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ROOTS OF UNITY IN ORDERS

H. W. LENSTRA, JR. AND A. SILVERBERG

Commumnicated by John Cremona

ABSTRACT. We give deterministic polynomial-time algorithms that, given an order, compute the
primitive idempotents and determine a set of generators for the group of roots of unity in the
order. Also, we show that the discrete logarithm problem in the group of roots of unity can be
solved in polynomial time. As an auxiliary result, we solve the discrete logarithm problem for
certain unit groups in finite rings. Our techniques, which are taken from commutative algebra,
may have further potential in the context of cryptology and computer algebra.

1. INTRODUCTION

An order is a commutative ring whose additive group is isomorphic to Z™ for some non-negative
integer n. The present paper contains algorithms for computing the idempotents and the roots of
unity of a given order.

In algorithms, we specify an order A by listing a system of “structure constants” a;;; € Z with
i,5,k € {1,2,...,n}; these determine the multiplication in A in the sense that for some Z-basis
e1,ez,...,ey of the additive group of A, one has e;e; = >°)'_; a;jrex for all 7,j. The elements of A
are then represented by their coordinates with respect to that basis.

An idempotent of a commutative ring R is an element e € R with e = ¢, and we denote by id(R)
the set of idempotents. An idempotent e € id(R) is called primitive if e # 0 and for all ¢’ € id(R)
one has ee’ € {0, e}; let prid(R) denote the set of primitive idempotents of R.

Orders A have only finitely many idempotents, but they may have more than can be listed
by a polynomial-time algorithm; however, if one knows prid(A), then one implicitly knows id(A),
since there is a bijection from the set of subsets of prid(A) to id(A) that sends W C prid(A) to
ew = Y ocw € € id(A). For prid(A) we have the following result.

Theorem 1.1. There is a deterministic polynomial-time algorithm (Algorithm[6.1]) that, given an
order A, lists all primitive idempotents of A.

A root of unity in a commutative ring R is an element of finite order of the group R* of invertible
elements of R; we write u(R) for the set of roots of unity in R, which is a subgroup of R*.

As with idempotents, orders A have only finitely many roots of unity, but possibly more than can
be listed by a polynomial-time algorithm, and to control u(A) we shall use generators and relations.
If S is a finite system of generators for an abelian group G, then by a set of defining relations for
S we mean a system of generators for the kernel of the surjective group homomorphism Z° — G,
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Theorem 1.2. There is a deterministic polynomial-time algorithm (Algorithm[I32) that, given an
order A, produces a set S of generators of u(A), as well as a set of defining relations for S.

Theorem [[.2] which provides a key ingredient in an algorithm for lattices with symmetry that
was recently developed by the authors [6l [7], is our main result, and its proof occupies most of the
paper. It makes use of several techniques from commutative algebra that so far have found little
employment in an algorithmic context. A sketch appeared in Proposition 4.7 of [6].

We shall also obtain a solution to the discrete logarithm problem in p(A) and all its subgroups,
and more generally in all subgroups of the group pu(A ®z Q), which is still finite. Note that A ®7 Q
is a ring containing A as a subring, and that a Z-basis for A is a Q-basis for the additive group of
A ®z Q. If one replaces u(A) by u(A ®z Q) in Theorem [[L2] then it remains true, and in fact it
becomes much easier to prove (Proposition [Bh]). Our solution to the discrete logarithm problem in
(A ®z Q) and all of its subgroups, in particular in p(A), reads as follows.

Theorem 1.3. There is a deterministic polynomial-time algorithm that, given an order A, a finite
system T of elements of u(A ®z Q), and an element ( € A ®z Q, decides whether ¢ belongs to the
subgroup (T') C (A @z Q) generated by T, and if so finds (my)eer € Z7 with ¢ = [T,ep t™.

We shall prove Theorem [[3]in section [7 as a consequence of the results on p(A®zQ) in section 3]
and a number of formal properties of “efficient presentations” of abelian groups that are developed
in section [7

A far-reaching generalization of Theorem [[3] in which p(A ®z Q) is replaced by the full unit
group (A ®z Q)" is proven in [8].

Of the many auxiliary results that we shall use, there are two that have independent interest.
The first concerns the discrete logarithm problem in certain unit groups of finite rings, and it reads
as follows.

Theorem 1.4. There is a deterministic polynomial-time algorithm that, given a finite commutative
ring R and a nilpotent ideal I C R, produces a set S of generators of the subgroup 1 +1 C R*, as
well as a set of defining relations for S. Also, there is a deterministic polynomial-time algorithm
that, given R and I as before, as well as a finite system T of elements of 1 + I and an element
¢ € R, decides whether ¢ belongs to the subgroup (T) C 1+ I, and if so finds (my)ier € ZT with
¢ =1ILiert™:

The proof of this theorem is given in section [[1l It depends on the resemblance of 1 + I to the
additive group I, in which the discrete logarithm problem is easy.

The second result that we single out for special mention is of a purely theoretical nature. Let R
be a commutative ring. For the purposes of this paper, commutative rings have an identity element
1 (which is 0 if and only if the ring is the 0 ring). We call R connected if #id(R) = 2 or, equivalently,
if id(R) = {0,1} and R # {0}. A polynomial f € R[X] is called separable (over R) if f and its
formal derivative f’ generate the unit ideal in R[X]. For example, f = X2 — X is separable because
(f)?—4f=1.

Theorem 1.5. Let R be a connected commutative ring, and let f € R[X] be separable. Then f # 0
and #{r € R: f(r) = 0} < deg(f).

For the elementary proof, see section [8

While, technically, one must admit that Theorem plays only a modest role in the paper, it
does convey an important message, namely that zeroes of polynomials that are separable are easier
to control than zeroes of other polynomials. Thus, X2 — X is separable over any R, while X™ — 1
(for m € Zo) is separable if and only if m -1 € R*, a condition that for a non-zero order and m > 1
is never satisfied; accordingly, Theorem [[.1] is much easier to prove than Theorem

We next provide an overview of the algorithms that underlie Theorems[T.T] and In both cases,
one starts by reducing the problem, in a fairly routine manner, to the special case in which each
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element of A is a zero of some separable polynomial in Q[X]; for the rest of the introduction we
assume that the latter condition is satisfied. Then the Q-algebra E = A ®7 Q can be written as the
product of finitely many algebraic number fields F/m, with m ranging over the finite set Spec(E)
of prime ideals of E; hence prid(F) is in bijection with Spec(E). The image of A C E under the
map E — E/m may be identified with the ring A/(m N A), so that A becomes a subring of the
product ring B = [[,eqpec(r) A/(m N A); this is also an order, and it is “close” to A in the sense
that the abelian group B/A is finite. The ring B has many idempotents, in the sense that id(B)
equals all of id(F), and #prid(B) = #Spec(E). To determine which subsets W C prid(B) give rise
to idempotents that lie in A, we define a certain graph I'(A) with vertex set Spec(E) such that the
connected components of I'(A) correspond exactly to the primitive idempotents of A. This leads to
Theorem [T 11

To prove Theorem [[2] one likewise starts from B, generators for u(B) being easily found by
standard algorithms from algebraic number theory. However, there is no standard way of computing
w(A) = u(B) N A, which is the intersection of a multiplicative group and an additive group, and
we must proceed in an indirect way. For a prime number p, denote by u(A), the group of roots of
unity in A that are of p-power order, and likewise u(B),. Then u(A) is generated by its subgroups
w(A), = u(B), N A, with p ranging over the set of primes dividing #u(B); all these p are “small”.
It will now suffice to fix p and determine generators for p(A),. To this end, we introduce the
intermediate order A C C' C B defined by C = A[1/p] N B. The finite abelian group B/C is of order
coprime to p, and it turns out that this makes it relatively easy to determine u(C), = u(B), N C;
in fact, one of the results (Proposition BIlb)) leading up to Theorem stated above shows that
this can be done by exploiting the graph I'(C') that we encountered in the context of idempotents.
The passage to p(A), = u(C)p, N A is of an entirely different nature, as C'//A is of order a power of
p. It is here that we have to invoke Theorem [[.4] for certain finite rings R that are of p-power order.

