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ANALYSIS OF THE DIFFUSE DOMAIN METHOD FOR SECOND
ORDER ELLIPTIC BOUNDARY VALUE PROBLEMS

MARTIN BURGER"*, OLE LOSETH ELVETUN*, AND MATTHIAS SCHLOTTBOM°

ABSTRACT. The diffuse domain method for partial differential equations on complicated ge-
ometries recently received strong attention in particular from practitioners, but many funda-
mental issues in the analysis are still widely open. In this paper we study the diffuse domain
method for approximating second order elliptic boundary value problems posed on bounded
domains, and show convergence and rates of the approximations generated by the diffuse
domain method to the solution of the original second order problem when complemented by
Robin, Dirichlet or Neumann conditions.

The main idea of the diffuse domain method is to relax these boundary conditions by
introducing a family of phase-field functions such that the variational integrals of the orig-
inal problem are replaced by a weighted average of integrals of perturbed domains. From
an functional analytic point of view, the phase-field functions naturally lead to weighted
Sobolev spaces for which we present trace and embedding results as well as various type of
Poincaré inequalities with constants independent of the domain perturbations. Our conver-
gence analysis is carried out in such spaces as well, but allows to draw conclusions also about
unweighted norms applied to restrictions on the original domain. Our convergence results
are supported by numerical examples.

Keywords: diffuse domain method, weighted Sobolev spaces, domain perturbations, elliptic boundary value
problems
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1. INTRODUCTION

This paper considers the approximation properties of the diffuse domain method (also called
diffuse interface method, cf. [24, B3]) when applied to linear second order elliptic equations
of the form

(1) —div(AVu) +cu=f in D

complemented by suitable boundary conditions on a sufficiently smooth domain D C R™. We
focus on Neumann, Robin and Dirichlet boundary conditions, i.e. either

(2) n-AVu+bu=g ondD or
(3) u=g¢ on JdD.
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For solving equations of the above type we will employ variational methods. Roughly speak-
ing, for instance f is reformulated as follows: Find u such that for all suitable test
functions v

(4) /AVu-VU+cuvd:U+/ buvda:/fvdx—i-/ gvdo.
D oD D oD

In many applications the domain D, the boundary 0D (or equally well some interface inside
the domain) is not known exactly or its geometry is complicated making a proper approxima-
tion of the integrals difficult or expensive [2, 13, 16 29] 32, B5]. In addition to the methods
used in the aforementioned references, let us point to further literature dealing with methods
to handle these type of difficulties; for instance the immersed boundary method [31], the
immersed interface method [23], the fictitious domain method [I5], the unfitted finite element
method [5], the finite cell method [30)], unfitted discontinuous Galerkin methods [6], compos-
ite finite elements [19] 25]; let us also refer to these papers for further links to literature and
applications. In this work we will focus on the diffuse domain method, see for instance [24].

The diffuse domain method relies on the fact that the domain D can be described by its
oriented distance function dp(z) = dist(z, D) —dist(xz,R™\ D), x € R™. As one can easily see,
we have D = {dp < 0}. In order to relax the sharp interface condition dp < 0, let us introduce
¢° = S(—dp/e) for e > 0 small and S being a sigmoidal function, i.e. non-decreasing with
S(t) = t/|t| for [t| > 1. As e tends to zero, S(-/&) converges to the sign function, and hence
the phase-field function w® = (1 + ¢¢)/2 formally converges to the indicator function xp of
D. The key idea to approximate the integrals in is a weighted averaging of the integrals
over {dp < t} instead of integrating over the original domain {dp < 0} only (and similar
for boundary integrals). Since iS’ (2) approximates a concentrated distribution at zero, we
expect

/h(m)dxz/ h(z) dz
D {dp<0}

1 ¢

:/ —S (—)/ h(z)dxdt

— 50 2¢e 9 {dp<0}
1 ¢
z/ S(—)/ h(z) da dt
— € {dp<t}

oo 2€
1
:1/ / h(x)dxds,
2 )1 Jipe>sy

where we have used the substitution s = S(—g) in the last step. Now the layer cake-
representation can further be used for given integrable h to rewrite

/_11 /{w%}h(f”) dxdt:/ﬂ/j(x) ds h(x) dw=/ﬂ(l+<pf(:c))h(x) dz.

By an analogous computation we obtain for the boundary integral

/8D h(z)do(z) ~ ;/_11 /8{(;»} h(z)do(r)ds,
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which can be simplified via the co-area formula to

/_11 /6{¢s>s} h(z)do(z) dt = /Q h(z)| Ve (2)] da.

Here, Q D D is a domain with “simple” geometry, i.e. a geometry which can be easily
approximated. Based on this motivation we shall define the following diffuse volume and
surface integrals

(5) /D h(z) do ~ /Q h(z)wf(z)ds  and /6 ha)do(o) = / h(2)|Ver (2)] da.

Q
Using this approximation in leads us to the following variational problem: Find u® such
that for all suitable test functions v

(6) / (AVu® - Vo + cu®v) w® dx—i—/ butv|Vw®|de = / fow® dx+/ gu|Vw®| dz.
Q Q Q Q

Under the usual assumptions on A, b and ¢, the bilinear form on the left-hand side of (@
is well-defined on the weighted Sobolev space W12(Q;w®), which is the closure of smooth
functions u : 2 — R with finite (semi-) norm

[l ey = | (V0P + ) o o

The main point of the present manuscript is to estimate the error between the solution
of and the solution u® of (@ Our key results are the following two theorems, the first
treating the low regularity case and the second giving optimal rates under full regularity:

Theorem 1.1. Let dD be of class CH! and let 0 < ¢ € L>®(Q), 0 < b € WH®(Q) and
A € L®(Q) such that k < A(x) < k! for all z € Q and some constant k > 0. Moreover,
assume that f € L*(Q;w®) and g € W12(Q;w). Furthermore, let u € WH2(D) be a solution
to and u¢ € WH2(Q;w®) be a solution to @ Then there exists p > 2 and a constant
C > 0 independent of € such that

1

1
Hu — UEHW1,2(Q;WE) < Ce2 »,

Theorem 1.2. In addition to the assumptions of Theorem let D be of class C*°, and

let f,g,A,b,c € C*®(Q). Then there exists a constant C independent of € such that
[ — |2y < Ce¥/2.
Let us mention that the case b = 0 is allowed here and corresponds to Neumann boundary
conditions. The index p in Theorem is related to LP regularity of Vu, see [18| 26] and
Section below. In order to prove the theorems, we need a few technical ingredients. As is
obvious from the above discussion, we have to deal with a family of weighted Sobolev spaces
parametrized by e. For certain choices of S, we observe that the weight w® is proportional
to a power of a distance function near 0D, see below. For this type of weights and
fixed e many results have been established in literature; see for instance [20} 21}, 27, 28] and
more generally [36]. Since we are dealing with a family of spaces corresponding to a family
of weights w®, we are particularly interested in the behavior of the weighted spaces when &
changes. We will present trace theorems, embedding theorems and Poincaré inequalities with
constants independent of €, which turn out to be indispensable tools for the analysis of @,
and which we think might be of interest in their own, see Section [4l In order to prove these
statements, we have to revise and adapt the classical proofs of [28] and combine them with
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arguments recently used in the context of shape optimization; see [3], [8, 1] for such arguments
applied to unweighted Sobolev spaces.

A further necessary ingredient to obtain the error estimates of Theorem and Theorem [I.2]
are rigorous error estimates for the approximations in terms of € and the regularity of the
integrands. A consequence of our results is that for h € LP(§;w®)

/ hdz — / hof dz = O(e'P),  ase —0,
D Q

see Theorem Assuming h and Vh in LP(Q;w®), we can exploit the special averaging
procedure in the derivation of the diffuse integrals in a crucial way to obtain the improved
estimate

/hd:r—/hwadx—O(az_l/p), as e — 0,
D Q

cf. Theorem Concerning Robin boundary values, let us mention recent formal result
obtained by asymptotic analysis stating an L?-convergence rate for the error u — u® of O(£?)
[22]. Using a problem adapted norm we also obtain a rate O(e?). For two-dimensional
problems and under reasonable assumptions on this problem adapted norm, which we however
cannot verify for our problem, we also arrive at a L2-convergence rate O(e?). The latter is
well confirmed by numerical results.

Concerning Dirichlet boundary values, the corresponding convergence rate only yields the
half order compared to the Robin boundary values. Hence in the setting of Theorem but
with instead of , we obtain

1 1
|u — u[[wr2(py = O(e* 2»), as e — 0,
and accordingly, in the setting of Theorem with in place of , we obtain
lu—u|lwr2py = O(e7),  ase— 0.

In the best case, using the problem adapted norm, we can show a rate O(¢). This complies with
recent results in literature, which were obtained for one-dimensional problems or numerically
[14, [34].

The outline of the manuscript is as follows. In Section [2| we discuss the geometry of D
and certain perturbations of it. Section [3| introduces weighted Lebesgue and Sobolev spaces
together with some basic properties. A more detailed study of weighted Sobolev spaces is
presented in Section Here we present a trace and an embedding theorem for weighted
Sobolev spaces and we show that the corresponding estimates are stable with respect to e.
Moreover, we prove Poincaré and Poincaré-Friedrichs inequalities for these spaces again with
constants independent of €. Approximation properties of the diffuse integrals are presented
in Section [5} The volume integrals are investigated in Section [5.1] and corresponding results
for the diffuse boundary integral are subsequently shown in Section Section [6] deals with
the approximation of elliptic equations by the diffuse domain method for Robin, Dirichlet and
Neumann type boundary values, and proofs of Theorem and Theorem are given. Our
results are supported by numerical results which are presented in Section [7l We conclude in
Section [8] and discuss briefly some open questions.
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2. SOME GEOMETRIC PRELIMINARIES

2.1. Domain. Throughout the manuscript we assume that D C R” is a domain with C1!
boundary. Associated to D we define its oriented distance function dp by

dp(z) = dist(z, D) — dist(z, R" \ D) for x € R".

Since dD is of class C1't we have that dp is C1! in a neighborhood of dD [I1]. For t € R let
us define the sublevel sets of dp as follows

Dy ={x e R": dp(z) <t}

We clearly have the inclusigls D, C Dy=D C Dy, for all t; < 0 < t. Moreover, we fix a
domain 2 C R” such that D C Q. In applications €2 is a domain with a “simple” geometry,
for instance a ball or a bounding box.

2.2. The tubular neighborhood T'.. Let us define the e-tubular neighborhood of 0D by
(7) I'.=D.\D_..

Due to C1! regularity of D, the projection of z € Ty onto 0D is unique for ¢ sufficiently
small, i.e., for each z € T'. there exists a unique € 9D such that z = = + dp(z)n(x) [11]
Chapter 7, Theorem 3.1, Theorem 8.4]. Here, n(x), z € 0D, denotes the outward unit normal
field which is related to the oriented distance function via the formula n(z) = Vdp(z). This
shows
F.={2€Q:3x€dD,|t| <e,z=z+tn(x)}.

