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ALGORITHMS FOR COMMUTATIVE ALGEBRAS OVER THE RATIONAL
NUMBERS

H. W. LENSTRA, JR. AND A. SILVERBERG

ABSTRACT. The algebras considered in this paper are commutative rings of which the additive
group is a finite-dimensional vector space over the field of rational numbers. We present deter-
ministic polynomial-time algorithms that, given such an algebra, determine its nilradical, all of
its prime ideals, as well as the corresponding localizations and residue class fields, its largest sep-
arable subalgebra, and its primitive idempotents. We also solve the discrete logarithm problem
in the multiplicative group of the algebra. While deterministic polynomial-time algorithms were
known earlier, our approach is different from previous ones. One of our tools is a primitive ele-
ment algorithm; it decides whether the algebra has a primitive element and, if so, finds one, all in
polynomial time. A methodological novelty is the use of derivations to replace a Hensel-Newton
iteration. It leads to an explicit formula for lifting idempotents against nilpotents that is valid in
any commutative ring.

1. INTRODUCTION

In the present paper, we mean by a Q-algebra a commutative ring E of which the additive
group is a finite-dimensional vector space over the field Q of rational numbers. We give deter-
ministic polynomial-time algorithms for several basic computational questions one may ask about
Q-algebras, taking an approach that differs from previous ones. The reader wishing to implement
our algorithms is warned that we have attempted to optimize the efficiency of our proofs rather than
of our algorithms.

In algorithms, we specify a Q-algebra I by listing a system of “structure constants” a;;r € Q,
for i,j,k € {1,2,...,n}, where n = dimg(E). These determine the multiplication, in the sense that
for some Q-basis eq, ez, ..., e, of E one has e;e; = 22:1 aijrer for all ¢, j. Elements of E are then
represented by their vector of coordinates on that basis, Q-algebra homomorphisms are represented
by matrices, and ideals and subalgebras of E' by QQ-bases for them, expressed in eq,ea, ..., €.

The Jordan-Chevalley decomposition. Let F be a Q-algebra. We call a € E nilpotent if there
is a positive integer r with " = 0. The set of nilpotent elements of FE is the nilradical of E, denoted
by v0 or /0g. We call a polynomial f € Q[X] separable if f is coprime to its derivative f’, and
a € F is called separable (over Q) if there exists a separable polynomial f € Q[X] with f(«) = 0.
We write Fgep for the set of separable elements of .

The following result is well known.

Theorem 1.1. Let E be a Q-algebra as defined above. Then the nilradical /0 is an ideal of E, and
Esep 15 a sub-Q-algebra of E. Also, one has

E:Escp@\/a

in the sense that the map Feep @ V00— E, (u,v) = u—+ v is an isomorphism of Q-vector spaces.
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Writing an element of E as the sum of a separable element and a nilpotent element may be viewed
as its Jordan-Chevalley decomposition or Dunford decomposition. We give a proof of Theorem [l
in section 2 using a Hensel-Newton iteration.

In section Bl we exhibit a polynomial-time algorithm for achieving the Jordan-Chevalley decom-
position (Algorithm B.T]). Interestingly, it gives rise to a method for determining the nilradical that
differs from the traditional way of doing this, which depends on the trace function (see section 4.4
of [3]). And more interestingly, we compute the subalgebra Eg, at the same time. Altogether, we
obtain the following result, which will be used in several later algorithms.

Theorem 1.2. There is a deterministic polynomial-time algorithm that, given a Q-algebra E,
computes a Q-basis for Esp and a Q-basis for V0, as well as the matriz describing the map
ESCPEB\/E — E from Theorem[IL1] and its inverse (which describes the inverse map E — ESCPGB\/ﬁ).

An algorithm as in Theorem [[.2] can also be found in the Appendix to [I]. It is a Hensel iteration,
carefully formulated so as to avoid coefficient blow-up. Our own proof of Theorem [[.2] which is
given in section [ uses no iteration at all. It depends on the following result, in which k' denotes
the formal derivative of h € Q[X].

Theorem 1.3. Let g € Q[X] be non-zero, and let E be the Q-algebra Q[X]/(g). Then there is a
well-defined surjective Q-linear map

d: Q[X]/(9) — Q[X]/(g,9')
sending h+ (g) to b + (g9,9"), and its kernel equals Egep.

For the proof, see section [l

One may wonder whether the method for determining Fg., that is described in Theorem [L3]
applies directly to any Q-algebra. That is, if E is a Q-algebra, with module of Kéahler differentials
Qp/@ and universal derivation d : £ — Qg /q, is ker(d) necessarily equal to Eyp? (See [2] for the
unexplained terms.) We are grateful to Maarten Derickx for having provided a counterexample:
if I C Q[X,Y] denotes the ideal (5X* + Y3 3XY2 4+ 4Y3 Y?) then f = X° + XY3+Y*+ 1 ¢
Q[X,Y]/I = E satisfies f € ker(d) while f ¢ Es, = Q- 1.

Lifting idempotents against nilpotents. As an example, we discuss the algebra F = Q[X]/(g),
where ¢ = X™(1 — X)” with m,n € Zso. The nilradical /0 of E is the ideal generated by
X(1-X)+ (g), and by Theorem [[T] the natural map

is an isomorphism of Q-algebras. It follows that there is a unique element y € Ey.p, that maps to
X + (X(1 - X)), and that this element satisfies y(1 —y) = 0 and Egep = Q- 1@ Q- y. By Theorem
3 we have y = f + (g), where f € Q[X] is characterized by

deg(f) <n+m, f=XmodX(1-X), f'=0mod(g,g),

where (g,¢9’) = X™ (1 — X)"1. Note that from y(1 — y) = 0 it follows that X™(1 — X)"
divides f(1 — f), and because the condition f = X mod X (1 — X) implies ged(1 — f,X) = 1 and
ged(f,1 — X) =1, one obtains

f=0mod X™, 1—f=0mod (1 -X)"

It turns out that in this case we can give explicit formulas for the polynomial f. These are contained
in the following result, which is in fact valid for any ring, commutative or not, and in which m = 0,
n = 0 are also allowed.
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Theorem 1.4. Let R be a ring, and m,n € Z>o. Then there is a unique polynomial f € R[X]
satisfying
deg(f) <m+n, feR[X]-X™ [fel+R[X] (1-X)",

and it is given by

m+n—1 m+n—1 .
f= Z (m "‘? - 1) Xi(1— X)ymtn—1-i = Z (—1)Fm (m—|—? - 1) (Z:;)Xz

This polynomial satisfies > = f mod R[X]- X™(1 — X)".

