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Abstract

The weighted T-free 2-matching problem is the following problem: given an undirected graph
G, a weight function on its edge set, and a set 7 of triangles in G, find a maximum weight 2-
matching containing no triangle in 7. When 7 is the set of all triangles in G, this problem is
known as the weighted triangle-free 2-matching problem, which is a long-standing open problem. A
main contribution of this paper is to give a first polynomial-time algorithm for the weighted T -free 2-
matching problem under the assumption that 7 is a set of edge-disjoint triangles. In our algorithm, a
key ingredient is to give an extended formulation representing the solution set, that is, we introduce
new variables and represent the convex hull of the feasible solutions as a projection of another
polytope in a higher dimensional space. Although our extended formulation has exponentially many
inequalities, we show that the separation problem can be solved in polynomial time, which leads to
a polynomial-time algorithm for the weighted T-free 2-matching problem.

1 Introduction

1.1 2-matchings without Short Cycles

In an undirected graph, an edge set M is said to be a 2—matchz’ngE| if each vertex is incident to at
most two edges in M. Finding a 2-matching of maximum size is a classical combinatorial optimization
problem, which can be solved efficiently by using a matching algorithm. By imposing restrictions on
2-matchings, various extensions have been introduced and studied in the literature. Among them, the
problem of finding a maximum 2-matching without short cycles has attracted attentions, because it has
applications to approximation algorithms for TSP and its variants. We say that a 2-matching M is C<j-
free if M contains no cycle of length k or less, and the C'<j-free 2-matching problem is to find a C<-free
2-matching of maximum size in a given graph. When k < 2, every 2-matching without self-loops and
parallel edges is C<j-free, and hence the C<j-free 2-matching problem can be solved in polynomial time.
On the other hand, when n/2 < k < n — 1, where n is the number of vertices in the input graph, the
C<p-free 2-matching problem is NP-hard, because it decides the existence of a Hamiltonian cycle. These
facts motivate us to investigate the borderline between polynomially solvable cases and NP-hard cases
of the problem. Hartvigsen [I2] gave a polynomial-time algorithm for the C<s-free 2-matching problem,
and Papadimitriou showed that the problem is NP-hard when k& > 5 (see [6]). The polynomial solvability
of the C«<y-free 2-matching problem is still open, whereas some positive results are known for special
cases. For the case when the input graph is restricted to be bipartite, Hartvigsen [I3], Kiraly [I8], and
Frank [I0] gave min-max theorems, Hartvigsen [14] and Pap [25] designed polynomial-time algorithms,
Babenko [I] improved the running time, and Takazawa [27] showed decomposition theorems. Recently,
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Takazawa [29] 28] extended these results to a generalized problem. When the input graph is restricted
to be subcubic, i.e., the maximum degree is at most three, Bérczi and Végh [4] gave a polynomial-time
algorithm for the C<4-free 2-matching problem. Relationship between C<j-free 2-matchings and jump
systems is studied in [3 8 21].

There are a lot of studies also on the weighted version of the C<j-free 2-matching problem. In the
weighted problem, an input consists of a graph and a weight function on the edge set, and the objective
is to find a C<j-free 2-matching of maximum total weight. Kirdly proved that the weighted C<4-free
2-matching problem is NP-hard even if the input graph is restricted to be bipartite (see [10]), and a
stronger NP-hardness result was shown in [3]. Under the assumption that the weight function satisfies
a certain property called vertez-induced on every square, Makai [23] gave a polyhedral description and
Takazawa [26] designed a combinatorial polynomial-time algorithm for the weighted C<4-free 2-matching
problem in bipartite graphs. The case of k = 3, which we call the weighted triangle-free 2-matching
problem, is a long-standing open problem. For the weighted triangle-free 2-matching problem in subcubic
graphs, Hartvigsen and Li [I5] gave a polyhedral description and a polynomial-time algorithm, followed
by a slight generalized polyhedral description by Bérezi [2] and another polynomial-time algorithm by
Kobayashi [19]. Relationship between C<i-free 2-matchings and discrete convexity is studied in [19] 20,
21].

1.2 Our Results

The previous papers on the weighted triangle-free 2-matching problem [2] 15 [19] deal with a generalized
problem in which we are given a set T of forbidden triangles as an input in addition to a graph and a
weight function. The objective is to find a maximum weight 2-matching that contains no triangle in T,
which we call the weighted T -free 2-matching problem. In this paper, we focus on the case when 7T is a set
of edge-disjoint triangles, i.e., no pair of triangles in 7 shares an edge in common. A main contribution
of this paper is to give a first polynomial-time algorithm for the weighted 7-free 2-matching problem
under the assumption that 7T is a set of edge-disjoint triangles. Note that we impose an assumption only
on 7, and no restriction is required for the input graph. We now describe the formal statement of our
result.

Let G = (V, E) be an undirected graph with vertex set V and edge set F, which might have self-loops
and parallel edges. For a vertex set X C V, let dg(X) denote the set of edges between X and V'\ X. For
v eV, da({v}) is simply denoted by dc(v). For v € V, let dg(v) denote the multiset of edges incident
to v € V, that is, a self-loop incident to v is counted twice. We omit the subscript G if no confusion may
arise. For b € ZY,, an edge set M C E is said to be a b-matching (vesp. b-factor) if |M N §(v)| < b(v)
(resp. |M N (v)| = b(v)) for every v € V. If b(v) = 2 for every v € V, a b-matching and a b-factor are
called a 2-matching and a 2-factor, respectively. Let T be a set of triangles in G, where a triangle is a
cycle of length three. For a triangle T, let V(T') and E(T) denote the vertex set and the edge set of T,
respectively. An edge set M C E is said to be T-free if E(T) € M for every T € T. For a vertex set
S C V, let E[S] denote the set of all edges with both endpoints in S. For an edge weight vector w € R¥,
we consider the problem of finding a T-free b-matching (resp. b-factor) maximizing w(M ), which we call
the weighted T -free b-matching (resp. b-factor) problem. Note that, for a set A and a vector ¢ € R4, we
denote c¢(A) = > . 4 c(a).

Our main result is formally stated as follows.

Theorem 1. There exists a polynomial-time algorithm for the following problem: given a graph G =
(V,E), b(v) € Zx¢ for each v € V, a set T of edge-disjoint triangles, and a weight w(e) € R for each
e € E, find a T-free b-factor M C E that mazimizes the total weight w(M).

A proof of this theorem is given in Section Since finding a maximum weight 7-free b-matching
can be reduced to finding a maximum weight 7 -free b-factor by adding dummy vertices and zero-weight
edges, Theorem [I] implies the following corollary.



Corollary 2. There exists a polynomial-time algorithm for the following problem: given a graph G =
(VLE), b(v) € Zxq for each v € V, a set T of edge-disjoint triangles, and a weight w(e) € R for each
e € E, find a T-free b-matching M C E that mazimizes the total weight w(M).

In particular, we can find a T-free 2-matching (or 2-factor) M C FE that maximizes the total weight
w(M) in polynomial time if 7 is a set of edge-disjoint triangles.

1.3 Key Ingredient: Extended Formulation

A natural strategy to solve the maximum weight 7 -free b-factor problem is to give a polyhedral descrip-
tion of the T-free b-factor polytope as Hartvigsen and Li [I5] did for the subcubic case. However, as we
will see in Example [I] giving a system of inequalities that represents the T-free b-factor polytope seems
to be quite difficult even when 7 is a set of edge-disjoint triangles. A key idea of this paper is to give an
extended formulation of the T-free b-factor polytope, that is, we introduce new variables and represent
the T-free b-factor polytope as a projection of another polytope in a higher dimensional space.

Extended formulations of polytopes arising from various combinatorial optimization problems have
been intensively studied in the literature, and the main focus in this area is on the number of inequalities
that are required to represent the polytope. If a polytope has an extended formulation with polynomially
many inequalities, then we can optimize a linear function in the original polytope by the ellipsoid method
(see e.g. [I1]). On the other hand, even if a linear function on a polytope can be optimized in polynomial
time, the polytope does not necessarily have an extended formulation of polynomial size. In this context,
the existence of a polynomial size extended formulation has been attracted attentions. See survey
papers [Bl [I7] for previous work on extended formulations.

In this paper, under the assumption that 7 is a set of edge-disjoint triangles, we give an extended
formulation of the T-free b-factor polytope that has exponentially many inequalities (Theorem . In
addition, we show that the separation problem for the extended formulation is solvable in polynomial
time, and hence we can optimize a linear function on the 7T-free b-factor polytope by the ellipsoid method
in polynomial time. This yields a first polynomial-time algorithm for the weighted T-free b-factor (or
b-matching) problem. Note that it is rare that the first polynomial-time algorithm was designed with
the aid of an extended formulation. To the best of our knowledge, the weighted linear matroid parity
problem was the only such problem before this paper (see [16]).

1.4 Organization of the Paper

The rest of this paper is organized as follows. In Section [2| we introduce an extended formulation of
the T-free b-factor polytope, whose correctness proof is given in Section 4] In Section |3} we show a few
technical lemmas that will be used in the proof. In Section 5] we give a polynomial-time algorithm for
the weighted T -factor problem and prove Theorem [I} Finally, we conclude this paper with remarks in
Section [} Some of the proofs are postponed to the appendix.