In the whole manuscript we fix €g so small such that the just described projection I'so, — 0D
is single-valued. Thus, for each ¢ < g9, D. = I': U D, and for every = € I'., there holds
dist(z,0D) < ¢ and for every x € Q\ I';, there holds dist(z,0D) > . Moreover, for some
constant C' > 0 independent of

(8) el < CH"H(OD)e.

Here, |T'-| = £™(T.) is the n-dimensional Lebesgue-measure of I'c and H"~(dD) is the n — 1-
dimensional Hausdorff-measure of 0D.

2.3. Transformations of the geometry. Let ¢ € (—ep,c0). Let us first consider trans-
formations of boundaries 9D — 0D;. To do so, we introduce a family of transformations
®; : D — 0D, defined by ®(z) = x+tn(x). The Jacobian satisfies D®;(x) = [ +tD?dp(x),
with I being the identity matrix on R”*" and D?dp being the Hessian of dp, and thus,

9) |det D®4(z) — (1 + tAdp(x))| < C”D2dD”Loo(aD)t2 for [t| <e < ep.
Decreasing ¢ if necessary, there holds % < det DP;(x) < 2 and
(10) | det D®;(z) — det DP_y(x)| < C|t|||D*dp ||z (oD)-

Denoting by n; the unit outer normal vector field of 0Dy, we see that n.(®:(x)) = n(z) for
all z € 0D by the choice of the tubular neighborhood I';,. Thus, here and in the following,
we will just write n(z) for the unit outer normal at some x € 9D;. In particular, ®; can be
extended to the whole of I';,, and for this extension we have that

Dy (Ds()) = Py(x) + tn(Ps(x)) =2 + (s + t)n(x) = Psie(x), s,t € (—ep,0),
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particularly, ®;(®_;(z)) = z. For h € L}(T.), —e <a <b < ¢ and s € (a,b) we then have

b
(11) /{a<dD<b} h(z)dz = /a /6DS h(z + (t — s)n(x))| det DPy_4(x)| dos(z) dt.

Note that  — sn(x) € dD for x € OD,, and hence, z + (t — s)n(z) € 0D, for x € ID;. Here,
0s = H" 10D, is the surface element of 9Dy, i.e.
0s(Q) =H" 1 (QNdD,) for Q C R

For the volume transformation D — Dy, we define 9, : [0,00) — R by v(s) = 0 for s > &,
and 1y (s) = 5%52 - ?—gs +t for s < eg. Then ¢y € C'([0,00)), and [[¢¢]|c1(jo,00)) — 0 as t — 0.

0
Moreover, 1, maps [0, o] one-to-one onto [0, t]. We then define the diffeomorphism
x4+ Yi(|ldp(x)|)n(z), =€ DNTg,

\IjtZD—>Dt, \I/t(x):{x xED\F
9 E0-"

Since Vdp(x) = n(x), the Jacobian of W, is given by
Dy(z) = I — ¥(|dp(z))n(z) © n(z) + ¢e(|dp(z)|) D*dp(z),
and sup,ep_ [ DWy(x) — I|| = 0 as t — 0 by construction of ¢;. We note that Wy 5p = ®;.

3. WEIGHTED SOBOLEV SPACES

In order to construct the weighted spaces mentioned in the introduction let us begin with
defining another level set function for the domain D resembling a sign function smoothed in

I'c, namely
—dp(x
oy =5 (7122),

where the function S is a regularization of the sign function. Hence, ¢®(x) > 0 if and only if
x € D. To be precise, we assume that S verifies the following assumptions.
(S1) S : R — R is Lipschitz continuous, S(t) = t/|t| for |[t| > 1, and S’(t) > 0 for |t| < 1.
Moreover, S(t) = —S(—t) for all t € R.
(S2) There exist (1,¢2 > 0 and o > 0 such that for all ¢ € (0, 2)

GE* < (1+8(t—1))/2 < (ot
(S3) S'(t) < S'(s) forall 0 < s <t < 1.
(S3) asserts concavity of S on (0, 1) and this assumption is only needed in Theorem 5.6 below.

Assumption (S2) ensures that that the phase-field function w® is proportional to dist(-, 9D )
on I';, where w® is defined as a regularization of the indicator function yp of D as follows

1
@)= L+ @).
Obviously, we have that D. = {z € Q@ : w®(z) > 0}, and w®(z) = 1 for z € D with
dist(z,0D) > €. Let us clarify (S2) in the following. We observe that dist(z, 0D.) = e —dp(x)

for z € T'c. Thus, by (S2) with ¢ = dist(x,dD.)/e
dist(z,0D.)\ ¢ dist(z,0D.)\*
(12) o (TR <) <  (BHROR)

Before proceeding, let us give a few examples which may serve as prototypes for S.
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Example 3.1. (i) Let S(t) =t for |t| < 1. Obviously (S1) and (S3) are satisfied. Moreover,
1+ S(t—1)=t, and we can choose « =1, and (; = (2 = 1/2 in (S2).

(ii) Let S(t) = (3t —t3)/2. Thus, S € CY(R) and S'(t) = 3(1 —t2)/2 > 0 for |t| < 1. Since
S"(t) = =3t <0 fort >0, (S3) is satisfied. Moreover, 1 +S(t —1) = (3t2 —t3)/2, and (S2)
is satisfied for « =2 and (; = 1/4 and (> = 3/4.

(iii) Let S(t) = 15t/8—5t3/4+3t5/8. Thus, S € C*(R) and S'(t) = 15/8—15t2/4+15t1/8 > 0
for [t| < 1. Since S"(t) = —15t/2 + 15t3/2 < 0 for t > 0, (S3) is satisfied. Moreover,
1+ S(t—1) = 5t3/2 — 15t*/8 + 3t°/8, and (S2) is satisfied for o« = 3 and {1 = 1/8 and
(2 =5/2.

Proceeding with the construction of weighted Lebesgue spaces, let us introduce the measure
w®(Q) = /~w8(:n) dz, Q C R" measurable,
Q

which is absolutely continuous with respect to the Lebesgue measure. Associated to w® let us
further introduce for 1 < p < oo the weighted LP-spaces

LP(D.;wf) ={v:D. - R: |[vPw® € L'(D.)} with norm ||v||1£p(D5wE) = / [P dw®.
) DE

For p = oo, we set L™°(D.;w®) = L*>(D.), i.e. L>(Dg;w®) is the class of Lebesgue-measurable
functions being essentially bounded. In the following we will use also the notation LP(Dg;0)
where § is an appropriate weight function. The following statement provides some basic
relations between the weighted LP-spaces.

Lemma 3.2. Let 1 < p < oo and let € > 0. Then LP(D.) C LP(D.;w®), and for every
v € LP(D.;w®) there holds vp € LP(D). Moreover,
(i) for e > € > 0 we have

[0l 20(Deswty < 2210l o) for allv € LP(Desw).

(ii) for 0 <y < /2 we have

3a 1/13
anm@g_h;waﬂ)g( f) Wolir o,y ey for allv € LP(Duies?).

Proof. (i) For v € LP(D.;w®) we obtain

/ |v\pdw5:/ |v|pw§dx+/ [v|Pwe da.
D¢z Dg\D D

For z € Dz \ D we have w®(r) < w®(z), and on D there holds 1/2 < w® < 1 < 2w®. The fact
that Ds C D, yields the assertion.
(ii) Similar to (i) we have w7 < w*™7 on D, whence

p < P A Y P J. T
1900 gy < [ P+ [ s
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For z € D._9, \ D, we can write 2 = x — tn(x) with x € 0D._», and 0 < ¢t < 2¢, see

Section Then, using , we have
dist(z, 0D @ t+37\“
W (2) < G (w) =( ( + 7> . and

e+ e+
_ dist(z,0D._)\“ t+~v\“
w® 7(2’) > G <IS(§_,YW)> =G (8_1> .

This implies

w5+”/(z)<C2<t+3'y€—7>a:@<<1+2’y>5—7)°‘<@3°‘
we(2) T G\t ety G t+y)e+y) T G

from which we easily obtain the assertion. O

Associated to the weighted spaces LP(Dg;w®), let us define the weighted Sobolev spaces
WP(D.;wf) = {v € LP(De;w) : Op,v € LP(De;wf), 1 <i<n}

with norm
e
€

In view of , several results of Kufner [21] concerning power-type weights can be applied.
This is due to the fact that the proofs of [21] need the power-type property of the weight only
in a vicinity of the boundary; in the remaining subset of D, say D, uniform boundedness
away from zero and boundedness of the weight is used, which in turn allows to use results
for unweighted spaces. We will employ similar techniques in the next section. We have the
following. For 1 < p < oo, the spaces LP(D.;w?®) and WP(D.;w.) are separable Banach
spaces [21, Theorem 3.6], and C*°(D;) is dense in W1P(D.;w®) 21, Theorem 7.2]. In case
p = 2, the spaces L?(D.;w®) and W2(D.;w®) are Hilbert spaces with obvious definition of
the inner product.

4. PROPERTIES OF SOBOLEV SPACES FOR DIFFUSE INTERFACES

In this section we establish basic results for weighted Sobolev spaces for diffuse interfaces
which are crucial for the analysis of variational boundary value problems. We particularly
investigate the dependence on the parameter . As shown below, our results yield constants
independent of €, for instance the trace constant or the Poincaré constant in weighted Sobolev
spaces, see Theorem or Theorem These results may be of interest in their own.

4.1. Trace lemma. The following auxiliary lemma is a slight adaptation of [3, Lemma 2.1]. It
states that the trace operator for unweighted Sobolev spaces is uniformly bounded for certain
perturbations of the domain, and it is the key observation in proving a similar statement also
for weighted Sobolev spaces. For convenience of the reader, we sketch a proof.

