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THE MAXIMUM MEASURE OF NON-TRIVIAL 3-WISE
INTERSECTING FAMILIES

NORIHIDE TOKUSHIGE

ABSTRACT. Let G be a family of subsets of an n-element set. The family G is called non-
trivial 3-wise intersecting if the intersection of any three subsets in G is non-empty, but
the intersection of all subsets is empty. For a real number p € (0, 1) we define the measure
of the family by the sum of p/%I(1 —p)"~I€l over all G € G. We determine the maximum
measure of non-trivial 3-wise intersecting families. We also discuss the uniqueness and
stability of the corresponding optimal structure. These results are obtained by solving
linear programming problems.

1. INTRODUCTION

We determine the maximum measure of non-trivial 3-wise intersecting families, and
discuss the stability of the optimal structure. To make the statement precise let us start
with some definitions.

Let n >t > 1 and r > 2 be integers. For a finite set X let 2% denote the power set of
X. We say that a family of subsets G C 2% is r-wise t-intersecting if |G1 N ---NG,| >t
for all G1,...,G, € G. If t = 1 then we omit ¢ and say an r-wise intersecting family to
mean an r-wise l-intersecting family.

Let 0 < p < 1 be a real number and let ¢ = 1 — p. For G C 2% we define its measure
(or p-measure) p,(G : X) by

pplG  X) 1= 3 3l

Geg

We mainly consider the case X = [n], where [n] := {1,2,...,n}. In this case we just write
11(G) to mean (G : ).

We say that an r-wise t-intersecting family G € 2" is non-trivial if |G| < t, where
NG :=geg G- Let us denote the maximum p-measure of such families by M;(n,p), that
is,

M(n,p) == max{u,(G) : G C 2" is non-trivial r-wise t-intersecting}.

If a family G C 2" is non-trivial r-wise t-intersecting, then so is

G =GU{GU{n+1}:GeG}carti
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Since G and G’ have the same p-measure, the function M/ (n,p) is non-decreasing in n for
fixed r,t, p, and we can define
M!(p) := lim M} (n,p).

n—oo
For simplicity if t = 1 then we just write M,.(n,p) and M, (p).
What is generally known about M, (n,p) and M,(p)? For the case r = 2 we have the
following.

p if0<p<3,
1 ifg<p<l.

My(p) = {

Indeed it is easy to see that Ma(n, 1) =1, and it is known from [1] that Ms(n,p) < p for
p < % Thus My(p) < p for p < % On the other hand we construct a non-trivial r-wise
intersecting family by F := ({F € 2l : 1 € F}\{{1}})U{[2,n]}, where [i, ] := [j]\[i—1].
Then we have 11,(F) = p—pg" '+ gp"~' — p asn — oo. Thus My(p) = p for p < 5. For
the case p > 2 we construct a non-trivial r-wise intersecting family G := {F € 2" : |F| >
n/2}. Then py(G) = 34, (1)pfq" " — 1 as n — oo, and so Ms(p) =1 for p > 3.

The case p = % (and arbitrary r > 2) is also known. Brace and Daykin [5] determined
the maximum size of non-trivial r-wise intersecting families. In other words, they deter-
mined M, (n, %) To state their results we define a non-trivial r-wise intersecting family
BD,(n) by

BD,(n) :={F e 2l |Fnr+1]| >r}.
Then ,(BD,(n)) = (r + 1)p"q + p".

Theorem 1 (Brace and Daykin [5]). For r > 2 we have M,(n,3) = ,LL%(BDT(n)). If
r > 3 then BD,.(n) is the only optimal family (up to isomorphism) whose measure attains
M,(n,1).

Here two families F,G C 2" are isomorphic if there is a permutation 7 on [r] such that
F={{r(g9) : g € G} : G € G}. In this case we write F = .

The other thing we know is about the case p close to . In this case we can extend

2
Theorem 1 if r > 8 as follows.

Theorem 2 ([20]). Let r > 8. Then there exists ¢ = €(r) > 0 such that M,(n,p) =
11p(BD,.(n)) for |[p— 4| <€, and BD,(n) is the only optimal family (up to isomorphism,).

In [20] it is conjectured the same holds for r = 6 and 7 as well. On the other hand there
is a construction showing that if » <5 then M, (n,p) > u,(BD,(n)) for p close to 1/2.
In this paper we focus on the case r = 3. We determine M;(p) for all p.

Theorem 3. For non-trivial 3-wise intersecting families we have

P’ if p< 3,
My(p) = 4p’q + p' d%épéé

p if 5 <p<3,

1 if2<p<l
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FIGURE 1. The graph of Mj3(p)
In case Ms(p) there is a jump at p = % In case Mj3(p) there are two jumps at p = %
and p = % as in Figure 1, and M3(p) is continuous at p = % but not differentiable at this
point. We also note that yu,(BD3(n)) = 4p>q + p*.

The most interesting part is the case % <p< % In this case we determine Mjs(n,p)
and the corresponding optimal structure.

Theorem 4. Let 3 < p < 5. Then we have Mz(n,p) = p,(BDs(n)). Moreover, BD3(n)
is the only optimal family (up to isomorphism), that is, if F C 2" is a non-trivial 3-wise
intersecting family with p1,(F) = Ms(n,p) then F = BDs(n).

We also consider the stability of the optimal family for 3 < p < 5. Roughly speaking
we will claim that if a non-trivial 3-wise intersecting family has measure close to Ms(n, p)
then the family is close to BD3(n) in structure. A similar result is known for 2-wise
t-intersecting families. For comparison with our case let % <p< % and t = 2. Note
that BDs(n) is a 2-wise 2-intersecting family. If F C 2" is a 2-wise 2-intersecting family,
then it follows from the Ahlswede-Khachatrian theorem (see Theorem 11) that p,(F) <
tp(BDs(n)). Moreover, if pu,(F) is close to ,(BDs(n)) then F is close to BDs(n). This
follows from a stability result (corresponding to Theorem 11) proved by Ellis, Keller, and

Lifshitz. Here we include a version due to Filmus applied to the case % <p< % and t = 2.

Theorem 5 (Ellis—-Keller-Lifshitz [6], Filmus [7]). Let 5 < p < 2. There is a constant

€0 = €o(p) such that the following holds. If F C 2" is a 2-wise 2-intersecting family with
pp(F) = pp(BD3(n)) — €, where € < ¢, then there is a family G = BDg3(n) such that
wp(FAG) = O(e), where the hidden constant depends on p only.

We note that the condition p,(FAG) = O(e) in Theorem 5 cannot be replaced with the
condition F C G. To see this, consider a 2-wise 2-intersecting family

(1) F = (BDs(n) \ {{1,3,4},{2,3,4}}) U{[n] \ {3,4}}.

Then 11,(F) = pp(BD3(n)) — 2p°¢" 3 + p*¢"* — p,(BDs(n)) as n — oo, but F is not
contained in BD3(n) (or any isomorphic copy of BD3(n)).
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Note that a non-trivial r-wise t-intersecting family is necessarily an (r —1)-wise (t+1)-
intersecting family. (Otherwise there are r — 1 subsets whose intersection is of size exactly
t, and so all subsets contain the ¢ vertices to be r-wise t-intersecting, which contradicts the
non-trivial condition.) Thus Theorem 5 also holds if we replace the assumption that F is a
2-wise 2-intersecting family with the assumption that F is a non-trivial 3-wise intersecting
family. We also note that the family F defined by (1) is 2-wise 2-intersecting, but not
3-wise intersecting. This suggests a possibility of a stronger stability for non-trivial 3-wise
intersecting families than 2-wise 2-intersecting families.

Conjecture 1. Let % <p< % There is a constant €y = €y(p) such that the following
holds. If F C 2"l is a non-trivial 3-wise intersecting family with p1,(F) = p,(BD3(n)) —¢,
where € < €, then there is a family G = BD3(n) such that F C G.

We verify the conjecture for the case % <p< % provided that the family is shifted.
Here we say that a family F C 2 is shifted if F € F and {4,5} N F = {j} for some
1 <i<j<n,then (F\{j})U{i} € F. The following is our main result in this paper.

Theorem 6. Let % <p< %, and let F C 2™ be a shifted non-trivial 3-wise intersecting
family. If F ¢ BDs(n) then p,(F) < u,(BDs(n)) — 0.0018.

For the proof of Theorem 6 we divide the family into some subfamilies. These subfam-
ilies are not only 3-wise intersecting, but also satisfy some additional intersection condi-
tions. To capture the conditions we need some more definitions. We say that r families
Fi,..., F, C 2" are r-cross t-intersecting if |1 N- - -NE,| >t for all F} € F,...,F. € F,.
If moreover F; # ) for all 1 < ¢ < r, then the r families are called non-empty r-cross
t-intersecting. As usual we say r-cross intersecting to mean r-cross l-intersecting. The
following result is used to prove Theorem 6.

Theorem 7. Let % <p< % If Fi, Fa, F3 C 2" are non-empty 3-cross intersecting
families, then

(2) pp(F1) + pp(Fa) + pip(F3) < 3p.

