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Abstract

In this paper, we consider convex quadratic optimization problems
with indicator variables when the matrix Q defining the quadratic term
in the objective is sparse. We use a graphical representation of the sup-
port of Q, and show that if this graph is a path, then we can solve the
associated problem in polynomial time. This enables us to construct a
compact extended formulation for the closure of the convex hull of the
epigraph of the mixed-integer convex problem. Furthermore, we propose
a novel decomposition method for general (sparse) Q, which leverages
the efficient algorithm for the path case. Our computational experiments
demonstrate the effectiveness of the proposed method compared to state-
of-the-art mixed-integer optimization solvers.

1 Introduction

Given a positive semi-definite matrix Q ∈ Rn×n and vectors a, c ∈ Rn, we study
the mixed-integer quadratic optimization problem

min
x∈Rn,z∈{0,1}n

a>z + c>x+
1

2
x>Qx (1a)

s.t. xi(1− zi) = 0 i = 1, . . . , n. (1b)

Binary vector of indicator variables, z, is used to model the support of the vector
of continuous variables, x. Indeed, if ai > 0, then zi = 1 ⇔ xi 6= 0. Problem
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(1) arises in portfolio optimization [12], sparse regression problems [8, 17], and
probabilistic graphical models [42, 39], among others.

1.1 Motivation: Inference with graphical models

A particularly relevant application of Problem (1) is in sparse inference prob-
lems with Gaussian Markov random fields (GMRFs). Specifically, we consider
a special class of GMRF models known as Besag models [9], which are widely
used in the literature [11, 10, 30, 36, 47, 55] to model spatio-temporal processes
including image restoration and computer vision, disease mapping, and evolu-
tion of financial instruments. Given an undirected graph GMRF = (N,E) with
vertex set N and edge set E, where edges encode adjacency relationships, and
given distances dij associated with each edge, consider a multivariate random
variable V ∈ RN indexed by the vertices of GMRF with probability distribution

p(V ) ∝ exp

−∑
(i,j)∈E

1

dij
(Vi − Vj)2

 ,

This probability distribution encodes the prior belief that adjacent variables
have similar values. The values of V cannot be observed directly, but rather
some noisy observations y of V are available, where yi = Vi + εi, with εi ∼
N (0, σ2

i ). Figure 1 depicts a sample GMRF commonly used to model spatial
processes, where edges correspond to horizontal and vertical adjacency.
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Figure 1: Two-dimensional GMRF.

In this case, the maximum a posteriori estimate of the true values of V can
be found by solving the optimization problem

min
x

∑
i∈N

1

σ2
i

(yi − xi)2 +
∑

(i,j)∈E

1

dij
(xi − xj)2. (2)

Problem (2) can be solved in closed form when there are no additional restric-
tions on the random variable. However, we consider the situation where the
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random variable is also assumed to be sparse [7]. For example, few pixels in
an image may be salient from the background, few geographic locations may
be affected by an epidemic, or the underlying value of a financial instrument
may change sparingly over time. Moreover, models such as (2) with sparsity
have also been proposed to estimate precision matrices of time-varying Gaus-
sian processes [24]. In all cases, the sparsity prior can be included in model (2)
with the inclusion of the `0 term

∑
i∈N aizi, where a is a penalty vector and

binary variable zi indicates whether the corresponding continuous variable xi is
nonzero, for i ∈ N . This results in an optimization problem of the form (1):

min
x,z

∑
i∈N

1

σ2
i

(yi − xi)2 +
∑

(i,j)∈E

1

dij
(xi − xj)2 +

∑
i∈N

aizi (3a)

s.t. −Mzi ≤ xi ≤Mzi ∀i ∈ N (3b)

x ∈ RN , z ∈ {0, 1}N . (3c)

Note that constraint (3b) corresponds to the popular big-M linearization of the
complementarity constraints (1b). In this case, it can be shown that settingM =
maxi∈N yi−mini∈N yi results in a valid mixed-integer optimization formulation.
Therefore, it is safe to assume that (x, z) belongs to a compact set X = {(x, z) ∈
RN × [0, 1]N : −Mz ≤ x ≤Mz}.

1.2 Background

Despite problem (1) being NP-hard [16], there has been tremendous progress
towards solving it to optimality. Due to its worst case complexity, a common
theme for successfully solving (1) is the development of theory and methods
for special cases of the problem, where matrix Q is assumed to have a special
structure, providing insights for the general case. For example, if matrix Q is
diagonal (resulting in a fully separable problem), then problem (1) can be cast
as a convex optimization problem via the perspective reformulation [15]. This
convex hull characterization has led to the development of several techniques
for problem (1) with general Q, including cutting plane methods [26, 25], strong
MISOCP formuations [1, 32], approximation algorithms [56], specialized branch-
ing methods [34], and presolving methods [5]. Recently, problem (1) has been
studied under other structural assumptions, including: quadratic terms involv-
ing two variables only [2, 3, 27, 33, 37], rank-one quadratic terms [4, 6, 51, 50],
and quadratic terms with Stieltjes matrices [7]. If the matrix can be factor-
ized as Q = Q>0 Q0 where Q0 is sparse (but Q is dense), then problem (1) can
be solved (under appropriate conditions) in polynomial time [21]. Finally, in
[18], the authors show that if the sparsity pattern of Q corresponds to a tree
with maximum degree d, and all coefficients ai are identical, then a cardinality-
constrained version of problem (1) can be solved in O(n3d) time—immediately
leading to an O(n4d) algorithm for the regularized version considered in this
paper.

We focus on the case where matrix Q is sparse, and explore efficient methods
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to solve problem (1). Our analysis is closely related to the support graph of Q,
defined below.

Definition 1. Given matrix Q ∈ Rn×n, the support graph of Q is an undirected
graph G = (N,E), where N = {1, . . . , n} and, for i < j, (i, j) ∈ E ⇔ Qij 6= 0.

Note that we may assume without loss of generality that graph G is con-
nected, because otherwise problem (1) decomposes into independent subprob-
lems, one for each connected component of G.

1.3 Contributions and outline

In this paper, we propose new algorithms and convexifications for problem (1)
when Q is sparse. First, in Section 2, we focus on the case when G is a path. We
propose an O(n2) algorithm for this case, which improves upon the complexity
resulting from the algorithm in [18] without requiring any assumption on vector
a. Moreover, we provide a compact extended formulation for the closure of the
convex hull of

X =
{

(x, z, t) ∈ Rn × {0, 1}n × R : t ≥ x>Qx, xi(1− zi) = 0, ∀i ∈ N
}

for cases where G is a path, requiring O(n2) additional variables. In Section 3,
we propose a new method for general (sparse) Q, which leverages the efficient al-
gorithm for the path case. In particular, using Fenchel duality, we relax selected
quadratic terms in the objective (1a), ensuring that the resulting quadratic ma-
trix has a favorable structure. In Section 4, we elaborate on how to select the
quadratic terms to relax. Finally, in Section 5, we present computational results
illustrating that the proposed method can significantly outperform off-the-shelf
mixed-integer optimization solvers.

1.4 Notation

Given a matrix Q ∈ Rn×n and indices 0 ≤ i < j ≤ n+ 1, we denote by Q[i, j] ∈
R(j−i−1)×(j−i−1) the submatrix of Q from indices i+ 1 to j−1. Similarly, given
any vector c ∈ Rn, we denote by c[i, j] ∈ Rj−i−1 the subvector of a vector c
from indices i+1 to j−1. Given a set S ⊆ Rn, we denote by conv(S) its convex
hull and by cl conv(S) the closure of its convex hull.

2 Path Graphs

In this section, we focus on the case where graph G is a path, that is, there
exists a permutation function π : {1, . . . , n} → {1, . . . , n} such that (i, j) ∈ E
if and only if i = π(k) and j = π(k + 1) for some k = 1, 2, . . . , n − 1. Without
loss of generality, we assume variables are indexed such that π(k) = k, in which
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case matrix Q is tridiagonal and problem (1) reduces to

ζ = min
x∈Rn,z∈{0,1}n

a>z + c>x+
1

2

n∑
i=1

Qiixi
2 +

n−1∑
i=1

Qi,i+1xixi+1 (4a)

s.t. xi(1− zi) = 0 i = 1, . . . , n. (4b)

Problem (4) is interesting in its own right: it has immediate applications in
the estimation of one-dimensional graphical models [24] (such as time-varying
signals), as well as sparse and smooth signal recovery [43, 7, 57]. In particular,
suppose that our goal is to estimate a sparse and smoothly-changing signal
{xt}nt=1 from observational data {yt}nt=1. This problem can be written as the
following optimization:

min
x∈Rn,z∈{0,1}n

a>z +

n∑
t=1

(xt − yt)2 +

n−1∑
t=1

(xt+1 − xt)2 (5a)

s.t. xt(1− zt) = 0 t = 1, . . . , n. (5b)

The first term in the objective promotes sparsity in the estimated signal, while
the second and third terms promote the closeness of the estimated signal to the
observational data and its temporal smoothness, respectively. It is easy to see
that (5) can be written as a special case of (4).

