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Complexity, Exactness, and Rationality in Polynomial
Optimization
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Abstract We focus on rational solutions or nearly-feasible rational solutions that
serve as certificates of feasibility for polynomial optimization problems. We show
that, under some separability conditions, certain cubic polynomially constrained
sets admit rational solutions. However, we show in other cases that it is NP Hard
to detect if rational solutions exist or if they exist of any reasonable size. We extend
this idea to various settings including near feasible, but super optimal solutions and
detecting rational rays on which a cubic function is unbounded. Lastly, we show
that in fixed dimension, the feasibility problem over a set defined by polynomial
inequalities is in NP by providing a simple certificate to verify feasibility. We
conclude with several related examples of irrationality and encoding size issues in
QCQPs and SOCPs.
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1 Introduction

This paper addresses basic questions of precise certification of feasibility and opti-
mality, for optimization problems with polynomial constraints, in polynomial time,
under the Turing model of computation. Recent progress in polynomial optimiza-
tion and mixed-integer nonlinear programming has produced elegant methodolo-
gies and effective implementations; however such implementations may produce
imprecise solutions whose actual quality can be difficult to rigorously certify, even
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approximately. The work we address is motivated by these issues, and can be
summarized as follows:

Question: given a polynomially constrained problem, what can be said about the
existence of feasible or approximately feasible rational solutions of polynomial size
(bit encoding length)El, and more generally the existence of rational, feasible or
approximately-feasible solutions that are also approximately-optimal for a given
polynomial objective?

As is well-known, Linear Programming is polynomially solvable [18}/20], and,
moreover, every face of a rational polyhedron contains a point of polynomial size
[32]. If we instead optimize a quadratic function over linear constraints, the prob-
lem becomes NP-Hard [24], but perhaps surprisingly, Vavasis [34] proved that a
feasible system consisting of linear inequalities and just one quadratic inequality,
all with rational coefficients, always has a rational feasible solution of polynomial
size. This was extended by Del Pia, Dey, and Molinaro [12]| to show that the same
result holds in the mixed-integer setting. See also [17] discussion of mixed-integer
nonlinear optimization problems with linear constraints.

On the negative side, there are classical examples of SOCPs all of whose feasible
solutions require exponential size [2], [27], [22]. Adding to this, in Example[6.3] we
provide an SOCP where all feasible solutions are irrational (likely, a folklore result).
Recent results of Pataki and Touzov |25 actually show that many SDP’s have large
encoding size issues. Their work hinges on earlier examples from Khachiyan. In the
nonconvex setting, there are examples of quadratically constrained, linear objec-
tive problems, on n bounded variables, and with coefficients of magnitude O(1),

that admit solutions with maximum additive infeasibility 0(2729(")) but mul-
tiplicative (or additive) superoptimality ©(1). O’Donnell [23] questions whether
SDPs associated with fixed-rank iterates of sums-of-squares hierarchies (which re-
lax nonconvex polynomially constrained problem) can be solved in polynomial
time, because optimization certificates might require exponential size. The issue
of accuracy in solutions is not just of theoretical interest. As an example, [36] de-
scribes instances of SDPs (again, in the sums-of-squares setting) where a solution
is very nearly certified as optimal, and yet proves substantially suboptimal.
Vavasis’ result suggests looking at systems of two or more quadratic constraints,
or (to some extent equivalently) optimization problems where the objective is
quadratic, and at least one constraint is quadratic, with all other constraints lin-
ear. The problem of optimizing a quadratic subject to one quadratic constraint
(and no linear constraints) can be solved in polynomial time using semidefinite-
programming techniques [26], to positive tolerance. When the constraint is positive
definite (i.e. a ball constraint) the problem can be solved to tolerance € in time

logloge™* [37], [19] (in other words O(k) computations guarantee accuracy 272’0).
Vavasis [33] proved, on the other hand, that ezact feasibility of a system of two
quadratics can be tested in polynomial time.

With regards to systems of more than two quadratic constraints, Barvinok [4]
proved a fundamental result: for each fixed integer m there is an algorithm that,
given n x n rational matrices A; (1 < ¢ < m) tests, in polynomial time, feasibility

1 Throughout we will use the concept of size, or bit encoding length, of rational numbers,
vectors, linear inequalities, and formulations. For these standard definitions we refer the reader
to Section 2.1 in (32]
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of the system of equations
2T Az =0 forl<i<m, zeR" |z|2=1.

A feature of this algorithm is that certification does not rely on producing a feasible
vector; indeed, all feasible solutions may be irrational. As a corollary of this result,
[9] proves that, for each fixed integer m there is an algorithm that solves, in
polynomial time, an optimization problem of the form

min fo(z), s.t. fi(x) <0 forl<i<m

where for 0 < ¢ < m, fi(x) is an n-variate quadratic polynomial, and we assume
that the quadratic part of fi(x) positive-definite; moreover a rational vector that
is (additively) both e-feasible and -optimal can be computed in time polynomial
in the size of the formulation and loge™*. An important point with regards to [4]
and [9] is that the analyses do not apply to systems of arbitrarily many linear
inequalities and just two quadratic inequalities.

De Loera et. al. [11] use the Nullstellensatz to provide feasibility and infeasi-
bility certificates to systems of polynomial equations through solving a sequence
of large linear equations. Bounds on the size of the certificates are obtained [15].
This technique does not seem amenable to systems with a large number of linear
inequalities due to the necessary transformation into equations and then blow up
of the number of variables used. Another approach is to use the Positivestellen-
satz and compute an infeasibility certificate using sums of squares hierarchies. As
mentioned above, see [23| for a discussion if exactness and size of these hierarchies
needed for a certificate.

Renegar 28] shows that the problem of deciding whether a system of polyno-
mial inequalities is feasible can be decided in polynomial time provided that the
dimension is considered fixed. This is a landmark result, however, the algorithm
and techniques are quite complicated. Renegar [29] then shows how to provide
approrimate solutions that are near feasible solution. Another technique to ob-
tain a similar result is Cylindrical Algebraic Decomposition. See, e.g., [6]. These
techniques can admit a rational univariate representation 31|, encoding feasible
solutions as roots of univariate polynomials. See [5] for more recent results and
improvements. In our work, we aim to avoid these techniques and provide an
extremely simple certificate that shows the feasibility question is in NP.

Our Results. The main topic we address in this paper is whether a system of
polynomial inequalities admits rational, feasible or near-feasible solutions of poly-
nomial size. We show that it is strongly NP-hard to test if a system of quadratic
inequalities that has feasible rational solutions, admits feasible rational solutions
of polynomial size (Theorem. And it is also hard to test if a feasible system of
a linear inequalities and a single cubic inequality has a rational solution (Theorem
. Next we show that these effects can be seen largely when we consider nearly
feasible solutions. We show that a point that is slightly infeasible can have a far
superior objective function than any feasible point (Theorem . We then con-
sider unbounded problems. We establish that it is NP-hard to determine whether
or not the ray is irrational (Theorem . In the next section, we show that,
given a system of polynomial inequalities on n variables that was known to have
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a bounded, nonempty feasible region, we can produce as a certificate of feasibil-
ity a rational, near-feasible vector that has polynomial size, for fixed n (Theorem
. This certificate yields a direct proof that, in fixed dimension, the feasibility
problem over a system of polynomial inequalities is in NP.

Next we consider the lower boundaries of Theorem We show that in di-
mension 2, with one separable cubic inequality and linear inequalities, there exists
a rational solution of polynomial size (Theorem . We then provide background
theory maximizing a cubic function over a polyhedron. We conclude with several
related examples of simple sets with complicated solutions.

2 NP-Hardness of determining existence of rational feasible solutions

In this section we show a number of hardness results concerning systems of poly-
nomial inequalities. In particular we prove that given a 3-SAT formula F there is a
polynomial-size system S of polynomial inequalities that always admits a feasible
rational solution, and with the property that if F is not satisfiable then every feasi-
ble rational solution to S has exponential size, whereas if F is satisfiable then S has
a feasible rational solution of linear size (Theorem . As a result, colloquially,
it is strongly NP-hard to test whether a system of quadratic inequalities which
is known to have feasible rational solutions, admits feasible rational solutions of
polynomial size. The same proof technique shows that it is hard to test whether
a feasible system of quadratic inequalities has a rational solution (Theorem [2.8)).
Finally we show that it is NP-hard to decide if a nearly-feasible solution to a poly-
nomial optimization problem is also ’very’ superoptimal — a precise statement is
given in Theorem [2.10

Basic notation. We denote by Z[z1,...,zn] the set of all polynomial functions
from R™ to R with integer coefficients. For ease of notation, we write a polynomial
g € Zlz1,...,Tn] of degree d in the form g(z) = ZIGN",IIIHISUI crz’, where each
creZ and 2! := A xZIL

Two important constructions. Examples [2.1] and [2:3] will be used throughout our
proofs. They were, to the best of our knowledge, previously unknown.

