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ABSTRACT

In many applications, we need to measure similarity betwesles

in a large network based on features of their neighborhodds.
though in-network node similarity based on proximity hagrbe
well investigated, surprisingly, measuring in-networldaaimilar-
ity based on neighborhoods remains a largely untouchedegob
in literature. One grand challenge is that in different aggtlons
we may need different measurements that manifest diffeneain-
ings of similarity. In this paper, we investigate the problen a
principled and systematic manner. We develop a unified petram
ric model and a series of four instance measures. Thosenaesta
similarity measures not only address a spectrum of varioesnm
ings of similarity, but also present a series of tradeoffaveen
computational cost and strictness of matching betweerhbeig
hoods of nodes being compared. By a set of extensive expaisme
and case studies, we demonstrate the effectiveness ofdpesad
model and its instances.
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necessary, the information about the neighbors’ neightoas we
measure the similarity betweerandv based on the neighborhood
information? This is a fundamental challenge in analyzirgnyn
social networks where the network access is constrained.

Even if assuming the access to a whole network, in many ap-
plications, similarity may still involve neighborhood eriation.
Consider a social network where nodes are users with their-oc
pations as labels, and edges represent friendship redatios are
interested in finding users whose friends have similaribigion in
occupation. Network proximity between two users does nigt ime
measuring their similarity in this context. Instead, wedtwmea-
sure the similarity based on the neighborhoods of the twesod
being compared.

As another example, in the Yelp network, to compare a leader
of a community in Australia and a leader of another commuinity
Vancouver in terms of the structures of the communities ey
leading, the proximity between the two leaders or the priim
between the members in the two communities do not help,reithe
Instead, we have to compare the communities, which are neigh
borhoods of the two leaders in the social network, and usetfe

How can we measure the similarity between two nodes in a large features, such as the distribution of different types ofsiaed user

network? The de facto established methods are based onake pr
imity between the two nodes in the network (e.g., shortesadce),

or the relative proximity between the two nodes and the cdmer
chor nodes (e.g., SimRank [11] and its variations). Howeirer
many applications, such as those where the access to therketw
is restricted, the proximity or relative proximity methazinnot be
used. Moreover, in different applications we may need dhffie
measures, since the meaning of similarity may vary draralffic

EXAMPLE 1 (MOTIVATION EXAMPLES). In Twitter, how
can we measure the similarity between two userand v? In
general, we cannot access the whole Twitter network, arglw®su
cannot compute the shortest distance betweandv or the Sim-
Rank [11]. Instead, we can run neighborhood queries ontselec
users as nodes in the network. Consequently, we can obtain th
neighborhoods oft andv, which contain the information about the
neighbor users (those who follow or being followed tyand v,
respectively) and the tweets sent by those neighbor useds,ifa
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connection patterns, to design a meaningful similarity snea

In the above examples and many similar scenarios, proximity
measures (e.g., shortest distance) or relative proximipsures
(e.g., SimRank or its variations) cannot be applied dued@titess
restrictions or cannot capture the application meaningnodarity,
and thus cannot be used. [

Several recent studies|[9, 5] assume a node-feature mailix a
measure similarity between nodes accordingly. Howeveli-as
lustrated before, different applications may use differede fea-
tures. A general framework and a spectrum of similarity mess
meeting needs in different applications are still missing.

In this paper, orthogonal to the classical proximity-bamed rel-
ative proximity-based similarity measures, we tackle thebfem
of in-network neighborhood-based node similarity measur€o
the best of our knowledge, this problem remains largelyurtted.

We make several technical contributions. First, we propose
the notion of neighborhood-based node similarity measitas
is orthogonal to the well established proximity-based agld-r
tive proximity-based node similarity measures. We give a-ge
eral parametric model, which captures the critical compts@
neighborhood-based node similarity measurement. Diftefiea-
tures about neighborhoods can be plugged into our modeloto pr
duce different instances for various needs in applications

Second, we examine a series of features popularly usedén pra
tice, ranging from maximal common neighborhoods to neighbo
hood patterns, random walks, akdhops neighbors. Correspond-
ingly, we derive four instances of the neighborhood-basenila-
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ity measures. We explore some desirable and interestingepro
ties of those measures. We show that except for maximal cammo
neighborhoods based similarity, they can be transformatetoics.
Moreover, they can all be transformed to normalized sintiés.
They all can identify automorphic equivalent nodes.

Third, for the four similarity measures obtained, we analtfze
tradeoffs between computational cost and topological hiagc
The analysis provides a useful guideline for similarity swga se-
lection in practice.

Last, we conduct extensive experiments to verify the gffect
ness of the proposed similarity measures.

The rest of the paper is organized as follows. Se¢flon 2 nevie
the related work. Sectidd 3 discusses the preliminariesti@&4
presents out unified parametric model. Sedfibn 5 derivesifou
stance similarity measures. Secfidn 6 discusses theieprep and
relations. Sectiof]7 reports an extensive experimentdlyst8ec-
tion[d concludes the paper.

2. RELATED WORK

In-network similarity, which measures similarity betweswwo
nodes in a graph, is not a new problem at all, and enjoys many
applications. The dominant methods are based on eithempityx
of the two nodes in question (e.g., shortest distance) oretlagive
proximities between the two nodes and the other anchor nodes

Node proximity is widely adopted as similarity measures in
many data mining and machine learning tasks. Koatral. [16]
proposed a unified framework of Guilt-by-Association. A wid

In a broader scope, the social science community studietkbe
of node problem[18]. The approaches are mainly based omgndi
an equivalence relations on nodes so that the nodes can tygegro
into equivalent classes. Sparrdw [23] and Borgatti and &v¢t]
proposed algorithms for finding structural equivalence segl-
lar equivalence classes in which automorphic equivaledesare
assigned to the same class. However, an equivalence retatio
nodes cannot provide node-pair similarities. Thus, thosthous
cannot be applied in many data mining and machine learnsigta

Another line of research related to our study is graph shityla
measures. Comparing graphs directly is computationalstlgo
A major idea of comparing graphs is to convert graphs to featu
vectors. For example, Fei and Huan [3] used frequent subgrap
features of graphs. The most widely studied graph similasuees
are graph kernels [4, 114, 21.]122], which project graphs irfieature
space of finite or infinite dimensionality, and use the inmedpct
of the feature vectors of the two graphs as the similarityescbhe
features in graph kernels are often substructures of grapbs
walks, subtrees or graphlets. In Secfion 4.1, we will iHatg why
such graph similarity measures cannot be used directlylve sioe
in-network node similarity problem.

3. NOTATIONS AND PRELIMINARIES

In this paper, we focus on labeled graphs, and use the terms
“graph” and “network”, and “node” and “vertex” intercharajsy.

DEFINITION1 (LABELED GRAPH). Alabeled graph (graph

range of popular proximity measures, such as Personalizedfor short) is a tuple G= (V,E,L,Z), where V is a set of nodes,

PageRank[[12], Random Walk with Rest&rt|[26] and General-
ized Belief Propagatiori [27], are special cases or can beapp
mated by Guilt-by-Association. The basic assumption ekttinse
proximity-based measures is that nodes in a network infeieach
other through edges and paths. Thus, nodes within the same co
munity are often more similar than those from different camin
ties. Apparently, proximity-based measures cannot be tassalve

the problems demonstrated in Exanigle 1.