First, we discuss how to solve (4) efficiently as a shortest path problem. For
simplicity, we assume that Q � 0 (unless stated otherwise).

2.1 A shortest path formulation

In this section, we explain how to solve (4) by solving a shortest path problem
on an auxiliary directed acyclic graph (DAG). Define for 0 ≤ i < j ≤ n+ 1

wij
def
=

j−1∑
k=i+1

ak + min
x[i,j]∈Rj−i−1

{
j−1∑

k=i+1

ckxk +
1

2

j−1∑
k=i+1

Qkkxk
2 +

j−2∑
k=i+1

Qk,k+1xkxk+1

}

=

j−1∑
k=i+1

ak −
1

2
c[i, j]>Q[i, j]−1c[i, j], (6)

where the equality follows from the fact that

x∗(i, j) = −Q[i, j]−1c[i, j] (7)

is the corresponding optimal solution. By convention, we let wi,i+1 = 0 for all
i = 0, . . . , n.

We start by discussing how to solve a restriction of problem (4) involving
only continuous variables. Given any fixed z̄ ∈ {0, 1}, let x(z̄) be the unique
minimizer of the optimization problem

ζ(z̄) = a>z̄ + min
x∈Rn

{
c>x+

1

2

n∑
i=1

Qiixi
2 +

n−1∑
i=1

Qi,i+1xixi+1

}
(8a)

s.t. xi(1− z̄i) = 0 i = 1, . . . , n. (8b)
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Lemma 1 discusses the structure of the optimal solution x(z̄) in (8), which can
be expressed using the optimal solutions x∗(i, j) of subproblems given in (7).

Lemma 1. Let 0 = v0 < v1 < v2 < · · · < v` < v`+1 = n + 1 be the indices
such that z̄j = 0 if and only if j = vk for some 1 ≤ k ≤ ` and ` ∈ {0, . . . , n}.
Then x(z̄)vk = 0 for k = 1, . . . , `, and x(z̄)[vk, vk+1] = x∗(vk, vk+1). Finally,

the optimal objective value is ζ(z̄) =
∑`
k=0 wvk,vk+1

.

Proof. Constraints xvk(1 − z̄vk) = 0 and z̄vk = 0 imply that xvk = 0 in any
feasible solution. Moreover, note that since xvk = 0 for all k = 1 . . . , `, problem
(8) decomposes into ` + 1 independent subproblems, each involving variables
x[vk, vk+1] for k = 0, . . . , `. Note that some problems may contain no variables
and are thus trivial. Finally, by definition, the optimal solution of those sub-
problems is precisely x∗(vk, vk+1). The optimal objective value can be verified
simply by substituting x with its optimal value.

Lemma 1 shows that, given the optimal values for the indicator variables,
problem (4) is decomposable into smaller subproblems, each with a closed-form
solution. This key property suggests that (4) can be cast as a shortest path
(SP) problem.

Definition 2 (SP graph). Define the weighted directed acyclic graph GSP with
vertex set N ∪ {0, n + 1}, arc set A = {(i, j) ∈ Z2

+ : 0 ≤ i < j ≤ n + 1} and
weights w given in (6). Figure 2 depicts a graphical representation of GSP .

10 …0
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Figure 2: Graphical depiction of GSP .

Proposition 1. The length of any (0, n + 1)-path p = {0, v1, . . . , v`, n + 1} on
GSP is the objective value of the solution of problem (4) corresponding to setting
z̄v = 0 if and only if v ∈ p, and setting x = x(z̄).

Proof. There is a one-to-one correspondence between any path p on GSP , and
the solution (x(z̄), z̄) where z̄ is given as in Lemma 1, that is, z̄j = 0⇔ j = vk
for some k = 1, . . . , `. By construction, the length of the path is precisely the
objective value associated with (x(z̄), z̄).
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Proposition 1 immediately implies that the solution with smallest cost cor-
responds to a shortest path, which we state next as a corollary.

Corollary 1. An optimal solution (x(z∗), z∗) of (4) can be found by computing
a (0, n+ 1)-shortest path on GSP . Moreover, the solution found satisfies z∗i = 0
if and only if vertex i is visited by the shortest path.

2.2 Algorithm

Observe that since graph GSP is acyclic, a shortest path can be directly com-
puted by a labeling algorithm in complexity linear in the number of arcs |A|,
which in this case is O(n2). Moreover, computing the cost wij of each arc re-
quires solving the system of equalities Q[i, j]x[i, j] = −c[i, j], which can be done
in O(n) time using Thomas algorithm [19, Chapter 9.4]. Thus, the overall com-
plexity of this direct method is O(n3) time, and it requires O(n2) memory to
store graph GSP . We now show that this complexity can in fact be improved.

Algorithm 1 Algorithm for problem (4)

Input: a, c ∈ Rn, Q ∈ Rn×n tridiagonal positive definite.
Output: Optimal objective value ζ of (4).
1: `0 ← 0
2: `k ←∞ for k = 1, . . . , n+ 1 . Shortest path labels, initially ∞
3: for i = 0, . . . , n do
4: `i+1 ← min{`i+1, `i} . wi,i+1 = 0
5: c̄← 0, q̄ ←∞ . Stores linear and quadratic coefficients
6: w̄ ← 0
7: for j = i+ 2, . . . , n+ 1 do
8: c̄← cj−1 − Qj−2,j−1

q̄
c̄ . Assume Q0,1 = 0

9: q̄ ← Qj−1,j−1 − (Qj−2,j−1)2

q̄
. Assume Q0,1 = 0

10: w̄ ← w̄ − 1
2

c̄2

q̄
+ aj−1 . w̄ = wij

11: `j = min{`j , `i + w̄}
12: end for
13: end for
14: return `n+1

Proposition 2. Algorithm 1 solves problem (4) in O(n2) time and using O(n)
memory.

Observe that since Algorithm 1 has two nested loops (lines 3 and 7) and
each operation inside the loop can be done in O(1), the stated time complexity
of O(n2) follows. Moreover, Algorithm 1 only uses variables c̄, q̄, k̄, `0, . . . , `n+1,
thus the stated memory complexity of O(n) follows. Therefore, to prove Propo-
sition 2, it suffices to show that Algorithm 1 indeed solves problem (4).

Algorithm 1 is based on the forward elimination of variables. Consider the
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optimization problem (6), which we repeat for convenience

wij =

j−1∑
k=i+1

ak + min
x[i,j]∈Rj−i−1

{ j−1∑
k=i+1

ckxk

+
1

2

j−1∑
k=i+1

Qkkxk
2 +

j−2∑
k=i+1

Qk,k+1xkxk+1

}
. (9)

Lemma 2 shows how we can eliminate the first variable, that is, variable xi+1,
in (9).

Lemma 2. If j = i+ 2, then wij = ai+1 −
c2i+1

2Qi+1,i+1
. Otherwise,

wij = ai+1 −
c2i+1

2Qi+1,i+1
+

j−1∑
k=i+2

ak

+ min
x[i+1,j]∈Rj−i−2

{
j−1∑
k=i+2

c̃kxk +
1

2

j−1∑
k=i+2

Q̃kkxk
2 +

j−2∑
k=i+2

Qk,k+1xkxk+1

}
,

where c̃i+2 = ci+2 − ci+1
Qi+1,i+2

Qi+1,i+1
, c̃k = ck for k > i+ 2, Q̃i+2,i+2 = Qi+2,i+2 −

Q2
i+1,i+2

Qi+1,i+1
, and Q̃kk = Qkk for k > i+ 2.

Proof. If j = i + 2 then the optimal solution of minxi+1∈R{ai+1 + ci+1xi+1 +
1
2Qi+1,i+1x

2
i+1} is given by x∗i+1 = −ci+1/Qi+1,i+1, with objective value ai+1 −

c2i+1

2Qi+1,i+1
. Otherwise, from the KKT conditions corresponding to xi+1, we find

that

ci+1 +Qi+1,i+1xi+1 +Qi+1,i+2xi+2 = 0 =⇒ xi+1 =
−ci+1 −Qi+1,i+2xi+2

Qi+1,i+1
.

Substituting out xi+1 in the objective value, we obtain the equivalent form

j−1∑
k=i+1

ak −
c2i+1

Qi+1,i+1
− ci+1Qi+1,i+2xi+2

Qi+1,i+1
+

j−1∑
k=i+2

ckxk +
1

2

(−ci+1 −Qi+1,i+2xi+2)2

Qi+1,i+1

+
1

2

j−1∑
k=i+2

Qkkx
2
k −

Qi+1,i+2

Qi+1,i+1
ci+1xi+2 −

(Qi+1,i+2xi+2)2

Qi+1,i+1
+

j−2∑
k=i+2

Qk,k+1xkxk+1

=

j−1∑
k=i+1

ak −
c2i+1

2Qi+1,i+1
+

(
ci+2 − ci+1

Qi+1,i+2

Qi+1,i+1

)
xi+2 +

j−1∑
k=i+3

ckxk

+
1

2

(
Qi+2,i+2 −

Q2
i+1,i+2

Qi+1,i+1

)
x2
i+2 +

n∑
k=i+3

Qkkx
2
k +

j−2∑
k=i+2

Qk,k+1xkxk+1.
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The critical observation from Lemma 2 is that, after elimination of the first
variable, only the linear coefficient ci+2 and diagonal term Qi+2,i+2 need to be
updated. From Lemma 2, we can deduce the correctness of Algorithm 1, as
stated in Proposition 3 and Corollary 2 below.