Ezample 2.1 (Feasible system with no rational feasible vector) Define
h(y) == 205 + y3 — 6y1y2 + 4, Ry :=[1.259 — v,1.26] x [1.587,1.59]. (1)

See Figure [1| for an illustration. Then {y € Ro : h(y) < 0} = {y*} where

W=

y* 1= (25,27) ~ (1.2599, 1.5874). (2)

o
Observation 2.2 (1) The point y* € Ry for all v = 0. (2) y* is the unique
>

minimizer of h(y) for y € R2. (3) For y € Ra, h(y) > —12. (4) The point § =
(—2.74,1.588) € R4 attains h(y) < —7. (5) h(y™) = 0.
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Fig. 1 The function h(y) on the left on the domain R+, and on the right the set of feasible
pints satisfying y € R+, h(y) < 0. Row a.) has v = 0 and row b.) has v = 4.

Proof (1) is clear. (2) On the curve defined by y2 = y7 ~which includes the point
y*— we have that h(y ) = 4% — 49% + 4 whose sole minimizer is at y; = 23 = y*.
Moreover a = 6(y? — y2). These two facts imply that, for any y € R%, h(y) >

h( 7yg) > ( *), with at least one of the two inequalities strict unless y = y*as
desued (3) By (2), if y € R% then h(y) = h(y*) = 0. Otherwise, y1 < 0. Then
gyh 6(yi — y2) and so elther (when yi < y2) h(y) = h(0,y2) > 0, or (when

y2) h(y) = h(1.259 — 4,y2) > —12 + y3 > —12. (4), (5) are clear. o

Note that the proof of Observation [2.2]shows that for Rg, the only zero of h is
y*, and h takes negative values in R4. In the next example we consider a special
system of quadratic inequalities.

Example 2.3 Let D € RxR"™ be the set of s € R and d € R™ such that the following
inequalities are satisfied:

0<di <%
0<dy<di_,, k=2,...,n (3)
0< s <d?.

Observation 2.4 In any feasible solution to system ( . we either have s = 0,
or 0 < s < 272" and in this case if s is rational then we need at least 2™ bits
to represent it using the standard bit encoding scheme. Further, there are rational
solutions to system with s > 0.

We remark that the literature abounds with examples of SOCPs all of whose so-
lutions are doubly exponentially large, see e.g. @/, . Our example is similar,
however it is non-convez. o

2.1 NP-hardness construction.

Here we provide our NP-hardness constructions. The main reduction is from the
problem 3SAT. An instance of this problem is defined by n literals w1, ..., wn as
well as their negations w1, ..., wy, and a set of m clauses C1,...Cy, where each
clause C; is of the form (u;1 v us2 v us3). Here, each u;j; is a literal or its negation,
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and v means ‘or’. The problem is to find ‘true’ or ‘false’ values for each literal,
and corresponding values for their negations, so that the formula

Cl/\Cg.../\Cm (4)

is true, where A means ‘and’.
Given an instance of 3SAT as above, we construct a system of quadratic in-
equalities on the following 3n + 5 variables:

— For each literal w; we have a variable z;; for w; we use variable x4 ;.
— Additional variables v, A, y1,y2, s, and di, ..., dn.

We describe the constraints in our quadratically constrained problerrEl For
each clause C; = (us, v us, v u;;) we denote by z;, the variable associated with
the literal u;, for 1 < k < 3. In the constraints below, the function h(y) and the
region R, are as in Example and the set D is as in Example

-l<z;<1 for j e [2n], (5a)

ZTj+ Tntj =0, for j € [n], (5b)

Zi, + Ty, + iy = —1— A, for each clause C; = (us; v ui, v uiy)  (5¢)
0<7,0<A<2 A+ 1< (5d)
(yla y2) € R"/v (56)

(s,d)e D, (5f)

R YT 2% + hy) - s < —n®. (58)

As a remark on this system, we note that the feasible region is contained in a
bounded region — in fact, in every feasible solution the absolute value of every
variable is at most 4. The following observation will be used below.

Observation 2.5 Suppose (z,v,A,y,d,s) is feasible for . Then

n
12 272 .
Proof Let 02 == minj{x?}. Since —1 < zj < 1, we have 1 > |z;| > |z;|* = o2 for

all j =1,...,n. Hence by —n®(n—1) —n°s? +h(y) —s<n® and so

fdy)—s.

oc“ =1+
no

Note that h(y) = —12 follows from v < 4 (due to ) and part 3 of Observation
and that implies s < 272" Thus

O

2 Constraint (5g) as written is cubic, but is equivalent to three quadratic constraints by
defining new variables y12 = y%, Y22 = yg, and rewriting the constraint as —n® 3" 22 +

j=1"j
Y12y1 + y22y2 —6y1y2 +4 — s < —n
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Theorem 2.6 Let n > 3. Consider an instance of 8-SAT and the correspond-
ing system .

(a) System has a rational feasible solution.

(b) Suppose formula is satisfiable. Then has a rational feasible solution of
size at 4n + L, where L is a fixed constant independent of n.

(¢) Suppose formula is not satisfiable. Then every rational feasible solution to
has size at least 2™.

Proof

(a) Set zf =1 = —a},; for je[n], A* =2,~+* =0, d}j = 272" for k e [n] and
s* = 272", By inspection these rational values satisfy , , , , and
(5T). Further, let y* = (23,2%). Since (Observation

y™ is in the interior of Ro,

y* is the unique local minimizer of h,
h(y*) = 0 and s* > 0,

h is continuous, and

5. the set Q7 is dense in RZ,

L

there exists rational § € Ro such that h(§) < s*. Hence, and are also
satisfied by (z*,~v*, A*, ¢, d*, s*) e Q3" *5,

(b) Let w denote a truth assignment that satisfies . For 1 < j < n set
Zj = 1 = —&nqy if @; is true, else set & = —1 = —Znp;. Set A = 0, 7 = 4,
and di = ... = d, = § = 0. Finally set (91, 92) = (—2.74,1.588). By inspection,
and Observation 4) vector (&,7, A, 7, d, 5) is feasible for . Tts size is 4n + L,
where L is the size of the encoding of the rational numbers 0, 4, 0, —2.74 and 1.588.

(c) Let (z,v, A, y,d, s) be rational feasible. For 1 < j < n set w; to be trueif z; > 0
and false otherwise. It follows that there is at least one clause C; = (us1 v ui2 v u;3)
such that every u; (for 1 < k < 3) is false, i.e. each z;, < 0. Using constraint
and Observation [2.5] we obtain

72 27

272"
36 2—1—A,andby ’y<$+6 5 < 1.

3+ 543

nbd

This fact has two implications. First, since (y1,y2) € Ry © R?%, Observation
implies h(y) > 0 (because y is rational). Second, constraint (5g)), i.e. —n® i1 Tyt
h(y) — s < —n® implies h(y) < s because -1 x? <27 1=mn.S0s>0and
since s < 272" (by constraint or see Observation ) the proof is complete.

o

As a summary, we have:

Corollary 2.7 System always has rational feasible solutions. Either it has a
rational feasible solution of linear size, or every rational feasible solution has size
> 2" and it is strongly NP-Hard to decide which is the case.

As an (easy) adaptation of Theoremand Corollarywe have the following
theorem.
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Theorem 2.8 [t is strongly NP-hard to test if there exists a rational solution to
a system of the form
f(x) <0, Az<b,

where f € Z[x1,...,%n] 8 of degree 3, and Ae Q™ ", be Q™.