Suppose, moreover, that % <p< %, all F; are shifted, and (\F = 0, where the intersection

18 taken over all F' € F1 U Fy U F3. Then,
(3) pp(F1) + pp(F2) + pp(F3) < 3p — €p,
where €, = (2 — 3p)(3p — 1).

The first inequality (2) is an easy consequence of a recent result on r-cross t-intersecting
families obtained by Gupta, Mogge, Piga, and Schiilke [13], while the second inequality
(3) is proved by solving linear programming (LP) problems. We mention that equality
holds in (2) only if |(perurmur Il =1 unless p = 5. This fact will not be used for the
proof of Theorem 6, but it follows easily from (3) and Lemma 1.

Here we outline the proof of Theorem 6. This is done by solving LP problems as
follows. First we divide F into subfamilies, say, F = F; UF,U--- U Fy. Let z; = p,,(F).
These subfamilies satisfy some additional conditions, which give us (not necessarily linear)
constraints on the variables z;. Under the constraints we need to maximize p,(F) =

Zle x;. In principle this problem can be solved by the method of Lagrange multipliers,
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but in practice it is not so easy even if concrete p is fixed. To overcome the difficulty
we first replace non-linear constraints with weaker piecewise linear constraints. In this
way the problem turns into an LP problem with the parameter p, which can be solved
efficiently provided p is given. Next, instead of solving this primal problem, we seek a
feasible solution to the dual LP problem with the parameter. Finally the desired upper
bound for p,(F) is obtained by the weak duality theorem. As to related proof technique
we refer [24] for application of LP methods to some other extremal problems, and also
[18, 19] for SDP methods.

In the next section we gather tools we use to prove our results. Then in Section 3 we
deduce Theorem 3 and Theorem 4 from Theorem 6. In Section 4 we prove Theorem 7,
whose proof is a prototype of the proof of Theorem 6. In Section 5 we prove our main
result Theorem 6. Finally in the last section we discuss possible extensions to non-trivial
r-wise intersecting families for r > 4, and a related k-uniform problem. In particular
we include counterexamples to a recent conjecture posed by O’Neill and Verstraete [17]

(c.f. Balogh and Linz [4]).

2. PRELIMINARIES
2.1. Shifting. For 1 <i¢ < j < n we define the shifting operation o; ; : 2 5 2l by
0,;(G) :={G;,; : G € G},
where

¢, {(G\{mu{z’} it (G (1) U{i} 2.

G otherwise.

By definition 41,(G) = p,(0;;(G)) follows. We say that G is shifted if G is invariant under
any shifting operations, in other words, if G € G then G;; € Gforall 1 <i < j<n. If
G is not shifted then > ;2" o9 > ZG/EUZ'J(Q) > gecr g for some i, j, and so starting
from G we get a shifted G’ by applying shifting operations repeatedly finitely many times.
It is not difficult to check that if G is r-wise t-intersecting, then so is o; ;(G). Therefore if
G is an r-wise t-intersecting family, then there is a shifted r-wise ¢-intersecting family G’
with ,(G") = pp(G). It is also true that if Gy,..., G, are r-cross t-intersecting families,
then there are shifted r-cross t-intersecting families Gj, . .., G, with p,(G;) = p,(G;) for all
1< <r.

For the proof of Theorem 4 we use the fact that if o, ;(G) = BD3(n) then G = BD3(n).
More generally the following holds.

Lemma 1. Let n,a,b be positive integers with a > 1, b > 0, and n > a + 2b, and let
F={FCn]:|FNa+2b)| >a+b}. IfGC 2l satisfies 0;;(G) = F then G = F.

The above result is well-known, see, e.g., Lemma 6 in [16] for a proof and a history.
We note that the condition o0;;(G) = F can be replaced with o, ;(G) = F. Indeed if
0,;(G) = F' and F' = F, then by Lemma 1 (and by renaming the vertices) we have
G = F',and so G = F. By choosing a =r —1 and b = 1, we see that if 0; ;(G) = BD,(n)
then G = BD,(n).

For G, H C [n] we say that G shifts to H, denoted by G ~ H, if G =0, or if |G| < |H|
and the ¢th smallest element of G is greater than or equal to that of H for each i < |G/.
Note that the relation ~~ is transitive, and this fact will be used later (Claims 16 and 17).
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We say that G is inclusion maximal if G € G and G C H imply H € G. Since we are
interested in the maximum measure of non-trivial 3-wise intersecting families, we always
assume that families are inclusion maximal. If G is shifted and inclusion maximal, then
G e Gand G~ Himply H € G.

2.2. Duality in linear programming. For later use we briefly record the weak duality
theorem in linear programming. See e.g., chapter 6 in [12] for more details.

A primal linear programming problem (P) is formalized as follows.
T

maximize: c¢'z,

subject to: Ax < b and x > 0.
The corresponding dual programming problem (D) is as follows.

minimize: b7y,

subject to: ATy > cand y > 0.
Theorem 8 (Weak duality). For each feasible solution x of (P) and each feasible solution
y of (D) we have ¢z < b'y.

2.3. Tools for the proof of Theorem 7. Let n,t,a be fixed positive integers with
t < a < n. Define two families A and B by

A={F Cn]:|Fnla]| >t}

B={F C|n]:la] C F}.
Then 1,(A) = 1=3775 (4)p7q* 7, and i, (B) = p*. Let Fy = A, Fo = --- = F, = B. Then
Fi,...,F. are r-cross t-intersecting families with >\ p,(F;) = pp(A) + (r — 1)p,(B).
The next result is a special case of Theorem 1.4 in [13], which states that the above
construction is the best choice to maximize the sum of p-measures of non-empty r-cross
t-intersecting families provided p < %
Theorem 9 (Gupta-Mogge-Piga—Schiilke [13]). Letr > 2 and0 <p < 5. If Fy, ..., F, C
2l gre non-empty r-cross t-intersecting families, then

t—1

;up(ﬂ)ﬁmax{<1—z<j)piqaj)+<r_1)pa:t§a§n}.

§=0
We need the non-empty condition to exclude the case F; =0, Fo = --- = F, = o],

Lemma 2. Let 0 < p < % Suppose that Fy, Fo C 2" are 2-cross intersecting families.

(1) pp(F1) + pp(F2) < 1.
(ii) pp(F1)pp(F2) < p*.

Proof. (i) If one of the families is empty, then the inequality clearly holds. So suppose
that both families are non-empty. Then, by Theorem 9, we have
pp(F1) + pp(Fo) <max{(1—¢*) +p*:1<a<n}

Thus it suffices to show that 1 — ¢* + p* < 1, or equivalently, p* < (1 — p)® for all a > 1.
Indeed this follows from the assumption p < %
(i) This is proved in [21] as Theorem 2. O



THE MAXIMUM MEASURE OF NON-TRIVIAL 3-WISE INTERSECTING FAMILIES 7

Lemma 3. Let 0 < p < %, and t > 2. If Fy, Fo, Fs C 2" are non-empty 3-cross

t-intersecting families, then p,(F1) + pp(Fa) + pp(Fz) < 1.

Proof. Note that if ¢ > 2 then 3-cross t-intersecting families are 3-cross 2-intersecting
families. Thus, using Theorem 9, it suffices to show that

fp,a) = (1—q* —apg"™") +2p* < 1
for a > ¢. This inequality follows from the fact that f(p,a) is increasing in p, and f(3, a)
is non-decreasing in a for a = 2,3, ..., and lim,_, f(%, a) = 1. O

2.4. Random walk. Here we extend the random walk method to deal with p-measures
of r-cross t-intersecting families possibly with different p-measures. The method was
originally introduced by Frankl in [9].

Let r > 2 be a positive integer. For 1 < ¢ < rlet p; be a real number with 0 < p; < 1—%,
and let ¢; = 1 — p;. Let a(p;) € (0,1) be a unique root of the equation

(4) X =pi+aqX",
and let 8 = B(p1,...,p) € (0,1) be a unique root of the equation

(5) X = H(pz + ¢, X).
i=1

Consider two types of random walks, A; and B, in the two-dimensional grid Z2. Both
walks start at the origin, and at each step it moves from (z,y) to (z,y + 1) (one step up),
or from (z,y) to (z + 1,y) (one step to the right). For every step the type A; walk takes
one step up with probability p;, and one step to the right with probability ¢;. On the other
hand, at step j, the type B walk takes one step up with probability p;, and one step to
the right with probability ¢;, where i = j mod r. Let L; denote the line y = (r — 1)z + j.

Claim 1. Letr > 2 and t > 1 be integers. Then we have
P(the type A; walk hits the line Ly) = a(p;),
P(the type B walk hits the line L.,) = 8(p1,...,ps)"

Proof. Let x;(t) denote the probability that the walk A; hits the line L;. After the first
step of the walk, it is at (0, 1) with probability p;, or at (1,0) with probability ¢;. From
(0,1) the probability for the walk hitting L; is z;(t — 1), and from (1,0) the probability
is z;(t — 1 + r). Therefore we have

(6) xi(t) = pixi(t — 1) + i (t — 14 r).

