

—Amin E rix; | < —E—Fia i + 2
JEST t

Il
=)

Here in the last inequality we apply the choice o = /p/e. In other words, as long as T' > k/e, it
must satisfy )‘min(ZieST 9313::) > 1 — 2¢, and hence Problem (2.2) is also solved.

Pseudocode. We summarize the aforementioned swapping algorithm in Algorithm 1. We also
present a binary search routine FINDCONSTANT in Algorithm 2 to compute the constant ¢; € R so
that tr(A;) is sufficiently close to 13 In theory, one can show that it suffices to compute c; up to an
additive error 6 = ©(1/poly(e™1,T)) = ©(1/poly(¢~1, k)), and our regret inequality (2.7) is not
affected by more than an additive ¢ on both sides * In practice, we find it sufficient to run binary
search ¢; for 20 iterations when p = 50 and n = 1000.

*Indeed, the maximum possible value for c¢; is c. = /p because tr[(\/pI + aZ) %] > tr[(,/pI)"*] = 1, and the
minimum possible value of ¢; must be above ¢; = —aAmin(Z), because tr[(cel + aZ)™?] > tr[(/pI)?] = +o0.
One can show (see the proof of Claim 2.4) that the value tr[(cI + «.Z) 2] is a monotone function in ¢ € (c¢, cu].

*A careful stability analysis for the ¢; /2 strategy has already appeared in the appendix of [4].

10



Algorithm 1 A swapping algorithm for rounding

Input: design pool X € R"*P, a fraction solution 7 € [0, 1]" with |||y = k > 5p/e?, and desired
accuracy € > 0.
Output 5€{0,1}" with |3]|; = kand >, 5; - 7] = (1 —3e) Y., mi - ziz, .
a< /pfeand T « k/e;
X «+ X (X diag(m) X))~/ > whitening step
So C [n] an arbitrary subset of size k and t + 1; > initialization
while t < T and Amin(zzes T ) <1-3edo
ct FINDCONSTANT(EZeSt_I riz),Q);

A (el +aY e, mix] )%
7- — (Atyl'zz > .
: T arg min, i€S5i_1,20(A 1/2 i) )< 1 20(A] 4172 ziw] ) 5
. <At,£t xT> .
8: Jt < argmax;cp\s,_, {W;Q;]m},
J
9: Sy =851 U {]t}\{lt} andt +— t+1;

10: end while
11: return s € {0,1}" where s; = 1iffi € S;_.

AN A ol e

Algorithm 2 FINDCONSTANT(Z, «)

¢t = —aAmin(Z), cu = /P § = O(1/poly(e 71, k)); > initialization
while |c) — ¢, | > ¢ do
C< (co+cu)/2;
If tr[(¢] + aZ)72] > 1 then ¢y + G; else ¢, < C;
end while
return ¢ = (c; + ¢,) /2.

AN A ol s

Time complexity. We first argue that each run of FINDCONSTANT(Z, a) costs O(p?) arithmetic
operations, where in the O(-) notation we logarithmic factors in p and ¢ 1. Indeed, it takes at most
O(p?) arithmetic operations to invert a p-dimensioan matrix or compute its eigendecomposition. As
for the binary search on ¢, it terminates in O(log((cy, — ¢,)/6)) = O(log((a + /p)/6)) = O(1)
iterations.

In the preparation step of Algorithm 1, we can for instance compute the matrix square root
X (X Tdiag(m)X)~/2 explicitly in O(p?) time. In each iteration of Algorithm 1. once A; and Al/ 2
are computed, it takes O(np?) additional time to search for the candidate indices i; and jy.

Because n > p, the overall time complexity of Algorithm 1 is O(nkp?/e), which is linear in
the pool size n when both k and p are small. Such time complexity is not optimal, but further
improvements in running time is out of the consideration of this paper. (In particular, we are aware
of a warm-restarting variant of Algorithm 1 which achieves time complexity 6(nkp2).)

Finally, although Algorithm 1 is described for b = 1, as we discussed at the beginning of this
section, if b > 1 we can simply duplicate each x; exactly b times and then invoke Algorithm 1. We
emphasize that the running time of does not blow up by a factor of b, because in each iteration, it
suffices to go through at most n choices of indices j; with distinct x;, in order to find the best j;.

11



2.4 Main Regret Lemma: Proof of Lemma 2.5

To prove this lemma we consider an equivalent ‘“2-step” description of the mirror descent procedure:

A, = arg Ijlg_lbl {Ay(Ai—1, A) + a(Fiq1,A)} ;. Ay =arg IIKH Aw(At, A).

PXp
By the so-called “tweaked analysis” of mirror descent [39. 47], the matrix A; defined above is
identical to its original definition of arg minsen ,, , { Ay (At—1, A) +a(F;_1, A)}. This can also be
verified by writing Kt explicitly using the following claim, and verifying that A; (in its closed form
by Claim 2.4) is indeed a minimizer of A, (ﬁt, A) over A € Ay, by taking its gradient.

Claim 2.9. We have A, = (A7 + aF,_1)~2

Proof. We first show (A, | Y2 4 aF, 1)~ 2 is well defined. By assumption a(Ai/zl,vt 1w ) <1,

and hence —aF;_1 < avi_ 1vt 1 <A 1/ . This is because for any matrices A > 0 and B > 0,
we have (4,B) = tr(A'B) <1 = ATB < I = B = A~l. Consequently, we have
A, 1/ + aF};_1 > 0 and its inverse exists.

Next, to prove Ay = (A, 1/ +aF;_1)~? is a minimizer of the convex function {A, (At 1, A)+

a(F;_1, A)} over all positive semi-definite matrices A, we show its gradient evaluated at Ay is zero 3

Indeed,
V (8u(Ar1, &) + a(Fioy, A1) = V() = V(A1) + aFiy
= APy AP aF =0 . O
_ Since V@b(gt) — Vi(Ai—1) + aF;—1 = 0 as shown in the proof above, we have (by defining
Ao = Ao)
(@Fi1, Ayt — U) = (Vip(Ay_1) — V(Ay), Aoy — U)
= Ay(Ar—1,U) — Ay(Ap, U) + Ay (Ap, Apy)
< Ap(Ar1,U) = Ay(An, U) + Ay(Ar, Aa). (2.11)

Above, the second equality and the last inequality follow from the “three-point” equality and the
generalized Pythagorean theorem of Bregman divergence (see for example, Lemma 2.1 of [4]).
Expanding Ay (A, A;—1) by its definition gives

Ap(Ar, A1) = ¥(Ai1) — D(Ar) — (V(Ay), Aoy — Ay)
= —2tr(A)2) + 200( A7)+ (A2 Ay — Ay
= (A7 A ) + (A7) - 2tn(43)
= (A2 4 aF,_1, A_y) + tr(A)?) — 2tr(A)2)
= a(Fi_1, A1) + tr(A%) — (AP, (2.12)

>The convexity of this objective follows from Lieb’s concavity theorem [ 12. 33], and is already a known fact in matrix
regret minimization literatures [4].