Proof sketch. We proceed with a transformation from 3SAT just as above, except
that we dispense with the variables d1, . .., d, and s and constraint (5f) and, rather
than constraint (5g)) we impose

n
—n® Z x5 + h(y) < —n. (6)
j=1

After these changes we are left with a system consisting the linear inequalities
— plus one inequality of degree three, namely @ Parts (a) and (b) of
Theorem have identical counterparts: namely, the system of inequalities has a
rational solution, and if formula is satisfiable then the system has a rational
solution. Instead of part (c) we argue that if formula is not satisfiable, then
in any feasible solution (z,v, A,y) we have y = y* (and thus, the solution is not
rational). To do so we proceed as in (c) of Theorem to conclude that y € R%
while also 2(y) < 0 (no term —s in (f])) which yields that y = y*. o

2.2 Infeasibility vs superoptimality

Our next result addresses the interplay between infeasibility and superoptimality.
Consider a polynomial optimization problem

max ¢g(x), subject to (7a)
filx) <0, 1<i<m, zeR", (7b)

where g and the f; are polynomials. Many popular methods for addressing focus
on numerical algorithms for obtaining (empirically) good solutions, sometimes
(often, perhaps) without a quality guarantee; for example IPOPT [35] and Knitro
[10]. One could also include the method of ‘rounding’ a solution to e.g. a sum-of-
squares or Lasserre relaxation, to the nearest rank-one solution.

Suppose that Z is such a candidate solution to , and suppose that gU is a
known upper—boundﬂ for such that g — g(#) is small. In such a case we are
likely to characterize Z as ‘near-optimal’ or even ‘optimal’ (if the objective value
gap is small enough). This paradigm is often found in the literature.

However, the nature of the numerical algorithms cited above is such that the
vector & may be slightly infeasible; we further stress that the high-quality algo-
rithms described above often produce very small infeasibilities. Nevertheless, the
nonconvex nature of @ gives rise to another possibility, namely that the slightly
infeasible point Z is super-optimal, in fact the superoptimality of & could poten-
tially be very large.

In light of the examples given in previous sections, it is not surprising that
cases of @ where a vector with very small infeasibility but very large superopti-
mality can be easily constructed. Below we prove a stronger result; namely that

3 We stress that is a maximization problem.
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Fig. 2 Red represents feasible region of system . Top: ¢ = 0. Bottom: ¢ = 1.

it is (strongly) NP-hard to decide, given a rational vector Z with very small infea-
sibility, whether the vector attains very large superoptimality or is near-optimal.
Our formal result is given in Theorem below. We will first make precise the
meaning of ‘small’ infeasibilities and ‘large’ superoptimality.

Definition. Consider an instance of problem (ED and let z e R™. Let 0 <€, 0 < A.

— We say that z is e-feasible if max; fi(z) < e. The quantity max; f;(x) is the
infeasibility of x.
— We say that x is A-superoptimal if g(z) > A + max {g(z) : s.t. .}

Comment. As defined, infeasibility and superoptimality are additive quantities.
As such, they can be misleading if, for example, the coefficients defining the f; are
very small (understating infeasibilities) or those defining g are very large (overstat-
ing the superoptimality), or if the entries in = can be very large. In the example
discussed below and in Theorem all coefficients are small integers (or can be
rescaled so that is the case) and the feasible region is contained in a cube with
sides of small integral magnitude.

Now we turn to the construction. We first consider the system in variables
21, 22

(z21—1)%+25 > 5+0 (8a)
(z1+41)%+25 = 5 (8b)
7 2

10 +25 < 4 (8¢)
2220 (8d)

where 0 < o < 1 is a parameter. See Figure

Lemma 2.9 (i) System has no solutions with 0 < z1 < 2. (i) System has
no solutions with —2 < z1 < 0. (i) If o = 0 then (21, 22) = (0,2) is feasible. (iv)
If o > 0 there is no feasible solution with zy = 0; further z3 < 4 — 4/10 in every
feasible solution.

Proof (i) Inequalities (8al) and (8d) imply that 9/1027 — 221 —o = 0 which has no
solutlons with 0 < z1 < 2 (ii) Similar to (i). (iii) Clear by mSpectlon iv)
and (8c|) imply that z1 # 0 when o > 0. The rest follows from (i)-(ii) and .
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Our complexity result concerns the following optimization problem which is
constructed from a 3SAT instance C1 A Ca ... A Cy, using the recipe given by ;
this is combined with a system :

Z¥ := max zo
st. (z1—1)°+25 > 5+ (9a)
(z1+1)2%+25 = 5 (9b)

Z% 2
E + Z9 < 4 (9C)
2220 (9d)
(1, xan, v, A, y1,y2,d1, . - . ,dn, ) feasible for (9e)

Constraints — are a copy of system using the variable s instead of o;
we stress that s also appears in .

We now present a number of results regarding this system. Let 0 < € < 1 be given,
and let y(e) be a rational approximation to the vector y* in Example such that
(a) h(y'9) < ¢, (b) ¥'9 € Ry and (c) y'© has size polynomial in loge . The fact
that such a vector exists follows from the fact that h is cubic a polynomial and
therefore is Lipschitz-continuous on the bounded domain Rp.

The next statements focus on the vector w(® given by xj =1= —xny; for
jen],A=2v=0, dk=0f0rken7y=y(5),s=0, z1 =0, and 29 = 2.

Statement 1. The vector w'®) is e-feasible for @D

Proof. Following the proof of Claim 1 in the proof of Theorem it is clear that
this vector satisfies constraints — as well as ‘ Moreover, the vector is
also e-feasible for (bg)) by construction of y(é). Finally the vector is feasible for

(©a)-(9d) by Lemma[2.9] (ii). o

Statement 2. Suppose the formula C; A Cs ... A Cpy, is satisfiable. Then Z3 = 2.
As a result, w® attains the optimal value for the corresponding instance of problem

Proof. By Claim 3, system has a feasible solution with s = 0. Then Lemma
(2.9)) (iii) completes the proof. o

Statement 3. Suppose the formula C1 A C2... A C), is not satisfiable. Then
Z¥ < 4/4—4/10 < 1.9. As a result, w® is 0.2-superoptimal for @D

Proof. Consider any feasible solution to @D By Claim 4 (a) s > 0. Thus by Lemma
iv) we have z3 < 4 — 4/10 which completes the proof. o

As a summary of the above discussion, we have:

Theorem 2.10 Consider an instance of problem @[) Let 0 <e <1 and let

0= (i.la"')i‘Qnaﬁ/vA‘aQLQZ)dvla"')dn7§)

be e-feasible and of size polynomial in the size of the instance and loge . It is
strongly NP-hard to decide if § > %QZ;‘, even when it is known that either § >
2 g 5= 7% ’

T9%2 OT S 5 -
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It is useful to contrast the situation described above with that arising in linear
mixed-integer optimization. Consider a standard (linear) MIP:

MX: max c'z + dTy
st. Ax+ By <b
xeR™ ye{0,1}™

Typically, solvers for MIP will produce vectors that are be slightly infeasible due
to round off errors in floating point arithmetic. However, we can argue that the
linear MIP case is not as problematic as the general nonlinear case (as exemplified
in Theorem . To see this, suppose that (z*,y*) is a candidate solution for
MX with y* binaryﬂ and suppose that this solution exhibits small infeasibilities
— could it be the case that this solution is far from any feasible solution for MX,
or that it has a large superoptimality relative to MX?

Let us provide a precise argument that shows that we can answer this question,
in polynomial time. Consider the linear program

MXf(y*): max 'z
st. Az <b— By*

zeR",

(a) If MXf(y*) is infeasible, then we can diagnose this fact in polynomial time,
and conclude that the vector (z*,y*) is ‘far’ from any feasible solution for the
MX, namely its Lyo-distance to any feasible point for MX is at least 1E|

(b) Suppose next that MXf(y*) is feasible. In this case we can show that the
superoptimality of (z*,y™) is upper bounded by a linear function of its in-
feasibility. First, if * is feasible for MXf(y*) then, certainly, (z*, y*) is not
superoptimal for MX. Suppose, on the other hand, that z* has infeasibility
§ > 0 for MXf(y*). Since MXf(y™*) is feasible, its dual is bounded. Let § = 0
be an extreme point optimal solution to the dual of MXf(y™*). Then

c'a* = gt A* < §T(b—By* +de) = §"(b— By*) + 310

where e is the vector of 1s. In other words the superoptimality of z* for
MXf(y*) —and thus, the superoptimality of (z*, ™) for M X~ is upper bounded
by an expression of the form (A, c)d where k(A,c) is a constant dependent
on A and ¢ which can furthermore be computed in polynomial time. This up-
per bound on superoptimality amounts to a condition number bound, and is
completely missing from the general, nonlinear setting.