Let a; be the number of walks from (0,0) to P; := (j, (r — 1)j + t) which touch L; only

at P;. (It is known that a; = ﬁ(”ﬂﬂ), but we do not need this fact.) Then we have

zi(t) = D50 ajpz(r*l)jﬂqf . If a walk touches the line L;;;, then the walk needs to hit
L; somewhere, say, at P; for the first time. Then the probability that the walk hit L,
starting from P; is equal to x;(1). Thus we have

it +1) =Y (ap gy wi(1) = wi(t)xi(1),

=0
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and so we can write x;(t) = 2!, where z := x;(1). Substituting this into (6) and dividing
both sides by 27! we see that z is a root of the equation (4). Let f(X) :=p; + ¢ X" — X.
Then we have f(0) = p; >0, f(1) =0, f'(1) = q¢r—1>0,and f"(X) = qr(r—1)X"2 >
0. Thus the equation f(X) = 0, or equivalently, (4) has precisely two roots in [0, 1], that
is, a(p;) and 1. We claim that z # 1. Indeed we have lim; o z;(t) = lim;_,o0 2" = 0
because a step in the type A; walk reduces, on average, y — (r — 1)x by (r — 1) —rp; > 0.
Consequently we have z = a(p;), and so z;(t) = a(p;)".

Next let y(¢) denote the probability that the walk B hits the line L,;. After the first r
steps, it is at (z,r — x) for some 0 < 2 < r with probability

> 1I »lle
Je(Uyiel\s g€

From (z,r — x) the probability for the walk hitting L,; is y(x + ¢ — 1). This yields

(7) Zy$+t_1 Z szHQJ

Je(lrly ie glr\J  jeJ

Let bs be the number of walks from (0,0) to Qs := (s, (r — 1)s +rt) which touch L,; only

at );. Then we have
=> 0. >, I »lle

s>0 Je<[T(SS+t)]) i€lr(s+)\J JjeJ

If a walk touches the line L1y, then the walk needs to hit L,, somewhere, say, at Q
for the first time. Then the probability that the walk hit L, 1) starting from Q) is equal
to y(1). Thus we have

yt+1)=>"b > II »]]evm =y,

>0 ([T(S+t)]) i€lr(s+t)|\J JeJ

and so y(t) = w', where w := y(1). Substituting this into (7) and dividing both sides by
w'™! we have

T

z=0

Z H pz‘Hq]' = H(pz + giw).
se(r i=1

i€\ jeJ

Thus w is a root of the equation (5). Let g(X) := [[;_;(pi + ¢X) — X. Then we have
g(0) = [Lip >0, g(1) =0, ¢(1) = >,¢ > 0, and ¢”"(X) > 0. Thus the equation
g(X) = 0, or equivalently, (5 ) has precisely two roots in [0, 1], that is, 5 and 1. But we
can exclude the possibility w = 1 in the same way as in the previous case. Thus we have

w = B and so y(t) = . O

Claim 2. Let Fi,...,F, C 20" be shifted r-cross t-intersecting families. Then, for all
(Fi,...,F.) € Fix---xXF,, there exists j = j(Fy,...,F.) € [n] such thaty_;_, |[F;N[j]| >
t+(r—1)j.

This is Proposition 8.1 in [9]. We include a simple proof for convenience.



THE MAXIMUM MEASURE OF NON-TRIVIAL 3-WISE INTERSECTING FAMILIES 9

Proof. Suppose the contrary. Then there exist an r-tuple of a counterexample (Fy, ..., F,) €
Fi1 X ++- X F., which we choose |F; N ---N F,| minimal. Let j be the ¢-th element of
Fin---NF,.. Then we have

M IENG<t+@—-1j=[An---nEA[]+ =D}

i=1
Thus there exist some ¢ € [j — 1] such that 7 is not contained in (at least) two of the r
subsets, say, i € Fy; U Fy. By the shiftedness we have F| := (F'\ {j}) U {i} € Fi. Then
|FiN[j]] = |F{N[j]| and so (F}, Fy, ..., F}) is also a counterexample. But this contradicts
the minimality because |[F{NFoN---NE| < |FiNFyN---NF. O

Let Fp,...,F. C 2" be families of subsets. For each (F\,...,F.) € F| x --- x F, we
define a vector w by

w=w(F,..., F):= (w§ ),wgl), o wh wi"),wén), L w™) e {0, 1},

T

o [1 itjer,
ooft 0

where

0 ifjé&F,.
We can view w as an rn-step walk whose k-th step is up (resp. right) if the k-th entry of
wis 1 (resp. 0) for 1 < k < rn.

Claim 3. Let Fi,...,F, C 20 be shifted r-cross t-intersecting families. Then, for all
(Fy,...,F.) € Fy X -+ X F,, the walk w(F, ..., F,) hits the line L.

Proof. Let j = j(Fy,..., F,) be from Claim 2, and let w = w(F,..., F,) be the corre-
sponding walk. In the first rj steps of w there are at least t + (r — 1)j up steps, and so
at most rj — (t + (r — 1)j) = j — ¢ right steps. This means that the walk w hits the line
L,; within the first rj steps. O

Theorem 10. Let pq, ..., p, be positive real numbers less than 1 — %, and let Fy,...,F. C

20" be r-cross t-intersecting families. Then we have [Ty i (Fi) < B°, where 6 is the
root of the equation (5).

Proof. Since the shifting operation preserves r-cross t-intersecting property and p-measures,
we may assume that all F; are shifted. We have

ﬁﬂpi(}— HZplF\anl Z HP\FIN\F\

i=1 F;eF; (Fi,..,Fr)EF1 XX Fp i=1
Using Claim 3 the RHS is
< P(type B walk hits L,; in the first rn steps) < P(type B walk hits L,;) = 3,
where the last equality follows from Claim 1. U

By comparing (4) and (5) it follows that if p; = --- = p, =: p then B(p,...,p) = a(p)".
If » = 3 then it is not so difficult to verify that 5(p1, pa, p3) < a(p1)a(p2)a(ps), see [15]
for more details, and we have the following.
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Lemma 4. Let 0 < py,p2,p3 < % and t be a positive integer. If Fi, Fo, F3 C 2" are
3-cross t-intersecting, then

o (F1) s (F2) by (F) < (cu(pr)ax(p2)ex(ps))’,

where
®) a) =5 (T2 1),

2.5. Tools for the proof of Theorem 6. Let 0 < p; < po < 1 be fixed. Let RPt P2l
denote the set of real-valued functions defined on the interval [py,ps] == {zr € R : p; <
z < po}. We will bound a convex function g € RPtP2 by a linear function connecting
(p1,9(p1)) and (pa, g(p2)). To this end, define an operator L,, ,, : RPtP2l — RIPLr2] by

(L (9))(p) o= LB =91

D2 — 1 p—p1) + 9(p1)

By definition we have the following.

Claim 4. Let g € RIPvP2l be g convex function. Then g(p) < (Lp, p,(9))(p) for p € [p1,pa).

oa(p) __ 6p (1+3p) 1/2

op? T (143p)3¢2 \ ¢ > 0.

The function o = a(p) defined by (8) is convex because
Thus by Claim 4 we have the following.

Claim 5. For 2 < p < 3 it follows that o(p) < &(p), where
a(p) = (L2 1())(p) = (-3 — 12V/5 + 5v/33) /6 + (30v/5 — 10V/33)p/6
~ —0.185 + 1.60607p.

Let AK(n,t,p) denote the maximum p-measure p,(G) of 2-wise t-intersecting families
G c 2.
Theorem 11 (Ahlswede and Khachatrian [2]). Let
) 1+ 1
T e F T
Then AK(n,t,p) = p,(A(n,t,1)), where
A(n,t z) ={AC[n]:|AN[t+2i]| >t+i}.

Moreover, if 75— <p < t+2z+1 (resp. p = t+2ii71) then 11,(G) = AK(n,t,p) if and only
if G =2 A(n,t,i) (resp. G = A(n,t,i—1) or G = A(n,t,1)).

Let

fi(p) = lim sup AK(n, £, p).
n—oo
By Katona’s t-intersection theorem we have ft( ) = % For p < 5 by Theorem 11, we
have AK(n,t,p) = max{su,(A(n,t,1)) : i < 2}, and AK(n,t,p) 1s non-decreasing in n.
In this case we have

t+21 .
. t+ 2t
mw=MAwmm:§j(j

n—oo
j=t+i

) qut+2z¥j ’
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(t=Dp

1
1—2p .

where i = { J The function f;(p) is left-continuous at p = 3

Claim 6. Lett > 2 be ﬁxed. Then f,(p) is a convex function in p.

Proof. First suppose that ——— < p < tf;il Then f(p) = i]f’ (tEZi)qut+2i_j =: g(p),
and we have
82 20+t o i
=——p" ¢+t —1— (2 4+t —1 > 0.

Next let pg = ;75— If p is slightly larger than py then we have the same ft( ) =g(p) as
above, and if p is slightly smaller than py then f;(p) = iifﬁl P g% =: h(p). Since
h(p) < g(p) for p > po and h(p) > g(p) for p < po, we see that the left derivative of f;(p)
at p = pp is smaller than that of the right derivative. O

By Claim 4 and Claim 6 we have the following.