For the proof of Theorem [[4] see section @l For m = n = 2 one obtains f = 3X2 — 2X3, a
polynomial that is well known in this context (cf. [I], section 3.2).

An idempotent of a commutative ring R is an element e € R such that e? = e. In addition to
providing an example illustrating Theorem [[.3] Theorem [[4] gives an explicit formula for lifting
idempotents against nilpotents in commutative rings; that is, if R is a commutative ring with
nilradical \/6, and a + /0 is an idempotent in the ring R/\/ﬁ, then there is a unique y € o + NG
that is an idempotent in R, and the following result tells us how to write it down.

Theorem 1.5. Let R be a commutative ring, suppose m,n € Zx>q, and suppose o € R satisfies
a™(1l—a)" =0.
Then there is a unique y € R satisfying
y — o is nilpotent, y*® =1,
and it is given by y = f(a), with f as in Theorem [1.4.

For the proof, see section [l
In principle one can use Theorems [[.4] and for algorithmic purposes, but we shall not do so
in the present paper.

Primitive elements. Let E be a Q-algebra. For a € E, we denote by Q[«] the subalgebra of E
generated by «; it is the image of the ring homomorphism Q[X] — E sending f € Q[X] to f(«) € E.
We call a € E a primitive element for E if Qa] = E.

Theorem 1.6. For any Q-algebra E, the subalgebra Egep, has a primitive element. In addition,
there is a deterministic polynomial-time algorithm (Algorithm[6.3 below) that, given a Q-algebra E,
produces « € E with Ese, = Q|a].

For the proof of Theorem [I.6, including the algorithm, see section [fl We will find Theorem
useful in determining Spec(F).
General Q-algebras do not need to have primitive elements (see Example [6.5]).

Theorem 1.7. (i) For any Q-algebra E, the following four statements are equivalent:
(a) E has a primitive element;
(b) for each m € Spec(E), the E/m-vector space v/0/m\/0 has dimension at most 1;
(¢) V0 is a principal ideal of E;
(d) each ideal of E is a principal ideal.
(ii) There is a deterministic polynomial-time algorithm that, given a Q-algebra E, decides whether E
has a primitive element, and if so finds one.

For the proof of (i) see section[@ For (ii) and the algorithm see section [7l
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The spectrum and idempotents. The spectrum Spec(R) of a commutative ring R is its set of
prime ideals. For m € Spec(R), we write Ry, for the localization of R at m. A primitive idempotent
of R is an idempotent e # 0 of R such that for all idempotents ¢’ € R we have e’e € {0, e}.

The following result assembles basic structural information about Q-algebras.

Theorem 1.8. Let E be a Q-algebra. Then:

(i) for each m € Spec(FE), the local ring Fy is a Q-algebra with a nilpotent maximal ideal, its
residue class field is E/m, and E/m is a field extension of Q of finite degree;

(ii) Spec(E) is finite, and the natural map E = [lyespec(m) Em is an isomorphism of Q-
algebras;

1i) the natural map £ — m s surjective, and its kernel equals the nilradica s

iii) th ! E mespee() B/m is surjecti d its kernel equals the nilradical /0

(iv) the restriction of the map in (iii) to Esep is a Q-algebra isomorphism

Escp :_> H E/m

Theorem is by no means new, but since it can be quickly obtained from Theorem [[.1] we
include a proof in section

We next consider an algorithmic counterpart of Theorem [[L.8 Part (iii) of Theorem [ readily
implies that determining all m € Spec(F), as well as their residue class fields E/m and the maps
E — E/m, is equivalent to determining all primitive idempotents of the ring £/+/0, in a sense that
is not hard to make precise. Likewise, by part (ii) of Theorem [[.8] determining all localizations Ey,
as well as the maps F — Ey, is equivalent to determining all primitive idempotents of E' itself.

We briefly discuss the literature on these two problems. An algorithm for finding the primitive
idempotents of E/+/0 was proposed in section V of [6], but it does not run in polynomial time ([6],
section VI); a promised sequel to [6] never appeared, and no details are available on the method
for dealing with the issue that was suggested on p. 86 in section 4 of [9]. However, in section 7.2
of [3] one does find a polynomial-time algorithm for finding the primitive idempotents of E/+/0. It
depends on a primitive element, as does our own method.

To find the primitive idempotents of E, it suffices to lift those of E/+/0. In section IV of [6],
a method for doing this is proposed, based on Hensel’s lemma. A proof that this method runs in
polynomial time can be found in section 3.2 of [1]; alternatively, one can apply Theorem Our
own procedure is much simpler: from the primitive idempotents of E/ V0 and the isomorphism
Esep = E/+/0 one immediately obtains the primitive idempotents of Egep, which coincide with
those of E.

Altogether, we obtain a new proof of the following theorem.

Theorem 1.9. There is a deterministic polynomial-time algorithm that, given a Q-algebra, computes
its primitive idempotents.

For the proof and the algorithms, see section[ll All idempotents are obtained as sums of subsets
of the set of primitive idempotents, but there may be too many to list in polynomial time.
In terms of prime ideals, Theorem reads as follows.

Theorem 1.10. There are deterministic polynomial-time algorithms that, given a Q-algebra E,
compute all m € Spec(E), the Q-algebras Ey and E/m for all m € Spec(E), as well as the natural
maps

E—En, Enw—E/m, E-E/m E— [] Ew Ee— [[ E/m
meSpec(E) meSpec(E)

and the inverses of the latter two maps.

For the proof and the algorithms, see section [7}
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Discrete logarithms. Theorem contributes a useful ingredient in an algorithm for finding
roots of unity in orders that the authors recently developed; see [14] [12] [13]. We also proved that,
given a Q-algebra E, one can find, in polynomial time, generators for the group p(E) of roots of
unity in F, and we presented a solution to the discrete logarithm problem in p(E); see [14]. The
following result states that, in fact, the discrete logarithm problem in the full multiplicative group
E* of E admits an efficient solution.