2.3 Cubics and unbounded rays

A ray of a polyhedron P € R" is a set of the form R(z,d) := {z + Ad | A = 0}, for
some x € P and some nonzero d in rec P, where rec P denotes the recession cone
of P (see, e.g., [32]). By definition of recession cone, every ray of a polyhedron P

4 A numerical solver might yield a vector y* that is near-binary, i.e. within a small tolerance.
The analysis below is easily adjusted to handle such an eventuality.
5 Recall that y* is binary.
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is contained in P. Next, we show that there can be a rational polyhedron P and
a cubic polynomial that is unbounded on some rays of P, but is bounded on all
rational rays of P. This is in contrast with the linear and quadratic case, where
a rational unbounded ray is always guaranteed to exist. Formally, we say that a
function f: R™ — R is bounded on a set P < R™ if there exists ¢ € R such that
f(z) < ¢ for every x € P. Otherwise, for every ¢ € R there exists a vector x € P
with f(z) > ¢; in other words sup,cp f(x) = +o. In the latter case we say that f
is unbounded on P.

Proposition 2.11 There exists a rational polyhedron P = R3 and a cubic poly-
nomial f: R® — R that is unbounded on some rays of P, but for every ray R(y, d)
of P such that f is unbounded on R(y,d), the vector d is not rational.

Proof We define the following three polynomial functions from R3 to R

c(y) = =241 — y3 + 6y1y2ys — 4y3,
q(y) == y1ys,
f(y) = cy) +a(y).
The function ¢(y) is a homogeneous cubic, while ¢(y) is a homogeneous quadratic.
We also define the following two rational polyhedra
Q:={yeR®| (y1,y2) € [1.25,1.26] x [1.58,1.59], yz = 1},
P := cone Q.
Note that —c(y1, y2, 1) coincides with the cubic function considered in Example[2.1]
Hence the maximum of ¢(y) on @ is zero and it is achieved only at the irrational
vector d := (23,25,1) ~ (1.2599, 1.5874, 1). i i
We first check that f is unbounded on the ray of P given by R(0,d) = {\d |
A = 0}. We obtain

c(Ad) = Ne(
q(Ad) (5)

FA) = e(Ad) + g(Ad) = NPe(d) + A q(d) = Nq(d).

1) =

We observe that f(Ad) is a quadratic univariate function in A and the leading
coefficient is ¢(d) = d1ds = 25 ~ 1.2599 > 0. Thus f — +oo along the ray R(0, d).
Since the vector d is irrational (and cannot be scaled to be rational), we now
only need to consider rays of P of the form R(y,d), for some § € P and some
d e Q\{d}. We fix y € P and d € Q\{d} and evaluate the functions ¢, g, f on
R(y,d):
7+ Ad) = Xc(d) + O(N?),
(7 + M) = O(\%),
F@ +Ad) = c(f + Ad) + q(7 + Ad) = Xc(d) + O(N?).
We observe that f(7 + Ad) is a cubic univariate function in A and the leading
coefficient is ¢(d). From Example for every d € Q\{d} we have c(d) < 0, thus
f — —oo along the ray R(y,d). =]
Note that the cubic function in the proof of Proposition [2:11] grows only
quadratically along the presented irrational unbounded ray.
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2.4 NP-Hard to determine if there is a rational unbounded ray

The main result of this section is the following theorem.
Theorem 2.12 Consider unbounded optimization problems of the form
max{r(z): Az <b},

where m € Z[x1,...,%n] is a polynomial of degree three, and A € Z™ ™, b e 7™.
It is strongly NP-hard to test if there exists a rational ray on which the problem is
unbounded.

The main reduction is from the problem 3SAT. We use the same notation to
describe an instance of 3SAT as above.

Let N = 1 be an integer. For now N is generic; below we will discuss particular
choices. Given an instance of 3SAT as above, we construct a system of quadratic
inequalities on the following 2n + N + 7 variables:

— For each literal w; we have a variable x;; for w; we use variable x4 ;.
— Additional variables v, A, y1,y2, s, and di1,...,dN.

Consider the polyhedral cone K given by

—Y3 < T < Y3 Jj€[2n] (12a)

Tj+ Tptj =0 j € [n] (12b)
0<ys (120)

Tiy + Tiy +Tiy = —Ys — A VC; = (Tiy V Tiy V Tiy) (12d)
0<~ (12e)

0<A<2y3 (12f)

A+ <2y (12g)
1.259y3 — v < y1 < 1.26y3 (12h)
1.587ys < y2 < 1.59ys. (12i)

Now consider the optimization problem

max —n’y3 + n’ys3 Z m? + fly) st (y,z,4,7) € K. (13)
j=1
21/3
Let m(y,z, A, ) be the objective function. Let d = | 22/3 |.
1

Theorem 2.13 Let n > 3. Consider an instance of 3-SAT and the corre-
sponding optimization problem with feasibility region K in .

(a) The objective function @ — +oo along the ray given by y = Jyg, T = Y3,
Tntj =0 for all j € [n], A =2y3, v =0 where we let y3 € [0, +00).

(b) Suppose formula is satisfiable. Then there is a rational, feasible ray (i.e.,
contained in K ) over which m — +o0. The ray has of bit encoding size 4n + L,
where L is a fixed constant independent of n.
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(¢) Suppose formula is not satisfiable. If m — 400 along some ray, then this
ray s irrational.

Proof
(a) This statement is clear.

(b) Define the ray as follows. First, set A = 0, 5 = 4, and for each j € [n], let
Z; = +1 if literal j is true or false and Z,4; = 0. Finally, let 31,72 be rational such
that 1.259 — 4 < 71 < 1.26 and 1.587 < 72 < 1.59 and —275 — 75 + 651752 — 4 >
0. Such values (%1, ¥2) exist (see Observation [2.2]). Then along the ray given by

Y
T

A
~y

(c) First, y3 — +oo along this ray (else every variable is bounded). So we can
write this ray as

y3, we have m = f(y) — +00 (cubically).

2 DB

Y3

2> B> 2 S

where §j3 = 1 and for some a® € R?"*5. Since A>0and A+% < 2, we have 4 < 4.
Hence, along this ray, f(y) < 12y3 + O(y3). This follows from Observation

It follows that —nS + n® 21 9%? > —12, else 1 — —oo cubically in y3 along
this ray. Thus 23 > 1 — O(%)vj.

Consider the truth assignment where literal j € [n] is true if and only if Z; > 0.
So there exists a clause ¢ such that &;, + i, + &4y, < —3 + O(%), and thus

A=2-— O(#) and so 4 < O(%) In that case,

{1.2593;3 —y <y <126y5 {1.259;(/3 —O(%) <y1 < 1.26y3 14)
1.587ys < y2 < 1.59ys 1.587ys < y2 < 1.59ys,
21/3
and so f(y) — —oo cubically in y3 unless § = | 22/3 | and also —nSy3 +n’ys 21 mf
1

21/3

either goes to —oo or is equal to 0. So we must have § = | 22/3 |. o
1

The proof of Theorem follows directly from the above result.

3 Short certificate of feasibility: an almost feasible point

In this section we are interested in the existence of short certificates of feasibility
for systems of polynomial inequalities, i.e., certificates of feasibility of size bounded
by a polynomial in the size of the system.

First, for completeness, we present a result on Lipschitz continuity of a poly-
nomail on a box.
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Lemma 3.1 (Lipschitz continuity of a polynomial on a box) Let g €
Zlx1,...,xn] be a polynomial of degree at most d with coefficients of absolute
value at most H. Let y,z € [-M, M]"™ for some M > 0. Then

l9(y) = 9(2)| < L]y = 2| (15)
where L := ndHM**(n + d)?~!.
Proof Let g(x) = ZIEN",HIngd crz!. By the fundamental theorem of calculus,

A=1

9(2) = g(y) + L_O Vgl + Mz =) (z - y)dx.
Therefore, an upper bound on |g(y) — g(2)| can be obtained by bounding the
quantity |Vg(y + Az — )" (z — y)| with X € [0,1]. In the remainder of the proof
we derive such a bound.