Claim 7. For% <p< % it follows that AK(n,t,p) < a,(p), where a; =

(fo)-

1
2

2
5
For convenience we record the a; which will be used to prove Theorem 6.

da(p) = 1 + (401(p — 1)) /125 ~ —1.104 + 3.208p,

ds(p) = 3 + (1565029(p — 1)) /390625 ~ —1.50324 + 4.00647p,

as(p) = L + (5391614441 (p — 1))/1220703125 ~ —1.70841 + 4.41681p,

ds(p) = & + (17729648464189(p — 1))/3814697265625 ~ —1.82386 + 4.64772p.

3. PROOF OF THEOREM 3 AND THEOREM 4

In this section we deduce Theorem 3 from Theorem 4, and then deduce Theorem 4
from Theorem 6 whose proof is given in the next section.

Proof of Theorem 3. Let F C 2"l be a non-trivial 3-wise intersecting family with ju,(F) =
Ms3(n, p). We may assume that F is shifted and inclusion maximal. Since F is non-trivially
3-wise intersecting, it is also 2-wise 2-intersecting, and so Ms(n,p) < AK(n,2,p).

Claim 8. Ifp < 3 then Ms(p) = p*.

Proof. Let p < 3 be fixed. Then we have 1,(F) = Mj(n,p) < AK(n,2,p) = p>. Moreover
G = A(n,2,0) is the only 2-wise 2-intersecting family with p,(G) = p?. Since A(n,2,0)
is not non-trivial 3-wise intersecting, we get Ms(n,p) < p*.

On the other hand we can construct a non-trivial 3-wise intersecting family F; by

Fr={Fen:2]cF Fn[3,n]#0}u{ln]\{1}}u{[n]\{2}}.
Then it follows that
pp(F1) = p*(L = ") +2p" g = p* as n — 0.
Thus we have Ms(p) = p? for p < 3. O
Claim 9. If 3 < p < 3 then Ms(p) = 4p>q + p".

Proof. This is an immediate consequence of Theorem 4. O
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: 1 2
Claim 10. If 5 < p < 3 then Ms(p) = p.

Proof. Let 1 < p < % be fixed. It is known from [8, 10, 22] that 3-wise intersecting families
G have p-measure at most p for p < 2, and moreover if 11,(G) = p then |G| = 1 for
p < 2. Thus we have M(n,p) <pfor £ <p <2 and M(n,2) < 2.

On the other hand, let us define a non-trivial 3-wise intersecting family F5 by
Fo=A{F¢€n]:1€F, |FN[2,n] >n/2} U{]2,n]}.
Then it follows that, for fixed p,

n—1 el -
Mp(Fz)sz( A )p’“q P gt s pasn — oo
k>n/2

Thus we have M(p):pfor%<p§§. O
Claim 11. If% < p <1 then Ms(p) = 1.

Proof. Let 2 < p <1 be fixed. Clearly we have M(n,p) <1 and M(p) < 1. Let us define
a non-trivial 3-wise intersecting family F3 by

Fs={F C[n]:|F|> 2n}.
Then py(Fs) = Y 1oz, (1)p'¢" ™" — 1 as n — oo. Thus we have M(p) =1forp>2. O
3

(2

This completes the proof of Theorem 3 assuming Theorem 4. U

Proof of Theorem 4. Let F C 2I" be a non-trivial 3-wise intersecting family.

First suppose that % <p< % Note that F is 2-wise 2-intersecting, and A(n,2,1) =
BD3(n). Thus it follows from Theorem 11 that p,(F) < p,(BD3(n)). Moreover equality
holds if and only if F =2 BDs(n) for p > 3. If p = % then p,(F) = p,(BD3(n)) if and only
if F = BD3(n) or A(n,2,0), but the latter is not non-trivial 3-wise intersecting, and so
F = BD3(n) must hold.

Next suppose that % <p< % If F is shifted then by Theorem 6 we have p,(F) <
tp(BDs(n)) with equality holding if and only if 7 = BD3(n). The same inequality holds
without assuming that F is shifted (see the first paragraph in Section 2). In this case, by
Lemma 1, we have p,(F) = u,(BD3(n)) if and only if F = BD3(n). O

4. PROOF OF THEOREM 7

4.1. Proof of (2) of Theorem 7. Let % <p< %, and let F7, Fo, F3 be non-empty 3-cross

intersecting families. By Theorem 9 with r = 3 we have Z?:1 pp(F;) < max{(1—q*)+2p*:
a € [n]}. So we need to show that f(p,a) > 0, where

f(p,a) :=3p—(1—q")—2p,

forall%ﬁpﬁ%andalllgagn.
If a =1 then f(p,1) =3p—(1—¢q)—2p =0, and we are done. So we may assume that
2 < a < n, and we show that f(p,a) > 0.
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If p=5 then f(5,0) =1 -1+ (3)* —2(3)" = (3)"(2* — 2) > 0. We claim that f(p,a)
is increasing in p, which yields f(p,a) > f(3,a) > 0 (for a > 2). We have
9,
(9) a—i(p, a)=3—aq""" —2ap"".

Fix p and let g(a) denote the RHS of (9). We have g(2) =1—2p > 0 for < p < 1.
Next we show that g(a) is increasing in a. For this we have

gla+1)—g(a) = (ap — q)¢" " + 2(aqg — p)p* ",

and we need to show that the RHS is positive. Since aq — p > ap — ¢ it suffices to show

that ap — ¢ > 0, or equivalently, a > %. Indeed a > 2 > lip because p > é Thus g(a)

is increasing in a, and g(a) > ¢(2) > 0 as needed. O

4.2. Proof of (3) of Theorem 7. Recall that, for i < j, we write [i,j] := {i,i +

Lo.gb =D\ 1.
We divide F; = {{1} UA: A € A;} UB,;, where

A= {F\{1}:1e FeF}c2b
B :={F:1¢FeF}c2l

Since F; # ) is shifted, we have A; # 0. Let a; = pp(A; : [2,n]) > 0 and b; = p,(B; -
2,n]) > 0. Then Y20, u(Fi) = 320 (pa; + gb;). Without loss of generality we may
assume that by > by > b3. If by = 0 then B; = () for all 7. In this case 1 € (| F, where the

intersection is taken over all F' € F; U Fy U F3, a contradiction. So we may assume that
bl 7& 0, that iS, Bl 7é @

Claim 12. Let {i,j,k} = [3].
(1) If {A;, A;, By} are all non-empty, then they are 3-cross intersecting, and a; + a; +
(2) If {Ai, B;, By} are all non-empty, then they are 3-cross 2-intersecting, and a; +
bj + b, < 1.

Proof. The item (1) follows from the assumption that F;, F;, Fj, are 3-cross intersecting,
and (2) of Theorem 7.

To show (2), suppose, to the contrary, that there exist three subsets A; € A;, B; € B;,
By € By, and = € [2,n] such that {z} D A; N B; N By,. By definition we have F; :=
{1}UA,; € F, and F}, := By, € Fj.. By the shiftedness we have F; := (B;\{z})U{1} € F;.
Then F; N F; N Fy, = 0, a contradiction. Thus {A;, B, By} are 3-wise 2-intersecting, and
the inequality follows from Lemma 3. U

Now we will show that 3% | 11,(Fi) < 3p — ¢, where ¢, = (2 — 3p)(3p — 1).

4.2.1. Case By = B3 = (). Since {B1, Az, A3} are 3-cross intersecting, any two of them are
2-cross intersecting. Then, by (2) of Theorem 7 and Lemma 2, we have the following.

Claim 13. (1) bl +as +az < 3]7,

(2) by +ay <1,
(3) b1+a3§ 1.
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We solve the following linear programming problem:

maximize: >0, u,(F;) = plar + ag + az) + by,
subject to: (1)—(3) in Claim 13, and 0 < a; < 1 forall 4, 0 < b; < 1.

The corresponding dual problem is

minimize: 3py, + 31, v,
subject to: ys > p, y1 +y2+Ys > P, 1 FYs+Ys > D, Y1+ Y2 + ys +yr > ¢, and
y; > 0 for all 2.

TABLE 1. Case By =B; =10

ay as as b1
U I 1 1|3p
Yo 1 1] 1
Us 1 11
Ya | 1 1
Ys 1 1
Ye 1 1
Y7 11

p p p

A feasible solution is given by y1 =3p— 1, yo =ys3 =1—=2p, yu = p, y5s = y¢ = y7 = 0,
and the corresponding value of the objective function is

3p(Bp—1)+2(1—2p) +p=2—6p+9p*> =3p —¢,.

Then it follows from Theorem 8 (weak duality) that the same bound applies to the primal
problem, and so 30, u,(F;) < 3p — €.

4.2.2. Case By # 0, B3 = (). In this case {A;, B, A3} and {Bi, As, A3} are both 3-cross
intersecting, and {Bj, Bs, A3} are 3-cross 2-intersecting. Thus we have the following.

Clalm 14. (1) bl —|—CL2 +CL3 S 3p,
(2) a1+b2—|—a3 §3p,
(3) by + by +az <1,
(4) by +az <1,
(5) CL1—|—b2 < 1.

