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Abstract Given an infinite family of extended real-valued functions f;, ¢ € I,
and a family H of nonempty finite subsets of I, the H-partial robust sum of f;,
i € I, is the supremum, for J € H, of the finite sums ZjeJ fj- These infinite sums
arise in a natural way in location problems as well as in functional approximation
problems, and include as particular cases the well-known sup function and the
so-called robust sum function, corresponding to the set H of all nonempty finite
subsets of I, whose unconstrained minimization was analyzed in previous papers of
three of the authors [DOI: 10.1007/s11228-019-00515-2 and DOI: 10.1007/s00245-
019-09596-9]. In this paper, we provide ordinary and stable zero duality gap and
strong duality theorems for the minimization of a given H-partial robust sum
under constraints, as well as closedness and convex criteria for the formulas on the
subdifferential of the sup-function.
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1 Introduction

In previous papers of three of the authors, [10] and [11], we have studied the so-
called robust sum ng ; fi of an infinite family (f;);c; of proper functions from a
given locally convex Hausdorff topological vector space (IcHtvs in brief) X, called
space of decisions, to Roo := RU {400}, defined as

> G > Jilz),VreX
. i\T) = sup . i), Ve € 5
iel JeF(I) i€J

where F (I) denotes the collection of all nonempty finite subsets of I. The term
“robust sum” is inspired in the fact that, interpreting F (I) as an uncertainty set
for the uncertain optimization problem

P = inf ; ,

(Py) /(@) TEX £~ic] fi (@)
where the parameter J runs on F (I), the robust (or pessimistic) counterpart of this
parametric problem is the deterministic problem

®P)  inf Y7 i), M

Duality and optimality theorems for (RP) and for the result of perturbing its
objective function, the robust sum Zf; 1 fi, with a continuous linear functional
can be found in [10] and [11], respectively.

We consider in this paper a twofold extension of the theory developed in [11]
(i.e., we consider linear perturbations of the objective function): firstly, we replace
Zi 7 fi with a more general type of functions that could be called partial robust
sums and, secondly, we replace unconstrained optimization by constrained one.

Regarding the partial robust sum functions, we associate with each nonempty

subfamily H of F(I) the H-robust sum of (f;),;, the function Zz-é] fi defined as

H
(S0 0) @ S o e

in other words, we replace the uncertainty set F (I) by a given infinite subset H in

the definition of robust sum. In contrast with Zz'é 1 fi, which is always well-defined,
the limit sum in the sense of nets

li i Vo € X,
Jim 2 (o) ve

is not necessarily well-defined, even in the case that H is a directed by inclusion
as H = F (I). Note however that, by [10, Lemma 2.5], if sup;c; f; (z) > 0, then

R . .
Zie[ filw) = Jeh}?l) ; fi @),

J
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where f;7 (z) = max{f; (z),0} for all z € X. In particular, }m?q_t > fi(x) is well-
CHicy

defined whenever H is cofinal in the sense that, for any J € F (I), there exists

K € H such that J C K (which implies that H is directed by inclusion, too) and

the functions f;, ¢ € I, are non-negative, in which case
" li 1 f Ve X
Zielfz(x)_fer?-t_ ]fl _Iel]g(ll)zfl _Zielfl(x)7 res

Observe that, when the functions f;,7 € |J J, are non-negative, given an arbitrary
JeH

x € X such that ZZ{eI fi(z) < 400, the set

{ieUJ:fi(x)>O}_U{z€UJ fi(x) > = } (2)

JeH peN JeH

is a countable union of finite sets and, so, it is countable. However, since the
set in (2) depends on z, it is in general impossible to reduce Z;He[ fi to a series
function even in the case that H is cofinal. Observe also that, from [10, Lemma
2.3], independently of the sign of the functions (f;);.;, one has

R
Zie[ fi(z)eR = {iel: f;(x)>0} is countable.

If H = F(I), H is obviously cofinal and the corresponding H-robust sum of
(fi)ier 1s nothing else but the robust sum, i.e.,

F(I) R
Zie[ fi= Zie[ fi

When I =N, the family H = {{1,...,n} : n € N} is also cofinal and the corre-
sponding H-robust sum of (f;)ien is the sequential robust sum

seq R H
S =Y
el i€EN

which has potential interest in game theory (for instance, in repetitive and sequen-
tial games, see, e.g., [30] and [20]).
Given m € N, the family H,, of all subsets of I of cardinality m is not cofinal

and one has
jg: Sup jg:ZGI

7n€N

In particular, since H; is the family of all singletons of I, we have

S gi=sw i 3)

el

We now show that Zzé’; fi, for m = 1,2, can be useful in the location of services
with an infinite set of demand points {z;,i € I} C X. Let d : X2 — Ry be a
mapping such that, for z,y € X, d (z, y) represents an estimated distance (or time)
between z and y. Let f;(z) := d(z,z;) for all z € X and ¢ € I. The optimal location
at T € X of an emergency service (as a fire station) covering {z;,7 € I} means that
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T minimizes the worst distance (or time) between x and the demand points z;,
i €I, 1i.e., T must be an optimal solution of

(RP3;,)  inf
[S

Ha
weR2 £~iel fil@).

Similarly, if T € X is the optimal location of a unique transfer station (e.g., a
transshipments bus station) for a new centralized transport network requiring to
go from z; to x; changing at 7, for all 4,5 € I, i # j, then Z must be an optimal
solution of

RP inf
(RP3,)  inf

H

i€2I fi®).

The above models would be more realistic by replacing = € R? in (RPy,) and
(RPy,) by some constraint involving z, i.e., by minimizing Zz'é’f;] fi,m = 1,2,
subject to suitable constraints.

