arXiv:0707.3040v1 [math.PR] 20 Jul 2007

The coding complexity of
Lévy processes

by

Frank Aurzada and Steffen Dereich

Institut fiir Mathematik, MA 7-5, Fakultdat 11
Technische Universitdt Berlin
Strafie des 17. Juni 136
10623 Berlin
{aurzada,dereich} @math.tu-berlin.de

November 21, 2018

Summary. We investigate the high resolution coding problem for general real-valued Lévy
processes under L?[0, 1]-norm distortion. Tight asymptotic formulas are found under mild
regularity assumptions.

Keywords. High-resolution quantization; distortion-rate function; complexity; Lévy pro-
cesses.

2000 Mathematics Subject Classification. 60G35, 41A25, 94A15.

1 Introduction and Results

1.1 Motivation and Notation

In this article, we study the coding problem for real-valued Lévy processes X (original) under
LP[0,1]-norm distortion for some fixed p € [1,00). Here we think of X being a D[0, co)-valued
process, where D[0, 0c0) denotes the space of cadlag functions endowed with the Skorohod topol-
ogy. We shall denote by || - || the standard LP[0, 1]-norm.

Let 0 < s < oo. The objective is now to find a cadlag real-valued process X (reconstruction
or approzimation) that minimizes the error criterion

11X — X1l (1)

~JE[IX — X[\ ifs < o0
L2®) " Jesssup | X — X||  if s = o0
under a given complexity constraint on the approximating random variable X. We will work with

the following three complexity constraints that have been originally suggested by Kolmogorov
[6]: for r >0,
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e log |range (X)| < r (quantization constraint)
o H (X ) < r, where H denotes the entropy of X (entropy constraint)

e I(X;X) < r, where I denotes the Shannon mutual information of X and X (mutual
information constraint).

We will work with the following standard notation for entropy and mutual information:

o (X) )= upelogp, if X is discrete with probability weights (pz)
| otherwise
and
I(X X): fdpx}éfg d]P’ if]P’XJA{ < Px ®PX
o0 otherwise.

Here, P, denotes the distribution function of a random variable Z.
When considering the quantization constraint, we get the following minimal value

DD (r, s) = inf{||[| X — X|H - log | range (X))| <r},

Ls(P)

which we call the (minimal) quantization error for the rate r > 0 and the moment s. Analo-
gously, we denote by D(®)(r,s) and D(r,s) the minimal values under the entropy- and mutual
information constraint, respectively. D®) and D will be called entropy coding error and distor-
tion rate function, respectively. We have D < D(©) < D@, for any random variable.

The quantization constraint naturally appears, when coding the signal X under a strict
bit-length constraint. The entropy constraint corresponds to an average bit-length constraint
and the mutual information constraint gains its importance from Shannon’s celebrated source
coding theorem. In this article we will not consider the run time behaviour of our coding
schemes. However, we think that the approximation schemes (provided later in the article) have
implementations with reasonable runtime behaviour. Strictly speaking, the quantities D®) and
D depend on the probability space. However, this dependence has no effect on our results.

The objective of the article is

e to provide efficient coding strategies for general Lévy processes that are parameterized by
three parameters and that are robust under a mismatch on the Lévy measure and

e to complement the estimates by appropriate lower bounds that show weak optimality of
our scheme for most cases.

In the article, X = (X¢);g[0,00) denotes a Lévy process in the Skorohod space D0, 00), that is
a process starting in 0 with independent and stationary increments. Due to the Lévy Khintchine
formula, the characteristic function of each marginal X; (¢ € [0, 1]) admits a representation

Eeiuxt _ E_tw(u), (2)

where
2

Y(u) = %uz + ibu + / (1—e™® 4 1|z <1yiu) v(dx)
R\{0}



for parameters o2 € [0,00), b € R, and a positive measure v on R\{0} with
/ 1A 22 v(dz) < oo, (3)
R\{0}

On the other hand, for a given triplet (v,02,b) there exists a Lévy process X such that (2
is valid, moreover the distribution of a Lévy process X is uniquely characterized by the latter
triplet. We will call the corresponding process an (v, 02, b)-Lévy process.

If @) is true for
2

P(u) = T2+ / (1 — ™ 4 juzx) v(dz),
2 E\{0}

then we will call X a (v,0?)-Lévy martingale. Note that such a representation implies that
[|z| A 2? v(dz) is finite and that the Lévy process X is a martingale in the usual sense.

After stating our main results in Section [[.2], we shall list some important examples in
Section [[L3l Then Section 2is devoted to the analysis of a particular coding scheme. The coding
strategy of interest will be a measurable function

© =0.4.,:D[0,1) = D[0,1)

depending on three parameters ¢ > 0, b € R and m > 0. The parameter ¢ will be responsible for
the quality of the reconstruction, in the sense that lower £ correspond to lower approximation
errors. The parameters b and m have to be adjusted to € and certain quantities relying on
the Lévy measure. Namely, the coding scheme presented below works in a weakly optimal way
(in the sense of both quantization constraint and entropy constraint coding error) if m = m(e)
is the mean number of jumps to be encoded and b = b(e) is a drift compensation term. If
the generating triplet of the Lévy process is given, these parameters are explicitly available for
computation. If the generating triplet is not known, these values can be estimated from the
data.

In Section [Bl we derive lower bounds for the above coding problems. Together, these results
show that the provided coding scheme is weakly optimal in many cases.

Throughout, we use the following notation for strong and weak asymptotics. For two
functions f and ¢, f(z) ~ g(x), as © — 0, means that f(z)/g(x) — 1, as @ — 0. On
the other hand, we use the notation f(z) < g(z), as x — 0, if lim,0 f(x)/g(z) < 1. We
also write g(x) = f(x) in this case. Furthermore, we write f(z) ~ g(z), as = — 0, if
0 < Timinf, o /(2)/g(z) < limsup,_o f()/g(z) < .

1.2 Results

The crucial quantities describing the coding complexity of Lévy processes are
Fi(e) :=¢2 <02 + /m2 A€? V(dm)) and Fy(e) == / log (|x|/¢) v(dz).
[_575]6

Furthermore, we shall use F'(¢) := Fi(¢) + F»(e). The function integrated by the Lévy measure
is visualised in Figure[ll Note that (B]) does not ensure the finiteness of F and that Fj is either
finite or infinite for all € > 0.

We are now in a position to state the main results of the article. Let us start with the
entropy coding error.



1+ log(z/¢)
(x/e)?