We solve the following linear programming problem:

maximize: >0, u,(F;) = plar + ag + az) + q(by + ba),
subject to: (1)-(5) in Claim 14, and 0 < a; <1 for all ¢, 0 < b; < 1 for all j.
The corresponding dual problem is
minimize: 3p(y; + yo) + 2323 Vi,
subject to: yo+ys+ys = p, Y1+Yatyr 2 D, Y1+Y2+ys+ys = p, Yi+ys+yatye = ¢,
Y2 + Y3+ ys + Y10 = ¢, and y; > 0 for all 4.
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TABLE 2. Case By # 0,85 =)

a; Qo das bl b2
Y1 1 1 1 3p
Yo | 1 1 1(3p
Ys 1 1 171
Y4 1 1 1
ys | 1 1]1
Yo | 1 1
Y7 1 1
Ys 1 1
Yo 1 1
Y10 11

p p P q9 q

A feasible solution is given by y1 = yg = y7 = ys = Yo = Y10 = 0, yo = 3p — 1,
ys =yYs = 1 — 2p, y4 = p, and the corresponding value of the objective function is

3p(3p—1) +2(1 —2p) +p=3p —¢p.
Thus, by the weak duality, we have 77, 1,(F;) < 3p — ¢,.
4.2.3. Case By # 0, By # 0. Let {i,j, k} = [3]. Then families {A;, A;, By} are 3-cross

intersecting, and families {\A;, B;, By} are 3-cross 2-intersecting. Thus we have the follow-
ing.

Claim 15. (1) by + as + as < 3p,
(2) ai + by + ag < 3p,
(3) a1 + as + by < 3p,
(4) a1 + by + b3 < 1,
(5) b1+a2+b3 < 1;
(6) by + by + a3z < 1.

We solve the following linear programming problem:
maximize: Ele tp(Fi) = plays + ag + as) + q(by + by + b3),
subject to: (1)-(6) in Claim 15, and 0 < a; < 1 for all ¢, 0 <b; <1 for all j.

The corresponding dual problem is

minimize: 3p(y; + ya + y3) + Doroy Vis

subject to: Yo +ys +ya+yr 2 p, yi+Ys +Ys tys = P, Y1+ Y2+ Ye + Yo = P,
Yi+Ys+Yst+y0>q Yetyatyetyn =q Ystyst+ys+ iz > g and y; > 0
for all 7.
A feasible solution is given by y1 =3p — 1, ya = Y3 = Y7 = ys = Yo = Y10 = Y11 = Y12 = 0,
Ys =P, Ys = Yy = 1 — 2p, and the corresponding value of the objective function is

3p(3p—1) +p+2(1 — 2p) = 3p —¢,.

Thus we have 327, u,(F;) < 3p — €.
This complete the proof of (3) of Theorem 7. O
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TABLE 3. Case By # 0,Bs # ()

a; Qo das bl b2 b3
" 1 1 1 3p
ys | 1 1 1 3p
ys |11 1|3p
u |1 1 1)1
s 1 1 1)1
e 1 1 1 1
yr | 1 1
Ys 1 1
Yo 1 1
Y10 1 1
Y1 1 1
Y12 1)1

p p P 49 9 q

5. PROOF OF THEOREM 6

Let % <p< %, and let F C 2" be a non-trivial 3-wise intersecting family. Suppose
that F is shifted, inclusion maximal, and F ¢ BD3(n). We may also assume that F is
size maximal (with respect to 3-wise intersection condition), that is, for every G ¢ F, the

larger family F U {G} is no longer 3-wise intersecting. Our goal is to show that
pp(F) < pp(BDg(n)) — 0.0018.
For I C [3] define F; C 2" and G; 2147 by
Fr={FeF:Fn[3]| =1},
Gr={F\[3]: F e F}.
Let 1 = p,(Gr : [4,n]). Then we have
pp(Fr) = p'lg* Mz,

and

(10) pp(F) = > pllg* My

IC[3]

For simplicity we often write Gy or x; without braces and commas, e.g., we write G to
mean Gy 0y Let I denote [3] \ 1.

Claim 16. If I,J C [3] satisfy I ~~ J then Gy C Gy and x; < x;.

Proof. Suppose that G € G;. Then I UG € F;. Since F is shifted, inclusion maximal,
and I ~ J, we have that JUG € F;, and so G € G;. Thus G; C Gy, andso z; < x;. U

Applying Claim 16 to the diagram in Figure 2, we get Claim 17.

Claim 17. We have xgp < 23 < 29 < 11 < 13 < 19 < X193, and To < o3 < X13.
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ERE AN
0~ {3}~ {2} {1,3}~{1,2}~{1,2,3}
{2,3)”

FI1GURE 2. Poset induced by shifting and inclusion

Let I, I5, I3 C [3]. Define a 3 x 3 matrix M = M(Iy, I», I3) = (m; ;) by

1 ifj el
m;; = e
0 ifj &l

Then I N Io N I3 = @ if and only if every column of M contains (at least one) 0. In this
case we say that M is acceptable, and let 7 := 7 — s, where s is the total sum of m, ;.

Claim 18. Let M (11,15, I3) be acceptable. If {G1,,G1,,Gr,} are all non-empty, then they
are 3-cross T-intersecting, and any two of them are 2-cross T-intersecting.

Proof. Let us start with two concrete examples.

First example is the case Iy = I, = {1}, Iy = {2,3}, and so s = 1 + 1+ 2 = 4,
T =T7—4 = 3. We show that {G;, G1, Go3} are 3-cross 3-intersecting. Suppose the contrary.
Then there are G1, G| € Gi, Gas € Gog and x,y € [4,n] such that G; NG| N Gas C {z,y}.
Let Fio = {1,2} U (G \ {z}), Fi13 = {1,3} U (G} \ {y}), and Fy3 = {2,3} UGa3 € Fo3. By
the shiftedness we have iy € Fi and Fis € Fi3. But FioNFi3NFys = (), a contradiction.

Next example is the case Iy = I = I3 = (), and so 7 = 7. We show that {Gy, Gy, Gy}
are 3-cross 7-intersecting, that is, Gy is 3-wise 7-intersecting. Suppose the contrary. Then
there are F, F'  F" € Fy and xy,...,26 € [4,n] such that F N F' N F" C {x1,...,z6}.
Let Fip = (F \ {z1,22}) U{1,2} € Fio, F3 := (F'\ {z3,24}) U {1,3} € Fi3, and
Fyy = (F'\ {z5,26}) U{2,3} € Fas. Then we have Fi» N F{; N Fyy = (), a contradiction.

The following proof for the general case is given by one of the referees. We assume by
contradiction that there are sets G; € Gy such that |G; N Ga N G <17—-1=6-s. The
matrix M has s “taken” places out of 9. “Reserve” one empty spot in each column (these
are available since the matrix is acceptable). We are left with 6 — s empty spots, say r;
in row 4. Shift r; elements from G; to the empty spots on row ¢ to construct a new set F;,
no longer belonging to G;,. By construction, Fi, Fb, F5 have empty intersection. U

5.1. Case G; = (). In this case, by Claim 17, we have Gy = G5 = G, = G; = 0.

First suppose that Gog # 0. If (G # 0, where the intersection is taken over all
G € Gi2 U Gi3 U Gag, then since the family is shifted, 4 € (G. Since F C Fa3 U Fi3 U
Fi2 U Fio3, we have |F' N [4]| > 3 for every F' € F. This means that F C BD3(n),
which contradicts our assumption. Therefore we have (|G = (. Moreover, the families
Gi2, G13, Go3 are 3-cross intersecting by Claim 18. Thus we can apply (3) of Theorem 7
with min{e, : 2 <p < 1} = & to get

T12 +ZL‘13 +ZL‘23 S 3p — € S 3p — 0.16.
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Next suppose that Go3 = (). By Lemma 2 we have 219 +x13+%93 = T19+213 < 1 < 3p—0.2.
Thus in both cases we have 19 + 13 + 23 < 3p — 0.16. Then it follows from (10) that

pp(F) = p2q(x12 + 213 + T23) + p3x123
< p*q(3p — 0.16) + p*

= 4p3q + p* — 0.16p%q.

Noting that p,(BD3(n)) = 4p3q + p* and p*q > 12 = 0.96 for % <p< %, we have
) — 0.

125
pp(F) < 4p>q + p* — 0.16 - 0.96 < p,(BDs(n) 01,

as needed.

5.2. Case G; # () and Gy = 0. If Gos = () then [2,n] ¢ F. This means that there are
F,F" € F such that F N F’' = {1}. (Otherwise all F, F' € F intersect on [2,n] and
we could add [2,n] to F, which contradicts the assumption that F is size maximal.) In
this case all subsets in F must contain 1, which contradicts the assumption that F is
non-trivial. So we may assume that Go3 # (). Then both F; and F3 are non-empty, and
so the families Fi3, Fio, Fi23 are also non-empty by Claim 17.

By Claim 18 we have the following.