Proposition 3. Given any pair of indices i and j corresponding to the outer
(line 3) and inner (line 7) loops of Algorithm 1, respectively, w̄ = wij in line 10.

Proof. If j = i + 2, then c̄ = ci+1, q̄ = Qi+1,i+1, w̄ = ai+1 −
c2i+1

2Qi+1,i+1
and the

conclusion follows from Lemma 2. If j = i+ 3, then c̄ = c̃i+2, q̄ = Q̃i+2,i+2, and
the conclusion follows from a recursive application of Lemma 2 to the reduced
problem, after the elimination of variable xi+1. Similarly, cases j > i+ 3 follow
from recursive applications of Lemma 2.

Corollary 2. At the end of Algorithm 1, label `k corresponds to the length of
the shortest (0, k)-path. In particular, Algorithm 1 returns the length of the
shortest (0, n+ 1) path.

Proof. The proof follows due to the fact that line 11 corresponds to the update
of the shortest path labels using the natural topological order of GSP .

Remark 1. Algorithm 1 can be easily modified to recover, not only the optimal
objective value, but also the optimal solution. This can be done by maintaining
the list of predecessors p of each node (initially, pk ← ∅) throughout the algo-
rithm; if label `j is updated at line 11, then set pj ← i. The solution can then
be recovered by backtracking, starting from pn+1.

2.3 Convexification

The polynomial time solvability of problem (4) suggests that it may be possible
to find a tractable representation of the convex hull of X when Q is tridiago-
nal. Moreover, given a shortest path (or, equivalently, dynamic programming)
formulation of a pure integer linear optimization problem, it is often possible to
construct an extended formulation of the convex hull of the feasible region, e.g.,
see [40, 22, 52, 28]. There have been recent efforts to generalize such methods
to nonlinear integer problems [20], but few authors have considered using such
convexification techniques in nonlinear mixed-integer problems as the ones con-
sidered here. Next, using lifting [46] and the equivalence of optimization over X
to a shortest path problem proved in Section 2.1, we derive a compact extended
formulation for cl conv(X) in the tridiagonal case.

The lifting approach used here is similar to the approach used recently in
[6, 31]: the continuous variables are projected out first, then a convex hull de-
scription is obtained for the resulting projection in the space of discrete variables,
and finally the description is lifted back to the space of continuous variables.
Unlike [6, 31], the convexification in the discrete space is obtained using an ex-
tended formulation (instead of finding the description in the original space of
variables).

9



In particular, to construct valid inequalities for X we observe that for any
(x, z, t) ∈ X and any θ ∈ Rn,

1

2
t ≥ 1

2
x>Qx

⇔1

2
t− θ>x ≥ −θ>x+

1

2
x>Qx

=⇒ 1

2
t− θ>x ≥ gθ(z)

def
= min

x

{
−θ>x+

1

2
x>Qx : xi(1− zi) = 0, i ∈ N

}
.

(10)

We now discuss the convexification in the space of the discrete variables,
that is, describing the convex envelope of function gθ.

2.3.1 Convexification of the projection in the z space

We study the epigraph of function gθ, given by

Gθ = {(z, s) ∈ {0, 1}n × R : s ≥ gθ(z)} .

Note that conv(Gθ) is polyhedral. Using the results from Section 2.1, we now
give an extended formulation for Gθ. Given two indices 0 ≤ i < j ≤ n+ 1 and
vector θ ∈ Rn, define the function

gij(θ)
def
= −1

2
θ[i, j]>Q[i, j]−1θ[i, j],

Observe that gij(θ) = gij(−θ) for any θ ∈ Rn, and that weights wij defined in

(6) are given by wij = gij(−c[i, j])+
∑j−1
k=i+1 ak. Moreover, for 0 ≤ i < j ≤ n+1,

consider variables uij intuitively defined as “uij = 1 if and only if arc (i, j) is
used in a shortest (0, n+ 1) path in GSP .” Consider the constraints

n∑
i=0

n+1∑
j=i+1

gij(θ)uij ≤ s (11a)

k−1∑
i=0

uik −
n+1∑
j=k+1

ukj =


−1 if k = 0

1 if k = n+ 1

0 otherwise.

k = 0, . . . , n+ 1 (11b)

k−1∑
i=0

uik = 1− zk k = 1, . . . , n. (11c)

u ≥ 0, 0 ≤ z ≤ 1. (11d)

Proposition 4. If Q is tridiagonal, then the system (11) is an extended for-
mulation of conv(Gθ) for any θ ∈ Rn.
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Proof. It suffices to show that optimization over Gθ is equivalent to optimization
over constraints (11). Optimization over Gθ corresponds to

min
(z,s)∈Gθ

{β>z + s}

⇔min
x,z

{
−θ>x+ β>z +

1

2
x>Qx

}
s.t. xi(1− zi) = 0, z ∈ {0, 1}n

for an arbitrary vector β ∈ Rn. On the other hand, optimization over (11) is
equivalent, after projecting out variables z and s, to

min
u≥0

n∑
i=1

βi

(
1−

i−1∑
`=0

u`i

)
+

n∑
i=1

n+1∑
j=i+1

gij(θ)uij s.t. (11b), (11d)

⇔min
u≥0

n∑
i=1

βi

i−1∑
`=0

n+1∑
j=i+1

u`j

+

n∑
i=1

n+1∑
j=i+1

gij(θ)uij s.t. (11b), (11d) (12)

⇔min
u≥0

n∑
i=1

n+1∑
j=i+1

(
gij(θ) +

j−1∑
`=i+1

β`

)
uij s.t. (11b), (11d),

where (12) follows from the observation that if node i is not visited by the path

(
∑i−1
`=0 u`i = 0), then one arc bypassing node i is used. The equivalence between

the two problems follows from Corollary 1 and the fact that (11b),(11d) are
precisely the constraints corresponding to a shortest path problem.

2.3.2 Lifting into the space of continuous variables

From inequality (10) and Proposition 4, we find that for any θ ∈ Rn the linear
inequality

1

2
t− θ>x ≥

n∑
i=0

n+1∑
j=i+1

gij(θ)uij (13)

is valid for X, where (u, z) satisfy the constraints in (11). Of particular interest
is choosing θ that maximizes the strength of (13):

1

2
t ≥ max

θ∈Rn


n∑
i=0

n+1∑
j=i+1

gij(θ)uij + θ>x

 . (14)

Proposition 5. If Q is tridiagonal, then inequality (14) and constraints (11b)-
(11d) are sufficient to describe cl conv(X) (in an extended formulation).

Proposition 5 is a direct consequence of Theorem 1 in [46]. Nonetheless, for
the sake of completeness, we include a short proof.

11



Proof of Proposition 5. Consider the optimization problem (1), and its relax-
ation given by

min
x,z,u

a>z + c>x+ max
θ∈Rn


n∑
i=0

n+1∑
j=i+1

gij(θ)uij + θ>x

 (15a)

s.t. (11b)− (11d). (15b)

It suffices to show that there exists an optimal solution of (15) which is feasible
for (1) with the same objective value, and thus it is optimal for (1) as well. We
consider a further relaxation of (15), obtained by fixing θ = −c in the inner
maximization problem:

min
x,z,u

a>z +

n∑
i=0

n+1∑
j=i+1

gij(−c)uij (16a)

s.t. (11b)− (11d). (16b)

In particular, the objective value of (16) is the same for all values of x ∈ Rn.
Moreover, using identical arguments to Proposition 4, we find that the two
problems have in fact the same objective value. Finally, given any optimal
solution z∗ to (16), the point (x(z∗), z∗) is feasible for (1) and optimal for its
relaxation (16) (with the same objective value), and thus this point is optimal
for (1) as well.

We close this section by presenting an explicit form of inequalities (14).
Define Q̄(i, j) ∈ Rn×n as the matrix obtained by completing Q[i, j] with zeros,
that is, Q̄(i, j)[i, j] = Q[i, j] and Q̄(i, j)k` = 0 otherwise. Moreover, by abusing
notation, we define Q̄(i, j)−1 ∈ Rn×n similarly, that is, Q̄(i, j)−1[i, j] = Q[i, j]−1

and Q̄(i, j)−1k` = 0 otherwise.