It is important to realize that the only reason that an intersection such as u(A) = u(B)NA is hard
to compute is that u(B), though finite, may be large—testing each element of u(B) for membership
in A will not lead to a polynomial-time algorithm. By contrast, the exponent of each group u(B),
is small (Lemma B3(iv)), so results stating that certain subgroups of p(B), are cyclic—of which
there are several in the paper—are valuable in obtaining a polynomial bound for the runtime of our
algorithm.

2. DEFINITIONS AND EXAMPLES

From now on, when we say commutative Q-algebra we will mean a commutative Q-algebra that
is finite-dimensional as a Q-vector space. See [I} [] for background on commutative rings and linear
algebra.

Definition 2.1. If A is an order whose additive group is isomorphic to Z"™, we call n the rank of

A.

If the number of idempotents in R is finite, then each idempotent is the sum of a unique subset
of prid(R), and one has #id(R) = 2#Prid(R),

Definition 2.2. A commutative ring R is called connected if #{z € R : 2? = 2} = 2.
Definition 2.3. If R is a commutative ring, let Spec(R) denote the set of prime ideals of R.

Although we do not use it, we point out that a commutative ring R is connected if and only if
R # 0 and R cannot be written as a product of 2 non-zero rings. The definition is motivated by
the fact that a commutative ring R is connected if and only if Spec(R) is connected. (A topological
space is connected if and only if it has exactly 2 open and closed subsets.)

Notation 2.4. If G is a group and p is a prime number, define

Gp,=1{g€G:g" =1 forsomer € Z>g}.
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Definition 2.5. Suppose R is a commutative ring. A polynomial f € R[X] is separable over R if
RIX]f + RIX]f = RIX],
where if f ="' a; X" then f'= >\ ia; X"

One can show that if f is a monic polynomial over a commutative ring R, then f is separable
over R if and only if its discriminant is a unit in R.

Definition 2.6. Suppose F is a commutative Q-algebra. If o € E, then « is separable over Q if
there exists a separable polynomial f € Q[X] such that f(a) =0. Let Eg, denote the set of y € E
that are separable over Q. We say E is separable over Q if Fyp, = F.

We note that Eg,, is a commutative Q-algebra (see for example Theorem 1.1 of [§]).

Definition 2.7. Suppose R is a commutative ring. An element = € R is called nilpotent if there
exists n € Zs¢ such that 2™ = 0. An ideal I of R is called nilpotent if there exists n € Z~¢ such
that I™ = 0, where I™ is the product of I with itself n times. The set of nilpotent elements of R is
an ideal, called the nilradical and denoted /0 or /0x.

Examples 2.8. The polynomial X2 — X is separable over every ring. A linear polynomial aX + b
is separable over R if and only if the R-ideal generated by a and b is R. If m € Zx>(, then the
polynomial X™ — 1 is separable over R if and only if m - 1 is a unit in R.

Example 2.9. Suppose f(X) € Z[X] is a monic polynomial of degree n. Then the ring Z[X]/(f) is
an order of rank n. We remark that the map e — ged(e, f) is a bijection from the set of idempotents
of Z[X]/(f) to {g € Z|X] : ¢ is monic, g|f, and R(g, f/g) = £1}, where R(g, f/g) is the resultant
of g and f/g.

Example 2.10. If G is a finite group of order 2n with a fixed element u of order 2, then Z(G) =
Z[G]/(u+ 1) is a connected order of rank n, and p(Z(G)) = G (see Remark 16.3 of [7]).

Example 2.11. If n € Z-p and A = {(a;)]-; € Z" : a; = a; mod 2 for all ¢, j} with componentwise
addition and multiplication, then A is a connected order, u(A) = {(£1,...,£1)}, and #u(A) = 2™.
For large n, computing a set of generators for ;1(A) is feasible, even when listing all elements of 1(A)
is not.

Example 2.12. Suppose A = Z[(,], where p is a prime and (, is a primitive p-th root of unity in
C. Then A has rank p — 1. If p > 2, then p(A) = () x (—1).

3. FINITE Q-ALGEBRAS

The following two results are from commutative algebra. These results and basic algorithms for
commutative Q-algebras are given in [g].

Proposition 3.1. If E is a commutative Q-algebra, then the map
Ewp ®V0 S E, (z,y) = a+y

is an isomorphism of Q-vector spaces, and the natural map E — [] )E/m induces an iso-

meSpec(E
morphism of Q-algebras
Bep = [[ E/m.
meSpec(E)

In algorithms, we specify a commutative Q-algebra E by listing a system of structure constants
ai;i € Q that determines the multiplication in E with respect to some Q-basis, just as we did for
orders in the introduction.
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Algorithm 3.2. There is a deterministic polynomial-time algorithm that given a commutative Q-
algebra E, computes a Q-basis for Fsp, C F, a Q-basis for \/6, the map F = Esep @ V0 that is
the inverse to the first isomorphism from Proposition [31] all m € Spec(E), the fields E/m, and the
natural maps F — E/m.

Lemma 3.3. If E is a commutative Q-algebra, then:

() 1) = i Evop) = Bcspenty #UE/m);
(ii) p(E) is finite;
(iii) each p(E/m) is a finite cyclic group;
(iv) if p(E) has an element of order p* with p a prime, then ¢(p*) < dimg(E), where ¢ is
Euler’s p-function.

Proof. Part (i) holds by Proposition BIland the fact that X™ —1 is separable over Q for all r € Z~.
If 4(F) has an element of prime power order p*, then Q(¢pr) C E/m for some m, where (,» is a
primitive p*-th root of unity. Thus p(p¥) < [E/m : Q] < dimg(E). Since each E/m is a number
field, u(E/m) is cyclic.

O

Algorithm 3.4. The algorithm takes as input a commutative Q-algebra E and produces a set of
generators S of u(FE) as well as a set R of defining relations for S.

(i) For each n € Spec(FE), use the algorithm in [4] to find all zeroes of X" — 1 over E/n, for
r=1,2,....2[E/n: Q) let ¢, € (E/n)* be an element of maximal order among the zeroes
found, and let k(n) be its order.

(ii) For each n € Spec(E), use linear algebra to compute the unique element 7, € FEgep
that under the second isomorphism from Proposition Bl maps to (1,...,1,(s, 1,...,1) €
[ #(E/m) (with ¢, in the n-th position). Output S = {9, € u(£) : n € Spec(E)} and
R=1{(0,...,0,k(n),0,...,0) € Z%°(F) . n € Spec(E)}.

Proposition 3.5. Algorithm produces correct output and runs in polynomial time.