A major group of in-network similarity measures are based on
how the nodes in question are connected with the other n&iles.
Rank [11] is one of the most popularly used in-network sintya
measures. It is based on the principle that two nodes aré¢asiiii
they are linked to similar nodes. Specifically, to compute ghm-
ilarity between nodes andv, SimRank aggregates paths between
other nodesv andu and betweenv andv, respectively. SimRank
has an undesirable property: if the lengths of paths betweerd
v are all odd, therSimRanku,v) = 0, that is,u andv cannot be
perfectly similar to each other. To fix this issue, some Vems of
SimRank were proposed [13,128]. Those variations are stied
on aggregation of paths between nodes. PathSiin [24], athgcen
proposed similarity measure, employed a similar idea ohting
paths following predefined patterns between nodes to dsime
ilarity. In SimRank and its variations, as well as PathSimo t
nodes may not be similar even if their neighborhoods are gsom
phic. Those methods cannot be used to measure the similarity
the applications in Exampl@ 1.

Recently, Hendersoet al. [9] proposed RolX, which applied
Non-Negative Matrix Factorization to softly cluster nodies net-
work. It assumes a node-feature matrix, which is obtainedeby
cursive feature extractiomn [L0]. RolX factorizes the ndelature
matrix into a node-role matrix and a role-feature matrixefihthe
node-role matrix can be exploited to compute similaritiesateen
nodes. Gilpiret al.[5] introduced supervision to RolX. Since these
methods assume a node-feature matrix, they are not spewific-f
network neighborhood-based similarity measurement.

E CV xV is aset of edgeg, is a set of labels, and LV — X isa
function mapping a nodeaV to a label € . We often write the
set of vertices and the set of edges of a graph G @)\and E(G),
respectively. [

The above definition assumes labels on nodes only. Our meth-
ods, however, can be easily extended to graphs with labdietin
nodes and edges, or on edges only.

DEFINITION2 (NEIGHBORHOOD). In a labeled graph G=
(V,E,L,%), for a node ue V, the rneighborhood of u (r > 1)
is a labeled graph NHu)=(Vy, Ey,Ly,,Z), where i = {v|v e
V,dist(u,v) <r}, dist(u,v) is the shortest distance from u to \, £
{(v1,v2) | (v1,v2) € E,v1,v2 € VuU{u}}, and Uy, : Vu — Zis the
function L with restriction on . We call u thecenter node of
NH; (u). For the sake of brevity, we sometimes omit r and simply
write NH(u) when r does not play a role in the discussion. =

Some neighborhoods may share some common subgraphs. To
capture common subgraphs shared by neighborhoods of faultip
nodes, we define neighborhood patterns.

DEFINITION3 (NEIGHBORHOOD PATTERN. A neigh-
borhood pattern is a tuple¥ = (H,c), where H is a labeled
connected graph, and€V (H) is called thecenter node of 4. To
keep our presentation concise, we denote ¢ /= V(H) and
E(¥9)=E(H). L]

Trivially, a neighborhood(NH(u),u) itself is a neighborhood
pattern. For any subgrapH of NH(u) that containsu, that is,
ueV(H), (H,u) is a neighborhood pattern that captures part of
the neighborhood af. Please note that Haat al. [[7,[8] defined a
similar concept, pivoted graph.

The matching between a neighborhood pattern and a neighbor-
hood is intuitively defined using subgraph isomorphism.
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Figure 1: Neighborhood subgraph isomorphism.

DEFINITION 4 (NEIGHBORHOOD PATTERN MATCHING.
A neighborhood patterry = (H,c) is neighborhood subgraph
isomorphic (NS-isomorphic for short) to a neighborhood
NH(u)=(Vu,Eu, L}y, %), if there exists an injective mapping
function f: V(H) — W,, such that (1) fc) = u; (2) Vv € V(H),
L(v) = L(f(v)); and (3)¥(v1,V2) € E(H), (f(va), f(v2)) € Eu.

EXAMPLE 2 (NS4soMoORPHISM. Figure[1 shows a graph
and a neighborhood pattern. The 2-neighborhoods of nadasd
ug are highlighted. The neighborhood pattern is NS-isomarphi
to the 2-neighborhoods af; and ug under the following injec-
tive mapping functions, respectively(vi) = ug, f1(v2) = us,
f1(v3) = Us, f1(v4) = Ug andfa(v1) = g, f2(V2) = Us, f2(v3) = Uz,
f2(va) = ugo. "

We define the equivalence of two neighborhood patterns,twhic
is needed when we try to define a set on neighborhood patterns.

DEFINITION5 (NEIGHBORHOOD PATTERNEQUIVALENCE).
Two neighborhood patterng; = (Hj,c1) and % = (Hp,Cp)
are said to be equivalent to each other if there exists
a bijective mapping function f V(H;) — V(H2), such
that (1) f(c1) = c2; (2) W € V(H1), L(v) = L(f(v));
and (3) Wvi,v2 € V(Hi1),(v1,v2) € E(H1) if and only if
(f(va), f(v2)) € E(H2). .

Automorphic equivalent nodes are often considered as tiiden
cal” in many applications |1, 18, 13].

DEFINITION6 (AUTOMORPHICEQUIVALENCE). Given a
labeled graph G= (V,E,L,Z), Yu,v €V, u and v areautomorphic
equivalent if there exists a bijective mapping function ¥ — V,
such that (1) fu) =vA f(v) =u; (2) WeV, L(v) =L(f(v)); and
(3) Vv, v2 €V, (v1,v2) € E ifand only if(f(vq), f(v2)) € E.

In addition to neighborhood patterns, another importaatufies
in graphs is walks.

DEFINITION 7 (LABELED WALK). Given a labeled graph
G=(V,E,L,%), awalk W is a sequence of nodés, us,...,Un),
inwhichVi=1,2,... . m—1, (uj,Uj;+1) € E. Alabeled walk LW is
a sequence of labeldq,l2,...,Im), in whichVi =1,2,... m|; €
3%, The length of LW igLW| = m—1. For a given walk
W = (uz,Up,...,Un), the corresponding labeled walk if\W) =
(L(up),L(uz),...,L(um)), and W is called amnstance of L(W). m

We also need the concept of product graph, which is widelg use
in graph kernels.

DEFINITION 8 (PRODUCTGRAPH). Given two labeled
graphs G and &, the product graph G; x G, is a labeled

Uz

Uz Uy

u1

u; Us

Us

Figure 2: An Example

graph such that (1) ¥G1 xGp) = {{U,V) | U € V(Gy),V
V(Gz),L(U) = L(V)};i (2) E(G1xGg) = {({u1, V1), (Up,V2))
{ur,va), (U2, v2) € V(G1xGy), (U, Up) € E(G1),(v1,V2)

E(Gz)}; and (3) V(U,V) € V(G1x Gy),L((U,V)) = L(U)
L(V).

Please note that a walk may use one node more than once. An
important property of product graph is that every walk (tisata
path) in product grapks; x G, corresponds to two walks with the
same label sequence @ andGy, respectively, and vice versa.

Last, we definé-hops neighbor set as follows.

m Il m_—_m

DEFINITION9 (k-HOPSNEIGHBORS). For a node u in a la-
beled graph G, the set ofkops neighbors of u is a multi-set of
nodes{v : wy | wy is the number of walks from u to v of length k

|

4. A UNIFIED PARAMETRIC MODEL

In this section, we first examine why the existing graph campa
ison methods cannot be used directly to solve the probleren,Th
we introduce our unified parametric model.

4.1 Neighborhood Comparison versus Gen-
eral Graph Comparison

Conceptually, in-network neighborhood-based node siityla
measurement is intuitive — we just need to compare the neigh-
borhoods of two nodes, each neighborhood being a labelg@ihgra
However, one critical point is that center nodes play speoias
in neighborhoods and their comparison. When we compare two
neighborhoods as labeled graphs and try to “match” themtyvibe
center nodes have to correspond to each other.