Note that, for every ¢ = 1,...,n, we can write

(Vg(x))i = D érix’, (16)
IeN™ || I, <d-1

where |é7 ;| < dH. Hence, for any I € N" with ||I||; < d—1 and = € [-M, M]"™, we
have |51,ix1\ <dHMY 1,

Next we bound the number of terms in the summation in . A weak compo-
sition of an integer ¢ into p parts is a sequence of p non-negative integers that sum
up to q. Two sequences that differ in the order of their terms define different weak
compositions. It is well-known that the number of weak compositions of a number
q into p parts is (q;fIl) = (Qﬂq’*l). (For more details on weak compositions see,
for example, [16].) We obtain that the number of terms in the summation in
is bounded by

d—1 /. d—1
3 (1”‘1) <) (“’7‘2) <@+n-)""<n+a)y
i=0 ¢ i=0 ¢

where in the second inequality we used the binomial theorem.
We obtain that for every xz € [-M, M|,

IVg(x)|ow < dHM* ™ (n + d)*~".
Therefore, for any A € [0, 1],

Vg + Az =) (2 —9)| <n- [V + Az = v)]os - [y — 2]
<n-dHM P+ ) |y = 2]w.

(]
Our first result relies on a boundedness assumption, which seems to be common

in results of this type. It is not clear if that assumption can be removed. We refer
the reader to Figure [3] for an illustration of the sets considered in the next result.
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l

(S

a.) b.)

Fig. 3 Structure of sets in Proposition where we define sets R := {x € R" | g;(z) < 0,5 €
(2]}, S :={zeR™ | Ldg;(x) < 1,7 € [£]}. Hence R = PARand S = PnS. a.) Example where
R is feasible. b.) Example where R is infeasible.

Proposition 3.2 Let f; € Z[x1,...,zn], for i € [m], of degree one. Let g; €
Z[z1,...,xn], for j € [€], of degree bounded by an integer d. Assume that the
absolute value of the coefficients of fi, i € [m], and of g;, j € [¢], is at most H. Let
0 be a positive integer. Let P := {x € R" | fi(x) < 0,7 € [m]} and consider the sets

R:={xeP|gj(x)<0,5e[l]}, S:={xeP|Lligij(x)<1,jel[l]}

Assume that P is bounded. If R is nonempty, then there ezists a rational vector
i S of size bounded by a polynomial in n,d,log¥,log H,logé.

Proof Since P is bounded, it follows from Lemma 8.2 in (8] that P < [—-M, M]",
where M = (nH)". Let L be defined as in Lemma [3.1] i.e.,

L:=ndHM* '(n+d)* " = ndHnH)™ Y (n+d)? .

Note that log L is bounded by a polynomial in n,d,log H. Let ¢ := [LM/{4].
Therefore log ¢ is bounded by a polynomial in n,d,log/, log H,log§.
We define the following (2¢)™ boxes in R™ with ji,...,jn € {—¢,..., 0 — 1}

LM M, .
Civr = {az R | D<o D ie [n]}. (17)

Note that the union of these (2¢)™ boxes is the polytope [— M, M]™ which contains
the polytope P. Furthermore, each of the 2n inequalities defining a box has
size polynomial in n, d,log ¥, log H,log§.

Let Z be a vector in R, which exists because R is assumed nonempty. Since
T € P, there exists a box among , say (f, that contains . Let & be a vertex
of the polytope P ~ C. Since each inequality defining P or € has size polynomial
in n,d,log ¢, log H,logd, it follows from Theorem 10.2 in [32] that also Z has size
polynomial in n,d,log¢,log H,logd.

To conclude the proof of the theorem we only need to show z € S. Since Z, T € é,
we have |T — Z||o < %. Then, from Lemma we obtain that for each j € [£],

- . LM 1
195(2) — ;@) < Ll ~ Flw < = < 7.
If gj() < 0 we directly obtain g¢;(Z) < % since % > 0. Otherwise we have
9;(Z) > 0. Since g;(Z) < 0, we obtain ¢;(Z) < |g;(Z) — g;(T)] < %. We have shown
that Z € S, and this concludes the proof of the theorem. o
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We will be using several times the functions € and § defined as follows:

e(n,m,d, H) := (247% max{H,2n + 2m}dn)7n2nd"7
5(n,m,d, H) :=[2¢"" (n,m,d, H)| = [2(2"7% max{H, 2n + 2m}d")"* "],

A fundamental ingredient in our arguments is the following result by Geronimo,
Perrucci, and Tsigaridas, which follows from Theorem 1 in |14].

Theorem 3.3 Let n > 2. Let g, fi € Z[x1, . ..,xn], for i € [m], of degree bounded
by an even integer d. Assume that the absolute value of the coefficients of g, fi,
1 € [m], is at most H. Let T := {x € R™ | fi(x) < 0,1 € [m]}, and let C be a
compact connected component of T. Then, the minimum value that g takes over
C, is either zero, or its absolute value is greater than or equal to e(n,m,d, H).

Using Theorem [3.3] we obtain the following lemma.

Lemma 3.4 Let n = 2. Let g, fi € Z[x1,...,xn], for i € [m], of degree bounded
by an even integer d. Assume that the absolute value of the coefficients of g, fi,
i€ [m], is at most H. Let § := d(n,m,d, H). Let T := {z | fi(z) < 0,i € [m]} and
consider the sets

R={xeT|glx) <0}, S:={xeT|dg(x) <1}
Assume that T is bounded. Then R is nonempty if and only if S is nonempty.

Proof Since 6 > 0 we have R < S, therefore if R is nonempty also .S is nonempty.
Hence we assume that S is nonempty and we show that R is nonempty.

Since S is nonempty, there exists a vector € T' with g(Z) < 1/0 < e(n,m,d, H).
Let C be a connected component of T containing Z. Since T' is compact, we have
that C is compact as well. In particular, the minimum value that g takes over
C is less than €(n,m,d, H). The contrapositive of Theorem implies that the
minimum value that g takes over C' is less than or equal to zero. Thus there exists
Z € C with g(Z) < 0. Hence the set R is nonempty. o

From Lemma [3.4] we obtain the following result.

Proposition 3.5 Let n > 2. Let fi,g; € Z[x1,...,zx], for i € [m], j € [{],
of degree bounded by an even integer d. Assume that the absolute value of the
coefficients of fi, i € [m], and of g;, j € [¢], is at most H. Let § := d(n,m +
0,2d,0H?). Let T := {z | fi(z) <0,i € [m]} and consider the sets

Rim{zeT|g(@)<0,jelf}, SimfweT| g <1,jell}
Assume that T is bounded. Then R is nonempty if and only if S is nonempty.

Proof Since £§ > 0 we have R < S, therefore if R is nonempty also S is nonempty.
Hence we assume that S is nonempty and we show that R is nonempty.

Let z € S, and define the index set J := {j € [{] : g;(Z) > 0}. We introduce the
polynomial function g € Z[z1,...,zs] defined by g(z) := >.c; gJQ- (z). Note that
the degree of g is bounded by 2d. The absolute value of the coefficients of each
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gf— is at most H?, hence the absolute value of the coefficients of g is at most £H?.
Next, let T := {z e T | gj(z) <0, e [(]\J} and

R :={xeT |gx)<0}, S :={xeT|dgx) <1}

First, we show that the vector Z is in the set S’, implying that S’ is nonempty.
Clearly z € T, and for every j € [¢]\J we have that g;(Z) < 0, thus we have 7 € T".
For every j € J, we have 0 < g;(Z) < %, and since 0 = 1, we have 0 < gjz(i) < %.
Thus, we obtain g(Z) < % = %. We have thus proved z € S’, and so S’ is nonempty.

Next, we show that the set R’ is nonempty. To do so, we apply Lemma to
the sets 77, R’, S’. The number of inequalities that define 7" is a number m’ with
m < m' < m + £ The degree of fi,gj,g, for i € [m], j € [¢]\J, is bounded by 2d.
The absolute value of the coefficients of f;, g;, g, for ¢ € [m], j € [¢]\J, is at most
¢H?. Since the function §(n,m,d, H) is increasing in m and m’ < m + £, we obtain
from Lemma that R’ is nonempty if and only if S’ is nonempty. Since S’ is
nonempty, we obtain that R’ is nonempty.

Finally, we show that the set R is nonempty. Since R’ is nonempty, let # € R'.
From the definition of R’ we then know & € T, ¢;(%) < 0, for j € [¢]\J, and
g(Z) < 0. Since g is a sum of squares, g(Z) < 0 implies g(Z) = 0, and this in turn
implies g;(z) = 0 for every j € J. Hence 2 € R, and R is nonempty. =]

Proposition and Proposition [3:2] directly yield our following main result.