Proof. If the number field E/n contains a primitive r-th root of unity, then it contains the r-th
cyclotomic field, which has degree () over Q; hence ¢(r) < [E/n: Q] and r < 2p(r)? < 2[E/n : Q)%
Together with Lemma [B23(i), this implies that the algorithm is correct. It runs in polynomial time
by []. O
Algorithm 3.6. The algorithm takes as input a commutative Q-algebra F, an element v € F, and
aset S = {n, € u(E) : n € Spec(E)} of generators for u(E) as computed by Algorithm B4l It tests
whether v € u(E), and if so, finds (an)nespec(m) € 75vec(B) with v = Hnespec(E) nen.

(i) Use linear algebra to test if v € Egep. If not, terminate with “no” (that is, v & u(E)).

(ii) Otherwise, for each n € Spec(E) compute the image v, of v in E/n, and let ¢, (as in
Algorithm [34) be the image of n, in E/n. Try a =0,1,2,...,#u(E/n) — 1 until v, = (2,
and let a, = a. If for some n no a, exists, terminate with “no”.

(iii) Otherwise, output (an)nespec(E)-

That Algorithm produces correct output and runs in polynomial time follows from Lemma

B3 since p(B/n) = (G-
4. ORDERS

From now on, suppose that A is an order. Let
E=A4p=A4®zQ, Asep = AN Egep.
Since Esep/Asep C E/A = Ag/A is a torsion group, one has Fsep, = (Asep)-
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Lemma 4.1. We have id(Esep) = 1d(E), 1d(Asep) = id(A), and p(Asep) = p(A4).

Proof. This holds because the polynomials X? — X and X" — 1 are separable over Q for all r €
L. O

Algorithm 4.2. The algorithm takes as input an order A and it computes the Q-algebras F and
Esep C E, as well as the order Age, = AN Egep, giving a Z-basis for Agp expressed both in the given
Z-basis of A and in the Q-basis for Eqp.

(i) We use the given Z-basis for A as a Q-basis for E, with the same structure constants.

(ii) Let m : A — Egp and mp : A — V0 be the compositions of the inclusion A C E with
the map £ = Egep @ V0 from Algorithm followed by the natural projections to Egep
and V0, respectively. Using Algorithm B2 compute a Q-basis for Esep and the rational
matrices describing m and my. Applying the kernel algorithm in §14 of [5] to an integer
multiple of the matrix for w2, compute a Z-basis for Age, = ker(ma) expressed in the given
Z-basis for A. Applying m to this Z-basis, one obtains the same Z-basis expressed in the
Q-basis for Eep.

Algorithm is clearly correct and polynomial time.

5. GRAPHS ATTACHED TO RINGS

Lemma 5.1. Suppose that R is a commutative Ting, S is a finite set of ideals of R that are not
R itself, and suppose that (\,cga = {0}. Identify R with its image in [[,.s R/a. Suppose that
e = (eq)acs € {0,1}° C [lo.cs R/a. Then e € R if and only if eq = ey in {0,1} for all a,b € S such
that a+ b # R.

Proof. First suppose e € R. Suppose a,b € S and a+ b # R. Choose ¢}, € {0,1} C R whose image
in R/ais eq = e+ a, and choose e} € {0,1} C R whose image in R/b is e, = e+ b. Then e, = e
mod a and e, = e mod b, so e, = e = e, mod (a+b). Since a+ b # R we have 1 € a+ b. Thus,
e, = ey in {0,1}, as desired.

Conversely, suppose that e, = ep in {0,1} for alla,b € Switha+b# R. Let T ={a€ S:e, =1}
and U ={beS:e, =0}. Then S=TUU. Picka€eT and b € U. By our assumption, a + b = R.
Thus, there exist x4 € a and yq,p € b such that 1 = 24 5 + yq,p. It follows that y, » =1 mod a and
Ya,o = 0 mod b. For all a € T, define z, = HbeUyavb € R. Then z, =1 mod a and z, = 0 modulo
each b € U. Define ¢/ =1 — ][] (1 = 24) € R. Then ¢’ = 1 modulo each a € T, and ¢’ = 0 modulo
each b € U. Thus, ¢/ = e, mod a foreacha € S,so e =e. O

We say that D is an order in a separable Q-algebra if D is an order and Dg = D ®7Q is separable.

Definition 5.2. Suppose that D is an order in a separable Q-algebra Dg. For m,n € Spec(Dg)
with m # n, let

n(Dvmvn) = #(D/((mﬂD)—i— (‘I‘lﬁD))),
(

and let I'(D) denote the graph on Spec(Dg) defined by connecting distinct vertices m,n € Spec(Dg)
by an edge if and only if n(D, m,n) > 1.

Lemma 5.3. n(D,m,n) € Z~y.
Proof. Let R = D/((mN D)+ (nN D)). Then n(D, m,n) = #R. Letting —g = — ®z Q, we have
Rg = Dg/((mg N Do) + (ng N Dg)) = Dg/(m+n) =0

so R is torsion. Since R is finitely generated as an abelian group, it is finite, so n(D,m,n) € Z~o. O
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Example 5.4. Let r € Z[X] be monic. Then D = Z[X]/(f) is an order in a separable Q-algebra
if and only if f is squarefree. Suppose f is squarefree. Then Do = Q[X]/(f), and Spec(Dg)
is in bijection with the set of monic irreducible factors g of f in Z[X], each g corresponding to
m = (g)/(f). If g,h correspond to m,n, respectively, then n(D,m,n) = |R(g, h)|, with R denoting
the resultant.

Suppose D is an order in a separable QQ-algebra. It is natural to ask whether the decomposition
Dg = [Tnespec(ne) Po/m (Proposition B.I) gives rise to a decomposition of the order D. This
depends on the idempotents that are present in D. The graph I'(D) tells us which idempotents
occur in D (see Lemma [5.1] and Proposition [B.7).

Notation 5.5. Suppose that D is an order in a separable Q-algebra. If W C Spec(Dg), define
ew = (em)meSpec(D@) € id( H Dg/m) = {0, 1}SPCC(DQ)

meSpec(Dg)
byenw=1lifmeWand e, =0ifmgW.

Algorithm 5.6. The algorithm takes an order D in a separable QQ-algebra and computes the graph
I'(D), its connected components, and its weights n(D, m,n) for all m,n € Spec(Dg).
(i) Use Algorithm B2 to compute Spec(Dg) and the maps Dg — Dg/m for m € Spec(Dg).
(ii) For each m € Spec(Dg) compute mND = ker(D — Dg/m) by applying the kernel algorithm
in §14 of [3].
(iii) For all m # n € Spec(Dg), apply the image algorithm in §14 of [5] to compute a Z-basis of
image((mND)® (nND)— D)= (mND)+ (nND)
expressed in a Z-basis of D, and compute n(D, m, n) as the absolute value of the determinant

of the matrix whose columns are those basis vectors.
(iv) Use the numbers n(D,m,n) to obtain the graph I'(D) and its connected components.

The algorithm runs in polynomial time by well-known graph algorithms (see for example [2]).

Proposition 5.7. Suppose that D is an order in a separable Q-algebra.

(i) Suppose e = (em)mespec(Dy) € (][ Do/m) = {0,1}8pec(Pa) - Then the following are
equivalent:
(a) e€ D,
(b) em = en whenever m and n are connected in T'(D),
(¢) em = e, whenever m and n are in the same connected component of T'(D).