Similar to the general problem of graph comparison, in mamy a
plication scenarios, comparing two neighborhoods diydayl iso-
morphism testing is not desirable. A large network is alnfost
sure to contain noise and randomness. The noise edges and ver
tices severely affect the reliability of measuring sinitiaby graph
matching. Instead, as a general principle, to measuresitgiln a
meaningful way, we have to extract structural features fnesgh-
borhoods that reflect structural properties of the targdéaoThen,

a neighborhood is transformed into a feature vector, andasity
between the induced features can be measured to captuiienthe s
larity between the target nodes.

One may wonder whether neighborhood comparison can be
tackled using the existing graph comparison methods, ssch a
graph kernels. Unfortunately, general graph comparisothoas
ignore correspondences between nodes, and thus cannoedbe us
directly in neighborhood comparison.

ExamMPLE 3 (NEIGHBORHOOD COMPARISON. Consider
the graph in Figur€l2, whera andb are nodes labels. For each



node, the 2-neighborhood is the whole graph. Thereforgahgra
kernels give the identical similarity score on every painofles.
However, it is easy to see thaj is uniquely different from the
other nodes in the graph. Moreover, singehas a label different
from all the others, one may even argue that the similaritween

u; and any other nodes in the graph is very low. Clearly, this
intuition cannot be captured by applying a graph comparison
method directly on the neighborhoods. [

Although neighborhood comparison is very different fronm-ge
eral graph comparison, many well established ideas in gkner
graph comparison are very useful in neighborhood compariso
the rest of the paper, we will use structural features irnglezenter
nodes to assess in-network node similarity. We will shovi tha
desirable structural features can be obtained by putting roon-
straints on features extracted for general graph comparistie
will answer some interesting questions related to geneawbty
comparison, such as whether we can have kernels on noddn with
a network analogous to kernels on graph and how those contstra
affect the computational cost of similarity computation.

4.2 A Unified Parametric Framework

How can we measure the similarity between two target nodes

based on their neighborhoods? We assume that similariysisd
on the structural features of the target nodes, that ispiraagical
structures of the neighborhoods and how labels are disdbin
the neighborhoods.

There are many possible structural features that can beinsed
in-network node similarity measures. Importantly, diéet appli-
cations may use different structural features and asseiedleres
in different ways. Instead of proposing many yet anotheiilaim
ity measures, we are interested in a fundamental scientifib-p
lem: is there a general framework about the mechanism magsur
neighborhood-based similarity? The general frameworkilshie
parametric — specific features and specific methods of featsr
sembling are configurable parameters. Moreover, the framew
should generalize a series of meaningful similarity measur

In general, we make the following basic assumptions aboat me
suring in-network neighborhood-based node similarity.

ASsSUMPTION1 (FEATURES). In-network  neighborhood-
based node similarity can be measured by aggregation ovet a s
of features.

RATIONALE. We assume that there exists a set of featifesuch
that the overall similarity between two nodes is an aggiegaif
the similarity scores between the two nodes over individaat
turesl” € .. This is analogous to Minkowski distance where the
overall distance is an aggregation of the distances in diVidual
dimensions (i.e.( ¥ gimensiond (distance ord)p)l/p). This is a nat-
ural and popularly used way to measure similarity and destan

a multidimensional space in a divide and conquer manner. =

Based on the above assumption, we propose the following gen-

eral parametric model.

DEFINITION 10 (A GENERAL SIMILARITY MODEL). Given
a graph G and two nodesue V(G), the similarity between u and
v is measured by

Simu,v) = ®

rez

( = ouustn)) (@)
sis an element of Nfl)
tis an element of NH/)

where four parameters are used

e .7 is a set of features used in the similarity measure;

e O is ascoring function returning the similarity score betwee
u and v in the evidence of elements s and t on fedtweZ,
where variables s and t are elements, that is, either nodes or
edges, in NHu) and NH(v), respectively;

e = is an aggregate function defining how the scores with re-
spect to various element pairs are summarized, and

e @ is another aggregate function specifying how the features
are assembled in measuring the overall similarity. [

In Equation’l, we aggregate the similarity scores over alt fe
turesl” € .# to derive the overall similarity between two nodes
andv. To derive the similarity score on each featlirave consider
every pair of elements in the neighborhoodsu@ndv, where the
elements used are either nodes or edges, and may vary from one
measure to another. For elemesfeom NH(u) andt from NH(v),
we calculate a similarity score(u,v,s,t,I") that is the similarity
betweenu andv reflected bys andt on featurel”. The similarity
score between andv on featurd™ is an aggregation of the similar-
ity scores over all pairgs,t). In the next section, we will present
four instances of the model, which will illustrate the padsiim-
plementations and flexibility of the model clearly.

5. FOUR INSTANCE SIMILARITY MEA-
SURES

In this section, we present four instances of the generaleinod
(Definition[10) as interesting and practically useful samily mea-
sures. Unlike[[10,19,15], where features are basically stiesi of
nodes’ neighbourhoods, we focus on graph substructurerésat
like subgraphs and walks. The reason we choose this kindaef fe
tures is that they have better interpretability. By chegKieatures
of u andv, we know how many common substructures, such as
subgraphs, subtrees, and walks, are shared by their nefgiduts.
This information provides an intuitive explanation whandv are
similar. While for statistical features in [0} (9, 5], it i®theasy to
find what they really capture in the physical world.

5.1 Similarity by Maximum Common Neigh-
borhood Pattern (MCNP)

A simple idea to evaluate the similarity between two nodes is
to measure the size of the largest common subgraph sharée by t
neighborhoods of the two nodes.

DEFINITION 11 (MCNPSIMILARITY ). Given a network G,
for nodes uv € V(G), a neighborhood patter = (H, c) is amax-
imal common neighborhood pattern (MCNP for short) of u and v
if ¢ is NS-isomorphic to both N#i) and NH(v), and |E(¥)] is
maximized.

TheMCNP similarity between u and v is

SIMMCNRu,v) = |E(9)],
where¥ is a MCNP of u and v. n

MCNP similarity is meaningful in many applications. For exa
ple, in a friendship networls, the similarity between two nodes
andv can be measured by the size of a maximal common subgraph
shared by the neighborhoodswéndv, which has the largest num-
ber of friendship links.

EXAMPLE 4 (MCNPSIMILARITY). In Figure[1, it happens
that the neighborhood pattern is a MCNPRugfandug. The MCNP
similarity betweeru; andug is 4. [



MCNP similarity is an instance of the general similarity rebd
in Definition[10. Specifically, given a grajgh and a nodey, let

SNRu) = {¢=(H,c)|¥ is NS-isomorphic toNH(u)
A H is connected
)

be the set of neighborhood patterns that are NS-isomorphiuwet
neighborhood ofl. For two nodesi,v e V(G), a neighborhood pat-
tern¥ = (H,c) € SNRuU)NSNRV) if there exist¥; = (H1,c1) €
SNRu) and¥%, = (Hy,cz) € SNRvV) such thatH andH; are iso-
morphic andc andc; correspond to each other in the isomorphism
bijective mappingH andH, are isomorphic and andc, corre-
spond to each other in the isomorphism bijective mappingaip
ently, we have the following.