Theorem 3.6 (Certificate of polynomial size) Letn > 2. Let f; € Z[x1, ..., xn],
for i € [m], of degree one. Let g; € Z[x1,...,zxn], for j € [£], of degree bounded
by an even integer d. Assume that the absolute value of the coefficients of fi,

i € [m], and of g;, j € [£], is at most H. Let § := §(n,m + ¢,2d,LH?). Let
P:={zeR"| fi(x) <0,i€[m]} and consider the sets

R:={xePlgjx)<0,jelll}, S:={xeP|[ligj(x)<1,jel[]

Assume that P is bounded. Denote by s the mazimum number of terms of gj,
j € [€], with nonzero coefficients. If R is nonempty, then there exists a rational
vector in S of size bounded by a polynomial in d,logm,log¥,log H, for n fixed.
This vector is a certificate of feasibility for R that can be checked in a number of
operations that is bounded by a polynomial in s,d, m, £, log H, for n fixed.

Proof From the definition of §, we have that logd is bounded by a polynomial in
d,logm,log¥,log H, for n fixed. From Proposition there exists a vector T € S
of size bounded by a polynomial in d,logm,log¥,log H, for n fixed. Such a vector
is our certificate of feasibility. In fact, from Proposition (applied to the sets
T = P,R,S), we know that S nonempty implies R nonempty.

To conclude the proof we bound the number of operations needed to check if
the vector Z is in S by substituting Z in the m + ¢ inequalities defining S.

The absolute value of the coefficients of f;(x) <0, ¢ € [m], is at most H. Thus,
it can be checked that T satisfies these m inequalities in a number of operations
that is bounded by a polynomial in d, m,log ¥, log H, for n fixed.

Next, we focus on the inequalities ¢dg;(x) < 1, j € [¢]. Note that the total num-
ber of terms of ¢dg;, j € [¢], with nonzero coeflicients is bounded by s¢. The loga-
rithm of the absolute value of each nonzero coeflicient of £6g;(z), j € [¢], is bounded
by log(¢6H), which in turn is bounded by a polynomial in d,logm,log¢,log H, for
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n fixed. Therefore, it can be checked that T satisfies these ¢ inequalities in a num-
ber of operations that is bounded by a polynomial in s,d, ¢, logm,log H, for n
fixed. o

In particular, Theorem implies that polynomial optimization is in NP,
provided that we fix the number of variables.As mentioned in the introduction,
this fact is not new. In fact, it follows from Theorem 1.1 in Renegar [28] that the
problem of deciding whether the set R, as defined in Theorem [3.6] is nonempty
can be solved in a number of operations that is bounded by a polynomial in
s,d,m, ¥,log H, for n fixed. Therefore, Renegar’s algorithm, together with its proof,
provides a certificate of feasibility of size bounded by a polynomial in the size of
the system, which in turns implies that the decision problem is in NP.

The main advantages of Theorem over Renegar’s result are that (i) our
certificate of feasibility is simply a vector in S of polynomial size, and (ii) the
feasibility of the system can be checked by simply plugging the vector into the
system of inequalities defining S. The advantages of Renegar’s result over our
Theorem are: (iii) Renegar does not need to assume that the feasible region
is bounded, while we do need that assumption, and (iv) Renegar shows that the
decision problem is in P, while we show that it is in the larger class NP. Note that
in [29], Renegar shows how to produce points that are within some distance from
a feasible solution.

4 Existence of rational feasible solutions

In this section we present a set of results that will be used to argue that rational
solutions exist to certain feasibility problems. We begin with a number of auxiliary
results that we will rely on.

The first was known by |[Nicolo Fontana Tartaglial It shows that in a univariate
cubic polynomial, shifting by a constant allows us to assume that the 22 term has
a zero coefficient.

Lemma 4.1 (Rational shift of cubic) Let f(z) = az® + ba® + cx + d. Then

by _ .3, =~ 7 ~ _ 27a%c—9ab? 7 _ 27a%d—9abc+2b
f( —5)—ay +Cy+d1Uh€T€C— 5742 and d = Y, E——

Proof Consider an assignment of variables x = y — s where y is a new variable and
s is the shift.

fly—s)=aly )" +bly—s)" +cly—s) +d (18)
=ay® + (b — 3as)y® + (3(152 — 2bs + c) y—as® +bs’ —cs+d (19)

. b
Hence, setting s = 3, we have

(20)

o 2) e s 27a%c — 9ab® ~ 27a”d — 9abe + 20°
3a) " 272 Y 2747

]

The next lemma provides bounds on the roots of a univariate polynomial. We
attribute this result to Cauchy; a proof can be found in Theorem 10.2 of [6].
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Lemma 4.2 (Cauchy - size of roots) Let f(x) = anz™ + -+ + a1x + ao, where
Gn,a0 # 0. Let T # 0 such that f(Z) = 0. Then % < |Z| < M, where

Furthermore, if a; € Z for i = 0,1,...,n, then [M] and [J] are integers of size
polynomial in the sizes of ao,a1,,...,0n.

An—1
Qn

a"ﬂ.

ao

20

an |7 yee ey

M:1+max{

}, 6:1+max{a

1
ao

The next lemma is a special case of Theorem 2.9 in [1].

Lemma 4.3 Letn > 1. Letr; € Q4 fori=0,1,...,n, ¢ € Qy fori=1,...,n.

If 30 rin/g@i = 1o, then \/qi € Q for alli = 1,...,n. Furthermore, the size of \/q;
is polynomial in the size of q;.

Next we show that local minimizers of separable cubic polynomials are rational
provided that the function value is rational.

Theorem 4.4 (Rational local minimum) Let f(x) = X7, fi(z;) where fi(x;) =
a;x3 + bix? + cixi + di € Z[x;] and a; # 0 for all i € [n]. Assume that the absolute

value of the coefficients of f is at most H. Suppose x* is the unique local mini-

mum of f and v* := f(z*) is rational. Then z* is rational and has size that is

polynomial in log H and in the size of v*.

Proof For every i € [n], Let &, d; be defined as in Lemma let gi(y:) == aiyi +
¢y, and define g(y) = Y7, gi(yi). Then y* € R™ defined by vy := z} + 31’;/,
i € [n], is the unique local minimum of g(y) and g(y*) = v* — 37", d;.

We now work with the gradient. Since y* is a local minimum of g, we have
Vg(y™) = 0. Since g(y) is separable, we obtain that for every i € [n],

gyH=0 = yf ==+ (21)

Furthermore, we will need to look at the second derivative. Since y* is a local
minimizer, then VZg(y*) > 0. Again, since g(y) is separable, this implies that
g7 (y;) = 0 for every i € [n]. Hence we have

@ y)=0 = 6ay >0 = a; <+ 3ci> = 0. (22)
aq
Also, notice that we must have g—a&’ > 0 for ga&’ to be a real number. Thus,
sign(—¢&;) = sign(a;) = sign (J_r _ci> . (23)
3(Li

Finally, we relate this to g(y™).

G- o) = 37 (a5 (24/52) + 6 (14/52)) = -3 ey 5

1 =1 i=1

*

S

1

3
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where the last equality comes from comparing the signs of the data from .
Hence, we have

M al = = =3¢y = Y dy). (25)
=1 =1

304‘ -

By Lemma for every i € [n], 4/ gfl is rational and has size polynomial in log H
and in the size of v*. From (21)), so does y*, and hence z*. o

We are now ready to prove our main result of this section.

Theorem 4.5 Let n € {1,2}. Let f; € Z[x1,...,zn], for i € [m], of degree one.
Let g(z) = 37 (@@} + bix? + ciwi + di) € Z[x1, ..., xn] with a; # 0 for i € [n].
Assume that the absolute value of the coefficients of g, fi, i € [m], is at most H.
Consider the set

R:={zeR" [g(z) <0, fi(z)<0,ie[m]}

If R is nonempty, then it contains a rational vector of size bounded by a polynomial
in log H. This vector provides a certificate of feasibility for R that can be checked
in a number of operations that is bounded by a polynomial in m,log H.

Proof Define P := {z € R™ | fi(z) < 0,i € [m]}, let 2* be a vector in P minimizing
g(z), and let v* := g(z*).

Since R is nonempty, we have v* < 0. If v* = 0, then Theorem implies
that the size of 2™ is bounded by a polynomial in log H, thus the result holds.
Therefore, in the remainder of the proof we assume v* < 0.

Without loss of generality, we assume that that x* is in the interior of P.
Otherwise, if ™ is contained in a lower dimensional face of P, we can project into
that face. In particular, we assume that z* is the unique local minimum of g.

Note that if z* is in a 0-dimensional face of P, then since P is a rational
polyhedron, x* rational and of size bounded by a polynomial in log H.