€ dv(z)

Figure 1: Visualization of the function F’

Theorem 1.1. There exist constants ¢y = c1(p) > 0 and co > 0 such that, for arbitrary Lévy
processes with finite Fs, any s > 0, and all € > 0,

D (¢1F(e),s) < eze.
Similarly to the entropy coding error, we obtain the upper bound for the quantization error.
Theorem 1.2. Assume that there is a ¢ > s such that
(a) E[ X% < oo,
(b) for some p >0,
Jiajs (@l /) v(da)

T e <4>

Then there exist a constant ¢; = c1(p,v) > 0 and a universal constant co > 0 such that, for all
0<e<eg=cov,s,p),
DD (¢ F(e),s) < cpe.

In the proofs of the upper bounds we only need to consider the case where F5. Indeed, in
the second theorem, assumption (a) implies the finiteness of Fb.

Remark 1.3. Let us comment on the conditions in Theorem Condition (a) is natural,
though one could soften it by the use of Orlicz norms. Moreover, condition (b) is needed to
guarantee that typical realizations of the Lévy process dominate the quantization complexity of
the process (see equation (III)). Essentially, (b) does not hold if the Lévy measure is finite or if
v([—¢,€]¢) does not grow to infinity fast enough, when ¢ tends to zero.

With given Lévy measure, it is usually easy to verify conditions (a) and (b), cf. Remarks 2]
and 2.2 below.

Remark 1.4. Another approach for the quantization of Lévy processes is taken in [7]. There,
linear quantizers are constructed, and a relation of quantization to the path regularity of pro-
cesses is outlined. However, as observed by Creutzig [2], linear approximations are not optimal
whenever s > p. In this article we work with non-linear quantizers, which lead to better -mostly
weakly optimal- results.



The corresponding lower bound reads as follows.

Theorem 1.5 (Lower bound). There exist universal constants cy,ca,c3 > 0 such that the fol-
lowing holds. For every Lévy process X with finite Fy, any € > 0 with Fy(g) > c3 one has

D(c1F(g),1) > cae.
Moreover, if v(R) = 0o or o # 0, one has for any s > 0,
D(c1Fi(e),s) 2 cae
as € L 0. In the case where Fy = oo, one has D(r,1) = oo for any r > 0.

Remark 1.6. So far one cannot replace F; by F in the second statement of Theorem [[L5l Since
mostly £} and F are weakly equivalent when ¢ tends to zero, the second estimate typically leads
to sharp results. Nevertheless, it would be interesting to find out, whether one can close this
remaining gap.

Note that we have not specified the basis of the logarithm. However, all results stated above
are valid for any basis. The choice of the basis has only an influence on the constants in the
theorems. We will work with the basis 2 when proving the upper bounds, since this seems more
appropriate in the context of binary representations. When proving the lower bounds we switch
to the natural logarithm.

1.3 Examples

In this subsection, we apply the above results to some common Lévy processes.

Example 1.7 (Stable Lévy process). Let us consider the case of an a-stable Lévy process. Here
we have v(dx) = (C1 Ijy<op+Ca Iiysoy) 2|71 di, and one can easily verify that F () = Che™
and Fy(e) = C2¢7. All assumptions of the main theorems are satisfied and we conclude that
for all moments s; > 0, s3 € (0,«) and all p > 1,

D(r,s1) ~ D'(r,s1) ~ DD (r, s5) m v~ 1/,
This improves results from [2] and [7].

Note that the coding complexity a-stable Lévy process is smaller than the one of a 2-stable
Lévy process, i.e. Brownian motion. In fact, this is true for all Lévy process.

Example 1.8 (Lévy process with non-vanishing Gaussian component). It is easy to calculate
that Fj(g) < ce™2 for i = 1,2. Therefore, if o # 0 then F(g) ~ Fi(g) ~ 2,

This has two implications. Firstly, in presence of a Gaussian component, the coding com-
plexity of the Lévy process is the same as for Brownian motion, as long as our results apply. In
case 0 = 0, the coding complexity is weakly bounded from above by that of Brownian motion.

More precisely,

D) (rys) < Cr=1/2, for any Lévy process,

and
D@ (r, s) ~r~ /2, if o # 0.



On the other hand, under the assumptions (a) and (b),
D (r,s) < cr-Y2, for any Lévy process,

and,
DD (r,s) ~r~1/2, if o # 0.

In fact, by a modification of (II) one can show that (b) is not necessary if o # 0.

Example 1.9 (Gamma process). Let us consider a standard Gamma process. In this case,
v(de) = lysga e "dx and one gets Fi(e) ~ log1/e and Fy(e) ~ (log1/e)?. Consequently,
for fixed p, s € [1,00), there exist constants ¢y, cg, ¢, ¢y € Ry such that for all € > 0

D@ (¢1(log1/e)?, s) < coe

and
D(c)(log1/e)?,5) > che.

Therefore,
D(r,s) = exp(=e®Dr)  and  DO(r,s) = exp(—e®W /7).
Note that Theorem does not apply since condition (4)) fails to hold.

Example 1.10 (Compound Poisson process). Let (N (t)): > o be a standard Poisson process. Let
furthermore Y, Y1, Y5, ... be i.i.d. random variables that are not a.s. equal to 0 and independent
of the Poisson process. Then

N(t)
X(t) =) Y
i=1

is a compound Poisson process, i.e. a Lévy process with Lévy measure v = Py and drift b =
E[Y 1y <1y

It is immediately clear that Fj(e) < 1 and Fh(e) = E [log < > Iyjy 25}] so that F» domi-
nates F' when ¢ is small. Thus the main complexity is induced by the “large jumps”. For fixed
p, s € [1,00), the main theorems imply the existence of constants ¢y, o, ¢}, ¢4 € Ry such that

. Y
D( ) <61E |:10g <%> ]l{‘y| 25}:| ,S) < e
Y
D (c’lE [log (%) Iy 25}] ,s> > dhe

D(r,s) = exp(—e®Wr) and DO (r,s) = exp(—eD 7).

¥
£

and

Hence,

A more precise result for a subclass of compound Poisson processes was already obtained in the
dissertation of Vormoor [9]. In particular, in those cases, the rates of quantization and entropy
coding error differ.

Note that in the case of a compound Poisson processes we cannot use Theorem on the
quantization error, since condition (b) is not satisfied.



2 Upper Bounds

2.1 An Explicit Coding Strategy

In this subsection, we describe an explicit coding strategy that can be used to encode a Lévy
process. We derive that the strategy has a mean error of order € and that the bit complexity is
given by the quantity in (I0)). In the following subsections we use this strategy in order to prove
upper bounds for the entropy coding error and the quantization error.