Regarding the constraints considered in this paper, we assume the existence
of a second IcHtvs Z enlarged with a greatest element +o00z, a nonempty convex
cone S in Z which defines a weak ordering on Z, and a proper mapping G :
X — Z U {400z} Then, we associate with each nonempty subset H of F(I) the
constrained H-robust sum problem

(RPy) inf 3" fila) (4)
s.t. G(z) € =S.

As an illustration of this constrained optimization model, we consider the fol-
lowing functional best approximation problem of a given real-valued function of
one variable by polynomials of a limited degree under interpolation and/or side
constraints. Let I be a proper interval in R. The problem, inspired in [13, Section
4] and [1, Subsection 4.3.3], consists in finding a best L, approximation, on a given
subset T' C I (possibly the whole interval I), for the L, pseudometric

d(h,g) = sup (Zlh(t)g(t)lp) ! Jhyg: [— R,

JEF(T) \icy

of a given function h : I— R, by means of polynomials of degree less than n,
say g(t) = Sop_, zxt" ! (that can be identified with their vectors of coefficients
x = (%1, ...,7n) € R™) under interpolation conditions of the form g (¢) = h(t) for
all ¢ € U and/or side conditions of the form g (¢) > h (t) for all t € V, with U,V C I,
U having at most n — 1 elements. In the presence of both types of constraints,
X =R" H:=F(T),U € H1U...UHp—_1, and the approximation problem can be
formulated as »
(RPy) inf 33700 |h () — P, apt !
s.t. G(z) € =S,

with Z := RY xR" equipped with the product topology, G(z) = h (t)=>r_y otk !
for all x € X (so that G: X — Z), and S := {0y} x RK, where Oy denotes the
null vector in RY.

The closest antecedents of this paper are [10] and [11], which provide duality
theorems and results on the structure of the optimal set for the unconstrained
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minimization of the robust sum function ZZRE[ fi = Z;Z(II) fi- Table 1, in turn,

summarizes the little existing literature, chronologically ordered, on the limit sum

function
Ziel fi (z) = Jélg(ll) Ziej fi (z),Va € X.

There, C (X) and I' (X) represent the sets of continuous functions and lower semi-
continuous (lsc in brief) proper convex functions on X. The information on f*
usually consists in formulas for its epigraph while argmin x f represents the set of
all minima of f =3, ; fi on X.

Paper | Year I fi X of | f* | argmin x f
[33] 1998 | N | C(X) | Banach | v/ | V v
[34] 2004 | any | C(X) | Banach | v | V v
[19] 2008 | any | I'(X) | Banach | v | V
[29] 2016 | N | I'(X) | Banach | v | V v
24 | 2019 | any | BY | lcHtvs | v | v v
Table 1

The paper is organized as follows. Section 2 introduces the necessary notations
and basic concepts together with the perturbation function and the robust dual
scheme to be developed along the paper. Section 3 characterizes zero duality gap
and strong duality for a fixed linear perturbation z* € X* of the robust sum
function and stable versions of these duality theorems with respect given subsets
of X*. Section 4 characterizes the subdifferential of the constrained robust sum.
Specializing the latter characterization to the unconstrained case with H = H; we
obtain, in Section 5, Valadier type formulas ([28], [16]) for the subdifferential of the
sup function under appropriate closedness criteria (Corollaries 3, 5). It is worth
mentioning that generalized versions of Valadier’s formula have been obtained
by Marco Lépez and his collaborators along the last years (see [5], [7], [6], and
references therein).

2 Preliminaries
2.1 Basic notations

Let X be a lcHtvs with topological dual space X™*, null vectors Ox and 0%, re-
spectively, and duality product (-,-). We consider X* and X* x R equipped with
the w*-topology and its product by the ordinary topology on R, respectively.

The closure, the convex hull, and the closed convex hull of a subset A C X
will be denoted by A, co A, and ¢6A, respectively. Given A, B C X, A is said to be
closed (respectively, closed and convez) regarding B if BN A = BN A (respectively,
BncoA=BnNA).

The recession cone of a closed convex set A C X is

Aw  ={veEX:a+veEA Vae A} = ﬂa(A—E)
a>0

for any choice of @ € A.
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Denote R := RU{—o00, +0co} and by R™ the set of all functions from X to R.
The definition of (Reo)™ is similar. The indicator function of A C X is 64 € (Roo)™
defined by d4(z) =0 if x € A and d4(z) = oo if z ¢ A. So, 64 € I'(X) if and
only if A is a nonempty closed and convex subset of X.

Given a function h € @X, its domain, its epigraph, its strict epigraph and its
Fenchel conjugate are

domh :={x € X : h(z) < +oo},
epih:={(z,7) € X xR : h(z) < r},
epigh = {(z,7) € X x R: h(z) < r},

*

and h* € R such that
R*(z*) := sup{(z*,z) — h(z) : v € X},Vz* € X,

respectively.
The conjugate of a function & € RY is defined on X by

& (z) :=sup{{z™,x) — &(z™) : 2" € X™}, Vo € X.

If dom &* # 0, one has ¢** = (¢*)" = co¢, where co¢ denotes the w*-closed convex
hull of ¢, i.e., epi (cof) = Co (epi) . If £ is convex and dom £* # 0, then £** coincides
with the w*-closed hull, £, of &, i.e., epi € = epié.

For a € X, the subdifferential of h € @X at a is defined as

Oh(a) = {z* € X* : h(z) > h(a) + (z*,x — a), Yz € X}, if h(a) €R,
v 0, else.

