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Abstract

This article is devoted to developing a theory for effective kernel interpolation and
approximation in a general setting. For a wide class of compact, connected C'**° Rieman-
nian manifolds, including the important cases of spheres and SO(3), we establish, using
techniques involving differential geometry and Lie groups, that the kernels obtained as
fundamental solutions of certain partial differential operators generate Lagrange functions
that are uniformly bounded and decay away from their center at an algebraic rate, and
in certain cases, an exponential rate. An immediate corollary is that the corresponding
Lebesgue constants for interpolation as well as for Lo minimization are uniformly bounded
with a constant whose only dependence on the set of data sites is reflected in the mesh
ratio, which measures the uniformity of the data. The kernels considered here include the
restricted surface splines on spheres, as well as surface splines for SO(3), both of which
have elementary closed-form representations that are computationally implementable. In
addition to obtaining bounded Lebesgue constants in this setting, we also establish a “ze-
ros lemma” for domains on compact Riemannian manifolds — one that holds in as much
generality as the corresponding Euclidean zeros lemma (on Lipschitz domains satisfying
interior cone conditions) with constants that clearly demonstrate the influence of the ge-
ometry of the boundary (via cone parameters) as well as that of the Riemannian metric.

1 Introduction

Radial basis functions (RBF's) have proven to be a powerful tool for analyzing scattered data
on R™. More recently, spherical basis functions (SBFs), which are analogs of RBFs on the
n-sphere, and periodic basis functions (PBFs), which are analogs of RBFs on the n-torus,
have had comparable success for analyzing scattered data on these manifolds. A theoretical
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drawback is that most RBF's are globally defined, thin plates splines are an example, and even
those that are locally defined such as Wendland functions behave globally when approximating
at densely packed data sites. Nevertheless, certain RBF approximants, in their numerical
implementation, exhibit localized behavior, i.e., changing data locally only significantly alters
the interpolant locally. Since the pioneering work of Duchon [9, [§], it has been a mystery why
RBF/SBF approximants display local behavior even though the bases are globally supported.
It was long suspected that there were “local bases” hidden within the space of translates of
RBFs/SBFs.

A major objective of this paper is to establish that, for spheres and SO(3), there are
closed-form kernels whose associated approximation spaces possess highly localized bases, in
the form of Lagrange functions for given scattered data. Our previous work [16] established
the existence of such bases on compact manifolds, but the kernels we constructed did not have
closed form.

We will carry out the construction and proofs that establish the existence and properties of
these closed-form kernels in the context of of more general manifolds, thus achieving another
objective: obtaining results for a broader class of kernels on manifolds than the ones we
treated in [16], where only reproducing kernels for Sobolev spaces were dealt with.

We also address similar issues for conditionally positive kernels on manifolds, where a
given space of functions is to be reproduced. In the case of R?, this involves little more than
polynomial reproduction. For manifolds — even for spheres and SO(3) — the kernels and spaces
are not so simple, and new techniques are required to deal with the problem.

Goals Given a manifold M, a finite set of points X = {x1,...,2y} C M and a kernel
k: M x M — R, one may attempt to fit a smooth function using functions from Vx :=
span{k(-,x;), x; € X}, or more generally, to use functions of the form

N
s =y ajk(z;) +p, (1.1)
j=1

where the supplementary function p comes from a simple space (like polynomials or spherical
harmonics). The framework described above applies to fitting data by means of interpolation,
least squares or near interpolation with a smoothing term.

This article is devoted to developing a theory for effective kernel approximation in a general
setting. The problem is described as follows: we seek kernels k: M xM — R for which interpo-
lation is well posed and that have a convenient closed form representation allowing for effective
computations. Furthermore, we are interested in aspects of the interpolants/approximants
concerning stability, locality and so on.

In [I6] and [15], we developed a theory for compact Riemannian manifolds using positive
definite “Sobolev kernels.” The theory developed there addresses and answers questions con-
cerning properties of bases for Vx, properties related to locality, stability of approximation
and interpolation, and other matters. In this paper, these questions, which are listed below,
are addressed and answered for a broad class of kernels on M that are Green’s functions for
certain elliptic operators, and, when the manifold is a sphere, real projective space or SO(3),
are computationally implementable as well.



Locality. Are there local bases for Vx? That is, are there bases similar to those for
wavelet systems or B-splines [6 Chapter 5|7 At a minimum, we would like a basis {v;} to
satisfy |vj(z)| < r(d(z,z;)), with r a rapidly decaying function.

L, conditioning. Are there bases that are well conditioned in L,, after renormal-
ization? That is, can we find bases for which there constants ci,co such that c;flal,, <
I Zjvzl a;jvjl|z, < cz2llalle,, with ¢, co independent of IV, and, after a suitable normalization,
independent of p?

Marcinkiewicz-Zygmund property. Does the space Vx possess a Marcinkiewicz-
Zygmund property relating samples to the size of the function? For s € Vx, this means
that the norms [|j — s(x;)|[¢, and ||s||z, are equivalent, with constants involved independent
of N.

Stability of interpolation. Is interpolation stable? Is the Lebesgue constant bounded
or, more generally, is the p norm of the interpolant controlled by the £, norm of the data?

Stability of approximation in L,. Is approximation by Lo projection stable in L,?
Here, 1 < p < 0o. In particular, what we want is that the orthogonal projector with range Vx
be continuously extended to each L,, and that it has bounded operator norm independent of
N.

The Sobolev kernels we dealt with in [16] do not possess simple, closed form representa-
tions, even when the underlying manifold is a sphere; they are defined indirectly, as reproduc-
ing kernels for certain Sobolev spaces. To applied effectively to data fitting problems, such a
kernel should have an implementable characterization, by which interpolation, approximation
or other computational problems can be treated. In the important cases relating to spheres
and SO(3), we exhibit computationally implementable kernels. In particular, these kernels
include restricted surface splines on spheres, and surface splines on SO(3), both of which
have simple closed form representations. Furthermore, for both of these cases, theoretical ap-
proximation results concerning direct theorems, inverse theorems, and Bernstein inequalities
are known to hold [22]. In conjunction with the stability of interpolation and least-squares
approximation in L,,, both yield new, precise error estimates for these implementable schemes.

Kernels The class of kernels considered in this paper are those kernels x that act as fun-
damental solutions for elliptic differential operators of the form £,, = [[;(A —r;) and lower
order perturbations of these. The origin of this approach lies in the work of Duchon, [9] [§] on
surface splines, where the underlying kernel is the Green’s functions for iterated Laplacian,
A™ on R? Such kernels have also been used on Riemannian manifolds, [I0, 27]. For this
reason, we call them polyharmonic; see Definition Throughout this article, we use k,, to
denote a generic polyharmonic kernel.

This is a classic family of kernels and is sufficiently robust to include many interesting
examples. For instance, such kernels have also been in use for some time on spheres, and have
formed one of the earliest families of SBF's (see [11] and references for a list of early examples).
In this setting, certain careful choices of these kernels result in the complete family of surface
splines restricted to the SphereEL introduced in [24], which we define below in (3.2]) and denote
in the “zonal” form as ky,(z,t) = ¢s(x - t). Here s is related to m via m = s + d/2.

LA related problem, which can be considered a generalization of this particular set up has recently been



It also includes the surface splines on SO(3), introduced in [17] and defined below in (34)),
and denoted throughout the paper by k,,.

A second type of kernel, ostensibly different from the polyharmonic kernels, are the Sobolev
(or Matérn) kernels, which have been introduced for compact Riemannian manifolds in [16].
These kernels come about as reproducing kernels for Sobolev spaces. We denote such kernels
by km(z,y), where m indicates the order of the Sobolev space. A corollary of the results
presented in this paper is that, in many cases, the Sobolev kernels are in fact polyharmonic
kernels. There is an operator L,, for which k,,(x,y) is the fundamental solution.

Kernel Notation Location in manuscript
Restricted surface spline | (z,y) — ¢s(z - y) Example 2 in
Surface spline on SO(3) kn, Example 3 in
Polyharmonic kernel km Definition
Sobolev kernel Km [16], 3.3]

Table 1: Index for kernels used

Outline The layout of this paper is as follows. Following the introduction and background,
Section 2] deals with certain geometric notions relevant to this article. Section [3 treats inter-
polation by conditionally positive definite kernels, the function spaces that they generate, and
the nature of their interpolants. We discuss some important examples on well known mani-
folds, including spheres and the rotation group. Finally we define precisely the polyharmonic
kernels, which are the kernels that we treat in our main results; they include the examples
we provided earlier. We demonstrate that they are conditionally positive definite, identify
the seminorm of the native spaces associated with these kernels, and discuss the variational
problem associated with their interpolants.

The relationship between the polyharmonic kernels and the Sobolev kernels of [16] will be
covered in Section @l We show that, under certain conditions, the polyharmonic operators
L,, can be expressed as combinations of operators generated by covariant derivatives, and
vice versa (this is done in Lemma [.3]). This allows us to conclude that Sobolev kernels
are examples of polyharmonic kernels. On the other hand, it permits us to demonstrate, in
Section [1.2] that the native space seminorms associated with polyharmonic kernels exhibit
the same behavior (metric equivalence to Euclidean Sobolev seminorms, zeros lemmas, etc.)
as the native space norms associated with Sobolev kernels.

The main results of the paper are given in Section Bl Namely, the Lagrange function
associated with a kernel k,, is rapidly decaying, and gives rise to a uniformly bounded Lebesgue
constant and a uniformly bounded Lo minimization projector. The properties mentioned

considered by Fuselier and Wright, [I2]. There, kernel interpolation is considered on manifolds that are embed-
ded in R? by using the restriction of various other RBFs to the manifold — this is accomplished by constructing
interpolants in the ambient Euclidean space and then restricting these to the manifold. (In contrast, we work
directly with the manifold, making use of its intrinsic structure.)



above — concerning locality, stability, conditioning, and so on — then follow immediately. We
then discuss implications of this for surface spline kernels on spheres and SO(3).

Essential to our proofs in Section [l are theorems giving L, Sobolev-space estimates for
functions having zeros quasi-uniformly distributed on a domain 2, with 92 being Lipschitz.
Such theorems may hold both in R? and on M itself, and in Section A, we treat both cases. For
the case of a manifold M, these theorems involve geometric ideas; in particular, they require
use of a minimal e-set of points in M (cf. [13]), which replaces a simpler set in R%. The results
for Ml turn out to be intrinsic and hold in the same generality as those in the Euclidean case.
The bounds and the condition on the meshnorm reflect geometric properties — particularly,
parameters from the cone condition on 92, properties of the manifold M, and parameters of
the Sobolev spaces themselves — but are independent of the volume and diameter of 2.

2 Background

We now discuss some relevant details about analysis on compact, complete, connected C*°
Riemannian manifolds. This is the same setting as [16]. Refer to it for a more detailed
treatment and further references.

Throughout our discussion, we will assume that (M, g) is a d-dimensional, connected,
complete C*° Riemannian manifold without boundary; the Riemannian metric for M is g,
which defines an inner product g,(-,-) = (-, -)4,» on each tangent space T,,M; the corresponding
norm is |-|4 ». Asusual, a chart is a pair (4, ¢) such that &l C M is open and the map ¢ : 4l — R?
is a one-to-one homeomorphism. An atlas is a collection of charts {(ly, ¢o)} indexed by «
such that M = Ua4, and, when ¢, (4a) N ¢s(ths) # 0, pgodyt is C°°. In a fixed chart (44, ¢),
the points p € 4 are parametrized by p = ¢~ (z), where z = (z',...,2%) € U = #(W).

In these local coordinates, T'M,, and T™ M, the tangent and cotangent spaces at p, have
bases comprising the vectors e; = (%)p, j=1...dande" = (dz¥),, k = 1...d, respectively.