The reconstruction X = O, p,m(X) will be a step function with the step heights being integer
multiples of ¢, i.e. we use an €Z grid to approximate X. For this purpose, let us define g to be a
nearest neighbour projection of R onto £Z. As a first step, we subtract the drift of the process
by setting X'(t) := X (t) — b(e)t, where b(e) is a drift compensation term given by

b(e) :==b— / xv(dx) +/ zv(dz).
[_171}\[_875} [—E,&]\[—l,l]

Notation. Set Sy := 0 and let

S; := inf {t > Sy 1 |X] - g(X5, )| > 2&:} . GeN,

be the first exit time of the process (Xg - g(X’Siil)) g from the interval [—2¢, 2¢].
s 2 0i-1

Let M := max{i : S; < 1}. Some of the stopping times S; are induced by jumps larger than
€. These shall be called large jumps.

Coding procedure. Note that it is possible to detect the jump points (.5;)i=1,...m by a single
swipe through the interval [0,1]. For each jump we encode its height and its time separately
by using prefix-free representations: we use a prefix-free representation for the integers T; :
Z\{0} — {0,1}* (as outlined in Lemma 2.4 to code the number H;/e € Z, where H; :=
9(X§,) — g(Xg, ,) denotes the discretised height. Moreover, the time approximation S; to Sy is
chosen in such a way that

SZ' < SZ < Si+1 and SZ — SZ < €p/(|Hi|pM). (5)

For a visualization, cf. Figure 2l Concretely, we choose S; as follows. By Lemma 2.5 there is
a coding scheme Ty : R x Ryg — {0,1}*, where, for r € [0,1], § > 0, To(r,0) is the binary
representation of a number To(r,8) € |J,;502 "Z N [0, 1] such that To(r,d) € [r,r + 4]

We transmit the information in the following way: we divide the interval [0,1) into [F} ()]
‘boxes’ (i.e. intervals) I; = [jFi(e),(j + 1)Fi(e) A1), j = 0,...,[Fi(e)] — 1. Each jump S;
(¢ =1,...,M) is translated into the code

T = ‘0 Tl(Hi/s) * TQ (F1(€)SZ — LF1(€)SZ'J,F1(€) (Si—l—l — SZ) VAN F1(€)€p/(|Hi|pM)) s

where * denotes the concatenation of strings. Note that Fy(e)S; — | Fi(€)S;] is exactly the
difference between the actual jump point and the left corner of the box, scaled on the unit
interval. Then each block j is described by the string

H]’ = H T,

{#:S;€l;}

7



Figure 2: The coding procedure

and finally the complete information is encoded as
[Fi(e)]-1
H (HJ * ‘1’) .
j=0

It is easy to check that this provides indeed a prefix-free representation of ((5’“ H;)i=1,.. v, M ),
and the corresponding approximation defines a deterministic map O, y() r, (c) by

M
X = Oy 1 (o)(X) () = b(e)t + Y Hilg .,

i=1
where
Si i= apox,i + T2 (F1(e)S; — | F1(€)Si), Fi(e) (Sig1 — Si) A Fu(e)e? /(| H; [P M))

and apox ; is the left corner of the box that contains S;. Note that, in order to decode this value,
it is sufficient to transmit a code for Fi(¢)S; — | F1(€)S;|. The chosen precision ensures (5]). Note
that the parameters ¢, b(¢) and Fj(e) describe the approximation scheme uniquely.

For convenience we will also consider the drift adjusted reconstruction X' defined by

M

K= Hilgg, <.
i=1

Waiting time for the jumps. Let us estimate the waiting time for subsequent jumps. For
this purpose, let X be the process consisting of the (finitely many) jumps of X’ that are greater
than € and set X® := X’ — X Note that X is a (1/|[_E7€] ,02)-Lévy martingale. Denote by
I'; the stopping time induced by the first jump of XM, Note that |Xs, | —9(Xs, )l <e/2as.



so that due to the strong Markov property one has for all £ > 0,

3
P (SZ —S;_1 <t | ]:52.71) < P< sup |X§2)| > —€> —I—P(Fl < t)
0<s <t 2

< (3¢/2)7°E sup ]Xs(2)]2+1/([—a,a]c)t
0<s <t

< e 2BIXP P 4 v([—e, el

where the last step is justified by Doob’s martingale inequality. By the compensation formula
([], p. 7) the last term equals F(e)t.
Let Ui, Us,,... be a sequence of i.i.d. random variables. Then we have shown that for all
jumps S,
P(S;— Si-1 <t | Fs,_,) < max(tFi(e),1) =P (U; < Fi(e)t),

for all t > 0 and 7 € N. Consequently, we can couple the random times (S; — S;—1); > 1 with the
sequence (U;); > 1 such that
Fl(E)(Si — Si—l) > U,. (6)

Coding error. First, let us analyse the error of the approximation. With X’ = (9(X{))eeion
one gets
X = X =X = X' < || X' = X[ +]| X" = X'||. (7)
—_———
<2
Moreover, due to property (&)
_ M
IX! = X'|[P =D [HifP(S; — Si) < &P, (8)
i=1

so that | X — X|| < 3e.

Coding complexity. Let us count the number of bits needed in the approximation:
e Each change in a block is indicated by a '1” which gives in total [F}(g)] bits.

e Each pair (H;, 5’2) is initialized by a 0’ which gives in total M bits.

e Coding the numbers Hy /e, ..., Hys/e by using an appropriate representation Y1 needs less
than u
H.
Z2<2+log | Z|)
i=1 €

bits by Lemma [2.4]

e Coding the numbers 5‘1, o ,S’M needs less than
M
Fi(e)™! )
2(2+1o
; < bt el /(M|H;[P) A (Sit1 — i)

bits (see Lemma [2.5]).