DEFINITION 12 (PSEUDO-INVERSE). Let f: A— B be an
injective function. A function 1 : B — (AU{nil}) is a pseudo-
inverse of f, if for each be B,

_ nil
1) = {a

THEOREM 1. Given a graph G, for two nodeswe V(G),
SIMMCNRu,v) =

vx e A, f(x)

#b
acAANf(a)=b

MaXy —(H c) eSNRU)NSNRAV)
w.r.t. injective mapping
functions §:V(H)—V(NH(u))
and {:V(H)—=V(NH(v))

2 (xy)€E(NH(u))
(X.Y)EE(NH(v))
(fyt(x) = fy 1(X) #nilA

) = f2y) #nil)),
where [(P) is an indicator function, which takesif P is true and

0 otherwise, and ! and ;! are pseudo-inverses of, &ind f,
respectively. [

In Theorem[1, fu(c) = u and fy(c) = v because¥ is NS-
isomorphic to bottNH(u) andNH(v). This condition actually is

the key property that general graph comparison methods tlo no

guarantee. It ensures that when we assess the similarigebet
NH(u) andNH(v), uandv always correspond to each other.

5.2 Similarity by Neighborhood Patterns

In some application scenarids [7], one may want to use petter
as features, and measure the similarity of two nodes by compa
ing the common features occurring in their neighborhoodss &
analogous to, for example, using frequent subgraphs asrésain
graph comparison [3].

DEFINITION 13 (NPSIMILARITY ). Given a network G and
a set of a neighborhood patterns S, for nodes @ V(G), the
neighborhood pattern similarity (NP similarity for short) between
uandvis

SimNRu,v) = z |[E(9)|
%€ (SNSNRU)NSNRY))
where SNP) is defined in Equationl 2. L]

NP similarity enables users with the full flexibility to spigc
neighborhood patterns as features. There are many waylgethSe
For example, we may use neighborhood patterns that areginequ
in neighborhoods of all nodes in the whole graph [7]. We mapse
as a set of predefined subgraphs, such as Meta{Path [24hl$Dis
feasible to use graphlefs [21] to forgn

The NP similarity is an inner product of two feature vectonst
is, SIMNRu,V) = veayp(u)" veayp(V), where thej-th element of
the feature vector of nodeis

veap(U); = VIE(¥))| ¥jis NS-isomorphic to NH(u)
WPWI=10 otherwise

and¥j is the j-th neighborhood pattern i
It is easy to show thaBimNPis an instance of the general simi-
larity model in Definitior 1D.

THEOREM 2. Given a graph G and a set of neighborhood pat-
terns S, for two nodesue V(G),

SIMMCNRU,V) = ¥4 —(H ¢)eSNRU)NSNRV)NS

w.r.t. injective mapping
functions §:V(H)—V(NH(u))
and f:V(H)—=V(NH(v))

2 (xy)€E(NH(u)
(X,y)€E(NH(v))
(g (x) = LX) #nil A

k) = 1y) #nil))

where {71 and {1 are pseudo-inverses of &nd f,, respectively.
u

Similar to SIMMCNR when usingSimNPto compute the sim-
ilarity of NH(u) andNH(v), u andv always correspond to each
other.

5.3 Similarity by Labeled Walks

Walks are popularly used as structural features in netwoak-a
ysis. Can we measure the similarity between two nodes based o
the walks in their neighborhoods?

DEFINITION 14 (LW FEATURE VECTOR). Given a graph
G = (V,E,L,%) and a parameter r, théabeled walk feature set
is

S={LW=(Ig,lp,....Im) | 1< [LW| <1,¥i=1,2,...,m]; € Z}.

Thelabeled walk feature vector (LW feature vector for short) of
node ucV is a|§-dimensional vector veg (u), in which

veqw (U)j = /A | *[{W = (U1, Uz, ..., Um) [ ug = u, L(W) = LW; }

LW, €S, and)y, Ay, ..., A are parameters such that =1,2,...,r,
Ai>0andy|_jAi=1 n

A user can use parameteXss to control how walks of different
lengths contribute to the similarity. In many applicatiopehorter
walks are regarded contributing more to the final similasitpre
than longer ones [4].

Apparently, the set of all possible labeled walks of lengthta
r is finite provided that the set of labels is finite. Using LWtfea
vectors, we define labeled walk similarity.

DEFINITION 15 (LW SIMILARITY). Given a graph G=
(V,E,L,%), for nodes wv € V(G), thelabeled walk similarity (LW
similarity for short) between u and v is

SimLW(u, v) = veqw (u) Tveqw (V) = \g veqw (U)j *veqw (V).
L\ iGS
| |

We can show thaBimLWis also an instance of our general sim-
ilarity model in Definitior_10.



THEOREM 3. Denote by &.c the adjacency matrix of the
product graph Gx G.

SimLWu, v) Ziu ev(z

VeV (NH )

)A iAg.c((UV), (U, V))

PrROOF Denote by\,_, a walk starting at node, and byW,_,v
a walk fromutov.

SimLWu, V)
= veqw (U)j xveaw (V)
L\ jES

r
= 21 > veqw(u)j*veqw (V)]
JiLwg =i

:‘21 ‘ zl A[{WLs [ LW ) = LW [{Wes | L(WA— ) = LW, }
LW | =i

vector vegn(u) = (VA A2 ... VANT), where
Vi=12,...,r,n}is a|Z|-dimensional vector thain,), is the sum
of multipllcmes of nodes with label | in u's i-hops neighbset,
andAq,Ap, ..., Ar are parameters such thai = 1,2,...,r, Aj >0
andyi ;A =1 n

The multiplicity of a nodev in u's k-hops neighbor set is the
number of walks fronu to v of lengthk, according to Definitiof]9.
Thus, we obtain

nk = nk-1

veNeighbofu)

Therefore,u’s k-hops neighbor features can also be explained as
recursive feature$ [10] that are recursively built by aggtens of
u's neighbors’ information.

Based on th&-hops neighbor feature vectors, we can define the
k-hops neighbor similarity.

DEFINITION 17 (KN SIMILARITY ). Given a graph G=
(V,E,L,%), for nodes w € V(G), the khops neighbor similarity
(KN similarity for short) between u and v is

= 21 ‘{Wuau’ [ LMWsw) = LVVJH*HV\(IHV/ ‘L(\M/H\/):L\Nj}l
LW, .
e 323&%9 SIMKNU,v) = vean () Tvea(V)
_21 Ai _ z ‘{Wuau’ ‘ ( uau’) LV\/J}l*\{V\(H\/ ‘L(\M/H\/):L\Nj}l .
. 353%:‘55;} FIR = The roles of parameterg’s are the same as BImLW. In a way
similar to the proof of Theoref 3, we can also show BiatK Nis
= Zx HWiuyy— vy [ LWy - vy) = LW an instance of our general similarity model in Definition 10.
u EV(NH J ILWJ\ i
Vel NH(V)) THEOREM 4. Denote by 4 the adjacency matrix of G.
= 21 z Ai ‘{\N<u,v)a<u/,\/) | ‘VV<LJ,V>~><UI,V/>| = 'H SimKI\(u7v)
V(NH(u))
VEVINHW) IR AG (U W)AG(WLY) # (L (U) = L) AL(Y) = L(V))
r .
=2 3 Aty (V) VEVINH()
i=1ueV(NH(u)) [ ]
VeV(NH(V))

Here [{Wyou | LIW) = LW}« Wy | LW) = LW} =
HWiuv)— vy [ LIW) = LW;}| is due to the property of product
graph. [

As shown in Theorei] 3, the features are labeled walks ofengt

i, the elements for similarity computing are nodes in neighbo
hoods, and the scoring functionAgAg,, 5 ((uU,v), (U, V).