(ii) Let Q denote the set of connected components of the graph T'(D) and recall ey from Defi-
nition [0 Then W — ew gives a bijection

QS pridD)cDc  [[  Do/m.
meSpec(Dg)
Proof. Apply Lemma B.1l with R = D and S = {m N D : m € Spec(Dg)}. We have (.0 =
Nm(m N D) = {0} since D injects into [, Do/m. Identifying id(]] Dg/m) with {0,1}%, Lemma
B0 implies that if € = (em)mespec(ny) € (][ Dg/m), then e € D if and only if en = e, for all
m,n € Spec(Dg) that are connected in I'(D). It follows that for each e = (em)m € id(D) the

components ey, are constant (0 or 1) on each connected component of I'(D). Part (i) now follows.
It also follows that there is a bijection

{subsets of Q} — id(D)

defined by T'+ >y, ew with inverse e = (em)m = {W € Q: ey =1 for all m € W}. Under this
bijection, prid(D) corresponds to 2, and this gives the bijection in (ii). O
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Remark 5.8. In particular, by Proposition B7(ii) an order D is connected if and only if T'(D) is
connected.

6. FINDING IDEMPOTENTS

The set of idempotents of an order may be too large to compute, but the set of primitive idem-
potents is something that we are able to efficiently compute.

Algorithm 6.1. Given an order A, the algorithm outputs the set of primitive idempotents of A.

(i) Use Algorithm to compute Agep.

(ii) Use Algorithm to compute the graph I'(Agep) and its connected components.

(iii) For each connected component W of I'(Agep), with ey, € {0, 1}5Pec(E) ¢ [wespec(my E/m
as in Notation [5.5] use the inverse of the square matrix with Q-coefficients that gives the
natural map Fgsep — [] (B) E/m of Proposition Bl to lift ey to Egsep. Output these
lifts.

If follows from Proposition B.7((ii) that the lift ey to Egep is in Agep, and that Algorithm [6.1] gives
the desired output prid(A). It is clear that it runs in polynomial time.

meSpec

7. DISCRETE LOGARITHMS

In this section, we suppose that G is a multiplicatively written abelian group with elements
represented by finite bitstrings. All algorithms in the present section have G as part of their input.
Thus, saying that they are polynomial-time means that their runtime is bounded by a polynomial
function of the length of the parameters specifying G plus the length of the rest of the input. We
suppose that polynomial-time algorithms for the group operations and for equality testing in G are
available.

Definition 7.1. We say (S|R) is an efficient presentation for G if S is a finite set, and we have
amap f = fg: S5 — G satisfying:
(a) f(S) generates G, i.e., the map gs : Z% = G, (bs)ses — [[,cg f(s) is surjective,
(b) R C Z% is a finite set of generators for ker(gs),
(c) we have a polynomial-time algorithm that on input v € G finds an element of 951(7) (i.e.,
finds (cs)ses € Z° such that v =[] .o f(5)%).

Notation 7.2. Suppose (S|R) is an efficient presentation for G. Define
p: VAR ZS, p((mr)reR) = Z myT.
TER

Suppose T is a finite set and we have a map fr : T — G. By abuse of notation we usually suppress
the maps fs and fr and write s for fg(s) and fr(s) and write (T') for (fr(T)). Define

gr 1 Z" = (T),  (b)eer — [ £
teT
Define h = hy : Z — Z° by using (c) to write cach t € T as t = [] .4 s°* and defining
h((be)ser) = (O bicsi)ses € Z°
teT
so that gr = gs o h.
For the remainder of this section we suppose that an efficient presentation (S|R) for an abelian

group G is given.

Algorithm 7.3. The algorithm takes as input G, an efficient presentation (S|R) for G, and a finite
set T' with a map T' — G, and outputs a finite set U = Uy of generators for ker(gr).
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(i) Define h — p : ZT x Z%® — Z° by (h — p)(z,y) = h(z) — p(y). Use the kernel algorithm in
§14 of [5] to compute a finite set V' of generators for ker(h — p).
(i) Compute the image U of V under the projection map Z* x Z% — ZT | (x,y) — .

Theorem 7.4. Algorithm [7.3 produces correct output and runs in polynomial time.
Proof. We have:
x € ker(gr) < h(z) € ker(gs) = im(p)

<= Jy € Z" such that h(z) = p(y)

<= Jy € Z" such that (h — p)(x,y) =0

<= Jy € Z" such that (z,y) € (V)

< z € proj((V)) = (proj(V)) = (U).

|

Algorithm 7.5. The algorithm takes as input G, an efficient presentation (S|R) for G, a finite set
T with a map T'— G, and an element v € G, and decides whether v € (T'), and if it is, produces an
element of g7.'(v) (i.e., finds (¢;)ter € ZT such that v = [Licrt).

(i) Apply Algorithm [Z.3] with 7'U {~} in place of T' to find a finite set of generators Upy(,y C
ZTO0} for ker(gpyugyy), Where
9TU{~} 7"t = 7T« 70 5 @G, (x,n) — gr(z)y™.

(i) Map the elements u € Upy g,y C ZTV0} = ZT x 217} to their Z{7}-components u(v) € Z. If
S actrp oy WVE A Zthen y € (D)1= T myu(y) with (nu)uep,,, € 2000
then v € (T') and the ZT-component of — 3 ngu € 2700 = 77 x 700} is in

-1
97" (7)-

Algorithm 7.6. The algorithm takes as input G, an efficient presentation (S|R) for G, and a finite
set T with a map T'— G, and outputs an efficient presentation (T'|Ur) for (T').

UuEUT U~}

(i) Apply Algorithm to obtain a set Ur of relations.
(ii) Output the presentation (T'|Ur).

Theorem 7.7. Algorithms [7.3 and [7.6] produce correct output and run in polynomial time. In
particular, if one has an efficient presentation for G, and T is a finite set with a map T — G, then
(T|\Ur) is an efficient presentation for (T).

Proof. We have:
v €(T) <= 3z € Z" such that v = gr(x)
<= 3z € Z" such that (—z,1) € ker(gru(yy : Z" X Z = G) = (Uriuiyy)
< 1€im(proj: (Urugyy) CZ" x Z — 7))

= Nuw)ueUry,y, 3T € Z" such that Znuu = (—z,1)

u

where proj is projection onto the second component. O

Algorithm 7.8. The algorithm takes as input G, an efficient presentation (S|R) for G, finite sets
T and T’, and maps fr : T — G and fp : T — G, and outputs a finite set of generators for the
kernel of the composition ZT — G — G/(T"), where ZT — G is the map gr.
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(i) Apply Algorithm to the finite set 7L T’ and the map T'U T’ — G obtained from fr
and frs, to obtain generators for the kernel of the map

ZT x 77 =777 S G, (z,y) = gr(x) — g7 (v)-
(ii) Project these generators to their ZT-component.
Theorem 7.9. Algorithm[7.8 produces correct output and runs in polynomial time.
Proof. We have:
r € ker(Z' — G/(T")) <= gr(z) € (T') = im(gr")

= 3y e Z" such that gr(z) = g7 (y)
< 3y e Z" such that (z,y) € ker(Z” x 27 — G)
< 1 € proj(ker(Z” x zm - G)— 17"

where proj denotes projection onto the Z”-component. g

Proof of Theorem One starts by computing £ = A®zQ, using the same structure constants
as for A. Algorithm B4 produces a presentation for u(E), and by Algorithm this is an efficient
presentation. Given T and ¢ as in Theorem [[.3] one can test whether ¢ € F by Algorithm Now
Theorem [[3]is obtained from Algorithm [[5 with G = u(E) and v = (.