Claim 19. (1) {Gi1,G1,Gas} are 3-cross 3-intersecting, and so Gy is 2-wise 3-intersecting.
(2) {Gi2,G13, Gos} are 3-cross intersecting, and so {Gi2,G13} are 2-cross intersecting.
(3) {Gi1,Gas, Gia3} are 3-cross intersecting, and so both {Gi,Gia3} and {Gas, Gia3} are

2-cross intersecting.

(4) {G1, G12,Gas} are 3-cross 2-intersecting.
(5) {G1, Ga3, Gas} are 3-cross 2-intersecting, and so Gag is 2-wise 2-intersecting.

Claim 20. (1) min{x1, x93} < &3 (see Claim 5 for the definition of &).
(2) w12+ ca1y < p(c+ 1), where ¢ = 5(1+ /1 — 4p?).
(3) T1 + X103 < 1.
(4) a3 + 123 < 1.
(5) o1+ 12+ 293 < 1.
(6) x23 < Gg (see Claim 7 for the definition of a;).
(7) T S (ng.

Proof. Ttem (1): By Lemma 4 with (1) of Claim 19, we have ziz93 < o”. Then, using
a < & from Claim 5, we get (min{zy, zo3})® < 22193 < o < a&°.

Item (2): By (i) of Lemma 2 with (2) of Claim 19, we have x5 + x12 < 1. Moreover,
by (i) of Lemma 2 with 213 < z13 from Claim 17, we have 2%, < x3210 < p? and
713 < p. By solving 13715 = p? and z13 + 115 = 1 with 213 < 219 we get (213, 712) =
(3(1 — /1 —4p?),3(1 + /1 —4p?)) = (1 — cp,cp). Also, by solving 13212 = p* and
T13 = T1o we get (713, 12) = (p,p). Thus (213, x12) exists only under the line connecting
these two points, that is, z12 < ¢(p — x13) + p. (See Figure 3)

Items (3) and (4): These follow from (i) of Lemma 2 with (3) of Claim 19.

Items (5): This follows from Lemma 3 with (4) of Claim 19.
Items (6): This follows from Claim 7 with (5) of Claim 19.
Items (7): This follows from Claim 7 with (1) of Claim 19. O
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X12 A

1 T2 =c(p—x13) +p
cp e

13T12 = P

: : > T13
1—cp p

FIGURE 3. Item (2) of Claim 20: (213, 212) is included in the gray area

Recall from (10) that p,(F) = pg®x1 + p*q(w19 + 213 + Ta3) + pPr103.

5.2.1. Subcase x; < x93. We solve the following linear programming problem:

maximize: pg’z; +p2q(9012 + 213 + T93) + pPa103,
subject to: x; — x93 <0, (1)—(6) in Claim 20, and z; > 0 for all .

The corresponding dual problem is

minimize: &y, + p(c + 1)y + y3 + ya + y5 + Gays,
subject to: yo+y1+ys+ys > pa®, —yo+ya+ys+ys > P°q, cy2 > P7q, Y2 +Yys > P74,
ys +y4 > p3, and y; > 0 for all .

TABLE 4. Subcase 1 < x93

T1 T23 T13 T23 T123
Yo 1 —1 0
1| 1 &’
Yo c 1 plc+1)
ys | 1 1 1
Y4 1 1 1
ys | 1 1 1 1
Ye 1 az

p¢° pq pq pq P

A feasible solution is given by yo = ys = 0, y1 = pg® — p?q(1 — 2) —p®, yo = yu = 1727‘1,
Yz = p> — %, UYs = p2q(1 — %), and the corresponding value of the objective function is

- 1 -
(11) p(p+p*—p*+&*(1—3p+p?) —Zqu(l—Qoz?’—p).
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1375p2
216
+ 2 for 2 <p <1 Since 1 —2a% — p > 0 in this interval, the value (11) satisfies

By the Taylor expansion of * at p = 2 it follows that 1 > d(p), where d(p) =
325p
108

<plp+p*—p"+&°(1—=3p+p?) —dp)p’e(l —2&° —p) =: f(p)
~ —0.00633167p + 0.490037p? + 3.71975p> — 8.76595p"
+ 21.3084p° — 61.7755p° + 95.9036p" — 52.7438p°.

Let g(p) := (4p°q + p* — 0.00194) — f(p), and let ¢g(p) denote the i-th derivative. Let
2 <p <L Wehave g9 (p) ~ 1063314.937p?—483354.3468p+44478.39041 and ¢'® (p) > 0.
Thus g™ (p) is convex. Since ¢g¥(2) < —213 < 0 and g (3) < —112 < 0, we have
g (p) < 0. Thus ¢g®(p) is decreasing in p. Since g(3)(§) < =7 < 0 we have ¢g®(p) < 0.
Thus ¢'(p) is concave. Since ¢'(2) > 0.23 > 0 and ¢'(3) > 0.34 > 0, we have ¢'(p) > 0
and g(p) is increasing in p. Finally we have g(2) > 3 x 107% > 0, and so g(p) > 0. This
means that the value (11) is less than 4p3q + p* — 0.00194.
Then by the weak duality theorem we have p,(F) < 4p*q + p* — 0.00194.

5.2.2. Subcase x93 < x1. We solve the following linear programming problem:

maximize: pg*r; + p*q(x12 + T13 + Ta3) + p3r103,
subject to: x93 — 21 <0, (1)—(5) and (7) in Claim 20, and z; > 0 for all 1.

The corresponding dual problem is

minimize: &®y; + p(c + 1)ya + Y3 + ya + ys + a3y,

subject to: —yo+ys+ys+yr > pa’, Yo+ Y1+t yatys = pq, cyp = pPq, Yot ys = 14,
ys +y4 > p3, and y; > 0 for all .

TABLE 5. Subcase x93 < 23

T1 T23 T13 T23 T123
Yo —1 1 0
Y1 1 &’
Yo c 1 plc+1)
ys | 1 1 1
Y4 1 1 1
ys | 1 1 1 1
yr | 1 as

p¢° pq pq pq 7P

A feasible solution is given by yo = ya = 0, y1 = yo = p*q(1 — 1), y3 = p*, ys = p’q¢(1 - 1),
yr = pg* —p?q(1— %) —p?. Noting that ¢+ % = p, the corresponding value of the objective

function is

1
p’(—&*+as—1) +p° (&3—363—0—2)+63p—2p2q(&3—d3+2p+1).
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Then, using &> — dz +2p + 1 > 0 and % > d(p) (see the previous subsection), the above
value satisfies

< —1.50324p + 8.79901p? — 3.86493p> — 26.8212p*
+30.6062p° + 12.8608p° — 47.9518p" + 26.3719p° =: f(p).

Let g(p) := (4p%¢ + p* — 0.00182) — f(p). Let 1 ={peR: 2 <p< 3}, h={peR:
2% <p< %}, and J = J; U Jy. We need to show that g(p) > 0 for p € J.

First we show that ¢ (p) > 0 for p € J;. We have ¢("(p) < 0 for p € J. Thus ¢ (p)
is concave. Since ¢ (2) > 0 and ¢®® (Z) > 0 we have ¢ (p) > 0 for p € J;. Thus g*(p)
is increasing in p € J;. Since ¢ () < 0, we have g (p) < 0 for p € J;.

Next we show that g™ (p) > 0 for p € J,. Since ¢ (p) < 0, ¢g®(p) is decreasing in
p. Since g(ﬁ)(%) < 0, g(p) is concave for p € J,. Let h(p) = 481.064p — 381.36 be
the tangent to g¥(p) at p = 4. Then we have g™(p) < h(p) < h(3) for p € Jo. Since
h(1) <0, we have g (p) < 0 for p € Js.

Let p € J. We have shown that g™ (p) > 0. Then g (p) is concave. Since g (%) > 0
and g@ (1) > 0, we have ¢®¥(p) > 0. Thus ¢'(p) is increasing in p. Since ¢/(2) > 0, we
have ¢’(p) > 0 and g(p) is increasing in p. Since g(%) > 0, we have g(p) > 0 as needed.

Thus it follows from the weak duality theorem that ju,(F) < 4p3q + p* — 0.0018.

5.3. Case G, # ), G3 = (0. Using Claim 18 we have the following.

Claim 21. (1) {G1,G1,Ga} are 3-cross 4-intersecting, and so Gy is 2-wise 4-intersecting.
(2) {Ga,Gi3, Gi3} are 3-cross 2-intersecting, and so Gis is 2-wise 2-intersecting.
(8) {Ga, Gi3, G1a3} are 3-cross intersecting, and so {Gis, Gia3} are 2-cross intersecting.
(4) {G2, G12,G13} are 3-cross 2-intersecting.
(5) {G1, G2, G1a3} are 3-cross 2-intersecting.

Claim 22. (1) x1 < ay.
(2) 13 S 62.
(3) i) S 6[4.
(4) w13 + 193 < 1.
(5) o1+ 212+ 293 < 1.
(6) xo+ 210+ 213 < 1.
(7) x1 + 29 + 2125 < 1.

Proof. Ttem (3): By Lemma 4 with (1) of Claim 21, we have zizy < «'?. Then, using

1y < 21 from Claim 17 and Claim 5, we get 73 < z2x, < o!'? < a'2.