Theorem 1.11. (i) There is a deterministic polynomial-time algorithm that, given a Q-algebra E
and a finite system S of elements of E, decides whether all elements of S belong to E*, and if
so determines a finite set of generators for the kernel of the group homomorphism

7° — E*, (ms)ses — H s,
seS
(ii) There is a deterministic polynomial-time algorithm that, given a Q-algebra E, a finite system S
of elements of E* and t € E*, decides whether t belong to the subgroup (S) of E* generated by
S, and if so produces (m)ses € Z° with t = [Tocgs™:-

The case of Theorem [[.T1]in which E is assumed to be a field is already quite complicated; it was
done by G. Ge [5]. We prove Theorem [[.T1] in section [ by a reduction to the case E is a field as
dealt with by Ge.

In [I] one finds a result that is in substance equivalent to Theorem [[.TT], with a proof that proceeds
along the same lines.

Acknowledgment: We thank the referee for helpful comments, and especially for pointing out that
a number of results were known earlier, in [3], 6], @] 1].

2. SEPARABLE (Q-ALGEBRAS

Let E be a Q-algebra and a € E. Then the map Q[X] — E, f — f(a) is a ring homomorphism,
and it is not injective because dimg(FE) < oco. Hence the kernel of the map is equal to (g) = g- Q[X]
for a unique monic polynomial g € Q[X], which is called the minimal polynomial of o (over Q); note
that the image Q[a] of the map is then isomorphic to Q[X]/(g) as a Q-algebra. Let Ey, C E be as
defined in the introduction.

Lemma 2.1. Let E be a Q-algebra and o € E. Let g € Q[X] be the minimal polynomial of . Then
the following are equivalent:
(i) o € Egep,

(i) (979/) =1,

(iii) g is squarefree in Q[X].
Proof. That (ii) implies (i) follows from the definition of Ege,, since g(a)) = 0. For (i) = (ii), suppose
« € Egep. Let f € Q[X] be such that (f, f/) =1 and f(a) = 0. Then g divides f, so f, f’ € (9.4")
and therefore (g, ¢’) = 1. That (ii) and (iii) are equivalent is a direct consequence of the fact that Q
has characteristic zero. 0

Lemma 2.2. If E is a Q-algebra, then Fgep is a sub-Q-algebra of E.

Proof. Let o, B € Egep with minimal polynomials g, h, respectively. Then one has g = g1g2--- gs,
where g1,¢2,...,9: € Q[X] are distinct monic irreducible polynomials, by Lemma 211 By the
Chinese remainder theorem one now has
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where each K; is a field. The subalgebra Q[a, 5] C E generated by o and § is the image of the map
Qlo][Y] = E, f+— f(B), of which the kernel contains h(Y"). One has

Qla][Y]/(n(Y)) = HKi[Y]/(h(Y)),

where each K;[Y]/(h(Y)) is a finite product of fields because (h,h’) = 1. Hence Q[a][Y]/(h(Y)) is a
product of finitely many fields L;. Each z € Q[a][Y]/(h(Y)), with components z; € L;, is a zero of a
separable polynomial in Q[X], namely the least common multiple of the minimal polynomials over Q
of the elements z;. Since there is a surjective Q-algebra homomorphism Q[a][Y]/(h(Y)) — Q[«, 4],
it follows that each element of Q[«, 3] is separable over Q. In particular, one has o £ 8, af € Egep.
Since one also has Q-1 C Esep (since 1 is separable), it follows that Eg, is a sub-Q-algebraof E. O

Lemma 2.3. Suppose E is a Q-algebra, a € E, and f € Q[X] is a separable polynomial for which
f(a) is nilpotent. Then there exists y € o+ +/0 such that f(y) = 0.

Proof. Since f € Q[X] is separable, one has Q[X]- f™ + Q[X]- f' = Q[X] for all m € Z~¢. Let now
z € E be such that f(z) is nilpotent. Then it follows that f'(z) € E*, so we can define

2=z [(2)/f(2) € E.
Note that z* € z + v/0 because f(z) € v/0. One has
FX+Y) e f(X)+ [(X)Y +Q[X,Y]- V2,

and substituting X = z, Y = —f(2)/f'(z) one finds f(z*) € E - f(2)%. Hence f(z*) is nilpotent as
well, so that one also has f'(z*) € E*. Tt follows, starting from z = ap = « and iterating the map

z + z*, that there is a well-defined sequence Qg, 01, 02, - . . defined by a;41 = of. By the above
results, all o; belong to a + /0, and f(a;) € E- f(a)?". Thus, for i large enough one has f(a;) = 0,
and one can take y = a;. O

Proof of Theorem [I.1l Since E is commutative, the sum of any two nilpotent elements of E is
nilpotent, and it follows that v/0 is an ideal of E; in particular, it is a Q-vector space. Lemma
shows that s, is a sub-Q-algebra of . We next prove that the map

Ewp ®V0 = E, (u,v) »u+v
is surjective. Let a € E have minimal polynomial g, and let f be the product of the distinct monic
irreducible factors of g. Then f is separable and f(«) is nilpotent, so Lemma shows that we
can write a = u 4+ v with f(u) = 0 and v € /0. Then u € Esp, and surjectivity follows. To prove
injectivity, it suffices to show Egp N V0 = {0}. Let a € Esep N v/0. Then the minimal polynomial g
of a divides both some separable polynomial and some polynomial of the form X" with m € Z+,
so it divides X, and therefore oo = 0. g

3. THE STRUCTURE OF (Q-ALGEBRAS
In this section we prove Theorem We begin with a lemma.

Lemma 3.1. If the assertions of Theorem [L8 are valid for two Q-algebras Ey and E, then they
are valid for the product algebra E = FEy X E;.