These vary smoothly over U = ¢(4l) and form dual bases in the sense that e”(e;) = ‘gi;- = 5;?.
In the usual way, the inner product (-,-),, provides an isomorphism between the cotangent
and tangent spaces. Thus, regarding e*’s as vectors, we have that <ek, €j)gp = 55? . A vector
v can be represented either as v = zj viej or as v = >, vgeF; the vi’s and wvy’s are the
contravariant and covariant components of v, respectively. Relative to these bases, the inner

product (-, )4 has the form

d d
(u,v)gp = Z giju'v? = Z g7u;v;, where g;; = (e;,e;),, and g = (e',e’),,,  (2.1)
i,j=1 i,j=1

The matrices (g;;) and (¢g*) are inverse to each other, and are of course symmetric and positive
definite. The inner product (v, w),, is itself independent of coordinates. In addition, if v
and w are C™ vectors fields in p, then (v, w)g,, is also C*°.

The metric g also induces an invariant volume measure du on M. The local form of the
measure is du(r) = /det(g)dz! - - - dz?, where det(g) = det(g;;).

Geodesics are curves v : R — M that locally minimize the arc length functional, fab |¥g,pdt.
If we use the arc length s as the parameter (i.e., t — s), then, in local coordinates, a geodesic



satisfies the Fuler-Lagrange equations:

A2k d . dat da 1 dg; dgi 9
bl § TE—— = here TF = = E km S ) (2.2
ds* +ij=1 o Ty e{1 d}g <8$Z " Dui 8$m> (22)

The Ffj are the Christoffel symbols.

A geodesic solving (2.2]) is specified by giving an initial point p € M, whose coordinates we
may take to be (331(0), .. ,xd(O)) = 0, together with a tangent vector t, having components
Cg (0). A Riemannian manifold is said to be complete if the geodesics are defined for all values
of the parameter s. All compact Riemannian manifolds without boundary are complete, and
so are many non-compact ones, including R

We define the exponential map Exp,, : T,M — M by letting Exp,,(0) = p and Exp,(st,) =
Yp(s), where 7,(s) is the unique geodesic that passes through p for s = 0 and has a tangent
vector 4,(0) = t, of length 1; i.e., (t,, t,)gp. = 1.

Although geodesics having different initial, non-parallel unit tangent vectors t, = 4,(0)
may eventually intersect, there will always be a neighborhood &, of p where they do not. In il,,
the initial direction t,,, together with the arc length s, uniquely specify a point ¢ via ¢ = v,(s),
and the exponential map Exp,, is a diffeomorphism between the corresponding neighborhoods
of 0 in T, M and p in M. In particular, there will be a largest ball B(0,r,) € T,M about the
origin in T}, M such that Exp,, : B(0,1,) — b(p,1,) C M is injective and thus a diffeomorphism;
r, is called the injectivity radius for p. By choosing cartesian coordinates on B(0,r,), with
origin 0, and using the exponential map, we can parametrize M in a neighborhood of p via
q = Exp,(z), » € T,M.

The injectivity radius of M is ry = infpemr,. If 0 < 1y < oo, the manifold is said
to have positive injectivity radius. For any r < ry and any p € M, the exponential map
Exp, : B(0,7) — b(p,7) is a diffeomorphism.

We make special note of the fact that, for a compact Riemannian manifold, the family of
exponential maps are uniformly isomorphic; i.e., there are constants 0 < I'y <1 <T's < 00 s0
that for every pg € M and every x,y € B(0,r), where r < ry/3,

['1]x —y| < dist(Exp,, (), Exp,, (y)) < Talz —y|. (2.3)

When we use I'y and I'y in this paper, we always assume that there is some fixed radius
smaller that ry; on which they are computed. This avoids a tiresome repetition of this fact
throughout the paper.

An order k covariant tensor T is a real-valued, multilinear function of the k-fold tensor
product of T,M. We denote by T;fM the covariant tensors of of order k at p. In terms of
the local coordinates, there is a smoothly varying basis € ® --- ® e’* for the k-fold tensor
product of tangent spaces. Thus, the covariant tensor field T of order k£ on U can be written
as

T = Z Tie" @ - ®ek,
ie{l...d}*



where we adopt the convention i = (i1,...,i). The T; are the covariant components of T.
The metric g;; is itself an order 2 covariant tensor field. One can also define contravariant
tensors and tensors of mixed type.

Because T;M =T,M ®---®T,M (k times), the metric g induces a natural, useful,
invariant inner product on T;fM ; in terms of covariant components, it is given by

(S, T>g,p = Z giljl tee gikijiTj- (2.4)
i,7€{1...d}*

The covariant derivative, or connection, V associated with (M, g) is defined as follows. If
T is an order k (covariant) tensor, then the covariant derivative of T is

Z Z (gﬂj Z Z FJZT U1 yeenslr—1,8,0r 41, ,k>ei1®---®eik ®ej’

Jje{l...d} 1e{1...d}* r=1se{l...d}

(V)

which is an order k +1 covariant tensor with components (VT); ;. The Fk are the Christoffel
symbols defined earlier.

A smooth function f: M — R is a 0 order tensor and so V f, which is the gradient of f is
an order 1 tensor, V2f is an order 2 tensor. Continuing in this way, we may form V* f, which
is an invariant version of the ordinary k* gradient of a function on R?. (The superscript k
here is an operator power, not a contravariant index.) The components of the k™" covariant
derivative of f have the form

k—1
(VEf@))e = (0 F @)+ DY Y Al@)(0mf(2); (2.5)
m=1je{1...d}™
where
8m

a ]1.. ;Ujmf ¢_

and where the coefficients z — Ag (z) depend on the Christoffel symbols and their derivatives
to order k — 1, and, hence, are smooth in . This can also be written in standard multi-
index notation. Let ai,as,...,aq be the number of repetitions of 1,2,...,d in j, and let
a=(aq,...,0q). Then,

(@™ f); :

moey L om o -1 . || ° -1 _ d _
O™ )s+= grmar —gmmd 00 = D& o9 ,|a|—;ak—m. (2:6)

Another important quantity that we need to deal with is the adjoint of the covariant
derivative V*. This operator is defined by [i(V*T,S)g,du = [i(T,VS)gpdu, where the
inner product is given by (2.4)), and it takes an order k + 1 tensor to an order k tensor. The
coordinate form of V*T is obtained via integration by parts:

(V*T); Zg (VT)ijx (2.7)



We can combine covariant derivatives and their adjoints to get scalar operators. In par-
ticular, if f : M — R is C®, then V*f is an order k tensor. By applying V* to it, we get
(V¥)¥V* £, which is a scalar. (Note that (V*)* = (V¥)*.) The Laplace-Beltrami operator
A := —V*V. In coordinates, again letting det(g) = det(g;;), we have that

_ 0 ;i 0
Af = det(g)"1/? Z F <det(9)1/29 ]8—3;{;) .
4,3

Sobolev spaces on subsets of Ml Sobolev spaces on subsets of a Riemannian manifold
can be defined in an invariant way, using covariant derivatives [I]. In defining them, we will
need to make use of the spaces L, Lq. To avoid problems with notation, we will use the
sans-serif letters p, q, rather than p, ¢, as subscripts. Here is the definition.

Definition 2.1 ([I, p. 32]). Let Q C M be a measurable subset. For all1 < p < oo, we define
the Sobolev space W (2) to be all f : Ml — R such that, for 0 <k <m, [VEFlgp in Lp(Q).
The associated norms are as follows:

m 1
(Zk:o fQ V5 F15p d,u(p)) /p7 1 <p <o

[ fllwm () = (2.8)
p maXOSkSmH‘ka‘QJJHLOO(Q)’ p = o0.
When p = 2, the norm comes from the Sobolev inner product
(f ghmo = (f ) = 3 /Q (V'7. V') aut). (2.9)
k=0 ’

We also write the p = 2 Sobolev norm as ||f||3nQ = (f, [ima. When Q =M, we may suppress
the domain: <f7 g>m = <f7 g>m,M and Hme = ”f”m,M

Metric equivalence The exponential map allows us to compare the Sobolev norms we’ve
just introduced, to standard Euclidean Sobolev norms as follows:

Lemma 2.2 ([I6, Lemma 3.2]). Form € N and 0 < r < ry/3, there are constants 0 < ¢; < ¢z
so that for any measurable Q0 C B,., for all j € N, j < m, and for any pg € M, the equivalence

ciljuo EXPpO HWF{(Q) < Hu|’Wg(Epr0(Q)) < calluo EprO ”Wg(Q)

holds for all u : Exp,, (Q) — R. The constants ¢; and ¢y depend on r, m and p, but they are
independent of Q and pg.

Besov spaces on M Besov spaces can be defined and characterized in many equivalent ways.
For a discussion, see Triebel’s book [28] 1.11, and Chapter 7] and the references therein. Our
definition follows Triebel’s.



Definition 2.3. For 0 < s <m and 1 < p < oo, we define the Besov space B (I\\/JI) as the
collection of functions in L, (M) for which the following expression

11l Bs oy == supt™ " K(f, )
’ >0
is finite, where the K-functional K(f,-): (0,00) — (0,00) is defined as
K(f,t) i=inf {11 = gllr, + 2" gl : 9 € W (M)}

For p = oo, the definition is the same after substituting Lp(I\\/JI) by C’(I\\/JI) and WIZ”(M) by
C™(M).

2.1 Notation

In order to distinguish balls on R? from those in M, we denote the ball centered at p € M
having radius r by b(p,r). (Euclidean balls are denoted B(z,r).) Given a finite set = C M,
we define its mesh norm (or fill distance) h and the separation distance q to be:

h := sup dist(p, 2) and q:= inf dist(&, (). (2.10)
§#¢

The mesh norm measures the density of = in M, the separation radius determines the spacing

of 2. The mesh ratio p := h/q measures the uniformity of the distribution of = in M. If p is

bounded, then we say that the point set = is quasi-uniformly distributed, or simply that = is

quasi-uniform.

3 Interpolation by Kernels

The purpose of this section is to discuss further this interpolation problem and to present
the kernels we employ. The kernels we consider are fundamental solutions of certain elliptic
PDEs. They happen also to be conditionally positive definite, a well known class for which
interpolation is understood. In particular, interpolation is well posed, and has a dual nature,
as best interpolation from a function space.

In B we discuss interpolation with conditionally positive definite kernels, and present the
associated problem of best interpolation. In we present some motivating examples for our
problem: surface spline interpolation on spheres and on SO(3). In we give the formal
definition of the kernels we use and the operators they invert; we also discuss the associated
variational problem they solve.

3.1 Interpolation with conditionally positive definite kernels

The kernels we consider in this article are conditionally positive definite on the compact
Riemannian manifold. As a reference on this topic, we suggest [10, Section 4].



Definition 3.1. A kernel is conditionally positive definite with respect to a finite dimensional

space 11 if, for any set of centers =, the matriz (k;(f, O)C cez is positive definite on the subspace

of all vectors o € C= satisfying de agp(§) =0 for p e I1.