12



Combining Egs. (2.11) and (2.12) and telescoping from ¢t = 1 to ¢t = 1" we obtain

T-1 T—1
—a Y (R, U) < Ay(Ao, U) = Ay(Ar, U) + D te(A7) — te(A?)
t=0 t=0
T-1 .
< Ay(Ao,U) + > tr(A7) — (A%, (2.13)
t=0

where the second inequality holds because Bregman divergence A, (ET, U) is always non-negative.
It remains to upper bound the “consecutive difference” tr(ﬁi J/rzl) - tr(Ag / 2).
Let P, = v/afu; v¢] € RP*2 and J = diag(1, —1) € R?*2, so we have aF; = P,JP,". By the

definition of ﬁ% 421 and the Woodbury formulz®,

tr(A1%) = tr | (A2 + PtJPtT)_l} —tr [AW — AV?P(] + PJA}“Pt)—lPtTA;/ﬂ .
(2.14)
It is crucial to spectrally lower bound the core 2 x 2 matrix (J + PtTAt1 / 2Pt)_l/ 2 in the middle of
Eq. (2.14) For this purpose, we claim that

Claim 2.10. Suppose PtTAi/QPt =1[b d;d c] € R**2 and 204<A%/2,vtvtT> < 1. Then
-1 -1
/21 b d 2% 0
(J+F A R) —(J+[d CD t<J+[0 o0 .

Claim 2.10 is trivially true if J > 0, but becomes less obvious when J has negative eigenvalues.
In fact, Claim 2.10 is not universally true for any matrices of the form PAP ", and specifically
requires the condition that 20¢<At1 / 2, vv, ) < 1. We defer the proof of Claim 2.10 to the appendix.
With Claim 2.10. the consecutive gap tr(ﬁ} 421) - tr(A; / 2) can be bounded as

tr(A1%) — tr(A)?) = —tr [—Ai/ 2P(J+ P AV P)1pT AY 2}

204uTA1/2u 0 -
0 20w, Ay "oy
04<At,UtUtT> 04<At,UtUtT>

(2.15)

1+2a<Ai/2,utu2—> 172a<Ai/2,vtv;>.
Plugging Eq. (2.15) into Eq. (2.13) we complete the proof of Lemma 2.5.

2.5 Main Averaging Lemma: Proof of Lemma 2.8

Lemma 2.8 (main averaging lemma). For every ¢ > 0 and subset S C [n] of cardinality k, suppose
Amin(Pjegziz] ) <1 —3cand A = (el + ) ,cgxiz] )2 where ¢ € R is the unique number
such that A = 0 and tr(A) = 1. Then, the following statements are true:

(A, zix]) 1—¢

V= min < ; 2.8
i€520(A1/2 ziaTy<1 1 — 20(AV2, 22]) =k (2.8)

SA+UCY) P =A" - AT'U(CT + VATIU) 'V AT, provided that all inverses exist.
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Azjay) by & (2.9)
Je[n]\S 1+ 2a<A1/2 T, = k’ .

Furthermore, if « = f/e and k > 5p/e? for some ¢ € (0,1/3], then there always exists i € S
such that 20(AY? z;2]) < 1.

We first state a technical claim as follows:

Claim 2.11. Suppose Z = 0 is a p-dimensional PSD matrix with Apin(Z) < 1. Let A = (aZ +
cI)72, where c € R is the unique real number such that A = 0 and tr(A) = 1. Then

1. a<A1/2,Z> <p+ay/p;
2. <A, Z> S \/f)/a—i- Amin(Z).

The proof of Claim 2.11 is by writing A and Z as diagonal matrices in their common eigen
basis, and then applying Cauchy-Schwarz. We defer it to the appendix.

Back to the proof of Lemma 2.8. we first show the existence of (at least one) 7 € S such that
20(AY2 z;2]) < 1. Define Z = 3, g x;a/ , and by definition A = (cI + a3, gziz] )72 =
(aZ +cl)~ 2, . Assume by way of contradlctlon that such ¢ does not exist. We then have

> 20(A'2 wiw]) = 20(A'?, Z) > |S| = k. (2.16)
i€S
On the other hand, because Z = 0 and Apin(Z) < 1, invoking Claim 2.11 we get

2a<A1/2, Z)y < 2p+2a,/p

which contradicts Eq. (2.16) provided that v = /p/e and k > 4p/ec. Thus, there must exist i € S
such that 2a( A2 z;2) < 1.
In fact, the same proof by contradiction” also implies >, (1 — 2a(AY2 z;2])) > 0.

Proof of Eq. (2.8). By definition of v, we must have that
(1 —20(AY? iz VY < (A, z2])  forall ieS ,

because if 2a<A1/ 2 rx ) > 1 the left-hand side is non-positive while the right-hand side is always
non-negative, thanks to the positive semi-definiteness of A. Subsequently,

Vg Sies (A, zix]) 3 VP/ &+ Amin(Xcg Tiw)) g e+1—3¢ g 1-¢

= Yies(l = 20(AV2 zx])) = k—2p—2a./p = k(1—-8¢/15) = k

Above, inequality @ holds because the denominator is strictly positive as we have shown; inequality
@ is due to Claim 2.11, inequality ® has used our choices a = /p/e, k > 5p/e?, & < 1/3, and our
assumption Amin (Y;cg 2i%; ) < 1 — 3¢; and inequality @ has used ¢ < 1/3. We have thus proved
that v < (1 —¢)/k.
Proof of Eq. (2.9). Definet = v + ¢/k < 1/k. To prove Eq. (2.9) it suffices to show that

S w2t Y w4 20(AY? zx))) (2.17)
j€MN\S j€MN\S
because 7; > 0 for all j. Recall that 37 m; =k, 37, 7r]:cj = I. We then have

Z 7Tj(1—|—20é<A1/2,l'j£E;r>): kZ—ZT('j + 2a - Z 7T]'<A1/2,.’Ejl’;r>

JEMNS Jes JEMN\S
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<|k- ZT['] + 20 - Z?Tj Al/? , T 1))

jeS
=k—)Y m+2a(, A1/2 =k— Y m+2atr(AV?).
jes JjES

Similarly,

Z (A, a:j < ijxz > =tr(A) — ZWj(A,xj$]T>

j€[n\S jes jes

Note that for any p x p positive semi-definite matrix Z > 0, tr(Z/2) < \/p - tr(Z) thanks to the
Holder’s inequality’ applied to the non-negative spectrum of Z 172 and that tr(A) = 1 by definition.
Subsequently,