One has
z* € 0h(a) < (z¥,a) — h(a) = K" (z™). (5)

For A C X, the normal cone to A at a point a € A is defined as

N(A,a) :=064(a) ={z" € X" : (", 2 —a) <0, Vre Al

The infimal convolution of two functions g, h € @X is the function glJh € EX
such that
(g0Oh) (z) :==1inf {g (z1) + h (z2) : 21 + 22 = x}.

Let Z be a second IcHtvs, S be a nonempty convex cone in Z, and denote by
<s the ordering on Z induced by the cone S, i.e.,

21 Sg 22 if and only if 21 — 22 € —S.

We also enlarge Z by attaching a greatest element +ocoy. Given a map G: X —
Z U {400z}, we define the domain and the epigraph of G to be domG := {z € X :
G(z) € Z}, and

epig G :={(z,2) e X x Z: 2z € G(z) + S},

respectively. We assume that dom G # 0.
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For \ € Z*, we define \G: X — R as

_ J\G(x)), ifze€domG,
(AG)(z) := {+

0, else.

Let us consider F': X x Z — R given by
0 if G =S
poy [0 HE@+ze-s
400, else,
i.e., the indicator function of the hypograph of —G, that is,
hypog(—G) :={(z,2) e X x Z : z € —G(z) — S}.
The conjugate F* of F is the function F* : X* x Z* — R such that
AG)*(z*), ifxest
F*(:v*,)\) _ ( ) (37 )7 1 € )
400, else,

(7)

where ST := {\ € X* : (\,z) > 0,Vz € S} is the dual cone of S. Since F is an indica-
tor function, F* is sublinear and epi F'* is a convex cone in X* x Z* x R. Moreover,
denoting by proj x« g the projection mapping X* x Z* x R 3(z*, 2%, r) — (2%, 1),
one has
projx-xg (epi F*) = ] epi(AG)*. (8)
Aes+
We now state two basic properties related to this set. The first one is consequence
of (8) and the fact that epi F'* is a convex cone.

Property 1 Jyeg+ €Pi(AG)™ is a convex cone in X* x R.
Let us define A :={z € X : G(z) € —S} and assume that A # 0.
Property 2 If epig G is closed and convex, then
epidh = [ epi(AG)*.
AEST
Proof. Define p: X* — R by ¢(z*) = infyez- F*(2*,\). Then ¢ is convex (even

sublinear) and we have that

epi, ¢ C U epi(AG)* C epip.

AeSTt
Consequently,
epig=epig = | ] epi(AG)*. (9)
AEST
By definition of ¢ it comes
¢"(z) = F**(,0z), Vz € X. (10)

Since epig G is closed and convex, hypog(—G) is closed and convex, too, and one
has F' = F**. By (10) we then have

" (z) = F(2,07) = 0a(2), ¥z € X,

and 8% = ¢**. Since ¢ is convex and dom ¢* = A # 0, we have p** =, epidy =
epip, and, taking (9) into account, we are done. O
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Remark 1 Property 2 is often established under the assumption that the mapping
G: X = ZU{+ooy} is star S-convez lsc [17, Lemma 2.1] in the sense that the next
condition holds:

AG eN(X), vrest. (11)

It is worth observing that, when taking A = 0z« in (11), one must have dqom g €
I'(X) and, in particular, dom G must be closed, which is a restrictive condition.
One can find in [2, Example 3.3] an example of map G: X — Z U {400z} such
that epig G is closed and convex while (11) does not hold.

Remark 2 If epig G is closed, then S is necessarily closed: picking a € dom G # 0
we have

({a} x Z) nepig G = {a} x (G(a) + 9),
which is closed. So, G(a) + S and S are closed.

2.2 Perturbation functions and robust dual scheme

Let U be an (arbitrary) uncertainty set, and X, Yy, be IcHtvs for all u € U. By 04
we denote the zero vector in Y;. Assume that a perturbation function

Fu: X X Yy — Roo (12)

is given for each u € U. We associate with each z* € X* the robust optimization
problem

(RPg~) sup {Fu(z,0u) — (z",z)},

inf
zeX 4ecU
and its corresponding robust dual problem, defined (following [8] and [9]) as:

(RDg+)  sup —Fy(z",yu). (13)
uelU
yr €Y,

Denoting by proj%«,r the projection of (X* x V) x R on X* x R, we now
consider the gualifying set (introduced in [8] and [9])

Q:= J proji-xg (epi Fif), (14)
uelU

where the novelty, with respect to [18], is that the parameter space Y, in the per-
turbation function depends on u € U. Let us consider the robust objective function

h(z) := sup Fu(z,04), Vz € X.
uelU

Under some suitable closedness and convexity conditions, stable strong robust
duality holds for the pair (RPg+) — (RDg+), i.e.,

inf(RPz+) = max(RDgy=).

In particular, the next characterization of the stable strong duality w.r.t. V can be
derived from [8, Proposition 3.2] (see also [12, Theorem 3.2], [18, Theorem 3.3]).
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Theorem 1 Assume that Fyy € I'(X x Yy), u € U, domh # 0 and let 0 #V C X*.
Next statements are equivalent:

(i) inf(RPz+) = max(RDg~), Vz* € V.
(1) Q is w*-closed and convez regarding V x R.
Proof. As Fy, € I' (X x Yy) for all u € U, it is easy to see that h(x) = sup Fy(z,04) =
uelU
sup Fy*(x,0y4) for each z € X, yielding h** = sup Fy; *(-,04) (see [12, Proposition
uelU

uelU
3.1]). The equivalence of (i) and (i) now follows from [8, Proposition 3.2]. O

3 Zero duality gap and stable strong duality for constrained robust sum
optimization problem

Let (fi);er be a family of proper functions on X, and @ # H C F(I). Let f :=
SUPjew Y ies Ji and A = {z € X : G(x) € —S}. Given z* € X*, we consider the
following constrained robust sum optimization problem:

(RP.)  inf {/(@) — (@)}

Throughout this section we assume that the problem (RP,-) is feasible, i.e., AN
dom f # 0.