Proposition 6. For every (x, u) ∈ cl conv(X), inequality (14) is equivalent to(
t x>

x
(∑n

i=0

∑n+1
j=i+1 Q̄(i, j)−1uij

)) � 0. (17)

Proof. Note that

1

2
t ≥ max

θ∈Rn


n∑
i=0

n+1∑
j=i+1

gij(θ)uij + θ>x


⇔ 1

2
t ≥ max

θ∈Rn

−
n∑
i=0

n+1∑
j=i+1

(
1

2
θ[i, j]>Q[i, j]−1θ[i, j]

)
uij + θ>x



⇔ 1

2
t ≥ max

θ∈Rn


−1

2
θ>


n∑
i=0

n+1∑
j=i+1

Q̄(i, j)−1uij︸ ︷︷ ︸
M(u)

 θ + θ>x


. (18)
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Observe that matrix M(u) is positive semidefinite (since it is a nonnegative sum
of psd matrices), thus the maximization (18) is a convex optimization problem,
and its optimal value takes the form{

1
2x
>M(u)†x if x ∈ Range(M(u)),

+∞ if otherwise,

where M(u)† and Range(M(u)) denote the pseudo-inverse and range of M(u),
respectively. If x 6∈ Range(M(u)), then inequality (14) is violated, and hence,
(x, u) 6∈ cl conv(X). Therefore, we must have x ∈ Range(M(u)), or equivalently,
M(u)M(u)†x = x. In other words,

t ≥ x>M(u)†x and M(u)M(u)†x = x.

Invoking the Schur complement [13, Appendix A.5] completes the proof.

3 General (Sparse) Graphs

In this section, we return our attention to problem (1) where graph G is not
a path (but is nonetheless assumed to be sparse), and matrix Q is diagonally
dominant:

ζ∗ = min
x∈Rn,z∈{0,1}n

a>z + c>x+
1

2

n∑
i=1

Diix
2
i +

1

2

n∑
i=1

n∑
j=i+1

|Qij |(xi ± xj)2

(19a)

s.t. −Mz ≤ x ≤Mz, (19b)

where Dii = Qii −
∑
j 6=i |Qij | ≥ 0. Note that (3) is a special case of (19) with

n = |N |, ci = −2yi/σ
2
i , Qij = −2/dij if (i, j) ∈ E and Qij = 0 otherwise,

Dii = 2/σ2
i , and every “±” sign corresponds to a minus sign.

A natural approach to leverage the efficient O(n2) algorithm for the tridiag-
onal case given in Section 2.2 is to simply drop terms |Qij |(xi ± xj)2 whenever
j > i+ 1, and solve the relaxation with objective

a>z + c>x+
1

2

n∑
i=1

Diix
2
i +

1

2

n∑
i=1

|Qi,i+1|(xi ± xi+1)2.

Intuitively, if matrix Q is “close” to tridiagonal, the resulting relaxation could
be a close approximation to (19). Nonetheless, as Example 1 below shows, the
relaxation can in fact be quite loose.

Example 1. Consider the optimization problem with support graph given in
Figure 3:

ζ∗ = min− 1.3x1 − 2.5x2 + 4.6x3 − 7.8x4 + 3x21 + 6x22 + 3x23 + 2x24

− 1.5x1x2 − x2x3 − 0.8x2x4 + 2(z1 + z2 + z3 + z4) (20a)

s.t. xi(1− zi) = 0, zi ∈ {0, 1} i = 1, . . . , 4. (20b)
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Figure 3: Support graphs for Example 1. Left: original; right: after dropping
0.4(x2 − x4)2.

The optimal solution of (20) is x∗ = (0, 0,−1.53, 3.9) with objective value
ζ∗ ≈ −14.74. After deletion of the term 0.4(x2−x4)2 from (20a), we obtain the
tridiagonal problem

ζ0 = min− 1.3x1 − 2.5x2 + 4.6x3 − 7.8x4 + 3x21 + 5.6x22 + 3x23 + 1.6x24

− 1.5x1x2 − x2x3 + 2(z1 + z2 + z3 + z4)

s.t. xi(1− zi) = 0, zi ∈ {0, 1} i = 1, . . . , 4,

with optimal solution x∗0 = (0, 0,−1.53, 6.5) and ζ0 = −24.88. The optimality

gap is ζ∗−ζ0
|ζ∗| = 68.8%.

We now discuss how to obtain improved relaxations of (19), which can result
in much smaller optimality gaps.

3.1 Convex relaxation via path and rank-one convexifica-
tions

The large optimality gap in Example 1 can be attributed to the large effect of
completely ignoring some terms |Qij |(xi ± xj)2. To obtain a better relaxation,
we use the following convexification of rank-one terms for set

X2 =
{

(x, z, t) ∈ R2 × {0, 1}2 × R : (x1 ± x2)2 ≤ t, xi(1− zi) = 0, i = 1, 2
}
.

Proposition 7 (Atamtürk and Gómez 2019 [4]).

cl conv(X2) =

{
(x, z, t) ∈ R2 × [0, 1]2 × R :

(x1 ± x2)2

min{1, z1 + z2}
≤ t
}
.

We propose to solve the convexification of (19) where binary variables are
relaxed to 0 ≤ z ≤ 1, complementarity constraints are removed, each term
|Qij |(xi ± xj)2 with j > i + 1 is replaced with the convexification in Proposi-
tion 7, and the rest of the terms are convexified using the results of Section 2.3.
Formally, define the “zero”-indices 1 = τ1 < · · · < τ` < τ`+1 = n+ 1 such that

{τ2, . . . , τ`} = {i ∈ N : Qi−1,i = 0} .
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Moreover, given indices 0 ≤ i < j ≤ n+ 1, define

X(i, j) =
{

(x, z, t) ∈Rj−i−1 × {0, 1}j−i−1 × R : t ≥ x>Q̂(i, j)x,

xt(1− zt) = 0, t = 1, . . . , j − i− 1
}
,

where Q̂(i, j) is the tridiagonal (j − i− 1)× (j − i− 1) matrix corresponding to
indices i+ 1 to j − 1 in problem (19), that is,

Q̂(i, j)tk =


Dt+i,t+i +Qt+i,t+i+1 if t = k

Qt+i,k+i if t− k = ±1

0 otherwise.

A description of cl conv(X(i, j)) is given in Proposition 5. We propose to solve
the relaxation of (19) given by

ζp = min
x,z,t

a>z + c>x+
1

2

∑̀
k=1

tk +
1

2

n∑
i=1

n∑
j=i+2

|Qi,j |
(xi ± xj)2

min{1, zi + zj}
(22a)

s.t. (x[τk − 1, τk+1], z[τk − 1, τk+1], tk) ∈ cl conv(X(τk − 1, τk+1))

k = 1, . . . , ` (22b)

x ∈ Rn, z ∈ [0, 1]n, t ∈ R`. (22c)

Note that the strength of relaxation (22) depends on the order in which variables
x1, . . . , xn are indexed. We discuss how to choose an ordering in Section 4. In
the rest of this section, we assume that the order is fixed.

We first establish that relaxation (22) is stronger than the pure rank-one
relaxation

ζR1 = min
x∈Rn,z∈[0,1]n

a>z + c>x+
1

2

n∑
i=1

Dii
x2i
zi

+
1

2

n∑
i=1

n∑
j=i+1

|Qij |
(xi ± xj)2

min{1, zi + zj}
(23)

used in [4].

Proposition 8. Given any vectors a, c and matrix Q, ζR1 ≤ ζp ≤ ζ∗.

Proof. Since both (22) and (23) are relaxations of (19), it follows that ζR1 ≤ ζ∗
and ζp ≤ ζ∗. Moreover, note that

min
x,z,t

a>z + c>x+
1

2

∑̀
k=1

tk

s.t. (x[τk − 1, τk+1], z[τk − 1, τk+1], tk) ∈ cl conv(X(τk − 1, τk+1))

k = 1, . . . , `

x ∈ Rn, z ∈ [0, 1]n, t ∈ R`
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is an ideal relaxation of the discrete problem

min
x∈Rn,z∈{0,1}n

a>z + c>x+
1

2

n∑
i=1

Diix
2
i +

1

2

n∑
i=1

|Qi,i+1|(xi ± xi+1)2

s.t. −Mz ≤ x ≤Mz,

whereas (23) is not necessarily an ideal relaxation of the same problem. Since
the two relaxations coincide in how they handle terms |Qij |(xi±xj)2 for j > i+1,
it follows that ζR1 ≤ ζp.

While relaxation (22) is indeed strong and is conic-representable, it may be
difficult to solve using off-the-shelf solvers. Indeed, the direct implementation of
(22b) requires the addition of O(n2) additional variables and the introduction
of the positive-semidefinite constraints (17), resulting in a large-scale SDP. We
now develop a tailored decomposition algorithm to solve (22) based on Fenchel
duality.