Therefore, the total bit-length is bounded from above by

Fl(E)_l
QZ e 8 o i A ) RN

This equals

- MHP |
2; [ <F1(5)5p Fi(e)(Siv1 —

By (@) and the inequality log, (z Vy) < log, = + log_ y, the latter is less than

Y] o rmen

M
2y [(1 +p)log, 'Z' +log, H +2M log,, FA{) +8M + [Fy(e)]. (9)
i=1

Next, recall from (@) that Fy(g)(S; — S;—1) = U; so that

M M
M > ZFl(E)(Si —Si—1) 2 ZUi§
i=1 i=1

and using the convexity of log_ (1/-) one gets with Jensen’s Inequality

—

Moy Mo 1 M
log—=MS " —log— > M1 > Mlog, ——.
; U ; M BT, 08+ B+ T (e)

S8

it
We conclude with (@) that

H;
22[1+p)10g+|€—|+2log

! } +8M + [Fi(e)]
=1

U;

is an upper bound for the bit-length.
We conclude with (@) that

- |Hi|
22 [(1 +p)log &?Z

i=1

Ui:| + 8M + [Fl(é‘ﬂ

%

is an upper bound for the bit-length. Denoting for any time ¢ > 0 the jump at time ¢ by
AX; = Xy — X;_ allows us to estimate |H;| < |[AXg,| + %E so that basic analysis gives

’AXSz’
—

H;
log, | E | <5 +log,

Consequently, the bit-length is bounded by

4Zlog——|—2 1+p) > log+

+ (18 + 10p) M + [Fi(e)]

te(0,1]
M
Zl—l—log— ]+ Ka(p Zlg+ Fi(e) +1, (10)
£
i=1 t€(0,1]

where Ki(p) and K2(p) are constants only depending on p.

10



2.2 Proof of Theorem [1.7]

Proof. By () and (8)) the error (and thus the mean error, for all moments s > 0) is less than
3e.

On the other hand, the coding complexity of the algorithm constructed above is given by
(I0). Let us look at what the different terms amount to on average. Note that

E > log, ’AXt = Fy(e),
t€(0,1]

by the compensation formula ([8], p. 29). Finally, by Lemma 2.3 we have

M
EZ(l +1logU; ™) < cFy(e).

i=1

This shows that the expected bit length of the whole message is less than ¢; F'(¢), with some
constant ¢; depending only on p, as required. O

2.3 Proof of Theorem

Proof. We use the coding scheme explained above. However, we encode by the zero function in
case that the number of small jumps, M, exceeds C1F(¢), where C is a constant to be chosen
presently. The same is done if the complexity to encode the jump heights of the large jumps,
namely Zte(&l} log, |AX;|/e, or the complexity to encode the positions of the jumps, namely

Zf\i L(L+1log U 1), is larger than CyF (¢), where Cy is a constant to be chosen presently. Let us
define 7 to be the event that none of the above cases occurs, i.e. the ‘typical case’.
Note that, by the exponential compensation formula ([1], p. 8),

‘AXS |

- lo
P Z 1g+ E >CF( )| < e CHFEEH Lie 108
te(0,1]
< e CanFE) e oy 1l V) o = CapF () FF()  o=Ca/%F() (11

where E' is some constant depending on the finite constant in (4]) only. The last step holds for
(5 large enough. On the other hand, by the Chebyshev Inequality,

ClF(E)
P > (1+loglU; ") > CaF(e) | < e @/2FE),
i=1

for Cy large enough. Finally, one proves, e.g. using the same discretization as in (I3]), that for
C1 large enough,
P(M > C1F(e)) < e C1/2FE),

Therefore, for some positive constant C' depending on p and E, we have P (7°¢) < exp(—CF\(¢)).

11



Let » > 0 be chosen by 1/q + 1/r = 1/s. Let k > 0 be chosen small enough such that
Cv([—k,k]¢) = r. This is possible, since v([—k, k]) tends to infinity when x — 0, by condi-
tion (b). Then, for ¢ < &,

1 1
Fle) > Fye) = / tog X u(dn) > w(l-r k) log £ > — Lioge”.
[—575}0 g g C
Thus,
P(T¢) <e CFE) e (12)

Note that the bit complexity of our algorithm is constant if 7¢ occurs and, by (I0), less than
CF(e) if T occurs, where C depends on p and E. Then we have for the mean error, using the
Hoélder Inequality and s > 1,

(EHX—X s)l/s < (E]ITHX—X 5)1/s+ <E]l7-c X—X 5>1/s
< CgE—i—(E]lTTC)l/T’ (EHXHq)l/q
< e[l BT @ XY).

where the term in brackets is bounded, by assumption (a) and (I2)). Note that the argument
works analogously for 0 < s < 1. O

Remark 2.1. It is easy to see that condition (a) is equivalent to the condition

/ |z|? v(dz) < 0.
|z|>1

Remark 2.2. Let us assume that (a) holds. A sufficient condition for (b) to hold is that
v([—2¢,2¢]°) < c-v([—¢,¢€]¢) for some 0 < ¢ < 1 and all 0 < € < g9. This can be seen as follows:

|$| I log(eo/¢) |$| “w
o (0B (2
e<lz| <eo \ € =0 2ke<|z| < 2k+1e \ €
log(eo/e€) 00
< Y w([-2be 22t < N " kol (g ]).
k=0 k=0

Choosing 0 < p < (—logc) A q yields
2\ oy 4 - .
— ) v(dz) < K(p,c)v([—e,e|®) +e# |zt v(dx) +e™# |z|?v(dz),
lz]>e \ € eo<|z| <1 |z|>1

which implies ().
Note that, in particular, this is the case if € — v([—¢,¢€]¢) is regularly varying at zero with
negative exponent.

12



2.4 Technical tools
In this section, we prove some technical tools that are needed in the proofs of the main results.

Lemma 2.3. Let A > 0 and let (U;)i>1 be an i.i.d. sequence of random variables uniformly
distributed in [0,1]. For N :=min{n € N: > | U; > A} one has

N
EY (1+1logTU; ') < 6[2)].

=1

Proof. Let 0 < s < 1. Define N(s) := min{n € Ny : Y. | U; > s} and consider the function

N(s)

U(s):=E ) (L+1logU™).
i=1

We are interested in ¥(\). Clearly, ¥(s) = 0 for s < 0 and V¥ is increasing. Moreover, one has
for s > 0,

N(s—=z)

\IJ(S)Z/ l+logz '+ E Z (1+1logU; ") | dPy,(z)
i=1
1 N(s—x)
:1+/ —log:nd:n—l—/E Z (1 +logU; ") dPy, (v)
0 i=1

:1+loge+/\ll(s—a:)d]P’U1(a:) <3+/\I/(s—a:)d]P’U1(a:).

Let us define

0 U <£1/2
1= 1</ (13)
1/2 U >1/2.
Then U] < Uy; and since ¥ is increasing, we have
1 1 1
\I/(s)<3+/\I’(s—m)]P’U{(x):Z%—i-i\I/(s)—i-i\I'<S—§>.
Therefore, ¥(s) <6+ ¥ (s — %) and we get that
1
\I/()\)<6+\I/<)\—§> <6+6+TP(AN—1) < ... <6-[2)\].
O

Let us finally gather two facts concerning the coding of integers and real numbers from a
given interval, respectively.