Lemma 4.1. Let g be sufficiently small. Then there is a constant C' > 0 such that for each
t € (—e0,20) and v € WHP(Dy), 1 < p < o0,

(13) / [P do < c/ \Vo|P + |v]P dz.
0D, Dy
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Proof. Let g9 > 0 be sufficiently small and let ¢ € (—&p,ep). Let us first consider the case
p = 1. Denote by ¥, : D — D, and ®; : 0D — dD; the transformations defined in Section [2.3]
By a change of variables u(z) = v(¥¢(x)) for x € D and u(x) = v(P:(x)) for x € 9D, it follows
that

mf det(DWy(x / |Vu| + |u|de < / Vol + |v|dz < sup det(DWy(x / |Vu| + |u] dz,
Dy

inf det(D@t(x))/ |u]d0§/ |v|do < sup det(D@t(aj))/ |u| do.
z€dD oD oD, z€dD oD

In view of Section ast—0
Ci(t) = mln{;gg det(D\Ift(x)),xle%fD det(D®¢(x))} — 1, and
Cs(t) = max{sup det(DV(z)), sup det(DP:(z))} — 1.
zeD x€dD
Denote by C a bound for the norm of the trace operator Wh!(D) — L'(0D). We then obtain

Cz()/
vldoe < C Vol + |v| dz.
A&H e L

For the general case p > 1, we apply the latter estimate to o = |v[P. We observe that
|Vo| = plv|P~!| V|, and, using Young’s inequality, p|v[P~!|Vv| + [v|P < |[Vol? + |v|P, which
concludes the proof. O

Theorem 4.2 (Trace lemma). Let ¢g > 0 be sufficiently small. Then there exists a constant
C > 0 such that for e € (0,&q) and for v € WIP(D.;w®), 1 < p < oo,

[, b1V de < Clolysp, e

Proof. According to the coarea-formula there holds

00 1
/ Ivl”lwaldxz/ / Iv\pdads:/ / v|P do ds.
De =00 J ()71 (s) -1 J{pe=s}

Since {¢° = s} = 0{¢® > s} = OD; for t = —eS~1(s), we can use . ) to obtain

/ / [v|Pdods < C/ / |VolP + [vPdeds = C/ / ds(|Vol? + |v|P) dz
c=s} {pe>s}

where we used Fubini’s theorem in the last step. The assertion follows from |Vw®| = %\Vgpf |.
O

The trace theorem shows that for g € WHP(D.;w®) the diffuse boundary integral intro-
duced in actually exists.

4.2. Embedding theorem. The following embedding theorem uses the representation
of the weight near the boundary as a power of the distance function (x) = dist(z, 0D;). Let
us define the Sobolev conjugate p}, for weighted spaces

(14) pa:m for p<n+a, and pe =00 forp>n+a.

We observe that p{ is the “usual” Sobolev conjugate for unweighted Sobolev spaces, see [1],
and p}, is strictly decreasing with respect to o on (0, 00).
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Theorem 4.3 (Embedding). Let 0 < € < €9, and let o > 0 be the constant from (S2). Then
the following embeddings are continuous

WYP(D.,w®) < LY(D.,w°), 1 <q<p) and q < cc.
Moreover, there exists a constant C independent of € such that for v € WP(D.;w®)
(15) lull a(Deywey < Cllullwrir(p.iwe)-

The first part of the theorem can be found in [20, Theorem 3|, see also [28, Theorem 19.9]
for the case ¢ < p},. To show that the embedding is independent of €, we will give a proof
in the spirit of [28]. To do so, we employ the following two lemmata. The first of which
uses Sobolev’s embedding theorem on balls and a covering argument, and is similar to the
arguments of [28]. The second is a Hardy-inequality-type argument for diffuse interfaces
which seems to be new. We let §(z) = dist(z, 0D;) in the following.

Lemma 4.4. Lete > 0 and o > 0. Furthermore, let 1 < q < oo such that n+a > (n+a—1)q.
Then there exists a constant C' > 0 independent of € such that for every u € WH1(D,; §%)

lull La(p\ Doy < C (llull pr(r. g1y + VUl L2 (re6e)) -

Proof. We proceed as in [28]. Let r(z) = d(z)/3. According to the Besicovitch covering
theorem, cf. [28, Lemma 18.3], there exists a sequence {xy} C D.\ D and an integer 6
depending only on n such that

D \DC | JBrCT., Bip=B(xx) and > xp,(x) <0 for all z € R™.
k=1 k=1

Employing the Sobolev embedding theorem for balls [I], we obtain as in [28, Theorem 18.6]

2te _pil-a
(16) lull agpsse) < Cd(aw) o " (lullrpysn—1y + [Vl 1 (Byg50)

for all ¢ < n/(n — 1). Note the different powers of the weight on the right-hand side of (6.
Assuming, without loss of generality, that &g < 1 and thus 0(z;) < 1, we can bound the
right-hand side of as long as « and ¢ are such that n + « > (n + a — 1)g. Hence, by
summation over k, we obtain the assertion with a constant C' depending on n and the Sobolev
embedding constant for the unit ball, but not on €. O

Lemma 4.5 (Hardy-type inequality). Let 0 < & < g9 and let « > 0. Then there ezists a
constant C > 0 independent of ¢ such that for every u € WH1(D,; %)

ull L1 r. o1y < = (ullwrapy + VUl pir.se) -

°lQ

Proof. Let u € C*®(D;) N Whi(D,; 5%
one-dimensional integration-by-parts

~—

. We obtain by using (11]), 1/2 < |det D®_;| < 2, and

2e
/ lu[6*dx = / / lu(z — tn(x))[t* | det D®_4| dt do. ()
B 0D: JO

2e
(17) < 2/@ |u(x—28n(x))|(25)ad05(x)+Z/aD /0 Vu(z — tn(@)|t* do.(z).

a
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To treat the first integral in , we employ the transformation ®o. : dD_. — 0D, defined
in Section [2.3] i.e.

/ |u(x — 2en(z))| dos(z) < 4/ lu(z)|do_.(x).
0D oD_.

From up € WH(D), and D_. C D, and the trace lemma we deduce that there exists a
constant C' > 0 independent of € such that

/ ()| do—e(z) < Cllullwio),
0D_.

ie. [yp. lu(z —2en(z))|dos(z) < Cllullw11(p). The assertion follows from

2e
/ / V(s — (@)@ dtdo.(z) <2 [ |[Vulo®dz,
0D. JO I

and a density argument. O

Remark 4.6. Let us state that the arguments of [2I] are based on partition of unity {y;}
subordinate to {B;}U{D} where {B;} is a finite cover of I'.. Then the Hardy-type argument
of the latter proof is applied to v; = up; which is zero on the boundary of B;. Hence, the first
term in vanishes. However, Vv; = o;Vu +uV;, and |Vg;| ~ 1/e. Thus, the techniques
of [21] are not directly applicable as we strive for constants uniformly bounded in terms of €.

Proof of Theorem [{.3 We split the norm into the diffuse interface part and the interior part

||U||7;q(pg;ws) :/ ’U‘qwgdw-k/ |ul9w® dz.
DA\D D

From the Sobolev embedding theorem [I], we have that W'P(D;w®) < L(D;w?) is contin-
uous for each g < pjj = np/(n —p) if p < n, and for ¢ < oo if p > n. Since p}, < pjj and D is
bounded, we only have to estimate the L%-norm of u on D, \ D.

First consider the case p =1, ¢ < p}, = (n+ a)/(n + a — 1). For this choice, the condition
n+a > (n+ a — 1)q is obviously satisfied. Combining Lemma and Lemma yields

q
/ |urq6adxsc( / ruwa-lﬂwaadx) < C (e lulwro) + V0l i)
DA\D e

Multiplication of the latter inequality with 1/, taking the gth root and using , ie.
0% /e* = w*, further gives,

[l La(popiwsy < Ce* YD (ullwiapy + [Vl L. we ) -
Summarizing, we have shown that for each 1 < ¢ < (n+ «)/(n + « — 1) there holds
ulla(p.swe) < Cllullwir(p.we)-

For the general case p > 1, we apply the previous results to v = \u|1+q(7’_1)/p and ¢ = (1— % +
%)_1. One easily verifies that ¢ < p(n+a)/(n+a—p) is equivalent to ¢ < (n+a)/(n+a—1).
Moreover, |v|? = |u|? and |Vv| = (1 + q(pTTl))\uH(p_l)/p\VuL Whence, Hélder’s inequality
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yields
14 9e=1) q(p - 1) a(p—1)
ol Doswey = / a5 4 (1 L2y 1T de
D, p
) -2
< (Huuwe;ws) (1 >HVuuLp(D5;we)) lull
This together with the identity
H_q(pfl)
ol ey = Il aey
yields the assertion. O

Remark 4.7. As already noted, p}, is strictly decreasing with respect to a on (0, 00). Loosely
speaking, compared to the unweighted Sobolev embedding, we loose « spatial dimensions.
For instance, if @ = 1, we have that 2] = 6 for n = 2, and 2] = 4 for n = 3. This fact
is intimately related to the Hardy inequality and isoperimetric inequalities, cf. [20] where
also counterexamples are given showing that the restriction ¢ < pj cannot be improved in
general. However, embedding in certain Holder spaces is possible [20], 28]. Adapting the above
proofs it should be possible to show that even in this situation the embedding constants are
independent of €.

Proposition 4.8 (Compactness). Let 0 < ¢ < g9, « be the constant in (52), and let 1 <p <
o0o. Then the following embeddings are compact

WP(D.,w®) < LY(D.,w°), 1<q<pl

Proof. Let q¢ < p}, and let {ux} C W'P(D.;w®) be bounded; say by a constant C, > 0.
Furthermore denote by C. the constant of the embedding W'P(D,;w®) — LPa(D,;w®).
Since LI(D.;w*®) is complete, we have to show that a subsequence of {u;} is Cauchy in
LI(Dg;w). Therefore, let ¢ > 0 and choose v = min{e, (C,C,)®/(7=Pa), /2}. Since the em-
bedding WP (D._~;w®) < LI(D._;w®) is compact [1], we can extract a subsequence, again
denoted by {uy}, which is Cauchy in LY(D._;w®). Hence, there exists N = N(¢) € N such
that [|ug — wllpe(p,_ we) < ¢/2 for all k,1 > N. Let k,I > N in the following. Thus, using
the triangle inequality, we have that

L
(18) luk =il LaDewe) < lluk = wllLaap.ywe) + 5-

Since 1 < ¢ < p},, we obtain by using Hélder’s inequality and the embedding theorem

11
[k — will LapD.—we) < Mk — will o p o p_joeyY® P

l,% L
< Collte ~ oyt % < |
by choice of 4. This in combination with shows that {u} is Cauchy in LY(Dg;w®). O

The idea of the proof of the previous compactness result can already be found in [28].

4.3. Diffuse Poincaré-Friedrichs inequalities. The last issue concerning basic results in
weighted Sobolev spaces are Poincaré-Friedrichs inequalities, which we again want to derive
with constants independent of €. We start with a quite general result:
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Theorem 4.9 (Poincaré-type inequality). Fiz 1 < p < oco. Assume that D. is connected
for each ¢ € [0,e0], and let K. C WP(D.;w®), be a family of closed cones, i.e. for u € K.
there holds Au € K. for all X > 0, such that K. contains only the zero function as a constant
function. Then there exists a constant C > 0 independent of € such that

(19) lull (D) < ClIVUllLo(D.wey  for all u € K.