Decomposition methods for mixed-integer linear programs, such as Lagrangian
decomposition, have been successful in solving large-scale instances. In these
frameworks, typically a set of “complicating” constraints that tie a large number
of variables are relaxed using a Lagrangian relaxation scheme. In this vein, in
[23], the authors propose a Lagrangian relaxation-based decomposition method
for spatial graphical model estimation problems under cardinality constraints.
The Lagrangian relaxation of the cardinality constraint results in a Lagrangian
dual problem that decomposes into smaller mixed-integer subproblems, which
are solved using optimization solvers. In contrast, in this paper, we use Fenchel
duality to relax the “complicating” terms in the objective. This results in sub-
problems that can be solved in polynomial time, in parallel. Furthermore, the
strength of the Fenchel dual results in a highly scalable algorithm that converges
to an optimal solution of the relaxation fast. Before we describe the algorithm,
we first introduce the Fenchel dual problem.

3.2 Fenchel duality

The decomposition algorithm we propose relies on the Fenchel dual of terms
resulting from the rank-one convexification.

Proposition 9 (Fenchel dual). For all (x, z) satisfying 0 ≤ z ≤ 1 and each
α, β1, β2 ∈ R

(x1 ± x2)2

min{1, z1 + z2}
≥ α(x1 ± x2)− β1z1 − β2z2 − f∗(α, β1, β2), (24)

where

f∗(α, β1, β2)
def
= max

x,z
α(x1 ± x2)− β1z1 − β2z2 −

(x1 ± x2)2

min{1, z1 + z2}

= max{0, α
2

4
−min{β1, β2}} −min{max{β1, β2}, 0}.
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Moreover, for any fixed (x, z), there exists α, β1, β2 such that the inequality
is tight.

Proof. For simplicity, we first assume that the “±” sign is a minus. Define
function f as

f(α1, α2, β1, β2, x1, x2, z1, z2) = α1x1 + α2x2 − β1z1 − β2z2 −
(x1 − x2)

2

min{1, z1 + z2}
,

and consider the maximization problem given by

f∗(α1, α2, β1, β2) = max
x,z

f(α1, α2, β1, β2, x1, x2, z1, z2) (25a)

s.t. x1, x2 ∈ R, z1, z2 ∈ [0, 1]. (25b)

We now compute an explicit form of f∗(α1, α2, β1, β2). First, observe that if
α1 + α2 6= 0, then f∗(α1, α2, β1, β2) = +∞, (with z1 = z2 = 1, x1 = x2 =
±∞). Thus we assume without loss of generality that α1 + α2 = 0, let α = α1

and use the short notation f∗(α, β1, β2) and f(α, β1, β2, x1, x2, z1, z2) instead of
f∗(α,−α, β1, β2) and f(α,−α, β1, β2, x1, x2, z1, z2), respectively.

To compute a maximum of (25), we consider three classes of candidate so-
lutions.

1. Solutions with z1 = z2 = 0. If x1 = x2, then f(α, β1, β2, x1, x2, z1, z2) = 0.
Otherwise, if x1 6= x2, then f(α, β1, β2, x1, x2, z1, z2) = −∞.

2. Solutions with 0 < z1 + z2 ≤ 1. We claim that we can assume without
loss of generality that z1 + z2 = 1. First, if z1 = 0, then the objective
is homogeneous in z2, thus there exists an optimal solution where either
z2 = 0 (but this case has already been considered) or z2 = 1. The case
z2 = 0 is identical. Finally, if both 0 < z1, z2 and z1 + z2 < 1, then from
the optimality conditions we find that

0 = −β1 +

(
x1 − x2
z1 + z2

)2

= −β2 +

(
x1 − x2
z1 + z2

)2

,

and in particular this case only happens if β1 = β2. In this case the
objective is homogeneous in z1 + z2, thus there exists another optimal
solution where either z1 + z2 → 0 (already considered) or z1 + z2 = 1.

Moreover, in the z1 + z2 = 1 case,

f(α, β1, β2, x1, x2, z1, z2) = α(x1 − x2)− (x1 − x2)
2 − β1z1 − β2z2

≤ α2

4
− β1z1 − β2z2 (equal if x1 − x2 = α/2)

≤ α2

4
−min{β1, β2}.
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3. Solutions with z1 + z2 > 1. In this case, the objective is linear in z, thus
in an optimal solution, z is at its bound. The only case not considered
already is z1 = z2 = 1, where

f(α, β1, β2, x1, x2, z1, z2) = α(x1 − x2)− (x1 − x2)
2 − β1z1 − β2z2

≤ α2

4
− β1 − β2. (equal if x1 − x2 = α/2)

Thus, to compute an upper bound on f∗(α, β1, β2), it suffices to compare the
three values 0, α2/4−min{β1, β2}, and α2/4− β1 − β2 and choose the largest
one. The result can be summarized as

f∗(α, β1, β2) ≤ max{0, α
2

4
−min{β1, β2}} −min{max{β1, β2}, 0}.

Finally, for a given (x, z), we discuss how to choose (α, β1, β2) so that in-
equality (24) is tight.

• If z = 0 and x1 − x2 = 0, then set α = β1 = β2 = 0.

• If z = 0 and x1 − x2 6= 0, then set α = ρ(x1 − x2) with ρ → ∞, and set
β1 = β2 = α2/4.

• If 0 < z1 +z2 < 1, then set α = 2(x1−x2) and β1 = β2 = (x1−x2)2/(z1 +
z2).

• If 1 ≤ z1 + z2, then set α = 2(x1 − x2) and β1 = β2 = 0.

Remark 2. Function f∗ is defined by pieces, corresponding to a maximum of
convex functions. By analyzing under which cases the maximum is attained, we
find that

f∗(α, β1, β2) =


0 if min{β1, β2} > α2/4

α2/4− β1 − β2 if max{β1, β2} < 0

α2/4−min{β1, β2} otherwise.

Indeed:

1. Case min{β1, β2} > α2/4. Since α2/4−β1−β2 < α2/4−min{β1, β2} < 0,
we conclude that f∗(α, β1, β2) = 0 with x∗1, x

∗
2, z
∗
1 , z
∗
2 = 0.

2. Case max{β1, β2} < 0. Since 0 < α2/4 −min{β1, β2} < α2/4 − β1 − β2,
we conclude that f∗(α, β1, β2) = α2/4−β1−β2, with x∗1−x∗2 = α/2, z∗1 =
z∗2 = 1.

3. Case min{β1, β2} ≤ α2/4 and max{β1, β2} ≥ 0. Since 0, α2/4− β1− β2 ≤
α2/4−min{β1, β2}, we conclude that f∗(α, β1, β2) = α2/4−min{β1, β2}
with x∗1 − x∗2 = α/2, z∗1 + z∗2 = 1.
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From Proposition 9, it follows that problem (22) can be written as

ζp = min
x,z,t

max
α,β

a>z + c>x+
1

2

∑̀
k=1

tk

+
1

2

n∑
i=1

n∑
j=i+2

|Qij |
(
αij(xi ± xj)− βij,izi − βij,jzj − f∗(αij , βij,i, βij,j)

)
(26a)

s.t. (x[τk − 1, τk+1], z[τk − 1, τk+1], tk) ∈ cl conv(X(τk − 1, τk+1))

k = 1, . . . , ` (26b)

(x, z) ∈ X , t ∈ R`, (26c)

where X = {(x, z) ∈ Rn × [0, 1]n : −Mz ≤ x ≤Mz}. Define

ψ(x, z, t;α, β)
def
=

n∑
i=1

ai − 1

2

n∑
j=i+2

|Qij |βij,i −
1

2

i−2∑
j=1

|Qji|βji,i

 zi

+

n∑
i=1

ci +
1

2

n∑
j=i+2

|Qij |αij +
1

2

i−2∑
j=1

(±|Qji|αji)

xi +
1

2

∑̀
k=1

tk.

Proposition 10 (Strong duality). Strong duality holds for problem (26), that
is,

ζp = max
α,β

h(α, β),

where

h(α, β)
def
= − 1

2

n∑
i=1

n∑
j=i+2

|Qij |f∗(αij , βij,i, βij,j) + min
x,z,t

{
ψ(x, z, t, α, β)

}
(27a)

s.t. (x[τk − 1, τk+1], z[τk − 1, τk+1], tk) ∈ cl conv(X(τk − 1, τk+1))

k = 1, . . . , ` (27b)

(x, z) ∈ X , t ∈ R`. (27c)

Proof. Problem (27) is obtained from (26) by interchanging min and max.
Equality between the two problems follows from Corollary 3.3 in [48], because
f∗ is convex (since by definition it is a supremum of affine functions) and X is
compact.

3.3 Subgradient algorithm

Note that for any fixed (α, β), the inner minimization problem in (27) decom-
poses into independent subproblems, each involving variables
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(x[τk − 1, τk+1], z[τk − 1, τk+1], tk). Moreover, each subproblem corresponds
to an optimization problem over cl conv(X(τk − 1, τk+1)), equivalently, opti-
mization over X(τk − 1, τk+1). Therefore, it can be solved in O(n2) time using
Algorithm 1. Furthermore, the outer maximization problem is concave in (α, β)
since h(α, β) is the sum of the concave functions −f∗(αij , βij,i, βij,j) and an
infimum of affine functions, thus it can in principle be optimized efficiently. We
now discuss how to solve the latter problem via a subgradient method.