Z 7Tj<A,$j$;-r>—t' Z 7Tj(1+2a<A1/2,$jx;-r))

J€MN\S J€MN\S

- Zm(A,xja:;r) —t| k- Zﬂ'j — 2at - tr(AY/?)
jES jES

21—27[']‘<A,{L'j$;>—t k—Zﬂ'j —2&15\/23

JjES JjES

=1—th—2tayp—> m({Azz])—1t)
JjeS

©)

>1—tk —2ta/p— Z max{ (A, xjx]T> —t,0}
JjeS

>1—tk —2ta/p— Z (<A,:Ujij> —t) — Zmax{(t - <A,:Ej$jT)), 0}
JES JES

Ve

1 — 2tan/p — /P/ — Amin ijzc;— - Zmax{(t - <A,xjx;r>), 0} . (2.18)

JjeS jeSs

Above, inequality @ holds because 7; < 1 forall j; and in inequality @ we have applied ) ;. o (4, z;z

VP/a+ )‘min(Z]eS ) which comes from Claim 2.11

By the conditions that a=./p/e,t < 1/kand Apin (>
the right-hand side of Eq. (2.18) and thus obtain

> o {(Aaa]) — 11+ 20(A za])) | > 25— . Zmax{t (A,zj2]),0}.

jeln]\S

jes x]a:;r) < 1 — 3¢, we can simplify

(2.19)
Furthermore, because (1 — 2a(AY? z;2]))v < (A, z;2]) for all i € S, invoking Claim 2.11 we

Ny + -+ |za| < Vd- /23 + -+ 22 for any sequences of d real numbers 1, . ..,z

15
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have
Z(V—<A ;T ZQV& Al/? , T Ty <2u(p+ayp) forall S'CS.
ies’ ies’

Consider S’ = {i € S :t — (A, z;z,) > 0}. We then have

D maxf{t — (A,zx]),08 =D (t— (Azx))) == )|+ D (v— (A x;z]))

jes’ jes’ jes’
g(t—y)k+2y(p+af)<8+L/ , (2.20)

where the last two inequalities hold because t — v = ¢/k > 0, |S'| < |S| = k, v < 1/k and
a= \/f)/s Combining Egs. (2.19) and (2.20) we arrive at

5
Sox {(A vjx]) — t(1+20(AY?, ;0] ))} >e— —z
€
J€MNS
If k > 5p/e?, the right-hand side of the above inequality is non-negative, which finishes the proof
of Eq. (2.17) and thus also the proof of Eq. (2.9).

3 Solving the Continuous Relaxation

In this section we address the problem of efficiently solving the continuous relaxed problem in
Eq. (1.3) which we repeat here:

n

min F(s) = min f (Z S; - :z:ZxZT> where Cpyp:={s € [0,5]% : Zsi < k}.

seC seC
kb kb i=1 i=1

up to arbitrary precision. While our primary considerations are A/D/T/E/V/G optimality, we state
our results in the most general form so as to be applicable to other optimality criteria.

The optimization algorithm we analyze in this section is the entropic mirror descent method (see
for instance |11]). While other methods such as projected gradient descent or conic programming
| 16] are also applicable, we recommend entropic mirror descent because it suits the geometry of our
problem and is also observed to converge fast in simulations.

3.1 Properties and Assumptions

Let 7* € argmingce, , F'(z) be an optimal fractional solution to Eq. (1.3). Since Cip C Sk p, We
know that any integral solution s € Sy, is also feasible to Eq. (1.3). and therefore

Proposition 3.1. F'(7) < minges, , F'(s).
We also have the following simple property:
Proposition 3.2. There exists an optimal solution * to Eq. (1.3) with Y ;" | 7¥ = k.

Proof. Suppose S m < k. Then since nb > k, there must exist i € [n] such that m; < b.
Define 7} = 7} for j # i and 7} = min{b, 7} + k — [|7*([1} > m]. Itis clear that 7" is feasible

and (>0 | 7 xleT) = O Trw)). By monotonicity of f, we have f(>.1 | niwz]) >
fOoM 7rxix]) and hence 7 is also optimal. Repeat this procedure until 7" | 7F = k. O]
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To efficiently solve the continuous relaxation, we impose the following assumptions on f:
(B1) fis convex: f(tA+ (1 —1t)B) <tf(A)+ (1 —t)f(B)forall A,B €S} andt € [0,1];
(B2) For any A > 0, there exists parameter Ly > 0 such that the “smoothed” objective

Fy:me f(S0 (mi+ An)za])

is Ly-Lipschitz continuous in || - ||1: that is,

(B3) There exists o > 0 such that infcc, , F'(7) > po.

Remark 3.3. Suppose oI, < % Yoy mzxj < oI, forsome0 < ¢ <7 < coand maxi<i<n ||Z;||2

F\(m) = Fx(n")| < Ly||m—='||s forall m, 7" € Cp

IN

B. Then all A/T/E/V/G optimality satisfy (B1) through (B3) with the following parameters:

fa: 2 tr(E_l)/p

fr: X p/tr(X)

fB B =7

fr:Y e tr(X2IXxT)

fa : ¥ — maxdiag(XX 71X T)

satisfies
satisfies
satisfies
satisfies

satisfies

Ly = B?/)\?a?p,

Ly = B?/Ag,
Ly = B*/\¢?,
Ly = B*5/\%¢?,
Ly = BQ/)\QQQ,

po = 1/kbo;
po = 1/kbo;
po = 1/kbo;
po = a/kbo;
o = B%/kba.

One notable exception is the D-optimality fp: ¥ — (det E)*l/ P_ which does not satisfy (B1)
because fp is not convex. For this particular objective, it is a well-established practice to consider
the negative log-determinant log fp: 3 — —% log det X2, which is convex (see for example [9]).
This motivates us to consider an alternative set of assumptions that concern the log f function:

(C1) log f is convex, meaning that log f(tA+ (1 —t)B) < tlog f(A) + (1 —t)log f(B) for all

A,B e S} andt € [0,1];

(C2) For any A > 0, there exists a parameter Ly > 0 such that
log Fy: > log f(O 7, (mi + N n)xiz] )

is Ly-Lipschitz continuous with respecrt to || -

Ly|lm — «'||s forall m, 7" € Cp .