This is a very general definition which we will make concrete in the next subsections.
Given a complete orthonormal basis (¢;);en, of continuous functions, normalized in L (i.e.,

|#jllcc = 1) any kernel
= k()ei(x)e;(y)
JeN
with coefficients k € ¢1(N) for which all but finitely many coefficients /;3(]) are positive is

conditionally positive definite with respect to Il 7 = span(¢; | j € J), where J = {j | k(j) <
0}, since, evidently,

SN ackte.ar = S0 acac | Do k()i (€)6,0)

(eE(eE (eECeE JEN
= Z%(]) Z aed;(§ a(¢y Zk HO‘%HZZ =)
jeN §,CeE iET

provided Zg agp;(§) = 0 for j satisfying k() <0
In this case if the set of centers = C M is unisolvent with respect to Il.; = span(y; | j € J)
(meaning that p € II7 and p(§) = 0 for £ € = implies that p = 0) then the system of equations

{ ZEEE agk?((,f) + Zjej bj@j(() =Y < ek
Y eezacpi(§) =0 jeJ

has a unique solution in C= x C7 for each data sequence (yc) cex © CZ=. When data is sampled

from a continuous function at the points Z (i.e., y¢ = f({)) this solution generates a continuous
interpolant:

Isf =Ihgzf =Y ack(-) + Y bje;

ez JjET
with the property that it is the minimizer of the semi-norm ||-||, 7, called the “native space”
norm, given by

Za@m— -y ‘“ (3.1)

jeEN kg T

over all functions u = EjeN a(j) for which u(§) = ye, & € E. If k is conditionally positive
definite with respect to the set Il 7, it will be conditionally positive definite with respect to
I for any J' O J. For this reason, the interpolant and norm both are decorated by k and
J.

This has the consequence that any two conditionally positive definite kernels k, k¥’ which
have eigenfunction expansions that coincide on all but finitely many indices (say Z), produce
the same interpolants. That is: Iy 7= = Iiv 7 =.

10



3.2 Examples of conditionally positive definite kernels

Ezample 1 (Surface Splines). As a first example of a conditionally positive definite kernel, we
take M = R?, and consider the kernels k,,(z, ) = ¢,(z — a) given by the functions

|z|?* log || dis even
r)=0C,
P:(@) . {|x|25 dis odd

where s 4+ d/2 = m. For a certain C,, 4 # 0, this is a fundamental solution for the operator
A™,

Because of the positivity of the generalized Fourier transform, one can see that ¢, is con-
ditionally positive definite on R? with respect to II,,_;. These have been studied by Duchon
[9, B8], and they comprise some of the earliest and most popular examples of conditionally
positive definite kernels.

Although our focus in this paper is on kernels on compact manifolds, the family of surface
splines acts as a useful benchmark, since they have a simple, direct representation, as well as
being conditionally positive definite, not to mention that for certain interpolation problems,
their Lagrange functions decay rapidly (this was demonstrated in a least squares sense by
Matveev in [2I, Lemma 5] and pointwise in [16]) and have a uniformly bounded Lebesgue
constant (cf. [16]).

Ezample 2 (Restricted Surface Splines on S%). When M = S, the eigenvalues of the Laplace—
Beltrami operator are py = ¢(¢ + d — 1) and each eigenvalue has N(d,¢) = %
linearly independent eigenfunctions, the spherical harmonics Yy ,,.

We now introduce a family of kernels known as the restricted surface splines. These are

kernels indexed by m € N, m > d/2. By writing m = s+ d/2, we give the zonal expression

1—tf°log|l —1t seN
os(t) := | ’8 | | (3.2)
|1 — ¢ seN+1/2.

When d is even, s is integral and the first formula is used. When d is odd, the second is
used. For a given d and an integer m > d/2, we write k., (z,y) = ¢s(x - y) to denote the
corresponding kernel on S¢.

A spherical harmonic expansion of the restricted surface splines can be found in [2, Equa-

tions (2.12) & (2.20)]. It is known that, for m > d/2, km(z,y) = 32,3, km(l, j)Ye ;(2)Yr(y),

where .

Fm (€, ) = Cmﬁ <e + <%>>2 —(v— 1/2)2] , for ¢ >s. (3.3)

When d is odd, this equation holds for all /.

From this formula, it follows that k,, is conditionally positive definite with respect to the
space 115 :=span(Yy; | £ < 5,5 < N(d,{)).

A second consequence is that, by a possible slight correction of the spherical harmonic
expansion (discussed below), k,, is the fundamental solution for a differential operator of

11



order 2m that is polynomial in A:
m

L= Cr [[ 1A - (v —d/2)(v +d/2+1)].

v=1

We note that when d is odd, the operator L,, is invertible on W;m(Sd). Indeed, it is
nonvanishing on each spherical harmonic Y ,.

When d is even, the Fourier coefficients of the kernel follow (3.3) for ¢ > s only, but £,,
annihilates spherical harmonics of degree s or less. Indeed, in this case, we can re-index the
operator to get:

d/2—1 m
Ly = Cn [[ 1a-@—-d/w+d2-1)] ] [A-@-d/2)(¥+d/2-1)
v=1 v=d/2
d/2—1 m—d/2
= Cn [[ [A-@w—-d2@w+d/2-1)] [[ [A-J(J+d-1)].
v=1 J=0

So L, annihilates all the spherical harmonics of order up to s = m — d/2.
In other words, for sufficiently smooth functions, say f € C?™(S%) represented by the

series f =>",2, Z%(:diz) ]?(faj)yé,j’

flz) = L [fl(a)gs(x - a)dp(a) + py

Sd

~

where we add a spherical harmonic term py = >;_, Z;V:(f’é) f(4,5)Ye; € II; when d is even
(when d is odd, py = 0).
Ezample 3 (Surface Splines on SO(3)). When M = SO(3), the group of proper rotations of
R3, the eigenvalues of the Laplace-Beltrami operator are py = £(£ 4+ 1) and each eigenvalue
is associated with N(¢) = (1 + 2¢)? linearly independent eigenfunctions, called Wigner D-
functions and denoted by (Df,b)(|j\,\b|§£)-

For m > 2 and s = m — 3/2, the surface spline kernels are

oo = (s (22 ”

where w(z) is the rotational angle of z € SO(3). The corresponding Wigner D-function
expansion ky,(z,y) = 32,3, km(L, j, L)D](-i) (m)D](ZL) (y) is discussed in |17, Lemma 2], where
it is shown that for some C,, # 0,

m—1 —1
~ 1
km(€7j7b) =Cn H |:£+V+§:| .

v=—(m—1)

Thus, k,, is conditionally positive definite with respect to the space IL,;,_o = span{DﬁL | ¢ <
m =2, |j],[¢] < £}.

12



It also follows (from [I7, Lemma 3]) that k,, is the fundamental solution for the differential
operator of order 2m having the form:

m—1

Ly =Cn [] [~ —1/4)]

v=0

in the sense that for f € C?™, f =372, ZIJ’MLISZ f(f, 7, L)Dﬁb the formula

fla) = / Lol 1)k (2, ) dpa()
50(3)
holds true.

3.3 Polyharmonic and related kernels

The kernels we wish to treat are fundamental solutions of differential operators that are
polynomial in the Laplace—Beltrami operator, or are directly related to them. Since, on
a compact Riemannian manifold A is a self adjoint operator with a countable sequence of
nonnegative eigenvalues \; < Aj;1 having 400 as the only accumulation point, we can express
the kernel in terms of the associated eigenfunctions A¢; = Aj¢;. We now make this clear
with a formal definition.

Definition 3.2. Let m € N such that m > d/2. We say that the kernel ky, : Ml x Ml — R is
polyharmonic if the following hold:

1. There exists a polynomial Q(x) = """ ¢z’ in 1L, (R), with the highest order coefficient
cm > 0, so that Q(z) > 0 for all x sufficiently large. Let the corresponding differential
operator of order 2m > d be given by

ﬁm = zm: CVAV = Q(A)7
v=0

and let J C N be a finite set that includes all j for which the eigenvalue Q(X;) of Ly,
satisfies Q(N\j) < 0. (In addition to this finite set, J may also include a finite number
J’s for which Q(\;) > 0.)

2. The kernel has the eigenfunction expansion ky(z,y) = >N Ko ()05 ()2 (y), with
coefficients ky(j) = 1/Q(N;) for j ¢ J. (On J, km(j§) can assume arbitrary values.)

It follows immediately from this definition that k,, is conditionally positive definite with
respect to the finite dimensional space Il7 = span;c s ;. Another consequence is that, for

feo,
f(x) = /M Lonlf = psl (@) (2, 0)dpa(a) + p; (3.5)

where py =) jeg broj; f is the orthogonal projection onto ILy.
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As previously stated, the interpolation operator Iz, 7 produces the minimizer of the

seminorm [lull, 7. Since km(2,y) = 32,47 km(4)0;()¢;(y) and, for j ¢ T,

m -1
km(§) = Q(\) " = <Z @(M)") ;
v=0
which is the inverse symbol of £,,, it follows from (B.1]) that

a(j)?
01,0 = 32 50 = (G 00~ 32 QUG

i¢T JjeTJ

This relation connects the norm [Jul|, ., with the quadratic form (£;,u, w)r,n). The goal of
the next section is to study this quadratic form.

4 Operators and quadratic forms

Of the two quadratic forms considered, the one derived from the native space seminorm:
|||u|||im 7> and the one derived from the operator [u]? := (Lu, u), (), the latter has much to
offer from the point of view of analysis, but the former is tied to the variational problem sat-
isfied by the kernel interpolants. The object of this section is to attain a better understanding
of [u]?.

To this end, we seek an analogue of the bilinear form (Lu, v)r,nr) — one that is defined on
measurable subsets of M. A reasonable goal would be to find a form that is comparable to
the corresponding Sobolev form > (u,v); q, where

(u,v)0 = /Q<Vju, Viv) g wdp(z).

This is the bilinear form used to define the Sobolev space inner product: (28] of Definition
20 for Q C M.

The rest of this section is structured as follows. In [ we demonstrate that on a wide class
of manifolds, the elliptic operator composed of covariant and contravariant derivatives, which
is at the heart of [16], is a polynomial in A and, conversely, the Laplace-Beltrami operator
has an expansion in terms of these elliptic operators. This permits us immediately to classify
the Sobolev kernels on spheres (as well-known kernels of a type studied in [14] 22]) and to
give concrete approximation results for them. In we present analogues to the bilinear form
generated by L£,, on measurable subsets. Using this, we demonstrate that this bilinear form
behaves like a norm for functions with many zeros.

4.1 The Laplace—Beltrami operator and the covariant derivative

Simply considering (Lu,v), () for measurable subsets {2 C M is not suitable, since there will
be many functions for which £u may vanish on . This is true even on R? when £ = A™,
In this case there are many polyharmonic functions (and even harmonic functions!) on a a
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given subdomain {2 that may have nonzero Sobolev norms, despite the fact that they are in
the kernel of L.
Guided by the observation that on R, Jpa VA" u = [ (V™ 0V™u) holds for test functions
u, v, we first attempt to compare A™, the principle part of £, to (V™)*V™. It is important to
stress that (V™)* means the adjoint to V™, in the Lo(M) inner product, as defined in (27)).
To this end, we make the following assumption

Assumption 4.1. For all k € N, there exists a real polynomial pp_1 of degree k — 1, such
that
(VE)VF = (=1)PAY + ppa (A).

A class of Riemannian manifolds that satisfy this are the two-point homogeneous spaces
[18], both compact and non-compact. A manifold M is homogeneous if M = G/K, where G
is a Lie group and K is a Lie subgroup of G. Two-point homogeneous means that for any two
pairs of points p,q and p’, ¢ such that the distances d(p,q) = d(p’,q¢’) there is an isometry
® € G such that p’ = ®(p) and ¢ = ®(gq). These manifolds] have been completely classified
(see [I8, p. 167 & p. 177] for lists), and include S% and the real projective spaces P%. (The
rotation group SO(3) = P3.)

Lemma 4.2. Let M be a two-point homogeneous space. Then M satisfies Assumption [4.1].