Similar to Lagrangian decomposition methods for mixed-integer linear opti-
mization [54], subgradients of function h can be obtained directly from optimal
solutions of the inner minimization problem. Given any point (ᾱ, β̄1, β̄2) ∈ R3,
denote by ∂f∗(ᾱ, β̄1, β̄2)) the subdifferential of f∗ at that point. In other words,
(ξ(ᾱ), ξ(β̄1), ξ(β̄2))) ∈ ∂f∗(ᾱ, β̄1, β̄2)) implies

f∗(α, β1, β2) ≥ f∗(ᾱ, β̄1, β̄2) + ξ(ᾱ)(α− ᾱ) + ξ(β̄1)(β1 − β̄1) + ξ(β̄2)(β2 − β̄2)
(28)

for all (α, β1, β2) ∈ R3. The next proposition shows that subgradients ρ(α, β) ∈
R(3/2)(n−1)(n−2) of function h(α, β) (for maximization) can be obtained from
subgradients of f∗ and optimal solutions (x̄, z̄) of the inner minimization prob-
lem in (27), as  ρ(αij)

ρ(βij,i)
ρ(βij,j)

 = −

 ξ(αij)
ξ(βij,i)
ξ(βij,j)

+

x̄i ± x̄j−z̄i
−z̄j

 .

Later, in Proposition 12, we explicitly describe the subgradients ξ of f∗.

Proposition 11. Given any (ᾱ, β̄) ∈ R(3/2)(n−1)(n−2), let (x̄, z̄, t̄) denote an
optimal solution of the associated minimization problem (27), and let

(ξ(ᾱij), ξ(β̄ij,i), ξ(β̄ij,j)) ∈ ∂f∗(ᾱij , β̄ij,i, β̄ij,j)

for all j > i+ 1. Then for any (α, β) ∈ R(3/2)(n−1)(n−2),

h(α, β) ≤ h(ᾱ, β̄) +
1

2

n∑
i=1

n∑
j=i+2

|Qij | (−ξ(ᾱij) + x̄i ± x̄j) (αij − ᾱij)

+
1

2

n∑
i=1

n∑
j=i+2

|Qij |
(
−ξ(β̄ij,i)− z̄i

)
(βij,i − β̄ij,i)

+
1

2

n∑
i=1

n∑
j=i+2

|Qij |
(
−ξ(β̄ij,j)− z̄j

)
(βij,j − β̄ij,j).

Proof. Given (α, β) ∈ R(3/2)(n−1)(n−2), let (x∗, y∗, t∗) be the associated solution
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of the inner minimization problem (27). Then we deduce that

h(α, β) =− 1

2

n∑
i=1

n∑
j=i+2

|Qij |f∗(αij , βij,i, βij,j) + ψ(x∗, z∗, t∗;α, β)

≤− 1

2

n∑
i=1

n∑
j=i+2

|Qij |

(
f∗(ᾱij , β̄ij,i, β̄ij,j) + ξ(ᾱij)(αij − ᾱij) + ξ(β̄ij,i)(βij,i − β̄ij,i)

+ ξ(β̄ij,j)(βij,j − β̄ij,j)

)
+ ψ(x∗, z∗, t∗;α, β)

≤− 1

2

n∑
i=1

n∑
j=i+2

|Qij |

(
f∗(ᾱij , β̄ij,i, β̄ij,j) + ξ(ᾱij)(αij − ᾱij) + ξ(β̄ij,i)(βij,i − β̄ij,i)

+ ξ(β̄ij,j)(βij,j − β̄ij,j)

)
+ ψ(x̄, z̄, t̄;α, β)

=− 1

2

n∑
i=1

n∑
j=i+2

|Qij |

(
f∗(ᾱij , β̄ij,i, β̄ij,j) +

(
ξ(ᾱij) + x̄i ± x̄j

)
(αij − ᾱij)

+
(
ξ(β̄ij,i)− z̄i

)
(βij,i − β̄ij,i) +

(
ξ(β̄ij,j)− z̄j

)
(βij,j − β̄ij,j)

)
+ ψ(x̄, z̄, t̄; ᾱ, β̄),

where the first inequality follows from (28), the second inequality follows since
(x∗, z∗, t∗) is a minimizer of ψ(·, α, β) whereas (x̄, z̄, t̄) may not be, and the last
equality follows since ψ is linear in (α, β) for fixed (x̄, z̄, t̄). The conclusion
follows.

Proposition 12. A subgradient of function f∗ admits a closed form solution
as

(ξ(αij), ξ(βij,i), ξ(βij,j))

=


(0, 0, 0) if βij,i, βij,j > α2

ij/4,
(αij/2,−1, 0) if βij,i ≤ α2

ij/4 & βij,j ≥ 0 & βij,j ≥ βij,i,
(αij/2, 0,−1) if βij,j ≤ α2

ij/4 & βij,i ≥ 0 & βij,i > βij,j ,
(αij/2,−1,−1) if βij,i, βij,j < 0.

Proof. The result follows since f∗ is the supremum of affine functions described
in Remark 2.

Algorithm 2 states the proposed method to solve problem (27). Initially,
(α, β) is set to zero (line 1). Then, at each iteration: a primal solution (x̄, z̄, t̄)
of (27) is obtained by solving ` independent problems of the form (4), using
Algorithm 1 (line 4); a subgradient of function h is obtained directly from (x̄, z̄)
using Propositions 11 and 12 (line 5); finally, the dual solution is updated using
first order information (line 6).

We now discuss some implementation details. First, note that in line 1, (α, β)
can in fact be initialized to an arbitrary point without affecting correctness of the
algorithm. Nonetheless, by initializing at zero, we ensure that the first iteration
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Algorithm 2 Subgradient ascent

Input: a, c ∈ Rn, Q � 0 diagonally dominant.
Output: ζp.

1: (α, β)← (0, 0) . Initialize
2: k ← 1 . Iteration counter
3: repeat
4: (x̄, z̄, t̄) ∈ arg minx,z,tψ(x, z, t;α, β) . Algorithm 1
5: ρ(x̄, z̄) ∈ ∂h(α, β) . Propositions 11 and 12
6: (α, β)← (α, β) + skρ(x̄, z̄)/‖ρ(x̄, z̄)‖2 . sk =Step size at iteration k
7: k ← k + 1 . Iteration counter
8: until Termination criterion is met
9: return h(α, β)

of Algorithm 2 corresponds to solving the relaxation obtained by completely
dropping the complicating quadratic terms; see Example 1. Second, each time
a primal solution is obtained (line 4), a lower bound h(α, β) ≤ ζp ≤ ζ∗ can
be computed. Moreover, since the solution (x̄, z̄) is feasible for (19), an upper
bound ζ̄(x̄, z̄) ≥ ζ∗ can be obtained by simply evaluating the objective function
(19a). Thus, at each iteration of Algorithm 2, an estimate of the optimality gap
of (x̄, z̄) can be computed as gap = (ζ̄(x̄, z̄)− h(α, β))/ζ̄(x̄, z̄). Third, a natural
termination criterion (line 8) we use in our experiments is to terminate if gap ≤ ε
for some predefined optimality tolerance ε, or if k ≥ k̄ for some iteration limit k̄.
Observe that a termination criterion in addition to the optimality gap is indeed
required: if ζp + ε < ζ∗, then the estimated optimality gap will never be less
than ε. Nonetheless, it is worth pointing out that under mild conditions (such as
diminishing nature of the step sizes), the subgradient method is guaranteed to
converge to the global maximizer of h(α, β) at a sublinear rate; see [45, 14, 44]
for more details on the convergence rate of subgradient method.

We close this section by revisiting Example 1, demonstrating that Algo-
rithm 2 can indeed achieve substantially improved optimality gaps.

Example 1 (Continued). The Fenchel dual of (20) is

ζp = max
α,β
− 0.4f∗(α, β1, β2) + min

x,z

{
− 1.3x1 + (−2.5 + 0.4α)x2 + 4.6x3 (29a)

− (7.8 + 0.4α)x4 + 3x21 + 5.6x22 + 3x23 + 1.6x24 − 1.5x1x2 (29b)

− x2x3 + 2z1 + (2− 0.4β1)z2 + 2z3 + (2− 0.4β2)z4

}
(29c)

s.t. xi(1− zi) = 0, zi ∈ {0, 1}, i = 1, . . . , 4. (29d)

Table 1 shows the first nine iterations of Algorithm 2.
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Table 1: Algorithm 2 applied to problem (29) with sk = 1
1.01k

.