Proof. Since this proof is straightforward, we only indicate the main points. The two projection maps
E — E; (i = 0,1) induce maps Spec(E;) — Spec(F), and these allow us to identify Spec(E) with
the disjoint union of Spec(Ey) and Spec(E1). If m = mg x Ey € Spec(E) comes from mg € Spec(Ey),
then one has F/m = Ey/mg and En — (Eg)m,. Also, one has Esp = (Eo)sep X (F1)sep, and
likewise for the nilradicals. These facts readily imply the lemma. O
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Proof of Theorem [I.8 We use induction on dimg(E). If dimg(FE) = 0 then Spec(£) = () and
all assertions are clear. Next suppose dimg(FE) > 0.

Suppose first that each @ € Fgepp, has a minimal polynomial that is irreducible; then each Q[«] is
a field, so each non-zero @ € Ey.p, has an inverse, so Egp is a field. By Egop @ V0 = E it follows
that £/v0 2 Esp, so V0 is a maximal ideal. Each p € Spec(E) contains v/0, but v/0 is maximal,
so p = /0. This proves that Spec(F) = {4/0}. Hence E is local with maximal ideal v/0, and /0 is
nilpotent because it is a finitely generated ideal consisting of nilpotents. All statements of Theorem
LY follow.

Next assume a € Fgp is such that its minimal polynomial g is reducible: g = go - g1 with
gi € Q[X] \ Q. Lemma 2T implies that go and g; are coprime, so we have

Qla] = Q[X]/(g) = Q[X]/(g0) x Q[X]/(g1)

as Q-algebras, where both rings Q[X]/(g;) are non-zero. Let e € Q[a] C E map to (1,0) €
Q[X]/(g0) x Q[X]/(g1). Then one has e* = e and e ¢ {0,1}. The ideals [ = Ee and J = E(1 —¢)
satisfy I +J = E (because 1 € I 4+ J) and therefore I NJ = IJ = Fe(l — e) = {0}. The Chinese
remainder theorem now shows F = E/(INJ) 2 E/I x E/J = Ey x E; (say) as Q-algebras, where
dimg(E;) < dimg(E) because I and J are non-zero. The induction hypothesis shows that Theorem
[L8is valid for each E;, so by Lemma Bl it is also valid for E. a

4. DERIVATIONS AND IDEMPOTENTS
In this section we prove Theorems [[3] L4 and

Proof of Theorem [I.3l The map ¢ is well-defined since if ¢ divides hy — ho then b} — h5 € (g,9').
It is Q-linear, and it is surjective because the map Q[X]| — Q[X], h — K’ is surjective.

We prove Eqep, C ker(d). Let o € Egep, and let f € Q[X] be a separable polynomial with f(«) = 0.
Then f'(a)d(a) = 0(f(a)) =0(0) =0 and f(a)d(a) =0-d(cx) = 0, and since (f, f') = 1 one obtains
§(a) = 0.

To prove Ege, = ker() it will now suffice to prove that Egep, and ker(d) have the same dimension.
The prime ideals m of E are in bijective correspondence with the monic irreducible factors h of g
in Q[X], by m = (h)/(g), and E/m = Q[X]/(h). The isomorphism Fyp, — [wespecm) E/m from
Theorem [[8(iv) now implies dimg(FEsep) = >, deg(h) = deg(g), with § =[], h and h ranging over
the monic irreducible factors of g in Q[X]. If h occurs exactly m times in g, then it occurs exactly
m — 1 times in ¢’, so (g,9") = (9/§). Hence

dimg(ker(d)) = deg(g) — deg(g/9) = deg(§) = dimg(Esep)
as required. This proves Theorem [[.3] O

Proof of Theorem [I.4. Theorem [I.4] is easy to check if n = 0, in which case f = 0, and also if
m =0, n # 0, in which case f = 1. Assume now m > 0, n > 0. We first prove existence. Define
m—1
m+n—1 ; -
— Xz 1_ X m4+n—1—1
=3 (" )xa-x ,

=0

_m+n_1 m+n—1 Xi(] = xymtn-1-i
f= Z i (1-X) :

By the binomial theorem we have
fot f=(X+(1-X)"t =1

Since one has also f € R[X]-X™ and 1 — f = fo € R[X]- (1 — X)™, this proves existence, and it
also proves the first formula for f.
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To prove uniqueness, suppose that h € R[X] also satisfies
deg(h) <m+mn, heR[X]-X™, hel+R[X] -(1-X)"
Then we have h — f € R[X]- X™ and h — f € R[X]- (1 — X)", so

h—f=(h-f)1=(h=Fffo+(h=f)f
€ R[X]-X™-R[X]-(1-X)"+R[X]-(1 - X)"-R[X] - X™
= R[X]-X™-(1-X)",

the last equality because X™ and (1 — X )™ are central in R[X]. Since deg(h— f) < m+mn, it follows
that h = f. This proves uniqueness.
It remains to prove the second expression for f. First assume that R = Q. The derivative f’ of
f is divisible both by X™~! and by (1 — X)"~!, so if we write f = >."" " ¢, X7 with ¢; € Q, then
one has
m+n—1

> iaX T =X (1= X

i=m
where ¢ € Q[X] is a certain polynomial. Comparing degrees one finds ¢ € Q. The first formula for
f shows ¢, = (m+7z71), so comparing the terms of degree m — 1 one finds ¢ = mc,, = m(mt:fl).
Comparing the terms of degree ¢ — 1 now yields

) -1 - -1 -1
Z'Ci _ q(_l)z—m <7’L ) _ (_1)z—mm <m +n > <n )
i—m m i—m
from which it follows that
7 i—m

This proves the last equality of Theorem [[4] in Q[X]. It is then also valid in Z[X], and since there
is a unique ring homomorphism Z — R it is valid in R[X] as well.

The remainder of f2? upon division by X™(1— X )" has the same properties as f, so by uniqueness
is equal to f. Hence f2 = f mod R[X] - X™(1 — X)". O

Proof of Theorem We first prove that y = f(«) has the properties stated. If n = 0 then y =
f(a) = 0, which does satisfy y? = y, and y — a = —a is nilpotent because o™ = 0. If m =0, n # 0
then y = f(a) = 1, which does satisfy y? =y, and y — a = 1 — « is nilpotent because (1 — a)™ = 0.
Form#0,n#0,onehasy—a= f(a) —a€ Reand y —a = f(a) — 14+ (1 —a) € R(1 — a), so
y—a=(y—a)((l —a)+a) € Ra(l —a)+ R(1 — a)a = Ra(l — a).