1, meaning that |log F\(7w) — log F)\(7')| <

Remark 3.4. Suppose a1, < % Yo :z:Z:cZT <ol forsome0 < g <& < ooand maxi<i<p ||zil|2 <

B. The D-optimality criterion

fp X (det E)*l/p satisfies (C1) and (C2) with

Ly = B?*/\ap,

o = 1/kba.

Remark 3.5. The Bayesian experimental design criteria satisfy (B1) through (B3) as well (except
for the D-optimality). Since they add a multiple of the identity matrix to the covariance matrix
(see Section 1.1), they satisfy (B2) with parameter L) independent of A, meaning that the Lipschitz
continuity holds for all A > 0. Similarly, the Bayesian version of fp also satisfies (C1) through

(C2).
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Algorithm 3 The projected entropic mirror descent algorithm for solving Eq. (3.2).

Input: function min,, F \(w) defined in Eq (3.2), its Lipschitz constant L x; and T number of itera-
tions.

1 w® = (1/n,---,1/n); >> initialization

2: fort < 0to7'— 1do

3 N @(E;l logn/(t+1)) > learning rate

4 Compute subgradient ¢! € 9F)(w®);

5. Update: w!? x w exp{—n,9\"}, normalized so that w(+1/2 € A,,;

6 Projection: w(**1) <— BOXSIMPLEXPROJECT(w*+1/2) b/k); > see Algorithm 4

7: end for

8: returnwy; = = f 01 w®),

3.2 Entropic Mirror Descent and its Convergence

Applying Proposition 3.2 and the change-of-variable w = 7/k, Eq. (1.3) can be equivalently re-
formulated as

n
~ 1
min F'(w) := min f (Z kwlxw:) st. we —Cppi={we Ay | |lw]leo <b/k} , (B.1)
where A, = {w € R" : w; >0, ;" ; w; = 1} is the simplex of probability vectors.

To avoid singularity issues when 7 is close to 0, we also consider the following “smoothed”
version of the optimization problem:

~ n 1
mjnF,\(w) = Hgnf <Z 1 f )\(wz + A/n)z;x T) st. weE %Clab . (3.2)

Here A € (0,1) is a smoothing parameter that will be specified later. Denote w* and w} as the
optimal solutions to Egs. (3.1) and (3.2) respectively. The following proposition establishes the
connection between F'(w*) and F)(w3).

Proposition 3.6. For any \ € (0,1), it holds that F(w*) < F,\(w)\) (14 A)F(w*).

Proof. Construct w$ := (1 + \) "1 (w} + %T) It is easy to verify that w € £Cy, because k < bn.
Furthermore, we have F'(w$) = F)(w}). Therefore F'(w*) < F(w$) = F)\(w}) by the optimality of
w*. On the other hand, w* € 1Ck  and thus F) (wj‘\) < F)\(w*). By monotonicity and sub- linearity

off,wEhavethat~15,\( < fOon 11+/\w ziw] ) < (L+ N F(0M, kwizia] ) = (14 X)F(w*).
Thus, Fy(w}) < Fa(w*) < (1+ X)F(w*). O

The entropic mirror descent |11] is a classical algorithm that takes into account the geom-
etry of high-dimensional probabilistic simplex to efficiently solve constrained convex optimiza-
tion problems. At a high level, entropic mirror descent uses the Kullbeck-Leibler (KL) divergence
>, wilog(x;/y;) as the Bregman divergence, whose proximal operator can be evaluated in closed
form as multiplicative weight updates. We describe in Algorithm 3 how (projected) entropic mirror
descent is applied to solve the smoothed problem in Eq. (3.1). As our problem has an extra box
constraint w; < b/k, we present in Algorithm 4 a simple algorithm that computes such projection
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in O(nlogn) time and the KL divergence. The projection algorithm is (in principle similar to but)
much simpler than existing algorithms that compute projections onto simplex or L balls [25. 29].
The correctness of Algorithm 4 is shown in Appendix A.4.

The following lemma which is an adaptation of Theorem 5.1 in [11] gives the convergence rate
of Algorithm 3 when F )\ is Lipschitz continuous:

Lemma 3.7. Fix A € (0,1). Suppose there exists Ly > 0 such that |F\(a) = F\(b)| < Ly|la — b||1
holds for all a,b € %C;@’b. Let w, be the output of Algorithm 3 for T iterations. Then,

k’g”). (3.3)

Fr(wy) — Fa(wh) < O(EA =

_ Suppose the optimality criterion f satisfies (B1) through (B3). It is then easy to verify that
L) < kLs where A = kX and L5 is the Lipschitz parameter defined in (B2). Combining Lemma 3.7
and Proposition 3.6 we have the following corollary:

Corollary 3.8. Fix § € (0,1). Suppose (B1) through (B3) hold and we choose \ = § /2. Then with
T = Q((S*QMEQL%/Q - k%logn), the output of Algorithm 3 satisfies F(wy) < (1 + 0)F(w*) and
therefore

kwy € Crp and F(kwy) < (14 0)F(r*) .

(Recall that the parameters 19 and L) are given in Remark 3.3))
For the special case of the D-optimality criterion that satisfies (C1) and (C2), an additive ap-
proximation of log F' implies a relative approximation of F'. Therefore, we have

Corollary 3.9. Fix arbitrary 6 € (0,1). Suppose (Cl) and (C2) hold, and \ = /2. Then with
T = Q(5*2LiA/2 -k?logn), the output of Algorithm 3 (on function log F as the objective) satisfies

F(wy) < (14 6)F(w*) and therefore
kwy € Crp and F(kwy) < (1+0)F(n*) .

(Recall that the parameter L) is given in Remark 3.4))

Corollaries 3.8 and 3.9 show that for optimality criteria that satisfy (B1) through (B3) or (C1)
and (C2), an approximate solution to 7* with (1 4 ¢) relative error can be efficiently computed
(1) the subgradients VFVA (w) can be computed efficiently (which is the case for all A/D/T/E/V/G
optimality criteria that we study), and (2) parameters L) and po are well bounded (see Remark 3.3
and 3.4 and 3.5).

We emphasize that entropic mirror descent does not imply the continuous problem (1.3) is poly-
nomial time solvable, because the parameters Ly and 1o depend on the properties of the covariance
matrix y .-, xZ:vZT which, in theory, may not be polynomially bounded. One can of course use the
ellipsoid method to give a polynomial-time algorithm for (1.3) for theory purpose 8 However, we

8The ellipsoid method runs in polynomial time as long as (1) the domain is polynomially bounded (which is the case
since the probability simplex is bounded and (2) the separation oracle can be implemented in polynomial time (which is
the case for all the optimality criteria that we study in this paper.
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Algorithm 4 Projection onto the probabilistic simplex with box constraint

Input: w € A, parameter b € [1/n, 1].