Proof. The proof proceeds in two steps. The first is showing that if & : M — M is a diffeo-
morphism that is also an isometry (i.e., preserves distances), then the operator D := (Vk)*Vk
is invariant in the sense that for any smooth function f: M — R, Df = (D(fo®))o®~!. We
will follow a technique used in [I8], Proposition 2.4, p. 246]. Let (4, ¢) be a local chart, with
coordinates 7 = ¢/ (p), j = 1,...,n for p € Y. Since ® is a diffeomorphism, (®(U),p o &)
is also a local chart. Let 1) = ¢ o ®~!, and use the coordinates y/ = 7 (q) for ¢ € ®(Ll). The
choice of coordinates has the effect of assigning the same point in R™ to p and ¢, provided
q = ®(p) —i.e., 27(p) = 7/ (q). Thus, relative to these coordinates the map ® is the identity,
and consequently, the two tangent vectors (aiyj)q € T;M and (%)p € T,M are related via

0 0
<8yj>q>(p) d b <8xj>p

So far, we have only used the fact that ® is a diffeomorphism. The map ® being in addition
an isometry then implies that

0 0 0 0 0 0
<a—yw a—yk>¢(p> - <d¢p (@) 42 <W>>w> - <@’ Wﬁ'

The expression on the left is the metric tensor at ®(p), ¢’*(y), and on the right, the metric
tensor at p, g¢*(x). The equation above implies that, as functions of y and z, ¢/*(y) = ¢/ (x).

2and not with respect to L2(Q) — e.g., even though A™ = (—1)"(V™)*V™ holds on R?, it is not the case
that (—1)™ [, vA™u = [, V"vV™u for subsets  C R?.
3We note that they have also appeared in other approximation theory literature. See, e.g., [31 20]
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This means that the expressions for the Christoffel symbols, covariant derivatives and various
expressions formed from them will, as functions, be the same. Since the operator D = (V*)*V*
is constructed from such objects, it follows that Df = (D(fo®))o®~! and so D is invariant.

The second step makes use of two-point homogeneity. Since (V¥)*V* is invariant under
every isometry ® in G, applying [18, Proposition 4.11, p. 288] yields the result that (Vk)*Vk
is a polynomial in the Laplace Beltrami operator: (V¥)*V* = a, 1 AF + ap, ARl 4+ .. qq
Comparing terms in the highest order derivatives involved in coordinate expressions for both
sides shows that az,1 = (—1)*. O

Induction ensures that
Ak o (_1)k(vk)*vk — ck_l(Vk_l)*Vk_l + Ck_Q(vk_2)*vk_2 c 4.
From this we have the following.

Lemma 4.3. Suppose M is a Riemannian manifold satisfying Assumption [{1. If Q(z) =
Cmx™ 4+ -+ 4+ ¢o s a (real) polynomial of degree m, then there exist real numbers aj, with
Qm = Cm, SO that

Q(A) = a;(VI) V.
j=0

Conversely, for any constants b;, there is a real polynomial p for which the operators p(A)
and 3 _on b;j(VI)*V7 coincide.

An immediate consequence is that the Sobolev kernels x,, m considered in [I6] and [I5]
are Green’s functions for operators of the form Q(A), with @ a real polynomial of degree m.

We note, furthermore, that because the lead coefficient ¢, of @ is assumed positive (see
Definition B.1]), we have that a,, > 0.

4.2 Connecting the quadratic form to the Sobolev norm

The benefit of Lemma (3] is that we can use it to obtain useful local versions of the form
(Lu,v) ) In particular, we consider, for L, = Q(A), coefficients ay, . .., a;, as guaranteed
by Lemma €3 When © C M, the form (3°7, a;(VI)*Vu,v) 1, ) = > o ajlu,v)j0 is the
local version of (Lu,v)r,nr- Indeed, we have

M%mzéﬁwwﬂu

where B(-,-); : C°° x €% — R is the bilinear form B(u,v); = 3 7" a; (Viu,Viv),. Clearly
for

a:= max laj] and a= jmax, |laj] (4.1)
we have
m—1 m _ _
am (V™u, V) Z (VIu, Viu), < B(u,u), < EZ(V%L, V9uy,. (4.2)
7=0 7=0
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If we integrate over a region 2 C M, we obtain

am’”‘%}[@m(g) —Quu”ivén—l(m < [U]gn,g = /Qﬂ(u,U)xdu(l’) < aHUHI2/I/27”(Q)'

Now if u vanishes on a sufficiently dense set Xg C 2, then a corollary of the “zeros”

estimate Theorem [ATT] given in Section [A] will imply that am]u\%%m(ﬂ) — Q|]uH3Vm,1(Q) >
2

5”““12/1/2’”(9) where ¢ depends on a,,, a, properties of Xy and the boundary of €, but noth-
ing else. The two most important types of subset §2, for our purposes, are annuli a and
complements of balls b¢.

Annuli. In this case we consider an annulus a = B(po, R) \ B(po, R — t) with outer
radius R < lrM and we apply Corollary [A.16] to a function u that vanishes on a set X
satisfying h = h(X,a) < 4t. If, in addition, h < /&, we have Hu”wm (a) < Ahz\u]%VQm(a) <

“7”|u|2 () and, simultaneously, % HUHW’n(a) < jul?,, 1 (a)» 5O am|u|W2m(Q aHuHWm @) >

am HuHWQW(Q) follows and

am —
THUH%/VZ’”(a) < /ﬁ(u,u)du < allullfyp a)- (4.3)
a

(Note that h must be chosen to be less than /g%, as well as t).
Complements of balls We consider the punctured manifold b = M \ b(pg, R) with
outer radius R < rM We apply Corollary [AT7] to a function u that vanishes on a set X

satisfying h = h(X a) < ~t. By picking h < /3kz,

a _
Tm”UH%VQW(b(p,T)c) < /b(p e B(u, u)dp < a”“”%vgn(b(p,r)c)' (4.4)
follows. (Note that in this case, h must be less than hg and /5%, but that it can be chosen
independently of r. In Lemma [5.1] we refer to this critical value, the minimum of hy and

\/ oxe, as Hy.)

5 The Lagrange function

We wish to uniformly bound the Lagrange function x¢(«) and establish its rate of decay as x
moves away from its center £. There are two cases that we will consider.

The first is the special case that involves interpolation by a polyharmonic kernel k,, (cf.
Definition [B.2]) that is conditionally positive definite with respect to a space II annihilated
by the operator L£,,. This case is significant because the rate of decay is exponential (cf.
Theorem [B.3]). It includes the restricted surface splines on S¢ discussed in Example ] for d
even.

The second case is the general one, where we do not assume any annihilation properties
concerning the space II that is to be reproduced. This case includes the surface splines in odd
dimensions. The decay rate in this case is algebraic, rather than exponential.
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These results are similar to ones for the case of a lattice in R? [5]. The restricted surface
splines defined in (8.2]) have Lagrange functions that decay exponentially, for d even, but only
algebraically for d odd. For d odd, the lattice case has an additional family of polyharmonic
splines with exponential decay. We conjecture that this exponential decay holds for odd-
dimensional spheres, and that we have obtained only algebraic decay is simply an artifact of
the proof.

Notation Constant Introduce in ...
am (Positive) lead coefficient of the polynomial Q(z) Lemma [4.3]
a maximum coefficient of Q(x) (z9m0)
(in absolute value)
a maximum coefficient of Q(x) — a,z™ @1
Co (1(R7) norm of eigenvalues of Ly,|r, G5
M injectivity radius Section 2]
', Ty constants of metric equivalence from Exp 23)
c1,Co constants of metric equivalence for Sobolev spaces Lemma 2.2]
A constant for zeros lemma for annuli (A.20)
ho threshold h level for the zeros lemma (A.19)
Hy threshold h level for results of 5.1 Lemma 5.1
H, threshold h level for results of Lemma 5.4

Table 2: Constants frequently used in Section Bl The first four constants are related to the
elliptic operator L,, = Q(A). The final seven are geometric constants depending on M.

5.1 L,, annihilates II;

We first consider the special case where k;, satisfies (3.3]), with an operator £, = Q(A) for
which k() = (Q(j))™! > 0 for j ¢ J and L,,¢; = 0 for j € J. In other words, ky, is
conditionally positive definite with respect to I 7, and £,,II 7 = 0. This the case for Example
2l for surface splines on even dimensional spheres.

In this case, the native space seminorm (B.I]) is precisely the quadratic form derived from

the operator, namely

lull},, 7 = (Lot w) Loy = (W, 1
The more general case is considered in the next section, although the basic elements are
present here.

We begin by observing that if Z is sufficiently dense, with A < min(hy, \/%), then by
(44 it is possible to estimate the norm of the Lagrange function by comparing it to a bump
¢¢ with ¢¢ o Expe(z) = o(|z[/q). We note that this bump is 1 at £ and vanishes on the rest
of Z, thus it interpolates x¢ on = and has a smaller native space seminorm.

a 2 2 — — d—
el oy < Ixelly,, 5 < U9elly,, 5 < @ldelip e < Cag*™ (5.1)
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The final inequality follows from Lemma 2.2 and a direct computation of ||o([ - [/q)|yyzm ga)-

The main result, the near-exponential decay of the Lagrange functions, now is a conse-
quence of an argument developed in [16] but given here in a somewhat different, streamlined
form. First we prove a lemma showing that a fraction of the seminorm of the Lagrange func-
tion x¢ taken over the punctured manifold b(§, )¢ resides in a narrow annular region around
the circle dist(x, &) = 7.

Lemma 5.1. Suppose M is a d-dimensional compact Riemannian manifold satisfying As-
sumption [{.1. Suppose further that m > d/2, ky, satisfies Definition[3.2 and that L, annihi-
lates the space Il 7. Then there is a constant K > 0, depending only on m and M so that the
following holds. If 2 is sufficiently dense, meaning that

h < Hy := min <h0,1/26f/x—ma>

and if a = b(p,r) \ b(p,r —t) is an annulus of outer radius r < ryy and sufficient width t, so
that 4h/hg < t, then the Lagrange functions for interpolation by k, satisfy

X IFgm bor—tye) < KX o o)\ b))

Proof. Since ¢ minimizes the native space seminorm we have [Xﬁ]%m M S [(ngg]im y for any
function ¢¢ equaling 1 at &. If ¢¢ is a C™ cut-off, equaling 1 in the ball b = b(p,r —t) and
vanishing outside of the ball b U a, then

el o + DXeltn oo < DXelin o + [BeXeltn a
By (.4) and ([@.3)
a _
TmHXfH%/v;l(bc) < [Xﬁ]zm,bc < [¢§X§]zm,u < a||¢§xg||%,[,2m(u).