2 Extended Formulation of the 7-free b-factor Polytope

Let G = (V, E) be a graph, b € Z‘Z/0 be a vector, and T be a set of forbidden triangles. Throughout this
paper, we only consider the case when triangles in T are mutually edge-disjoint.
For an edge set M C E, define its characteristic vector x5, € R¥ by

(1)

xp(e) =

1 ifee M,
0 otherwise.

The T -free b-factor polytope is defined as conv{xzys | M is a T-free b-factor in G}, where conv denotes
the convex hull of vectors, and the b-factor polytope is defined similarly. Edmonds [9] shows that the



J==N I

N~

Lok

Figure 1: Graph G = (V, E) Figure 2: b-factor M Figure 3: b-factor M»

b-factor polytope is determined by the following inequalities.

2(3(v)) = b(v) (veV) (2)
0<z(e)<1 (e€ E) (3)
doale)+ Y (1—a(e) >1 ((S, Fo, F1) € F) (4)
eckFyp ecky

Here, F is the set of all triples (S, Fy, F1) such that S C V, (Fp, Fy) is a partition of §(5), and b(S) + | Fi|

is odd. Note that z(6(v)) = > c4(,) #(€) and z(e) is added twice if e is a self-loop incident to v.
In order to deal with T-free b-factors, we consider the following constraint in addition to 7.

2(E(T)) <2 (TeT) (5)

However, as we will see in Example |1} the system of inequalities 7 does not represent the T -free
b-factor polytope. Note that when we consider uncapacitated 2-factors, i.e., we are allowed to use two
copies of the same edge, it is shown by Cornuejols and Pulleyblank [7] that the T-free uncapacitated
2-factor polytope is represented by z(e) > 0 for e € E, x(é(v)) =2forv eV, and .

Example 1. Consider the graph G = (V, E) in Figure [1| Let b(v) = 2 for every v € V and T be the
set of all triangles in G. Then, G has no T-free b-factor, i.e., the T-free b-factor polytope is empty. For
e € E, let z(e) = 1 if e is drawn as a blue line in Figure [1f and let z(e) = 3 otherwise. Then, we can
easily check that = satisfies , , and . Furthermore, since x is represented as a linear combination
of two b-factors M7 and My shown in Figures [2| and |3 = satisfies .

In what follows in this section, we introduce new variables and give an extended formulation of the
T-free b-factor polytope. For T € T, we denote Er = {J C E(T) | J # E(T)}. For T € T and J € &r,
we introduce a new variable y(T,J). Roughly, y(7T,J) denotes the fraction of b-factors M satisfying
M N E(T) = J. In particular, when x and y are integral, y(T,J) = 1 if and only if the b-factor M
corresponding to (z,y) satisfies M N E(T) = J. We consider the following inequalities.

S y(@,g) =1 (TeT) (6)

Je&r

> y(T, ) = ax(e) (TET, ec E(T)) (7)
ecJelr
y(T,J) >0 (TeT, Jecér) (8)

If T is clear from the context, y(7,J) is simply denoted by y(.J). Since triangles in T are edge-disjoint,
this causes no ambiguity unless J = §. In addition, for o, 3 € E(T), y({a}), y({a, 8}), and y(0) are
simply denoted by ya, yag, and yp, respectively.

We now strengthen (4) by using y. For (S, Fo, Fy) € F,let Ts ={T € T | E(T)N§(S) # 0}. For



T € Tg with E(T) = {a, 8,7} and E(T) N§(S) = {«, 8}, we define

Yo + Yoy ifa € Fyand B e Fy,
ys+ysy if B € Fyandac Fy,
yp+y, o, fEF,
Yos if a, B € Fy.

(T) =

Note that this value depends on (S, Fy, F1) € F and y, but it is simply denoted by ¢*(T") for a notational
convenience. We consider the following inequality.

doale)+ Y (I—z(e) = Y 2¢"(T) =1 ((S,Fo, F1) € F) (9)

ecFy ecFy TeTs

For T € Tg with E(T) = {a, 8,7} and E(T) N 6(S) = {a, B}, the contribution of a, 8, and T to the
left-hand side of (9)) is equal to the fraction of b-factors M such that |M N{a, 8} # |[FiN{a, B}| (mod 2)
by the following observations.

e If « € Fy and B8 € Fi, then @ and (7) show that z(a) = Yo + Yap + Yoy and 1 — z(f) =
1= (Y + Yap + Ysy) = Yo +Ya + Yy + Yoy Therefore, z(a) + (1 —z(8)) = 2¢"(T) = yo + ¥y + Yas,
which denotes the fraction of b-factors M such that |M N {«, 8}| is even.

e If B € Fy and o € Iy, then @ and (7)) show that (1 — z(a)) + z(8) — 2¢*(T) = yp + Yy + Yas:
which denotes the fraction of b-factors M such that |M N {«, 8}| is even.

e If a,3 € Fy, then () and show that (1 —z(a)) + (1 — 2(8)) — 2¢"(T) = Ya + Y8 + Yay + Ys+»
which denotes the fraction of b-factors M such that |[M N {«a, 5} is odd.

o If a, 8 € Fy, then @ and show that z(a) +z(8) — 2¢*(T) = Ya + Y8 + Yary + Ys~, Which denotes
the fraction of b-factors M such that |M N {a, B}| is odd.

Let P be the polytope defined by

P ={(z,y) € R x RY | z and y satisfy , , and 7@},

where Y = {(T,F) | T € T, F € Er}. Note that we do not need (), because it is implied by (9). Define
the projection of P onto E as

projz(P) = {z € R¥ | There exists y € RY such that (z,y) € P}.

Our aim is to show that projg(P) is equal to the T-free b-factor polytope. It is not difficult to see that
the T-free b-factor polytope is contained in projz(P).

Lemma 3. The T -free b-factor polytope is contained in projg(P).

Proof. Suppose that M C E is a T-free b-factor in G and define z); € RF by . For T' € T and
J € Ep, define
1 f MNE(T)=J,

0 otherwise.

y]VI(T"]):{

We can easily see that (zpr,ynr) satisfies , , and 7. Thus, it suffices to show that (zas,yar)
satisfies (9). Assume to the contrary that (9)) does not hold for (S, Fy, F1) € F. Then, zy(e) = 0 for every
e € Fo\Urer, E(T) and zp(e) = 1 for every e € Fy \Uyper, E(T'). Furthermore, since the contribution
of E(T)N§(S) and T to the left-hand side of (9) is equal to 1 if and only if [MNE(T)NS(S)| # |F1NE(T)|
(mod 2), we obtain |[M N E(T)N§(S)| = |FL N E(T)| (mod 2) for every T € Tg. Then,

(M Ns(S) = |(MnsS)\ | B+ Y IMnET)N(S)]
TeTs TeTs

=R\ {J E@)|+ Y IFNET) =Rl

TeTs TeTs



Since M is a b-factor, it holds that |M N §(S)| = b(S) (mod 2), which contradicts that b(S) + |F] is
odd. O

To prove the opposite inclusion (i.e., projg(P) is contained in the T-free b-factor polytope), we
consider a relaxation of (9). For T € Tg with E(T) = {«a, 3,7} and E(T) N §(S) = {a, B}, we define

Yo + Yoy ifa € Fyand B e Fy,
yg +ypy if B € Fpand o € Fy,
Yy if a, 8 € Iy,
0 if a, 8 € Fy.

q(T) =

Since ¢(T') < ¢*(T) for every T € Tg, the following inequality is a relaxation of @D

D)+ > (I—a(e) = > 2q(T) =1 ((S,Fo,F1) € F) (10)

e€Fy eck; TeTs
Note that there is a difference between @ and in the following cases.
e If o, 8 € Iy, then the contribution of a, 3, and T to the left-hand side of is (1 —z(a))+ (1 -
2(B)) = 24(T) = Ya + Yp + Yay + Ypy + 210
e If a, 5 € Fy, then the contribution of a, 5, and T to the left-hand side of isx(a)+x(B8)—2¢(T) =
Yo + Y + Yary + Ypy + 2yaﬁ‘

Define a polytope @ and its projection onto E as

Q=A{(z,y) € RP x RY | z and y satisfy , , 7, and },

projp(Q) = {x € R¥ | There exists y € RY such that (z,y) € Q}.

Since is implied by @, we have that P C @ and projg(P) C projz(Q). In what follows in Sections
and [4] we show the following proposition.

Proposition 4. projz(Q) is contained in the T -free b-factor polytope.
By Lemma Proposition 4} and projgz(P) C proj(Q), we obtain the following theorem.

Theorem 5. Let G = (V, E) be a graph, b(v) € Z>q for each v € V, and let T be a set of edge-disjoint
triangles. Then, both projg(P) and projg(Q) are equal to the T -free b-factor polytope.

We remark here that we do not know how to prove directly that projz(P) is contained in the T-free
b-factor polytope. Introducing proj(Q) and considering Proposition |4 which is a stronger statement, is
a key idea in our proof. We also note that our algorithm in Section [5|is based on the fact that the T-free
b-factor polytope is equal to projg(P). In this sense, both projg(P) and projg(Q) play important roles
in this paper.