From a™(1 — a)™ = 0 and the commutativity of R it now follows that y — « is nilpotent. With f
as in the proof of Theorem [[.4] we have

fA=f)=ffoe RX]-X™-(1-X)",

soy —y* = f(a)(1 - f(a)) € R-a™ - (1-a)" = {0}.
To prove uniqueness, suppose that z € R is such that z — « is nilpotent and 22 = 2. Since R is
commutative, we have

(z—y)3223—3z2y+3zy2—y3:z—3zy+3zy—y:z—y

and by induction it follows that z —y = (z — y)3t for all t € Z>(. But since R is commutative, the
element z —y = (2 — a) — (y — @) is nilpotent, and choosing ¢ such that (z — y)3 = 0 one finds
z=1q. O
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5. SPLITTING OFF THE NILRADICAL

In this section we prove Theorem We begin with an algorithm that also determines minimal
polynomials.

Algorithm 5.1. Given a Q-algebra E and « € FE, this algorithm computes the minimal polynomial
of a, as well as the unique pair (u,v) € Egep @ V0 with o = u 4 v.

(i) Compute 1,,a?,... until the smallest k € Zx¢ is found for which o € Y., Qaf; if

of =3, i’ with ¢; € Q, output g =Y*=3",_, ¢;Y" € Q[Y] as the minimal polynomial

of a.
(ii) Use the Euclidean algorithm to compute (g, ¢’), and compute § = g/(g,9’)-
(iii) Use linear algebra to compute the unique ¢ € Q[Y] satisfying

deg(q) < deg((g,9"),  d'9+q¢¢ =1mod (g,9),
and output v = ¢(a)g(a), u = a — v.
Proposition 5.2. Algorithm [51] is correct and runs in polynomial time.

Proof. Step (i) is clearly correct, and it runs in polynomial time because k = dimg(Q[a]) < dimg(E).
Step (ii) runs in polynomial time by Chapter 6 of [4]. Note that g is, as in the proof of Theorem [[.3]
the product of the distinct monic irreducible factors of g in Q[Y]. We prove the correctness of step
(iii). Applying Theorem [[T] to the Q-algebra Q[a] = Q[Y]/(g), we see that there exists a unique

element v € |/Oge] With v = a —v € Q[afsep. Since we have |/Oga) = Q[a]g(a), and since by
Theorem [[.3] we have

Qledsep = {h(e) : h € QY] 1" € (g.9')},
it is equivalent to say that there is a unique element v = g(a)g(«) with
1—¢'g—qg¢' =0mod (g,9");

here ¢ € Q[Y] is uniquely determined modulo g/§ = (g,¢’). This implies the unique existence of ¢
as in step (iii) and the correctness of the output. |

Example 5.3. Let £ = (@[X]/(g(2 +1)2. For all h € Q[X], let fLNdenote the image of h in E. We
apply Algorithm 5.1 with a = X. The minimal polynomial of X is g = (Y2 + 1)?, and we have
§=Y?+1. By Theorem [

Eep = ker(8) = {h:deg(h) <3and ' € Q- (X2 +1)} =Q+ Q- (X + 3X).
Write ¢ = a + bY, substitute into
¢G+qf =1mod (Y2 +1),
and solve for a,b € Q to obtain ¢ = —%Y and

1~ -
v=q(X)j(X) = —5)(()(2 +1) € V0g.
Thenu=X —v = %(X?’ +3X) € Feep.

Example 5.4. Let E = E@[X]/(X2 +1)% and let h denote the image in E of h € Q[X]. Applying
Algorithm 5.1 with o = X, we have g = (Y2 +1)% and § = Y2 + 1. Then

Eep =ker(5) =Q-1+Q- (3X° +10X3 + 15X).
Solving for the 4 coefficients of ¢ in

dg+qi =1mod (Y*+2Y%2+1)
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and letting u = X — ¢(X)(X? + 1), we compute that ¢ = —1(3Y® + 7Y) and
u=X+ %(35{2 +7X(X?2+1) = é(sfé +10X3 +15X) € Feep.-
Algorithm 5.5. Given a Q-algebra E, this algorithm computes a Q-basis for E, and a Q-basis
for /0, as well as the matrices describing the map Esep @ Vo5 B, (u,v) — u + v and its inverse.
(i) Applying Algorithm[BE.T]to each of the basis elements e, e, . . ., e, of E, determine elements
UL, U, .-, Up € Fgop and vy, v2,...,v, € V0 such that e; = u; +v; for 1 <14 < n.
(ii) Using linear algebra, determine a maximal subset I C {1,2,...,n} for which (u;)ecs is
linearly independent over QQ, and express each u; (1 < j < n) as a Q-linear combination of
(ui)ier. Output (u;)ier as a Q-basis for Egep.
(ili) Using linear algebra, determine a maximal subset J C {1,2,...,n} for which (v;)ies is
linearly independent over Q, and express each v; (1 < j < n) as a Q-linear combination of
(vi)ics. Output (v;);cs as a Q-basis for v/0.
(iv) The matrix describing the map s, @ V0 — E consists of the coordinates of the vectors
u; (1 € I) and v; (i € J) when expressed on the basis e, ea,...,e,, as computed in step
(i). The matrix describing the inverse map E — Egse, @ v/0 consists of the coordinates of
Up, U, ..., Uy ON (u;);es as computed in step (ii) and of the coordinates of vq,va, ..., v, on
(vi)ies as computed in step (iii).

Proof of Theorem It is a routine exercise to show that Algorithm has the properties
claimed in the statement of Theorem |

Remark 5.6. If 0 # g € Q[X], and one uses the bases {X*}35@ ! for Q[X]/(¢) and {Xi}?igo((g’g/))_l
for Q[X1/(g,¢’), then one will find that Ege, has a basis consisting of 1 and one polynomial of degree
j for each j € Z with deg((g,¢")) < j < deg(g).