Proof. Assume is not true. Then there exist sequences {uy} C WHP(D,, ;w)N K, with
HukHLp(DEk;wsk) =1 and {ex} C [0,ep] such that

1
(20) HvukHLp(ng;wfk) < 7

Since e, € [0,ep] the Bolzano-Weierstrafl theorem implies the existence of a & € [0, o] such
that for a subsequence, relabeled if necessary, e, — € as k — oo. Hence, for all v > 0 there
exists N () € N such that e € (E—~,&+~) for all k > N(v). In the following let 0 < v < £/2
and k > N(v). By Holder’s inequality and the embedding theorem for g = p,, we have

1 1
(21) HukHLP(DEk\Dg_gA,;wEk) < Huk||Lq(D5k\Dg_27D;w€k)(2’Y) nta < C||Uk||wlvp(ng;wEk)7”+"‘
Furthermore, since € — v < ¢, by Lemma (i)

||uk||W17P(Dg,.Y;w°:—7) < ||u/€||W17p(DEk;w5k) <C.

In view of Proposition 4.8, we can therefore extract a subsequence, relabeled if necessary,
such that uy — w in LP(Dz_;w*™7). Moreover, we deduce from and Lemma (i) that

1
||Vuk||LP(D~ wE-) S ||vuk||LP(ng;w5k) < 7

E—»

and hence up — u in Wlip(Dg_W;wéfv) and Vu = 0. Since Kz_, is closed and Dz is
connected, u € Kz, and u =0 on Dz_,. In view of Lemma (ii), we further obtain

[kl Lo (Ds_pyoov) < 2kl LoDy ety < CllullLo(ps_ywe—) < CllukllLr(ps_ ey
This in combination with implies
1 ) 1
L= khﬂr{olo e (Do swtey < Cymee + klggo [kl o (D2 g n)y = Cre.
Since v > 0 was arbitrary, this is the desired contradiction. ([l

Let us remark that in [8] a similar result has been obtained for unweighted spaces, i.e. a
Poincaré inequality with a constant which is independent of certain perturbations of dD. For
illustration of the previous result let us state the “usual” Poincaré and Friedrichs inequality
in their weighted form.

Corollary 4.10. Let € € [0,50], 1 < p < o0, and let D. be connected. Then there exists a
constant C independent of € such that

lu = @p. || Lo(Deswry < CIVUllLo(Dwr)  for all u € WHP(De; wf).
Here up, = fDE wdw®/|[1][ L1 (p.ywe) 18 the weighted mean value.

Proof. Define K. = {u € W"P(D.;w?) : up. = 0} and use Theorem O



14 M. BURGER, O. L. ELVETUN, AND M. SCHLOTTBOM

Corollary 4.11 (Poincaré-Friedrichs-type inequality). Let € € [0,g¢], 1 < p < oo, and let D,
be connected. Then there exists a constant C independent of € such that for every e € (0,&)
and v € WYP(D.;w®) there holds

68y < Co (1900, ey + [ 0719 )

Proof. Define K. = {v € WYP(D,;w?) : Ip. [v]P|Vw®|dz = 0} and use Theorem O

Remark 4.12. In Corollary[4.11]one can make the constant explicit if one applies the “classical”
Poincaré-Friedrichs inequality [Il, 6.26] to |v|Pw® € VVO1 ().
Remark 4.13. Theorem also holds for the case p = oo: By Rellich’s theorem [I] the
embedding W*°(D;z_,) < C%Y(Dz_,) < L*®(D;z_,) is compact. Then, with similar argu-
ments as above, the assumption with p = oo leads to HUkHLoo(Dt:_,y) — 0. Then, for
T=x+tn(x) € D, \ Ds—y with € 0Dz_, and t < ~, we obtain as k — oo

|ur(2)| < [ur(@)] + Y Vurl oo, < lur()+7/k =0,

where we have chosen a Lipschitz continuous representative of uy. Hence, |lug||pe( p.,) =0
which contradicts HukHLoo(DEk) =1.

5. CONVERGENCE OF DIFFUSE INTEGRALS

In the following two subsections we investigate the approximation properties of the diffuse
integrals introduced in .

5.1. Convergence of diffuse volume integrals. We start with the case of volume integrals,
for which we want to estimate the error

By = /Q h(z) do(z) — /D h(z) da

between the volume integral and the diffuse volume integral in terms of ¢ and h. We will
provide estimates for the cases h € LP(D.;w®) and h € W1P(D,;w?) which gives stronger
results improved by one order of e.

Theorem 5.1. Let 1 < p < oo and h € LP(D.;w®). Then there exists a constant C > 0
independent of € such that

_1
[By| < O 7|l o (rsuey-
Moreover, if p=1 and h € L' (Q), then Eyy — 0 as ¢ — 0F.

Proof. L'-regularity: Let h € L'(Q). Using dominated convergence, we infer from w®(z) —
xp(z) as e = 0" a.e. z € Q and hw® < h that

lim Ey =0.

e—0t

Let h € LP(D.;w®) for fixed but arbitrary 1 < p < co. Using and w® =1on D\ T, we
obtain the representation

By = / 5 h(z) dws(z) — / h(z) da.
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Using Holders inequality and 1 < 2w® on D NT': we can estimate the two terms as follows

1—1
[ @) 4 @) < Willogr o

€
1

1—
[ m@ldr <2 [ h@)let @) do < 20 9 foer.
DNI'. DNl

Since |w®| < 1, we deduce from (8] that

E < et
| HLl(FE)— e 7,

which concludes the proof. ]

Theorem for LP-functions relies basically on the fact that |I'.| < Ce. This is due to the
fact that LP(D.;w®)-functions can have singularities in I';. Note that in the case p = 1 we
expect no rate of convergence in terms of ¢, and the assumption h € L'(£2) is stronger than
those for p > 1. Resorting to W!P-functions we can exploit extensively symmetry of the
phase-field function w® leading to a much stronger result.

Theorem 5.2. Let 0 < ¢ < &g, and let h € WY'P(D.;w®) for some 1 < p < oo. Then there
exists C' > 0 independent of € such that

91
|Ev| < Ce™ 7 ||hllwipr.we)-

Proof. Using a change of variables s = S(—t/¢) and Fubini’s theorem, we observe that

€ £
/ 1s'<—t)/ h(x)dxdt:/h(x)H“O dz.
_e 2 € J{dp(x)<t} Q 2

3+ 5'(—L)dt = 1, we further obtain

€ 2¢
1., t
Ey = —S5'(—-) h(z)dz — h(z)dx | dt.
—e28 & \Ndp@)<t) {dp(2)<0}
Observing that
/ h(z)dx — / h(z)dx = —/ h(z)dz for t <0 and
{dp(z)<t} {dp(xz)<0} {t<dp(x)<0}

/ h(z)dx — / h(z)dx = / h(z)dz for ¢t >0,
{dp(z)<t} {dp(xz)<0} {0<dp(z)<t}

and splitting the integration over (—&,¢) to (—¢,0) and (0,e) and employing a change of
variables ¢ — —t for the integral over (—¢,0), we further obtain

£
220 EBv= | Lsh / h(z) dz — / h(z)dz | dt.
0 2 € {0<dp(z)<t} {—t<dp(z)<0}

For the last computation, we used S(—t) = —S(t), i.e. S'(—t) = S’(t). To compare the differ-
ence on the right-hand side of the latter equation we use the transformations ¢, introduced

Since ff
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in Section and the transformation formula, namely

/ h(x)dx — / h(zx)dx
{0<dp(x)<t} {—t<dp(x)<0}

// h(x + sn(@)) — h(z — sn(x)))| det D&, (2)| do(x) ds
oD

+ / / h(z — sn(x))(] det D®4(x)| — | det DP_4(x)|) do(x) ds.
0 JoD
The two integrals can be treated separately. Using h(z + sn(z)) — h(z —sn(z)) = [* Vh(z +

m(z)) - n(x)dr, and 1 < |det D®,(x)| < 2 we obtain using Fubini’s theorem and the trans-
formation formula

/ / (h(z + sn(z)) — h(z — sn(x)))| det DP,(z)| do(x) ds
0 JoD

t s
< 2/ / / |[Vh(z + ™ (z)) - n(z)| do(z)dr ds
0 J—sJOD
t
< / / Vh(z + 7n(x))|| det DO ()| do(z)dr
oD
=4t | |Vh(z)|dzdt.
It
For the second integral we obtain
t
(23) / h(z — sn(x))(|det D®g(x)| — |det D®_4(z)|)do(x)ds < Ct [ |h(x)|dz
oD I

which can be seeen with as
t
/ / h(z — sn(x))(|det D®4(x)| — | det DP_g(z)|) do(x) ds
0 Jop
t
< ClDpllumia) [ 5 [ Ihie — sn(o)] dofa) ds
o Jop
t
< 2CHD2dDHLoo(aD)t/ / |h(z — sn(x))|| det DP_s(x)| do(z) ds
0 Jap
< 20| Ddplli=onyt [ Ih(a)lde
t
Using these estimates we obtain from
By < c/ [ @)1+ 9h(e)] azat.

Setting p’ = p/(p — 1), an application of Holder’s inequality thus yields

= (/ S tp d’f) ’ </0€ 5'(—5) (/F |h(z)] + |Vh(x)|dx>p dt>;’
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Using boundedness of S’ the first integral can be computed explicitly. To treat the second
integral, we use Hoélder’s inequality for the inner integral which gives

C i i
)< S (/s g [ b+ 1Vh)Pd dt)

Note, that C' is a universal constant depending only on S, D and p but not on € or A which
may change from to line. Using |I';| < Ct|0D], t < ¢ and % + 1% = 1, we therefore have

91 1 ¢ / t %
By| < Ce* / S5 [ @) + Vi) da at
€Jo € Jry

Since Iy = {z € D, : —t <dp(z) <t} ={z € D.: —s < ¢°(x) < s} for s = —=S(—%), a
corresponding transformation yields

/S’— P+ para= [ [ PP + [Vh() de ds
Iy {s<ap5<s}

- [ / o Qo UR@P 4 VR 2 < 200
e <P z

where we used that 1 — [¢°| < 2w® on T';, and
{(z,8) eR"™ :0<s <1, —s < ¢(2) <s}={(x,8) € R"™ . |o°(x)] < s <1}
This yields the assertion. Il

For sake of completeness, let us state a corresponding approximation result for Holder con-
tinuous function, i.e. we say that h € C%(Q), if h is continuous on Q and if

|h|, = sup hiz) = h(y) < 0.

TFy ’x - y|y

We write [[All o g = subgeq [h(@)] + [hl,-

Lemma 5.3. Let 0 < € < gy, and let h € C%(T.) for some 0 < v < 1. Then there exists
C > 0 independent of € such that

By| < Cllhllgor g™

Proof. 1t is easy to show the estimates
t
/ / (h(z + sn(x)) — h(z — sn(z)))| det DP,(z)| do(x) ds < Ct”||h||00,u(lf)
oD
and

/ /6D h(z — sn(z))(| det DPy(x)| — [det DP_s(z)[) do(z) ds < Ct||hl| o

The proof is completed by integration over ¢ with similar arguments as in the proof of Theo-

rem O
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5.2. Convergence of diffuse boundary integrals. In this section we investigate the ac-
curacy of the diffuse boundary integral approximation. For this sake consider

EB:/Qg(:c)]Vwa(w)]dx—/8Dg(x)da(x).