Lemma 2.4. There is a universal coding scheme that returns a prefiz free code Y1(x) € {0,1}*
for a given integer x € 7 that has a length of at most 2(2 + logx) bits.

13



Proof. The sign is encoded by a first bit. Thus, assume x > 0, because x = 0 can be encoded
by ‘00". Let n := min{l € N | z < 2'}. Then 2"~! < z < 2". Consider the representation of z
in the binary system. Because of the definition of n, this representation must have n bits, the
first one of which is a ‘1.

A prefix free code for z is given by n times ‘1’, followed by a ‘0’ and the n — 1 bit long
representation of x in the binary system having taken away the redundant leading ‘1’.

The length of the code is 2n + 1, which is less than 2(1 + log, z). O

Let us remark that Lemma [2.4] can be improved up to the order log z + C'loglog x + D, as
shown in [4].

Lemma 2.5. There exists a universal coding strateqgy To : R x Rug — {0,1}* such that, for
any 6 >0 and r € [0, 1], Ty returns the prefiz free binary representation Yo(r,d) of a number
Yo(r,6) € [r,r + 1] with r < Ya(r,6) < r+ 0 that needs at most 2(2 — log d) bits.

Proof. Let N := min{n : &§ > 27""'}. We choose Yo(1,7,8) € [r,r + 1] N Sy nearest
possible, but larger than r, where

N
Sy = U 277
n=0

This ensures that 0 < YTa(1,7,8) — 7 < 2~ (N+1) < §. as required.

Any number 7 € [0, 1]NSy has a unique representation # = k27", with k£ uneven, 1 < k < 2"—
1,1 <n < N. As a prefix free code To(1,7,8) for To(1,7,) we chose the prefix free code for
the integer 2"~ ! + (k 4 1)/2. Since T3(v,6) € Sy, we have to encode integers from 2 up to at
most 2"V, which, by Lemma 2.4] requires at most 2(1 4+ N) bits, which is less than 2(1 — log )
bits, by the definition of V. O

3 Lower bound

The aim of this section is to provide lower bounds for the distortion rate function of the Lévy
process. The analysis is divided into three subsections. First we introduce some concepts of
information theory and we prove some preliminary results. Next, we provide a lower bound
based on F5. In the last subsection we give a lower bound in terms of Fj. Both lower bounds
then immediately imply Theorem

So far p is a fixed value in [1,00). Since the distortion rate function is increasing in the
parameter p, we can and will fix p = 1 in the following discussion.

As mentioned before, we can freely choose the basis of the logarithm in the proof of the main
theorems. For the rest of this article, we fix as basis e.

3.1 Preliminaries

First we will introduce some concepts of information theory. We will need the concept of
conditional mutual information. Let A, B and C' denote random vectors attaining values in
some Borel spaces. Then one defines the mutual information between A and B given C as

I(4;B|C) = / I(4; B|C = ¢) dPc (o),

14



where

dP 4 Blo=c

(A B|C = ¢) Jlog TP ao—.®Pp 0 dPa o= Py poc=c <Pac=c®Ppjc=c
’ 00 otherwise.

A summary of computation rules for the mutual information can be found in [5].

Lemma 3.1. For n € N, let Yy,...,Y,_1 and %,...,Yn_l and H denote random wvariables
in possibly different Borel spaces. We write shortly Y = (Yo,...,Yn 1), Yi = (Yy,...,Y;) for
0<i<n—-1andY = (Yy,...,Yn—1). Then one has

I(Y,H;Y) 2 I(Yo; Yol H) + I(Yi; Vi HYO) + -+ T(Yooy; Yoo |H, Y™ ).

Moreover, we will need to evaluate the distortion rate function for other originals than the
Lévy process X and for other distortions than L, [0, 1]-norm. For a measure x on a Borel space E
and a measurable function p : E x E — [0, 00| (distortion measure) we write

D(r|u,p) = inf{E[p(X,X)] X E-valued r.v. with I(X; X) <r}

Moreover, we associate to a map p: E — [0, 00] the difference distortion measure p: E X E —
[0,00] (denoted by the same identifier) given as p(z,&) = p(x — &). Sometimes we will also
consider a general moment s > 0 and write

D(r|u,p,s) = inf{E[p(X,X)s]l/s : X E-valued r.v. with I(X; X) < r}.

Moreover, we will omit p if it is the norm based distortion induced by the L'[0, 1]-norm.
The following proposition allows us to separately consider the influence of the large jumps
and the diffusive part with small jumps onto the coding complexity of the Lévy process:

Proposition 3.2. Let E be a Borel-space and assume that (E,+) is an Abelian group such that
the sum is Borel-measurable. Denote by A and B independent E-valued random elements and
suppose that there exists a measurable map ¢ : E — E? with

©(A+ B) = (A, B) a.s. (14)
Then, under any difference distortion measure p on E, one has for every r > 0:

D(r[Patp,p) = D(r|Pa, p).

Proof. Fix r > 0. Next, we use that the distortion rate function D(:|P4, p) is convex. We
denote by f a tangent of D( |P4,p) at the point . Then, for any random element Z on F,

Blp(4+ B,2)] = [ Elp(4,Z - b|B = b dPu()
> [ 215 = vy dra) = £ [ 104:218 = b) apu))
— (14 2|B)).

Therefore,

inf Elp(A+ B, 2)] > — D(r|P4, p).
sty Elp(A+B.2) > f(r) = D(IPa;p)

15



On the other hand, by assumption (I4l), I(A+ B;Z) = I((A, B); Z) for any random element Z
on E. Hence,

I(A+B;Z)=I((A,B); Z2)=1(B; Z)+ 1(A; Z|B) > I(A; Z|B).
Therefore,
D(r|P = inf Elp(A+ B, Z
(rlPats,p) it < [p(A+ B, Z)]

> e inf - E[p(A+ B, Z)] = D(r|Pa4, p).
1(4:Z|B) < 1)

3.2 Lower bound based on F5,

Theorem 3.3. There exists some universal constant ¢ such that for all € > 0,
D(@ Fa(e)|X, La[0,1],1) > er(e)e,
e

where k(e) = k(e,v) = |v([—e,€]%) | /v([—¢,€]°).

The proof of the theorem is based on the following idea: in order to find an approximation
of accuracy e, one needs to allocate about log, |X; — X;_|/e bits (nats) for each big jump.

The problem is related to a minimization problem that we want to introduce now. Let II
be a finite non-negative measure on a measurable space (E,€) and let h : E — [0,00) denote a
Borel-measurable function with

/logJr h(z)dlI(z) < co.