8. SEPARABLE POLYNOMIALS OVER CONNECTED RINGS
Proposition BIlb) will be used to prove Proposition [[0.5] below.
Proposition 8.1. Suppose R is a connected commutative ring, f € R[X], and R[X|f + R[X]f' =
R[X]. Then:
(a) if r,s € R and f(r) = f(s) =0, thenr —s € {0} U R*;
(b) if S is a non-zero ring and ¢ : R — S is a ring homomorphism, then the restriction of ¢
to {r € R: f(r) =0} is injective;
() f#0 and #{r € R: f(r) =0} < deg(f).
Proof. Suppose f(r) = f(s) = 0. Write f = (X —r)g and 1 = hf + kf’ with g, h,k € R[X]. Then
g(r) = f'(r) € R*. Since g(s) = g(r) mod (r — s)R we can write g(s) = g(r) + (r — s)t with t € R.
Thus, 0 = f(s) = (s = 7)g(s) = (s =r)(g(r) + (r — 5)t), s0
(8.1) (s —r)g(r) = t(s — )2
Thus, t-(s—71)-g(r)~t = (t- (s —7r)-g(r)~')?, an idempotent. If t- (s —r) - g(r)~! = 0, then by
(B1) we have (s —r)g(r) = 0, and thus r — s = 0 since g(r) € R*. If t- (s —r) - g(r)~* = 1, then
r —s € R*. This gives (a).
For (b), suppose r,s € R, r # s, and f(r) = f(s) = 0. By (a) we have r —s € R*. Since
©(1) =1 # 0, we have o(r — s) # 0.
For (c), let m be a maximal ideal of R. Then R — R/m induces a map
{reR:f(r)=0} = {ue R/m:(f mod m)(u) =0}
that is injective by (b). Since R/m is a field and f mod m € (R/m)[X] is non-zero, we have

#{re R: f(r) =0} < deg(f mod m) < deg(f).
]

Corollary 8.2. Suppose R is a connected commutative ring, m € Zsg, and m -1 € R*. Then
{¢ € R:(™ =1} is a cyclic subgroup of R* whose order divides m.
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Proof. Applying Proposition Bl with f = X™ — 1 gives that the subgroup has order dividing m.
Applying Proposition B with f = X — 1 for each divisor d of m gives that this abelian subgroup
has at most d elements of order dividing d, and thus is cyclic. 0

9. FrRoM u(E) TO p(B)

Fix an order A. Recall that F = Ag = A®zQ and Asep, = AN Egep. For m € Spec(E), the image
of Asep in E/m may be identified with Agep/(m N Agep); it is a ring of which the additive group is a
finitely generated subgroup of the Q-vector space E/m, so it is an order. We now write
(9.1) B= J[ Aswp/(mnAsyy).

meSpec(E)

This is an order in [] (E) E/m. We identify Agep, with its image in B under the map

Ewp = [ E/m
meSpec(E)

meSpec

and identify B with a subring of Eg,, using the same map. One has
Agep C B C Egep.

Since the abelian group B/Asep is both torsion and finitely generated, it is finite, and one has
Bg = Egep- The graph I'(B) consists of the vertices m € Spec(E) and no edges.

Proposition 9.1. There is a deterministic polynomial-time algorithm that, given an order A, com-
putes a Z-basis for Asep/(MmN Asep) in E/m for every m € Spec(E), a Z-basis for B in Egep, and
the index (B : Agep).

Proof. One simply computes a Z-basis for Agep as in Algorithm 2] and a Z-basis for the image
of the map Asep C FEsep — E/m using the image algorithm in §14 of [5], for each m € Spec(E).
Combining these bases for all m and applying the inverse of the second isomorphism in Proposition
B one finds a Z-basis for B in Egp. The index (B : Agep) is the absolute value of the determinant
of any matrix expressing a Z-basis for Ay, in a Z-basis for B. 0

Proposition 9.2. For each order A and each m € Spec(E) the group u(Asep/(mN Agep)) is finite
cyclic. Also, there is a deterministic polynomial-time algorithm that, given A and m, computes a
generator Oy of 1(Asep/(MN Asep)), its order, the complete prime factorization of its order, and, for
each prime number p a generator Om p for p(Asep/ (MmN Asep))p-

Proof. The first statement follows from Lemma [B3|(iii). For 6y, one can take the first power of the
generator ¢y of p(E/m) found in Algorithm B4 that belongs to Asep/(m N Agsep), 1.€., for which all
coordinates on a Z-basis of Agep/(m N Agep) (Which is a Q-basis of E/m) are integers. The order
of B, is then easy to write down, and since the prime numbers dividing that order are, by Lemma
B.3(iv), bounded by 1+rankz(A), it is also easy to factor into primes. If p* is a prime power exactly
k

dividing order(6y,), one can take 6y, , = eﬁfd“(""‘”? . O
Proposition 9.3. There is a deterministic polynomial-time algorithm that, given an order A, de-
termines all prime factors p of #u(B), with B as in (Q1)), as well as an efficient presentation for
w(B) and, for each p, an efficient presentation for p(B),.

Proof. This follows directly from Proposition and the isomorphisms
pB)= [ #Ae/0Aw) and w82 [] #(Awp/(m0 Ay
meSpec(FE) meSpec(E)

in the same way as for p(FE) in section O
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10. FroM p(B), TO p(C)p

Let A, E, Asp, and B be as in the previous section, and fix a prime number p. Let
(10.1) C = Asep [1/p] N B.

We have
Asep CC C B C Eyep

so C' is an order with Cgp = Eqep, and
C={zeB:pxc Agep for some i € Z>q}.

The group C/Asep is finite of p-power order, and the group B/C' is finite of order prime to p.
These orders can be quickly computed from the order of B/Agep computed in Proposition We
emphasize that C' depends on p.

Let t = (B : C). Then C/Asp = t(B/Asep), s0 C = tB + Agsep, which is the image of the map
B & Agep — B, (z,y) — tz +y. Thus one can find a Z-basis for C from the image algorithm in §14
of [B].

Proposition 10.1. Suppose that A is an order and p is a prime. Suppose m,n € Spec(E) with
m#n. Then:

(i) C/(mNC)+ nNC)) is the non-p-component of Asep/(MN Agep) + (0N Asep));

(ii) m and n are connected in T'(C) if and only if n(Asep, m,n) & pZzo.

Proof. For Z = Agep, B, and C, write Z for the finite abelian group Z/((mNZ)+(nNZ)) (cf. Lemma
B3). Let p" = (C : Asep) and t = (B : C). Then ged(p”,t) = 1. Since I'(B) has no edges, we have

~ - 1~ 1 -
(mNB)+ (nNB) =B, so B=0. Consider the maps As, =—=C —= B =0 where a map
p" t

Z 4. Zy is the map induced by multiplication by d on Z;. (The maps are well-defined since
Asep CC C B and p"C C Agep and tC' C B.)

Since B = 0, taking the composition C—Ls>B—'+~C shows that tC = 0. If z € C and

r

p"x = 0, then since ged(p”, t) = 1 we have x = 0. Thus, the composition C L Agep L. C isan

injection, and thus an automorphism « of the finite abelian group C. It follows that flsep 1.0 s

surjective and L Asep is injective. Further, letting Asep [p"] denote the kernel of multiplication
by p” in flscp, we have

ker( Ascp 1. ) = ker( flscp LI, L Ascp )= flscp [p].
This gives a split short exact sequence
~ ~ 1 ~
0—— Ascp [pT] — Ascp —C——0

ro—1

o

with C killed by t. Thus C is the non-p-component of Asep, proving (i).
We have n(Asep, m,n) & p?z° if and only if Ascp is not a p-group, i.e., if and only if C' # 0 (by
(i)). But C # 0 if and only if m and n are connected in I'(C'). This gives (ii). O

One could compute T'(C) by applying Algorithm with D = C. Thanks to Proposition [0.1]
we can compute I'(C) without actually computing C, as follows.