6. PRIMITIVE ELEMENTS

In this section we prove Theorems and [L7(i).
Suppose E is a Q-algebra. If o € F, then « is integral over Z if there is exists a monic polynomial
f € Z[X] such that f(a) = 0. If f € Z[X] is monic and separable, then f = [[,(X — a;) with

_ _ K2
a; € Z C C, where Z denotes the set of algebraic integers in C, and we define the discriminant of f

to be
A(f) =] ](ai —aj)* e Z~ {0}
i<j
Proposition 6.1. Suppose E is a Q-algebra, suppose a, 5 € E are separable over Q and integral
over Z. Let f € Z|X] denote the minimal polynomial of o and let d € Z~q be such that d* ¥ A(f).
Then Qla, 8] = Qo + df].

Proof. Let ® denote the set of ring homomorphisms from Q|[a, 8] to C. By Theorem [T we have
Qle, B] C Esep, 80 Qloy, f] = Qla, Blsep is the product of finitely many number fields (Theorem
[L8(iv)). It follows from this that one has #® = dimg(Q[«, 5]).

We first show that if ¢, € ® and p(a + df) = Y(a + dﬂ_), then ¢ = 1. Suppose that @, ¢ € &
and ¢(a + df) = Y(a + dp). Then p(a), ¥ (), p(B), Y(B) € Z, so

pla) = p(a) = d(¥(B) — ¢(B)) € dZ.
Write f = [[,(X — a;) with a; € Z C C. Suppose ¢(a) = a; and ¢(a) = a;. If i # j, then
A(f) € Zlp(a) = ¥(a))?* C Zd?,

so A(f)/d? € ZNQ = Z, contradicting our assumption. Thus i = 7, so p(a) = (), so ¢(B) = ¥ (B),
so ¢ = 1, proving the claim.
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Let h denote the minimal polynomial of a + df. Then Q[a + df] = Q[X]/(h), the degree of h is
dimgQa + df], and h(a+ dB) = 0, so h(e(a + dB)) =0 for all ¢ € ®. Thus,

degh > #{z€ C:h(z) =0} > #{p(a+dB): p € D} = #D
= dimgQ|e, 8] > dimgQ[a + df] = deg h,
so all are equal. Tt follows that Q[«, 5] = Qo + df]. |

It follows from Algorithm below that finding a primitive element of £ can be done in polyno-
mial time.

Theorem 6.2. Suppose that E is a Q-algebra, and suppose Egep, = Qlov, . .., o] with each a; € E
integral over Z. Let f; denote the minimal polynomial of «;, and for i € {1,...,t — 1} let d; be a
positive integer such that d? t A(f;). Then

Feep = Qlar + dias + didocg + - - + dida - - - di—10w].
Proof. Each f; is a monic separable polynomial in Z[X]. Applying Proposition [6.1] gives
Qlovg—1, ] = Qloy—1 + di—10u].

Proceeding inductively, we have

Eeep =Qlan, ..., a¢—2, 001 + diqoy) =
Qlo, .-y ap—g, a9+ di—ocy—1 + di—odi—104] = - -
= Q[Oﬂ + diag + didoceg + -+ - + dids - - ~dt,1at],

as required. O

Theorem yields the following deterministic polynomial-time algorithm that proves Theorem
LL.6l

Algorithm 6.3. Given a Q-algebra E, this algorithm outputs o € E such that Fs, = Q[a].

(i) Applying AlgorithmsB.HandB.]] find a Q-basis u1, usg, . . ., uy for Egep, as well as the minimal
polynomial g; of each wu;.

(ii) For i = 1,2,...,t, find a non-zero integer k; for which k;g; € Z[X], compute the minimal
polynomial f; = kideg(g")gi(X /ki) of kju;, as well as its discriminant A(f;) and the least
positive integer d; for which d? 1 A(f;).

(iii) With a; = k;u,, output

a=oa1 +dias +didoas +---+didso - di_10.

Proof of Theorem The first assertion of Theorem follows from Theorem [6.2} note that
each A(f;) is non-zero, so that d; exists. For the second assertion, we show that Algorithm has
the required properties. Note that each f; is a monic polynomial in Z[X], so the elements z; = k;u;
(1 < i < t) form a Q-basis for Egp, consisting of elements that are integral over Z. Thus the
correctness of the algorithm follows from Theorem It follows from Corollary 11.19 of [4] that
the computation of A(f;) can be done in polynomial time. We have d; < 1log|A(f;)| + o(1) for
|A(f;)| — oo, since
IA(f)| > 1lem(1,2,...,d; —1)* = exp(2d; + o(1))

as d; — oo (see Chapter XXII of [1]). O
Lemma 6.4. Let E be a Q-algebra, and let o € E be such Esp = Qla]. Suppose that for each

m € Spec(E) there exists em € V0/m\/0 with (E/m)em = v/0/m\0. Then there exists € € /0 with
E =Q[a+¢].
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Proof. Since E/+/0 = D ucspec(r) £/m as E-modules, we have
2
VO/VO = Vo eg (B/V0) =P (V0 ep (E/m) = P Vo/mv0 = @ (E/m)en
m m

m
for some £, € v0/m\0. Pick & € \/6/\/62 mapping to (€m)mespec(E) € D v/0/my/0. Since
(£m)mespec(r) generates @, vV0/mv/0 as amodule over [],, E/m = E/\/0, it follows that & generates
\/6/\/62 as a module over £/+/0. We have F = Esep ® V0 and Esep, = Qo] for some o € E. Choose

e € v/0 mapping to &, so E - ¢ + \/62 = /0. Let f be the minimal polynomial of a. Then f
is separable. Since f(a) = 0 we have f(a+ &) = 0 mod (&), so there exists n € Zs¢ such that
f(a+e)" =0. Since f is separable, we have f'(a) € E* and f'(a +¢) € E*. Also,

2
fla+¢e) = f(a)+ef'(a) mod VO,
so f(a+e) € E*-e+ NGO Thus, F = Q[ + €] is a subring of E mapping onto E/+/0 = Q[a@] where
a=a++/0= a+5+\/6, and 0p = Fn+o0 maps onto \/6/\/62 It follows that E = F + +/0 and
VO = VOrE + V0.
Copying the proof of Lemma 7.4 in Chapter IT of [§], we have
VO = VOFE + V0 = VOrE + VOV + V0 = VOrE +V0 = ... = J0rE

since y/0 is nilpotent. Now

E=F+\V0=F+0pE = F + VOp(F + V0pE) = F+ 0p E=--- = F = Qo + ¢},
as desired. O

Proof of Theorem [I.7(i). We first show (a) = (d). If E = Q[a], then E = Q[X]/(g) for some
g € Q[X], and since Q[X] is a principal ideal domain, each ideal of FE is principal.