The aim is now to minimize for given r» > 0 the target function

/ () exp(—&(x)) TI(dx)

over all measurable functions £ : E — [0, 00) satisfying the constraint

/ £(x) dll(z) < 1. (15)

Lemma 3.4. Assuming that {h > 0} has not II-measure zero, the minimization problem pos-
sesses a Il-a.e. unique solution of the form

£(a) = log,, ", (16)

where X\ = X(r) > 0 is an appropriate parameter depending on r > 0. When the optimal
function & is as in (10), then the minimal value of the target function is

/)\ A h(z) (dx).
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Proof. The proof is based on a Lagrangian analysis. Let ((y) = exp(—y) (y € [0,00)) and
consider its convex conjugate

((2) = inf [C(y)+yz]  (2=0).

y=20

Let A > 0 and denote by II the o-finite measure with %(:ﬂ) = h(z). Now observe that for a
non-negative function ¢ satisfying the constraint (I5]) one has

[ sy esp(-genanie) > [ ot + 25D afiw) - x a7)

p /g <%> dil(z) — Ar. (18)

The last expression in this estimate does not depend on the choice of £. If we can establish
equality in the above estimates for certain & and A, then this £ minimizes the problem.
Next, we note that one has equality in (7)) iff

J &(x) dIl(z) = r and (19)
&(z) = 0 for II-a.e. = with h(x) = 0.

We need to look for a non-negative function £ and a parameter A > 0 such that (I9) is valid and
such that

VRN \ 5
¢ <m> =((&(x)) + mg(az) for I-a.e. x. (20)

It is straightforward to verify that for positive z the function
[0,00) 3y = ((y) + 2y € (0,00)

attains its unique minimum in y = log, % Therefore, condition (20) is equivalent to

£(x) = &\(z) :=log @ for Ml-a.e. .

Together with (I9) a sufficient criterion for £ being a minimum is the existence of a A > 0 such

that
[ &(z) dII(z) = r and
&(z) = &)(x) for MT-a.e. z.

Such a A exists since the function
g:(0,00) 2\ — /Q(x)d:p € [0, 00)

is continuous (due to the dominated convergence theorem) and satisfies

1/\1?01 g(A\) = o0 and /\l;n;o g(A) =0.

Note that if £ does not coincide with &) II-a.e. (where A is such that g(A) = r), then one of the
inequalities (I7) or (I8 is a strict inequality so that £ does not minimize the target function. O
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Proof of Theorem 3.3l Fix ¢ > 0. Due to Proposition we can assume without loss of
generality that X is a pure jump process with jumps bigger than . Next, let | = 1/v([—e,€]¢),
n = |1/l] and

_nl

r= /[_ ]Clog@ v(dx) = Kle) Fy(e).

e 9 e

We will prove that for an arbitrarily fixed reconstruction X with I(X; X) < r one has
E[|X — X|1,0,1) = enle,

where ¢ > 0 is a universal constant.
We let

dt

(i+1)1
m: L[0,1] = 07, () = ( /l (21 > @ivryyzy — Dae

>i:0,...,n—1

and consider
Y = (Yi)i=o,.n-1 =7(X) and Y =7(X).

The map 7 is [~ !-Lipschitz continuous so that
E[|Y = Y]] <UTE[IX - X)) (21)

Moreover, 7 is invariant under uniform shifts on each time interval [i/n, (i + 1)/n) so that in
particular,

n—1
m(X) = 7T(X - Z Xﬂ%lﬂ[il,(iﬁ-l)l))'
i=0

Due to the strong Markov property of the Lévy process, the random variables Yg,...,Y,,_1 are
ii.d. We shall derive a lower bound for E[||Y" — Y |[s].
For i =0,...,n — 1 consider the events

A; = {X contains in [il, (i + 1)l) exactly one jump}.
and the random vector H = (H;)i=0,...n—1 given by

o= {size of the jump in [il, (i + 1)I) if A; occurs,

0 otherwise.

Next, denote Y* = (Yp,...,Y;) fori =0,...,n—1and Y~! = 0. Our objective is to find a lower
bound for

n—1
EY = ¥lig) > E[DE[[14Y: - 1a,Yil[H, Y. (22)
=0
For each i € {0,...,n — 1} we analyze the inner expectation. Let f;(h,y' ') = I(Y;, Yi|H =
h,Y=! = 4i=1) and consider the random variable

R; = fi(H,Y'"™").
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Given H and Y1, the r.v. Y; is uniformly distributed on (W m, <oy Hi/2, g, 50y Hi/2]. Therefore,
EU]IAzYZ - ]lAi}A/i ’ |H7 Yi_l] > D(Rl‘u[()? ’Hl’/2]7’ ’ ‘)7 (23)

where U[0, u] denotes the uniform distribution on [0,u]. Now there exists a universal constant
¢ > 0 such that for any 7 > 0 and any u > 0

D(F|U0,u/2],|-|) = cue™".

Together with (22)) and (23) we arrive at
n—1
E[Y — V] > S [Hif e
i=0
With II defined as the product measure P ® Z;-:(} d; we get
E[IY - Vliq) > ¢ [ |Hi]e ™ dllw, ) (24)

On the other hand, one has E[R;] = I(Y;, Y;|H, Y1) by definition so that by Lemma [3:1]

n—1
/ Ry dll(w,i) = Y B[R] < I(Y,H;Y) < I(X; X) <.
i=0
Now consider the minimization problem for the target function
/|Hi|e_Ri dll(w, 1),
where the minimum is taken over all random variables R; (i = 0,...,n — 1) satisfying
[ R;dll(w,i) < r. The law of H; is (1 —e™1)dp + myl[—&d“ so that
H; .
/10g+| |dH(w,z):2/ logMMzr.
€ € Jl—eglc € V([_eve]c)

Hence, Lemma [34 implies that the optimal value in the minimization problem is
) 1
e Ly, 20y dl(w, j) = Jne.
Together with (2I]) and (24]) we get that
E[|X — X[ > S ine
e

which yields the assertion.
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3.3 Lower bound related to the F;-term

Theorem 3.5. There exist positive universal constants ¢1 and co such that the following state-
ments are true. For any € > 0 with Fy(g) > 18, one has

D(c1 Fi(e), 1) > e,
If v(R) = 00 or o # 0, then for any s > 0, one has

D(c1 Fi(e),s) 2 ca¢e
as e 0.