In the following we reduce the treatment of EFp to that of Ey from the previous section.
Using Vdp(x) = n(x) and the divergence theorem, we see that

/6D g(x)do(z) = /BD g(x)Vdp(z) - n(z)do(z) = /Ddiv(g(a:)VdD(a;))dx.

Note that, gp € WP(D) for any g € W'P(D.;w?), and thus g has a trace on dD. To treat
the diffuse boundary integral, we first observe that |Vw®| = —Vdp - Vw® on T'.. For the
definition of I'; see . Therefore, integration-by-parts shows that

/ 9(2)|Ver (2)] d = — / o(2)Vdp (2) Ve (2) dz = / div(g(2)Vdp (z) ) (z) da.
Q Q Q
Notice, that due to supp(w®) C € there are no boundary integrals. Thus, we have that

By = / div(g(2)Vdp (2)) dws (z) — / div(g(2)Vdp (z)) dz.
Setting h = div(gVdp), we can use Theorem [5.1} -, Theorem- 5.2 and Lemma of the previous

section.

Lemma 5.4. Let D be of class CY' and let 1 < p < 0o. Moreover, let g € WYP(Dg;w®) for
some 0 < € < eg. Then there exists a constant C' > 0 independent of € such that

‘EB’ < CHgHWLP(Dg;wE)E P.

Proof. If D € CY1, then dp € CV! [I1] and, in this case, g € WP(D.;w® mphes h E
LP(D.;w?) for 1 < p < 0o, which in turn implies Eg = O(¢'~'/?) by Theorem [5.1]

Lemma 5.5. Let 0D be of class C*'. Moreover, let g € W2P(D.;w®) for some 0 < € < &g
and 1 < p < oo. Then there exists a constant C' > 0 independent of € such that

‘EB’ < CHgHWZvP(DE;wE)E P

Proof. If D € C?*!, then dp € C?! [I1] and, in this case, g € W?P(D.;w?) implies h €
W'P(D,;w?), which in turn implies Eg = O(¢2~/?) by Theorem O

The estimate of Lemma assumes W2P-regularity of the whole integrand. For our analysis
we will also need a slightly different statement:

Theorem 5.6. Assume 0D is of class CVY, let (S3) hold and let 1 < p < q < co. Further-
more, let u € W9(D.;w®) satisfy u =0 on dD and let v € W' (D.;w®) with p = p/(p—1).
Then there exists a constant C independent of €, u and v such that for ¢ = q/(q¢—1)

1+4 1+1
/ w|Vef|dz < O 7 Jullwanwe) + € lullwzom.w) 10l o e

The higher integrability of u improves the first part of the estimate whereas the higher in-
1 1
tegrability of v improves the second part. For ¢ = p the rate is O(ng’ + €1+P) which is
1
optimal for p = 2. For ¢ = p’ we obtain the best possible rate 0(61+5).
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Proof. We start with an inequality for w € W' (D.;w®). An application of , @D and
Theorem [£.2] yields

(24) \/ w|Vw6|daj_/ 1y (—z)/aDw(x—l—tn(:r))(l+tAdD(m))da(x)dt‘
<C B 2165'(—2)/61)|w(x+tn(m))]52da(:v) dt

SCEQ/ |w||Vw®| dz
Ie

< C€2HwHW171(D5;wE)7

with C' independent of ¢.
Now let w € W29((—¢,¢)), then there exists a constant C such that

(25) |_€s'(—)/ (s)dsdt| < &% o</ s'( —//_ " \qdrdsdt>

This can be seen as follows: By change of variables and application of the fundamental
theorem of calculus, we obtain

_55,(_)/ dsdt—/ gt / (s) — w'(—s) ds dt
/s’ —// r)dr ds dt.

Repeated application of Holder’s inequality gives

!/ S'( —// r)dr ds dt]
<o (['sh [ Sdety ([seh ] Ss|w"<r>|qdrdsdt>3

Using boundedness of S” and calculating [; fot sdsdt = £3/6 yields the assertion.
We are now in the position to give a proof of the theorem. By setting w = uv in , we
have that

/ uv[VwE]dx—/a 1S’(—t)/8Du(x+tn(x))v(x+tn(x))(1+tAdD(3:))da(x)dt

e 2¢ €
< C|lullwin(p.we) 10l s (b, e

Thus, to prove the theorem, it is sufficient to estimate the second integral on the left-hand
side of the latter inequality. Using v(z + tn(x)) = v(x) + f(f Vu(z + sn(z)) - n(z)ds and
u(x + tn(x fo Vu(z + sn(z)) - n(z) ds, we see that

u(z + tn(z))v(r + tn(x /Vu x+ sn(zx))-n(z)ds

+ /0 Vou(z + sn(x)) - n(x) ds/o Vu(x + sn(zx)) - n(z)ds.
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We treat the two terms on the right-hand side separately. For the first one, we will use
with w(s) = u(z + sn(x )) Holder’s inequality and ¢ > p which yields

215/ v(z) _Esf _t / Vu(z + sn(z)) - n(z) ds dt do(x)

3— 1

e / </ s'( —//_ w(z + rn(z)) - (z)|qdrdsdt>qdo—(x)
< e </8D|U|P’da> (/ S'( —/ |D2u|qudsdt>;
<0 (/w yv\p’da>” (/0 75’(—2 5 D%y yqudt>1

91
< Ce™ vl (p.we) lullw2a(Deswe),

where we have used Lemma to treat the term involving v and the transformation formula
to treat the term involving u, see the last lines of the proof of Theorem For the second
term we first use Holder’s inequality twice

/8D/ $(=3 (/ Vo(@ + sn(z ></ Vu(z + sn(z)) - n ()dsl> dt do(z)|
215/817/0 tsl(—é) (/0 [Vo(z + sn(x)) P ds> ’ </O |Vu(:t—|—sn(m))\pds>p dt do(z)
;(/@Di/o SI(_E)/Ot\Vv(aH—sn(x))\pl dsdtda(x))pl’

(/M é /0 S’(—E) /Ot Vu(@ + sn(x))[P ds dtda(x)) ’

Then, using (|1 , we obtain similarly as in the proof of Theorem [5.2) -

/_7 p <
/aDg/ s'( /\v”+sn( NP dsdtdo(@) < Clolh 0
and by ([11] , (S3), and by Theorem-

1/, t ¢ ,
/E,Dg/o 5(—)/ \Vu(z + sn(z))[P ds dt do(z)
< 5/8D ; 65'(_7)|VU((L’—|—sn( ))‘pdeO'(l')

IA

IN

< Cs/ |VulP|Vw®| dx
Ie

S Cg”“’”gvlp([)a;ws)‘

The integrals over (—&,0) as well as the ones involving tAdp can be treated similarly. Col-
lecting all terms yields the assertion. O

Up to now, we have always assumed the boundary data g to be regular. For completeness, let
us also consider the case g € LP(0D) only. Then g is defined a.e. on 9D, and we can define
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an extension a.e. on I'. by

(26) g(x +tn(x)) = g(x), —e<t<e, x€dD.

Lemma 5.7. Let g € LP(99Q) and let v € WH' (D.;w®) with 1 < p < o0, p/ = p/(p—1), and
0 < e <eqg. Then there exists a constant C' independent of € such that

| gu|Vwr|da — gvdo| < C51/p||9||LP(8D)||U||W1,p’(pe.ws)
e oD ’

with § being the extension defined in .

Proof. Using [°_S'(—t/e) dt = 2¢ and the transformation formula, we obtain

/gv]sz\dm—/ gvdo
r. oD

= /i %S’(—g) /BD (v(ac + tn(x)) det DPy(x) — v(a:))g(:c) do () dt.

Thus, using @D, there exists C' > 0 independent of € such that

/Egv]ng\dx—/angda /aDg(x) / ! S’(—g)(v(x—ktn(:c))—v(x))dtda(x)

%
We treat the two integrals on the right-hand side separately. Repeated use of Holder’s in-
equality and Vou(z +tn(z)) —v(z) = fg Vou(x+sn(z)) -n(z)ds yields similarly as in the proof
of Theorem

<

+C

| s [ 38Dt + @) dtao(z)
oD

e 2¢ €

@) [ 528D ot + tna)) = o(a) dedo(a)

1| 9
oD

< llgllzeop) (/aD (/0 2165’(—5) /Ot Vol + sn(x))|ds dt>p/ da(x))

1 €1, t o v
<|lgllzrapy|Te? 2*5 (—=) | |Vo(z)P dedt | .
0 13 g Ty

1
An analogue estimate hold for the integral over (—&,0). Since, [I.|r < Cel/P this is the
desired estimate for the first integral. The second can be estimated similarly, i.e.

< elgllron) ( [ v dx)

The last term can be estimated using the trace theorem O

e

=

P

| s [ 38 Dnte+ @) dtao (o)
oD

e 2e €

For the sake of completeness, we also state an analog to Lemma [5.3

Lemma 5.8. Let D be of class C* for some 0 < v < 1. Moreover, let g € CYV(T.) for
some 0 < € < eg. Then there exists a constant C' > 0 independent of € such that
|Eg| < CHgHCl,U(F—S)EHV.
Proof. Since dp € C*¥(T.), we have gVdp € C1¥(T.). The assertion follows from Lemma
O
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6. DIFFUSE ELLIPTIC PROBLEMS

In this section we investigate three typical second order elliptic boundary value problems.
We start with Robin-type problems, which build the basis for further investigations. For
rather irregular data, we obtain a weak sublinear convergence result in terms of . Super-
linear convergence is achieved by requiring smooth data. In Section [6.2] we treat Dirichlet
boundary conditions which can be reduced to the analysis of a Robin problem by means of
the well-known penalty method. In Section [6.3]| we consider Neumann boundary conditions
and establish well-posedness of the diffuse domain method. Apart from the well-posed the
convergence results can be derived as in the Robin case.

6.1. Robin boundary conditions. Consider the following second order elliptic equation
with Robin-type boundary condition: Find u such that

(27) —div(AVu) +cu = f in D,
(28) n-AVu+bu=g ondD.

In order to obtain (weak) solutions to 7, let us consider the following weak formulation:
Find u € W12(D) such that

(29) a(u,v) = £(v) for all v € WH?(D),

with bilinear and linear form

a(u,v):/ AVwVv%—cuvd:c—i—/ buv do, E(v):/ fvdm—i—/ gvdo.
D aD D oD

In order to prove well-posedness of the weak form via the Lax-Milgram lemma we make
the following assumptions:
(C1) 0< by <beWh>®(Q),0<ce L>®(N).
(C2) A € L>®(2)"*" is a symmetric positive definite matrix, i.e. there exists x > 0 such
that for a.e. z €

EHEP < € A(r)E < k[¢)? for all € € R™.