The direction (d) = (c) is obvious.

We now show (c) = (b). If v/0 is a principal E-ideal, then the E/m-vector space V0 ®g E/m =
\/6/ m+/0 is generated by a single element, so it has dimension at most 1.

Finally, we show (b) = (a). Let ey generate the E/m-vector space v/0/m+/0, let a be a primitive
element for Ege, (Theorem [[16]), and apply Lemma [6.4 O

Example 6.5. We give an example of a Q-algebra E that does not have a primitive element. Let
E=Q[X,Y]/(X? XY,Y?). Then E=Q-1®Q-2®Qy where x and y are the images in F of X
and Y, respectively. Then Egp = Q-1 and V0 =Q-2®Q-y. The unique maximal ideal is m = /0.

We have \/62 = 0. Thus, \/ﬁ/m\/ﬁ = \/6/\/(_)2 = +1/0 and dimE/m(\/ﬁ/m\/ﬁ) = 2. If z € E, then
z = a+ bx + cy for some a,b,c € Q. Then (z — a)? =0, so dimgQ[z] < 2 < 3 = dimgFE.
7. DECOMPOSING (Q-ALGEBRAS

In this section we give the algorithms for Theorems [[.I0} [L9 and [[7(ii). The next result (along
with Theorems [[.T] and [[.2)) shows that to compute Spec(E), it suffices to compute Spec(FEsep)-

Lemma 7.1. If E is a Q-algebra, then the map
i* : Spec(E) — Spec(Fsep), mi— mN Egp
is bijective.
Proof. Let i : Egep —+ Fandn: E — E/ v/0 be the inclusion and projection maps, respectively. The
induced map 7* : Spec(E/v/0) — Spec(E) is bijective, since every prime ideal of E contains /0.

The composition w0 ¢ : Esep — E/ /0 is an isomorphism, since F = Eeep © v/0 as in Theorem [[L11
Thus i* o m* is bijective. It follows that ¢* is bijective. O
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Algorithm 7.2. Given a Q-algebra F, the algorithm finds all m € Spec(F), the fields E/m, the
Q-algebras Ey,, the primitive idempotents of F, the natural maps

E—E/m, E—En, Ew—E/m Eow— ][] Em E—> ][] En
meSpec(E) meSpec(E)

and the inverses of the latter two maps.

(i) Apply Algorithm 63| to produce a € E such that Es, = Q[a].

ii) Apply Algorithm to obtain a basis for /0.

(iii) Apply Algorithm 51l to compute the minimal polynomial f € Q[Y] of .

(iv) Use the LLL algorithm [I0] to factor f into monic irreducible factors in Q[Y].

(v) For each monic irreducible factor g of f in Q[Y], output {aig(a)}?z%(f/g)_l, along with the
basis obtained in step (ii), as a basis for a prime ideal m € Spec(FE), with the elements
expressed on the given basis for E.

(vi) For each m € Spec(F) obtained in step (v), output {a’ mod m}?i%(g%l as a basis for E/m,
and use linear algebra to compute a matrix describing the map E — E/m. Then compute
the composition Eep — £ — Hmespec(E) E/m and invert the matrix for this map to
produce the inverse map Hmespec(E) E/m — Egp. For each m € Spec(E), compute the
image ey € Fgp under the latter map of the element that has 1 in the m-th coordinate
and 0 everywhere else. Output {em}mespec(m) as the set of primitive idempotents of E, and
output e F as the localization E,,. The map F — Ey, = e, F is multiplication by ey, and

this gives the map
E= ][] Ew= ][ enE
meSpec(E) meSpec(E)

Its inverse is (Ym)meSpec(E) " Dom Ym- The map By — E/mis enE C £ — E/m.

Proof of Theorems [I.10] and The map g — (g(«)) is a bijection from the set of monic
irreducible factors of f in Q[Y] to Spec(Esep). The set {aig(a)}?i%(f/g%l in step (v) is a basis for
the prime ideal g(a)Ese, € Spec(Esep). This basis, along with a basis for v/0, gives a basis for the
prime ideal
m = g(a) Bsep + V0 = (i) "' (9() Exep)

of E, where i* is the bijection of Lemma [Tl Step (v) produces all m € Spec(E) by Lemma [11
Since Y2 — Y is a separable polynomial, the idempotents of FE are the same as the idempotents of
Fsep. That Ey and enE are isomorphic as Q-algebras is seen as in the proof of Theorem [ in
section Bl if one realizes that eqE and E/(1 — en)E are isomorphic as Q-algebras. The correctness
of the algorithm now follows, and it runs in polynomial time since the constituent pieces do. |

Proof of Theorem [I.7|(ii). We next give the algorithm for Theorem [[7(ii).

Algorithm 7.3. Given a Q-algebra F, the algorithm decides whether E has a primitive element,
and produces one if it does.
(i) Apply Algorithms and to compute Spec(E) and /0, respectively.
(ii) For each m € Spec(E), use linear algebra to compute cym = dimg(v/0/mv0) and dy =
dim@(E/m).
(iii) If for some m € Spec(E) we have ¢y > dy, terminate with “no”.
(iv) For each m, if ¢y = 0 let £y, = 0 and otherwise let £, be any non-zero element of v/0/m+/0.
(v) Compute ¢ € v0 mapping to (em)m € D,,(vV0/mv0), by inverting the matrix giving the
natural isomorphism

VIG5 P (Vo/mD),

meSpec(E)
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using linear algebra.
(vi) Apply Algorithm [6.3]to produce a € Eqep, such that Egp = Q[a]. Output a+ ¢, a primitive
element for FE.