SimLWis related to walk based graph kernels: the features used

are labeled walks. However, BimL\W, we have more constraints
on instances of labeled walks (i.e., walks) used. Firstwalks
selected in a neighborhood for computing similarity mustehthe
center node as the start point. This constraint not onlyressihat
all features are related to the center nodes, but also geasathat
the center nodes always play the same role in features. 8eaen
only use walks of limited lengths. This constraint ensuhez all
walks used for computing similarity are within the neightmods
of the center nodes.

5.4 Similarity by k-hops Neighbors

SimLWuses labeled walks as features. The number of possible

label walks may be huge, iB(|Z|"), whereX is the set of labels.
To reduce the number of features, we can relax the labelekl wal
features by only considering the endpoints of walks.

DEFINITION 16  (k-HOPSNEIGHBORFEATURE VECTOR).
Given a graph G= (V,E,L,%) and a parameter r, the-kops
neighbor feature vector of node u is an |Z|-dimensional

Similar toSimLW, our constraints on features make sure that the
center nodes are always matched to each other when computing
similarity.

6. RELATIONS AMONG THE FOUR SIMI-
LARITIES

In this section we discuss important properties of the fami-s
larities proposed in Sectién 5, as well as the relations antioam.

6.1 Normalization

In many applications, such as K-means clustering, whereta me
ric is needed, it is highly desirable that a similarity meastan be
normalized to a distance metric. Except ®imMCNR the simi-
larities proposed can be normalized to metrics.

THEOREM5 (METRIC). Let  Sint.,
SimLW(-,-) or SimKN+, -). Define

= /Sim(u,u)

) be SImNPR..),

Dist(u,v) —2Sim(u,v) + Sim(v,v) (3)

Dist(-,-) is a metric.

PrROOF According to the definitionsSimNK-,
andSimKN,-) are all inner products in their corresponding feature
spaces. Immediately, we can plug each of those inner preduct
into Equatior B to obtain an Euclidean distance betweens\#le
which is a metric. [

), SIMLW(-, -)



Moreover, in many applications, it is desirable to have alaim
ity that can recognize automorphic equivalerice [1,/18, Hjw-
ever, some well-known similarity measures, such as SimEtjk
do not have this properly. Nicely, all the four measures psapl
here can be easily normalized to have the property.

THEOREM6 (NORMALIZED SIMILARITY ). Let Sin{-,-) be

SIMMCNR-,-), SimNR-,-), SimLW(-,-) or SimKN, -). Define
Sim(u, V)
NSinfu,v) = Sim(u, u) + Simv, v) — Sim(u, v) @

Then,0 < NSim(u,v) <1 and if u and v are automorphic equiva-
lent, NSinfu,v) = 1.

ProoOF. Obviously,Yu,v eV, Sim(u,u) > Sim(u,v) > 0. Thus,
Sim(u,u) + Sim(v,v) — Sim(u, v) > Sim(u,u) > Sim(u,v). Then, we
have,Vu,veV, 0 < NSimu,v) < 1.

If uandv are automorphic equivalenBim(u,u) = Sim(u,v) =
Sim(v,v) becauseNH(u) andNH(v) must be isomorphic. Thus,

S
NSinfu,v) = Simu,u) +S:nr’r((3 3) )—Simu,u) — 1

We can further obtain a generalized Jaccard similarity mea-
sure [6] by pluggingSimNR:-, -) into Equatior .

THEOREM7 (GENERALIZED JACCARD SIMILARITY).

i _ SimNR-,) . .
NSin(-,-) = SIMNR-JTSIMNR-)—SimNR.) 1S & generalized
Jaccard similarity measure.

PROOF The generalized Jaccard similarity[][6] has
the form J(xy) = % where x = (X1,X2,...,Xn)
and y = (y1,Y2,...,yn) are two vectors andx,y; > 0 are

real numbers. For each node € V, we create a vec-
tor x(u) with the same dimensionality aseqyp(u) and set
X(u); = veqyp(u)?. Then, for two nodes andy, straightforwardly,
min (x(u) X(v)i) = Veqyp(u)iveayp(v); and maxx(u)i.x(v))
veqyp(u ) + veqyp(V )iz — veqyp(u)iveqyp(V);. Therefore,

SimN .
Jx(u), x(v) = SimNRu,u) +SI|mNFF((L\J/z§ SimNRuUY) — NSin(u,v).

6.2 Relations betweersimtwand simkN

Both SimLW and SimKN use walks as the structural features.
The difference is thaBimKNonly considers the end points while
SimLWconsiders the whole labeled walkdimKNconsiders a sub-
set of information that is considered BymLW. Intuitively, if two
nodes are similar iIBimLW, they must be also similar iSimKN
but not the other way. We establish this relationship folynal

THEOREM8 (SimLwaND SimKN). Under the same param-
eters r and;’s, SimLWu,v) < SimKNu,v).

PROOFE We only need to proveAg, q((uv),(U,V)) <

A (U, U)AS (M V) #1H{L(u) = L(v) AL(U) =L(V)}. Two cases may
arise.
Case 1:L(u) = L(v) andL(u) = L(\/) According to the prop-

erty of product graphsh, ¢ ((u,v), (U,V)) is the number of walk
pairs (Wi,Wo) in G such that\, is from u to U and has length
i, Ws is from v to V' and has length, and the label sequences
of the two walks are the same. Clearlg, ;((u,v),(U,V)) <

A (u,u)A5(v,V) holds becausé\;(u,u) is the total number of
walks of lengthi fromuto u'.

‘Case 2: L(u) # L(v) or L(Uu) # L(V). In this case,
Ay c((uv), (U, V) = Moreover, because botAg(u,u’)
and A5(vV) are non-negative, A5 g((uV),(U,V)) <
A5 (u,u)A(v,V) holds immediately.

6.3 Computational Cost

We first show that botBimMCNPandSimN Pintractable. Then,
we discuss the computation cost®imLWand SimKNusing pre-
processing, and thus show tHaimLW and SimKN are tractable.
Last, we discuss the tradeoff among the four similarity roess
about features used and computational cost.

6.3.1 Intractability of SimMCNP and SimNP

THEOREM9 (SIimMCNB. Given a labeled graph G, nodes
u,veV(G), r > 1, and | > 0, the decision problem on whether
SImMMCNRu,v) > | is NP-hard.

PROOF We prove by a reduction from the NP-hard clique prob-
lem, which is to decide if a given cliqu®, is subgraph isomorphic
to a given grapliG;.

Suppose we have an oracle that, given a labeled g@&ph
(V,E,L,%), two nodesu € V andv € V, andl > 0, when the con-
stantr > 1, can return ifSImMMCNRu,v) > | in polynomial time
with respect to the size @.

For any instanc€Gy = (V1,E1),G = (Vo E)) of the clique
problem, whereG; is a clique graph having/,| nodes, first we
assign one same label to all nodes. Then, we create a nevedabel
graphG = G;|JUG,. Note that the nodes ¥, are automorphic
equivalent. Thus, for any two nodes € V, andu, € V,, and an
arbitrary other node, SiImMCNRuz,v) = SIMMCNRuy,v). So
we pick an arbitrary node € V. Then, for each node € V;, we
call the oracle to see BImMMCNRu,Vv) > |E,|. ClearlyG; is sub-
graph isomorphic t&; if and only if there exists at least one node
v € Vj such thatSImMCNRu, V) > |E,|. So we can call the oracle
at most|Vy | times to decide if5; has a clique with sizé/|. Each
calling of the oracle takes polynomial time with respecthe size
of G, which means in total we can use polynomial time to decide
the clique probelm. This means decidingsimnMCNRu,v) > | is
NP-hard. L]

THEOREM10 (SimNB. Given a graph G, a neighborhood
pattern set S, nodeswe V(G), r > 1, and | > 0, the decision
problem on whether SIMNR,v) > | is NP-hard.