The result follows with K = 4aK’/a,,, where the constant K’ is introduced in Lemma [5.2]
which we prove below. O

Lemma 5.2. Assume the manifold M, the kernel k,,, the set of centers = and the annulus
a C M satisfy the conditions of Lemma (2. If ¢¢ is a smooth “bump” function, satisfying

¢¢ o Expe(z) =0 <%dist(Exp£(a:),Exp§(O)) _a t_ r) =0 <@ + 2t t_ r> (5.2)

with o : Ry — Ry a C°, non-increasing cutoff function equaling 1 on [0,1]and 0 on [2,00),
then
[exellwy @) < K'lIxellwy ()

where K’ depends only on M, m and the choice of cutoff o.
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Proof. We follow the proof of [16] Lemma 4.3]. Let X¢(z) = x¢ o Expe. By using the metric
equivalence guaranteed by Lemma [2.2] we can estimate |’¢5X§”%/V2m(a) by

o | 2—7\ - 2
oexelivgw < & [ % oo (B4 20 jeo] [ 0o
|a\<
< ac tz(j_m)/ | D¢ (x ) da
Z:: B(0,r)\B(0,r—t) |o¢§:]
2 m 2m—j)
c m) c h
< (2) 0229“ el <0 (2) A (3) T el

j=0

and K' = C (Z—f)zA > ito(ho /4)2(m=7) The second inequality follows from the product rule,
and C' is a constant depending only on m, d and o. The third inequality is Lemma [2.2] again,
and the final inequality is the zeros lemma for annuli, Corollary [A.16] O

At this point, we can follow the example of |16, Section 4]

Theorem 5.3. Suppose that M is a compact d-dimensional Riemannian manifold satisfying
Assumption [{1 Suppose further that m > d/2 and that ky, satisfies Definition [3.2 and that
Ly, annihilates the space 11 7. There exist positive constants hg, v and C, depending only on
m, M and the operator L, so that if the set of centers = is quasiuniform with mesh ratio p
and has density h < Hy then the Lagrange functions for interpolation by k,, satisfy

Ixe(x)| < Cpm™=2 exp <—% min(d(m,g),rM)) . (5.3)

Furthermore, for any 0 < € < 1, there is a constant C depending only on m,M, p and €, so
that the Lagrange functions satisfy

\mu»—&@wsc(“%”)5 (5.4)

q
Proof. Set t = 4h/hy =: «vh, and note that for ¢t < r < rp;, Lemma [51] implies that
2 2
IXe W be,rye) < €llXellivg e r—ee):

with e = (K — 1)/K. Letting n := |r/t], we have

2 2
IXell W ey < G"HXSHWW(M)
loge - h
< e lellos 74/t||><£||wz y<eter/ IxellFgm oy
< Ce—ur/hq2m d

with v := —~vloge. Since € = KLH < 1, it follows that v > 0. The final inequality follows

from (B.1).
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The bound (5.3) follows from the observation that y¢(z) can be estimated using The-
orem [A1Tl The intersection b(z,t) N b(&,dist(z,£))¢ is contained the ball b(z, R), since
t < R < %rM. Because geodesic spheres are smooth hypersurfaces whose intersection is
nontangential, The intersection b(z,t) N b(,dist(x,£))¢ is a Lipschitz domain contained in
b(z, R). Moreover, h < vt. Thus, Theorem [AT1] applies, giving us

m—d/2 m—d/2
Ixe(2)] < CRM= IXe Wy b (e,0)nbe dist (z.6))e) < Ch / HX&HW?(b(&d(N))C)
for h < ~t. Similarly, the estimate in (5.4]) follows from Corollary [A.T5] O

5.2 General Case

In this case, the native space seminorm (B.1]) and the quadratic form induced by the operator,
differ by some low order terms:

2
Il = (Lo w) oay — Y Q) o)) P = [ulf, 0 — D QO (us 7).

JjeT JjeET

Because of the orthonormality of ¢;, we have |{u, ¢;)|? < ||u||%2(M). Setting

Cqo=>_1Q\) (5.5)

JjeJ

(this is the ¢1(R7) norm of the spectrum of the operator £,, restricted to II.7) we note that,
by Corollary [A.13], if u vanishes on a sufficiently dense set, then the lower order terms are
controlled

D 1RO u, 9 * < Coh®™|ullfyg -
jeT

Indeed it follows that % HUH%VQW < ”]u”]zm 7 when h is chosen small enough that Coh®™ < .

This allows us to provide a basic estimate for the Lagrange function, similar to (B.1)). In
this case

am m m
gl!xd\%@n(m < lxelz, 7 < Mol 5 < @+ Coh®™)llgelwyran < Cag™".  (5.6)

Lemma 5.4. Suppose M is a d-dimensional compact Riemmanian manifold satisfying As-
sumption [{.1. Suppose further that m > d/2 and that ky, satisfies Definition [32.  Then
there is a constant K > 0, depending only on m and M so that the following holds. If = is
sufficiently dense, meaning that

o — 1 2m [ — — am
h< Hyp: m1n<H0, ‘/SC’Q> m1n<h0,,/2A_ MSC’Q

and if a = b(p,r) \ b(p,r —t) is an annulus of outer radius r < ryp, satisfying, in addition,
2
Ixellwg bpryey = Coh™™ Ixellwg oy
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(for a constant Cy depending only on m, M, ky,, and J which we define in the proof) and
sufficient width t, so that h < ~t, then the Lagrange functions for interpolation by k., with
auziliary space 1l 7 satisfy

e lFgm bor—oye) < KXl o o) \bpar—))-

‘/Xg <>2>

for a cut-off ¢¢ equaling 1 in the ball b = b(p,r — t) and vanishing outside of the ball
b(p,r) = bUa. Using the sum of squares factorization |A|* — |B|* = R[(A — B)(A+ B)], we
may write

Proof. Since x¢ minimizes the native space seminorm, we have

Ixelt e < [Gexeli, m— D QM <‘/ de(x)xe(x)p; (z)dp(z

‘/qﬁg z)xe(2) @ (x)dp(z ‘/X& z)pj(z du()
-w[([ (¢5<x>—1)xs<x>goj<x>du<x>> < ([ (06) + Dxeolestoruts) )|
=2 |([(@eonein @) - [ el

< ([ (o) + Drees@nta) ).

The second factor can be bounded by using Corollary [A.13] along with the cutoff function ¢
being bounded by 1 and ||¢j||2 = 1:

‘/M(qﬁﬁ(x) + 1) xe (@) (z)dp(x)

< 2|xell Loy < 2M" e lwyr oy

To bound the first factor, start by using Corollary [A.16] and Lemma [5.2] to obtain

(/ !¢g><5\2du(w)>l/2

AR [ Gexellwge @) < AK'R™ Ixellwgn a)-

IN

/a (¢ () xe(2)ps () dp()

IN

Next, from Corollary [A-T7] we have that

L 1/2
[ e < ([ ePaut)) < Al

So the first factor is bounded by

AK'R™ ([ xellwgr @) + AR Ixellwgn ey < MK+ DR™ || xelwgn ooy,
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and the product itself is bounded by
C/h2mHX€HW2’”(bC)||X§||W2’”(M)7 where C' = 2A*(K' +1).

‘/Qﬁg ) xe (@) pj(x)dp(z ‘/xg dp(z)

<C CQh2mHX£HW2m(M)HX&HW;L(M)-

Putting these bounds together gives us

>R

2

Thus for h sufficiently small, say for C'Cgh®™|| xellwpoan < % lIXellwgn ve), which follows
by taking
8C'C,
Cy = 762,
am
we have

'/xg z)p; (@ du()

am
T”XﬁH%Vg"(bc) < xelt, wpo0) (5.8)
and by subtracting right and left sides of (5.7]) from the left and right sides of (5.8]) the lemma

follows since then
2
' | et @duta) )

< [<Z5§X5]km,bc = [¢5X§]km,a < aK/”X§”%V2m(a)
where the last inequality follows from (Z3]). The result follows with K = 8aK'/a,,. O

am
< ey 67)

>R ’“/¢5 z)xe(x)p; (z)dp(x

We note from ([@4]) that

a
~ el o
(

< [Xelkpm 00 — 'ZQ </ Pe (@) xe(z

We are now ready for the full result.

Theorem 5.5. Suppose that M is a compact d-dimensional Riemannian manifold satisfying
Assumption [{.1. Suppose further that m > d/2 and that ky, satisfies Definition [3.2. There
exist positive constants hg, v and C, depending only on m, M and the operator L,, so that
if the set of centers 2 is quasiuniform with mesh ratio p and has density h < Hp then the
Lagrange functions for interpolation by k,, with auxiliary space Il 7 satisfy

Ixe(z)] < Cp™ % max (exp (—% min(d(m,{),rM)) ,h2m> . (5.9)

Furthermore, for any 0 < e <1 for which m > d/2, there is a constant C' depending only on
m, M, p and €, so that the Lagrange functions satisfy

xe(®) — xe(w)] < C (@) (5.10)
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Proof. Let ro be the smallest radius r so that [ Xellwp mp.re) < C’oh2m||xg||w2m(M). Since
7 = [ Xellwg (b(p,r)e) is decreasing, ro < diam(M). Assume without loss that ro < 1y, since
otherwise the proof proceeds exactly as in Theorem (.31

Set t = h/v, and note that for ¢ < r < rg, Lemma [5.4] implies that

2 2
Ixe e io(e,rye) < €llxellivg mwee.r—ee)

with e = (K —1)/K.
As in the proof of Theorem [5.3]

— _ h _ L 4
e R ey < €1 lxe g ey < Ce /g

Where we have set v := —~vloge. Since ¢ = KLH < 1, it follows that v > 0. The last
inequality follows from (E.6]). On the other hand, for r > ro, we have that ||x¢[lwg (b(p,r)e) <

C'0}12"1||X§||V[/2’ﬂ(1\/11) < CCog®h?™, by (5.6). Therefore,

Ixellwg: ) < Ca® ™ max(h*™, e="/")

Again, estimate (5.9)) follows from the observation that x¢(z) can be estimated by way of
the zeros lemma:

m—d/2 m—d/2
Ixe(@)] < CR™ 2| Xellwp (b(e.nbe dist (@,))e) < Ch™ Y ||X§||W;1(b(£,d(x7§))0),

for h < ~t.
Similarly, estimate (5.10) follows from Corollary [A.T5] O

5.3 Implications for Interpolation and Approximation

At this point, we are able to state three important corollaries to Theorem that satisfac-
torily answer the questions concerning bases and approximation properties of Vx discussed
in Section [Il These results were previously obtained in [16] [15] for a class of Sobolev kernels.
Here, we get them for a much broader, computationally implementable class of kernels. Our
first result is that the Lebesgue constant for interpolation is uniformly bounded.

Theorem 5.6 (Lebesgue Constant). Let M be a compact Riemannian manifold of dimension
d satisfying Assumption [{.1l Suppose further that m > d/2 and that k,, satisfies Definition
32 For a quasi-uniform set = C M, with mesh ratio h/q < p, if h < Hy, then the Lebesgue
constant, L = supaen Y ¢ez [Xe(a)|, associated with ky, and J is bounded by a constant
depending only on m, p and M.

Proof. Fix z. Using Theorem [£.5] we estimate the sum as

Z ‘Xﬁ(x)‘ S Z Cpm_d/2 exp <_len(dlst(x7 g)a TM)> + Z Cpm—d/2h2m — I 4 II

£eE £eE h £eE
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The first sum can be treated exactly as in [16, Theorem 4.6], and is bounded independently
of h. The second sum, II, can be estimated using the fact that #Z < Cq~?, with a constant
C = u(M)/a(M), where a(M) := inf ep infoey<ry, 7~ 4p(b(x, 7). Thus

II< Cpm—d/2q—dh2m < Ch2m—dpm+d/2
which is bounded since 2m > d (indeed it vanishes as h — 0). O

The next consequence is the L, stability of the Lagrange basis. To this end, we define

Sk, T, E) =8> Ackm (&) +p|pelly and Y Aeq(§) =0 for all ¢ € Tz
==

and use this notation in lieu of Vx used in the introduction.

Theorem 5.7 (Stability of Lagrange Basis). Under the assumptions of Theorem [5.0, there
exist constants 0 < ¢; < ¢, depending only on k,,, J, M and p so that

allAp,lle,E) < lIslle,on < c2llAp-lle,@)-
holds for all s =3 ¢z Aexe € S(km. T, E), with normalized coefficients Ay, ¢ := q/P Ag.

Proof. When L,, annihilates II 7, this is a direct consequence of the pointwise estimates
obtained in Theorem [5.3] We observe that the following three conditions hold:

1. The basis (Xﬁ)gea is a Lagrange basis.
2. The basis has decay |x¢(z)| < Cp™ 92 exp (=% min(d(z,§),m)).
3. The basis has the equicontinuity condition |x¢(z) — xe(y)| < Ca [%] "

Thus the result [I5] Theorem 3.10] applies.

In the general case, the result still holds, despite the fact that item 2 may fail. L.e., the
Lagrange functions may decay more slowly than the basis functions considered in [15], and a
minor modification is required to apply of [I5] Theorem 3.10].