Example 2. Suppose that G = (V, E), b € ZY,, and € RF are as in Example|l| Let T be the central
triangle in G and let E(T) = {a, 8,~}. If y € RY satisfies @ and , then yag + ¥gy + Yoy < 1.
Thus, without loss of generality, we may assume that y.g < % by symmetry. Let S be a vertex set with
5(S) = {«a,8}. Then, does not hold for (S, {a},{8}) € F, because z(«a) + (1 — z(8)) — 2¢(T) =
1 —z(a) — z(B) + 2yap < 2 < 1. Therefore,  is not in projz(Q).

3 Extreme Points of the Projection of ()

In this section, we show a property of extreme points of proj;(Q), which will be used in Section 4. We
begin with the following easy lemma.



Lemma 6. Suppose that x € RF satisfies (@ and (@ Then, there exists y € RY that satisfies (@7@

Proof. Let T € T be a triangle with E(T) = {«a, 5,7} and x(a) > x(5) > z(v). For J € &r, we define
y(T,J) as follows.

o Ifz(a) > z(B) +2(y), then yap = 2(B), Yoy = 2(7), Yo = 1 = 2(a), ya = x(a) — z(f) — (), and
Ys =Yy =ypy =0

o If z(a) < x(B) + x(7), then yap = F(x(a) + 2(B) — 2(7)); Yay = 3(2(a) + 2(y) — 2(8)), ysy =
s@(B) +z(y) —z(a), yp = 1 — §(x(e) + 2(8) + x(7)), and yo = yg =y, = 0.

Then, y satisfies @7. O

By using this lemma, we show the following.

Lemma 7. Let x be an extreme point of projz(Q) and y € RY be a vector with (z,y) € Q. Then, one
of the following holds.

(i) © = xp for some T -free b-factor M C E.
(ii) () is tight for some T € T.

(i41) @) is tight for some (S, Fo, F1) € F with Tg" # 0, where we define Tg = {T € T | E(T)N§(S)N
Fy #0}.

Proof. We prove (i) by assuming that (ii) and (iii) do not hold. Since is not tight for any (S, Fy, F1) €
F with ’7? # (), z is an extreme point of

{z € R¥ | There exists y € RY such that (z,y) satisfies 7},

because is a special case of in which ’7? = (). By Lemma |§|, this polytope is equal to {z €
R¥ | z satisfies ([2)—(5)}. Since (5) is not tight for any 7" € T, x is an extreme point of {z € R¥ |
x satisfies 7}, which is the b-factor polytope. Thus, x is a characteristic vector of a b-factor. Since
 satisfies , it holds that = = z,; for some T -free b-factor M C E. O

4 Proof of Proposition

In this section, we prove Proposition ] by induction on |7T|. If |7| = 0, then y does not exist and is
equivalent to . Thus, proj(Q) is the b-factor polytope, which shows the base case of the induction.

Fix an instance (G, b, 7) with |7] > 1 and assume that Proposition holds for instances with smaller
|T|. Suppose that @ # 0, which implies that b(V) is even as (V,0,0) & F by (10). Pick up = € projz(Q)
and let y € RY be a vector with (z,7) € Q. Our aim is to show that z is contained in the T-free b-factor
polytope.

In what follows in this section, we prove Proposition [4] as follows. We apply Lemma [7| to obtain one
of (i), (ii), and (iii). If (i) holds, that is, x = s for some T-free b-factor M C E, then x is obviously in
the T-free b-factor polytope. If (ii) holds, that is, is tight for some T' € T, then we replace T with a
certain graph and apply the induction, which will be discussed in Section If (iii) holds, that is, (10])
is tight for some (S, Fp, F}) € F with 7~S+ # (), then we divide G into two graphs and apply the induction
for each graph, which will be discussed in Section 4.2

4.1 When (5) is Tight

In this subsection, we consider the case when is tight for some T' € 7. Fix a triangle T' € T with
2(E(T)) = 2, where we denote V(T) = {v1,v9,v3}, E(T) = {a, 8,7}, @ = v1v2, 8 = vavs, and v = v3v;
(Figure . Since is tight, we obtain

2 =z(a) +2(B) + (V) = 2(Yap + Yoy + Ysy) T Yo T Ys + Uy =2~ (Yo + Y5 + Yy) — 290,
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Figure 4: Construction of G’

and hence y, = yg = y, = yp = 0. Therefore, () = Yap + Yary, T(B) = Yas + Ys+v, (V) = Yay + Yss
and Yag + Yoy +Ysy = 1.

We construct a new instance of the T-free b-factor problem as follows. Let G’ = (V/, E’) be the
graph obtained from G = (V| E) by removing E(T') and adding a new vertex r together with three new
edges e; = rvy, es = ruvg, and es = rvs as in Figure Define b’ € ZY, as ¥/ (r) = 1, b/ (v) = b(v) — 1 for
v € {v1,v9,v3}, and b (v) = b(v) for v € V '\ {v1,v2,v3}. Define 2’ € RF as 2/ (e1) = Yary, ' (€2) = Yup,
z'(e3) =Ygy, and 2’ (e) = z(e) for e € E'NE. Let 7' = T\ {T'}, and let Y’ and F’ be the objects for the
obtained instance (G',b’,T") that are defined in the same way as Y and F. Define y’ as the restriction
of y to Y’. We now show the following claim.

Claim 8. (¢/,y) satisfies (), (3), (3)-(8), and (1G) with respect to the new instance (G',b',T").

Proof. We can easily see that (2/,y) satisfies (2), (), (5)—-(8). Consider for (S', Fj, F{) € F'. By
changing the roles of S" and V' \ S’ if necessary, we may assume that r € S’. For (S', F}, F|) € F'
(resp. (S, Fy, F1) € F), we denote the left-hand side of by h'(S’, F{, FY) (resp. h(S, Fo, F1)).

Then, we obtain h'(S’, F{, F{) > 1 for each (5, Fj, F]) € F' by the following case analysis and by
the symmetry of vy, vs, and v3.

1. Suppose that v1,ve,v3 € S’. Since (S’ \ {r}, F{,F]) € F, we obtain h'(S", F{,F{) = h(S"\
{r}, F§, F) > 1.

2. Suppose that vo,v3 € S’ and v € 5.
o Ife; € Fy, then define (S, Fy, F1) € Fas S = S'\{r}, Fo = (Fi\{e1})U{a}, and F} = F{U{~}.
Since z(a) + (1 — (7)) — 2¢(T) = Yoy = @' (€1), we obtain h'(S’, F§, F{) = h(S, Fy, F1) > 1.

o If ey € FY, then define (S, Fy, F1) € Fas S = S'\{r}, Fo = F{, and Fy = (F] \ {e1}) U{a,~}.
Since (1 — z(a)) + (1 — z(7)) — 29(T") = ypy + yap = 1 — 2'(e1), we obtain h'(S", Iy, F) =
h(S, Fy, F1) > 1.

3. Suppose that v; € S" and v9,v3 € 5.

o If e5,e3 € F, then define (S, Fy, Fy) € F as S = S"\ {r}, Fo = F{ \ {ea,e3}, and Fy =
F{U{a,v}. Since (1 —z(a)) + (1 —z(7)) — 2q(T) = ygy + Yap = ='(e2) + 2’(e3), we obtain
(S, F§, F)) = h(S, Fy, F1) > 1.

o If es € F| and e3 € FY, then define (S, Fy, F1) € F as S = 5"\ {r}, Fy = (F{\ {e2}) U{a},
and Fy = (F{ \ {es}) U {v}. Since z(a) + (1 — z(7)) — 2¢(T) = Yoy < 1 — 2'(e3), we obtain
(S, F§, F)) > h(S, Fy, F1) > 1.

o If e5,e3 € FY, then h'(S", F{, F{) > 2 — a'(e2) — 2'(e3) > 1

4. Suppose that vi,ve,v3 € S’.

o If F{ Ndg (r) =0, then h'(S', Fj, FY) > 2'(e1) + 2/(e2) + 2/(e3) = 1.
o If |[F{ Ndg(r)| > 2, then W' (S, Fj, F]) > 2 — (2'(e1) + 2’ (e2) + 2'(e3)) = 1.



o If |F]{ Nég/(r)] = 1, then define (S, Fy, F1) € F as S = S"\ {r}, Fy = F} \ d¢/(r), and
Fy = F{\ é¢/(r). Then, we obtain h'(S’, Fj, F]) > h(S, Fy, F1) > 1.

O

By this claim and by the induction hypothesis, ' is in the 7’-free b'-factor polytope. That is, there
exist T'-free b/-factors My, ..., M{ in G’ and non-negative coefficients A1,..., A\s such that 22:1 A=1
and

t
i=1

where ;€ R’ is the characteristic vector of M defined in the same way as lb
For a T'-free b/-factor M’ C E’ in G’, we define a corresponding T-free b-factor ¢(M') C F in G as

(M'NE)U{a,v} ifei € M,

(M) = (M'NE)U{a,B} ifes e M,
(M'NE)YU{B,v} ifeze M.