Algorithm 10.2. The algorithm takes an order A and the numbers n(Agep, m,n), and computes
the graph I'(C) and its connected components.
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(i) Connect two vertices m and n if and only if n(Asep, m,n) & pZ2o.
(ii) Output the associated graph and the connected components.

Definition 10.3. If W C Spec(E), let Cyy denote the image of C' in the quotient

H Asep/(m N Asep)

mew
of B.

Lemma 10.4. Let Q denote the set of connected components of the graph T'(C). Then the natural
map F : C = [[ycq Cw is an isomorphism.

Proof. The map F is injective, since

CcB= ][ [] Asp/(mnAsp).
weQmew
If fw : C — Cy is the natural map, ey is as defined in Notation with D = C, and z =

(fw(cw))weq is an arbitrary element of [, cq Cw, then F(3cq cwew) = x, so F is surjective.
The result now follows from Proposition [B.71ii). O

Proposition 10.5. Suppose A is an order and p is a prime number. Recall C' as defined in (0.
Fiz a subset W C Spec(E) for which the induced subgraph of T'(C') is connected. Then:
(i) the ring Cw is connected,
(ii) the natural map p(Cw)p — p(Cimy)p is injective for allm € W,
(ili) the group u(Cw), is cyclic,
(iv) if W' is a non-empty subset of W, then the natural map p(Cw)p = u(Cwr), is injective.

Proof. Part (i) follows from Lemma 511
Let By = [[mew Asep/(m N Agep). We have

id(Cw [1/p]) C id ( 11 E/m) = id(Bw).
meWw
Recall B from ([@I). Since (B : C) is coprime to p, so is (Bw : Cw). Suppose e € id(Cw [1/p]).
Then e € id(Byw ) and there exists m € Z — pZ such that me € Cw (e.g., m = (Bw : Cw)). Further,
there exists k € Z>q such that p¥e € Cy,. Since m and p* are coprime, we have e € Cy,. Thus,
id(Cw [1/p]) =1d(Cw) = {0,1}, so Cw [1/p] is connected. Now by Corollary B2 with R = Cy [1/p]
and m = #u(Cw [1/p])p, the group u(Cw [1/p])p is cyclic, so its subgroup u(Cw ), is cyclic as
well, which is (iii). Also, by Proposition BI(b) with R = Cw [1/p] and f = X™ — 1, the map
w(Cw [1/p])p — 1(Cw- [1/p])p is injective for each non-empty W’ C W. This implies (iv). With
W’ = {m} one obtains (ii). O

Remark 10.6. If A is a connected order in a separable Q-algebra and p is a prime number that
does not divide #(B/A), then p(A), is cyclic. This follows from Proposition [0.5(iii); C = A since
E = Egp and pt #(B/A), and one can take C' = Cyy since A is connected.

#(Cw)p = p(A/(m 0 A))y

is injective for all m € W, and p(Cw), is cyclic. This gives an efficient algorithm for computing
1(Cw)p, and thus a set of generators for u(C'),, as follows.

Algorithm 10.7. Given an order A and a prime p, the algorithm finds an efficient presentation for
1(C)p.
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(i) Apply Algorithm to compute a generator of the cyclic group p(Asep/(m N Asep))p for
each m € Spec(E).
(ii) Apply Algorithm to compute I'(C) and its connected components W.
(iii) For each W, do the following:
(a) Apply the image algorithm in §14 of [5] to compute a basis for the order

Cw = image(C — H E/m).
meWw
(b) Pick my € W with #p(Asep/ (M1 N Agep))p minimal.
(¢) Choose
Wh z{ml}CWgz{ml,mg}C ...CW
such that #W; =i for all i > 1, and W; = W;_1 U {m;} for all i > 2, and each m; is
connected in I'(C') to some m; with j < 1.

(d) Fori=1,2,... compute each u(Cw,)p, and a generator for it, in succession by using
that p(Cw,)p = p(Asep/ (M1 N Asep))p is given, and for ¢ > 1 listing all ordered pairs
in p(Cw,_,)p X t(Asep/(m; N Agep))p and testing whether they are in Cyy,, and using
that

1(Cw;)p = Cw, N (1(Cw,_, )p X p(Asep/(Mi N Asep))p)-

This gives a generator of p(Cw), for each W in the set Q of connected components
of T'(C). Let ¢w € [[yeqm(Cv)py be the element with this generator as its W-th
component, and all other components 1.
(iv) View the set S = {¢w : W € Q} in pu(C), via the isomorphism p(C), = [y cq #(Cw)p of
Lemma [[0.4 let R = {order({w )(W-th basis vector)}, and output (S|R).

Proposition 10.8. Algorithm [I0.7] gives correct output and runs in polynomial time.

Proof. By Lemma [[0.4] we have C' = [y Cw. Thus, u(C), = @y w(Cw ), so the output of the
algorithm is a set of generators for p(C),. We have

CWi C CWF1 X C{mi}, C{mi} = Asep/(mi n Asep).

Thus,
#(Cw,)p C 1(Cw,_ )p X pi(Asep/ (mi N Asep))p-

By Proposition [[0.5] the group u(Cw, ), injects into each factor, and each factor is cyclic of prime
power order. Each factor has size polynomial in the size of the algorithm’s inputs (given an order of
rank n and an element of order p¥, we have p(p*) < n by Lemma B3] so p* < 2n). By Proposition
[05(ii) the natural map u(Cw,)p — 1(Asep/ (M1 N Asep))p s injective, for all 4. As ¢ gets larger, the
groups p(Cyw, )p get smaller or stay the same. Thus one can list all ordered pairs, and then efficiently
test whether they are in Cyy,. It follows from the above that the algorithm runs in polynomial time.

The presentation (S|R) is efficient by Algorithm[7.6land Proposition@.3 since u(C), C u(B),. O

Remark 10.9. A more intelligent algorithm for step (iii)(d) is to use that each pu(Cw;,), is cyclic
(by Proposition [[0.B(iii)), and that u(Cw,)p C u(Cw,_,)p, as follows. Starting with ¢ = 1 and
incrementing ¢, proceed as follows in place of step (d). If pu(Cw,_,)p is trivial, stop. Otherwise, take
an element a1 € u(Cw,_,)p of order p and for each of the p — 1 elements b1 € p(Asep/ (M N Agep))p
of order p test whether (a1,b1) € Cyy,. If there are none, stop (the group is trivial for that W;). If
there is such a pair (a1,b1) € u(Cw,), if #u(Cw,), = p then stop with (a1,b1) as generator, and
otherwise take each as € u(Cw,_,)p that is a p-th root of a1 and for each of the p possible choices of
elements by € p1(Asep/(M; N Asep))p that are a p-th root of by, test whether (as,b2) € Cw,. As soon
as such is found, if #u(Cw,), = p? then stop with (asg, b2) as generator, and otherwise continue this
process. Injecting into each component implies one only needs to check ordered pairs with the same
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order in each component. Since #u(Cyw, ), divides #u(Cw,_, )p, one only needs to go up to elements
of order #p(Cw,_,)p. The number of trials is < plog, (#u(Cw,_, )p), since there are p choices each
time, and there are log,(#u(Cw,_,)p) steps. The final (a;,b;) found is a generator for ;(Cyw;, )p-

11. NILPOTENT IDEALS IN FINITE RINGS

Suppose R is a finite commutative ring and [ is a nilpotent ideal of R. Algorithm [[T.3] below
solves the discrete logarithm problem in the multiplicative group 1+ I, using the finite filtration:

1+I>1+2>1+1*>--- D1,

2 {0 the

multiplicative group (1 +I%)/(1 +1 21“), and the fact that the discrete logarithm problem is easy
in these additive groups.