For each J € H, let Y; := X’ x Z. Consider the perturbation function F; as
in (12), i.e., Fj: X X X7 x Z = Roo, defined by

Fy(z, (w)ies,2) = 3 filota)+0_s(2+G (@), ¥(z, (v:)ier, 2) € Xx X7 xZ. (15)
i€J

It is clear that, denoting by 07 = (0x,0z) the zero vector in Y, one has

FJ(JJ,OJ) = FJ(QS,OXJ,Oz) = Zfl(x) +5A(I), VJ e H.
ieJ

One then has, for all triple (z*, (z);cs, A) € X* x (X*)J X Z*,

S ) + MG (2 = e 7)), if xe st
Fj (", (27)ies, N) = { i€ ' (16)
+o0, else,

and the qualifying set defined in (14), Q = U ¢y projg(*xR epi F7, can be ex-
pressed in this setting as

Q:=J D erifi + |J epirG)*. (17)

JeH ied Aest

The problem (RP;+) becomes here

RP,-) inf Fy(z,05) — (2%, 2)},
( ) ;ijgg{ y(z,05) = (z", 2) }
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and its robust dual problem (RDy+) can be written in the following form (see (13)
and (16)):

(RDz*) sup Zfl 1.7 )\G) ( )
(JIA)EH X ST icJ
((x])iesu™)E(X*) x X~
ieg T Fut=z"

Now, for each (J,\) € H x ST, ((2])ies,u*) € (X*)7 x X* such that 3", ;] +
u* = z*, and each z € A, we have

fl@) = (@ 2) > Y (filz) = (2],2)) + (AG)(2) — (u*,z)

i€J

- Do)+ 06 W] (18)

i€J

It follows that the weak duality relation
inf(RPz+) > sup(RDgy+) (19)

always holds (see, more generally, [8], [9]). One says that zero duality gap holds
(respectively, strong duality gap holds) for the pair of primal-dual problems (RP+)—
(RDg~) if inf(RPg+) = sup(RDgy+) (respectively, inf(RPz+) = max(RDg+)). These
desirable duality properties are said to be stable with respect to a given set 0 #
VY C X* (also called V-stable) whenever they hold for any z* € V.

For each J € ‘H we have, in general,

Y epifi C epi(Diesfi) © epi (Zﬁ) C epi f*. (20)
i€J ieJ

On the other hand, for each A € ST we have AG < 54, (A\G)* > 6%, epi(\G)* C
epid’, and, consequently,

U epi(AG)* C epidi. (21)
AeS+

We have from (17), (20), and (21) that
QC epif+ epidhy C epi(f+da)". (22)
Proposition 1 Assume that (f;);cr C I'(X) and epig G is closed and convez. Then,
epi(f +64)" = epif* + epidy.

Proof. One has f € I'(X). Since epig G is convex and closed, A x {0z} = (epig G)N
(X x {0z}) is convex and closed, too. Consequently, §4 € I'(X). The conclusion
follows from [3, page 281]. O

Let us now evaluate epif* and epi(f +d4).
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Proposition 2 Assume that (f;);cr C I'(X). Then

epi f* =co ( U Zepiff) )

JeHied

Proof. Let ¢ := Jlng_[ OicsfiF. We then have (see [32, Theorem 2.3.1 (ix)])
€

Wr=sup Y fT=suwp Y fi=1f,
P DL DI

ieJ ieJ

and, since dom¢™* # 0, coy = ¢** = f* and epi f* = ¢o (epiv) . By definition of ¢
we get

epi ¥ C U Zepifi* C epit.

JeH ieJ
Consequently,
coepity = co (eplz/)) =Co < U >icsepi f;“)
Je
=co < U Xicsepi fi*)
je
and the proof is complete. O

Proposition 3 Assume that (f;)ic; C I'(X) and epig G is convez closed. Then,
epi(f +64)" =00,

Proof. Recall that

o= D epifi+ | epira)".

JeH ieJ res+

In the one hand, by Property 1, we have

coQ =co ( U Zepi ff) + U epi(A\G)™. (23)

JeH ieJ Aest

On the other hand, by Propositions 1 and 2, Property 2, and (23), we have

epi(f +6%) = epif*+ epidh

w( U ZieJepif;)+ U 00
eH

=70 (
J AEST

=co ( U > epif;‘) + U epi(AG)*
JeH ieJ AesS+

and we are done. O
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Theorem 2 (Characterization of stable strong duality) Let § £V C X*. The
next statements are equivalent:

(7) inf(RP4+) = max(RDg+), Vz* € V.

(%) epi(f +04)* N (VxR) =9n (VY xR).

If, additionally, (f;)ic; C I'(X) and epig G is convex and closed, the following state-
ment is equivalent to (i) and (i7) :

(73i) Q is w*-closed convez regarding V x R.

Proof. [(i) = (#)] By (22), we have only to prove that inclusion [C] holds in (4).
Let (z*,s) € epi(f +d4)* N (V x R). We have —inf(RP4+) < s and, by (i), there
exist (J,A) € H x ST and ((2])ses,u”) € (X*)7 x X* such that =* = 3", o} +u*
and Y, ; fi(z]) + (AG)"(u*) < s.

Now there exist ((s;)ics,t) € R? x R such that

Y sitt=s, fi@) <siVield (\G)(u*)<t.
ieJ
We then have

(z*,5) =Y (27,5:) + (u*,t) € > _epi fi +epi(AG)*.
i€ icJ
So, (z*,s) € Q and we are done.