Output: an output w’ € A,, such that ||w'||s < b. >w' = argmingea,, <o KL(y||w)
> where KL(y|lw) := 37, yilog &
1: Sort w in descending order: wi > wo > -+ - > wy, > 0;
2: if w; < b then return w;
3: KLy <= blog(b/w1), Z1 <+ 1—wi, KLgp <= 00, 7opt <= 0, and Copt < 05
4: for g < 2ton do
5 Ce (1-blg—1)/Zgr:
6: if C > 0 and Cwy < band (KLq_l + Clog(C) - Zy—1 < KLopt) then
7: KLopt ¢ KLy—1 + Clog(C) - Zg—1, Nopt, < wWq, Copt < C;
8: end if
9: KL, < blog(b/wy), Zgq < Zg—1 — wy;
10: end for
11: Set w) < bif w; > Nopy, and w) «— Coprw; if w;i < Nopt;
12: return w’.

still recommend entropic mirror descent because it runs fast in our simulations, see Section 4 °

4 Empirical Evaluation

We provide some numerical results on Algorithm 1 and compare with popular competitors on the
discrete optimization problem for experimental design.

4.1 Methods and Our Implementation

The choice a = /p/ec and the stopping rule in Algorithm 1 are backed by our theoretical proofs,

and may be too pessimistic for practical usage. Therefore, we make the following slight changes.
For the choice of o, we consider a grid of values o = v /pforv = 0.2,0.4,0.6,0.8,1.0,1.2,1.4,

1.6, 1.8, 2.0,2.5,3.0,4.0, 5.0, and select the output 5 that leads to the largest Apin (", 5;x;x; ). For

the stopping rule, we stop the algorithm whenever no ¢ € S;_; satisfies 2a<Ai / 2, ij) < 1, or
a consecutive of p iterations fail to improve the minimum eigenvalue of the current solution '° Fi-
nally, a safeguard is added to record the history of all solutions 5 appeared throughout the iterations.
The algorithm also terminates once the same solution is visited twice.

To find the relaxed continuous solution 7, we use the projected entropic mirror descent Algorithm 3.
We use backtracking line search!! for differentiable objectives (e.g., fa(X) = tr(X~1)/p and
gp(X) = —1/p - logdet X) and step length 7, = ~o/+/t + 1 for non-differentiable objectives

°A similar landscape also appears in stochastic gradient methods. For instance, given the ridge regression problem,
although interior point or ellipsoid method gives polynomial time algorithm, in practice, one still prefer stochastic gradient
methods such as SDCA [40] which depend on the properties of the covariance matrix.

el course, if the current solution 5 leads to > i §1111: that is not full rank, then we always continue to the next
iteration.

"In backtracking line search, for every iteration ¢ a preliminary step size of 7, = 1 is used and the step size is
repeatedly halved until the Armijo-Goldstein condition f(w**) < f(w®) + 0.5(g®, W+ — W) is satisfied,
where w*Y is the (projected) next step under step size 7;.
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(e.g., fE(X) = |71 lop), Where g is chosen so that the algorithm does not overshoot too much.
In practice, we start with v = 0 and half it (i.e., 70 < 70/2) whenever f(w(t1)) > 2f(w®).
We stop the algorithm after 100 iterations for differentiable objectives, and after 1000 iterations for
non-differentiable objectives.

We compare our proposed algorithm with several previous works listed below.

— Uniform sampling (UNIFORM): sample k coordinates from [n] uniformly at random without
replacement. The sampling is repeated for 10 times and the best objective in the 10 samples is
reported.

— Weighted sampling (WEIGHTED): sample k coordinates from [n] without replacement accord-
ing to the distribution 7* /k, where 7* is the optimal (continuous) solution to Eq. (1.3). The
sampling is repeated for 10 times and the best objective in the 10 samples is reported.

— Fedorov’s exchange (FEDOROV): the Fedorov’s exchange algorithm [30. 35] is a popular
heuristic widely used in statistical computing of optimal designs. The algorithm starts with
a random subset of £ points and at each iteration selects a pair of points for exchange such that
the objective f is minimizes over all such changes. In our experiments we limit the maximum
number of changes to 1000, or terminate the algorithm whenever no such exchanges improve
the objective.

— Greedy removal (GREEDY): the greedy removal procedure starts with the full set S = [n]
and removes one coordinate at a time so that the objective is minimized over all such single re-
movals; the algorithm is accurate in most practical applications at the cost of quadratic running
time in terms of n, making at less practical for large design pools.

Note that, the greedy method has a provably guarantee for f4 and fg criteria, but with a large

Z:ﬁ i} factor approximation rate |8]. Its theoretical guarantees for other optimality criteria are

unknown.

In the above list, we limit our attention to general-purpose algorithms that can (at least in practice)
handle arbitrary optimality crteria, and skip methods that are designed specifically for certain ob-
jectives (e.g., submodular optimization for fp and dual volume sampling |8, 32] for f4 and fp).
We also only consider algorithms that can handle “frequentist” objectives which are infinity when
T=>, fs]a:lx;r is singular, thus excluding algorithms like |13, 19| that require the objective f to
be well-defined and finite-valued for all positive semi-definite matrices.

4.2 Data and Objectives
We synthesize a n x p design pool X as follows:

Y - Xa O(n/2)x (p/2)
O(n/2)x(p/2) XB

I

where X 4 is an (n/2) x (p/2) random Gaussian matrix, re-scaled so that the eigenvalues of X | X 4
satisfy a quadratic decay: 0;(X } X4) o< 772; Xp is an (n/2) x (p/2) random Gaussian matrix, re-
scaled so that the eigenvalues of X ;X p satisfy a linear decay: o;(X EX B) o< j L. Such synthetic
setting is carefully selected: the decay of the eigenvalues in the Gaussian designs mean that there are
important design points x;, and hence uniform sampling may not work well; on the other hand, the
split of the two “signal” matrices X 4 and X p demands a careful balance between points allocated
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in A and B, because algorithms that focus solely on one set would produce close to singular designs
and thus suffer high objective loss.

Five objectives are selected: the A-optimality f4(X) = tr(A~!)/p, the D-optimality fp(2) =
det ©~1/7, the E-optimality fg(X) = ||~ |op, the V-optimality fi(X) = tr(XX~'X ) /n and
the G-optimality fg(¥) = max diag( XS 71X ).

4.3 Results

In Tables 2. 3 and 4 we report performance of our continuous relaxation and the swapping algorithm,
together with other competitors mentioned in Section 4.1, We also report the running time (in
brackets) of each algorithm, except for the uniform sampling algorithm which finishes instantly on
all data sets.