Lemma 6.1. Let (C1)-(C2) hold. Moreover, let f € L*(D) and g € WY2(D). Then there
exists a unique u € W2(D) satisfying , and there exists C > 0 such that

ullwrzpy < O fllL2py + l9llz2aD))-
The diffuse approximation of is now: Find u® € W12(D,;w®) such that
(30) af(uf,v) = £°(v) for all v € WH2(D,; w®),

where the corresponding bilinear and linear form are given by

a®(u®,v) = / AVU® - Vo + cufvdw® + / buv|Vw®| dz
Q Q

KE(U)—/fvdwE—i—/gvaE\dx.
Q Q

Lemma 6.2. Let (C1)-(C2) hold. Moreover, let f € L?(De;w?) and g € W2(De;w®). Then
there exists a unique u¢ € W12(D;w®) satisfying , and there exists C' > 0 independent
of € such that

[ulwre(pewsy < CUF N L2(Deswey + N9llwr2(Deiwe))-
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Proof. Continuity of a® and ¢¢ with respect to the W1?(D,;w?)-topology follows from bound-
edness of the coefficients and Theorem 4.2} Coercivity of a® on W12(D.;w®) is a direct
consequence of the positivity of A and the Poincaré-Friedrichs inequality, see Corollary
An application of the Lax-Milgram lemma yields the assertion. O

Denoting by u and u® the corresponding solutions to and , respectively, we next
want to estimate the error u — u® with respect to the W2(D.;w®)-norm which directly
implies estimates in the W12(D)-norm as well. By regularity of D, we can assume that
u: D — R is extended to  preserving W12(Q)-regularity. Hence, the error u — u® satisfies

(31) af(u —uf,v) = a*(u,v) — a(u,v) + £(v) — £5(v) for all v € WI3(D_;w®).

6.1.1. Sublinear convergence. In order to obtain a first estimate for the error u — u®, we
estimate the right-hand side of by employing the embedding theorem We recall the
definitions p}, = (n + a)p/(n + a — p), see (14), and
£(v)
1ellw12(p.wey = sup —_—
vEWL2(Dejwe) HUHW1v2(D5;w5)
which is the norm of £ as an element of the dual space of W12(D_;w?).

Lemma 6.3. Let f € L?(D.,w®) and g € WY2(D.;w®). Then there exists a constant C
independent of € such that

1
HEE - EHleZ(De;ws)’ <C (”f”LZ(Dg;wE) + ||g||W172(D5;w5)) gntor,
Proof. Let v € Wh2(D.;w®). Due to the weighted Sobolev embedding we have v €
LP(D.,w®) for p = 2%. Hence, fv € LY(D,,w®) with ¢ = 2p/(2+p) due to Holder’s inequality.
Similarly, since V(gv) = ¢gVv + Vgv € LY(D.,w®) with ¢ as before, we have that gv €
Wh4(D,,w?). Using Theorem and Lemma |5.4] we obtain

_1
[ (v) = L(v)| < C (HfHLz(Dg;wE) + H9HW1’2(D5;w5)) HU”WL2(DS;UJE)€1 e

: 11 1 _ 1
The assertion follows from 1 — 172" 3% = wrar 0

In order to obtain convergence rates, we need some regularity of w.

Lemma 6.4. Let u € WYP(D,;w®) for some p > 2. Then there exists a constant C indepen-
dent of € such that

D=

1_
||a5(u, ) - a(uv ')HWLQ(DE;UJE)’ < CHUHWU"(DE;W‘E)82 .

Proof. Let v € WY2(D.;w®) be arbitrary. Since A is bounded and u € W'P(D.;w®), it
is AVu - Vv € LYDg;w®) with ¢ = 2p/(2 + p). Similarly cuv € LI(D;w®). Using a €
Whee(Q), we see that auv € Wh4(D,;w?) with ¢ as before. The result now follows by
applying Theorem and Lemma similar as in the proof of Lemma [6.3 ]

Having estimated the errors in right-hand side and bilinear form we can proceed to the main
approximation results in this section:

Theorem 6.5. Let (C1)-(C2) hold. Moreover, assume that u € WiP(D) with 2 < p < 2% is
a solution to and u® € W12(D.;w?) is a solution to . Then there exists a constant
C > 0 independent of € such that

1_
2

3 =

||u - UEHW1’2(D5;w5) <C (||u”W1’p(D5;UJE) + ”fHLQ(DE;oJE) + ||g||W172(DE;wE)) €
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Proof. Coercivity of a® and (31]) imply

= by < Clla(us) — s Moy prey + 16 — Elwraqoyuey):
and the assertion follows from Lemma [6.3] and Lemma [6.4] O

Remark 6.6. Note that, according to [I8], see also [12], there always exists a p > 2 such that
u € WHP(D), whence u € WHP(D.;w®) by extension. If p = 2%, we obtain the best possible

[e'R]

rate O(e!/("+) j.e. O(e'/3) in two space dimensions and S as in Example (i).

Remark 6.7. (i) Assuming g = 0 and f € L?(D) extended by zero to § an inspection of the
proof of Theorem shows that for each v € W12(D,;w?)

1
fodw® — / fodz < Cenllvllyrzp | fll2(p)
D. D
which is due to the embedding W12(D) < L% (D) and the fact that vp € Wh2(D). This
immediately leads to a stronger result in Lemma [6.3]independent of w®. However, for proving
Lemma we have to estimate the term

AV - Vodw® — / AVu - Vodz.
D. D

Here, on the one hand, to preserve regularity of u, setting v = 0 on D, \ D is not possible.
On the other hand setting A = 0 on D, \ D is not allowed since then @ is not well-posed
anymore.

(ii) If f € L>®(Q2), g € WH(Q) and u € W*°(Q), then using the techniques from above, we
would obtain the bound

1
[ = ul[wr2(p.swe) = O(e2)

as € — 0 since the test function v is merely W12(D.;w?). For smooth test functions v and
f € LP(D.;w?) and u, g € WHP(D.;w®), the right-hand side of is bounded by a constant
multiple (depending on f, g and u) of 51_1/p||v\|W1,00(DE). This estimate, however, does not
lead to W12(D,; w?)-estimates for the error anymore. We will return to these type of estimates
in the next section. We also mention that an inspection of several proofs above shows that
crucial terms drop out if the involved functions are symmetric with respect to 9D (mirrored
along the normal direction). Thus, using symmetric extensions of data and solutions as well
as a restriction to a Sobolev space of functions symmetric with respect to 9D could give
higher order rates. However, since this does not correspond to the computational practice
and would extremely complicate the numerical solution, this seems not of particular practical
relevance and hence we do not pursue this direction further.

6.1.2. From linear to quadratic convergence. In literature there exist very recent formal results
for the diffuse domain method that state a rate of convergence for the L?-norm of O(g?) for
the Poisson equation with Robin boundary conditions [22]. To give a precise and rigorous
statement of such a better rate we need additional regularity of the domain, the data and
the solutions. Furthermore, we resort also to other functions spaces. For a smooth function
vand 1 <p < oo welet p’ =p/(p—1) and define

olls = 100, Yy ey = SUpLa(v,0) : & € (D), 1Bllyrmr (poaey < 1}-

i
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We let X5 = {v € C®(D) : |v][xs < oo} denote the completion of C>(D.) with re-

spect to || - [[xs. Then (&7, - [lxs) is a Banach space. Due to the Riesz representa-
tion theorem, Corollary and assumptions (C1)-(C2) on the coefficients, we see that
X5 = WH2(D.;w®) with equivalent norms. Furthermore, due to Theorem {.2| we easily

see that [lul|x: < Cllullwrs(p.we). For the other direction, we need a solvability result.
If for any ¢ € WY (D.;w®)’ there exists u € W'P(D.;w?) such that a®(u,v) = £(v) for
all v € W' (D.;wf) and lullwe(pogwey < C’HEHWl,,,/(DE;wE), for some constant C, then
[ullwrr(pows) < llullxg. Let us emphasize that such a result is not known to us for the
case p # 2; we refer to [12], (18] for a corresponding result in the unweighted case.

Let us thus start with an error estimate in A7. For simplicity, we will assume smooth data.
It should become clear from the proof how to lower these regularity assumptions.

Theorem 6.8. Let 9D be of class C*, and let f,g € C*°(Q) and let (C1)-(C2) hold. More-
over, let A € C®(Q)33, ¢ € C®(Q), b € C®(Q), and let u* € W2(D.;w®) denote the
solution to , and let u € W12(D) denote the solution to . Then, for 1 < p < oo there
exists a constant C independent of € such that

1
lu— ||z < Ce' o

Proof. Due to [17, Thm. 2.4.2.7, Rem. 2.5.1.2] and the smoothness of the data, we have that
u € WF2(D) for any k € N, i.e. u € C>®°(D) by embedding, and u is a classical solution to
f. Therefore, integrating by parts on the right hand side of , we deduce that for
any v € W' (D,;w?) the error satisfies

as(u—usjv):/ div(AVu)vd:c—/ div(AVu)vdw€+/ cuvdwe—/ cuv dx
D D

£ €

- AVU‘VOJEUCLT—{—/ buv\Vuﬂdx—/ gv|Vw®| dz
DE € DE

+/ fodx — fvdw®.
D D.
In view of Theorem we have the estimates

| div(AVu)v dw® — /

div(AVu)v dz| < cg—i||div(Avu)|yW1,m(DE)||U\|W1,p,(DE
D, D ’

‘w‘f)’
91
| A cuvdws—/ cuvdz| < Ce P’||cuHW1,oo(D€)HvHWl,p/(De;ws),

. D
c 2-2%
\/vadﬂf—/D frdw®| < Ce™ v HfHleOO(De)HUHWLP’(DE;(UE)'

Since Vw® = —n|Vw®|, the remaining terms can be estimated as follows

1
/ (n- AVu + bu — g)v|Vw®| dx < Celts In - AVu + bu — gHWQ,max{pyp/}(DE;wE) Hv||W1’p/(D€;wE)
where we used n- AVu + bu — g = 0 on 9D and Theorem Hence, taking the supremum
over all v € W' (D,;w?) and observing that 2 — ]% =1+ % yields the assertion. O
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Corollary 6.9. Let the assumptions of Theorem[6.8 hold true. Then, there exists a constant
C independent of € such that

3
||U — u€||W172(D5;w5) < Cez.

Proof. Set p = 2 in Theorem The assertion follows from X5 = W12(D,;w?) with equiv-
alent norms. ]

Remark 6.10. Setting p =1 in Theorem we obtain [Ju—uf||xs < Ce?. Let us assume that
the norms of W11 (D,;w?) and X§ are equivalent (uniform with respect to €). Then continuity

of the embedding W!(D) — Lﬁ(D) implies the existence of a constant C' independent of
e such that

2
HU_UEHL#(D) < Ce”.

In particular for n = 1, we obtain ||u — u®||1»(py = O(¢?) for any 1 < p < oo, and for n = 2

we obtain ||u — uf||;2(py = O(e?), thus we recover the formal results of [22].