Item (5) is from Claim 20. Indeed all inequalities in Claim 20 are still valid in this case.
The other items follow from Claim 21, Claim 7, Lemma 2, and Lemma 3. U

We solve the following linear programming problem:

maximize: pg*(z; + o) + pq(212 + 13 + Za3) + P’ T2,
subject to: (1)—(7) in Claim 22, and z; > 0 for all I.

The corresponding dual problem is

minimize: a,y; + Goys + atys + ya + ys + Y + yr,
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subject to: y3 + ys + Y7 > pg> v1 + ys + yr > pa®, ys > pq, yo + ya + ys > g,
Ys + Y6 > p*q, ya +yr > p*, and y; > 0 for all i.

TABLE 6. Case Gy # ()

Ty T1 T2z T13 T23 T123
(7 1 a4
Y2 1 as
ys | 1 at
Yy 1 1 1
s 1 1 1 1
ye | 1 1 1 1
yr | 1 1 1 1

p¢* pi® p’q¢ p’q pq P

A feasible solution is given by y1 = pg(1—2p), y2 = p*(1—2p), Y3 = pa*, ya = p°, y5 = p°q,
Y6 = y7 = 0. Then the corresponding value of the objective function is

aspq(1 — 2p) + agp®(1 — 2p) + a'pg® + p°
~ —1.70723p + 9.39501p* — 10.639p> — 1.74811p"
+13.3146p° — 16.3729p° + 6.6536p"
< 4p°q + p* — 0.00436,
and so p,(F) < 4p3q + p* — 0.004.
5.4. Case G3 # ), Gy = (0. Using Claim 18 we have the following.

Claim 23.

(1) {Gs, G2, G1o} are 3-cross 2-intersecting, and so Gis is 2-wise 2-intersecting.

(2) {Gs, G2, Gia3} are 3-cross intersecting, and so {Gi2, Gia3} are 2-cross intersecting.

(2) T12 S CNLQ.
(3) i) S 6[4.
(4) x12 + 2123 < 1.
(5) 1+ 12 + 223 < 1.
(6) o+ 212 + 213 < 1.
(7) 1 + 29 + 2123 < 1.
(8) T3 — T2 S 0.
(9) w23 — 213 < 0.

(10) 13 — T12 S 0.

Proof. Ttems (1), (3), (6), and (7) are from Claim 21. Items (2) and (4) follow from
Claim 23, Claim 7, and Lemma 2. Item (5) is from Claim 19. The other items are from

Claim 17.

We solve the following linear programming problem:

maximize: qu(Jfl + X9 + .T3) +p2q(:c12 —+ 13 —+ 1’23) +p3x123,

subject to: (1)—(10) in Claim 24, and xz; > 0 for all /.

t
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The corresponding dual problem is

minimize: a,y; + dsyo + &'yz + y4 + Y5 + Yo + Y7,
subject to: ys > pg%, Yz + Yo + Y7 — Ys > pa>, v + Us + yr > a2, ys + yo > g,
Ve — Yo + Y10 = P2q, Y2 +ya + s + Y6 — Y10 > p2q, ya+yr > p>, and y; > 0 for all 4.

TABLE 7. Case Gz # ()

T3 Tg X1 Toz3 T13 Taz 123
n 1 a4
Yo 1 as
(I 1 at
Y4 1 1 1
Ys 1 1 1 1
Ys 1 1 1 1
Y7 1 1 1 1
ys | 1 —1 0
Yo 1 -1 0
m 1 -1 0

p® pe® pe® pq¢ pq¢ pq¢ P

We distinguish the following two subcases.

5.4.1. Subcase % < p <0.453264. A feasible solution is given by y; = pg?, yo = p*(3—4p),
Ys = 2p¢°, ya = P’ ys = Yo = yr = 0, ys = pa’, Yo = p’q, yio = 2p’°q, and the
corresponding value of the objective function is
p (a4q” + ax(3 — 4p)p + 28" ¢* + p?)
~ —1.70606p + 4.43558p* + 5.72241p* — 16.7467p*
+ 26.6293p° — 32.7457p% + 13.3072p"
< 4p*q + p* — 0.00404377.

Thus u,(F) < 4p*q + p* — 0.004.

5.4.2. Subcase 0.453264 < p < % A feasible solution is given by y; = yg = yo9 = 0,
2

Yo = p(1 = 2p), ys = pq, ya = p(3p — p*> — 1), Y5 = Y10 = P°¢, y7 = pq(1 — 2p), ys = pqg*,
and the corresponding value of the objective function is
p (a2(1—2p) + a'q +p)
~ —1.10283p + 6.37415p* — 5.84563p> — 3.59536p" + 9.71927p° — 6.6536p°
< 4pPq + p* — 0.00404377.

Thus p,(F) < 4p3q + p* — 0.004.
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5.5. Case Gy # (). Using Claim 18 we have the following.

Claim 25. (1) {Gp, Gy, Gy} are 3-cross T-intersecting, that is, Gy is 3-wise T-intersecting.
(2) {G1,G1,Gp} are 3-cross H-intersecting, and so Gy is 2-wise 5-intersecting.
(8) {Gp, G123, G123} are 3-cross intersecting, and so {Gia3, G123} are 2-cross intersecting.

Claim 26. (1) xg < a’.
(2) i) S 6[4.
(3) T S C~L5.
(4) w123 < p.
(5) o1+ 212+ 293 < 1.
(6) T3 — T2 SO
(7) w23 — 213 <0.
(8) w13 — 212 < 0.
(9) x12 — 2193 < 0.

Proof. Ttems (1), (3), and (4) follow from Claim 25, Lemma 4, Claim 5, Claim 7, and
Lemma 2. Items (2) and (5) are from Claim 22 and Claim 20, respectively. The other
items are from Claim 17. O

We solve the following linear programming problem:

maximize: qu@ +pq2(3:1 + X9 + .T3) +p2q(x12 -+ 13 -+ .T23) +p3x123,
subject to: (1)-(9) in Claim 26, and z; > 0 for all 1.

The corresponding dual problem is

minimize: &7y, + &ys + asys + pya + ys,
subject to: y1 > ¢ ys > pg’, vo — Yo > pa, ys +ys > pad, ys + yr > pq,
—yr +Ys > p*q, Ys — Ys + Yo > p*q, ya — yo > p°, and y; > 0 for all 4.

TABLE 8. Case Gy # ()

Ty T3 T2 X1 T2z T13 T23 T123
yi| 1

-

NS

(&)

[a—y
O O O
w

Ys 1

Y 1
Ys 1 1 1

Ye 1 —1

Y7 r -1

Ys r -1

Yo 1 -1

¢ pi* pi® pg* piq pq piq P

cocooo~3

We distinguish the following two subcases.

5.5.1. Subcase 2% <p §20.424803. A feasible solutign is given g)y Y1 = q3,2y2 = 2pq>,
Ys = Yo = pq-, ya = p-(3 —2p), Y5 = 0, y7 = p°q, ys = 2p°q, yo = 3p°q, and the
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corresponding value of the objective function is
a'q® + 2a'pg® + aspq” + p*(3 — 2p)
A~ —27.5644p™ + 104.919p° — 157.051p% + 132.065p" — 82.6061p° + 39.2544p°
— 7.70344p"* — 6.68845p> 4+ 8.19629p* — 1.82104p — 7.41682 - 10~°
< 4p’q + p* — 0.004322.

Thus p,(F) < 4p>q + p* — 0.004.

5.5.2. Subcase 0.424803 < p < % A feasible solution is given by yi = ¢3, 12 = 2pq?,

ys = pg(l = 2p), ya = p*, Y5 = Ys = Yo = P°q, Yo = pq°, y7 = 0, and the corresponding
value of the objective function is

a'q® + 2a'pg® + aspq(1 — 2p) + p?
~ —27.5644p' + 104.919p" — 157.051p% 4 132.065p" — 82.6061p° + 39.2544p°
—1.05572p* — 16.16p> + 11.0202p* — 1.82104p — 7.41682 - 1076
< 4p’q + p* — 0.004322.
Thus 1, (F) < 4p>q + p* — 0.004.
This completes the proof of Theorem 6. U

6. CONCLUDING REMARKS

In this section we discuss possible extensions and related problems.

6.1. Non-trivial r-wise intersecting families for r > 4. We have determined Ms(p)
and Ms(p) for all p. Let us consider M, (p) for the general case r > 4. Some of the facts
we used for the cases r = 2,3 can be easily extended for the other cases as follows.

Proposition 1. Let r > 2.
(1) Fors=0,1,...,r — 1 we have M,(p) > p* for p > ==L

(2) My(p) =p"! for 0<p<_.
(3) My(p) =p for == <p < 5.
(4) My(p) =1 for =L <p < 1.
Proof. Ttem (1): We construct a non-trivial r-wise intersecting family

Fr(n,s) ={{[sJlUG: G C[s+1,n], |G| >=n}}U{n]\{i}: 1 <i<s}

Then p,(F,(n,s)) — p® as n — oo, cf. [11].