The upper bound ||s|[z, ) < c2l|Ap. |l¢, (=) follows directly from the estimate (5.9). Indeed,
the case p = 00, is none other than the Lebesgue constant estimate Theorem [5.6, while the
p = 1 case follows by the uniform bound on

Ixellr < Cpmi/? (Chd + vol(M) <h2m 4 e—VrM/h>> < Cpmtd/240,

The case 1 < p < oo follows by interpolation.
To handle the lower bound, we utilize functions ¢¢, defined in a similar way as in (5.2),
satisfying ¢¢ o Exp, = o, with

1 |z] < 7o
vla| 1 2| < ro

o@) = { e p<lel<ng o o@={ . (5.11)
o — VM h==me™"h 1o < |z|

h=*™e™"n |z| > 1M
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and with threshold value rg := —27mh10g h (the second definition is chosen if ry; < 79). It
follows that

Xe = Xe®e + Xe(1 — ¢¢) = ge + b,

and g satisfies items 1-3 above (in particular, item 3 follows since ¢¢ is bounded and Lip(1),
with Lipschitz constant v/h) and [I5, Theorem 3.10] applies. In particular, there is ¢; > 0 so

that || > cez Aegellp > cillAp,-lle,=)-
On the other hand, |b¢(2)] < h®™, implies that || >eez Aebellp < Cp?l|Ap,.||e,zh* ™~ since

/M | Ache(@)lde < Al MR and  max| 3 Acbe(a)] < Cp Al iz b
Ee= ==

Thus, for s = deg Aexe,

1/p
_ C1
Il = 13" Acxells > | 271D Acgelly =1 Acbells | = (5 = o)) 14yl o)

§eE ¢eE ¢eE

where we have used the inequality |} .z Aegel? < op—1 <| docez AeXelP + 1 — Xz A§b§|p>.
]

Our final consequence treats the L, stability of the Ly projector. This was a primary
goal of [I5], and, in light of Theorem .5 we can produce a similar result here, with a minor
modification to handle the slower decay of the Lagrange functions.

Let V : C= — S(km,J,Z) be a basis “synthesis operator” V : (A¢)eez — > eez Acve,
for a basis (v¢)eez of S(km,J,E). Likewise, let V* : L;(M) — C= be its formal adjoint
Ve fe ((f, v§>)5€E. The Lo projector is then T = V(V*V)7'V* : Li(M) — S(ky, J,Z),
in the sense that when f € Ly(M), T=f is the best Ly approximant to f from S(k,, J,E).

The Ly norm of this projector is 1 (it being an orthogonal projector), while the L, and
L;, norms are equal, because it is self-adjoint. Thus, to estimate its L, operator norm (1 <
p < 00), it suffices to estimate its Lo, norm.

Theorem 5.8. Under the assumptions of Theorem [5.8, for all 1 < p < oo, the L, operator
norm of the Ly projector T= is bounded by a constant depending only on M, p k., and J.

Proof. When L,, annihilates IT 7, Theorem [5.3] and Theorem [5.7] satisfy the conditions of [15]
Theorem 5.1] (the Lagrange basis is stable and rapidly decaying), and the result follows.

In the general case, we cannot directly apply this theorem, because the basis does not decay
rapidly enough. We take as our basis v¢ = x¢ 2 := g 2)(5, the Ly normalized Lagrange basis.
It follows from Theorem B.7] that ||V ||, (=)= 1. o) < caq%? and IV Lo )= b0 () < coq??.
Thus, to estimate the Lo, operator norm of 7= (and thereby all other L, norms), it suffices
to estimate the £oo(Z) — £oo(Z) norm of the inverse Gram matrix (V*V)~1,

We make the split g¢ = x¢¢p¢ and bg = x¢(1 — ¢¢) with ¢¢ o Exp, = o defined as in (E.IT]).
And note that x¢ o = x¢20¢ + X§72(1 — gbg) =: g2+ be o,
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It follows that V*V = G + B, with va( = <g§,2agC,2>L2(M)-

The functions (g¢) are a Lagrange basis, in the sense that g¢(¢) = d¢ ¢ (although they span
a different space than S(ky,, J,=) and, as observed in the proof of Theorem 5.7, they are L,
stable. They also satisfy the decay conditions of [I5, Proposition 4.1], and by applying this
result we see that ||G!||o is bounded by a constant.

On the other hand, |Be | < [(ge,2,b¢,2)| + [(be .2, 9¢ 2)] + [(be 2, b¢,2)| < Ch*™, and || Bllos <
maxg ). [Be¢| < Cph®m=4  The theorem follows by noting that (V*V) = G(Id + G~'B),
and, hence, ||(V*V) oo < |IG7 oo (14 0(h)).

O

5.4 Spheres and SO(3)

We now explore some further consequences of the results of the previous section. We will
shortly see that Theorems and B8 imply that Iz and Tz are near-best. In some important
cases, we can then use these projectors to observe precise rates of convergence for interpolation
and least squares minimization, better rates than were previously known.

For the kernels considered in section B.2] theoretical approximation results are known
in some special cases, including spheres and SO(3). The difficulty is that these results are
often not practical, because they are derived from approximation schemes that are difficult
to implement. The good news is that the stability of the schemes I= and Tz imply that these
operators, which are associated with practical schemes, inherit the same convergence rates.
Indeed, for a normed linear space Y and a bounded projector P : Y — Y, one has for f € Y,

If = Pfl= inf |If s+ Ps—Pf| < (1+|Pldist(f,ranP).  (5.12)

This fundamental observation is known as a Lebesgue inequality, and we employ it with
P =1Izand Y = C(M) as well as with P = T= and Y = L,(M). In recent years, a concerted
effort has been undertaken to understand the general L, convergence rates (i.e., the behavior
of dist(f,S(km,J,Z)), as = becomes dense in M) of certain well-known kernels in terms
of smoothness assumptions on the target function f and on the density of the point-set =,
measured by the fill distance h.

To measure smoothness of the target function, we make use of the classical (Sobolev,
Besov) smoothness spaces introduced in Definition 2.1l and Definition 2.3] with the exception
that for approximation in L., we make the (usual) replacement of C?™ for W2™ (but using
the same norm). As a shorthand, we capture the smoothness spaces we use by means of a
common notation, Wy (M). For m > d/2 denote the space W, (M) by

o Wi(M) = C*™(M), when p = 0o and s = 2m
o Wi(M) = W>™(M) when 1 < p < co and s = 2m

4This stands in contrast to the more classical, mainstream theory of kernel approximation, where approx-
imation properties are investigated and understood only for functions coming from the reproducing kernel
(semi-)Hilbert space associated with a conditionally positive definite kernel. Obtaining an understanding out-
side of this context has generally required indirect, theoretical approximation schemes, and it has not been
obvious, until now, that such results would have practical consequences.
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e Wy(M) = By ,(M) when 1 <p <ooand 0 < s <2m.

Corollary 5.9. For M = S%, and m > d/2 the surface splines introduced in Ezample 3:
km(z,y) = ¢s(x-,y) satisfy the following. There is a constant C so that, for a sufficiently
dense set 2 C S%, and for f € wy .

1. For f e W5, [lI=f — fIl < CR°[| flws,
2. For 1 <p< oo and for f € Wy, |T=f — fllp < P°||fllws, -

Proof. As with the Sobolev kernels, ¢ is of the form Gz + 1 * G as considered in [22], the
result follows direct from [22, Theorem 6.8]. Alternatively, it follows from [14, Theorem 6.1],
which treats kernels on the sphere of the type in Definition The Besov space result follows
from [22], Corollary 6.13] or [14, Corollary 6.2]. O

Corollary 5.10. For M = SO(3), and m > 2 The surface splines, ky,, introduced in Example
4 satisfy the following. There is a constant C so that, for a sufficiently dense set = C SO(3),
and for f €W, .

1. For f e Wi, [lI=f — fIl < CR°||fllws,
2. For 1 <p< oo and for f € Wy, |T=f — fllp < P°||fllws, -

Proof. This follows from [17, Theorem 9] for the case of full smoothness and from [17, Theorem
12] when 0 < s < 2m. U

A A Zeros Lemma for Lipschitz Domains on Manifolds

Results concerning Sobolev bounds on functions with many zeros are known for Lipschitz
domains in R? [25, 26]. Our aim is to extend these results to certain Lipschitz domains on
manifolds. Before we do that, however, we will need to improve the R? results in [25, 26].

A.1 Lipschitz domains in R?

Consider a domain Q C R? that is bounded, has a Lipschitz boundary, and satisfies an interior
cone condition, where the cone Cq has a maximum radius Ry and apertureﬁ 2¢p. Of course,
the cone condition will be obeyed if we use any radius 0 < R < Ry. The theorem that we will
give below requires covering ) with certain star-shaped domains.

We will say that a domain D is star shaped with respect to a ball B(x.,r) := {x €
RY: |z — x| < 7} if, for every @ € D, the closed convex hull of {z} U B is contained in D [4}
Chapter 4]. For D bounded, there is a measure of how close to spherical D is; namely, the
chunkiness parameter ~ [4, Definition 4.2.16]. This is defined as the ratio of dp to the radius
of the largest ball relative to which D is star shaped. When D is a sphere, v = 2. If there is a
ball B(z., R) 2 D, then r < dp < 2R and v < %. Finally, such domains satisfy an interior
cone condition and certain Sobolev bounds, which are stated in the next two propositions.

5 Aperture here is the angle across the cone, 2y in this case. In optics, aperture would be .
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Proposition A.1 ([25, Proposition 2.1]). If D is bounded, star shaped with respect to B(z, 1)
and contained in B(xz., R), then every x € D is the vertex of a cone Cp C D having radius r
and aperture 6 := 2 arcsin (ﬁ)

This proposition also implies that the chunkiness parameter for D is bounded in terms of
the aperture:

Y < ? — esc(0/2).

Proposition A.2 ([I6, Proposition 3.5]). Let D C R? be as above, m € N and p € R,
1<p<oo. Assume m > d/p when p > 1, and m > d, for p=1. Ifue WS (D) satisfies

u|lx =0, where X ={x1,...,ony} CD and if h = hX<16 22,then
|U|W§(D) < Cm,d,p7d+2kdg_k|u|wl§”(®) (A1)
[ull 1oy () < Comapy?dp p\ulwm(p) (A2)

Our next task is to obtain Sobolev bounds for the domain  C R? that are similar those
in (A). The idea is to cover Q with star-shaped domains. To do that, we will use a
construction due to Duchon [§]. With Ry, 2¢ being the radius and aperture for the cone Cg,
and 0 < R < Ry, let

r:=2RF(yp), where F(p) := 4(1%(1(’;)(90))’ and T, := {t € %Zd: B(t,r) C Q} (A.3)

For t € T,, let D, be the set of all x € Q such that the closed convex hull of {z} U B(t,r)
is contained in Q N B(t, R). From [25] Lemma 2.11], we have that each D; is star shaped
with respect to the ball B(t,r), and satisfies B(t,r) C Dy C QN B(t, R), dp, < 2R. Because
2R/r = 1/F(y), the aperture for Cp, is

0 = 2arcsin(1/F(p)),

and the chunkiness parameter +; for D; is uniformly bounded:

2R 1
2< < — = A4
o) .

We also have that Q = J;cq, Dy, that #7T,. < Cyvol(Q)(F(p)R )~%, and that vol(D;) < CyR%.

The integer-valued simple function ) 3, X, r) (%) is the number of B(t, R)’s that contain
x. This is easily bounded above by Mg, maximum number of such balls intersecting a fixed
one, say B(0,R). A little geometry shows that

M(d,p) < (2R/r +1)? < 27/(F(p)?