The simulation results suggest that our algorithm (SWAPPING) consistently outperforms uni-
form sampling (UNTFORM), weighted sampling (WEIGHTED) and Fedorov’s exchange algorithm
(FEDOROV) for all experimental settings and objectives, especially in cases where £ is close to p.
Recall these are the cases when UNIFORM and WEIGHTED perform very badly due to statistical
fluctuation of the sampling procedures.

Our swapping algorithm performs comparable or slightly worse than GREEDY. However, our
algorithm is computationally efficient and can handle a wide range of objectives and input sizes. In
contrast, the time complexity of the greedy algorithm scales quadratically or even cubically (e.g.,
the G-optimality) with the number of input points n and soon becomes intractable for intermediate-
sized inputs (e.g., n > 10%).

5 Concluding Remarks and Open Questions

In this paper we have proposed a general framework for optimizing convex objectives subject to dis-
crete (cardinality) constraints that have wide applications in statistics and machine learning, such as
in classical and Bayesian experimental design and active learning. Our algorithm is computationally
efficient both in theory and practice, and enjoys rigorous near-optimal performance guarantees.

To conclude this paper, we mention two open directions for future research:

More efficient methods for continuous optimization. In Section 3 we showed that the continuous
relaxation of the discrete optimization problem is convex, and presented an entropic mirror descent
algorithm to solve it. While reducing the computational complexity of such solvers is not the main
focus of this paper, it is observed in our simulations that this convex optimization is actually the
bottleneck in practice; in contrast, the time complexity of our rounding algorithm is negligible '
It is thus an important question to further reduce the computational load of solving the continuous
optimization problem in Eq. (1.3). The work of [31] might be helpful, and they considered the dual
problem and an approximate interior-point solver for the D-optimality criterion.

Negative results. Our main result (Theorem 1.4) shows that in order to achieve (1+¢)-approximation
with respect to the discrete solution of Eq. (1.1), the “budget parameter” k needs to be at least

Q(p/e?).

2For instance, in Tables 2. 3 and 4. it can be observed that WEIGHTED and SWAPPING have very similar running time.
This means the computational overhead (i.e., the rounding process) introduced by the swapping algorithm is negligible.
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We believe this bound Q(p/e?) is tight for any continuous relaxation based approaches at least
for the E-optimality criterion, and thus also tight for the general objectives f : S; — R that
satisfy assumptions (A1)-(A3). Such tightness result can be established by the construction of p-
dimensional vectors {z;}!" ; such that

° % Z?:l xla:;r = Ipxp, but
e no size-k subset S C [n] satisfy >, g zix; = (1 — €)I,xp unless k = Q(p/e?).

We conjecture that this is possible but have not been able to find a simple proof. Meanwhile, if the
second requirement is replaced with its “two-sided” variant, namely (1 — E)Ipxp < Zie g xlx;r <
(14 €)I,xyp, then such a construction is possible and proved by [10] using spectral graph theory. It
seems very difficult to adapt the proof of [10] to establish our “one-sided” conjecture.

Appendix A Missing Proofs

A.1 Proof of Claim 2.4

Claim 2.4 (closed form ¢y /5 strategy). Assume without loss of generality that Ay = (col + aZy)~?
for some cy € R and symmetric matrix Zy such that col + aZy > 0. Then,

t—1 —2
At:(ctl—l—aZo—l—ozZFg) . t=1,2,..., (2.5)
/=0

where ¢; € R is the unique constant so that c;I + aZy + « ZE;(l) Fy > 0andtr(A;) = 1.

Proof of Claim 2.4. We first show that for any symmetric matrix Z € RP*P, there exists unique
¢ € R such that aZ + ¢ = 0 and tr[(aZ + c¢I)™2] = 1. By simple asymptotic analysis,
WMy (o (2))+ tr1(@Z +¢I)7%] = 400 and lim 4 o0 tr[(aZ +cI) %] = 0. Because tr[(Z +
cI)~2] is a continuous and strictly decreasing function in c on the open interval (—aAmin(Z), +00),
we conclude that there must exist a unique ¢ such that tr[(aZ + c¢I)~2] = 1. The range of ¢ also
ensures that oZ + ¢l > 0.

We now use induction to prove this proposition. For ¢ = 0 the proposition is obviously correct.
We shall now assume that the proposition holds true for A;—1 (i.e., Ai—1 = (c—11 + aZy +

z;% Fy)~2) for some t > 1, and try to prove the same for A;.

The KKT condition of the optimization problem and the gradients of the Bregman divergence

Ay, yields

Vw(At) - V¢(At_1) + OéFt_l - dtI = 0, (Al)

where the d;] term arises from the Lagrangian multiplier and d; € R is the unique number that
makes —V(A;_1)+aF;—di I < 0 (because Vi)(A4;) = 0)and tr(A;) = tr((V) 1 (Vp(Ar_1)+
diI — aF;_1)) = 1. Re-organizing terms in Eq. (A.1) and invoking the induction hypothesis we
have

Ay = (V)N (V(Ai1) + ded — aFy_q)

t—1
= (V) ! <ct11 —aZy— Z F,+ dJ) .

=0
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Because d; is the unique number that ensures A; = 0 and tr(A;) = 1, and Z + ZZ(I) F, =0, it
must hold that —c¢; 1 + d; = ¢;. Subsequently, Vi) (A;) = —(At_l/Z) =—¢l —aZ -« Zz;é Fy.

The claim is thus proved by raising both sides of the identity to the power of —2. O

A.2  Proof of Claim 2.10
Claim 2.10. Suppose PtTAi/QPt =[b d;d ] € R**? and 2a<AtI/2,vtv;—> < 1. Then

—1 -1
T A1/2 py—1 _ b d 2b 0
R AT _<J+[d cD t(”[ 0 2 -

b b
—d d
definite, we conclude that R is also positive semi-definite and hence can be written as R = QQ".
To prove Claim 2.10. we only need to establish the positive semi-definiteness of the following dif-
ference matrix:

ela D) (e [3 2]y |
R R I (R gcb‘_l
(e [B2]) ew (o[ 2)) ) w7 2]

Here in the last equality we again use the Woodbury matrix identity. It is clear that to prove
the positive semi-definiteness right-hand side of the above equality, It suffices to show QT (J +
diag(2b,2¢))~1Q < I. By standard matrix analysis and the fact that J = diag(1, —1),

-1
2b 0 (14 2b)~1 0

T _NT
TV a]) e [T o]
@ (1+2b)71 0 1QQT ||
YoT < I&6 lop

[ o e= B
() max{2b,2c} (o)
< —————=.1<1
S T
Some steps in the above derivation require additional explanation. In (a), we use the fact that
2c = 2a<AtI/2,vtvtT> < 1, and hence (1 — 2¢)~' > 0; in (b), we use the fact that QQT =

b —d 26 0 |, 1/2 T 2b
[ “d e = 0 2 }, finally, (c) holds because b = 2a (A, ", uwu, ) > 0, 5o < land

2c < 1. The proof of Claim 2.10 is thus completed. O

Proof of Claim 2.10. Define R = [ —d } . Because PtTAi / 2Pt = { CCZ ] is positive semi-

A.3 Proof of Claim 2.11

Claim 2.11. Suppose Z = 0 is a p-dimensional PSD matrix with Ayin(Z) < 1. Let A = (aZ +
cI)72, where c € R is the unique real number such that A = 0 and tr(A) = 1. Then

1. a{AY2,Z) < p+a/p;
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2. (A, Z) < \/p/a+ Amin(Z).