[(ii) = ()] Take z* € V. Assume firstly that inf(RPg«) = —cc. By (18)-(19) we
have sup(RDg+) = —oo = max(RDg~).

Since inf(RPg+) # +oo, it remains the case when r := inf(RP,+) € R. In
this case, we have (z*,—r) € epi(f + d4)" N (V x R) and, by (ii), there exist
(J,A) € Hx ST, (2f,si)ics € [, epifi, A € ST and (u*,t) € epi(AG)* such that
(a*,—r) = (X,;e i +u*, X ,c 5 +1). Since

—r >3 [ (@) + (AG)* (u") > —sup(RDy+) > -,
e

r=— 1> f @)+ (AG) (u) | =sup(RDy-),
i€
yielding inf(RPz+) = max(RDg+). As z* € V is taken arbitrarily, (¢) holds.
We now assume that (f;);e; C I'(X) and epig G is convex and closed.
[(it) <= (i44)] By Proposition 3, epi(f + d4)* =<T00Q, so that (ii) is equivalent
to
N (VxR)=9n(VxR)

and we are done. O

Remark 3 The equivalence [(ii) <= ()] in Theorem 2 can also be obtained di-
rectly from Theorem 1.

Remark 4 In the case when H is directed by inclusion and the functions f;, i € I,
are non-negative, the family of convex sets (Zze sepi fi*) Jen is directed. Conse-
quently, J ey ey ePifi and Q are convex. In such a case, statement (i77) reads
“Q is w*-closed regarding ¥V x R”.
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Remark 5 If H = F(I) and f; > 0, € I, Q is convex and ZZéI fi coincides with
the infinite sum ), ; f; studied in various papers (see Table 1).

In the same lines as in Theorem 2 we now characterize the zero duality gap
property.

Theorem 3 (Characterization of zero duality gap) Given z* € X*, the next
statements are equivalent:

() inf(RPz+) = sup(RDg=).

(i) epi(f +04)" N ({z"} x R) = QN ({a*} x R).

If, additionally,, (fi)ic; C I'(X) and epig G is convex and closed, the following state-
ments is equivalent to (i) and (i7) :

(1i3) coON ({z*} x R) = 9N ({z*} x R).

Proof. [(i) = (i4)] Since epi(f + d4)* N ({z*} x R) is w*-closed, by (22) we have
only to prove that inclusion [C] holds in (iz). Let (f 4+ 64)* (z*) < s. By (), we
have —sup(RDyz+) < s and, by definition of (RDg-), for each n € N there exist
(JnsAn) € H % st ((:L‘;;,i)iet]n,u:;) I= (X*)J" x X* such that z* = ZieJn a:?*” + up
and » -, 5 fi(2,:)+(AnG)" (up) < s+ . Now, there exist ((Sn-i)iEJn ,tn) € R7" xR
such that fi(z7, ;) < sn., for all i € Jn, (AnG)*(uz) < tn, and EieJn Spi +Ftn =
s+ % We then have

1 . .
(x*,s + ﬁ) € ZJ epi fi + epi(AnG)* C Q, Vn € N,
1€dp

* 1 *
(m ’S+E> € Qﬂ({x }XR), vn e N,
and, finally,
(z%,s) € 2N ({z*} x R).

[(4) = (4)] If inf(RPz+) = —oo then by (18)-(19) we have sup(RDg+) = —oco =
max(RDg+). As inf(RPy+) # 400, it remains the case when r := inf(RP,+) € R.
In such a case, we have

(2", —r) €epi(f+04)" N ({z"} xR)
and, by (i), there is a net (sq);cp such that (z*,s5) € Q for all d € D and

sq — —. Now, there exist (Jg, \g) € H x ST, ((z3,4)ir54,:) € epif] for all i € Jg
and (u}j,tq) € epi(AgG)*, such that

(l'*,Sd) = Z (‘T;,'h Sd,i) + (u27td)
i€Jq
and we have
sq = Z 544 +tqg > Z fi(zg,:) + (AaG) " (ug) > —sup(RDy ).
i€Jg i€Jq

Passing to the limit one gets —r > —sup(RDg+) and we are done.
The argument for [(¢i) <= (i%4)] under the additional assumption is the same
as in Theorem 2. g

See [23, Corollary 1] for a deterministic counterpart of Theorem 3.
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4 Subdifferential of the objective function of the robust problem

We now proceed with a detailed study of the subdifferential of the objective func-
tion of (RPo,.):
(RPo,.)  inf h(s),

where h:= f +04, f =supjey Y ey fisand A= {z € X :G(z) € =S}
Given z € dom f, consider

H(z) == {J €H:Y filz) = f(x)} .
icJ
Note that, if # = F(I), then H(z) = {J € F(I) : fi(z) <0,Vi e I\ J}. If H = Hy
(the set defined in (3)), then H(x) = {{i} : fi(z) = sup;¢; fj(x)} and in this case
we denote it by
I(z)={iel: fi(z) = Stéll;)fj(w)},
J

which is the the so-called set of active indexes at x.

Proposition 4 For each x € dom f, we have

U D ofi(x) cof(a).