Claim: There exits an integer 6 of polynomial size bounded by a polynomial in
log H such that |y*| < %. We prove separately the cases n = 1, 2.

Claim proof. Case (n = 1). Let ¢, d be defined as in Lemma Following the

: 7 = —é 7 &
calculation of Theorem v —d = —%\c\ (iq/g) . Hence, (v*—d)? = —gﬁ,

that is, 4* is a non-zero root of the above quadratic equation. From Lemma
we have that |[y*| > %, where § is an integer and log ¢ is bounded by a polynomial
in log H. 5

Case (n = 2). For every ¢ € [n], let ¢;,d; be defined as in Lemma Following
the calculation of Theorem 22:1 |Ei|\/ 55 = —%(fy* - ?:1 di). Squaring

3a;

both sides we obtain

2 & 162 2
— g ~ ~ 9 * T\2
+2|c1||e2[A | =—— = 3 — ), di)”.
; 3a: |E1]|E2] Sa1as 10 ; i)

If we isolate the square root, and then square again both sides of the equation, we
obtain that +* is a non-zero root of a quartic equation with rational coefficients.
From Lemma we have that |[y*| > %, where § is an integer and log ¢ is bounded
by a polynomial in log H. This concludes the proof of the claim. o
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Since v* < 0, we have thereby shown that z* is a vector in P satisfying
gla*) < —3.
Since x™* is on the interior of P, it must satisfy Vg(z*) = 0. Hence, for i € [n],

x¥ is a root of the quadratic equation

(aix? + biﬂcf +cizi + di)' = 3ai:l:12 +2b;z; +¢; =0,

thus using again Lemmawe obtain that —M < 2 < M, where M is an integer
and log M is bounded by a polynomial in log H. We apply Proposition [3.2] to the
polytope {z € R? | fi(z) < 0,i € [m], —M < z; < M,i € [n]}, with £ := 1, and
with gi(z) = g(x) + %. Proposition then implies that there exists a vector
Z € P with ¢1(Z) < %, or equivalently ¢g(z) < 0, of size bounded by a polynomial
in log H. Such a vector is our certificate of feasibility.

To conclude the proof for both cases n = 1 and n = 2, we bound the number of
operations needed to check if T is in R by substituting Z in the m + 1 inequalities
defining R. It is simple to check that Z satisfies these m+ 1 inequalities in a number
of operations that is bounded by a polynomial in m,log H. o

Example shows that Theorem cannot be generalized to non-separable
bi-variate cubics. Furthermore, that example can be easily be lifted to a separable
cubic in three dimensions. To see this, let y3 = y2 — y1. Then

3y3 — 3y — 3y5 = —6y1yo.

Thus, we can replace the mixed term with separable terms, provided we lift this
to three dimensions and add an extra equation.

5 Unbounded rays for cubic objectives

In this section we present conditions on the existence of rays of a polyhedron,
along which a polynomial function is unbounded. As in the remainder of the paper,
special attention is given to the rationality of these rays. In this section we denote
by ||-|| the 2-norm, although any norm would suffice.

We will use the following standard lemma. For a proof (and a more general
statement) we refer the reader to [3|, [21, Lemma 2.1].

Lemma 5.1 Let the set P < R™ be nonempty and closed, let f: P — R be con-
tinuous on P and suppose that f is unbounded on P. Then there exists a sequence
{z’}jen of vectors in P such that

(i) f(@'~") < f(a’) > +o0,
(i3) ij_lH < ||x7H — +00, and .
(iii) Vx € P, ||z| < Hx”H = f(x) < f(z7).

We are now ready to prove the first result of this section, which discusses un-
bounded functions on polyhedra and on its rays. The proof technique is essentially
the one used in classic proofs of Frank-Wolfe type theorems in cubic optimization,
see [3], [7], [21], and most closely follows that in [21].

Theorem 5.2 Let P = R™ be a polyhedron and let f: R™ — R be a polynomial
of degree at most three. If f is unbounded on P, then there exists a ray of P over
which f is unbounded.



Exact polynomial optimization 23

Proof The proof is by contradiction. Thus we assume that there exists a counterex-
ample to the theorem, which consists of a polyhedron P € R™ and a polynomial
f: R™ - R of degree at most three such that f is unbounded on P but is bounded
over each ray R(z,d) of P. Among all counterexamples, we consider one where the
polyhedron P has minimal dimension. Clearly, we have dim P > 1. Using an affine
function that maps the affine hull of P onto RY¥™ ¥ we can assume without loss
of generality that n = dim P, i.e., that P is full-dimensional.
By Lemma there exists a sequence {xj }jen of vectors in P such that

F@ ™) < f@?) - 4o, (26)
== < ]| = = en
Vee P, |z| < HmJH = f(z) < f(2). (28)
For every j € N we define the scalar 7; := ||2/|| and the direction vector ¢’ :=

27 /7; € R™. We can then rewrite in the form
0<7‘j71<7'j—>+00. (29)

Clearly we have de H — 1, thus the vectors d’ lie on the unit sphere, which is a
compact set. The Bolzano-Weierstrass Theorem implies that the sequence {dj }jen
has a convergent subsequence whose limit is in the unit sphere. We denote by d
this limit, and from now on we only consider without loss of generality such a
subsequence, thus we can write &’ — d.

Next we show d € rec P. Let Az < b be a system of linear inequalities defining
P,ie., P = {z | Az < b}. The definition of d° and 2/ € P imply that Ad’ =
A7 /1; < b/1;. By taking the limits and using & — d and , we obtain Ad < 0,
i.e., d e rec P.

We now show that there exists an index s1 € N such that

Vji>s1, 2’ eintP, (30)

where int P denotes the interior of P. In order to prove this, it suffices to show
that only finitely many vectors 27 are in P\ int P. We prove this latter statement
by contradiction, and so we assume that infinitely many vectors z? are in P\ int P.
We note that the set P\ int P is the union of the finitely many faces F' of P with
dim F' < n. Hence, there exists a face F' of P with dim F' < n that contains
infinitely many vectors =7, which implies that the function f is unbounded on F.
The minimality of our counterexample implies that the theorem is true for the
polyhedron F' and the polynomial f, and so there exists a ray of F' over which f
is unbounded. This is a contradiction because each ray of F is also a ray of P.
Hence, (30)) is shown.
Next, we show that that there exists an index s2 € N such that

Vj = s2 and Vu € (0,1], ij — ,udH < HzJH . (31)
To prove , we first observe that there exists an index s € N such that

Vj = s2, 7;>1and ‘dj

& —dH > 0.
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This follows from 7; — +o0 in , &’ — d and ”de = 1. Using the triangle
inequality we then obtain

R T e R
sl e ] <] - ]

This completes the proof of .
We now set s := max{si, s2} and prove the following two properties:

Ips € (0,1]: f(2° — psd) < f(2°), (32)
s >0:  f(x® 4+ Xed) < f(2°). (33)

We start by proving . From , z° € int P, which implies that there exists
s € (0,1] such that 2° — psd € P. From we have [|z° — psd|| < ||2°]] and so
implies . Next we show . Since 2° € P and d € rec P, we can consider
the ray R(z®,d) of P. On the ray R(z®,d), the polynomial f(z) is not constant,
due to , and it is bounded by assumption. Hence limy_, 1o f(z° + Ad) = —o0
which implies (33)).

Now we define for each j > s the vector v/ := (27 — %)/ Hxﬂ — xSH and the
restriction Fj(\): R — R of f(z) to the line {z° + \v? | A € R}, i.e., Fj()\) :=
f(z® + M), Next we show that v/ — d. We can write v’ as follows
7 s

I — T

X xT
Tl — o] T fld — ] Jlad -]
_ T;d? x® _ d’ x®
T mdl —reds| el —as| T i — (refr)ds]  la? — 2

The first addend goes to d since d — d, HdJH =1, and 7; —» +o0 from . The
second addend goes to zero since ”3:7 H — +00 in implies Hx] - zSH — 400 for
j — oo.