We specify a finite commutative ring by giving a presentation for its additive group, i.e., a finite set
of generators and a finite set of relations, and for every pair of generators their product is expressed
as a Z-linear combination of the generators.

The following result can be shown using standard methods.

the fact that the map z — 1 + z is an isomorphism from the additive group I 2 /1

Proposition 11.1. There is a deterministic polynomial-time algorithm that, given a finite commu-
tative ring R and 2 ideals Iy and Is of R such that Iy C Iy, computes an efficient presentation of
the finite abelian group Ir /1.

Lemma 11.2. Suppose R is a finite commutative ring, I is an ideal of R such that I C /Og, and

for each @ € Z>( the set B; is a subset of 12" such that B; U IEa generates the additive group I% .
Let B=U;>qBi- Then 1+ 1 =(1+0b:be B) (as a multiplicative group).

Proof. Since I is nilpotent, 1 + I 2 isa multiplicative group for all i € Z>y. We have

)

via 2 — 14 2. Since B; U I2""" generates the additive group %', we have that B; + 12" generates
I2I/I21+1. 2 = 0, then By generates 2" and 1+ By, generates the multiplicative group 1+ .
It now follows that 1 + B generates 1 + I. |

2i+1

P S 0+ 1))+

Algorithm 11.3. Given a finite commutative ring R, an ideal I of R such that I C /0, for each
i € Z>o a subset B; of 12" such that B; UI?" " generates the additive group 12, with all but finitely
many B; = (), and = € I, the algorithm computes (m)peg € ZP with 14+ 2 = [],c5(1 +b)™>, where
B = ;¢ Bi, as follows.

(i) Let xp = z. For i =0, 1,... use Proposition [Tl to find (my)pep, € ZB such that
T = Z myb mod I (in I2i/12i+1).
beB;

Define z;41 € 12" by

beB;
As soon as z;+1 = 0, terminate, setting my = 0 for all b € B; with j > i and outputting
(mv)vess € ZP.

Proposition 11.4. Algorithm I1.3 is a deterministic algorithm that produces correct outputs in
polynomial time.
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Proof. Since I is a nilpotent ideal, there exists j € Z>¢ such that I = 0. Then z; = 0 and the
algorithm gives

l+z=1+z0= [] +p™=]JJa+b)™
beU,;<; Bi beB

as desired. O

Lemma 11.5. There is a deterministic polynomial-time algorithm that, given a finite commutative
ring R, an ideal I of R such that I C /0, and for each i € Z>o a subset B; of I% such that

BiUIQi+1 generates the additive group IT, computes a Z-basis for the kernel of the map ZB — 1+1,
(mp)ves — [1,(1+ )™, where B = UiZO B;.

Proof. Let C; = U, Bj. We. proceed by induction on decreasing j. We have (14 C;) = 1+ 17
(applying Lemma with I?’ in place of I). Assume we already have defining relations for 1+ Cj,
i.e., we have generators for the kernel of Z% — 14+ 1%, (mp)pec, — Hbecj (1+b)™, and would like
to find defining relations for 14 C;_;. Proposition [IT.1] gives an algorithm for finding a basis for the
kernel of ZBi-1 — 12" /1%, (m)?’ijﬂ — Hbijfl npb+ 1% in polynomial time. For each defining
relation. (nb)ven, . for Bj_1 + I?" we have > ben, , Twb = 0mod 27 5o [Thep, ,(1+b)™ =1 mod
(14 I%). Algorithm gives a polynomial-time algorithm to find (my)yec, € Z% such that
[lien, ,(1+0)™ = Hb’e_cj (1+b¥)™ €1+ I?. Then ((nb)peB, ., (—mp)pec,) is in the kernel of
the map Z% -1 — 1 +1 2#1, and these relations along with the defining relations for 1 4 C; form a
set of defining relations for 1+ Cj_;. O

Theorem 11.6. There is a deterministic polynomial-time algorithm that, given a finite commutative
ring and an ideal I of R such that I C \/0, produces an efficient presentation (1 + B|R) for 1 +1.

Proof. Apply the algorithm in Proposition [Tl to obtain for each i € Z>o a set B; C I?" such that
B, UI 2 generates the additive group I%. Since I is nilpotent, we can take B; = 0 for all but
finitely many 7. By Lemma [IT.2 the set B = |J;~, B: has the property that 1 + B generates 1 + I.

Defining relations R are given by Lemma [[T.5] and part (¢) of Definition [Tl holds by Proposition
T4 O

Theorem [[.4] now follows from Theorem and Algorithm

Remark 11.7. Suppose R is a finite commutative ring, I C R is a nilpotent ideal, and R’ is a
subring of R. Let I’ = I N R’. The algorithm in Theorem gives efficient presentations for the
multiplicative groups 1+ I and 1+ I’. We can apply Algorithm withG=1+1CR*, and T a
set of generators for 1+ I’, and T a set of generators for some subgroup of 1+ I. In the next section
we will apply this to our setting.

Example 11.8. Let R = Z/p*Z and I = \/0gr = pZ/p*Z. Then I? = 0, and 1 + I is the order
p subgroup of (Z/p*Z)* = Z/pZ x Z/(p — 1)Z. The map 1+ I = Z/pZ, 1 + z ~ z/p is a group
isomorphism, so the discrete logarithm problem is easy in 1 + 1.

Example 11.9. Let R = Z/p*Z and I = \/0g = pZ/p*Z. Then I* = 0. Here, the map 1+ 1 =
Z)p*Z, 1 +x — x/p is not a group homomorphism. The discrete logarithm problem is easy in 1+ I
not because it is (isomorphic to) an additive group, but because there is a filtration of additive
groups, namely, (1+1)/(1+ %)= I/1? and (1 +I?)/(1 4+ I*) = 1?/1* = I°.
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12. FroM p(C)p TO p(A)p
Let A be an order and let p be a prime. Recall C' from Definition [[0.1] and let
f={xeC:2C C Asxp},

which is the largest ideal of C' that is contained in A. We shall see that C/f is a finite ring, and it
has Asep/f as a subring. Suppose we are given a set M C C* such that u(C), = (M). Let

I=)Y (C-1)(C/p, I'=In(Awp/f)

CeM
Define
g1 ZM = p(C)p,  (ag)cenm — ] ¢,
CeM

let go : p(C)p — 1+ I be the natural map ¢ — ¢+, let § : u(C)p, — (1 +1)/(1 + I') denote the
composition of gy with the quotient map, define g : ZM — 1+ 1 by g = g2 0 g1, and define

(12.1) Y:ZM 5 1+ D)/ +T) by ¢Y=gog.
Proposition 12.1. With notation as above,
(i) I is a nilpotent ideal of C/f, i.e., I C \/0¢yj;
(ii) I’ is a nilpotent ideal of Asep/f;
(iii) C/f is a finite ring of p-power order,
(iv) w(A)p is the kernel of the map §;
(v) u(A), is the image of ker(v) under the map gi.