6.2. Dirichlet boundary conditions. In this section we consider the diffuse domain ap-
proximation of second order elliptic equations with Dirichlet boundary conditions: Find w
such that

(32) —div(AVu) +cu=f in D,

(33) u=g¢g ondD.

In order to obtain (weak) solutions to 7, let us consider the following weak formulation:
Find v € W12(D) such that

(34) a(u,v) =4(v) forallve W01’2(D) such that w = ¢ on 0D,

with bilinear and linear form
a(u,v) = / AVu - Vv + cuvdz, l(v) = / fvdaz.
D D

Here WOI’2(D) is the kernel of the trace operator on W12(D). The weak form is well-
posed under assumptions (C1)—(C2) which is shown by using the Lax-Milgram lemma. It is
well-known that the solution u to is characterized as the solution of the minimization
problem

—((v) > mi h that v = g in W/%%(9D).
a(v,v) —{(v) UEWIEI»Q(D) such that v = ¢ in (0D)

Using the Lagrange formalism this constrained optimization problem is equivalent to finding
a saddle-point (u, \) € WH2(D) x W~1/22(9D) of the Lagrangian

(35) L(v,p) = a(v,v) — £(v) — (u, g — v) with v € W“2(D), pe W=Y22(D).

Here, W~/22(dD) is the topological dual space of the W'2(D)-trace space W'/22(9D),
and (-,-) denotes the duality pairing between W~1/22(9D) and W'/22(9D). The varia-
tional characterization of the saddle-point problem is the following: Find (u,\) € W12(D) x
W~1/22(9D) such that

(36) a(u,v) + (A, v) = £(v) for all v € WH%(D),

(37) (u) = (n,g)  forall pe W-1>2(D).
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We have by definition of the norm on W~1/22(9D) that

_ (p, v)
HMHW*l/?,?((‘)D) = sup
vEW1/2:2(D)\{0} HUHWl/?aQ(&D)

which asserts an inf-sup condition for the bilinear form (u,v) — (u,v). Well-posedness of the
latter saddle-point problem can then be shown by using Brezzi’s splitting theorem [10], cf.
[9, Chapter III]. Next, let us introduce a penalized version of f which establishes a
connection to elliptic problems with Robin boundary condition discussed in Section Let
B> 0. Find (ug, \g) € WH2(D) x W~1/22(9D) such that

(38) a(ug,v) + (Ag,v) = £(v) for all v € Wh2(D),
(39) (,ug) = B, ) = (u,g)  for all p € W22(9D).

In slight abuse of notation, (), x) denotes the inner product on W~1/22(D), and is defined
as (A, wWyw-1/229py = (JA, Jphyrszzgp)- Here, J : W™1/22(9D) — W/2%2(9D) is the Riesz
isomorphism and J\ is given as the trace of the solution to the Neumann problem

—Aw+w=0 in D, Opw =X on dD.
We have that

ilhyosssoomy = i paopy = sup oL
(0D) THIWERROD) Tz ipngor vllwre(p)
Well-posedness of f can be shown with a penalty version of Brezzi’s splitting theorem,
cf. e.g. [9]. In particular (ug, \g) is bounded in W12(D) x W~/22(9D) independent of 3.
Since ug depends Lipschitz-continuously on 3, the error between the solution to |D
and (8)—-(B9) is O(B); for a proof let us refer to [9, Ch. III, Thm 4.11, Cor. 4.15].

Lemma 6.11. Let (u,\), (ug,\g) € WH2(D) x W=Y22(dD) be solutions to [B6)-(B37) and
f, respectively. Then there exists a constant C' independent of 8 such that

luv = usllwr2oy + 1A = Asllw-1/22(p) < CB.

Using p = v/ with v € WH2(D) in and adding the resulting equation to yields the
following reduced problem: Find ug € W12(D) such that

a(ug,v) + 1 ugvdo = {(v) + s gvdo  for all v € W2(D).

B Jop B Jop

This is a weak form of a Robin-type problem with boundary condition n - AVug + %ug = % g
on 0D.This method of relaxation of the Dirichlet boundary condition is widely known as the
penalty method [4]. Let u% denote the diffuse approximation to ug as defined in Section
Le. uj satisfies

1 1
(40) /AVu%-Vv+cu%vdw5+/u%U\Vwﬂdx:/fvdwg—i-/gv|Vw‘5|dx
Q B Ja Q B Ja

for all v € W'2(D,;w®). Combining the estimates in Lemma and Theorem (6.5, we have

1

1 1.1
(41) |u —ugllwr2py < |lu—ugllwrzpy + 2llug — ujllwi2(p.wey < C(B+ 552 »)
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for p < 2%, and u € WHP(D). Choosing 3 = €7, o > 0, yields
11
5—=—0
HU_U%HWIQ(D) SC(EU—Fe? p )

Balancing the exponents on the right-hand side, we obtain the optimal choice o = % — %.
The corresponding estimates are then given by the next theorems:

Theorem 6.12. Let (C1)-(C2) hold. Moreover, assume that u € W1P(D) with 2 < p < 2%
s a solution to and u% € WY2(Dg;w®) is a solution to (#0). Then for B = ° and

o= % — % there exists a constant C' > 0 independent of € such that

1 1
||u — U%||W1,2(D) S CEZ_%.

Theorem 6.13. Let 0D be of class C°, and let f,g € C*(Q) and let (C1)-(C2) hold.
Moreover, let A € C*(Q)"™", c € C*(N), and let uj € W2(D.;w®) denote the solution to

([0), and let u € W12(D) denote the solution to (34). Then, for 8 = 7 and o = 2 there

exists a constant C independent of € such that
lu — ulwra(py < Cet.

Remark 6.14. Due to the regularity of 0D, we can extend u — ug to R"™ such that |u —
ugllwr2mny < Cllu — ugllwr2(py [1. In view of and the following chain of inequalities

lu —ugllwie(pawe) < llu—ugllwizp,) < llu—ugllwizgny < Cllu —ugllyr2py < CB

the W12(D)-norm in Theorem and Theorem can be replaced by W12(D,;w?)-norm.
Note, however, that for v € WH*(D,;w®) we have vjp € WH2(D), but for the extension o of
vp from D to R" in general 0|p, # v.

Remark 6.15. In order to obtain an analogous statement of Theorem for the Dirichlet
case, we would need an analog of Lemma for the W1P-norm. Hence, for illustration let
us assume that ||u —uglly1p(py < CB for 1 < p < oo. Moreover, by regularity of 0D, we can
assume stability of the extension of u and ug to Q, i.e. |lu — ugllwirQ) < Cllu —ugllwir(p)-
Then, we arrive at the estimate

lu —ujllag < llu —usllag + llug — ujllx;

< Cllu = ugllwre) + [lus — upllxg
141 1,1
<C(B+er/p) < Cezmow

. _ i+t . L) . e
using 8 = €27 2» and Theorem Assuming furthermore that the norms of W**(D.;w*)
and Xf are equivalent (uniform with respect to €), and using continuity of the embedding

Whi(D) — Lﬁ(D) we infer that
lu— U%HL%(D) < Ce.

In particular for n = 1, we obtain ||u —ug| z»(py = O(e) for any 1 < p < oo, and for n = 2 we
obtain |[u — uj|[z2(py = O(g). The reader should compare this to the results of [14] where for
n =1 a rate O(¢' %) for any § > 0 in the L>-norm is shown. Moreover, in [34] an L?-rate
O(e) for Poisson’s equation in three dimensions has been obtained numerically. There, it is
also suggested to choose 8 = ¢, which complies with our analysis. Let us note however that
the diffuse domain method in [34] is somewhat different from ours.
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6.3. Neumann boundary conditions. Consider the following second order elliptic equa-
tion with Neumann-type boundary condition: Find u such that

(42) —div(AVu) +cu=f in D,

(43) n-AVu=g on dD.

In order to obtain (weak) solutions to —, let us consider the following weak formulation:
Find u € W) (D) = {v € W2(D) : Jpvdx = 0} such that

(44) a(u,v) = £(v) for all v € WH3(D),

with bilinear and linear form
a(u,v) = / AVu - Vv + cuvdz, L(v) = / fvdx —i—/ gvdo.
D D oD

In view of the usual Poincaré inequality for W12(D), the weak form is well-posed under
the assumptions (C1)-(C2).

Lemma 6.16. Let (C1)-(C2) hold. Moreover, let f € L?*(D) and g € WY2(D). Then there
exists a unique u € W<>1’2(D) satisfying , and there exists C > 0 such that

ullwrzpy < O fllL2py + l9llz2aD))-

The diffuse approximation of is then: Find uf € Wo*(Dg;wf) = {v € Wh2(Dg;wf) -
Jp, vdw® = 0} such that

(45) af(uf,v) = £°(v) for all v € Wh2(Dg;w?),

where the corresponding bilinear and linear form are given by
a®(u®,v) = / AVU® - Vo + cufv dw®, F(v) = / fodw® + / gv|Vw®| dz.
Q Q Q

Lemma 6.17. Let (C1)-(C2) hold. Moreover, let f € L*(Ds;w?) and g € WhH2(Dg;w®).
Then there exists a unique u® € WQ’Q(DE;ws) satisfying , and there exists C > 0 inde-
pendent of € such that

Hua”WLQ(DE;wE) < C(HfHLQ(DE;w‘f) + ”g”WLQ(Dg;wE))'

Proof. Continuity of a® and ¢¢ with respect to the W2(D.;w®)-topology is obvious. Coer-
civity of a® on Wa ’Q(Dg; w®) is a direct consequence of the positivity of A and the Poincaré
inequality, see Corollary An application of the Lax-Milgram lemma yields the asser-
tion. O

Having established existence of solutions to the Neumann problems, convergence results can
now be derived as in the Robin case above when setting b = 0. We leave this to the reader. Let
us mention that the restriction from W12 (D,;w?) to the space we ’Q(DE; w®) is only necessary
if inf,eq ¢(x) = 0. In this case the algebraic condition [,udw® = 0 has to be treated with
care in a numerical implementation. We do not want to go into details here, but let us refer
the reader to [7]. If otherwise inf,cq c(x) > 0, we could equally well pose in the space
Wh2(D.;w?®) and the implementational details are similar to those of the Robin case. We
thus will not dwell on the Neumann case in our further discussion.
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7. NUMERICAL RESULTS

In the following we report the results of numerical tests related to the above investigations
used conformal first order finite elements. Our particular interest here is not the efficient
solution of realistic problems, but rather to test the sharpness of error estimates in different
situations by computational experiments. In order to have an ”"exact® solution u we solve
the original problem with sharp interface on a very fine mesh such that the numerical error
is negligible. Moreover, in the computation of the diffuse domain solution we make sure
that the largest mesh parameter, i.e. Amay, is for all computations smaller than €2 such that
the numerical accuracy does not pollute the experimental order of convergence. The error
e® = u — u® will always be measured in the relative norms

lw = v |lyrr(p)

HUHW’W(D) 7

where WOP = LP. We provide several log-log plots of errors vs. e, which shall be comparable
to the theoretical orders represented by lines in those plots, see Figure []and [8] Since the
constants in the estimates cannot be made explicit, we have to fix one value and hence decide
to plot the theoretical rates in all log-log plots such that they coincide with the experimental
rates for the largest value of ¢, see Figure [6] and

For most simulations (Case A-D below) we work with the domain D = {(z1,22) : 27 + 23 <
0.5}, which obviously satisfies all regularity requirements. The mesh representation of this
domain D consists of 3,336, 340 vertices. The mesh representation of the domain D, is simply
a scaling of the mesh representation of D with 1 + ¢. Finally we present an example with
the domain D = (0,1) x (0,1), i.e. the unit square (Case E), which indicates that the same
rates still hold for piecewise smooth domains. In all test cases we use the function S from

Example (1).