JEH(z) i€

Proof. Let J € H(z), xj € 0fi(x) for all i € J, and 2™ 1=}, ;x;. For any u € X
we have

Fla) 2 filw) 2y (file) + (@, u — )

ieJ ieJ
= f(z) + (", u — z),

which means that z* € 8f(z). O

Proposition 5 For each x € A we have

U 206) (@) c N(4,2).
AeSt
(X\,G(x))=0
Proof. Let A € ST, (\,G(z)) =0, and z* € I(AG)(x). For any u € A we have
0> (AG)(u) > (A\G) (@) + (2%, u—z) = (z",u—x),
that means z* € N(4, ). O

Proposition 6 For each x € ANdom f = dom h we have

U Yo+ | 006 () con(a). (24)
JeH(z) ied AeST
(AG(z))=0

Proof. By Propositions 4 and 5, the left hand side in (24) is contained in df(z) +
096 5 (a), which is contained in d(f + d4)(z) = Oh(z). O



Duality for constrained robust sum optimization problems 15

Theorem 4 (The subdifferential of the robust sum function) Let x € AN
dom f = dom h. Next statements are equivalent:

() oh(z) = U Yies0filx)+ U 9(AG)(z).
JEH(x) AeST
(X, G(z))=0

(i) (epih*) N (Oh(z) x R) = QN (9h(z) x R).

If, additionally, (f;)icr C I'(X) and epig G is closed and convex, then the next state-
ment is also equivalent to (i) and (i7):

(#5i) Q is w*-closed and convex regarding Oh(z) x R.

Proof. [(i) = (#)] By (22) we have only to check the inclusion [C] in (4¢). Let
z* € Oh(z) and any s > h*(z*). By (i), there exist (J,\) € H (z) x ST, (z})ies €
[[;c;0fi(z) and u* € d(AG)(z) such that (\,G(z)) =0, 2" = >, ;=] +u*, and
Yiey filz) = f(z) (as J € H(x)). One has

s> (z",z) — h(z) = <fo +u*,a:> - Zfz(x)

iceJ icJ
= 5" ((af.2) - i) + (", ) — (AG) (@)
ieJ
=S F @)+ (06) ()
eJ

(the last equality follows from (5), applied to the functions AG and f; for all i € J).
Then there exist ((s;)ics,t) € R7 x R such that

5= Zsi +t, fi(x))<sVied, (AG)"(u')<t,
e

and finally,

(@, s) =) (af,) + (u",t) € Y _epifi +epi(AG)" C Q.

ieJ i€J

[(i¢) = ()] By Proposition 6 we have only to prove that the inclusion [C] holds
in (i). Let z* € Oh(z) and s := (z*,x) — h(x). We have (z*,s) € epih* (see (5)) and
by (ii) there exist (J,\) € H x ST, (2}, 5:)ics € [Lieyepifi, (u*,t) € epi(AG)*,
such that (z*,s) =37, ; (27, s:) + (u*,t). Now

s= (@ @) —h(x) <D [(@f,2) = fil)] + (" 2) — (AG)(x)

icJ

<D FOG) W) <D skt =s.

i€J i€J
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We then have (note that h(z) = f(z) as x € ANndomh)

0= (&) = h(z) = >_ f(z}) — (AG)"(u")

icJ
=Y (@@ + (@z) - flo) =Y fi (@) — (AG)" (u”)
icJ ieJ
= [l 2) = (=) = fi@)] + | D fulw) - f(l’)}
icJ icJ

+ [(",2) = (AG)"(u") = (AG) ()] + [(AG) ()]

Since all the terms in the brackets are less or equal than 0, all these terms are
equal to 0, that means

z; €0fi(x)Vie d, JeH(x), u" €dG)(z), (N\G(z)) =0,

and (i) holds.
[(it) <= (i2¢)] It is consequence of Proposition 3. O

5 A special case: inf-sup constrained problem

In this section we consider the so-called inf-sup constrained problem of the follow-
ing model:
otpse) ok fsup o) - (o} (25)
z€A | jerI
Thus, (MPg,.) consists in the minimization of the sup function sup,c; f; on the
set A.

5.1 A first perturbation approach to inf-sup constrained problem

It is clear that (MP,+) is a special case of (RP.+) when H = H;. Consequently, the

dual problem (MDg~) and the qualifying set Q in (17) now reduce, respectively,
to

(MD;-) sup  —{ff (u*) + (AG)" (=" —u")},
(i,\)€Ix ST
urex*

and
Qi =Jepifi + (J epira)"

i€l AesS+t

From the results obtained in previous sections, we have

Corollary 1 (Characterization of stable strong duality) Assume that A N
dom(sup,cy fi) # 0 and let O #V C X ™. Then the neat statements are equivalent:

(i) inf(MP,+) = max(MD..), Va* € V.

(i) epi (supfi + 6,4) NV xR)=091N(VxR).
iel
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If, additionally, (fi)ier C I'(X), epig G s closed and convez, then the next statement
is also equivalent to (i) and (i4):
(75i) Q1 is w*-closed and convex regarding V x R.

Example 1 Consider the problem
(RIP,+) inf {sup fi— (ac*,:p)}
i€l
st. ge(z) <0, VteT,

with 7 infinite and (f;)ier, (9¢),ep C I'(X). Let Z be the lcHtvs R endowed

with the product topology, the dual of which is the space R(") of the so-so-called
generalized finite sequences X = (\t),cp with only finitely many A, different from

zero. Denote by s (\) = {t € T : \t # 0} the support of A = (\t),cp € R™). The
positive cone in R” is § = (R4 ) = RZ and we have

st=R{" = {(M)er eRT i x 2 0,9 €T}

Set D:= () domg; and let G : X — RT be such that
teT

(gt (al:))teT7 ifz € D,
G(z) = {+ooz, else,

whose S—epigraph epiRz G is convex and closed in X x RT. Moreover, defining

> Mgt +0p =6p for A = Ogr, we have,
tes(\)

(AG) (@)= Y Migr(z) +0p (2), V(z,)) € X x R,
tes(A)