Let us give some heuristics on the proof of the theorem. As we have mentioned before the
drift adjusted process X’ needs approximately the time 1/F}(g) to leave an interval of length 2e.
Assuming that the process is symmetric the process leaves the stripe to either of the sides with
equal probability (here one also needs to assume that one starts in the center of the interval).
Thus in order to have a coding of accuracy € one needs to describe at least in which direction
the process left the stripe for most of the exits. This requires about Fj(e) bits.

As the following remark explains, it suffices to prove the theorem for symmetric Lévy pro-
cesses.

Remark 3.6. Let X* denote an independent copy of X and observe that for s € (0, 1]
D(2r | Px_x«,s) <2Y*D(r | Px,s).

The process X — X* is a symmetric Lévy process and the functions describing its complexity
are ) )
Fi(e) = 2F1(¢) and Fy(e) = 2F5(e).

We assume from now on that the Lévy process X has no drift and a symmetric Lévy mea-
sure v.

Lemma 3.7. Let € > 0 and denote
T =inf{t > 0:|X;| > ¢}
Then

9

PT>t) < ——.
=1 AF|(26) ¢

Proof. We consider a Lévy process X* with Lévy measure v* = vor ! with 7 : R —
[—2¢, 2¢] being the projection onto the interval [—2¢,2¢]. Then the exit times 7" and

T =inf{t > 0: |X]| >}

are equal in law. Moreover, the process X7. . is a by 3¢ uniformly bounded martingale and the
quadratic variation process [X*] of X* is a subordinator with Doob-Meyer Decomposition

[(X*]y = ([X*); — 46 Fy (2e) t) + 4° Fy (2¢) t.
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Therefore,
9¢? > E(X7.) = lim E(X7\p»)
t—o0
= lim E[X]inr- = 462 F1(2¢) lim E(t AT*) = 4 Fy (2¢) E(T™).
t—o00 t—o0

Consequently,

9
ET* <
4F1 (26)

and the assertion follows immediately. O

Lemma 3.8. Let Y be a Bernoulli r.v. Then for d € [0,1/2]
D(dlog2d + (1 — d)log2(1 — d) | Y, prtam) >
where pram denotes the Hamming distance.

Proof. Interpret Y as a random variable attaining values in the group Zs consisting of two
elements. Then p can be interpreted as a difference distortion measure on Zs, that means for
T, T € Zo

p(a,2) = pla— ) = 1y sm0).
Next, note that for d € [0,1/2]:

¢(d) :=sup{H(Z) : Z Za-valued,E[p(Z)] < d} = —dlogd — (1 — d)log(1l — d).

We use the concept of the Shannon lower bound to finish the proof: Let Y denote a Zg-valued
reconstruction with E[p(Y,Y)] = d < 1/2; then

IV;Y)=HY)-HY|Y)=HY)-HY —-Y|Y)>H(Y)-HY -Y)
> log2 — ¢(d) = dlog2d + (1 — d)log 2(1 — d).

0

T

In the proof we will use that for the Bernoulli distribution ;P¢" and Hamming distortion

pHa™ one has for any d € [0,1/2] that
D(dlog2d + (1 — d)log 2(1 — d) | B, pH*™) = d.

The proof of the lower bound is based on a comparison with a simpler distortion rate function.
For g € [0,1/2] let p, denote the measure that assigns probabilities ¢ to £1 and 1 — 2¢ to 0.
Moreover denote by ,u?" its product measure, consider the distortion measure

p(r,2) = Nygze 1) (x € {£1,0},2 € {£1})

and denote
n—1

pn(x, ) = Z p(x;, ;).

=0

As reconstruction we allow any {41}"-valued random vector.
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Proposition 3.9. For any r > 0, n € N and any Lévy process with symmetric Lévy measure,
one has

€
D(r{Px.s) > 7z Drlg™ pns ).
where

qz%(l—%)\/()

Proof. First fix n € N, 7 > 0 and a reconstruction X with I(X; X) < r. We denote [ = 1/n
and consider again
>i:0 on—1

3oy

7 L1]0,1] — 07, () — (

(Z+1) dt
/'z (20gr > @ivryyyzy — Dae

The map 7 is [~ '-Lipschitz continuous and the random vector
V= (Yi)i=o,..n-1 = m(X)

consists of i.i.d. entries. Additiqnally,A we set Y = (171-)2-:0,...7n_1 = W(X ). Next, consider random
vectors Z = (Z;)i=0,..n—1 and Z = (Z;)i=0o,... n—1 defined as

g _ (i) ifYizea oo [1 iYiz0
' 0 otherwise ' —1 otherwise.
Recalling the Lipschitz continuity of m we get that

n—1
p(Zi7 Zl)
1=0

IX = X|[ > UY =Yl >

»hlm

Therefore,
E[| X — X|]*]/* > —45 Elpn(Z, 2)%]"*.
n

A~

Certainly, Z is distributed according to ue™, where ¢ = P(Y; > €/4). Since I(X;X)>1(Z;2)
we obtain that in general

£ ®
D(TUPJX) S) = 4—1/]) D(r|luq n,pm 8)‘

Next, we show that D(r ]uq , Pn,S) 18 increasing in ¢. Indeed, let 0 < g < ¢’ < 1/2, let Z
denote an ,u?" distributed r.v., and let Z denote a reconstruction for Z with I (Z; Z ) r. More-
over, let A = (Ag,..., An— 1) be a random vector consisting of i.i.d. Bernoulli random variables
with success probability ¢/q’ that are independent of Z and 7 (for finding such a sequence one
might need to enlarge the probability space), and set 7 = (Zz)z‘:o,...,n 1= (AiZ)i=0,..n—1-
Then Z is ug@"—distributed and one has

E[pn(Z,2) < Elpn(Z,2)] and I(Z;Z) < I(A,Z;2) = I(Z; Z).

It remains to prove that P(Y; > ¢/4) > (1 — We fix i € {0,...,n — 1} and let

Fy (25)1)
(Xt)ie[-1/2,1/2) = (Xpp 20y = XaigyDie-1/21/2)-
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The processes (Xt)te[o,l /2) and (_X—t)te[o,l /2] are independent Lévy martingales with Lévy mea-
sure v. Denote T+ =inf{t > 0: X; > ¢ or t > 1/2} and observe that

9
P(Y; > 7)

WV

/2 /2 5
]P’(—/ X_tdt>O,T<l/4,/ [Xt—XT]dt>O>
0

T
:p<
0

= i]P’(T* < 1/4).