7.1. Case A: Robin BC with smooth parameters. In our first simulations, we consider
the boundary value problem —, with the smooth parameters

f(‘rlvx?) = 108111(71-:61) - 533%) g(xlva) = 07

From Theorem Corollary [6.9] and Remark we expect the error e® to converge with
a rate O(e?) in WHY(D) and L?(D) and a rate of O(%?) in WH2(D). Furthermore we
expect rates of order O(e) in Wh°(D). We mention that except the rate in W12(D) these
expectations rely on assumptions we cannot verify rigorously. From Table [I] and the log-log
plot of Figure |1| we observe that the numerical results reproduce these rates very accurately,
indicating the sharpness of our estimates and the validity of the assumptions. In Figure
the solutions v and uf|p for the Robin boundary problem are presented. From a visual
perspective, these solution are almost identical.

A(z1,22) = c(x1,22) = 1, a(zy,z2) = 1.

e | leflle (loga () | llefllwe (loga (o)) | llelwia (loga () | llef e
2-110.654779 0.755160 0.938120 0.680350
272 0.199128 (1.71) 0.337471 (1.16) 0.381236 (1.30) 0.444653 (0.61)
273 1 0.049532 (2.01) 0.126688 (1.41) 0.117386 (1.70) 0.242804 (0.87)
274 1 0.011767 (2.07) 0.044757 (1.50) 0.032170 (1.87) 0.124745 (0.96)
275 1 0.002818 (2.06) 0.015637 (1.52) 0.008464 (1.93) 0.062845 (0.99)

TABLE 1. The error e = u — u® for different norms in Case A.
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FIGURE 1. A log-log plot of the convergence rates in Case A. In each subplot
we see the actual convergence rate (experimental), compared to the theoretical
rate of order O(g"). In subplots (a) and (c) r = 2, in (b) » = 1.5 and in (d)
r=1.

f_61

f_767

07955
I§o,4

0
—04

E»D,S
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(a) The solution u of for e =271

0,795
L.

0
04

E—O 8
-1.07

(b) The solution u® of for e = 27°.

F1cURE 2. Comparison of two diffuse domain solutions in Case A. The solution
displayed in (b) is visually identical to the exact solution of .

7.2. Case B: Robin BC with discontinuous A matrix. If the parameter A is no longer
smooth, but instead A € L>(2)2%2, the assumptions for Theorem are no longer satisfied.
In the second example, we choose a discontinuous A € L>(2)2*2 as

_ kl(xlal?) 0
A(xlax2) - 0 kz(l’l,lﬂ);
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FIGURE 3. A log-log plot of the W !2-convergence in Case B. We see the actual
convergence rate (experimental), compared to the theoretical rate of order

O(e).

where k1, ko are piecewise constant functions with a jump discontinuity close to 0D. All other
parameters are the same as in Case A.

From Table 2] and the log-log plot in Figure [3] we see that the convergence rate of the error
is one order worse than in Case A. In particular, we obtain linear convergence in W12, which
is still better than the theoretical result of order €2 we obtain in the non-smooth case for
u € Wh®. However we observe clearly the influence of non-smooth A on the convergence
rate when comparing to case A. For the L?-convergence, the rate is more inconsistent, as it
appears to jump from quadratic to linear when ¢ = 273. Although the convergence rate in
W12 is only linear in this case, a visual inspection of the solutions shown in Figure 4| reveals
that the solution by the diffuse domain method is still almost identical to the exact solution
for e = 275,

e |l (ogy(£)) | llef e (loga ()
2-110.465577 0.622542
272 [ 0.127344 (1.87) 0.282197 (1.14)
273 0.026850 (2.25) 0.114941 (1.30)
274 1 0.014065 (0.93) 0.053956 (1.09)
275 1 0.007958 (0.82) 0.027376 (0.98)
TABLE 2. The error ¢ = u — u® for different norms in Case B.

7.3. Case C: Robin BC with non-smooth parameters. Furthermore, in Case C, we
also refine the mesh around the discontinuity to increase accuracy.

In Case A, we obtained a convergence rate in W2 of order 0(53/ 2). Here, everything were
smooth. In Case B, when working with a discontinuous matrix A, the convergence rate in
W2 drops to order O(e). If, however, the function f in is in L2, but not in LP for p > 2,
Theorem yields W12-convergence of, in worst case, order O(e!/3).
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(a) The solution u of (29). (b) The solution u® of (30).

FiGUurE 4. Comparison of exact solution and diffuse domain solution in Case
B. Both solution restricted to D. Here e = 275,
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—*— Experimental |4

The value r in O(€")
o
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I I
0.75 0.8 0.85 0.9

FIGURE 5. A plot of the Wh2-convergence in Case C. The z-axis displays the
parameter p in , while the y-axis shows the theoretical and experimental
convergence rate of corresponding function in LP . The theoretical convergence

rate follows from Theorem and is of order 0(6%_%).

To explore this issue numerically, we define
1

[z —yl#
Thus, we get that f € LP(D) whenever ;% > p. All other parameters are given as in Case
A. With a similar reasoning as in Lemma [6.3] using n = 2 and o = 1, we expect a rate of
convergence of O(e%/6-1/7),

In Figure we see the convergence rate as a function of the parameter p in (46]). As expected,
the convergence rate becomes worse when p increases. The experimental rate deteriorates
more, however, than the theory suggests. We believe this to be linked to the challenge of the
numerical implementation of such a singular function. Although of practical importance, we
find that dealing with this particular implementation issue is beyond the scope of this article,
and leave it therefore to future research.

(46) flxy,29) = , where y € 9D is fixed.
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(a) W12 convergence. o = 0.75.
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¢

(b) L? convergence. o = 1.0.

FIGURE 6. A log-log plot of the convergence rates in Case D. In each subplot
we see the actual convergence rate (experimental), compared to the theoretical
rate of order O(e").

7.4. Case D: Dirichlet BC with smooth parameters. We will now study the diffuse
domain method for a Dirichlet problem. More particularly, we will compare the solutions
u and u® of and , respectively. The parameters are given as in case A, with the
exception

1

e

in order to realize the penalty method. From Theorem and Remark the choice
of B = e~! should provide a L?-convergence of order O(e), whereas the choice of 3 = g3/4
should yield a Wh2-convergence of order O(g%/4).

In Table (a), we see the convergence rate of the error when § = e73/4. As expected, the rate
is of order O(¢3/4) in W2 norm. Furthermore, in Table b), we obtain the expected linear
convergence in L? norm. The rates can also be seen in Figure

a(ry,2) =



DIFFUSE DOMAIN METHOD FOR ELLIPTIC EQUATIONS 35

f_41

0172 g
Eo,]

-0

E»O,]
-0,186-

f_20
0,153
EO,]

-0

l-0,1
-0,165-

(a) The solution u of (34). (b) The solution u® of (40)).

F1cUre 7. Comparison of exact solution and diffuse domain solution in Case
D. Both solution restricted to D. Here ¢ = 27° and o = 1.

In Figure EI, we see a solution of and , respectively. Although the shape of the
solution is visually similar, there is a much larger quantitative difference compared to Case
A and B.

k k k k
e | Ep (logy(Z5)) | Bwie (logy(r) || e | Ere (logy(#57)) | Ewie (logy(ar)) |

2-1 [ 4.434278 2.439132 2T [ 4.109302 2.294747

2-2 | 2.301163 (0.95) | 1.394967 (0.81) 2-2 | 1.844329 (1.16) | 1.188867 (0.95)
2-3 | 1.365375 (0.75) | 0.823765 (0.76) 23 | 0.868948 (1.09) | 0.616540 (0.95)
2-4 | 0.878726 (0.64) | 0.509194 (0.69) 2-410.432200 (1.01) | 0.331883 (0.89)
25 | 0.566966 (0.63) | 0.318188 (0.68) 25| 0.217938 (0.99) | 0.186374 (0.83)

(a) o =0.75. (b) o = 1.00.
TABLE 3. The error e = u — u® for different norms.

7.5. Case E: Dirichlet BC with smooth parameters. To guarantee a quadratic conver-
gence in L2, Theorem [6.8] requires the domain to be C11. In this final example, we work with
the mesh D = (0,1) x (0,1), which is only a Lipschitz domain. All parameters are otherwise
identical to in Case A. We see from Figure [§] that the convergence rates are unchanged com-
pared to case A despite the lower regularity of the domain. This gives some hope that our
results can be extended to general Lipschitz domain or at least piecewise smooth domains,
which remains an open question.

8. CONCLUSIONS

In this work we presented a systematic approach for deriving diffuse domain approaches for
second order elliptic problems with usual type of boundary conditions. The advantage of
our method is that based on standard variational formulations it readily leads to a relaxed
variational formulation, which can be implemented easily, in a straight-forward manner. We
presented a self-contained analysis of the error introduced by the diffuse domain method.
Depending on the regularity of the data, we could rigorously prove convergence rates. These
rates seem to be sharp as shown by numerical experiments. As a by-product of our analysis,
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(a) Convergence in L2-norm. (b) Convergence in W12-norm.
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FIGURE 8. A log-log plot of the convergence rates in Case E. In each subplot
we see the actual convergence rate (experimental), compared to the theoretical
rate of order O(e").

we derived trace and embedding theorems as well as Poincaré inequalities for weighted Sobolev
spaces which are stable with respect to the relaxation parameter . It remains open to fill
a gap to transfer our quadratic convergence results to quadratic convergence results in the
L?(D)-norm which have been proposed in literature. Furthermore, a thorough analysis of
numerical methods for the diffuse domain method is left for future work. We are optimistic
that time-dependent problems could be treated in a similar manner, further modifications
will be needed in the case of evolving surfaces.
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