Next, we show that there exists s’ > s such that, for all j > s,

Fj(—ps) < F;(0), (34)
Fj(\s) < Fj(0), (35)
N > Ae: Fi() > F5(0). (36)

To prove inequalities (34) and (35)), we only need to notice that since f is contin-
uous and v/ — d, there exists s’ > s such that for all j > s’, d in and
can be replaced by v7:

Fj(—ps) = f(z° — psv’) < f(2°) = F}(0),

Fi(As) = f(a® + Asv”) < f(2°) = F}(0).
Without loss of generality we can assume that s’ is large enough such that, for every
j =5, we have \s < Haﬂ - iBSH This is because \s is fixed and Haﬂ — iBSH — 400

for j — 0. We let \; := H$j —:cs” and obtain A; > As. Inequality is then
obtained by applying and j > s:

3N > A Fi(\) = f(2?) > f(z°) = F;(0).
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Thus, for j > s, , , and imply that F;(\) increases somewhere
in the interval [—pus, 0], then decreases somewhere in [0, As], and again increases
somewhere in [As, Aj]. In particular, F};(\) cannot be a linear or quadratic func-
tion. Since f(x) is a cubic polynomial, we obtain that F;()) is a genuinely cubic
polynomial. Hence F};(\) must increase on the interval [Aj, +00), i.e., F;(A) is un-
bounded on the half-line L; := {z* + A(z? — 2°) | A > 0}. Since by assumption f
is bounded over each ray of P, then each half-line L;, for j > s’, has to leave the
polyhedron P at some vector 3/ € P\int P with f(y’) > f(z?).

Now consider the sequence of vectors {y’ }i=s- Then, there exists a face I of
P with dim F' < n that contains infinitely many vectors y’ with j > s’. This in
particular implies that f is unbounded on F'. The minimality of our counterexam-
ple implies that the theorem is true for the polyhedron F' and the polynomial f,
and so there exists a ray of F' over which f is unbounded. This is a contradiction
because each ray of F' is also a ray of P. o

It should be noted that analogues of Theorem are known to hold for linear
and quadratic functions [12,32}|34].

Next, we discuss the tightness of Theorem with respect to the degree of
the polynomial function. Namely, we show that Theorem [5.2] does not hold if the
polynomial f of degree at most three is replaced with a quartic polynomial. The
example given in the next proposition is inspired by a similar example by Frank
and Wolfe [13] (see also [21]).

Proposition 5.3 There exists a quartic polynomial f: R? > R unbounded on R?
such that f is bounded over every ray of R2.

Proof We define the following quartic polynomial function from R? to R
Flyr,y2) = y2 — (2 — yi)*.

To check that f is unbounded on R?, it suffices to consider the vectors that satisfy
Y2 = y% as yi — +00.

Hence, to prove the proposition we only need to check that f is bounded over
every ray of R?. Hence, we let 7 € R?, d € R?\{0} and we evaluate the function f

on the ray R(y,d):
F@+Ad) = G2 + Ao — (2 + Mz — (1 + Ad1)?)?
— o+ A — (—N2@ + A(d2 — 251 1) + B2 — )
= A1 4+ 2X3d3 (d2 — 251dy) + N2 (2d3 (g2 — 7)) — (d2 — 21d1)?) + O(N).

We observe that f(§ + Ad) is a quartic univariate function in . If d; # 0, then
the leading term is —X*d}. In this case, since di > 0, we obtain f — —oo along the
ray R(%,d). We now consider the remaining case d; = 0. In this case the leading
term is A*(2d31 (72 — §1) — (d2 — 271d1)?) = —A%d3. Since d is nonzero and d; = 0,
we obtain d2 # 0. Thus d3 > 0, and f — —c0 along the ray R(7, d). =]

Proposition shows that in Theorem [5.2] there might not exist any rational
ray along which the cubic is unbounded, even if we further assume that P is
rational. In particular, one might wonder if it is possible to construct an example
similar to the one given in the proof of Proposition but where the cubic
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function grows cubically along an unbounded ray. The next proposition implies
that this is not possible. In fact, in Proposition we show that, if there exists
an unbounded ray along which a cubic grows cubically, then there exists also a
rational unbounded ray.

Proposition 5.4 (Rational cubically unbounded ray) Let P be a rational
polyhedron and let T € P and v € rec P. Suppose that f(T + A\0) — +00 as A — +00
with f(Z + \0) = O(X3). Then, for any € > 0 there exist ,0 € Q™ with & € P,
¥ € rec P such that ||T — Z|| <€, ||v — 0] < € and f(Z+ AD) > +0 as A —> +o0 with
(@ +20) = 6(\?).

Proof Suppose that v is not rational. Since v is not rational, but P is a rational
polyhedron, then dim(rec P) > 0. Let A € R"™ and consider

@+ X0+ A)) = N fa(A) + N fa(A) + M1(A) + fo(A)

where f;: R™ — R is of degree i. By assumption, f3(0) > 0. By continuity of fs,
there exists a § > 0 such that f3(A) > 0 for any ||A| < e. Since rec P n (R™\Q")
is dense in rec P n R"™, there exists a (many) perturbations A from o such that
v:=7+AeQ" and ||A]| < e. Since f;(A) > 0, then f(Z + A\V) — 4+ as A — +o0.

A similar argument applies to Z. O

We remark that, if the dimension is considered fixed, then in polynomial time
we can determine if there exists a ray that is unbounded cubically. This follows
from Renegar’s work [30], bounds on minimum values of polynomial |14], and
optimizing the cubic term of the objective function over the boundary of a ball
intersected with the recession cone of the feasible region.

To conclude this section, we observe that every cubic function has a direction
in R™ that grows cubically.

Observation 5.5 (All cubics have a direction that grows cubically) Suppose
f:R™ — R is a degree-8 polynomial. Then there exists T, € R™ such that
f(Z +20) = ON3).

Proof Let f = fo+ fi1+ f2 + f3 where f; is a homogeneous polynomial of degree-i.
Since f is degree 3, there exists some ¥ € R™ such that f3(7) # 0. Since f3 is
cubic, it is symmetric about the origin, so we can assume that f3(v) > 0. Since f3
is homogeneous of degree 3, f3(\0) = A\ f3().
Hence, f(A\0) = A* f3(2) + O(A\?). The lemma follows with Z = 0. m]

6 Examples

We conclude with a few related examples of irrationality and exponential size of
solutions that can arise in seemingly innocent types of sets.

Ezample 6.1 (System of convex quadratics all of whose feasible solutions are large)
Consider the system of inequalities y; > 2, yir1 —y? > 0 for i = 1,...,n — 1.
Then each feasible vector satisfies yn > 22""" Attributed to Ramana [27] and
Khachiyan, see [22], [2]. o
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Ezample 6.2 (A bounded feasible region QCQP whose solution requires exponen-
tially many bits)

Consider the optimization problem

max X2

st. (@1 —1)°+ 25 — dyv > 3 (37a)
(z1+1)>%+ 23 > 3 (37b)

2

i 2
== <
10 +x3 < 2 (387c)
ditdy =5, 0<di, & <dis (1<i<N-1) (374)

Suppose we allow for e-feasible solutions, in the additive sense. We will show
that unless € < 2_2N, there is an e-feasible solution to problem that attains
value v/2, whereas the true value of the problem is less than 1.23.

We begin with the latter statement. First, it is clear that implies that
dy > 0. Armed with this fact, we will show that — imply that x2 < 1.3.

To see this, note that (37b)) and (37¢|) together imply that

3< (z +1)2+27ﬁ
= 10’

or 0 < z1(5521 + 2). Hence, if z1 < 0 then z1 < —20/9 and so by ([37d), z2 <
4/2 —(20/9)2/10 ~ 1.228. Likewise, ([37a) and (37| together imply that

2 2 St
3+dv < (z1—-1)%+2- L
10
or d¥ < z1($521 — 2). Hence, if 21 > 0, then 1 > 0 (because dy > 0) and
z1 = 20/9, and as above by (37c), 2 < /2 —(20/9)2/10 ~ 1.228. Thus, in any
case, T2 < 1.228.
At the same time, the vector given by 1 = 0, 2 = v2, d1 = 2, dj = —

2 207
(2<i< N-1)and dy = 0 satisfies (exactly) all constraints ([37a)-(37d)), except
for d%,_; < dx, which it violates by 272" This concludes the proof. o

Ezample 6.8 (An SOCP all of whose feasible solutions are irrational)

Let (a,b,c,d) be a Pythagorean quadruple, i.e., a? + b2 + ¢ = d?, and all are
integers. Consider the system

\x2+ 23 < o (38a)
VaR+ 23 < d (38b)

a<z1,b<z, c<as, (38c)

In any feasible solution we have

A<t <l <d-i<d® - =d+b7.
Hence, in any feasible solution, o = va2 + b2. Choosing (a,b,c,d) = (1,2,2,3),
we have 29 = /5.

Likely, examples of this type are already known. o
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