By , we obtain z(e) = ZE=1 Aiz oy (e) for each e € ENE'. By again, it holds that
¢
D Airpaun(@) = {iler € M} +) {Ai|e2 € Mj} =a'(e1) +2'(e2) = Yoy + Yap = 2(a),
i=1

and similar equalities hold for 8 and «. Therefore, we obtain x = Zzt'=1 AiZy(n7), which shows that x is
in the T-free b-factor polytope.

4.2 When (10) is Tight

In this subsection, we consider the case when is tight for (S*, Fy, Fy) € F with T4 # 0, where
T ={T €T |E(T)NG&S*)NEFy #0}. In this case, we divide the original instance into two instances
(G1,b1,7T1) and (Ga, ba, T2), apply the induction for each instance, and combine the two parts. We denote

F§ = F \Urers, B(T) and Ff = F{ \Upers, B(T).

4.2.1 Construction of (G;,b;,7;)

We first construct (Gi,b1,71) and its feasible LP solution x7. Starting from the subgraph G[S*] =
(8*, E[S*]) induced by S*, we add a new vertex r corresponding to V*\ S*, set bi(r) = 1, and apply
the following procedure.

e For each f = uv € Ff with u € S*, we add a new edge e/ = ur (Figure . Let z1(ef) = 2(f).

e For each f=uv € ﬁ‘f with u € S*, we add a new vertex pf and new edges e/ = up{ and ef = pfr
(Figure @ Let by(pf) =1, z1(ef) = z(f), and 21 (ef) = 1 — z(f).

e For each T € T4 with |E(T) Ndg(S*) N Fy| =2 and |V(T) N S*| = 2, which we call a triangle of
type (A), add new vertices p1, p2 and new edges ey, ..., eg as in Figure Define by (p1) = bi(p2) =1
and

z1(e1) = yp + Yy, z1(e2) = Yp + Yas z1(e3) = Yas,
r1(es) = Ypy, zi(es) =1 —yp — ¥y, z1(es) =1 = yp — Ya,

where a, 3, and ~ are as in Figure[7}
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U u
S*
Figure 5: An edge in Fjf Figure 6: An edge in F}

e For each T' € T4 with |E(T) N dg(S*) N Fy| = 2 and |V(T) N S*| = 1, which we call a triangle
of type (A’), add a new vertex ps and new edges ey, ea, €3, €4, €7, €5, and eg as in Figure |8l Define
b1 (p3) = 2 and

z1(e1) = Yo + Yy, r1(e2) = Yo + Yo z1(€3) = Yaps r1(e4) = ypy,
z1(er) = yg, z1(€8) = Yars z1(eg) =1 —yp — yp,
where «, 8, and ~ are as in Figure

e For each T € T4 with |E(T) N éc(S*) N Fy| =1 and [V(T) N S*| = 2, which we call a triangle of
type (B), add new vertices p1,p2, ps and new edges eq,...,eg as in Figure @ Define by (p;) = 1 for
i€{1,2,3}, and

z1(e1) = yp + Ys, z1(e2) = Yars z1(e3) = Yy,
z1(€e4) = Ya, z1(e5) = Yass z1(e6) = Ysy,
z1(er) = yp, zi(eg) =1 —wp — 4y, r1(e9) =1 = Yp — Yo

where a, 3, and 7 are as in Figure [9]

e For each T € T4 with |E(T)Ndg(S*) N Ff| =1 and |V(T) N S*| = 1, which we call a triangle of
type (B’), add a new vertex py and new edges ej, e, and ejg as in Figure Define by (ps) = 1,
and

ri(e1) = yop + s, r1(€2) = Yar, z1(ei0) =1 —yp — ys,
where a, 8, and v are as in Figure

In order to make it clear that p; and e; are associated with T' € 7?;, we sometimes denote p! and el Let
Gy = (Vi, E1) be the obtained graph. Define by € Z¥) by by (v) = b(v) for v € S* and by (v) is as above
for v € Vi \ S*. Define z; € R by z;(e) = z(e) for e € E[S*] and z;(e) is as above for e € E; \ E[S*].

For each T € Ts- \ T4 with [V(T) N S*| = 2, say V(T) N S* = {u,v}, let ¥)(T) be the corresponding
triangle in G; whose vertex set is {u,v,r}. Let

Ti={TcT|V(T)C S }U{(T)|T € Ts- \ T4 with [V(T) N S*| =2},

and let Y7 and F; be the objects for the obtained instance (G1,b1,71) that are defined in the same way
as Y and F. Define y; as the restriction of y to Y;, where we identify f € Fj with e/ and identify
T € Ts- \ T4 with (7).

Similarly, by changing the roles of S* and V'\ S*, we construct a graph Gy = (V4, E2) and an instance
(G3,ba,Tz), where the new vertex corresponding to S* is denoted by /. Define x5, ys, Y2, and F» in the
same way as above. Note that a triangle T € T4\ is of type (A) (resp. type (B)) for (G1,b1,T7) if and
only if it is of type (A’) (resp. type (B’)) for (Ga,ba, T2).

We use the following claim, whose proof is given in Appendix [A]

Claim 9. For j € {1,2}, (z;,y;) satisfies (@, (@), (@)7(@), and @) with respect to the new instance
(G5, T;)-

10
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Figure 9: A triangle of type (B)

4.2.2 Pairing up 7;-free b;-factors

Since |T;| < |T|— |T4:| < |T| for j € {1,2}, by Claim |§| and by the induction hypothesis, z; is in the
Tj-free bj-factor polytope. That is, there exists a set M of T;-free b;-factors in G; and a non-negative
coefficient A for each M € M such that ZMeMj v =1land z; = ZMeMj Az, where 23 € RFi
is the characteristic vector of M.

Let j € {1,2} and consider (G, b;,7;). Since x;(el) > z;(el) for each triangle T € T4 of type (B),
by swapping parallel edges e? and e}’ if necessary, we may assume that {e2,e?} Z M for each M € M;
and for each T € T4 of type (B). In what follows, we construct a collection of T-free b-factors in G by
combining M; and Ma.

Since there is a one-to-one correspondence between d¢, () and dg, (r’), we identify them and denote
Ey, that is, By = E1 N Ey = 6a, (1) = 8c,(r"). Note that ef € E; and eff, € Es are identified for each
f € Fy. Since by (r) = by(r') = 1, it holds that [M; N Eo| = |My N Eo| = 1 for every M; € M, and for
every Ms € Ms. Define

M = {(Ml,Mg) | M1 c Ml, M2 S MQ, M1 OEO == Mngo}.

Since x1(e) = xa(e) for e € Ey by the definitions of x; and x2, we can pair up a b;-factor M; in M; and
a by-factor My in My so that (My, Ms) € M. More precisely, we can assign a non-negative coefficient
(M, M) for each pair (M, Ms) € M such that

> s | (My, Mp) € M} =1, (12)
> anan | (M1, My) €M, € € My} =a1(€) (€ € Bv), (13)
> Danan) | (M, Ma) € M, ¢ € My} = aa(e') (¢ € Ea). (14)

Let (My, Ms) € M. For a triangle T € T4 of type (A) or (A’), denote My = (M;UM)N{ef, ... el}
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and define p(M;, M2, T) C E(T) as

{a} if M1 = {ea,e5,es} or My = {es, e5,e9},

{7} if M1 = {e1,eq,es} or My = {ey,eq,e9},
{a, B8} if My = {es,es5,¢e6,es} or My = {es,e5,¢eq,€9},
{B,7v} if M = {es,e5,¢6,es} or My = {es, e5,€6,€9},
{a,v} if Mr = {es,eq,€s,€9},

{8} if M1 = {es,eq,e7},

QO(MMMQvT) =

where the superscript 7' is omitted here. Note that My satisfies one of the above conditions, because
M; is a bj-factor for j € {1,2}.

For a triangle T € T4. of type (B) or (B’), denote My = (M; U Ms) N {el,... ely} and define
(p(Ml,Mg,T) Q E(T) as

1] if My ={ey,er},

{a} if My = {eq,es,e10} or My = {es, e7,e10},

{7} if My = {es,eg,e10} or Mr = {es,e7,€10},

@(My, M3, T) = < {a, 8} if M7 = {es, es,e9,€10},

{B,v} if My = {eg,es,e9,€10},

{a,v} if My ={es,es,e9,€e10},

{5} if M = {e1,es,e9},

where the superscript T is omitted here again. Note that My satisfies one of the above conditions,

because we are assuming that M, is a b;-factor with {es,e7} Z M; for j € {1,2}.
For (My, M) € M, define My & My C E as

M, ® My = (MyNE[S*])U(MyNE[V\S*))U{f e E;|e € Myn My}
U{feFy el ¢ Min M} U| J{p(My, M, T) | T € T4t}
We now use the following claims, whose proofs are postponed to Appendices [B] and [C]
Claim 10. For (My, M) € M, My & Ms forms a T -free b-factor.

Claim 11. It holds that

r = Z )\(Ml,Mz)leeaMw
(Ml,Mz)GM

where xyr,em, € RY is the characteristic vector of My & M.