PROOF. The proof is similar to the proof of Theordm 9. For an
instance(G1 = (V1,E1), Gy = (Vo, Ep)) of the cliqgue problem, we
just create an instance of computiBgmNPby setting the neigh-
borhood pattern s&= {G;}. L]

6.3.2 Preprocessing f@imLwandSimkKN

Both SimLWand SimKNare inner products of feature vectors.
Therefore, to speed up the computation of those similaritiee
can materialize feature vectors for all nodes offline. Rieaste
thatr, the radius of neighborhood, is a predefined parameter. ®ue t
the well recognized small world phenomenbn|[15], the patanme
should be set to a small number like 2. Otherwise, a neigldoath
can easily involve a large portion of the whole graph. Noiynal
|2] < |V|. Let us investigate the cost of processing$mLWand
SimKN

Preprocessing fosimLw.

We do not need to explicitly build the adjacent matrix@k G
and computeA;, s (1 <i < r), which takesO(|V|®) time. We
can firstindex all possible labeled walks considered, aacttbehe
neighborhood of each node to count the frequencies of tredddb
walks. A straightforward implementation is to conduct aduith-
first search on the neighborhood of each node to enumerdte all
beled walks.



The number of walks of length starting from a center node
u and ending at a node € V,, is no more tharivu\'*l. The
cost of computing the labeled walk feature vect@gy (u) is
O(3! =1 Mul ~Y|Ey|) = O(|Vu|" ~2|Eu). Therefore, the total cost of
computing all labeled walk feature vectorsQgy ey [Vul"~2|Eul),
which is definitely bounded b@(|V|"~1E|).

Preprocessing fosimkKN

To analyze the time complexity of materializikghops neigh-
bor features, we follow the recursive computatiorvelin (u) in-
troduced in sectioi 5.4. Clearly, computing afs takesO(E)
time. Computing all, = 3 yen () ni-1 for i > 1 takesO(|Z||E|)
time. In total the overall time complexity of preprocessiagnly
O(r|Z||E|) time.

Please note that the above methods using preprocessingsare j
to show the tractability oSimLWandSimKN Efficient and scal-
able algorithms computing the similarity measures are beytbe
capacity of this paper, and are reserved as future work.

6.3.3 Tradeoffs

SIMMCNPIis a very strict similarity measure — two nodes are
similar if and only if their neighborhoods share a large canm
subgraphSimNPposes a weaker requirement. Two nodes are sim-
ilar if some selected patterns appear in the neighborhobdseo
nodes. The neighborhoods of the nodes may have very differen
topological structures and do not have to share a large cammo
subgraph. SimLW is even weaker since it only considers labeled
walks. Two neighborhoods with very different topologictius-
tures may still share many common labeled walks. As indithte
TheorenB,SimKNis even weaker thaBimLW. Roughly speak-
ing, the strictness of requiring topological matching begw neigb-
horhoods in the similarity measures decreases fBamMCN Pto
SimNR to SimLWand toSimKN

At the same time, computin§imMCNPand SimNPare much
harder than computin§imLW and SimKN Moreover,SimLWis
more costly tharBimKN Therefore, the four similarity measures
present meaningful tradeoffs between strictness of magcand
computational cost.

7. EMPIRICAL RESULTS

In this section, we report a series of empirical studies an th
four similarities proposed using both synthetic data arad data.
First, we use a synthetic data set to illustrate some irtiagepairs
of nodes whose neighborhoods are similar in one way or anothe
Second, we employ three data analytic tasks, namely similar
thors search, anomaly nodes ranking, and nodes clustédaril,
lustrate the effectness of our proposed similarity measireeal
applications.

We find that, even the four similarities are all based on struc
tural features from neighborhoods, the semantics of siityileap-
tured by them have some important differences. Thereforedch
similarity, there are some applications suitable. By esiptpthe
experimental results and the semantics captured by eapoged
similarity in the tasks, our empirical studies provide afukguide-
line on selecting the appropriate similarity measures mtiog to
application needs.

7.1 Experimental Settings

Due to the well recognized small world phenomenon [15], the
parameter should be set to a small number. In our experiments,
we setr = 2.

Figure 3: The neighborhoods of nodesizg and usg.

Because of the high computational costSMMMCNR we only
use it in the experiments reported in Secfior 7.2, where taphy
size is the smallest. F@&ImMNR the setS consists of neighbor-
hood patterns/ such that (1} is connected; (2¥ has at most
n edges; and (3¥ is NS-isomorphic to the neighborhoods of at
leastr nodes inG. The values of andn depend on the scale &,
which will be specified when specific experiments are disediss
We implemented an algorithm similar to the onelin [7] to find al
neighborhood patterns from G.

For SimLWandSimKN we set parametepg’s so that shorter la-
beled walks an#t-hops neighbors of smaller valuelohave heavier
weights. Sepecifically, we séf = “7' where O< a < 1 is a con-
stant and the normalized tetZ=S'_, a'. In our experiments, we
always setr = 0.5.

In our experiments, we normalized all similarities propbbe-
cause similarities after normalization have many desérgisbp-
erties like automorphism recognition. Specificaly, we nalined
SimMCNPand SimNPto NSimMCNPand NSimNPusing Equa-
tion[ so that their ranges are [@,1], becauseSimMCN Pcannot
be transformed to a distance metric, and the number of festur
in SimNPare normally very large so that the generalized Jaccard
similarity is more suitable than a distance metric. Morepvee
normalizedSimLWand SimKNto metricsDSimLWandDSimKN
using Equatiofil3.

7.2 Case Studies Using Synthetic Data

We generated a synthetic graph with 64 nofles us,...,Us3}
and 115 edges using the Kronecker graph maodel [17]. In this sy
thetic graph, there are 4 labels and each label is appliedéon 1
nodes.

For each nodei in the synthetic graph, we searched the top-5
nodes that are most similar to For SImNP we sett = 3 and
n=>5.

It is not surprising that similarities based on differemustural
features lead to different search results. To observe fferelices
among similarity measures, we report some cases of sintide n
pairs returned by different similarities. We show neighitmards of
similar node pairs in Figurds[3-5, all center nodes are neaitke
shadow. In those figures, we use lettay$, c andd to represent
labels.

Figure[3 shows the neighborhood of nadg. All similarities
identify that nodeusg is the most similar one tazg, whose neigh-
borhood is also shown in the figure. Comparing these two Reigh
borhoods, they share a big neighborhood pattern of 7 edggs, h
lighted by the dashed polygons in the figure. Moreover, t&idi
butions of the labels over the neighborhoods are also sirfilease
note that the similarity betweamg andusg cannot be found using
the similarity measures based on proximity or relative prity.