Iteration x̄ α β1 β2 ζp Gap
1 (0,0,-1.53,6.50) 0 0 0 -24.87 67.93%
2 (0,0,-1.53,6.16) -1.0 0.25 0 -22.44 57.23%
3 (0,0,-1.53,5.83) -1.99 0.25 0 -20.36 46.04%
4 (0,0,-1.53,5.50) -2.97 0.25 0 -18.62 34.78%
5 (0,0,-1.53,5.18) -3.94 0.25 0 -17.21 24.02%
6 (0,0,-1.53,4.86) -4.90 0.25 0 -16.13 14.45%
7 (0,0,-1.53,4.54) -5.85 0.25 0 -15.36 6.84%
8 (0,0,-1.53,4.23) -6.79 0.25 0 -14.90 1.88%
9 (0,0,-1.53,3.92) -7.72 0.25 0 -14.73 <0.01%

4 Path Decomposition

In the previous section, we showed that if Q does not possess a tridiagonal
structure, then it is possible to relax its “problematic” elements via their Fenchel
duals, and leverage Algorithm 1 to solve the resulting relaxation. In this section,
our goal is to explain how to select the nonzero elements of Q to be relaxed via
our proposed method. In particular, our goal is to obtain the best permutation
matrix P such that PQP> is close to tridiagonal.

To achieve this goal, we propose a path decomposition method over G, where
the problem of finding the best permutation matrix for Q is reformulated as
finding a maximum weight subgraph of G, denoted as G̃, that is a union of
paths. In particular, define yij as an indicator variable that takes the value 1
if and only if edge (i, j) is included in the subgraph. Therefore, the problem of

finding G̃ reduces to:

p∗ = max
∑

(i,j)∈E

|Qij |yij (30a)

s.t.
∑
j∈δ(i)

yij ≤ 2, ∀i = 1, 2, . . . , n (30b)

∑
i,j∈S

yij ≤ |S| − 1 ∀S ⊆ {1, 2, . . . , n} (30c)

yij ∈ {0, 1}, ∀(i, j) ∈ E. (30d)

where δ(i) denotes the neighbors of node i in G. Let the objective function eval-
uated at a given y be denoted as p(y). Moreover, let y∗ and p∗ be an optimal
solution and its corresponding objective value respectively. Constraints (30b)
ensure that the constructed graph is the union of cycles and paths, whereas con-
straints (30c) are cycle-breaking constraints [38, 41, 53]. Despite the exponential
number of constraints (30c), it is known that cycle elimination constraints can
often be efficiently separated [53]. Nonetheless, our next result shows that prob-
lem (30) is indeed NP-hard.
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Theorem 1. Problem (30) is NP-hard.

Proof. We use a reduction from Hamiltonian path problem: given an arbitrary
(unweighted) graph G, the Hamiltonian path problem asks whether there exists
a simple path that traverses every node in G. It is known that Hamiltonian
path problem is NP-complete [29].

Given an arbitrary graph G(N,E), construct an instance of (30) with |Qij | =
1 if (i, j) ∈ E, and |Qij | = 0 otherwise. Let us denote the optimal solution
to the constructed problem as y∗, and the graph induced by this solution as
G∗(N,E∗). In other words, (i, j) ∈ E∗ if and only if y∗ij = 1. It is easy to see
that

∑
(i,j)∈E y

∗
ij ≤ n − 1; otherwise, the graph G∗ contains a cycle, which is

a contradiction. Therefore, we have p(y∗) ≤ n − 1. We show that, we have
p(y∗) = n − 1 if and only if G contains a Hamiltonian path. This immediately
completes the proof.

First, suppose that G has a Hamiltonian path. Therefore, there exists a path
in G with exactly n − 1 edges. A solution ỹ defined as ỹij = 1 for every edge
(i, j) in the path, and ỹij = 0 otherwise is feasible for the constructed instance
of (30), and it has the objective value p(ỹ) = p(y∗) = n−1. Conversely, suppose
that p(y∗) = n − 1. Then, the graph G∗ has exactly n − 1 edges, and it is a
union of paths. It is easy to see that if G∗ has at least two components, then
|E∗| < n−1, which is a contradiction. Therefore, G∗ is a Hamiltonian path.

Due to hardness of (30), we propose in this section an approximation algo-
rithm based on the following idea:

1. Find a vertex disjoint path/cycle cover of G, that is, a subset Ẽ of the edges
of E such that, in the induced subgraph of G, each connected component
is either a cycle or a path.

2. From each cycle, remove the edge (i, j) ∈ Ẽ with least value |Qij |.

Note that a vertex disjoint cycle cover can be found by solving a bipartite
matching problem [49] on an auxiliary graph, after using a node splitting tech-
nique. Specifically, create graph GM = (VM , EM ) with VM = N ∪{1′, 2′, . . . , n′}
and EM that is determined as follows: if (i, j) ∈ E, then (i, j′) ∈ EM and
(i′, j) ∈ EM . Then any matching on GM corresponds to a cycle cover in G,
with edge (i, j′) in the matching encoding that “j follows i in a cycle.” Figure 4
illustrates how to obtain cycle covers via bipartite matchings.

In the resulting decomposition from this method, each connected component
is a cycle, possibly of length two (that is, using the same edge twice). However,
in inference problems with graphical models, graph G is often bipartite (see
Figure 1), in which case we propose an improved method which consists of
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Figure 4: Graph GM corresponding to the support graph in Figure 3 (left). Bold
red: Max. cardinality matching corresponding to the decomposition shown in
Figure 3 (right). Dashed blue: Alternative max. cardinality matching corre-
sponding to using edge (2, 4) twice, resulting in a length two cycle.

solving the integer optimization problem

max
∑

(i,j)∈E

|Qij |yij (31a)

s.t.
∑
j∈δ(i)

yij ≤ 2, ∀i = 1, 2, . . . , n (31b)

yij ∈ {0, 1}, ∀(i, j) ∈ E. (31c)

Problem (31) is obtained from (30) after dropping the cycle elimination con-
straints (30c). Note that in any feasible solution of (31) each edge can be used
only once, thus preventing cycles of length two. Moreover, some of the con-
nected components may already be paths. Finally, we note that (31) is much
simpler than (30), since it can be solved in polynomial time for certain graph
structures.

Proposition 13. For bipartite G, the linear programming relaxation of the prob-
lem (31) is exact.

Proof. It is easy to verify that the constraint matrix for (31) is totally unimod-
ular if G is bipartite, and therefore, the linear programming relaxation of (31)
has integer solutions.

Let the optimal solution to (31) be denoted as ŷ. Define the weighted graph

Ĝ(N, Ê) ⊆ G(N,E) induced by ŷ such that (i, j) ∈ Ê with weight |Qij | if and

only if ŷij = 1. Suppose that the graph G̃(N, Ẽ) is obtained after eliminating

a single edge with smallest weight from every cycle of Ĝ. Finally, define ỹ such
that ỹij = 1 if (i, j) ∈ Ẽ, and ỹij = 0 if (i, j) ∈ E\Ẽ. Next, we show that
the above procedure leads to a 2/3-approximation of (30) in general, and a
3/4-approximation for bipartite graphs.

Theorem 2. We have p(ỹ)
p∗ ≤

2
3 . Moreover, if G is bipartite, then p(ỹ)

p∗ ≤
3
4 .
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Proof. Recall that Ĝ is a union of paths and cycles. Let γ and η denote the
number of path and cycle components in Ĝ, respectively. Moreover, let P =
{P1, P2, . . . , Pγ} and C = {C1, C2, . . . , Cη} denote the set of paths and cycle

components in Ĝ. Clearly, we have p(ŷ) ≤ p∗ ≤ p(ŷ), since problem (31) is a
relaxation of (30), and ŷ is a feasible solution to (30). On the other hand, we
have

p(ŷ) =
∑
Pk∈P

∑
(i,j)∈Pk

|Qij |+
∑
Ck∈C

∑
(i,j)∈Ck

|Qij |

≥ p(ỹ)

=
∑
Pk∈P

∑
(i,j)∈Pk

|Qij |+
∑
Ck∈C

 ∑
(i,j)∈Ck

|Qij |

− min
(i,j)∈Ck

|Qij |


≥
∑
Pk∈P

∑
(i,j)∈Pk

|Qij |+
2

3

∑
Ck∈C

∑
(i,j)∈Ck

|Qij |

≥ 2

3

∑
Pk∈P

∑
(i,j)∈Pk

|Qij |+
∑
Ck∈C

∑
(i,j)∈Ck

|Qij |


=

2

3
p(ŷ),

where in the second inequality, we used the fact that removing an edge with the
smallest weight from a cycle can reduce the weight of that cycle by at most a

factor of 2
3 . This implies that 2

3p(ŷ) ≤ p(ŷ) ≤ p∗ ≤ p(ŷ), and hence, p(ỹ)
p∗ ≤

2
3 .

The last part of the theorem follows since bipartite graphs do not contain cycles
of length 3, thus each cycle of Ĝ has length four or more. Therefore, removing
an edge with the smallest weight from a cycle of a bipartite graph reduces the
weight by at most a factor of 3

4 . �

Remark 3. It can be easily shown that the procedure applied to a pure cycle
cover of G, including cycles of length 2, would lead to a 1/2-approximation.
Thus the proposed method indeed delivers in theory higher quality solutions for
bipartite graphs, reducing the optimality gap of the worst-case performance by
half.