Proof of Claim 2.11. For any orthogonal matrix U, the transform Z ~ UZU' leads to X

UXUT and X'/2 s UX'Y2UT; thus both inner products are invariant to orthogonal transform

of Z. Therefore, we may assume without loss of generality that Z = diag(oy,...,0p) for Ay >
-+ Ap > 0, because Z = 0. Subsequently,

P P
(A, Z) ;a)\ﬁ-c p—c ;a)\ﬁ—d

If ¢ > 0, then a(Al/ 2 Z) < p and the first property is clearly true. For the case of ¢ < 0, note
that ¢ must be strictly larger than —a),, as we established in Claim 2.4. Subsequently, by the
Cauchy-Schwarz inequality,

p
oA Z) e Y S p eV

i= i=1

M@

oz)\ +¢)?

Because A\, = Amin(Z) < 1 and tr(A) = tr[(aZ + ¢I)72] = 1, we have that ¢ > —a and
VP (aX; + ¢)~2 = 1. Therefore, a(A'/2, Z) < p + a/p, which establishes the first property
in Claim 2.11.

We next turn to the second property. Using similar analysis, we have

S| & 1
Z a)\ +c :ZOC/\‘—FC_C.Z(OJ)\Z‘-FC)Q

i=1 i=1 ¢ i=1

P p
< . —c.
s Vb ; (a)\ +¢)? — e ; a/\ +c Svp-e
Property 2 is then proved by noting that ¢ > —Apin(Z). O]

A.4 Proof of correctness of Algorithm 4
Recall the KL divergence function KL(y(|w) := >, y; log 2.

Claim A.1. The output of Algorithm 4 is exactly the projection w' = argmingea,, y,<p KL(y||w)
in KL divergence, provided that the input w itself is in the probabilistic simplex A,,.

Proof. We first show that if w; > w; then w) > w . Assume the contrary that wz > w] and W} < w;

Define w” = w' except that the ith and jth components are swapped; that is, w]’ = wj and w = w.
It is clear that w” € A,, and satisfies the box constraint ||w” ||c < b. In addition

KL(w"||w) — KL(W' ||w) = w} log oy W) log w— = (W) — )log — <0,
wWij Wi
which violates the optimality of w’. O

We next consider the Lagrangian multiplier of the constrained optimization problem
L(y; i, A Zyzlongu(Zyz—l)JrZA
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By KKT condition, we have that 9L (w’)/dy; = log(yi/w:) + (1 + p+ A;) = 0. By complementary
slackness, if wg < b then A; = 0 and hence there exists a unique C' > 0 such that wg =C-w;
holds for all w] < b. Combining this fact with the monotonic correspondence between w’ and w,
one only needs to search for the exact number of components in w’ that are equal to b, and compute
the unique constant C' and the remaining coordinates. Since there are at most n such possibilities,
by a linear scan over the choices we can choose the solution that gives rise to the minimum KL
divergence. This is exactly what is computed in Algorithm 4; we have a O(n) time linear scan over
parameter ¢ (meaning that there are exactly ¢ — 1 components that are equal to b, proceeded by a
O(nlogn)-time pre-processing to sort the coordinates of w.
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Table 2: Results on synthetic data with n = 1000 and p = 50. Numbers in brackets indicate the running time (in seconds) for each algorithm (omitted for UNIFORM,
which does not take significant running time). Our proposed algorithm (Alg. 1) appears as SWAPPING. The running time for both WEIGHTED and SWAPPING
takes into account the time for continuous optimization.

fa fp fE fv fa
kE=12p=60
UNIFORM  76.0 11.6 776 303 1654
WEIGHTED  Inf 1.8 7.42 0.5) Inf 4.7) 177 6.0 982 9.2)
FEDOROV Inf (79) Inf 0.0 700 (I17x10%)  Inf 0.0 202 (4.7x10%)
GREEDY 16.3 1) 5.91 €2)) 734 (0.6x10%) 60.3 12) 152 (1.1x10%)
SWAPPING  19.1 &)) 6.04 @G3.D 114 (7.3) 60.7 (7.5 142 12)
E=15p="75
UNIFORM 40.5 9.81 411 131 398
WEIGHTED 25.9 1.2) 6.46 0.3) Inf 3.9 82.6 3.7 246 e2))
FEDOROV ~ 15.3 (0.1x10%) 5.95 (0.1x10%) 285 (38x10%) 56.5 (0.I1x10%) 136 (6.7x10%)
GREEDY 13.1 2)) 5.47 {n 495 (0.6x10%) 493 12) 104 (1.1x10%)
SWAPPING  15.2 4.2) 5.62 3.4 61.5 (6.9) 49.4 6.9) 97.5 (14)
k=2p=100
UNIFORM 27.2 8.40 202 92.7 246
WEIGHTED 14.9 1.7) 5.66 0.5) Inf (5.0 56.4 (4.9) 156 e2))
FEDOROV  13.8 (0.1x10%) 5.70 (0.1x10%) 148 (0.9x103%) 47.8 (0.2x10%) 114 (1I1x10%)
GREEDY 11.7 e2)) 5.19 {n 383 (0.6x10%) 433 12) 81.9 (1.1x10%)
SWAPPING  13.1 (7.4) 5.21 6.1) 47.8 9.1) 445 9.4) 77.9 16)
k=3p=150
UNIFORM 23.3 7.55 155 70.9 168
WEIGHTED 12.2 (2.0 5.24 0.5) 266 (4.6) 46.0 6.3) 96.0 12)
FEDOROV 123 (0.3x10%) 5.57 (0.3x10%) 135 (0.3x10%) 44.8 (0.3x10%) 874 (25x10%)
GREEDY 10.9 (10) 5.08 10) 33.9 (0.6x10%) 40.5 an 70.8 (1.1x10%)
SWAPPING 11.6 (8.4) 5.08 9.5) 403 (109 404 (134 66.6 (18.4)
k= 5p =250
UNIFORM  18.7 7.23 122 58.0 134
WEIGHTED 11.5 (1.5 5.23 0.41) 115 (5.6) 41.6 3.0 90.2 9.3)
FEDOROV  23.1 0.8) 570 (0.5x10%) 93.6 (1.1x10%) 59.1 0.5) 89.4 (26x10%)
GREEDY 11.0 7)) 5.17 7)) 345 (0.6x10%) 39.7 ¢2)) 66.9 (1.1x10%)
SWAPPING 114 2)) 5.17 15) 36.2 {7 39.8 (16) 66.7 23)
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Table 3: Results on synthetic data with n = 5000 and p = 50. Numbers in brackets indicate the running time (in seconds) for each algorithm (omitted for UNIFORM,
which does not take significant running time). Our proposed algorithm (Alg. 1) appears as SWAPPING. The running time for both WEIGHTED and SWAPPING
takes into account the time for continuous optimization.