Proof. Since C/A is killed by p" for some r € Z>, we have p" € f, so p € m, So p is in every
prime ideal of C'/f. Suppose ¢ € u(C),. Then the image of ¢ in every field of characteristic p is
L. Thus, ¢ — 1 is in every prime ideal of C/f, so ¢ —1 € /0¢/;. By the definition of I we have
I C /0c¢ys, and (i) and (ii) follow.

Since p" € f we have p"C C f, so C/f is a quotient of C/p"C, which is a finite ring of p-power
order. This gives (iii).

Part (iv) follows directly from the definitions, and then (v) follows from (iv). O

)
)
)
)

Algorithm 12.2. The algorithm takes as input an order A, a prime p, and a finite set of generators
M for p(C),, and computes a finite set of generators for p(A),.

(i) Compute the finite abelian group C/Age, and
Hom(C, C/Asep) = (C/Asep) @ (C/Asep) © -+ © (C/Asep)

(with rankz(C) summands C/Asep), and compute f as the kernel of the group homomor-
phism A, — Hom(C, C/Aqep) sending x € Agep to the map y — zy + Agep. Next compute
the finite rings Asep/f C C/f. This entire step can be done using standard algorithms for
finitely generated abelian groups.

(ii) Apply the algorithm in Theorem with R = C/f and the I of this section to obtain an
efficient presentation for 1 + I.

(ili) Apply the algorithm in Theorem [T.6l with R = A, /f and I’ in place of I to obtain a finite
set T of generators for 1+ I'.

(iv) Apply Algorithm [[8 with G = 1 + I, the efficient presentation from step (ii), T = M, and
T' from step (iii) to obtain a finite set of generators S’ for ker(ZT — G/(T")).

(v) Take the image of S’ under the map g1 : Z™ — u(C),.

Theorem 12.3. Algorithm[12.2 produces correct output and runs in polynomial time.



18 H. W. LENSTRA, JR. AND A. SILVERBERG

Proof. Since C/f and Agep/f are finite commutative rings, and I and I’ are nilpotent, Theorem [IT.0]
is applicable in steps (ii) and (iii). The map ZM = ZT — G/(T") = (1 +1)/(1 + I') in step (iv) is
our map % from (I2I)). By Proposition I2.Iv), step (v) produces generators for p(A),. O

13. FINDING ROOTS OF UNITY
Algorithm 13.1. Given an order A, the algorithm outputs a finite set of generators for p(A).

(i) Use Algorithm [32to compute Egep, all m € Spec(E), the fields E/m, and the natural maps
E — E/m.
(ii) Apply Algorithm to compute Agep = AN Egep.
(iii) Apply Algorithm to compute for each m € Spec(E) the subring Asep/(m N Agep) of
Egep/m.
(iv) Apply the algorithm in Proposition [@.2]to compute, for each m € Spec(F), a generator Oy,
for p(Asep/(mN Asep)), its order, the prime factorization of its order, and for each prime p
dividing its order a generator 6y , of ft(Asep/ (M N Asep))p-
(v) For each prime p dividing the order of at least one of the groups p(Asep/ (MmN Agep)), do the
following;:
(a) Use the image algorithm in §14 of [5] to compute a Z-basis for C' = Agep[1/p] N B (as
discussed in 10 above, just before Proposition [I0.1]).
(b) Apply Algorithm [[0.7to compute an efficient presentation for p(C),.
(c) Apply Algorithm [[2.2] to compute generators for p(A)p.
(vi) Generators for these groups u(A), form a set of generators for p(A).
That Algorithm [[3.1] produces correct output and runs in polynomial time follows immediately.
We can now obtain a deterministic polynomial-time algorithm that, given an order A, determines
an efficient presentation for p(A).

Algorithm 13.2. The algorithm takes an order A and produces an efficient presentation for p(A).

(i) Apply the algorithm in Proposition @3 to obtain an efficient presentation (S|R) for u(B).
(ii) Apply Algorithm [[3] to obtain a finite set of generators for p(A).
(iii) Apply Algorithm [7.0] with G = p(B) to obtain an efficient presentation for p(A).

Example 13.3. Let A = Z[X]/(X* — 1). Then with p = 2:
B=C=Z[X]/(X -1) x ZIX]/(X + 1) x Z[X]/(X? + 1) 2 Z x Z x Z][i],
and (C : A) = 8. We identify X with (1,—1,i) € Z x Z x Z[i]. Then
(A2 = p(A) € u(B) = p(C)2 = ((—1,1,1), (1, —1,1), (1, 1,1)).

We have
f =47 x 47 x 27Z]i

of index 64 in C, and
C/f = ZJAZ x ZJAT x Z[i)/2Z[i] = Z/AZ x Z/AZ x Fs[e]
with € = 1 +1i. The index 8 subring of C'/f generated by (1,—1,1+¢) is A/f. Alternatively,
A} = (ZAZ)Y]) (2, Y?)
where Y = X —1=(0,2,¢) € A/f. With M = {(-1,1,1),(1,-1,1),(1,1,i)} we have
I = (2Z/AZ) x (2ZJAZ) x (eFse)) = \/0crr,
I? =0, and
I'=Tn(A/f) =04/ ={0,2,Y,Y +2}.
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With ¢ as in (IZ1)), we have ¢(a,b,¢) = a + b+ ¢+ 2Z € Z/27Z and
ker(y)) = {(a,b,¢c) € ZM :a+ b+ cis even} = Z-(2,0,0) +Z- (1,1,0) + Z - (1,0, 1).
Algorithm [[3T] outputs
pw(A) = u(A)g = (—X?) x (=X3) = (X, —1) 2 7Z/27 x 7./AZ.
Example 13.4. Let A = Z[X]/(X'2 —1). Then
E=Q[X]/(X"?-1)=QxQxQ(¢) x Q) x Qé) x Q¢i2)
and

B= Z[X]/(X-1) x ZIX]/(X+1) x ZX]/(X*+ X +1)
x ZIX]/(X?+1) x ZIX]/(X?* - X +1) x ZIX]/(X*-X?+1)— E.

We have for the discriminants of the orders:
|Ap|=1-1-3-4-3-122% |A4| =122,
SO
#(B/A) = /|Aal/|Ap| =27 3%,

Thus if p = 2 then (C : A) = 2°, while if p = 3 then (C : A) = 3%*. The graph I'(B) consists of 6
vertices with no edges. With the numbers n(A, m,n) on the edges, the graph I'(4) is:

(X+1)

(X -1) 5 (X2 +1)
3
-X+1)
(X2+ X +1) - X%+1)
Suppose p = 2. Then the graph T'(C) is

[ ]

[} [ ]
[ ]

[} [ ]

We have p(C)2 = [[#(Cw)2 with the product running over the 3 connected components W.
The left 2 W’s give u(Cw )2 = {£1}, while the remaining one gives u(Cy )2 = (—X3). This gives
—X3,—1 € p(A)s.
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Suppose p = 3. Then the graph I'(C') is:

We have ;(C)3 = [[ u(Cw)s with the product running over the 2 connected components W. The

top W has u(Cw)s = {1}, while for the bottom W one has that pu(Cyw)s is generated by the image
of X*, and this gives X* € u(A)s.

Continuing the algorithm by hand is more complicated than in the previous example. However,

we note that here A is the order Z(G) defined in [7] with G = (—1) x (X) 2 Z/27Z x Z/12Z, and it
follows from Remark 16.3 of [7] that u(4) = G = (—1) x (X).
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