Note that

) dimg(v0/mv0)  cm
d O 0 ==
imgm (V0/m0) dimg(E/m)  dm
Hence (a) < (b) of Theorem [[L7(i) and the construction of ¢ in Lemma [6.4] prove that Algorithm
is correct. It clearly runs in polynomial time. This proves Theorem [L7]ii).

8. DISCRETE LOGARITHM ALGORITHM IN (Q-ALGEBRAS

In this section we prove Theorem 111

Let E be a Q-algebra. We denote the composition of the map E — Eyep, @ v/0 from Theorem
with the natural projection Egep ® V0 — Esep by m: E — Egp; in other words, m(a) is, for a € E,
the unique element of Eg, for which o — m(a) is nilpotent. Equivalently, 7 may be described as
the composition of the ring homomorphism E — Hmespec(E) E/m from Theorem [[8]iii) with the
inverse of the isomorphism FEg, — Hmespec(E) E/m from Theorem [[§(iv). The map 7 is a ring
homomorphism that is the identity on Fgs, and that has kernel v0. Each of Theorem and
Theorem shows that there is a polynomial-time algorithm that, given E, produces the matrix
describing .

Proposition 8.1. Let E be a Q-algebra and let  be as just defined. Then there is a group isomor-
phism of multiplicative groups

E = (1+V0) x  J]  (E/m), am(a/m(a), (@+ mnespecs);
meSpec(FE)

and there is a group isomorphism
m—1
log : 1 ++0 — V0, 1—U'—>—Zvi/i
i=1

from a multiplicative group to an additive group, where m € Zx¢ 1is such that VO =o.

Proof. For each v € v/0, one has (1 —v)™t = Y"1 v’ for m sufficiently large, so 1 ++/0 C E*; it is
a subgroup of E* since it is the kernel of the group homomorphism E* — EZ  induced by 7. The

sep
inclusion map EZ,, C E* provides a splitting of the short exact sequence

1-14+V0— E* = EX —1,

sep

so one has E* =5 (14 1/0) x B, a = (a/m(a), m(a)). The isomorphism

Egep — H E/m

from Theorem [[.§(iv) induces an isomorphism

E, = [I ®E/m)
meSpec(E)
of multiplicative groups. The first isomorphism in Proposition Bl follows.
Since v/0 is a finitely generated ideal consisting of nilpotents, it is nilpotent itself, so m as in the
proposition exists. One now proves in a routine manner that the map log is a group isomorphism,
the inverse exp being given by exp(y) = 7 i /il. O
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Proposition 8.2. There is a deterministic polynomial-time algorithm that, given a Q-algebra E
that is a field and a finite system S of elements of E*, determines a Z-basis for the kernel of the
group homomorphism
Z° — E*, (ms)ses — H s,
ses

Proof. See [5], both for the algorithm and the proof. O

Algorithm 8.3. This algorithm takes as input a Q-algebra E and a finite system S of elements of
E. Tt decides whether one has S C E*, and if so computes a finite set of generators for the kernel
of the group homomorphism

Z5 — E*, (ms)ses — H s™ms.
ses

(i) Compute all m € Spec(F) and all maps E — E/m (Theorem [[LI0), and compute s + m €
E/m for all s € S and m € Spec(E). If at least one of the elements s + m is zero, answer
“no” (i.e., S ¢ E*) and terminate.

(ii) For each m € Spec(E), determine (using the algorithm in Proposition82)) a Z-basis for the
kernel Hy, of the group homomorphism

Z8 5 (Bfm)',  (ma)ses > [[(s+m)™.
seS

(iii) Find the smallest m € Zso with v/0"' = 0, and for each s € S, compute log(s/m(s)) € V0,
using a matrix for 7 and the formula for log in Proposition Bl
(iv) Compute a basis for the kernel H of the group homomorphism

Z5 V0, (ms)ses > Y mglog(s/m(s)),

ses

by applying the kernel algorithm in §14 of [I1] to an integer multiple of the rational matrix
describing the map.

(v) Compute a basis B for H N (yespec(n)
of [I1] to the group homomorphism

Ho @ Hy — @ ZS? (hv (hm)mESpec(E)) = (h - hm)mESpec(E)-
meSpec(FE) meSpec(FE)

H,, C Z° by applying the kernel algorithm in §14

(vi) Output the image of B under the projection from HEB@mESpcc(E) Hy, to its H-component.

Algorithm 8.4. The algorithm takes a Q-algebra FE, a finite system S of elements of E* and
t € E*, and decides whether ¢ belong to the subgroup (S) of E* generated by S, and if so produces
(ms)ses € Z° with t = [, o g s™.

(i) Apply Algorithm B33 with T'= {t} U .S in place of S to obtain a finite set of generators Up
for the kernel of the group homomorphism

gr: 218 x 25 =727 — E*, (my, (mg)ses) — t™ H s
ses
(ii) Map the elements u € Up C Z1" x Z5 to their Z{* -components u(t) € Z. If Y ucvy WL #
Z then t ¢ (S); if 1 = Y o, nuu(t) with (nu)uev, € ZU7 then t € (S) and the Z°-
component (m;)ses of =Y, ey nuu € ZT = Z1 x 75 satisfies t = [[ g s™.
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Proof of Theorem [I.17I(i). We show that Algorithm is correct and runs in polynomial time.
In step (i), one has S C E* if and only if each s+ m # 0, because in any commutative ring the unit
group is the complement of the union of all prime ideals. As we saw in the proof of Proposition [81]
the ideal 1/0 is nilpotent. With m as in (iii), one has

ESVI2VE 2---2v0" 20" = (0),

so m < dimg(E). Thus, step (iii) runs in polynomial time. From the isomorphism in Proposition
Blit follows that the kernel of Z® — E* equals the intersection H N Nmespec(m) Hm considered in
step (v). It follows that the algorithm gives the correct output. O

Proof of Theorem I 1T](ii). Algorithm RA4is correct and runs in polynomial time since
t € (S) <= 3Jx € Z° such that (1, —2) € ker(gr) = (Ur)
= 1€ im(proj : (Ur) C Z x Z° — 7)

< I(nu)uevy, Iz € Z° such that Z nou = (1,—z) € 1 x 75
ueUr
where proj denotes projection onto the first component. O
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