1/2 1/2

X_,dt < 0) P(T < l/4)]P’</

X, — X7]dt > 0T < 1/4)
T

Set T = inf{t > 0: |X;| > e or t > 1/2}. Then the symmetry of v together with Lemma [37]
implies that

1 1 9
T > = < >_-(1-
B(I* <1/4) > SP(T <1/4) > 2(1 Fl(%)l)
so that ! 9
£
> -)>—(1- )
P(Yi > 4) - 8(1 F1(2a)l>

0

Lemma 3.10. Let ;B and p*™ denote the Bernoulli distribution and the Hamming distance,
respectively. Then

D(r|pq, p) = 2qD(2Lq(uBer,pHam>-
Proof. Let X denote a p distributed r.v. and let X denote a {£1}-valued reconstruction
with I(X; X) <. Denote f(z) = I(X; X||X|=z) for z € {0,1} and let
r=f(1) and R = f(]X]).
Then one has ER = I(X; X||X|) < I(X; X) < r so that due to the non-negativity of R

o r r
T o = —-
POX[=1) 2

Next, we write
Ep(X,X) =E [H{X¢0}E[“{X¢X} 1X ”]

and note that conditional on |X| =1, X is a Rademacher random variable so that
Ep(X, X) > P(X| = 1) D(F|uB, plom).

Together with the above estimate for 7 this completes the proof. O

Proof of Theorem [B.5], 15t statement. Let ¢ > 0 with Fy(2¢) > 18 and choose n € N
maximal with n < Fj(2¢)/18. Then

1 In 1
1 8( 1 (2¢)
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Additionally, there exists a universal constant C'3 > 0 such that n > C3Fj(2¢). Next, we shall
apply Proposition We fix rg < log 2 arbitrarily and set r = %m’o. Then r > C4 Fy(2¢) for
some constant C only depending on the choice of rg. Thus with Proposition one gets

1
D(C1F1(2¢),5) = D(r,s) > %D(;W

15" pss)- (25)

Recall that statement 1 of the theorem considers the case where s = 1. But D (énr(ﬂ ,u?", pn)

is a distortion rate function for a single letter distortion measure and an i.i.d. original, and,
therefore,

1 1
D (gm‘o‘u;@", pn) =n D(gTO‘Nm p)
The latter distortion rate function has been related to that of a Bernoulli variable in Lemma [3. 10

1 1
® Ber H
D<§m‘0‘,uq”,pn> 2n2qD<16qro‘,u o am).

Since ¢ > 1/16 the rate in the last distortion rate function is bounded by ry < log 2 so that the
distorion rate function yields a value Cy > 0 strictly bigger 0. Altogether,

D(C1Fy(2¢),1) > gch > Oy 2,

where Cy = 1(Cy/ 8)1/P. Switching from 2¢ to e finishes the proof of the first assertion. O

The proof of the second statement relies on the following concentration property:

Lemma 3.11. Let p : R x R — [0,00] be a measurable function, let (U;)ien be a sequence
of independent bounded random wvariables, and denote by U™ the random vector (Ui)i=1,...n-
Supposing that there exists u* € R such that

Elp(U,u*)?] < oo, (26)

one has for any s > 0 and r > 0:

lim inf 1 D(nr|U("),pn, s) >d,

n—oo n
where d = D(r|Uy, p,1) and py, is the single letter distortion measure belonging to p.

As one can see in the proof the moment condition (26]) can be easily relaxed. Similar ideas
are used in |3] to prove concentration of the approximation error.

Proof. Without loss of generality we assume that D(r|U;, p) > 0. Our moment condition
implies that D(-|Uy, p) is finite, convex and continuous on [0, 00). Following the standard proof
of Shannon’s source coding theorem, there is a family of codebooks (C(n))nen such that

o {(u",...,u")} CC(n) CR",
o log|C(n)| < nr,
o lim, oo P(7(n)) = 1 for T(n) = {min;mecem) pn (U™ (™) < (1+¢(n))d} and an appro-

priate zero-sequence (£(n))neN-
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For any n € N, let U ("’13 denote an arbitrary reconstruction for U™ such that we have
(U™ UMYy < nr, and let U™?) = arg mingm) ce(n) pn (U™ (™). We fix n € (0,1) arbitrarily
and choose

1 if logdP[’("ﬂ < nrrand p, (UM, UMDY < (1 - n)d,

J = () OPp(n,1)

2 else,

and U™ = g),
Next, we will use that

Iom, gy < o™, o™ gy = ing(]P’U(n) oo Py ® Q),

where the infimum is taken over all probability measures @ on R x {1,2} and H denotes the
relative entropy. We choose

1

Q:_

5 [Prny ®61 +Q*®6;] with Q= Z 8o

u(”)EC
in order to get an appropriate bound for I(U); U ().

[(U(")7 ﬁ(")) < H(PU(n) (), JH]PU(”) ® Q)
dpP
U g g
- [ 2 B s

dP

U@ o) g

< log APy (n) grin
/{J 1} ® Py Py @6 VU

dP
U 0
log AP, o+ log 2
+/{J=2} dPU(n)®Q*®5 U o, g 108

Note that the measures P ) ) g and Py grny ; agree on the set {J = 1} so that by

U(n) O]
n) ®]P’U(n 1) ®d1

the construction of J one has log 45 = < nr on {J = 1}. Moreover, one has

un) U(n) J

log m < log|C(n)| on {J = 2}. Consequently, we can continue with

IU™ UM™Y < P(J =1)nr+ P(J = 2)log |C(n)| +log2 < nr.

On the other hand, basic transformations and the Cauchy-Schwarz Inequality yield

E[pn(U("), U("))]

= E[1y=1y (U™, T D)] + B[y pn (U™, T2

< (1=n)dP(J = 1)+ P(J = 2)(1 + (n))d + P(T)?E[p, (U™, (u*,. .., u*))*"/?
~[(1=n)P(J =1) + P(J = 2)]d.

Therefore, lim,,_, P(J = 1) = 0. Consequently, we arrive at

Elpn (U™, UMDYV 2 B(T # 1)V (1= n)d — (1 - n)d
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and recalling that n € (0,1) was arbitrary finishes the proof. O

Proof of Theorem [3.5], 2" statement. We define ry, ¢ and n as in the proof of the
first statement. By assumption v(R) = oo or o # 0. Consequently, one has lim, o F(g) = oo
and n converges to co as € tends to 0.

We recall estimate (25]):

€ 1
D(C1Fy(2¢), 5) > D(r, >—D<—
(C1F1(2¢),s) (r,s) 1 8nr0

1™, pns 8) :

Now we conclude with Lemma B.1T] that
1| o -
D(gnro‘uq s Py S) 2 nD(gTo‘uq,p).

The assertion follows along the lines of the proof of the first statement. O
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