fa fp fE fv fa
E=1.2p=60
UNIFORM  32.1 3.89 40.0 53.2 300
WEIGHTED 1.83 (3.3) 1.04 (2.6) 135 29) 413  (13) 203 (80)
FEDOROV ~ 9.68 (0.0) 6.86 (0.0) Inf 0.0) 944  (0.0) 26.1 (1.4x10%)
GREEDY 1.27 (9.5) 0.88 (9.6) 4.46 (0.6x10%) 324 (10) 179 (5.5x10%)
SWAPPING 131 (3.5 087 (2.8) 3.4l (29) 3.1 (I3) 196 (80)
E=15p="75
UNIFORM 8.05 3.91 109 17.9 155
WEIGHTED 129 (3.5) 096 (2.9) 6.93 30) 348  (19) 510 77)
FEDOROV ~ 25.1 (0.0) Inf (0.0) 41.7 (1.0x10% 32 (0.0)0 250 (0.6x10%
GREEDY 120 (9.7) 087 (9.8) 4.15 (0.6x10%) 297 (10) 16.8 (5.4x10%)
SWAPPING 1.30 (3.8) 093 (3.I) 2.39 30) 3.07 (19 15.1 (78)
k=2p=100
UNIFORM 6.34 4.17 18.0 15.4 127
WEIGHTED 120 (3.5) 0.89 (2.6) 4.80 28) 296 (17) 285 (82)
FEDOROV 133 (1.9) 092 (2.6) 167 (1.5x10% 3.06 (2.4 171 (1.4x10%
GREEDY 1.16 (9.3) 086 (9.6) 332 (0.6x10%) 285 (10) 13.0 (5.4x10%
SWAPPING 122 (3.8) 0.86 (3.0) 2.10 28) 291 (I7) 129 (83)
k=3p=150
UNIFORM 5.03 3.41 22.3 12.9 105
WEIGHTED 122 (3.0) 090 (2.9) 4.12 30) 299 (8.1) 18.1 (82)
FEDOROV 120 (6.2) 097 (7.0) 129 (5.0x10%) 325 (4.8) 18.7 (2.1x10%)
GREEDY 1.15 (94) 088 (9.6) 3.08 (0.6x10%) 2.87 (10) 124 (5.2x10%)
SWAPPING 1.18 (3.6) 0.89 (3.5) 1.92 30) 287 (86) 119 (82)
k= 5p =250
UNIFORM  4.76 3.30 11.6 10.9 67.7
WEIGHTED 124 (3.4) 093 (3.1) 343 (33 299 (6.5 200 (82)
FEDOROV 599 (0.0) 3.11 (0.0) 11.5 (5.6x10%) 3.52 (88) 18.6 (5.6x10%
GREEDY 121 (9.7) 092 (9.90 293 (0.6x10%) 297 (10.5) 12.6 (5.5%x10%
SWAPPING 127 (4.5) 0.92 (42) 1.96 34) 298 (74) 12.1 (83)
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Table 4: Results on synthetic data with n = 10000 and p = 50. Numbers in brackets indicate the running time (in seconds) for each algorithm (omitted for UNIFORM,
which does not take significant running time). Our proposed algorithm (Alg. 1) appears as SWAPPING. The running time for both WEIGHTED and SWAPPING
takes into account the time for continuous optimization. All results of the Fedorov exchange algorithm and G-optimality results for the greedy algorithm are
omitted because the algorithms took too long to converge.

fa fo fE fv fa

E=12p=60

UNIFORM  69.7 11.7 687 339 1818
WEIGHTED Inf (0.1x10%) 5.93 (30) Inf  (0.3x10%) 132 (0.4x10%) 1652 (0.6x10%)
GREEDY 11.6  (1.1x10%) 4.61 (1.Ix10% 60.3 (6.6x10% 473 (1.2x10%) - -
SWAPPING  13.7 (0.1x10%) 5.10 37) 60.9 (0.3x10%) 503 (0.4x10%) 152 (0.6x10%)
E=15p=75

UNIFORM 41.0 10.0 414 157 606
WEIGHTED 15.7 (0.2x10%) 4.87 (20) Inf (0.3x10%) 69.1 (0.4x10%) 378 (0.5x10%)
GREEDY 9.55 (1.1x10%) 421 (1.Ix10% 354 (6.7x10% 395 (1.2x10%) -
SWAPPING  10.7 (0.2x103%) 4.26 27) 424 (0.3x10%) 404 (0.4x10% 950 (0.5%x10%)
k=2p=100

UNIFORM  27.9 8.41 165 97.6 378
WEIGHTED 10.2  (0.1x10%) 4.43 18) Inf (0.2x10%) 475 (0.6x10%) 210 (0.8x10%)
GREEDY 846 (1.1x10% 399 (1.Ix10%) 265 (6.6x10% 347 (1.2x10%) - -
SWAPPING 9.48 (0.1x10%) 4.03 29) 299 (0.2x10%) 343 (0.6x10%) 73.6 (0.8x10%)
k=3p=150

UNIFORM 21.3 7.23 172 74.6 245
WEIGHTED 9.13  (0.2x10%) 4.03 (35) 342 (0.4x10%) 37.0 (0.3x10%) 114 (0.5x10%)
GREEDY 7.81 (1.1x10%) 3.88 (1.I1x10%) 219 (6.6x10%) 32.1 (1.2x10%) - -
SWAPPING 841 (0.2x10%) 3.89 (53) 233 (0.4x10%) 322 (0.3x10%) 62.6 (0.5x10%)