Item (2): By item (1) with s = r — 1 we have M,(p) > p"~'. On the other hand, a
non-trivial r-wise intersecting family is 2-wise (r — 1)-intersecting, and by Theorem 11
the p-measure of the family is at most p" ! if p < %

Item (3): By item (1) with s = 1 we have M,(p) > p. On the other hand, it is known
from [8, 10, 22| that r-wise intersecting family has p-measure at most p if p < %

Item (4): By item (1) with s = 0 we have M,(p) > 1, and so M,(p) = 1 by definition
of M,.(p). O
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Even for the case r = 4 the exact value of My(p) is not known for < p < 2. In this
case Proposition 1 and Theorem 1 give us the following. For simplicity here we write

bd, (p) = lim, 00 ptp(BD, (1)) and f,(p, s) = im0 pip(Fr(n, 5)).

Fact 1. For non-trivial 4-wise intersecting families we have the following:
(= fu(p,3) =1° ifo<p<y,

> bdy(p) =5p*q+p° if 1 <p<3,
=bdy(p) =5p'q+p° ifp=3,

Ma(p) { > fu(p, 2) = p? if § <p< A
> bdy(p) = 5ptq+p°  if EAT < p< 2
= falp,1) =p if2<p<?,
=1 if3<p<l.

Conjecture 2. Forr > 2 it holds that M,(p) = bd,(p) for % <p< %

It is known that M, (p) = bd,(p) if » > 13 and 5 < p < 5 + ¢, for some €, > 0, see [11].

Note also that Ms(p) > fs(p,3) > bds(p) for 3 <p < _Hfgﬁ-

Problem 1. Let 0 < p < %, and let F C 2" be a non-trivial r-wise intersecting family.

Is it true that
M, (p) < max{bd,(p), fr(p,1),..., fr(p,r = 1)}?

6.2. Uniform families. One can consider non-trivial r-wise intersecting k-uniform fam-
ilies, that is, families in ([Z}) = {F C [n] : |F| = k}, and ask the maximum size. Let
us construct some candidate families to address this problem. For 1 < s < r — 1 and
r—s+1<y<k—s+1,let jy:= f%] Note that jo < y and jp is the minimum

integer j satisfying (r —s)j > (r —s— 1)y + 1. Let F.(n,k,s,y) == AU B, where
A={A¢€ ([Z}) [s]C A JAN[s+1,s+y]| > o},
B:={Be (") |Bn[s]|=s—1,[s+1,s+y] C B}.
Then the family {A \ [s] : A € A} is (r — s)-wise intersecting due to the choice of j, and
y. Thus F.(n,k,s,y) is a k-uniform non-trivial r-wise intersecting family. In particular,
.Fr<7’l,, k717T> :BDT<n)ﬂ ([Z}) (jO =T —- 1)7

and F.(n,k,r — 1,k —r +2) (jo = 1) is the so-called Hilton-Milner family. Note that
different parameters may give the same family, e.g., F.(n,k,1,r) = F.(n,k,s,7 — s+ 1)
foralll1 <s<pr-—1.

Conjecture 3 (O’Neill and Verstriete [17]). Let k > r > 2 and n > kr/(r — 1). Then
the unique extremal non-trivial r-wise intersecting families in ([Z]) are Fr(n,k,1,r) and
Fr(n,k,r— 1,k —r+2) (up to isomorphism).

O'Neill and Verstriiete proved the conjecture if n > r + e(k22¥)% (k — r). This bound
can be reduced to n > (1+5)(k—r+2) using the Ahlswede-Khachatrian theorem for non-
trivial 2-wise t-intersecting families in [3] with the fact that an r-wise intersecting family
is 2-wise (r — 1)-intersecting, see [4] for more details. The case r = 2 in the conjecture is
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known to be true as the Hilton-Milner theorem [14]. The case r = 3 is studied in [23], and
a k-uniform version of Theorem 3 is obtained, from which it follows that the conjecture
fails if n and k are sufficiently large and roughly % < % < % In this case F3(n, k, 1,k —1)
or F3(n,k,1,k) has size larger than F3(n, k,1,3) and F3(n,k,2,k — 1) (see Theorem 4
in [23]). Balogh and Linz [4] verified that F3(11,7,1,7) is indeed a counterexample to
the conjecture. They constructed the families F,.(n, k, 1, (r — 1)i + 1) (i < [£]), and
suggested that the largest family of them could be a counterexample if n ~ kr/(r — 1).
Here we show that Conjecture 3 fails if » > 3, and n and k are sufficiently large and k/n
is roughly in (%, 7"—;1) More precisely we prove the following. Let M, (n, k) denote the

maximum size of a non-trivial r-wise intersecting family in ([Z}).

Theorem 12. Let r > 3. For every € > 0 and every § > 0, there exists ng € N such that

for all integers n and k with n > ng and ;:—f +e< % < r;1 — €, we have

(1_5)(2:1) < My(n, k) < (Z:i)

Before proving this result, let us check that it gives counterexamples to the conjecture.
To this end, suppose that % = p, and n and k are sufficiently large. Then we have

Fon, by, 1)] = (r + 1)(”;: 1) + (Z:T:D ~ ((r+1p g+ 1) (Z)

r

n—r+1 n—k—1 n
L k—rt2)|= . 1 (M),
| Fr(n,kyr — 1,k —r +2)] (k—r—i—l) (k—r+1)+r P (k)

If p> L then (r+ 1)p"'q+p" > p'. Indeed if k > r and n < r(k —r + 2), then
| Fr(n, by, 1) > | Fo(n, k,r — 1,k — r + 2)|. If moreover p = & < ™1 then

T

n—1 8
. — ‘s s < _
i 17kl () =0 D <
where equality holds if and only if » = 3 and p =

assumptions in Theorem 12 we have max{|F,(n,k, 1,7
(1-— 5)(2:}) for 0 <0 < 3.

This implies that under the

2
3-
),‘Fr<n,k,7’—1,]€—7’+2)‘} <

Proof of Theorem 12. The upper bound M, (n, k) < (Zj) was proved by Frankl in [9].
We prove the lower bound. Let r be fixed, and let ¢ > 0 and 0 > 0 be given. Let
% <p< ”;rl, and k = pn. Let ¢ > 0 be a constant depending on r only (specified later),

and let
Jnp ={J €N:]j—p’n| < evn}.

oy (G O
(pn) (%)
Let erf(z) denote the error function, that is,

erf(z) = % /OZ exp(—x?) da.

For j € J,, let
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Then, by Lemma 5 of [23], we have

nh_)nOlOZG n,p) —erf(\/_p)

J€Jn,p

The RHS is a function decreasing in p (for fixed ¢), and we have

erf( 3¢ ) erf( 3¢ )
min — | = — .
pelr=2,7 V2p V2(r —1)

Then the RHS is a function increasing in ¢ and approaching 1. Thus we can choose ¢ > 0

3rc
so that erf (\/_(r )) >1—2¢, and we fix c.

We will show that \Fr(n,k, Lk) > (1—08)(77}). Let jo = (%} Choose n; so
that if n > n; then

4]
12 ; 1—=
(12) 3 binp) > 1
J€JInp
forallpw1th7" <p<7"1 Nextchoosen2sothat1f—+e<p<——e n > ne,

and k = pn, then Jo < pk — ¢y/n and pk + ¢y/n < k — 1. Then we have J,, C [jo, k — 1].
Finally choose n3 so that if n > nsz then p— q\c/ﬁ > (1— g)p, and let ny := max{ny, ny, ns}.

We have
n—k—1 kN (n—k—1
k1, k)| > .
CORES 1 ] ity B o ) bty
J=Jo JE€JIn,p
The summands in the RHS is ()(’Z f i) = n—:{t(?) (’Z:?) For j € J,, we have j <
p*n + c¢y/n and

n—k 1-p ¢ p=p vn - q/n 2 )P

where we used n > n3 in the last inequality. We then have

GIG25m0) = (-2 G)65)
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The RHS can be rewritten as (1 —2) (72)0;(n,p) because (k) ("7’?) = 6;(n,p)(}) and

2 k—1 3/ \k—j
p(}) = (}_}). Finally we have

M,(n,k) > |F.(n,k, 1, k)|

-2 G655

(;2)) X s

J€Jnp

)
() N (e )

>(1—5)(Z:1),

and this is the lower bound we needed. O

Fact 1 suggests that the conjecture could be false even if % < :—:f For example we
have [F,(41,26,2,25)] > |Fu(41,26,1,4)| > |Fi(41,26,3,24)|. Noting that Y17 ~ 0.64
we can expect Fy(n,k,2,k — 1) is larger than Fy(n,k,1,4) if % < % < 0.64 and n, k
sufficiently large. Indeed we have

|F4(1000, 514, 2,513)| /| F4(1000, 514, 1,4)| ~ 1.03254,
| F4(1000, 630, 2,629)|/|F4(1000, 630, 1,4)| ~ 1.0165,
|F4(1000, 650, 2,649)| /| F4(1000, 650, 1, 4)| ~ 0.98655.

Problem 2. Let k >r >2 andn > kr/(r—1), and let F C ([Z]) be a non-trivial r-wise
intersecting family. Is it true that

|F| < max{|F(n,k,s,y)|: 1<s<r—1,r—s+1<y<k—s+1}7
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