Note that the existence of My, implies that for any function f in L;(€) we have

Z/ e |d:c—/§jm )f@dz < Ma, [ [@)lde < (20/(F /|f )lda.
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Lemma A.3. Suppose that h = hxq satisfies h < L5 F(¢)?, then (A1) and (A2) hold
uniformly in t for Dy, provided v and dp, are replaced by 1/F(¢) and 2R, respectively.

Proof. The mesh norm for 2 satisfies

h <m™2(2RF(p)) x (F(¢)/16) <,
————
since F'(p) < 1. It follows that B(x.,r) N X # (), and so D; N X contains at least one point of
X. From this we have that Ap,nx < h. The lemma then follows from the bound on h being
less than the one required in Proposition O

We wish to prove the following result, which differs from an earlier result in [25, Theo-
rem 2.12] in that it applies to cases in which the index & < m —1, as opposed to k < m —n/p.

Theorem A.4 (Euclidean Case). Suppose that Q) is a Lipschitz domain obeying a cone
condition, where the cone Cq has radius Rg and aperture 2p. Let k, m, and p be as in
Proposition [A.2, and and let X C  be a discrete set with mesh norm h satisfying

Ry

h< =5 F (). (A.6)

If u € Wi () satisfies u|x =0, then

od/p (4m)2m—2k0m
’u‘er“(Q) = F(p)2mtd+d/p

7d7 m—
PR fulyr ) (A7)

and N
(4m) " pOm7d7 m—d
[ull () < F(p)2m+d—2d/p °h /p’U\W;n(Q)- (A.8)

Proof. Given h, choose R = 8m?h/F(p)? < Rg. Applying Lemma [A-3 and Proposition
to the domain D; then results in the bound

4 2m—2k
uly oy < Lo
p F((p)d-i-Qm

4P hm_k\U’W;L(Dt)

We will follow the proof in |25 Theorem 2.12]. Summing over ¢ on both sides of the previous
inequality, using Q = UyD; and applying (A.5), we have that

<

o (4k7)2m_2k0m,d,phm_k
[l o) <

p
e LRI

from which (A.7) is immediate. The bound on [Ju||;_ (o) follows similarly. O
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A.2 Lipschitz domains in M

A domain ) on a smooth, compact Riemannian manifold M satisfies an interior cone condition
if there is a cone C' C R™ with center 0, aperture 2¢, and radius R such that, with some
orientation of C, Exp, : C — C, C Q. That is, the image of the fixed cone C' is a geodesic
cone (), contained in . In addition, € satisfies the uniform cone condition if, for every
po € 99 and some orientation of C, Exp,(C\ {0}) C Q for all p € b(pg,r) N Q. Finally, Q is
said to be locally strongly Lipschitz [23) [19] if for every pg € OS2 there is a local chart (U, 1),
Y U — R with 9(pg) = 0, a Lipschitz function A : R*~! — R, with A(0) = 0, and an ¢ > 0
such that
YUNQ) ={@ MNa')+1):0<t<ea eR"L || < e}

Our approach to a manifold analogue of Theorem [A.4] is to employ a set of points for M
that are similar to those described in ([A.3]). The set that we need is described and studied
in [I3, §3]. Let € > 0. There exists an ordered set of points {p1,...,pn} C M such that
the U;yzlb(pj,z—:) = M and such that the balls b(p;,e/2) are disjoint. Such a set is called a
minimal e-net in ME It has the following two important properties: First, there is a number
N; = Ni(g,M) for which N < Nj. Second, there exists an integer Ny = No(M) > 1 such that
for any p € M the ball b(p, ) intersects at most Na of the balls b(p;, ). It is remarkable that
N is independent of € and, in fact, depends only on general properties of M itself. We will
need a slightly stronger version of this result.

Lemma A.5. Let {p1,...,pn} be a minimal e-set, p € M, and let 1 < «. Suppose € < dy/«,
where dyy is the diameter of M. Then the cardinality s := #{p;: b(p, ae) N b(pj,e) # 0} <

3(d—1)

(4a + 1)de Vinl

M
Proof. The argument used in [I3, Lemma 3.3] gives, mutatis mutandis,
1
2O Ginhd Y (/R
S sinhd =1 (/[ [t)dt

cH(ove,k) = H(o,e/+/|5],1)

s <

where (d—1)k is a lower bound on the Ricci curvature of M. Making use of 1 < sinh(x)/x < €7,
we see that

xT xT
d 'zt < / 1 1de < / sinh? 1 (¢)dt < d~ 'zl
0 0
and consequently that

3(d—1) dys

H(aye,k) < (4o + 1)de(d_1)(2a+%)€/m < (4o +1)%e VIF

9

which completes the proof. [l

5An e-net is a set of points X = {p1,...,pn} for which Ub(p;,€) covers M — in other words, for which
h(X,M) < e. Likewise, a minimal e-net is quasiuniform, with separation distance ¢ > ¢/2 and mesh ratio
h/q <2.
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Lemma A.6. Let R <ry/3, ¢ € (0,7/2] and € = ;dfssim. If {p1,...,pN} is an e-set and
if Cp is a geodesic cone with center p, radius R, and angle ¢, then for some j we have that

b(pj,E) C Cp.

Proof. We will work in normal coordinates on 7, M, where the cone C' has vertex at the origin
and e, = (0,...,1) is chosen to be along the axis of C. The largest Euclidean ball in C' has
radius p = Rsin(y)/(1+sin(y)) and center x. = (R — p)e,,. It follows that any ball having its
center a Euclidean distance p/2 from z. and having its radius less than p/2 is also contained
in C. Let p. = Exp(z.). Since the balls b(p;,¢), j =1,..., N, cover M, we can find p; such
that p. € b(pj,€).

Let x; = Expljl(pj). Equation (23] implies that |z, — ;| < dist(pe, p;)/I'1 < e/T'1 = p/2.
Now consider the ball b(p;,I'1p/2). Let ¢ € b(p;,I'1p/2) and let = = Expljl(q). Applying
equation (2.3) then yields that |z —x;| < dist(p, ¢)/T'1 < p/2, and consequently that b(p;,r) C

Cp, with v < p/2 = 5 EEmEL }

Our goal is now to cover ) with domains analogous to those used in the previous section.
To that end, let R < Rq, fix
~ TIiRsin(p)
ri= m =2F(¢)R (A.9)
and find a minimal e-net (with € = r) {p1,...,pn} and set T, := {p;: b(p;,r) C Q}. Because
Q obeys a uniform cone condition, with radius R and angle ¢, Lemma [A.6] implies that T
is nonempty.

Next, for each p; € T,, let D; be the set of all p € 2N b(pj, R) such that the geodesic
convex hull of {p} Ub(p;,r) — i.e., the set comprising all points on every geodesic connecting
p to a point in b(pj,r) — is contained in @ Nb(p;, R). Again by Lemma [A.6] for every p € Q
there is a p; € T, such that the geodesic cone C) contains b(p;,r). Since this cone also
contains the geodesic convex hull of {p} Ub(p;,r), it follows that p € D; and, hence, that
Q= UijTrDj-

We claim that the domain D; := Exp;;j1 (Dj) is star shaped with respect to the Euclidean
ball b(EXp;jl (pj),r/T2). To show this, we will need the following lemma.

Lemma A.7. Let p € M, u,v € T,M satisfy |u|, = |v|, = 1, o := arccos((u,v)) € (0,7].
If pp = Exp,(pu), so that p = dist(p,p,) < rm/3, then the geodesic distance r from p, to the
ray along v satisfies

Iy psin(min(a, 7/2)) < r < Typsin(min(a, 7/2)).

Proof. Consider the sector in span(u,v) formed by tu + sv, where s,¢t > 0. We will work
in normal coordinates based at p. The minimum geodesic distance r from p, to geodesic
Exp,(sv) occurs at a point Exp,(tv). In addition, the minimum Euclidean distance 7’ from
pu = Exp,, 1 (pp) to the ray will occur at another point, ¢'v, where v is perpendicular to t'v—pu,
in the Buclidean sense. These facts imply that r = dist(p,,tv) < dist(p,, Exp,(t'v)) <
[s|pu—t'v]eue- Using a little trigonometry, together with v — pu and v being perpendicular,
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we see that |pu —t'v]euer = psin(a) when o < 7/2; and that [pu —t'v|euel = |pu|euc = p when
« > /2. In a similar way, we have r = dist(p, Exp,(tv)) > T'1|pu—tv]eya > I'1|pu—1'"V]eua =
I'1psin (min(a, / 2)) Combining the inequalities completes the proof. O

There is corollary to the lemma that will be useful for smooth surfaces, in particular balls and
annuli. We state and prove it now, although it will only become useful after the zeros result

Theorem [AT1]

Corollary A.8. Let g € 9Q and suppose there is a ball b(p, p), p < rm/3, such that b(p, p) C
Q and that d(q,p) = p. Then, the geodesic cone Cy, with vertex q, axis along the geodesic
joining q to p, radius T'1p/2 and angle ¢ = arcsin(ﬁ) satisfies Cq \ {q} C Q.

Proof. Let ¢’ be a point on the lateral side of the cone that is p away from p — denote it in

coordinates around ¢q by ¢ = sv. With this, we identify two triangles.

Y

q

Figure 1: In this figure, p is the center of the ball of radius p, ¢ is a point on the boundary,
¢ is a point simultaneously on the boundary of the ball and on the side of the cone and p’ is
the nearest point on the ray Exp,(tv) to q.

The first triangle has corners p = Equ(pu), q = Equ(sv) and a point on the ray Equ(tu)
with 0 < ¢ < p ( Lemma A.7 guarantees that the vertex at p is acute, since s < I'1p/2). Let
us denote the third corner of this triangle by p’ = Exp,(t'u) Note that p’ is a distance of ¢/
from ¢ and a distance of p — t' from p. The triangle inequality gives us that

p<dist(p),q)+ (p—t') — ' <dist(p),q).

The second triangle we consider has corners ¢, ¢’ and p’, and Lemma A.7 ensures that
dist(¢’,p') < T'yssina = s/2. So the triangle inequality here gives us that s < dist(p/, ¢’)+t' <
s/2+t —sos/2<t.

Combining estimates from both triangles, we see that s/2 < ¢’ < dist(p/, ¢') < s/2, so both
t" and dist(p’, ¢') are s/2.
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In other words, the curve from p to ¢’ has the same length as the curve from p to p’ to ¢'.
By [7, Corollary 3.9, p. 73], any piecewise differentiable curve joining two points — p to p’ to
¢ our case — with length less than or equal to any other such curve is a geodesic. Because this
occurs inside b(p, ), where geodesics do not cross, there can only be one geodesic joining p
and ¢’. Since p to p’ has to be on the geodesic joining p’ to ¢/, and since the length is p, ¢’
and ¢ coincide. O

Proposition A.9. The domain D; := Exp;j1 (Dj) is star shaped with respect to the Euclidean
ball B(Explgj1 (pj),T1r/T3). Also, the chunkiness parameter and diameter for D; satisfy

_ 23R <r2>2 4(1 4 sin(¢p)) 2

i =T T\ Tisin(p) | D2F(p)

and dp,; < 2R. (A.10)

Proof. We begin by fixing a point p € D;. The geodesic convex hull of {p} Ub(p;,r) contains
a largest cone with vertex p and central axis the geodesic ray connecting p to p;. On this
cone, whose (lateral) surface consists of geodesics emanating from p, there exists a geodesic
lying tangent to the sphere Ob(p;,r). In other words, we take the cone of largest aperture 2
for which all geodesics pass through b(p;,r).