By and by Claims |10 and it holds that x is in the 7 -free b-factor polytope. This completes
the proof of Proposition [4]

5 Algorithm

In this section, we give a polynomial-time algorithm for the weighted T-free b-factor problem and prove
Theorem Our algorithm is based on the ellipsoid method using the fact that the T-free b-factor
polytope is equal to projg(P) (Theorem. In order to apply the ellipsoid method, we need a polynomial-
time algorithm for the separation problem. That is, for (x,7) € R x RY, we need a polynomial-time
algorithm that concludes (x,y) € P or returns a violated inequality.

Let (z,y) € RF x RY. We can easily check whether (x,y) satisfies , , and f or not in
polynomial time. In order to solve the separation problem for @7 we use the following theorem, which
implies that the separation problem for can be solved in polynomial time.
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Theorem 12 (Padberg-Rao [24] (see also [22])). Suppose we are given a graph G' = (V/,E'), b’ € Zgé,
and 2’ € [0,1)E". Then, in polynomial time, we can compute S’ C V' and a partition (F}, F) of 6¢:(S")
that minimize ZeeFé x'(e) + ZeeF{(l —2'(e)) subject to V' (S’) + |F{| is odd.

In what follows, we reduce the separation problem for @ to that for and utilize Theorem
Suppose that (x,y) € R¥ x RY satisfies , , and f. For each triangle T' € T, we remove E(T)
and add a vertex rp together with three new edges e; = rpv1, ea = rpve, and e3 = rpvs (Figure .
Let EZ. = {e1, e2,e3} and define

a'(er) = (@) + 2(Y) = 2oy, 2'(e2) = 2() + 2(B) — 2yap,  '(e3) = 2(B) + x(y) = 2yp,.  (15)

Let G’ = (V', E’) be the graph obtained from G by applying this procedure for every T € T. Define
b e Z‘Z/é as b/'(v) = b(v) for v € V and ¥ (v) = 0 for v € V/'\ V. By setting 2'(e) = z(e) fore € E'NE
and by defining z’(e) as for e € E'\ E, we obtain 2/ € [0,1]%". We now show the following lemma.

Lemma 13. Suppose that (z,y) € R¥ x RY satisfies (@, (@, and (@7(@ Define G = (V',E"), ¥,
and x' as above. Then, (x,y) violates (@ for some (S, Fo, F1) € F if and only if there exist S’ C V' and
a partition (F§, F{) of 6c/(S’) such that ' (S") + |F{| is odd and ZeEFé z'(e) + 2eer; (1= z'(e)) < 1.

Proof. First, to show the “only if” part, assume that (z,y) violates @ for some (S, Fy, F1) € F. Recall
that Ts = {T € T | E(T) Néc(S) # 0}. Define 8" C V' by

S'=SU{rr |TeT, [V(T)NS|>2}.

Then, for each T € Tg, E/. N g (S’) consists of a single edge, which we denote er. Define Fj and F] as
follows:

F,=(FonE)U{er |T € Ts, |E(T)N Fy| =0 or 2},
Fl=(FiNE)U{er |TeTs, |E(T)NF|=1}.

It is obvious that (Fj, Fy) is a partition of dg/(S") and b'(S") + |Fi| = b(S) + |F1] =1 (mod 2).

To show that Zeng a'(e) + ZGGF{(l —2'(e)) < 1, we evaluate z'(er) or 1 — 2/ (er) for each T € Tg.
Let T € Tg be a triangle such that E(T) = {«, 8,7} and E(T) N déc(S) = {«a, 8}. Then, we obtain the
following by the definition of ¢*(T).

o If T € Ts and o, 8 € Fy, then z(o) + z(8) — 2¢*(T) = 2/ (er).

o If T € Tg and «, 8 € Fy, then (1 — z(a)) + (1 — z(B)) — 2¢*(T) = 2/ (er).

o If T €Tg, € Fy, and § € Fy, then z(a) + (1 —2(8)) — 2¢*(T) = yp + Yy + Yap = 1 — 2/(er).
o If T €Tg, B €Fy, and a € Fy, then (1 —z(a)) + x(8) — 2¢*(T) = yp + Y + Yap = 1 — 2/ (e7).

With these observations, we obtain

Yo+ Y A-a(e) =Y ale)+ Y (1-z(e)~ Y 20" (T) <1,

ecFj ecFy e€Fy e€f TeTs
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which shows the “only if” part.

We next show the “if” part. For edge sets Fg, F{ C E', we denote g(Fy, Fy) = 3 cp a'(e) +
ZeeF{ (1—2'(e)) to simplify the notation. Let (S’, Fj), F) be a minimizer of g(F{, Fy) subject to (F{, F{)
is a partition of d¢ (S”) and b'(S”) 4| FY| is odd. Among minimizers, we choose (S, F{, FY) so that F{UF]
is inclusion-wise minimal. To derive a contradiction, assume that g(F{, Fy) < 1. We show the following
claim.

Claim 14. Let T € T be a triangle as shown in Figure|11| and denote Fy = FyNEZ and F = F{NE.
Then, we obtain the following.

(i) If vi,v9,v3 € 5’, then ro & S'.

(i) If v1,va,v3 €S, then rp € S'.
(iii) If vy € 8, va,v3 & S', and |F1| is even, then g(Fy, F1) = 2'(e1) = x(a) + () — 2Yar -
(iv) If vy € S, va,v3 € 5, and |ﬁ1| s odd, then g(FO,Fl) =1-2'(e1) =yp + Y3 + Yar-

Proof of Clai, (i) Assume that vy, va,v3 € S” and rr € S’, which implies that FoUEy = {e1,e2,e3}.
Then, we derive a contradiction by the following case analysis and by the symmetry of e, es, and e3.

o If Ffy = {e1,e2} and = {e3}, then

g(F(/hFl/) > g(F07F1)
= (2(a) + 2(7) = 2Yay) + (@(a) + 2(8) = 2yap) + (1 — 2(B) — 2(7) + 2yp,)
=142y, +2ysy > 1,
which is a contradiction.
o If Fy =0 and F} = {e1,e2,e3}, then
9(Fy, FY) > g(Fo, Fy)
= (1 —z(a) = 2(7) + 2Yary) + (1 — z(a) = 2(8) + 2yap) + (1 — 2(8) — z(7) + 2ys+)
=1+ 2(1 - x(a) - ZL’(ﬂ) - (’)/) + Yap + Ypvy + ya'y)
=14+2yy > 1,
which is a contradiction.

e Suppose that |Fy | is even. Since b/ (S"\{rr})+|F/\dc (rr)| is odd and g(F}\dg (r7), F{\éa (r7)) <
g(FL F)y (S"\ A{rr}, Fi\ 6 (r), F{ \ d¢ (rr)) is also a minimizer of g. This contradicts that a
minimizer (S’, Fj, F}) is chosen so that F} U FJ is inclusion-wise minimal.

(ii) Assume that vq,v9,v3 € S’ and rp ¢ S’, which implies that FyUE = {e1,ea,e3}. Then, we
derive a contradiction by the same argument as (i).

(iii) Suppose that vy € S, v, v3 € S, and |Fy| is even. Then, we have one of the following cases.

o If Ffy = {e1} and Fy =0, then
g(F07F1) = 1'/(61) = x(a) +.’E(’}/) - 2ya'y~

o If Fy = {eg,e3} and Fy = (), then

9(Fo, Fr) = (z(a) + (B) = 2yag) + (2(8) + 2(7) — 2ys,)
= z(a) +2(7) + 2(z(5) — yap — Ysy)
> .T(Oé) + x(,}/) > .’L‘(Oé) + ‘/I”(,Y) - 2ya’y~



o If Fy =0 and F; = {ea,e3}, then

9(Fo, Fr) = (1 — z(a) — () + 2yap) + (1 — z(B) — 2(7) + 2ys-)
=x(a) +z(y) - 2Yay + 2(1 = z(a) —z(B) — z(y) + YaB + Ypy T ya'y)
> a(0) + 2(1) — 2y

Since (S, F}, F}) is a minimizer of g(Fy, F}), g(Fo, Fy) = 2/(e1) = x(a) + 2(}) — 2Yar -

(iv) Suppose that vy € S, vo,v3 € S’, and |ﬁ'1| is odd. Then, we have one of the following cases by
changing the labels of e; and eg if necessary.

o If Fy =0 and F} = {e;}, then
g(Fo, F) =1—2'(e1) =1 = z(a) = 2() + 2yar-
o If Fy = {es} and F} = {es}, then
9(Fo, F1) = (2() + 2(8) = 24ap) + (1 — 2(8) — 2() + 2y3,)

> 1 - 2(a) — 2(7) + 2(2() — Yap)
>1—z(a) —z(7) + 2Yan-

Since (', F}, F{) is a minimizer of g(F}, F}), g(Fo, F1) = 1—2'(e1) = 1—2() = 2(7) +2Yary = Y0 +Y5+Yar-
(End of the Proof of Claim

Note that each T' € T satisfies exactly one of (i)—(iv) of Claim [14] by changing the labels of vy, va,
and vs if necessary.
In what follows, we construct (S, Fy, F1) € F for which (x,y) violates @ We initialize (S, Fy, Fy) as

S=5nYV, Fy=FNE, F=FnNE,
and apply the following procedures for each triangle T' € T.
o If T satisfies the condition (i) or (ii) of Claim then we do nothing.
o If T satisfies the condition (iii) of Claim then we add a and v to Fp.
o If T satisfies the condition (iv) of Claim then we add a to Fy and add v to Fj.