Figure4 shows another interesting exam@anMCNP SimLW
andSimKNall indicate thatus is the most similar node tozg. At



Figure 4: The neighborhoods ofuzg, U3 and ugs3

Figure 5: Neighborhoods ofug, uyg and ugag.

the same timeSimNPpicks ugz as the most similar node isg.
Figure[4 shows the neighborhoods of those nodes. Bgjtand
Ug3 are hubs in their neighborhoods, hutis not a hub. SimNP
can identify similarity between hub nodes because it usighher-
hood patterns frequent in the graph. Hub nodes likely shanmeym
patterns in their neighborhoodSimLWandSimKNdo not use any
features that distinguish hub nodes from other nodes, arsiate
not sensitive to similarity between hub nod&anMCN Pconsiders
the largest common neighborhood pattern. It happensugand

7.3 Similar Authors Search

We conducted similar authors search in the DBLP data set re-
leased by Sumet al. [25] using the similarities we proposed. This
DBLP data set contains 28,702 authors, 28,569 papers anoh20 ¢
ferences from the areas of databases, data mining, madzne |
ing and information retrieval. There are only two types ofjesl
in this network, edges between authors and their paperscges
between papers and conferences where papers were pubNsbed
treat this network as a labeled graph with 22 labels, whiet'am-
thor”, “paper”, and the identities of the 20 conferencesteNibat
each conference only corresponds to one node, because v do n
distinguish the conference held in different years.

This DBLP data set contains data up to 2009, which means all
papers in the data set were published before 2009. We chose 3
young researchers who graduated around the year of 200®as qu
authors. They are Hong Cheng, Spiros Papadimitriou, anel Jur
Leskovec. The reason we do not chose well established obszar
like Christos Faloutsos, Jiawei Han and Jennifer Widomasttiey
are very famous and many methods have been proposed to find
authors similar to them.

We used our proposed similarities to find the top-5 similar au
thors to the 3 young researchers. We do not report the resfults
SimMCNP since it cannot handle large neighborhoods in a reason-
able amount of time. F@BimNP we setr = 100 anch =5. Tabld1
shows the results. Due to the structure of this DBLP datarsét a
r =2, labeled walks features akehops neighbors features happen
to be identical. Consequently, the resultSahLWandSimKNare
identical. We report them in the columns ®imLW/KN.

From Tabld 1l we find that the results 8fmNPand those of
SImMLW/KN are quite different. They capture similarity in differ-

uz share a large common neighborhood pattern of 10 edges in thei ent senses. This observation echoes the motivation of #ierp-

neighborhood. That also affect the feature vectors usihgléal
walks andk-hops nodes ilBimLWandSimKN

The last example illustrates the difference betw8anLWand
SimKN Figure[® shows the neighborhoods of nodgsu,g and
Ugg. According toSimLW, the most similar node tag is usg. Ac-
cording toSimKN the one most similar tag is upg. FromSimLWs

similarity has different meanings for different people iffetent
scenarios.

SimNPidentifies some authors who graduated from the same
group or very similar groups as the query author. For inganc
Hong Cheng and Xifeng Yan were both from Professor Jiawei
Han’s group, Jure Leskovec and Deepayan Chakrabarti wehe bo

perspectivepy andupg are not similar at all because there are no Professor Christos Faloutsos’s students. Athough Spapadim-

common labeled walks starting fromy andupg. For SImKN al-
though the 1-hop neighbors o andug are totally different, the
2-hops neighbors of them are similar in labels. TBimKNindi-
cates thatip anduyg are similar.

itriou and Xifeng Yan were not from the same group, the two
groups (Christos Faloutsos’s group and Jiawei Han's grdiugy
did their Ph.D. studies in are similar in terms of publicati@nues
and collaborators. The neighborhood patterns in this DBaf d

The above examples show the common properties and differ- set reflect some patterns of an author’s publication styleh @s

ences of our proposed similarities. The results indicad tthose
similarities are reasonable to some extent from their owspee-
tives, and capture different types of similarity. An apption has
to pick the measure fitting the meaning of similarity in theléaga-
tion the best.

publishing with a certain number of co-authors in a certainfer-
ence and co-authoring a certain number of papers with afgpeci
researcher. For young researchers, especially when theystit
Ph.D. students, such publication patterns were often gapf-



Table 1: The top-5 similar authors.

Rank Hong Cheng Spiros Papadimitriou Jure Leskovec
SImNP SIMLW/KN SImNP SIMLW/KN SImNP SImMLW/KN
1 Xifeng Yan Gao Cong Xifeng Yan George Kollios | Deepayan Chakrabarfi Glenn Fung
2 Jimeng Sun Alexey Pryakhin Jimeng Sun Michail Vlachos Gang Wu Inderjit S. Dhillon
3 Jiong Yang Jorg Sander Jaideep Srivastavg Gautam Das Ji-Rong Wen Matthias Schubert
4 Spiros Papadimitriou) Boualem Benatallah Hong Cheng Jiong Yang Sugato Basu Dong Xin
5 David W. Cheung Prasan Roy David W. Cheung| Jignesh M. Pate]  Arindam Banerjee | Roberto J. Bayardo Ji|.

Table 2: Probability adjacency matrix of G;.

Professor(0)] Graduate(1)| Researcher(2) Engineer(3)
Professor(0) 0.9 0.25 0.15 0.1
Graduate(1) 0.25 0.9 0.15 0.15
Researcher(2 0.15 0.15 0.9 0.2
Engineer(4) 0.1 0.15 0.2 0.9

enced by their advisors. Thus, from the publication patfen
spective, the most similar authors are likely those grasti&iom
the same group or very similar groups.

SIimLW/KN captures another interesting meaning of similar-
ity. These measures return authors who share similar aitdic
venues with the query authors. Due to the structure of thiE®B
network data set, the labeled walks of length 1 do not havehmuc
impact on the similarity score — there is only one type of latle
walk of length 1, “author-paper”. Labeled walks from authto
conferences are the features playing the major rof&inm.W/KN.

7.4 Anomaly Nodes Ranking

We generated a labeled graph using the Kronecker graph

tioned nodes into 4 groups according to their labels. Nadé fibr
each group we have 64 nodes. Then, for each npde computed

the top-5 nodes that are most similantérom the groupu belongs

to. We calculated the sum of similarity scores betweend its
top-5 similar nodes, and used this total to measure how “afirm
uis. We call this total thenormality index of u. For SimLWand
SimKN since we used the distance metixSimLWandDSimKN

the normality index ofi is the negated sum of the distances between
u andu’s top-5 closest nodes. Last, for each group, we sorted all
nodes in the group in the normality index ascending ordens&h
top-ranked nodes in every group are regarded as most abhorma
Clearly, the higher those 4 planted anomaly nodes are rated
better our methods are.

model [17]. Then, we added some abnormal nodes to it. Our task Ve randomly generated 5 data sets, denotei®4(1)-KG4(S),

is to check whether those proposed similarity measures elgrid
find those abnormal nodes. Specifically, the initiator gi@phas 4
nodes with labels “Professor”, “Graduate”, “Researched &En-
gineer”, respectively. The probability adjacency maftifx)4x4 is
shown in Tabl€R.

Here “Professor(0)” denotes that the 0-th nod&inis with la-
bel Professor. Using this probability adjacency matrix,applied
the Kronecker graph generator [17] to generate the prababd-
jacency matrixP of KG4, which is a 256< 256 matrix, because in
K G4 there are 4= 256 nodes. The entry i follows

P(u,v) = M Py(|

(mod4), | ;¢ |(mod4))  (5)

u
4-1
The label of nodes is L(u) = L(u(mod4)), whereL(0)=Professor,
L(1)=Graduatel.(2)=Researcher arid 3)=Engineer as in the pro-
totype graplG,. KG4 was generated accordingRoWe preserved
every potential edgéu,v) with probability P(u,v) independently.
From Equatiofils, one can see that a node is more likely linked t

nodes that have the same label. We add some abnormal notles tha

violate this tendency. We randomly picked 4 nodes in KG4,fone
each label, and switch their labels. Specifically, for a npid&ed
randomly, if its label is “Professor”, we changed it to “Enger”;
if its label is “Graduate”, we changed it to “Researcheritsflabel
is “Researcher”, we changed it to “Professor”; and if itselais
“Engineer”, we changed it to “Graduate”. From the probapili
adjacency matrix 06, in Tabel2 and Equatidil 5, we can see that
after switching labels, those picked nodes may look “webdsed
on their connections in the network. Thus, we call these 4&80d
planted anomaly nodes

We designed a very simple algorithm which ranks nodes aecord
ing to how abnormal they look like. Specifically, we first part

and we usedSimNR SimLW and SimKN to rank nodes. For
SimNR we setr = 3 andn=5.