Figure 2: The largest cone with vertex p and with central axis the geodesic that connects p

to p; for which no geodesic lies outside of the ball b(p;,r). The radius ' of the ball centered
Tirp

at p, lying tangent to the cone is greater than Tap;

From this two things follow. First, by Lemma [A7] the distance from p to p;, p; =
dist(p, p;), the angle a, and the radius r are related by r < I'yp; Sin(min(a,ﬂ/Z)). Second,
for p < p; and for a point p, lying a distance of p from p along the central axis, the distance
" of p, to the surface of the cone satisfies:

Tirp

r’ > I'1psin(min(a, 7/2)) > .
psin(min(a, 7/2)) > FL
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It follows the cone contains the ball b(p,, (I'ap;) ~'T'17p), which obviously is also contained in
the convex hull of {p} Ub(p;,r).

Shifting to normal coordinates centered at p;, rather than at p, we see that the geodesic ball
b(p,, (T2pj)~'T17p) contains the (image of the) Euclidean ball B(EXp;jl (pp), (T%p;)~Tyrp).
Indeed, if |y — Exp;;j1 (py)| < (T3p;)~1T17rp then

Tyrp
Lapj

dist(Exp,, (y), pp) < Taly — Exp,, ' (p,)] <

A straightforward argument using Euclidean geometry implies that the Euclidean convex hull
of {Exp;jl (p)} U B(0,T17/I'3) is contained in D;. Hence, in the Euclidean metric, D; is star
shaped with respect to the ball B(Exp;jl(pj),I‘lr/F%). Moreover, since D; C b(pj;, R), we
have that D; C B (Explgj1 (pj), R). Finally, from these facts it is easy to see that the bounds

in (A.10) hold.
U

Applying this together with Proposition [A.2]and Lemma[2.2], we have the following result.

Proposition A.10. Let D; be as above, m € N and p € R, 1 < p < oo. Assume m > d/p
when p > 1, and m > d, for p = 1. If u € WJ(D;) satisfies u|x = 0, where X is a finite

subset of Dj;, and if the geodesic meshnorm h = hx < anfé?%? R, then
lulw,) < ConespaB™ ™ F(0) ™ |[ullwin () (A.11)
[ull Lo (py) < Cm,k,p,MRm_d/pF(sﬁ)_dHUHW;L(D]»)- (A.12)

Proof. We first apply Proposition [A.2l with h the Euclidean meshnorm for Exp;j1 X, satisfying
> dp. 4 2
h<hTy <—2i_ < 20 RE(p)” Then, equations (A.I) and (A.2) hold for u o Exp, on

16m2'y%j = 16m?I';
Dj, with vp, and dp, replaced by the bounds in (A0). Applying Lemma 22 then gives the
bounds above. O

Theorem A.11 (Manifold Case). Suppose that Q@ C M is a bounded, Lipschitz domain
that satisfies a uniform cone condition, with the cone having radius Rq < ry/3 and angle ¢.
Let k, m, and p be as in Proposition[A.2, and let X C Q be a discrete set with mesh norm h
satisfying

F7?1?( )2 (A.13)
8m?2T'3 v )
where T'1,Ty and F(-) are defined in (2:3) and (A.3), respectively. If u € W' (Q) satisfies
u|x =0, then we have

h < hoRa, ho:=

”uHka(Q) < Cm,k,p,MF((P)_(1+1/p)d_2mhm_k HUHWP"L(Q) (A14)

and
[ull Lo (@) < Compah™ P F (@)~ P72 ]|y . (A.15)
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214
Proof. We are given h in (A13]) to begin with. Thus, we may choose R = Sm o hr (p)2 <

Rq, and also take the D;’s to be the domains corresponding to this R. It follows that the
conditions on A in Proposition [A.10] hold; consequently,

lullwrp,) < Om7k,P,Mhm_kF((10)_d_2m||uHWgn(Dj)v (A.16)
lull Loy < Cm,p,Mhm_d/pF(ﬁﬁ)_d+2d/p_2mHUHW;L(D]»)- (A.17)

Because of the decomposition Q = Uy, .1, Dj, the bound in (A.I7) immediately implies (A.15]).
Moreover, this decomposition also gives us

Hu”l{)/vés(g < Z ”uuwk(p ( mk,p,Mhm_kF((p)_d_2m)p(Z HUHI‘?VF@(D]))
J

From Definition 1] we see that

Z ”uHWm(D Z/ ZX’DJ )|V* f‘ ) < sup Z:XDJ Hu”p Q)

The sum Zj XD, (p) is precisely the number of D;’s that contain p. Since D; C b(pj, R), p;
is itself also in b(p, R). Consequently, the number of D;’s containing p is bounded above by
the number of balls b(p;,r), where r = 2RF(p) ~ h/F(p), that contain p, and, ultimately
by the maximum number of b(p;,7)’s that can intersect each b(p, R). By Lemmal[A.5 this is

3(d—1)

d
(4a+1)de VIR " where a = R/r = $F(p)~1. Putting together the two previous inequalities
then yields

S(d 1)

lullfy s 0y < (Comkprah™ *F () 472m)P 224 () ~e VT ufy,

Taking the p*" root, lumping constants, and manipulating the result, we obtain AId). 0O

We remark that the various constants appearing in Theorem [A11l including hg, only
depend on ¢, and only the right side of (A.13]) depends on the radius Rg, and that dependence
is linear. Thus, the dependence on 2 is completely explicit.

At this point we can extend the Duchon type error estimates for approximation by con-
ditionally positive definite kernels. To our knowledge, this is the first result of this kind on
bounded regions in compact Riemannian manifolds.

To this end, suppose K : Q x  — R is positive definite (i.e. the matrix (K(ﬁ, C))E,C
is positive definite for each = — see Definition B.I]) and consider that the “native space”
Nk, the reproducing kernel Hilbert space constructed by taking the space of arbitrary linear
combinations of K(-,§), completed under the inner product (f,g) — > ¢ - AcBcK (€, () for
f=2AcK(-,§) and g =) B:K(-,¢). In this case, it is well known that the kernel interpolant
Iz f is the optimal interpolant in the sense of Ni. Namely, |Izf||an < ||s|lav for all s € N
with S|E = f|5
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Corollary A.12. Let m > d/2, and let K be a positive definite kernel on M for which Nk is
continuously embedded in W3*(M). Let Q@ C M satisfy a uniform cone condition with radius
Rq < rym/3 and angle p. For = C Q having meshnorm h < hoRq and for f € Nk,

If = I=fll o) < CxF @)™ 2| fll e on)-

We note that this result holds for a much larger class of kernels than considered in the
previous sections (i.e., defined by Definition B.2]). In particular, there are numerous examples
of compactly supported kernels on R% and S? having native spaces that are Sobolev spaces, but
which do not invert an elliptic differential operator. However, his type of error estimate should
be compared to those in Corollary and Corollary [5.10] - observe that the condition on the
target function is quite restrictive (it needs to be in Nk and there is a basic disagreement
between the approximation order m — d/2 and the smoothness assumption).

Proof. Apply Theorem [AT1]to u = f — Iz, we see that

2

17 = I Ay < (Cmaah™ ¥PF ()" ) 1S = I g
2

< (Consah™ P E@) ") Nf = I=f Pgan

2
O (Cuuaah™ P F ()" )" |1F = I=f s
< CrFe) "W £ R

IN

The next to last inequality is the embedding N C W3"(M), while the last inequality is the
Pythagorean theorem for orthogonal projectors ||f — Igf|]j2\/K + HIEfHJQ\/K = HfH/zfo O

There are several domains that are important for us, and that we will discuss below.
We begin with the manifold itself. In that case, we may take Rg = ry/3. The angle ¢
may be set equal to 7/2, because every such cone is contained in M. This means that
F(p)=F(m/2) =1/8.

Corollary A.13 (Full Manifold). Suppose that M is compact. Let k, m, and p be as in
2

Theorem [A.11l. Then, with hqg = %, there is a constant Cy, i am such that if X C M has
1
mesh norm h < horyp/3 and if u € W' (M) satisfies u|x = 0, then

[ullwrmg < Cm,k,thm_kHU”W;l(M)- (A.18)

The domains that we now turn to are balls, annuli, and complements of balls. In all of the
cases discussed below, the domains € satisfy the ball property described in Corollary [A.S at
each point ¢ € 0€). Consequently, we may take ¢ = arcsin(%), and so F(p) =1/(8T2 +4).
It thus follows that in all such cases

I

ho = .
7 128m2Ti(2r, + 1)

(A.19)
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and all of the factors in Theorem [A.11] depend only on parameters from the manifold itself,
as well as p, k,m, but not at all on the center and the radius of the ball/annulus/punctured
ball.

We now turn to balls. A ball of any size may be treated; however, if the the radius is larger
that ry; it may intersect itself, giving rise to corners with angles that have to be dealt with
on a case by case basis. This phenomenon is easy to see in the case of the torus embedded in
R3, where a sufficiently large ball begins to wrap back on itself. When the radius of the ball
is less than ryg, this wrapping doesn’t happen. With this assumption, we have the following
result:

Corollary A.14 (Zeros estimate on balls). Assume m > d/2. Suppose that r < ryp. If
u € W (M) vanishes on X C b(p,r), where h < hor/2, where hq is given by (A.19), we have
ullwr ) < Cm,k7P7Mhm_k’u‘W;,”(b(p,r))'

Proof. Obviously every point g € db(p,r) satisfies the conditions in Corollary [A.8 A direct
application of Theorem [A. 1] then completes the proof. O

Corollary A.15 (Holder estimate on balls). If m is greater than d/2 + €, and the
conditions of Corollary [A.T{hold (in particular, v is less than ry, and h < hor), and if
u € Wit (b(p,r)) satisfies u|x = 0, then for every z € b(p,r),

u(p) — u(z)] < Cr™ = 2dist(p, 2)°||ullwy b o)
where C' is a constant depending only on m, M and €.

Proof. This follows because the Sobolev embedding theorem, in conjunction with Lemma
ensures that w = w o Exp,, € C(B(0,ry)). Thus for 2 = Exp,(z) € b(p,rm),

lw(p) —w(z)]  |w(0) —w(x)] . i
dist(p,z)¢ z]¢ < |@leeBom)) < Cllwllw 0m)-

For a general r < 1y, set w(2£x) = @(z). Then

1/2
lu(p) — u(2)| IMNE e P\
S < () lhvpwony = () ¢ > (%) Fawon
The result follows by applying Lemma in conjunction with Corollary [A. 14l 0

A similar argument to the proof of Corollary [A.14] given above yields these results for annuli
and complements of balls. In the following two lemmas, we are concerned with the case p = 2.
Consequently, we suppress dependence on these parameters by expressing the constant from
the zeros lemma for such domains simply as A. In other words,

A= k:{)lién)f—l Crn k2 (82 + 4)(3/2)d+2m , (A.20)

which depends only on m and M.
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Corollary A.16 (Zeros lemma on annuli). Assume m > d/2, Let a=b(p,r)\b(p,r—1),
where 0 < t < r < 1y, and let hy be given by (A19). If v € W} (a) vanishes on X C a,
where h < homin(t/2,ry/3), we have

m—k
[ullyp@) < AR |ulwma)-

Proof. At each point ¢ of the boundary of a an open ball of radius ¢/2 can be placed inside a
with a boundary that passes through g. The result follows from Corollary [A.8 and Theorem

ATl O

Corollary A.17 (Zeros lemma on complements of balls). If r < ry/3 and if u €
W3 (M) vanishes on X with h = h(X,b(p,r)¢) < horm/3, then

m—k
Hu|’W2m7k(b(p,’r‘)C) S Ah ‘u’Wé'”(b(p,’r‘)c)’

Proof. By placing its center, ¢, a distance of r+2ry;/3 away from p, the ball b(g, 2ry;/3) can be
placed in b(p, 7). It follows that the set satisfies a cone condition with radius R = ry/3. O
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