From Corollary 1, if there exists T € dom (sup;¢; f;) such that sup,cr g: (%) <0,

inf(RIP,+) =  max = f (u") + ) (Mge+6p)" (2% —u')p V2™ € X7,
(@, eIrxr® tes(\)
ureXxX™

ifand only if |J epiff+ U epi| >, (Mgt +6p)* | is w*-closed and convex.
el AeRﬂrm tes(A)

Concerning the subdifferential of the robust objective function of the reformu-
lation of (MPg,.) as an unconstrained optimization problem, h = sup;cr fi + 94
we have, by Theorem 4:

Corollary 2 (Subdifferential of the constrained sup-function) Assume that
(fi)ier C I'(X), epig G is closed and conver and that Qi is w*-closed and convez.
Then, for each x € AN dom(sup,;cs fi), one has

o(swr+ia)@= U or@+ U o06)@),

i€l(x) rest
(NG ())=0

where I(x) = {j € I : fj(x) = sup;cs fi(x)}.
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In the case when G(z) = 0z for all z € X, we obtain the simplest possible
formula for the subdifferential of the sup-function under a closedness assumption.

Corollary 3 (Subdifferential of the unconstrained sup-function) Assume that

(fi)ier € I'(X) and | epi f; is w*-closed and convez. Then, for each x € dom (sup fz>
i€l el
we have

o(s5) @)= U onto)

el icl(z)

Remark 6 The set |J epi f; is convex in each of the following classical cases:
i€l
1) For all (¢,5) € I x I there exists k € I such that f; < fr and f; < fi;
2) I is a convex subset of some vector space and the function i — f;(z) is concave
for each z € X.

The set |J epi f; is w*-closed if I is a compact subset (of some topological space)
el
and the function i — f;(x) is usc for each z € X.

5.2 A second perturbation approach to inf-sup constrained problems

We first define another dual for the inf-sup constrained problem (MP,+) introduced
in (25), whose objective function is

h=f+da=supfi+da=supfi+ig-1_g),
iel iel

under the following assumptions:
(fidier € I'(X),

(H) epig G is convex and closed,
domh = Andom f # 0.

The uncertainty set will be the unit simplex A of RO

Ap = u:(ui)ieleR(I):uiEOViEI, Z ;=1
i€s(p)

We associate with each pu = (u;)ic; € Az, the lIcHtvs Y, := X*®) x Z and the
function F,: X x X*W x Z - Roo defined by

Fu(z, (zi)ier,2) = Y pifilz+mi) +0_s(z+ G()).
i€s(p)

Then, for all (z*, (7 )ics(u) 1) € X™ X (x*)*® x RO one has

> (i) (@) + (AG) (m 2 x2> if pest,

Fu (2™, (27 )ics(u)r 1) = § ics(w) i€s(p)
400, else.
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So, the corresponding dual problem is (see (13))

(MD2-) sup | D0 ) @)+ 0@ W) ],
(;L,)\)EA[XS ;
(& )ies(uyu™)E(X ™)) x X* restn

el
i€s(p) Ti TU =T

and the qualifying set (14) comes as

Q2 =Uyen; 2iesu Mi ePLfT + Uyes+ epi(AG)”
= co (Ujerepi ;') + Uses+ ePi(AG)" (26)
=co (Ujerepi fi + Useg+ ePi(AG)*) =co Q1.
So, Q2 turns out to be convex. Moreover, under (H) one has, by Proposition 3,
epi (sup fi+ 5A) =c0Q;1 = Qo, (27)
i€l

domh # @, and F,, € I’ (X x X5 x Z) for all 4 € A;. Applying Theorem 1 we

then obtain (compare with Corollary 1):

Theorem 5 (Stable duality) Assume (H) holds and let ) £V C X*. The following
statements are equivalent:
(i) inf(MP+) = sup(MD2.),Vz* € V.

(#) co (U epi f{k) + U epi(AG)* is w*-closed regarding V x R.
iel Aest

In the case when G(z) = 0z for all z € X, we get the following corollary improving

[2, Remark 12.2, p. 78].

Corollary 4 Let (f;)icr C I'(X) be a family of functions such that dom (sup;c; fi) #
0 and let ) #V C X*. Next statements are equivalent:

(i) (supies fi)" (@*) = min > (mifi)” (a), Vo™ € V.
(mz‘)iﬂG(Xi)S(“) i€s(p)
T; =T
i€s(p)
(id) (supies fi)" («7) = min > wafi (), Vet eV
(x;.*)i#e(xi)s(f” i€s(p)
Hiwy ="

(#1) co ( J epi ff) is w*-closed regarding V x R.
i€l

Let us now go back to the subdifferential of the objective function

h=sup fi +04
i€l

with A = G71(-9).
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Theorem 6 (Subdifferential of the sup-function) Assume (H) holds and let x €
ANndom f = domh. Denote I(x) ={i € I : fi(x) = f(z)}. Then the next statements
are equivalent:

(i) 8h(m):co< U 6fi(as)>—|— U 90G)(a).

i€l(x) AeSt
\,G(=))=0
() co (U epi fi*) + U epi(AG)* is w*-closed regarding Oh(z) x R.
icl AeS+

Proof. [(i) = (#3)] Let (2%, s) € Q2N (dh(z) xR). We have to prove that (z*,s) € Qa.
As z* € Oh(x), by (i) there exist 6 = (6;); € RY ™) ((«});,u*) € (X*)*@ x x*,
and A € ST such that Yies(oy 0i = 1, 7 € 0fi() for all i € s(0), u* € I(AG)(),
(A, G(z)) = 0, and a* = 37, 0iz; + u*. On the other hand, as (H) holds,
according to (27), we have Qs = epih*, and hence, (z*,s) € Qo also means that
s> h*(z*) > (z",z) — h(z) = (=¥, z) — f(x). After all, as (A\G)(z) =0, we have