5 Computational Results

We now report illustrative computational experiments showcasing the perfor-
mance of the proposed methods. First, in Section 5.1, we demonstrate the
performance of Algorithm 1 on instances with tridiagonal matrices. Then, in
Section 5.2, we discuss the performance of Algorithm 2 on instances inspired by
inference with graphical models.
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5.1 Experiments with tridiagonal instances

In this section, we consider instances with tridiagonal matrices. We compare the
performance Algorithm 1, the direct O(n3) method mentioned in the beginning
of Section 2.2, and the big-M mixed-integer nonlinear optimization formulation
(3), solved using Gurobi v9.0.2. All experiments are run on a Lenovo laptop
with a 1.9GHz IntelrCoreTM i7-8650U CPU and 16 GB main memory; for
Gurobi, we use a single thread and a time limit of one hour, and stop whenever
the optimality gap is 1% or less.

In the first set of experiments, we construct tridiagonal matrices Q ∈ RN×N
and vectors a, c ∈ RN randomly as c = Uniform[−10, 3], a = Uniform[0, 1],
Qi,i+1 = Uniform[−2, 2], Qii = |Qi,i−1|+|Qi,i+1|+Uniform[0, 4]. Table 2 reports
the time in seconds required to solve the instances by each method considered,
as well as the gap and the number of branch-and-bound nodes reported by
Gurobi, for different dimensions n ≤ 200. Each row represents the average over
10 instances generated with the same parameters.

Table 2: Perfomance solving tridiagonal instances.

Metric Method n = 10 n = 50 n = 100 n = 200
Algorithm 1 <0.1 <0.1 <0.1 <0.1

Time(s) Direct O(n3) <0.1 0.2 1.6 16.6
Big-M <0.1 0.5 43.4 TL

B&B nodes
Big-M

14 2,764 404,475 17,965,177
Gap 0% 0% <1.0% 2.5%

TL: Time Limit (1 hour).

As expected, mixed-integer optimization approaches struggle in instances
with n = 200, whereas the polynomial time methods are much faster. Moreover,
as expected, Algorithm 1, with worst-case complexity of O(n2), is substantially
faster than the direct O(n3) method. To better illustrate the scalability of the
proposed methods, we report in Figure 5 the time used by the polynomial time
methods to solve instances with 10 ≤ n ≤ 10, 000. We see that the direct O(n3)
method requires over 10 minutes to solve instances with n = 500, and over one
hour for instances with n ≥ 1, 000. In contrast, the faster Algorithm 1 can solve
instances with n ≤ 1, 000 in under one second, and instances with n = 10, 000
in less than one minute. We also see that the practical performance of both
methods matches the theoretical complexity.

We also tested Algorithm 1 in inference problems with one-dimensional
graphical models of the form (5), which are naturally tridiagonal. For this
setting, we use the synthethic data {yt}nt=1 ∈ Rn with n = 1, 000 used in
[7], available online at https://sites.google.com/usc.edu/gomez/data. In-
stances are classified according to a noise parameter σ, corresponding to the
standard deviation of the noise εi, see Section 1.2 (all noise terms have the same
variance). The results are reported in Table 3.

Once again, Algorithm 1 is substantially faster than the big-M formulation
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Figure 5: Time (in seconds) required to solve tridiagonal problems with 10 ≤
n ≤ 10, 000, in logarithmic scale.

Table 3: Results with one-dimensional graphical models (5), n = 1, 000. We set
ai = µ for all i ∈ N , and choose µ so that approximately ‖x‖0 = 0.1n in an
optimal solution.

σ µ
Algorithm 1 Big-M

Time(s) Time(s) Gap Nodes
0.10 0.01 0.8 TL 1.8% 4,034,520
0.50 0.02 0.8 TL 40.6% 4,474,262
1.00 0.12 0.8 TL 42.2% 3,749,981
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solved using Gurobi. More interestingly perhaps are how the results reported
here compare with those of [7]. In that paper, the authors propose a conic
quadratic relaxation of problem1 (5), and solve this relaxation using the off-the-
shelf solver Mosek. The authors report that solving this relaxation requires two
seconds in these instances. Note that solution times are not directly comparable
due to using different computing environments. Nonetheless, we see that, using
Algorithm 1, the mixed-integer optimization problem (5) can be solved to op-
timality in approximately the same time required to solve the (not necessarily
tight) convex relaxation proposed in [7]. Moreover, Algorithm 1 can be used
with arbitrary tridiagonal matrices Q � 0, whereas the method of [7] requires
the additional assumption that Q is a Stieltjes matrix.

5.2 Inference with two-dimensional graphical models

In the previous section, we reported experiments with tridiagonal matrices,
where Algorithm 1 delivers the optimal solution of the mixed-integer problem.
In this section, we report our computational experiments with solving inference
problems (1) using Algorithm 2 (which is not guaranteed to find an optimal
solution) and the big-M formulation. In the considered instances, graph G is
given by the two-dimensional lattice depicted in Figure 1, that is, elements of
N are arranged in a grid and there are edges between horizontally/vertically
adjacent vertices. We consider instances with grid sizes 10 × 10 and 40 × 40,
thus resulting in instances with n = 100 and n = 1, 600, respectively. The data
for y are generated similarly to [35], where σ is the standard deviation of the
noise terms εi. The data is available online at https://sites.google.com/

usc.edu/gomez/data.
We test two different step sizes2 sk = 1/k and sk = (1.01)−k for Algorithm 2.

For both the big-M formulation and Algorithm 2, we stop whenever the proven
optimality gap is less than 1%. Moreover, for the big-M formulation, we set a
time limit of one hour, and for Algorithm 2 we set an iteration limit of k̄ = 300
in instances with n = 100, and k̄ = 100 in instances with n = 1, 600. Tables 4
and 5 report results with n = 100 and n = 1, 600, respectively. They show the
time (in seconds) and gaps proven by each method, as well as the number of
iterations for Algorithm 2 and the number of branch-and-bound nodes explored
by Gurobi. Each row represents an average over five instances.

We see that the big-M formulation can be solved fast for low noise values,
but struggles in high-noise regimes. For example, if n = 100, problems with
σ ≤ 0.1 are solved in under one second, while problems with σ = 0.5 cannot
be solved within the time limit. For instances with n = 1, 600, gaps can be
as large as 30% in high noise regimes. In contrast, Algorithm 2 consistently
delivers solutions with low optimality gaps. For example, the worst reported
gap is 1.6% (n = 1, 600, σ = 0.5, sk = 1.01−k), but is often much less. In

1They consider a slightly different term, where the sparsity is imposed via a cardinality
constraint a>z ≤ k instead of a penalization in the objective.

2For step size sk = 1/k, we modify line 6 of Algorithm 2 to (α, β) ← (α, β) + skρ(x̄, z̄)
(without normalization), since this version performed better in our computations.
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Table 4: 10 × 10 Graphical model, i.e., n = 100. We set ai = µ for all i ∈ N ,
and choose µ so that in an optimal solution, ‖x‖0 approximately matches the
number of nonzeros of the underlying signal.

σ µ
Algorithm 2, sk = (1.01)−k Algorithm 2, sk = 1/k Big-M
Iter. Time(s) Gap Iter. Time(s) Gap Nodes Time(s) Gap

0.02 0.5 14 0.2 <1% 9 0.2 <1% 68 0.1 0.0%
0.1 0.5 22 0.4 <1% 7 0.1 <1% 556 0.3 0.0%
0.3 0.1 52 0.9 <1% 9 0.2 <1% 1,431,538 268.6 <1%
0.5 0.1 193 3.2 <1% 27 0.5 <1% 14,116,955 TL 4.7%

Table 5: 40 × 40 Graphical model, i.e., n = 1600.We set ai = µ for all i ∈ N ,
and choose µ so that in an optimal solution, ‖x‖0 approximately matches the
number of nonzeros of the underlying signal.

σ µ
Algorithm 2, sk = (1.01)−k Algorithm 2, sk = 1/k Big-M
Iter. Time(s) Gap Iter. Time(s) Gap Nodes Time(s) Gap

0.02 0.05 9 28.3 <1% 15 47.1 <1% 5,485 23.1 <1%
0.1 0.05 8 27.2 <1% 13 43.6 <1% 618,310 TL 3.9%
0.3 0.025 73 224.2 <1% 20 62.4 <1% 639,431 TL 21.4%
0.5 0.05 100 303.1 1.6% 61 190.5 1.0% 669,872 TL 30.9%

particular, using step size sk = 1/k, average optimality gaps of at most 1.0%
are obtained in all cases. In terms of run times, Algorithm 2 runs in seconds on
instances with n = 100, and in under five minutes on instances with n = 1, 600.

In summary, for the instances that are not solved to optimality using the
big-M formulation, Algorithm 2 is able to reduce the optimality gaps by at least
an order of magnitude while requiring only a small fraction of the computational
time.
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