Then, we obtain that (Fp, F}) is a partition of 6¢(S), b(S) + |F1| =V (S") + |F{| =1 (mod 2), and

doal@+ Y (A—ale) = Y 207 (D)= '(e)+ Y (1-a'(e)) <1

eeFy eeFy TeTs e€F} ecFy|

by Claim This shows that (z,y) violates @ for (S, Fy, F1) € F, which completes the proof of “if”
part. O]

Since the proof of Lemma [13|is constructive, given S’ C V' and Fj, F] C E’ such that (F{, F{) is
a partition of d¢g/(S”), b'(S’) + |F}| is odd, and ZeEFé x'(e) + Deer(1— z'(e)) < 1, we can construct
(S, Fo, F1) € F for which (z,y) violates @ in polynomial time. By combining this with Theorem
it holds that the separation problem for P can be solved in polynomial time. Therefore, the ellipsoid
method can maximize a linear function on P in polynomial time (see e.g. [II]), and hence we can
maximize ) ., w(e)x(e) subject to x € projz(P). By perturbing the objective function if necessary, we
can obtain a maximizer z* that is an extreme point of projg(P). Since each extreme point of projy(P)
corresponds to a T-free b-factor by Theorem [b] z* is a characteristic vector of a maximum weight 7 -free
b-factor. This completes the proof of Theorem
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6 Concluding Remarks

This paper gives a first polynomial-time algorithm for the weighted T-free b-matching problem where
T is a set of edge-disjoint triangles. A key ingredient is an extended formulation of the T-free b-factor
polytope with exponentially many inequalities. As we mentioned in Section [I.3] it is rare that the
first polynomial-time algorithm was designed with the aid of an extended formulation. This approach
has a potential to be used for other combinatorial optimization problems for which no polynomial-time
algorithm is known.

Some interesting problems remain open. Since the algorithm proposed in this paper relies on the
ellipsoid method, it is natural to ask whether we can design a combinatorial polynomial-time algorithm.
It is also open whether our approach can be applied to the weighted C<y-free b-matching problem
in general graphs under the assumption that the forbidden cycles are edge-disjoint and the weight is
vertex-induced on every square. In addition, the weighted C<3-free 2-matching problem and the C<4-
free 2-matching problem are big open problems in this area.
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A Proof of Claim

By symmetry, it suffices to consider (G1, by, 71). Since the tightness of for (S*, Fi, Fy) implies that
z1(0c, () = 1, we can easily see that (zy,y:) satisfies (2), (3), (5)-(8). In what follows, we consider
for (z1,y1) in (G1,b1,T1). For edge sets Fj, F] C Ey, we denote g(F}, F]) = ZeeFé x1(e) + ZeeF{(l -
z1(e)) to simplify the notation. For (S', Fj, F|) € Fi, let h(S’, F}, F]) denote the left-hand side of
(10). To derive a contradiction, let (S’, F}, F]) € F1 be a minimizer of h(S’, Fjj, F{) and assume that
h(S’, F§, F{) < 1. By changing the roles of S" and V' \ S’ if necessary, we may assume that r ¢ S’.

For T € T4, let v1, va,v3, v, 3, and 7y be as in Figures Let G%. = (Vi},, Ef) be the subgraph of G4
corresponding to T, that is, the subgraph induced by {r,p1, p2,vs,v3} (Figure , {r,ps,v1} (Figure ,
{r, p1,p2,p3,v2,v3} (Figure @), or {r,ps,v1} (Figure . Let S = SN (Vi \ {v1,v0,03}), Fo = F}y N El,
and Fy = F| N E}.

We show the following properties (P1)—(P9) in Section and show that (z1,y;) satisfies by
using these properties in Section [A2]

(P1) If T is of type (A) or (B) and g, v3 ¢ S’, then by (S) + || is even.

(P2) If T is of type (A), va,v3 € S, and by (S) + |Fy| is even, then g(Fp, F1) > min{z(a) + z(v),2 —
z(a) — () — 2yp}-

(P3) If T is of type (B), va,v3 € S’, and b1(S) + | F1| is even, then g(Fo, F1) > Yo + Yy + Yap + Usy-

(P4) If T is of type (A) or (B), va,v3 € S’, and by (S) + |Ey| is odd, then g(Fo, F1) > yp + ys + Yar-

(P5) If T is of type (A) or (B), va € S, vs & ', and by (S) + |F1| is even, then g(Fy, Fy) > min{z(a) +
2(8),2 — x(a) —x(B) — 2y, }-

(P6) If T is of type (A) or (B), va € &, v3 € §’, and by (S) + |F1| is odd, then g(Fo, F1) > yg + Yy + Yas-

(P7) If T is of type (A’) or type (B’) and v; ¢ S’, then by (S) + |F}] is even.

(P8) If T is of type (A’) or type (B'), vy € S', and by (S) + |Fy| is even, then g(Fy, Fy) = min{z(a) +
2(7),2 = w(a) — 2(7) — 2ys}-

(P9) If T is of type (A’) or type (B’), v1 € S’, and by (S) + |F1| is odd, then g(Fp, F1) = yp + Ys + Yary-

Note that each T' € T4 satisfies exactly one of (P1)-(P9) by changing the labels of vy and vy if
necessary.

A.1 Proofs of (P1)—(P9)
A.1.1 When T is of type (A)

We first consider the case when T is of type (A).

Proof of (P1) Suppose that T is of type (A) and vy, v3 & S'. If by (S) + | Fy| is odd, then either p; € S
and |Fy N ¢, (p1)| is even or py € § and |Fy N dg, (p2)| is even. In the former case, h(S', F}, F}) >
min{zi(e1) + z1(es),2 — z1(e1) — z1(e5)} = 1, which is a contradiction. The same argument can be
applied to the latter case. Therefore, by (S) + |Fy] is even.

Proof of (P2) Suppose that T is of type (A), ve,v3 € S’, and bl(g) + |I3’1\ is even. If p; &€ 5,
then we define (S”, F{/,F|") € F1 as (S, Fy,F") = (S"U{p1}, F{ \ {es}, Ff U {e1}) if e5 € F{ and
(S" FY,F") = (8" U{p1}, Fy U {er}, F1 \ {es}) if e5 € F|. Since h(S", Fj,F|") = h(S’, F}, F]) holds,
by replacing (S, F, F{) with (S”, F{/, F{'), we may assume that p; € S’. Similarly, we may assume
that p, € S/, which implies that S = {p1,p2}, FybUl = {e1,€2,e3,e4}, and |13’1| is even. Then,
g(Ey, Fy) > min{z(a) + 2(v),2 — z(a) — z(y) — 2ys} by the following case analysis.
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o If [y = (), then g(Fo, ) = z1(e1) 4+ x1(e2) + z1(e3) + 21 (eq) = 2 — z(a) — 2(v) — 2yz.
o If |[Fy| > 2, then g(Fy, F1) > 2—(w1(e1) +x1(e2)+a1(e3) +x1(ea)) = z(a) +a(y)+2y5 > z(a)+2(v).
Proof of (P4) Suppose that T is of type (A), vo,v3 € S, and by(S) + |F1| is odd. In the same

way as (P2), we may assume that S = {p1,p2}, FoUR = {e1,€2,e3,e4}, and |F1| is odd. Then,
9(Fo, F1) > yp + yYs + Yo~y by the following case analysis and by the symmetry of vs and vs.

o If |F1| =3, then g(Fo, F1) > 3 — (z1(e1) + 21(e2) + z1(es) + 1(ea)) > 1> yp + Y3 + Yar-

o If Fy = {e1}, then g(Fo,Fl) (1 —z1(e1)) +x1(e2) > yp + Y3 + Yary-

o If Fl = {63}, then g(ﬁbaFI) >1-— xl(eg) > Yp + Yg =+ Yory-
Proof of (P5) Suppose that 7" is of type (A), vy € S', v3 & §', and by (S) + |F1| is even. In the same
way as (P2), we may assume that p; € S’. If py € ', then by (p2) + |F{ N dg, (p2)| is even by the same
calculation as (P1). Therefore, we may assume that ps & S’, since otherwise we can replace (S, F}, F])

with (S7\ {pg} F§\ ¢, (p2), F1 \ ¢, (p2)) without increasing the value of h(S’, F{, Fy). That is, we may
assume that S = {p1}, FoUF, = {e1,e3}, and |F1| is odd. Then,

9(Fo, Fy) > min{(1 — 1 (e1)) + 21 (e3), z1(e1) + (1 — z1(es))}
= min{z(a) + z(8),2 — z(a) — z(8)}
> min{z(a) + z(8),2 — z(a) — x(8) — 2y~ }.