\%

s> h'(z") > (2%, 2) — h(z) = (2", 2) — f(2)
= Z 0; ((x7, @) — fi(z)) + (u",z) — (A\G)(z) (as i€ I(x))

i€s(0)

D 0l (@) + (AG) () (see (5)).

i€s(0)

So, there exists ((s;)i,t) € R*® x R such that

s = Z si+t, s >0:f (x7), Vi€s(0), and t>(\G)"(u*),
i€s(0)

and we then have

wo= X o (a 5]+,

i€s(0)

yielding

(z*,s) € co U epi fi' | +epi(AG)* C Qa.
iel(x)

[(iz) = (2)] It follows from Proposition 6 (applied to the case H = 1) that

U o) + |J 00G)(z) C oh(a).

icI(x) xest
(A,G(x))=0

Since Oh(z) is convex it follows that the inclusion [D] always holds in (7). Let

us prove the reverse inclusion. Let z* € Oh(z) and s := (z*,z) — h(z). Then

(z*,s) € epih* (see (5)) and by (27), (z*,s) € Qa. So, (z*,s) € Q2N (Oh(z) xR), and

by (”) (I*,S) € Q2. Then there exist H= (N’i)iEs(u) € AI: ((x:7sl))l € H epi f::
1€s(p)
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A€ ST, and (u*,t) € epi(A\G)* such that (z*,s) = > p(xf,s;) + (u*,t). We

i€s(p)
have
s = Z wisi +t
i€s(p)
> > wfi(E) + (0G)* (u”)
i€s(p)
> > i ((25,2) - fi(@) + (uh,2) — (AG)(x)
1€s(p)
— @t = Y wihile) - (A6 (@)
i€s(p)
Consequently,

0="a)— f@@) = 3 wifi (@) - (OG) (")

i€s(p)

= > [m@i2) — filz) = £F@EO)] + D m(file) - f(@))]
i€s(p) i€s(p)
+ [, z) = (AG)(x) — (AG)" (u")] + [(AG) ()] -

We note that each term in the brackets is less or equal to 0. Since the sum of these
terms is equal to 0 each of these terms is equal to 0, that means respectively:

xf € 8fi(x), Vies(u), s(p) cl(z), u* ecdG)(z), and () G(z))=0.
We then have:

7" = iesuy it + " € 00 (Uey( 00:(2) ) + 00G) ()
< 0 (Uern 26:(2)) +000G)(2)

and we are done. 0
Taking G(z) = 0z for all z € X, we obtain:
Corollary 5 Assume that (f;)ic; C I'(X) and
co (U epi f;‘) is w*-closed in X* x R. (28)
icl
Then, for each x € dom (sup,c7 fi) we have

d (sup fi) (z) = co ( U 8fi(x)> . (29)

el i€l(x)
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Remark 7 Formula (29) is to be compared with the one of Corollary 3 and also
with the classical Valadier formula ([28, Theorem 2], [15, Theorem 3, p.201], [32,
Theorem 2.4.18]) in which, under some continuity assumption, the w*-closed con-
vex hull appears in the right hand side of (29) (see however, [15, Theorem 4, p.204]
and [31, Theorem 2.4]).

Remark 8 The formulas given in Corollary 3 and Corollary 5 remain valid if one re-
places the assumption (f;);c; C I'(X) by the weaker one (sup;c; fi)*" = sup;e; fi™.
This last condition has been considered in [21] and [22].

To conclude, let us give two typical examples when Condition (28) is satisfied
and, consequently, (29) holds. To this end, recall that the recession function ¢
of o € I'(R™) defined by epi(¢,) = (epi¢)wo, coincides with the support function
of dom ¢* (or dom*), see [26, Theorem 13.3]. So, heo = (ddom ¢*)* = (Ogom 7)™
In both examples below, we assume that (f;);c; € I'(R™), I is compact, and, for
each z € R", the function ¢ — f;(z) is usc.

FEzample 2 Assume that the epigraphs of the conjugate functions f;, i € I, have
the same recession cone, that means

D :=dom f; =dom f;, V(i,j)€lxI, (30)

and assume that epid}, does not contain lines. Then by [25, Theorem 5.3(b)], we
have

epi (sup f) — co (U epi f;‘) +co (| (epifi))

icl

el i€l
= co (U epifi*) +epid} =co (U epi f; +epi6*D>
el i€l

=co U (epi fi' +epié]p) = co U lepi fi" 4 (epi fi*)oo}
il =

= co (U epif;‘) ,
i€l

which is closed since epi (sup;c; f;)* is closed.

In the case when the convex functions f;, i € I, are real-valued on R"” we
have (epi f;)oo = {Orn} x Ry, for all 4 € I, and epid}, does not contain lines.
Consequently, (29) holds (see [14, Theorem 4.4.2] where the additional but non-
necessary condition dom(sup;cr f;) = R"™ is required).

Ezample 8 By [27, Corollary 5.3] we know that (28) holds if (30) holds and for
each (z,7) € R™ x R the function i — (Jep; f:)* (z,7) is usc. We have (see [4, p.3])
400 if r >0,
(6epi f:‘)* (x7 T) = (5dom f;*)* (ZC) if r = 07
—rfi (-2) if r <0.

Assuming that

dom f} = dom f7, V(i,j) € I x I, (31)

we obtain that i — (Jep fi*)* (z,7) is usc. Consequently, if (30) and (31) hold then
(29) holds.
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