Table[3 reports the results of anomaly nodes ranking, whare ¢
umn “Label” lists the labels of the planted anomaly nodesraft
label switching, column “Original Label” lists the origihbels
of the planted anomaly nodes. For each planted anomaly node,
we report two ranks, the rank without switching the label #rel
one with switching the label. It is expected that by switchthe
label, the change of the rank is significant. The colurBimaNP
SimLWandSimKNlist the ranks of the planted anomaly nodes with
switching the labels, while the columnSimNP(Orignial Group)”,
“SimLW(Orignial Group)”, and SimKN(Orignial Group)” list the
ranks of the planted anomaly nodes dwithout switching thelta
The row “Average Rank Promotion” provides the average numbe
of positions elevated for a planted anomaly node by switgiiie
label. Please node that some planted nodes are ranked high an
some are ranked low even without switching the labels. Theze
we believe that our results are representative.

From Tablé B, we observe th@imLWranks the planted anomaly
nodes high (in top-10) most of the cases (19 of the 20 cases in 5
trials). To this extentSimLW s capable of catching the planted
anomaly nodes, and likely is capable of catching this type of
anomaly nodes in generalSimNPdoes not rank those planted
anomaly nodes high. At the same time, as expected, all tkee thr
proposed similarity measures promote the anomaly rank&ieof t
planted anomaly nodes substantially, as indicated by the/xa-
erage rank promotion”.

Although the neighborhood patterns of nodes in the randomly
generated graphs are unknown, according to Equiation Pafic-
ble[2), the model generating the graphs encourages node& to |
nodes with the same labels. The neighbors of nodes in thégrap



Table 3: Anomaly nodes ranking results.

ID Label Original Label | SIMNP [ SimNP(Original Group) | SimLW | SimLW/(Original Group) | SimKN | SimKN(Original Group)
KG4(1) | 146 | Professor Researcher 10 45 2 21 6 22
43 Graduate Engineer 6 28 6 19 6 12
165 | Researche Graduate 11 57 1 1 1 1
156 | Engineer Professor 12 56 2 23 2 23
KG4(2) | 38 Professor Researcher 4 45 1 29 2 17
55 Graduate Engineer 24 27 5 4 3 6
213 | Researche Graduate 30 37 8 30 11 15
136 | Engineer Professor 10 35 4 15 6 20
KG4@3) | 66 Professor Researcher 3 2 9 16 11 20
167 | Graduate Engineer 14 52 8 24 8 14
153 | Researche Graduate 25 55 8 27 8 31
164 Engineer Professor 7 54 7 28 6 29
KG4(4) | 134 | Professor Researcher 6 24 14 19 13 23
39 Graduate Engineer 20 22 1 5 1 3
197 | Researche Graduate 6 16 3 31 4 24
244 Engineer Professor 5 38 5 25 5 19
KG4(5) | 158 | Professor Researcher 30 29 6 14 11 12
183 | Graduate Engineer 23 53 1 1 2 2
189 | Researche Graduate 34 53 8 26 9 24
16 Engineer Professor 1 2 3 27 1 22
# High Rank Cases (in Top-10) 10 2 19 4 16 4
# Low Rank Cases (not in Top-20) 6 17 0 11 0 8
Average Rank Promotion 22.45 14.15 11.15

tend to have some underlying patternsSImLW, the labeled walks

of length 1 as features capture neighbors, and so do 1-hgp-nei
bors inSimKN Therefore, these two methods are capable in this
anomaly nodes ranking task.

7.5 Nodes Clustering

The last experiment conducted is nodes clustering in saeial
works. We adopted the netscience co-author network [19Las o

data set, which contains 1589 authors and 2743 edges. One may

note that this network is unlabeled, but unlabeled grapinsbea
seen as labeled graphs with only one type of label on all notfes
can still run our proposed methods on the netscience c@manét-
work. Since all nodes are with the same label, labeled walks a
k-hops neighbors degenerate into countirlgpps degree of nodes.
Thus, in this experiment, we only use neighborhood patiasrisa-
tures for clustering nodes.

We computed the normalized similarity (TheorEin 7) between
every pair of nodes in the network usiB§mNP To decide the fea-
ture setSof neighborhood patterns, we set 10 andn=5. Then,
we built a node-node similarity matrix and ran a simple sgéct
clustering algorithm[[20] by setting the number of clustarss.
Figure[® shows the result on the largest connected comparfient
the netscience co-author network, which has 379 nodes. We us
different colors to indicate nodes in different clusters.

Using SIMNR we partitioned nodes into groups according to
their structural roles in the network. Most of the nodes mdlark-
blue cluster are hub-like nodes, most of the nodes belortgitige
yellow cluster are isolated nodes (outliers), most of thdesoin
the green cluster are less isolated nodes, and most of thes mod
the light-blue cluster are main-stream nodes. Only one i®ds-
signed to the red cluster, which is a hub-like node. The te$idre
are similar to the results in[9]. Please note that, unlilettiadi-
tional hub/outlier detection algorithms on graphs, ourhuodtdid
not use the whole topological information of the graph, huiyo
used similarity between pairs of nodes. Unlike [9], we didl can-
duct feature selection/engineering or model selection.juseap-
plied a simple spectral clustering algorithm on the noddensim-
ilarity matrix. This set of experimental results demon&tithat the
node similarity based on neighborhood patterns is prompi&on
distinguishing nodes with different structural roles.

Figure 6: Nodes clustering result on the largest connectecm-
ponent of the NetScience co-author network.

8. CONCLUSIONS

In this paper, we systematically investigated the problémea-
suring in-network node similarity based on neighborhodétsigh-
borhood based node similarities can capture various mgarh
similarity that are different from most of the existing pnmity or
relative proximity based similarities, such as SimRank &nilt-
by-Association. We proposed a unified parametric modeléayhmn
borhood based similarity, which is flexible for plugging iiffer-
ent features and assembling functions to obtain simigitiith
different meanings. At the same time, the model remains Isimp
Four different similarities based on different featuregevdevel-
oped and proved to be instances of our unified parametric inode
We explored desirable properties of our proposed simigsisuch
as how to transform them into distance metrics and norntadiza
We also discussed the computational costs of differentaiities



and analyzed interesting tradeoffs between topologicatimirag
and computational efficiency. Last, extensive empiricadligts on
both synthetic data and real-world data were conducted,ttaad
results demonstrated the effectiveness of our proposethsties.

This paper is the beginning of an exciting journey on devielpp
in-network similarity measures and applications. Theeszeseries
interesting and important problems for future work. Forrapée,
it is interesting to explore efficient and scalable algorisito com-
pute and approximate the similarity measures over largphgra
Moreover, it is useful to further refine the spectrum of samnil
ity measures representing more tradeoffs between coniqmaht
cost and strictness of neighborhood matching and addessan-
ingful application needs. Systematic applications of thappsed
model and similarity measures in social network mining eapl
tions will also be exciting.
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