Proof of (P6) Suppose that T is of type (A), vs € S, vs & S’, and by (S) + |Fy| is odd. In the same
way as (P5), we may assume that S = {p;}, Fo UF}, = {e1, e}, and |F}| is even. Then,

9(Fo, F1) > min{xy(e1) + @1(es),2 — z1(e1) — w1 (e3)}
= min{yp + ¥ + Yas, 2 — (Yo + ¥y + Yap)}
=Yp + Yy T Yas-

A.1.2 When T is of type (A’)

Second, we consider the case when T is of type (A’).

Proof of (P7) Suppose that T is of type (A’) and vy & S'. If by (S) + |F1| is odd, then S = {ps}
and |F| is odd. This shows that h(S’, F}, F1) > g(Fy, F1) > 1 by the following case analysis, which is a
contradiction.

o If F} = {e1}, then g(Fy, F1) > (1 — z1(e1)) + 21(e2) + z1(e9) > 1. The same argument can be
applied to the case of F} = {es} by the symmetry of o and 7.

o If Fy = {e;} for some i € {3,4,8}, then g(Fy, F1) > (1 — z1(e;)) + 21 (eg) > 1.
o If '} = {eg}, then g(ﬁb,Fﬁ =1+2yp > 1.
o If |ﬁ'1| > 3, then g(ﬁ’mﬁ'l) >3 — (z1(e1) +x1(e2) + x1(e3) + x1(eq) + x1(es) + x1(eg)) > 1.

Therefore, by (S) + |F1| is even.
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Proof of (P8) Suppose that T is of type (A’), v; € &, and by (S) + |F1| is even. Then, g(Fo, Fy) >
min{z(a) + z(7),2 — z(a) — z(y) — 2yg} by the following case analysis.

o If Ffy = {es,e9} and Fy =0, then g(FO,Fl) =1z1(es) + z1(e9) = z() + z(7).
o If Fy = 0 and Fy = {es,eo}, then g(Fo, Fy) = (1 — z1(es)) + (1 — z1(e9)) = 2 — () — z(y) >
2 — () - #(7) — 25.

o If FyUFy = {ey1,eq,e3,e4}, then g(Fo, F1) > min{z(a) + z(7),2 — z(a) — z(y) — 2ys} by the same
calculation as (P2) in Section

Proof of (P9) Suppose that T is of type (A’), v; € S, and by (S) + |Fy| is odd. Then, g(Fp, Fy) >
Yp + Y8 + Yary by the following case analysis.

o If Fy = {eg} and F} = {eo}, then g(Ey, Fy) = z1(es) + (1 — z1(e9)) = Yp + Ys + Yoy -
o If Fy = {eo} and Fy = {es}, then g(Fp, F1) = (1 — x1(es)) + x1(eq) > 1> yg + Ys + Yar-

o If [LUL = {e1,e2,e3,e4}, then g(ﬁb,Fl) > yg + yYs + Yoy by the same calculation as (P4) in
Section [ALT.1]

A.1.3 When T is of type (B)

Third, we consider the case when T is of type (B). Let Gt = (V*, ET) be the graph obtained from

= (V},EL) in Figure@by adding a new vertex r*, edges ey; = r1r*, e19 = vor*, e13 = v3r*, and self-

loops e14, €15, €16 that are incident to vs, v3, and r*, respectively (Figure. We define by : V — Zx>o
as bp(v) = 1 for v € {r,p1,p2,p3} and br(v) = 2 for v € {r*, v, v3}. We also define zr : ET — Z> as
zr(e) = x1(e) for e € Ef. and

mT(ell) =Ya T+ Yyt Yap + Y5y, mT(@12) =Ya T Y8 + Yoy + Y5+, mT(@13) =Yg+ Yy + YaB + Yarv,
zr(ed) = yp + Yy, zr(e1s) =Yp + Yas zr(e16) = Yp-

For J € &, define by-factors My in GT as follows:

M@ = {617673614a6153616}7 Moz = {64768761176127615}7 MB = {61768765%612’613}7
M, = {es, eg,e11,€13, €14}, Mg = {es,es,€9,€11,€13}, Moy = {e2, e, €9, €12, €13},

Mﬁ'y = {€6a €g,€9,€11, 612}~

Then, we obtain ) ;.. v1(J) =1 and ) ;.. v1(J)rm, = vr, where zp, € REZ" is the characteristic
vector of M. This shows that x7 is in the bp-factor polytope in G*. Therefore, x7 satisfies with
respect to G and by. By using this fact, we show (P1), (P3), (P4), and (P6).

Proof of (P1) Suppose that T is of type (B) and va, v3 ¢ S”. If b1 (S) + |F1| is odd, then bp(S) + |Fy|
is also odd. Since x7 satisfies with respect to G and br, we obtain g(Fo, F1) > 1. This shows that
h(S’, F§, F{) > 1, which is a contradiction. Therefore, by (S) + |F1| is even.

Proof of (P3) Suppose that T is of type (B), va,v3 € ', and by(S) + |Fy| is even. Since bp(S U
{r*, vy, v3}) + |[F1 U{e11}| is odd and zp satisfies , we obtain g(Fy, F1)+ (1 — zp(e11)) > 1. Therefore,
9(Fo, F1) > z7(e11) = Yo + Yy + Yap + Ypy-

Proof of (P4) Suppose that T is of type (B), va,v3 € S, and by(S) + |F1| is odd. Since br(S U
{r*, vy, v3}) + | F1| is odd and zp satisfies (4)), we obtain g(Fy, Fy) 4+ xr(e11) > 1. Therefore, g(Fy, Fy) >
1—ar(enn) = yo + Y + Yay-
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Figure 12: Construction of G

Proof of (P6) Suppose that T is of type (B), v2 € S/, vs € S, and bl(S) + \F1| is odd. Since
br(SU{va})+|F1] is odd and xr satisfies , we obtain g(Fy, F1)+xr(e12) > 1. Therefore, g(Fy, Fy) >
1 —azr(e12) = Yo + Yy + Yap-

In what follows, we show (P5) by a case analysis.

Proof of (P5) Suppose that T is of type (B), vy € S', vs & S, and by (S)+|F | is even. If SN{p1, ps} #
0 and py € S, then we can add ps to S’ without decreasing the value of h(S’, F}}, F}). Therefore, we can
show g(Fy, Fy) > {z(a) + 2(8),2 — z(a) — 2(8) — 2y, } by the following case analysis.

e Suppose that § = {p1,p2,p3}, which implies that FyUE, = {e1,e2,6e6,€e9} and |f71\ is odd.
— If Fy = {e;} for i € {1,2,6}, then g(Fy, F1) > (1 — z1(e;)) + 71(e9) > z(a) + x(B).

- If Fl = {eg}, then g(FO,Fl) =Ya T Y8+ Yoy T Ypy +2yp =2 — z(a) — z(B) — 2y,.
— If |Fy| = 3, then g(Fy, F1) > 3 — (z1(e1) + 1(e2) + w1(es) + x1(eq)) > 2(e) + 2(B).

Suppose that § = {p1,p2}, which implies that FoUE = {e1,ea,e4,€6,e7} and |F1| is even.

— If Fy = 0, then g(Ep, Fy) = x1(e1) +x1(e2) + 21 (eq) + 21 (e6) + x1(er) = 2 — () — 2(8) — 2y,
— If |Fy| > 2, then g(Fo, F1) > 2 — (z1(e1) + z1(e2) 4 x1(ea) + 21 (e6) + 1 (e7)) > x(a) 4+ z(B).

Suppose that S = {p2}, which implies that FoUE = {es,e5,e7} and \F1| is odd.
— If Fy = {e;} for i € {3,7}, then g(Fy, F1) > (1 — z1(e;)) + z1(es) > z(e) 4+ z(B).
— If Fy = {es}, then g(Fy, Fy) > (1 — z1(es)) + z1(er) > 2 — x(a) — z(8) — 2y,
— If [y = {es, e5,e7}, then g(Fy, F1) = 3 — (z1(e3) + x1(e5) 4+ 21(e7)) > z(a) + z(B).

Suppose that S = {p2,p3}, which implies that FyUE, = {es, eq,€5,¢e9} and |F1| is even.
— If Fy = 0, then g(Fp, F1) = 21 (e3) +x1 (ea) +21(e5) +21(e0) = z() +x(8) +2y, > () +x(B).
— If |[Fy| > 2, then g(Fy, F1) > 2 — (z1(es) +w1(ea) + w1 (e5) +21(e9)) = 2 — w(a) — () — 2y

If S =0, then Fy U Fy = {es,es} and |F1| is even. Therefore, g(ﬁo, Fl) > min{z(e5) +x1(eg),2 —
71es) — ma(es)} > minfa() + 2(8), 2 — () — (8) — 2y},

A.1.4 When T is of type (B’)

Finally, we consider the case when T is of type (B’).
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Proof of (P7) Suppose that T is of type (B’) and vy & S'. If by(S) + |EY| is odd, then § = {p4}
and h(S’, F§, F{) > min{z1(e1) + z1(e10),2 — z1(e1) — z1(e10)} = 1, which is a contradiction. Therefore,
b1(S) + |F1] is even.

Proof of (P8) Suppose that T is of type (B’), vy € S, and by(S) + |Fy| is even. If py & S’, then we
define (S”, F}/, Fy") € Fy as (8", F{, F{") = (8"U{pa}, F{\{e1wo}, FiU{e1}) if e1xp € Fj and (S, Fj, F{') =
(S"U{pa}, FjU{er}, Fi\{e1o}) if e1o € F. Since h(S", Fy, F{") = h(S’, F{, FY), by replacing (S’, F{, F})
with (S”, Fl/, F/'), we may assume that py € S’. Then, since Fo U F} = {e1,es} and |Ey| is odd, we
obtain

9(Fo, ) > min{(1 — z1(e1)) + z1(e2), 21 (er) + (1 — 21 (e2))}
> min{z(a) + 2(7),2 — z(a) — () — 2ys}.

Proof of (P9) Suppose that T is of type (B’), v; € S', and b;(S) + |F1| is odd. In the same way as
(P8), we may assume that S = {ps}, Fo U Fy = {ey, e}, and |F}| is even. Then,

9(Fy, Fy) > min{zy(e1) + z1(e2), (1 — 21(e1)) + (1 — z1(e2))}
= min{yp + Y5 + Yoy, 2 — (Yo + Y5 + Yary)}
Yo +Yp + Yay-

A.2 Condition ((10))

Recall that r ¢ S’ is assumed and note that 21(dg, (1)) = 1. Let T(p3y C T4+ be the set of triangles
satisfying the conditions in (P3), i.e., the set of triangles of type (B) such that va, v3 € S’ and by (S) +|Fi|
is even. Since Yo +yy+Yas+ysy = 1—z1(el)—x1(ed’) holds for each triangle T € T4 of type (B), if there
exist two triangles T, 7" € T(ps), then h(S', F§, F{) > (1 —z1(ef) —21(ed)) + (1 — z1(eT) — (")) >
2 —x1(dg,(r)) = 1, which is a contradiction. Similarly, if there exists a triangle T' € 7(p3) and an edge
e € (3, () \ Ey) 1 F, then h(S', F, Fl) > (1— 21(eT) — a1(e})) + (1 — 21(e)) = 2 — 21(66, () = 1,
which is a contradiction. Therefore, either 7 pzy = () holds or 7 ps) consists of exactly one triangle, say
T, and (6¢,(r)\ Ef) N F| = 0.
Assume that T psy = {T'} and (0, (r) \ E}) N F{ = 0. Define (S”, Fy/, F{') € Fy as

§"=8"Uvr, Fy = (Fodg, (r) \ Ex, F{' = F{\ Er,

where A denotes the symmetric difference. Note that (F{/, F{’) is a partition of dg, (S”), b1(S”) + |F{'| =
(b1 (S")+b1(8)) + (IF| — [F1]) = 1 (mod 2), and h(S', Fl, FY) — h(S", Y, ) > (1—a1(e]) — 1 (e])) -
z1(0g, (r) \ {z1(el),z1(el)}) = 0. By these observations, (S”, F{/,F}') € JF is also a minimizer of h.
This shows that (V" \ S”, F{/, F{') € F1 is a minimizer of h such that r € V" \ S”. Furthermore, if a
triangle 7" € T\ satisfies the conditions in (P3) with respect to (V' \ S, Fy, F}'), then T" is a triangle
of type (B) such that vy, vs & S” and b1 (S) + |F}| is odd with respect to (S’, F, F1), which contradicts
(P1). Therefore, by replacing (S’, Fy, F}) with (V" \ §”, F, F{"), we may assume that 7(pz) = 0.

In what follows, we construct (S, Fy, F1) € F for which (x,y) violates to derive a contradiction.
We initialize (S, Fy, F}) as

S=5nV, Fh=FNE, F=FnNE,
and apply the following procedures for each triangle T € ’7?;

e Suppose that T satisfies the condition in (P1) or (P7). In this case, we do nothing.

e Suppose that T satisfies the condition in (P2) or (P8). If g(Fy, F1) > x(a) 4 x(7), then add o and
v to Fy. Otherwise, since g(ﬁb, F‘l) > 2 —x(a) —x(y) — 2yp, add o and v to Fi.
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e Suppose that T satisfies the condition in (P4) or (P9). In this case, add « to Fy and add + to F3.

e Suppose that T satisfies the condition in (P5). If g(Fp, F1) > () 4+ 2(8), then add « and S to
F,. Otherwise, since g(Fp, F1) > 2 — z(a) — 2(8) — 2y, add o and S to Fy.

e Suppose that T satisfies the condition in (P6). In this case, add « to Fy and add 8 to Fj.

Note that exactly one of the above procedures is applied for each T € 7?*, because T(pg) = 0.

Then, we see that (S, Fy, F1) € F holds and the left-hand side of with respect to (S, Fy, F1) is at
most h(S’, Fj, F{) by (P1)—(P9). Since h(S’, F{, F{) < 1 is assumed, (x,y) violates for (S, Fo, 1) €
F, which is a contradiction. O

B Proof of Claim [10

We can easily see that replacing (M UMy)N{ef | f € Fr} with {f € F | el € My My} does not affect
the degrees of vertices in V.. Since M; UM, contains exactly one of {ef, el } or ef (= ef,) for f =wv € FY,

replacing (M; U My) N {ef el el | f = uv € Fy} with {f € F} | ef ¢ My N My} does not affect the
degrees of vertices in V.
For every T € T4\ of type (A) or (A’), since

lo(My, M2, T) N {o, v} = [Mr N {es, e }],
|(p(M1,M2,T) n {Oz,ﬁH = |MT N {63,65}|, and
|()0(M17M27T) N {Ba7}| = |MT N {647 €6}|
hold by the definition of ¢(Mj, My, T), replacing My with (M7, Ma, T) does not affect the degrees of

vertices in V.
Furthermore, for every T' € T4 of type (B) or (B’), since

|90(M17M27T) n {OZ,’)/H = |MT N {627610}|7
|90(M17M27T) N {aaﬁH = |MT N {65768”3 and
lo(My, Mo, T) N {B, 7} = [Mr N {eq, e}

hold by the definition of (M, Ma, T), replacing My with o(M7, M3, T) does not affect the degrees of
vertices in V.

Since b(v) = by(v) for v € S* and b(v) = ba(v) for v € V*\ S*, this shows that M; @ M, forms a
b-factor. Since M is Tj-free for j € {1,2}, My & M, is a T-free b-factor. O

C Proof of Claim [11]

By the definitions of 1, z2, and M; @& M, (13]) and show that

zle) = Y. A Tanenms(e) (16)
(Mq,M3)eM

foree E'\ UTeTSt E(T).
Let T € T4 be a triangle of type (A) for (Gy,b1,7T1) and let a, 3, and v be as in Figures [7| and
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By the definition of ¢ (M7, M3, T), we obtain

> AonamTmens(8)
(My,Mz2)eM

= Z{)‘(Ml,Mz) | o(My, M2, T) = {a, B},{B,7}, or {B}}

= Z{)‘(Ml,Mz) |es € Mr} + Z{A(Ml,Mz) | es € Mp} + Z{/\(Ml,]\/lz) | ez € Mr}
= z1(e3) + w1(es) + 22(e7)

= Yap T Ypy Ty = z(f).

We also obtain

Z A(My ,M2) Ty M, (@)
(M, Mz)eM

= Do) [ oM, My, T) # {7}, {8,7}, {8}}

=1- Z{)\(Mth) | e € MT} — Z{)\(Mth) | e4 € MT} — Z{)\(Ml’M?') | er € MT}

=1-—2x1(e1) — x1(eq) — x2(e7)

=1—-yp—yy—Ysy —Yp = z(a).
Since a similar equality holds for v by symmetry, holds for e € {«, 3,v}. Since T is a triangle of
type (A’) for (G1,b1,T1) if and only if it is of type (A) for (G, ba, T2), the same argument can be applied
when T is a triangle of type (A’) for (G1,b1,7T1).

Let T € T4 be a triangle of type (B) for (Gy,by,71) and let o, 3, and « be as in Figures |§| and
By the definition of ¢ (M7, M3, T), we obtain

Z Ay M) MM (B)
(M1,M3)eM

= {anan) [ ¢(Mi, My, T) # 0, {a}, {7}, {2, 7}}
=1-Y {Nanan) le2 € M} = > {Nan ) | €3 € Mr}
- Z{)\(MI,MQ) |es € My} — Z{)\(Ml,Mz) | er € Mr}
=1—x1(e2) —x1(e3) — x1(eq) — x1(e7)
=1 = Yoy — ¥y = Ya — Yo = z(B)-

We also obtain

> AonamTanens (@)
(Ml,Mz)GM

=> {Manan) | oM, My, T) = {a}, {o, 8}, or {a,7}}

= Z{)\(Ml,Mz) | eo € Mr} + Z{A(le,Mz) | e4 € My} + Z{)\(Ml,Mg) | es € Mr}
= z1(e2) + x1(es) + 21 (es5)

= Yay + Ya + Yap = ().

Since a similar equality holds for v by symmetry, holds for e € {a, 8,7}. The same argument can
be applied when T is a triangle of type (B’) for (G1,b1,71).
Therefore, holds for every e € E, which complete the proof of the claim. O
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